AVERAGE GROWTH OF THE SPECTRAL FUNCTION
ON A RIEMANNIAN MANIFOLD

HUGUES LAPOINTE, IOSIF POLTEROVICH, AND YURI SAFAROV

ABSTRACT. We study average growth of the spectral function of the Lapla-
cian on a Riemannian manifold. Two types of averaging are considered: with
respect to the spectral parameter and with respect to a point on a manifold.
We obtain as well related estimates of the growth of the pointwise (-function
along vertical lines in the complex plane. Some examples and open problems
regarding almost periodic properties of the spectral function are also discussed.

1. INTRODUCTION

1.1. Notation. Throughout the paper, we use the following notation.

e (' denotes various positive constants whose precise values are not impor-
tant for our purposes; dependence on various parameters is indicated by
lower indices.

e d,, is the Riemannian distance between z and y.

o R, :=(0,+00).

et 5.\ pn7€Rand ¢ €RL

e )\ = max{\, 0}, [A] = min{n € Z| X < n} is the ceiling function and
|A| = max{n € Z| A > n} is the floor function.

F(&) = [ f(z)e*¢ dz is the Fourier transform of f and (f)" is the inverse

Fourier transform, so that (f)¥ = f.
e x denotes the convolution on R.
e ['is the gamma-function and (’:) are the binomial coefficients.
e J, is the Bessel function of the first kind of order a.

Let f and g be real-valued functions on R, and let g > 0. We write

f(A) =0(\P) if hmsup)HJroo)\ P f(N) < oo

FA) = o(AP) if limy 400 AP f(A) = 0;

fA) = (_)1f)\mf()—>Oas)\ﬁ+ooforallmER+;

f(A\) # o(g(N)) if there exists a sequence p,, — +o0o such that % >
C > 0 for all n;

e f(A) > g()) if there exists A\g such that f(\) > C g()\) for all A > .
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1.2. Spectral function. Let M be a compact Riemannian n-dimensional man-
ifold and A be the Laplacian on M with the eigenvalues 0 = Ay < A\? < A3 <
... A7 < ... and the corresponding orthonormal basis of eigenfunctions {¢;(z)}.
Let N, () be the spectral function,

(1.2.1) Ny = Y 65(2) 65(y).

The spectral function N, ,()) is the integral kernel of the spectral projection of

the operator v/A, corresponding to the interval (0,A). This way the spectral

function could be defined in the non-compact case as well, see Example 1.3.1.
By the Weyl formulae,

A" n—1
(1.2.2) Nea(A) = I E T ) + O\
and
(1.2.3) N.y(A) = O\"1)

for all z # y € M (see [Av, Le, Hol|. The estimates (1.2.2) and (1.2.3) are
sharp and attained on a round sphere. However, the bounds can be improved to
o(A"1) instead of O(A"!), provided that the set of geodesic loops originating at
x and the set of geodesics joining = and y are of measure zero (see [S1] or [SV]).

The following condition is used to prove the lower bounds on the spectral func-
tion (see subsection 5.1). Let £, , be the set of lengths of all geodesic segments
joining z,y € M.

Condition 1.2.4. There exists d € £,, such that  and y are not conjugate
along any geodesic segment of length d.

It follows immediately from [Mil, Corollary 18.2] that Condition 1.2.4 is true
for all x € M and almost all y € M. If this condition is fulfilled then, in the
same way as in the proof of [JP, Theorem 1.1.3], one can show that

(1.2.5) Noy(\) # 0()\%1) .

1.3. Discussion. Let 0, ,(t) be defined by (0.,(t))" = >_, ¢;(x) ;(y) (A= A;) .
By the spectral theorem, o, ,(t) coincides with the distributional kernel of the
operator exp(—it\/Z) or, in other words, with the fundamental solution of the
corresponding hyperbolic equation. Proofs of (1.2.2)—(1.2.5) are based on the
study of singularities of the distribution o, ,(t), which is usually done by means
of Fourier integral operators (see, for example, [DG] or [SV]). It is well known
that these singularities lie in £, ,. In particular, o, ,(t) with y # z is infinitely
smooth in a neighbourhood of the origin, whereas o, ,(¢) has a strong singularity
at t = 0 related to the main term in the Weyl formula (1.2.2). If Condition 1.2.4
is fulfilled then the singularity at t = d can be explicitly described, which leads
to the lower bound (1.2.5).
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The purpose of this paper is to study the average growth of N, ,(\), where
averaging is considered either with respect to the spectral parameter A or with
respect to a point y. The following examples indicate that, while both estimates
(1.2.3) and (1.2.5) are sharp, the typical order of growth of the spectral function

is more likely to be A"z rather than A"~L.

Example 1.3.1. (cf. [Pe, Example 4.1]) For the Laplacian in R™ the spectral
function is given by

_ ! i) ge — M _
Nas) = g [ EHE = e O )

where xpg» is the characteristic function of the unit ball. Taking into account
[Pe, formula (4.4)] and [GR, formula 3.771(8)], one gets N, ,(\) = N (A, dyy)

where

(1.3.2) N\ dyy) = (2m) 5 dayf A3 Tz (dyy N)

and d,, = |r —y|. Using [GR, formula 8.451(1)] we obtain for all = # y:
2N (n—1)m A (n=3)/2

(133) N()\, dx,y) = W S11 ()\ d:r,y - T) + 0 (W .

Example 1.3.4. Let S be a round sphere of dimension n > 2. Given z € S,
denote by —z the diametrically opposite point. Then N, ,(A) = O <)\an1> for all
y # +x and N, _,(N) # o(A\"1).

1.4. Plan of the paper. The paper is organized as follows. In the next section
we present our main results. In Section 3 we discuss some examples and open
problems regarding almost periodic properties of the spectral function. In Section
4 we give proofs of the upper bounds formulated in the subsections 2.1-2.4.
Proofs of the lower bounds stated in the subsection 2.5 are given in Section 5.
All examples are justified in Section 6. Finally, in Section 7 we establish the
estimates on the (-function presented in the subsection 2.6.

2. MAIN RESULTS

2.1. Average over the manifold. The principal object of study in the present
paper is the rescaled spectral function

(2.1.1) Noy(A) = A2 Nyy(A)

x?y

on a compact n-dimensional Riemannian manifold M. Note that, by (1.3.3), in

the Euclidean case the rescaled spectral function N'(\,d,,) := AN, dsy)
is bounded for each fixed x # y. Our main result is
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Theorem 2.1.2. For any compact n-dimensional Riemannian manifold M there
exists a constant Cyy such that

2
(2.1.3) /‘ N\do,)| dy < Cy,  YoeM,VAeR,,

where d,, is the Riemannian distance between x,y € M.

Remark 2.1.4. Note that N, ,(\) > A"3. We subtract the term N\ d,,) in
(2.1.3) in order to “regularize” the rescaled spectral function in a neighbourhood
of the diagonal. Geometrically this can be interpreted as follows. Consider a
normal coordinate system centred at x. In these coordinates the Riemannian
metric is Euclidean at the point x, and hence near x the geometric Laplacian
A can be viewed as a perturbation of the Euclidean Laplacian (a similar idea
was used in [Pol, Section 3] and goes back to [AK, Theorem 6.1]). We justify
the regularization using the Hadamard parametrix for the wave kernel, see the
subsection 4.3.

2.2. Spectral average. Theorem 2.1.2 implies a number of results. The first
one describes the growth of the spectral function on average with respect to A.

Theorem 2.2.1. For every finite measure v on R, and each fixed x € M , there
exists a subset M,, C M of full measure such that

(2.2.2) / Ny NPdv()) < 0o,  Vye M.,
0

It should be emphasized that, generally speaking, the set M, , depends on the
choice of v. Otherwise (2.2.2) would mean that N, ,()\) is bounded for almost
all y € M, which is not always the case (see the next subsection).

In particular, taking dv = (A+1)7! (InA\)7*7*d\ and applying Theorem 2.2.1,
we see that

(2.2.3) / AT (I A) T N, (V)PdN < oo
0

for all e > 0, all z € M and almost all y € M.

Remark 2.2.4. This paper was inspired by [Ran]|, where the estimate (2.2.2) was
proved for surfaces of constant negative curvature under the assumption that
dv(\) = (A +1)7172d\ with some ¢ > 0. Randol’s proof is based on the estimate
(2.6.4) for the pointwise (-function of the Laplacian and uses some results of
complex analysis obtained in [HIP]. We use a more direct approach that is
applicable in higher generality and gives better estimates. It also allows us to
improve the bounds for the (-function. Even though these estimates are not
needed in our proof, they seem to be of independent interest. We have included
them in Section 2.6, where we also explain the relation between Theorem 2.2.1
and properties of the (-function.
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2.3. Growth of the rescaled spectral function. Theorem 2.2.1 and Exam-
ple 1.3.4 suggest that N,,(\) = O(1) for almost all #,y € M on any manifold
M. However, this is not true. In particular, for any negatively curved manifold
M there exists a constant ap; > 0 depending on certain dynamical properties of
the geodesic flow, such that N, ,(\) # o ((InA\)*) for all z,y € M (see [JP]). At
the same time, for fixed x and y on a negatively curved manifold, the sequence
of A-s yielding the logarithmic growth of the rescaled spectral function is very
scarce. This sequence is quite sensitive to the choice of the points x and y. In
particular, for fixed x and A, the set of points y, for which the function N%y()\)
has a logarithmic “peak”, is expected to be very small.

The theorem below shows that a similar effect takes place on any manifold,
not necessarily negatively curved.

Theorem 2.3.1. There exists a constant Cy not depending on M, and a constant
Chr depending on the geometry of M, such that for any C' > Cy, the measure of
the set

_n+l

(2.3.2) A\ p) = {yeM : [Noy(N| = Cu+dey® )}
satisfies
Cum
meaS(Q$(A,M)) < CQ—MZ

for any point x € M and any X\ € R,.

Corollary 2.3.3. Let {ug} and {7} be positive increasing sequences converging
to +00. Then, for each fired x € M, the measure of the set of points y € M such
that

(2.3.4) | Ny (i) > pe s Vk=1,2,...,

is equal to zero. Moreover, if >, M;Q < oo then

(2.3.5) lim sup | Ny (76)] = 0
k—o0

for almost all y € M.

2.4. Weighted average over the manifold. Let us consider the average of the
rescaled spectral function over M with a weight given by a power of the distance
function d, .

Theorem 2.4.1. For all c >0, x € M and X\ € R, , we have

~ C%M(l—i—)\l_%) %7&1
2.4.2 A7, | NeyNPdy < ’ ’ ’
242 [ dn N, 0F {cM<1+|1nA|>, T

Note that [, IN.,(M))?dy = A'"" N, ,(\) = CX 4+ O(1). Therefore the esti-

mate (2.4.2) with s = 0 is order sharp. We also remark that, as follows from the

proof of Theorem 2.4.1, the constant C,, p; blows up as —— when » — 1.

[1—>]
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Corollary 2.4.3. Let u(x,y) be a function on M x M such that |u(x,y)| <
Cdy, with some nonnegative constants » and C, and let Ky be the operator

defined by the integral kernel Kx(x,y) = u(x,y) |Noy(N)|?. Then Ky maps
LP(M) into LP(M) and

Coom (L+XN77), s #1,

Wp € [1,00).
Cu (14N, =1 P& (Lo

| Kxllzr—rr < {

In particular, Corollary 2.4.3 implies that the commutator of the operator given
by the integral kernel |N,,(\)|? with the multiplication by a smooth function f
is bounded in LP(M) and its norm is O (|In A]) . Indeed, the integral kernel of this
commutator coincides with (f(z) — f(y)) |Nay(N)|?, and |f(z) — f(y)| < Cd,,
with some C' > 0.

2.5. Lower bounds. The following theorem shows that our upper estimates
cannot be significantly improved.

Theorem 2.5.1. If Condition 1.2.4 s fulfilled then
A

(2.5.2) A“;"1/ p [ Ney ()P dp > 1, V¥g=0, p>1.
0

In particular, A~ fo)\ |N,y ()| dp > 1.,

Corollary 2.5.3. Let Condition 1.2.4 be fulfilled, and let f be a positive function
on Ry . If there exists a constant q > 0 such that

(2.5.4) lim sup (uq“ inf (qu(T))) > 0

p——+00 T
then [ f(u)|Noy()[Pdp = 0o for all p = 1. In particular, we have
(2.5.5) |t s = o, Wz 1,

0

and

N
(2.5.6) St [P dn = o, W1

k HE—1

for every increasing sequence py — +00.

As follows from (2.5.5) with p = 2, Theorem 2.2.1 fails for dv(\) = (A+1)"1d\
on any manifold M.

Remark 2.5.7. Theorem 2.5.1 improves upon [JP, Theorem 1.1.3]. It is quite
possible that Condition 1.2.4 in this theorem can be removed: our proof works
whenever o, ,(t) has a sufficiently strong singularity. It is hard to imagine the
situation where this does not happen; we are not aware of any counterexamples.
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2.6. The (-function. The function Z,, of complex variable z =t +is defined
by

(2.6.1) Zoy(2) = / A dN,,(\) = 2 / AN, (M) dA
0 0

is said to be the pointwise (-function of the Laplacian. It is the integral kernel
of the pseudodifferential operator A~3. It is well known that Z,,(2) is an entire
function on C for all fixed x # y (see, for example, [Sh, Theorem 12.1]).

Remark 2.6.2. Further on we call Z, ,(z) simply the (-function. Note that Z, ,(z)
should not be confused with the function Z(z) = Tr A~2 that is usually referred
to as the (-function of the Laplacian.

The second equality in (2.6.1) implies that Z,,(z) = z (M N,,)(—2) where
M is the Mellin transform, (Mf)(z) := [;°A*~! f(A)dA. Recall that, for each
t € R, the Mellin transform (M f)(t + is) of a distribution f on R, coincides
with the inverse Fourier transform of the distribution e f(e*) on R modulo the
factor (27)~!. The inversion formula reads

t+ico

) = (@) / A (M) (2) dz,

t—i00
where the integral is understood in the sense of distributions.
Obviously, e f(e*) € L2(R) if and only if A2 f(\) € L2(R,). Therefore
(t +1is)™' Z,(t +1is) € L*(R) if and only if )\_t_%Nxvy()\) € L*(Ry) for each
fixed t, and

t+ioo
(2.6.3) N, (\) = (2mi)! / X212, (2) de
t—i00
in the sense of distributions. In particular, if (to+is)~" Z,,(to+is) € L*(R) for
some to € R then (t+is)™' Z,,(t +is) € L*(R) for all ¢ > t,.
In [Ran], for a surface of constant negative curvature, it was shown that

—1
(2.6.4) (t+i) Zoy(t +i-) € LA(R), w>”2 ,

almost everywhere. By the above, this inclusion is equivalent to Theorem 2.2.1
with dv = (A+1)717=d\.

Let (s) := (1 +|s|?)"/2. In the last section we shall prove the following two
theorems.

Ct, Zf n < t,
Theorem 2.6.5. | Z,,(t +is)| < Gy (|s|""+dL "), if 5<t<n,
Co(ls= + (57, if 1< 8.
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Theorem 2.6.6. For all x € M and all € > 0, we have

| Zyy(t + is)[? Yy n
2.6. ———dy < . " 1), t# —.
(2.6.7) / 21 W Coe ()" 41),  Vt#3

In view of Fubini’s theorem, (2.6.7) immediately implies (2.6.4) for all  and
almost all y. However, even the improved estimate (2.6.7) does not seem to be
sufficient to obtain our upper bounds for the spectral function.

Remark 2.6.8. It is quite possible that Theorems 2.6.5 and 2.6.6 remain valid for
t =n and t = g, but our proof does not work in these cases.

2.7. Possible generalizations. All the above results can easily be extended to
an elliptic self-adjoint pseudodifferential operator A acting on a compact manifold
without boundary. For such an operator, one has to consider trajectories of the
Hamiltonian flow generated by its principal symbol instead of geodesics, and to
use Fourier integral operators or the global parametrix constructed in [SV] instead
of the Hadamard representation (4.3.1) for the study of singularities of o, ,(t).

Note that some of our estimates do not require the spectrum to be discrete.
In particular, it may well be possible to extend the results that do not involve
integration over M to the case of noncompact manifolds. For instance, the func-
tions [ p1(A — p) ANy, (1) and [ |p1(A — p)|* AN, (1) are the integral kernels
of the operators p;(A — A) and |p;(A — A)|?, where A is the restriction of
VA to the subspace spanned by the eigenfunctions ¢y, ¢s,.... Therefore the
key equality (4.2.1) is easily obtained by rewriting the obvious operator identity
(pr(X— A))* p1(A— A) = |p1 (A — A)]* in terms of integral kernels.

It would be also interesting to extend our results to an elliptic self-adjoint
differential operator on a manifold with boundary, subject to suitable boundary
conditions. In this case the role of geodesics is played by Hamiltonian billiards.
One has to consider interior points x and y and to make appropriate assumptions
to avoid problems with the so-called grazing and dead-end trajectories (see [SV]).

3. ALMOST PERIODIC PROPERTIES OF THE SPECTRAL FUNCTION

3.1. Besicovitch almost periodic functions. Let p > 1. Recall that, for a
measurable function f on R, its Besicovitch seminorm || f||g» is defined by

1 /T 1/p
(3.1.1) 1 fllsr = limsup (T/ ]f(/\)|”d)\>
T—o0 0
The space BP of Besicovitch almost periodic functions is defined as the completion
of the linear space of all finite trigonometric sums ij:l ae™* with a, € C and
wr € R with respect to the Besicovitch seminorm. Clearly, BP* C BP? and
[f1[Br2 < ||f[|Bes for all py > ps.
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For each f € BP, there exists a sequence of real numbers wj called the
frequencies of the function f, such that

N
: _ WL T _
dim [[f =) ar e = 0
k=1
where a;, are some complex constants (see, for example, [Bes]). If the above
identity holds, we shall write f ~ > aze™*®.
Theorem 2.2.1 motivates the following

Conjecture 3.1.2. On any compact Riemannian manifold M, ||N, ,(\)||z < oo
for each fized x € M and almost all y € M.

Conjecture 3.1.2 holds for round spheres and flat 2-tori. In fact, in Examples
3.2.4 and 3.2.7 we present a stronger result: the rescaled spectral function on
these manifolds is B?-almost periodic for each fixed x and almost all y. In both
cases, the set of frequencies coincides with the set £, , of lengths of all geodesic
segments joining x and y.

Remark 3.1.3. It was proved in [Bll] and [KMS] that the rescaled error term
in Weyl’s law has an almost periodic expansion in B? on surfaces of revolution
and in B! on Liouville tori. On Zoll manifolds, the rescaled Weyl remainder
(albeit with a different order of rescaling) has an almost periodic expansion in
B? [Sch]. The frequencies of these expansions are the lengths of closed geodesics.
The spectral function, similarly to the Weyl remainder, has oscillatory behaviour,
and hence it is natural to study it in the context of almost periodic functions.
Moreover, as indicated by Theorem 2.2.1, the order of rescaling in this case could
be chosen universally for all manifolds of a given dimension. As was mentioned in
Section 1.3, the lengths of geodesic segments joining = and y are the singularities
of the distribution o, (), and hence play the same role for the spectral function
as the lengths of closed geodesics for the Weyl remainder. The link between the
spectral function and the set of lengths £, , has a natural interpretation from
the viewpoint of the quantum—classical correspondence.

3.2. Spectral function on spheres and tori. Let us start with a toy example
— the spectral function on the unit circle S*':

(32.1) Noy(A) = Noy(h) = — S cos(idy,) = L 1 sin(([A] = 5)day)

- .
1<n<A 2m  2m sin(=5*)

Note that in dimension one no rescaling occurs, and the constant term (27)~!
is subtracted, because the eigenfunction corresponding to the zero eigenvalue is
excluded in the definition (1.2.1). In higher dimensions the contribution of the
constant term to Nxﬁy()\) is negligible in BP due to the rescaling.
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Example 3.2.2. If M is the unit circle then the spectral function N, ,()\) is B*~
almost periodic for all x # y with the set of frequencies £, , = {|d,,+27k| }rez,
and

1 1
2. N, (\) ~ —— —  _sin(\d ork|).
(3.2.3) zy(N) 2W+§W|dx7y+2ﬂk| sin(A|dy,y + 27k|)

The next two examples generalize Example 3.2.2 to round spheres and flat two
dimensional tori.

Example 3.2.4. On a flat square 2-torus T? = R?/(27Z)?, the rescaled spectral
function is B%-almost periodic for all # # y and
- 2 sin (A |z —y+ 2wy — F)
3.2.5 Nyo(\) ~ 4
( ) v Z (27)3/2 |x — y + 27n|3/2

neZ?

Here |- | denotes the length of a vector in R%. A similar formula holds on flat tori
corresponding to arbitrary lattices.

Remark 3.2.6. In dimensions n > 3 the situation is significantly more compli-
cated. For example, following the argument of [Pet, Corollary 1.4] one could
show that ||N,,(\)||zz = oo on a flat n-torus T" = R"/(27Z)" if the vector
77 (x — y) is rational. This happens due to unbounded multiplicities in the set
L, ,. However, it does not contradict Conjecture 3.1.2 because for each fixed
reT" 7z —y) ¢ Q" for almost all y € T".

Recall that the Morse index of a geodesic segment joining x and y is the number
of points on the segment that are conjugate to x, counted with multiplicities (see
[Mil, Theorem 15.1]). Let H(z) be the “reversed” Heaviside function: H(z) =0
ifzr>0and H(z) =1if 2 <0.

Example 3.2.7. Let M be the unit round sphere S" of dimension n > 2, and
let  # y € S™ be any two non-opposite points. Then N, ,(\) € B?, and

) £0 2 sin (Aldy,y + 2| — )
3.2.8 Npy(A) ~ n P
(328) N~ 2 (27)"% (sindy, ) "2 |dy, + 27k]
where wy = (n—1) (2|k| — H(k)) is the Morse index of the geodesic segment of
length |d, , + 27k| .
Note that, unlike (3.2.5), the phase shifts in the expansion (3.2.8) depend on
the number of conjugate points on the geodesic segments.

k=—00

3.3. An open problem. In this section we describe a possible route for gener-
alizing Examples 3.2.4 and 3.2.7. Let M be an arbitrary compact n-dimensional
Riemannian manifold. Let I'; , be the set of all geodesic segments joining x and
y. For every v € I, let [(y) be its length and w(7y) be its Morse index. As be-
fore, set L., = {l(7)|y € I'z,}. Along each geodesic segment v € I, ,,, consider
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the matrix Jacobi equation A” + RA = 0, where the coefficient R is defined in
terms of the Riemann curvature tensor and the parallel transport along 7 (see
[Ch1, p. 104]). We assume that v is naturally parametrized, and A satisfies the
initial conditions A(0,&,) = 0, A’(0,&,) = 1, where &, is the unit tangent vector
to v at the point z. Set a(y) = |det A(I(v),&,)|. For example, a(y) = I(y)"* on
a flat square n-torus and a(y) = |sini(y)|""! on a round n-sphere. In dimension
two, a(y) = |J(I(7))|, where J(t) is the orthogonal Jacobi field along ~ with the
initial conditions J(0) = 0 and J'(0) = 1.

Problem 3.3.1. Let M be a compact n-dimensional Riemannian manifold. Is
it true that for all x € M and almost all y € M the rescaled spectral function
N,

2y(A) has an almost periodic expansion

2 g sinil) - 22 - u)3)

3. Npy(N) ~ —
(3.3.2) ey TR TSN

in BP for somep > 17

Let us show that the expansion (3.3.2) is well-defined if the points z,y € M
are not conjugate along any geodesic joining them (by [Mil, Corollary 18.2], this
condition is satisfied for any fixed x € M and almost all y € M). Indeed, if
the points z, y are not conjugate along any geodesic, a(y) # 0 for any ~, the set
of lengths £, , is discrete, and each element has finite mulitplicity, i.e. appears
in £,, at most a finite number of times [Mil, Theorem 16.3]. This implies, in
particular, that the set £, , is infinite, because for any two points on a compact
manifold there exists an infinite number of geodesic segments joining them [Ser].
If M has no conjugate points, it is easy to check that (3.3.2) agrees with [JP,
formula (5.1.3)].

Remark 3.3.3. If (3.3.2) does hold for some p > 1 on a given manifold, it would
be interesting to determine the maximal possible value of p. For instance, it
is quite likely that for round spheres one can take any p > 1. Note that if the
almost periodic expansion is valid for some p > 1, then the Fourier coefficients
of (3.3.2) lie in [, for ¢ = max(2, -27) ([ABL section 4]). This can be viewed as
a dynamical condition on the manifold (see [Pat, Section 3.1] for some related
results), and it is not clear whether it always holds. At the same time, even for
p = 1, a positive answer to Problem 3.3.1 provides a lot of useful information
about the spectral function; in particular, it implies that the rescaled spectral
function has a limit distribution (see [KMS, Appendix II]). Understanding the
properties of this distribution on a given manifold is a problem of independent
interest.

4. PROOFS OF THE UPPER BOUNDS

4.1. Auxiliary functions. Let us fix a real-valued even rapidly decreasing func-
tion p € C°(R) satisfying the following condition.
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Condition 4.1.1. p € C{*(R), p = 1 in a neighbourhood of the origin and
supp p C (—0,0) for some § > 0.

Condition 4.1.1 implies that [°p(7)dr = § and [[°7%p(r)dr = 0 for all
k=1,2,... Let pi(7) :=signrt f;‘ljp(u) dp if 7 # 0, and pi(0) := —35. The
function p; is rapidly decreasing, odd and infinitely differentiable outside the
origin 7 = 0, so that $-pi(7) = —p(7) for all 7 # 0. It has a jump at the origin;
in view of Condition 4.1.1, p1(0) = p1(=0) = —p1(+0) = —3 .

Let

(412) Nac,y;O = pok Nac,y, Nx,y;l = N%y - Na:,y;O .
The following elementary lemma is a slight variation of [S2, Lemma 1.2].
Lemma 4.1.3. N, ,.1(A\) = [ p1(A — p) AN, (1) for all X € R,

Proof. If X is not an eigenvalue then, integrating by parts, we immediately obtain

A 0
/ (A — 1) ANy (1) = / pr(A = 1) ANy (1) + / (A — 1) AN (1)

= (p1(+0) — p1(~0)) Nay(N) — / P — 1) Ny (1) it

where the right hand side coincides with N, (). If A = A; then the same
equality holds for the function

N&B(}‘) = Nx,y(/\) — (Nay (A +0) = Noy (A = 0)) x5(A),

where x;()A) is the characteristic function of the interval (\;,00). Since
[ =n e = wO) = p-0) = = [ pryar
0

= —/p(Aj — ) x;(w) dp = x(A)) —/p(Aj — 1) x5 () dpe,
the lemma remains valid when A is an eigenvalue. O

Remark 4.1.4. The above lemma turns out to be very useful for obtaining esti-
mates of the spectral and counting functions. Usually, the singularities of o, ,(t)
for small values of ¢ can be described explicitly. Then, taking the inverse Fourier
transform, one obtains full asymptotic expansion of N, ,.(A). The asymptotic
behaviour of N, ,.1(A) is determined by nonzero singularities of o, (), which are
much more difficult to study. According to Lemma 4.1.3, the function N, ,.1())
can also be written as a convolution. The main technical problem is that the
function p; has a jump, and therefore the straightforward integration by parts
does not yield any new results. However, as we shall see in the next subsection,
this jump disappears when we square N, ,.1(A\) and integrate over y. Note also
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that |p1| is estimated by a smooth function whose Fourier transform has a com-
pact support. This observation allows one to simplify and refine the well known
Fourier Tauberian Theorems (see [S2]).

4.2. Upper bounds for N, (\). Since the eigenfunction ¢; are orthogonal
in L?(M), Lemma 4.1.3 implies that

421) [ WPy = [ 1 o0 =m i, o dy
= [ ] o0=mm=naN. aN.,m dy = [ 1m0 wF )

(an operator interpretation of this equality has been given in the subsection 2.7).
The function |p;(7)]? is continuous and infinitely differentiable outside the origin.
Integrating by parts and changing variables in the right hand side, we obtain

/M | Na i1 (M) dy = / lpr(X = 0)|? AN o (1) = /ﬁl(u) Npo(A— p)dp,

where (1) := % |p1(7)|? is a rapidly decreasing odd function. Since p; is odd,

[ 510 Nea3 = ) = / " () (Ve = 1) = Noah+ ) .

Substituting (1.2.2) in the right hand side and estimating
(A=) = A+ )" < C(u X+ 1ul™), DEp < COH+u"),

we see that
(4.2.2) / INeya(NPdy < COA"H+1),  VA>0,
M

where the constant C' depends only on the dimension, the remainder term in the
Weyl formula (1.2.2) and the auxiliary function p.

4.3. Upper bounds for N, ,o(\). Since SN, ,0(A) = [ p(A—p)dN,, (1) and

[ o= 1) ANy (1) = 5 N2, ) = () ).

Condition 4.1.1 implies that the asymptotic behaviour of N, ,o(\) for large A
is determined by the singularities of o,, on suppp. For second order differ-
ential operators, it is slightly more convenient to deal with the cosine Fourier
transform e, ,(t) := [ cos(tA) dN,,(A). The distribution e, , coincides with the
fundamental solution of the wave equation. For all sufficiently small ¢, it admits
the following Hadamard representation

o) ( d2 )J 71 .
(4.3.1) exy(t) = |t Zuj(:v,y) TG T gy mod C'
3=0 2
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where u;(z,y) are some smooth functions (see [Ba] or [Ber, Proposition 27]). Let
us assume that § in Condition 4.1.1 is small enough so that (4.3.1) holds on the
interval (—d,0) (and, consequently, on supp p ).

Denote W, ,(A) := Ny () — N, ,(—A). Changing variables and taking into
account that the function p is even, we see that

p*Way(A) = Nuyo(A) = Neyo(=A).

Since N, ,(A) = 0 for A < 0 and p is a rapidly decreasing function, Ny ,.o(—A)
vanishes faster than any power of A\ as A — 400. Thus we have

(4.3.2) Nyyo(A) = px Wy (A) + o(A™™), Ym e R, .
Integrating by parts, we obtain
4.3.3 ery(t) = t [ sin(tA) N, ,(\)dX = —(20) 71t W, (¢).
Y Y Y
In view of (4.3.1) and (4.3.3),
o o0 (t2 —d? )j 2
(4.3.4) U, ,(t) = —2isignt Zuj(x,y) I Zﬁf 0 mod C'*
=0 JT

on supp p. We have
3. e signt ——————~—dt = 2i sin —_—
6> dz.y C(p+3) oy I (P v %)
i (2 0,

(see, for example, [GR, formula 3.771(7)] or [GS, Chapter II, Section 2.5]). There-
fore, taking the inverse Fourier transform of each term in the right-hand side of
(4.3.4), we obtain an asymptotic series

dt

(4.3.6) Zw] x,y)d ' 2 A27d Jn_j(dey )

with some bounded functlons w;(z, y) Let Wo,; ,(A) be an arbitrary function such
that Wo.,,(A) ~ D720 wi(z,y) dmy2 Az Jn_j(deyA) as A — +oo uniformly
with respect to x,y € M. By the above,
(4.3.7) px Wy, (A) —px Uy, (N) = ON™).

Recall that the Bessel function .J,(7) is estimated by C' 7% in a neighbourhood

of the origin and does not exceed C' 772 for large 7 (see [GR, 8.440 and 8.451(1)]).
Therefore

: CNts, A< d;)
4.3.8 d; P2, (dyy N)| < 1 oy Vp € R.
I I P ISP S
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The inequalities (4.3.8) imply that the terms in the expansion (4.3.6) are bounded
j_ntl n—1 . .
by Ciday > N5 77 for A > d,, and are estimated by C; A"~ for A € (,d, ),

» Y,y
where ¢ is an arbitrary positive constant. Thus, if A > ¢ then

1

j,ﬁ n o j n+1
wy(e,y) dlyt N Ty (dey V)| < Gy (ddyT +1) 47
for all 7 =0,1,2,... and, consequently,
(439)  [WouyN) — wo(@,p) def AP Ty (doy V)| < C (e +1) A%

By direct calculation, wq(x,y) = 2’%7r’%u0($, y) . We have

w(z,y) = 72 (det{g(z,y)}) ",

where {g;i(x,y)} is the metric tensor in geodesic normal coordinates with origin
 ([JP, formula (3.1.1)]), so that wo(z,y) = (2m)"2 +O(d2,) (see [Ros, p. 101]).
From this estimate and (4.3.9) it follows that

n _n n 2
/ ‘qjomy()‘) — (2m) 2 dyy A2 J% (dx,y A dy < C Anl/ (da%;n + 1) dy
M

M

for all A > e, where ¢ is an arbitrary positive number and C; is a constant
depending only on ¢, the auxiliary function p and the geometry of M. Finally,
since the function p is rapidly decreasing, the above inequality, (4.3.2) and (4.3.7)
imply that

n —2 n 2
(4.3.10) / ‘Nw,y;o(A) —(27) B daf A5 Ju (dyy A)( dy
M
< CEA”1/ (dy," +1)dy, YA>e>0,
M

where C. is another constant depending only on ¢, p and the geometry of M.
Remark 4.3.11. The above proof is a slight modification of arguments in [Ba].

4.4. Proof of Theorem 2.1.2. The theorem follows from (4.3.10), (4.2.2) and
(1.3.2).

4.5. Proof of Theorem 2.2.1. If 5 > 1 then, in view of (2.4.2),

// INay W dydr(d) < oo

Therefore, by Fubini’s theorem, the integral [;°|N,,(A)|? dv()) is finite for al-
most all y € M.
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4.6. Proof of Theorem 2.3.1. By (4.3.8), there exists a constant C; such that

_ntl

dood 15 T3 (doy )| < Crdy® .

If C > /2C) then the above inequality and (2.1.3) imply that

> [ (1P -2 ) dy
Qa (Aspt)

> / (CPp?+(C*=2CY)d, ;") dy > C? ,ﬂ/ dy .
Qq (A1)

Qa (A1)

This proves the corollary.

4.7. Proof of Corollary 2.3.3. If y # x then the inequalities (2.3.4) imply
that y € sy Qe(7k, (20) " i) for all sufficiently large N'. By Theorem 2.3.1,
the measure of this intersection is zero.

If >, p.? < oo then, according to Theorem 2.3.1, the sum of measures of the
sets € (Tk, tug) is finite for all ¢ > 0. By the Borel-Cantelli lemma, in this case
almost every point y € M belongs only to finitely many sets €, (7y, tug) . This

implies that limsup,_, (,u,;l N%y(Tk)) < t almost everywhere. Letting ¢ — 0,
we obtain (2.3.5).

4.8. Proof of Theorem 2.4.1. Let d;; := diam M . We have

|z
M

Ao A Ty (dyy N)

2
dy < CA / A" T3 (duy M) dy
M

dar Adyr
< C)\/ T”_lJé(r)\)dr = C’)\l_”/ T%_lJé(’l")dT.
0 0

Even if spherical coordinates centred at x do not exist globally on M, it is still
possible to use the pull-back of the metric under the exponential map to change
the integration variable to r. Since the Bessel function Jz is bounded by € r2

in a neighbourhood of the origin and does not exceed Cr: for large r, the
right hand side is estimated by C' \~* ((n + )71 + fl/\ 2 dr) if Xdy > 1.

Thus we obtain

[z,
M

with C,, = C|» —1|7'. This estimate together with (2.1.3) (multiplied by d%; on
both sides) imply (2.4.2) by triangle inequality.

C%()‘l_%"i_d]}\}_l% x#1,
Clln A, x=1.

_n 1 2
wo(@,Y) duyy A2 Jz (day A)‘ dy < {
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4.9. Proof of Corollary 2.4.3. Let g,.(\) := C,.p (1 + A7) if 2 # 1 and
g1(A) == Cy(1+|InA]). By (2.4.2),
[ Ka )yl < g0 -

for all w € L>*(M) and

/‘/ K@ g)v dy‘d /M</M’Cx(m7y)dx) o)l dy < g:(N) V]2

for all v € L'(M) . These estimates imply the required result for p = co and p = 1
respectively. For other values of p the result follows from the Riesz interpolation
theorem (see [So, Theorem 0.1.13]).

5. PROOFS OF THE LOWER BOUNDS

5.1. Proof of Theorem 2.5.1. Let x,y € M be not conjugate along any geo-
desic segment of length d € £, ,. Then, as follows from [Mil, Theorem 16.2], the
number m of geodesic segments of length d joining x and y is finite, and there
exists € > 0 such that (d —e,d+¢) N L,, = d. Set Y(A) = exp(ird) p()), where
p satisfies Condition 4.1.1. Then &(d) = 1, and one could choose p in such a way

that supp 9 C (d—e,d+¢). By [LSV, Theorem 4.2] (see also [JP, Proposition
3.3.6]) we have:

6D (bow) ) = [Ulu=naNey @) = P +0 (u'7)

with a periodic function P(p) of the form P(u) = Y%, Cy e "0  where Cj,
are positive constants and 6, are phase shifts along the geodesics. Since

J 1=yl dr > | [ 0= Nayrdrl = | [ o= )N, 0]
(5.1.1) implies that
[t = Nyl dr > (PG 0 (50) L ez 0.

The rest of the proof is similar to that of [Sar, Lemma 5.1] Integrating the
above inequality and taking into account the estimate

o[>

(5.1.2) / P(u)| p" T dp > A
0
we obtain

519 [HOnN GG > ONF 0 (v,
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where (), T) = fo p? | ( — 7)|dp. Since ¢ is a rapidly decreasing function,
we have

>

I T) < 0/0 (=) - de < C(r9+1),  VreR,,

and P(\,7) < C;(AMA—7|)7 forall 7> X and j = 1,2,... These estimates
imply, respectively, that

A A
(5.1.4) /0 BT [Nay (7)) dr < 0/0 9N, (7] dr

and

(5.1.5) /zZJ)\T|ny ) dr < /@DATTdT:O().

Putting together (5.1.3)—(5.1.5), we see that

A A
)\“1‘1/ 74| N, (1) dr > A—"ﬁ—q/ 74N, (T)|dr > 1.
0 0

Now (2.5.2) with p > 1 follows from Jensen’s inequality. O

Remark 5.1.6. The inequality (5.1.1) holds for N, ,()\) under the assumption
that = is not conjugate to itself along any geodesic loop of some fixed length d.
Therefore, similar lower bounds can be proved for the oscillatory error term
R2*°()\) introduced in [JP, section 1.2]. Note that in dimension two this term
coincides with the usual pointwise remainder in Weyl’s law.

5.2. Proof of Corollary 2.5.3. Condition (2.5.4) implies that there is a se-
quence of points ur — 400 and a positive constant C' such that

() = CL 0 Yu <

Let xx(p) be the characteristic functions of the intervals (0, ux], K =1,2,... By
the above, the functions gx () :== 9 xa (1) u9 (f (1))~ are uniformly bounded
by a constant. Obviously, gr(u) — 0 as k — oo for each fixed u. If the integral
[ F(1) |Ngy(p)|P dp were finite then, by the Lebesgue dominated convergence
theorem, we would have

Bk
ukql/ MqINx,y(u)lde:/gk(u)f(u)\Nx,y(uﬂpdu — 0, k—oo.
0

However, this contradicts to (2.5.2).
The estimates (2.5.5) and (2.5.6) are obtained by taking f(u) := ! and

F(u) = g Ocn(p) = xr—1 (1)) respectively.
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6. EXAMPLES

6.1. Circle and 2-tori. The purpose of this subsection is to justify Exam-
ples 3.2.2 and 3.2.4. Let n = 1,2 and let I be a lattice in R™. Consider the
flat torus T" = R"/T". If n = 1 one can assume that I' = 277, and thus T' = S'.
We have
1
Ny, ,(N) =
v Vol(I")

7 1)y (2mE /)

gel™

where xpn is the characteristic function of the unit ball, Vol(I') is the volume of
the torus and I'* = {{ € R™ : (§,n) € Z, Vn € '} is the dual lattice (see [Ch2,
p. 29]. We are slightly abusing notation here, since we added to the spectral
function the constant term corresponding to { = 0. Note that N, = N,_y0,
hence we can assume without loss of generality that y = 0.

Let w(§) € C§°(R™) be a nonnegative function depending only on [£], such
that [w(€)d¢ = 1. Denote w.(§) := e " w(e*§) for € > 0. By the Poisson
summation formula,

N;&()\) = Voll(l“) Z 28 (W, « x pn ) (27EJN)
ger-
-y /R T (kg (26 /) dE
nel’
ATL
= oy 2 B(ENE 4 1) R (N 7).
nel’

In what follows we set ¢ = (AT)~!. Applying the asymptotic formula (1.3.3) for
XBn, one gets

A . 2 A(=1)/2 gip ()\ |z +n| — W) o \(n-3)/2
(2m)" Xpn(Az+n)) = (2m)m+D/2 [ 4 (D)2 + [z + 5|92

Using the formulae above, let us show that N, o(\) € B* and

2 sin (A\x+n! -~ @)
(2m) (D72 g + | (HD/2

(6.1.1) Noo(A) ~

nel’

The proof of (6.1.1) follows closely [Bl2, section 3] and is split into four lemmas.

Lemma 6.1.2.
r N
/ Z 2 (g (2E/N) — winr)-1 * Xpn (27E /) v O(1).
1 EEF*
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Proof. Set

fe(A) = xBn (27E/X) — wiar)-1 * XBe (27E/A) = Xapn (27E) — wr-1 % xapn (27E),

where AB" is a ball of radius A. Since by definition [wzr-1(§)d§ = 1 and
wp-1 € CF°, it follows that f¢(\) is supported on an interval of size O(T')
centred at A = 27|¢|. By a result of [Col], we have

C R"
#eel™ [§l <R} =
Vol(T)
Therefore, counting lattice points in an annulus of exterior radius [¢] + O(T 1)
and interior radius & — O(T™1) we get

(6.1.3) #{& € I, supp fe(\) Nsupp fe(N) # @} = O(T ¢! + yg\”—“n%).

This gives us an estimate on the number of non-vanishing cross-terms in the ex-
pression under the integral in Lemma 6.1.2. Since all the terms in this expression
are bounded by a constant, taking into account (6.1.3) and the size of the support
of fe(\), we obtain

+OR R, Wn=1,2,...

2
dA
/ Z 627” .€) XB" (27'(-5/)\) )\T -1 % XpBn (277’6/)\)) )\n—l
L Jeer=
< CTfl Z (Tfl + ‘€|73+2/(n+1)) _ O(l)
2rlé|<T
Note that it is essential for the final equality that n < 3. O
Lemma 6.1.4.

2
T A r—1
[T (= +n))| _
ne

Proof. Indeed,

[

x+7}
/\\x—l—n|(”+3 /2

(T + )|\
(Z ’x+n|(n+3)72 )
(Z |:c+n| 3/ ) - o

nel’

Here the first inequality holds since f g )\_Qd)\ < 1, the second inequality is true
because [0 (x)] = | [ e " @9w(€)dé| < [w(€)dE =1, and in the last step we use
that n < 3. o

In the lemmas below all the summations are also taken over elements n € I'.
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Lemma 6.1.5.
2

N R R e (n— 1)
lim lim —/1 Z ) sm(/\|m—i—n|—T> d\ =0

Q=00 T—+o0 T’ x (nt+1)/2
> > Inl>Q [+

The proof of this lemma is a modification of the proof of [Bl2, Lemma 3.3].
Proof. One can check that

/1Tsin(Ayx+n|—@)sin(ﬂﬁgl—W) d/\‘

< Cmin{T, [z + 9| — |z + ||}

Expanding the squared sum in the integral below and taking into account that
|w(z)| < C(1+ |x])~®" as w is rapidly decreasing, we obtain

2

(6.1.6) %/f > eIt ) gy (A|x+n|—u) X

Inl>Q |x + nli 4

<oy T p|" " + g
n+1 1 T 1
Ul + Inl)

LInl _mJ ’nll_%ﬂ |77’n n+1

koo nle D@+ T n))*

C
+ =D

2
|"|>Qk:fT*1\nI17”T11

JT (k)T
_Z ; 1+ T-1)20(1+ T-1(j + k)2

In the right hand side of (6.1.6), the first sum bounds the contribution of the
terms corresponding to pairs 7, ¢ such that ||z +n|— |$+€H < T7!. The second

sum estimates the contribution of the terms such that 7! < ||z+n|—|z+£|] < 1.
| 1+

Here we consider each subinterval of length |z + n T separately. The last
sum takes care of pairs 7,¢ such that k& < ||z +n|— |z + || < k+1, with k& > 1.
For T' > @, the first sum in (6.1.6) is bounded by

o Tl [CQ7 ST, n=1,
P+ T ) T C@Q@ V4T T —nQ|), n=2.

Inl>Q

In order to estimate the second sum in (6.1.6), we first note that

Ln[*™ 7T |
n
K ‘1 n+1

__2
n

— < Cln|'~ "+ InT.

1—_2
k=[T=tn|" n+T]
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for all sufficiently large T". Estimating the sum over n by an integral we get

|TL 2+n+1

2
1 Z Z [pl' n
koot (LT )t

|77|>Qk - 1|77| n+1-‘

OlnT/Jroo r=3dr {OQTllnT, n=1,
< ( <
Q

T 1+ T—1p)dn CoT'In®T, n=2.

To find a bound for the third sum in (6.1.6), we use the inequality 2a"z b"z" <
a™ 3 + "3 and once again estimate the sum by an integral,

Z T (]‘Hf)

5 T2+ T4 + k)

- C too =3y L C Too =3y
(1_|_T—1k)2n 0 <1+T—1T)2n Otk <1+T—1T)2n

Hence we have
Z Z ]2 (]+k) < CoT'InT, n=1,
kg (L+T-1)(1+T i+ k)2 = |CoT 'In*T, n=2.

This completes the proof of the lemma. O

Note that the proof of Lemma 6.1.5 uses the fact that the limit with respect
to T is taken first.

Lemma 6.1.7.
2
r 1—w(T Yz +n)) ( (n—1)m
/ Z sin )\|:1c—|—77|——> d\ = o(T).
(n+1)/2
e y

Proof. This estimate holds because the sum involves a finite number of terms and
limr o w(T 'z) =1 for all z. O

By Lemma 6.1.2 we get

1T (OT) )y |2 dA

Lemmas 6.1.4, 6.1.5 and 6.1.7 imply

2
2 sin ()\|a:—|—77\ — @)
(2) (D72 | 4 g (412 dA

N N A IR
it [ NG00 -
[n1<Q
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so that

2 sin <)\|:v+77| —~ @) 0
(QW)(nH)/Q |x + n|(n+l)/2 = 0.

1 (T
li li — Nyo(N) —
QiTwTiTooT/l ’O( )

Inl<Q

This proves (6.1.1) and therefore implies Examples 3.2.2 and 3.2.4.

Remark 6.1.8. As was indicated in Remark 3.2.6, this approach can not work for
n > 3. Indeed, in higher dimensions we can no longer bound the sums under the
integral in Lemmas 6.1.2, 6.1.4 and 6.1.5 by taking the absolute value of each
term. A more delicate analysis is required in this case (see [BB] for some related
results).

We also note that there is a simpler and more direct proof of Example 3.2.2
based on the identity [GR, formula 1.422(4)]

1 = 4
6.1.9 . —
( ) sin®(%) (s 4 2mk)?

It works in dimension n = 1 only, and we leave the details to the interested
reader.

6.2. Spheres. In this subsection we are going to justify Examples 1.3.4 and 3.2.7.
The spectral function on S™ depends only on the distance or, equivalently, on the
angle s between the points x and y. For any x € S”, the eigenfunctions orthogonal
to the Legendre polynomials P, (n,t), with ¢ = coss and m > 0, vanish at x.
Hence, P,,(n,t) are the only eigenfunctions that matter to compute the spectral
function. They satisfy the differential equation

(1 =307 — ntdy) Pp(n,t) = —m(m +n — 1)P,(n,t),

which is equivalent to the eigenvalue problem Af = m(m +n — 1)f on S™ with
f depending only on the parameter ¢ € [—1,1]. Note also that

1 e D 1
P2nt)(1—t)"Tdt=—"—— P.(n1)=1
| Rrmo0 - Fa - s Pt =1
where
o 9 — 1T —1
Dy=277  and N(nym)— Zmin-DImin=1)
NES [(m +1)I'(n)

(see [Mu, Lemma 10]). We assume that z and y are non-conjugate points, so
that 0 < s < 7. The rescaled spectral function on S”, for n > 2, is given by

- 1n 1n Z N(n,m)P,(n,coss)
— D

o<m(m+n—1)<p?
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Here we are abusing notation slightly, since according to (1.2.1) the inequalities
in the summation limits should be strict. However, because of the rescaling this
makes no difference in B2.

Consider the following generating function ([Mu], Lemma 17):

1 — 22

(1+422—2z2t)"2

(6.2.1) > N(n,m)Py(n,t)z" =

It is easy to see that > ;0 apz¥ = f(z) implies 3,75 (Z?:o aj> &= 18
Therefore (6.2.1) implies

+oo
142
6.2.2 Ns(v/m(m+n—1))z" = — .
622 3 N(vond D =

Lemma 6.2.3. For m € N, the spectral function on S™ satisfies the following
asymptotic formula

Ns(\/m(m +n—1))

2 g anl 1 n—3
= Mcos((%+m)s—mélﬁw)+0(m2), m — 00.

(27 sin s) "2
Proof. Following the approach of [CoH, Chapter VII, Sections 6.6 and 6.7], we
prove Lemma 6.2.3 using the Darboux method applied to the generating function
(6.2.2). The Darboux method relies on the following fact: the coefficients a;, of
the Taylor expansion at the origin of the function f(z) = 3,5 a;2*, holomorphic
in the open disc D, decay as O(k™") if f(e*®) € C™(R). The first step to obtain
the asymptotic formula is to approximate the generating function (6.2.2), taking
into account the singularities of the highest order.
Near the singular point = e**, we can write

. . o _n41
1 _ ((etts — Tis) 4 (z — eFi5)) ™ 2
(1422 —228)"% (z — etis) "+
eiiw +o0 (_nT_A,_l> <Z—€iis>k
T @2sins) 3 (2 —exin)3 =\ k) \E2isins)

where
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For p > ”+1 , we have:

(6.2.4)
1 L —nTH eig(nf)ﬂ (Z — eis)k*nTH " e_i3(n<4&:1)7r (z — e‘is)k*nTH
(2sin s)"TJrl p k (2 sin s)* (—2isin s)k
1

— — € C'(D).
(1422 —22t)"2 (B)

Expanding the powers of z — e*® by Taylor’s formula at z = 0, we see that

Taylor’s expansion at z = 0 of the difference (6.2.4) is given by

2SS () (P e (o)

251n3 2 120 =0

Using (6.2.2) and comparing the coefficients in front of the same powers of z, we
deduce that

DnNs(\/m(m +n—1))

— k
) (2 ot )

+O0(m™).

as m — o00. Here the error estimate follows from (6.2.4) in view of the remark in
the beginning of the proof. Taking into account the estimate

I(m+ 24)
I(m+1)

we see that the main term of the expansion above corresponds to &k = 0. Hence
we obtain

hS]

PR (
(2sins)"s o

= mT +0(m"T),

Do N,(v/m(m +n —1))

_ deos(3)Dim+ ) " (it 1) .
- (2511(13)"7+1 F(m+1)F(nT+1) cos (<—+m> s — 7r) +O0(m 7).

This completes the proof of the lemma. O
Note that on S™ there are simple expressions for Ng(u) at conjugate points:

(n+2m)(n+m-—1)! 272
D,, m!n! — (2m)"T(n/2)n

No(v/m(m+n—1)) = m" 4+ O(m"™ ),
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(=D)"™(n+m —1)!
Dol (n = 1] # o(m" ™)

These formulae and Lemma 6.2.3 prove Example 1.3.4.

Nﬂ(\/m(m +n—-1)) =

Let us now complete the proof of Example 3.2.7. Lemma 6.2.3 implies that

[ o= 2o (-t g ) - ) 2

(2msins) 2 2 2

Here we have used that the interval
Vim0 =1, /im+ Dm+n)) (A1 A= (n=1)/2] £m},

where the formula above does not agree with Lemma 6.2.3, is of size O(m™'). This
follows from the simple asymptotic formula \/m(m +n — 1) = m+224+0(m™).
Therefore, N,()\) is B?-equivalent to

o2 413)o- 52

which can be rewritten as

625 o im"ﬁ( )sm1(§) o ((M ek g) . wﬂ

Lemma 6.2.6. The following expansions hold in B? for 0 < s < m:

sin(([A] + 3)s) 1 ,
2sin(2) k:Z:OO s 27k] sin(Als + 27k|) ,

M ~ +Zoo ’S(_—l)k sin(Als + 27k|),

2sin(3) - + 27k|
cos(([A] +3)s) <X (=1)H®)
~ A7 p
2sin(3) ;)o s 1 ompy COS(Als + 2mk)
cos([A+ 1]s) X (—1)kHHE)

~ _— A 2mk|) .
2sin(3) k;@ o omy COSs + 27k
Here H(x) is the “reversed” Heaviside function: H(x) =0 ifx >0, and H(x) =1
if © < 0.

Proof. Each of these expansions can be obtained in a similar way as (6.1.1) in
the case n = 1. Alternatively, they could be proved directly using the identity
(6.1.9). O
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Applying Lemma 6.2.6 to the formula (6.2.5), we deduce that

B0 1 22 sin (Al(%) — T w(%‘)%)
’ 7 (2msins) T = 1(7y) ’

where the sum runs over all geodesic segments 7; starting at x and ending at
y. Here I(v;) is the length of ; and w(y;) is the Morse index of ;. Counting
the points conjugate to x on the geodesic v of length |s + 27k|, one gets w(vy) =
(n — 1) (2]k| — H(k)). This completes the proof of Example 3.2.7.

7. THE (-FUNCTION: PROOFS

7.1. Auxiliary functions. Throughout the section we denote
e t:=Rez, s:=Imz and
o (s):= (1+|s|*)V/2
Let p be a real-valued even function satisfying Condition 4.1.1 with a suffi-
ciently small 0. Let us fix an arbitrary ¢ > 0 such that 2¢ < A\; and ¢ < d;é
for all =,y € M , and denote

(7.1.1) i) = / AN AN, =01,

where N, ,.;(\) are the functions defined by (4.1.2). Then

Zoy = Zayo(2) + Zoya(2)
and, due to the finite speed of propagation, |Z, ,(2) — Z,,1(2)| < C; whenever

0 < dgy.
By Lemma 4.1.3, we have
(7.1.2) Zyyn(2) = / Bz, 1) AN, (1)

where hl(z’ u) = choo A1 ,01(/\ — ,u) dA. Substltutlng A = —d_ ()\72) ,
integrating by parts and then changing variables, we obtain

[e o]

(7.13)  h(z,p) = uz+czp1(c—u)—/ (A+p)7p(A)dA, Vu>c.

c—p
Since one can differentiate under the integral sign, hy(z, p) is an entire function
of the variable z € C smoothly depending on the parameter u € (2¢, +00), such
that

(7.1.4) i—mm I (2, ) = (=)™ %

Lemma 7.1.5. For all p € (2¢,+0), we have |hy(z,p)| < Cyp™t and
(7.1.6)  |hi(z, )] < Croep 77 {s)”* (1 + |In(s) —Inp|)™", Ve, r > 0.

hl(z +m>ﬂ) :
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Proof. The identities (7.1.3) and [ p(A)dA = 1 imply that

hi(z, 1) = ¢ “prlc—p) +p° /_cu p(A) dA + /_2 (177 = (+2)77) p(A) dA

oo u

(S}

+ ﬁo (W = (p+X2)77) p(\) dA + / (7 = (u+ X)) p(A) d].

2 2

Since p is rapidly decreasing, the first four terms in the right hand side are
bounded by Cy,, =™ for all m > 0. Therefore we only need to estimate

J2u (427 = %) p(A) dA.
By Taylor’s formula,

(7.1.7) (u+ )~ Z k'z;r l;) O
o Tz+m) . [ . o -
) e /0(1—t) (p+t\) =™, m=1,2,...

(unless —z is a nonnegative integer, in which case the terms with negative expo-
nents —z — k are absent). Substituting (7.1.7) into the integral, we see that

SIS

(7.1.8) / (e + A7 = %) p(h) dA

I3
2

m—1

(M

Z+k) ek k
k'F 1 /_ A% p(A) dA

M

(SIS

k=1
4~ _‘T,F / / Y (4 7A) AT p(A) dr dA

Since p is rapldly decreasing, Condltlon 4.1.1 implies that the sum in the right
hand side of (7.1.8) is estimated by C,, =t~ (s)™~! for all m > 1. On the other
hand, for all j,m >0,
(7.1.9) /2 (e +7A) 7N p(A) | dA < Cppp™ ™, VT e [0,1].

—5
Therefore the last term in (7.1.8) does not exceed Cy,, =™ (s)™. Thus we have

(7.1.10) ‘/ —(p+ X)) pN)dA| < Cppp tbT Vm=0,1,...,

S Y
u M
2

where b, , := p~*(s) (the estimate with m = 0 is a particular case of (7.1.9) ).
Since b7, (14 [Inb,,[)~" = C,. min{b¥7/? b7/} whenever 3 > 0 and

pe () (L [Infs) — )™ =07, (14 [Inds )",
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interpolating between the estimates (7.1.10), we arrive at (7.1.6). O
7.2. Estimates for Z, ,;(z). Lemma 7.1.5 implies the following corollaries.

Corollary 7.2.1. Z, ,.1(z) is an entire function of z for each (x,y) € M x M,
such that

(7.2.2) | Zpya(t +is)] < Cy((s)" " +1), Vt#n.

Proof. In view of (7.1.4) and (7.1.6), one can differentiate under the integral sign
in the definition of Z, ,.1(z). Therefore the function Z, ,;(2) is analytic.

Let N,,(\;a1,as) = 2oy larei(@) + az ©;(y))|? where ay,as are complex
constants such that |a;|?+|az|? = 2. The function N, ,()\; a1, az) is nondecreasing
and, in view of the Weyl formulae (1.2.2), is estimated by C' A\"*. We have

2Re N, y(A) = Nypy( N 1,1) — Ny o(X) — Ny y(N)
2i Im N, (X)) = Ny y(A; 4, 1) — Ny o (A) — Ny (A)

Therefore it is sufficient to prove that the estimate (7.2.2) holds for the integral
Jon P1(2,A) dG(X), where G()) is a nondecreasing function bounded by C'A™.
If ¢ <n then (7.1.6) with ¢ =n — ¢ and r = 2 implies that

/ T hi(z N dGO) < G ls)t / T+ [Inds) — n A2 dG(Y)

< G <s>”_t/ AT 4 | In(s) — In A)T2G(N) dA
2c
<C <s>n—t/ (14 |In(s) — In A2 A"LdA < € ()"
2c

If £ > n then the required estimate is obtained in a similar way, with the use of
the inequality |hy(z, \)| < Cy A", O

Remark 7.2.3. Note that (7.2.2) holds for x = y.
Corollary 7.2.4.

(7.2.5) / | Zpya (t +is)Pdy < Cy ((s)" " +1) , vt # g Ve e M.
M
Proof. In the same way as in (4.2.1), we obtain

/|ny1 ()Pdy = /rh1<z,A>\2de,x<A>‘

If t <n/2 then (7.1.6) with =2 —t and r = 2 implies that
/|h1(z, MNP AN, 2(A) < C’W(s)"_%/ AT (L4 [In(s) — In A2 AN, -(X)

< O (s / AL (14 [Inds) — A2 N,. (A) d).



30 H. LAPOINTE, I. POLTEROVICH, AND Y. SAFAROV

Using the Weyl formula and estimating integrals as in the proof of the previous
corollary, we see that the right hand side is not greater than C; (s)" 2.

If ¢ > 7 then the required inequality is obtained in the same way, with the use
of the estimate |hi(2z, \)|*> < Cy A2 O

7.3. Estimates for Z, ,(z). If © # y then Z,, (%) is an entire function of
z. Our goal is to estimate Z, ,0(2) uniformly with respect to s and z,y € M.
Further on

e Oy(d?,) denotes a function which is estimated by Cy(d?, +1).

Obviously, if |f(A)] < C(A\)™™ for all A € Ry then [T A% f(A )d)\ is an
analytic function in the half-plane {z : ¢ >1—m} and |[>° A7 f(A d)\‘
for all t > 1 —m. In particular, if ¥, ,(A) = N,y (A) — Ny ,(—A) then, in view
of (4.3.2), we have

Zyyo(z) = z/ AN, oA dX = / A (px ) (A)d\ + O4(1).

Let us assume that ¢ in Condition 4.1.1 is small enough, so that the Hadamard
representation (4.3.1) holds on supp p. Then the Fourier transform of the deriv-
ative W/ =~ admits an asymptotic expansion of the form (4.3.1) on suppp. This
implies that

(0 () = [ o= ) Wy () e = OO),

uniformly with respect to x,y € M, where Wi, () is a function whose asymp-
totic expansion for p — oo is obtalned from (4 3.6) by differentiating each term
with respect to A and putting A = . Thus we have

(731)  Zuyolz / / A=p(N = 1) W (1) dprdX + O4(1).
For all m=0,1,2..., we have i—mm Jp(7) < CP~™ for small values of 7 and
dm 1

o0
. 1. _
Jp(T) ~ 2 TE Ao T~ Fyor2 lDTE bk T ko1 o0,

drm

where a,,;, and b, are some real coefficients (see, for example, [GR, 8.440 and
8.451(1)]) Therefore the asymptotic formula for Wg. ~implies that [Wg.,  (1)] <
C ()"t for all pu € (¢,d;}) and

) €T 'y

O;z,y

(7.32) W y(n) = 30 e y) A2 (doy 1) T exp (i dyy 1)
k<N

+ > vl ) AT (dy ) T exp (—iday p) + Ry(z,y.p)
JHk<N
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for all p e (d;yl, oo) and N =1,2,..., where u;j, v;; are bounded functions
and »
[By(z,y, )] < Cdiy" (deyp) = ", V€ (dy,00).

In particular, [Wf.,  (u)] < Cdy " (deyp) 2 < Cp" " whenever p>d;,

consequently, |W{ ()] < C{(u)"! forall u>c.

n—1
2 and,

O,y
The above estimates and the obvious inequalities
(7.3.3) N7 <200, (W) <200 - p)
imply that

NN = )" p(h = )l
()" N = ) p(X = p)]

ASRNS

‘)\—zp<)\ - M) \116,$,y(l’b)|
AN = 1) W, (1)

and

NN = ) R,y )| < Cdl ™ {(doyN) ™ o = 1) (doe) =

n—1

< Cd! N Ay N T VA A — daypt) T Y p() — )

for all A,y > d yl Since the function p is rapidly decreasing, integrating the
above estimates over A and u, we obtain

d;; 00
7.3.4 A P\ — ! dud)
(7.3.4) / / P\ — 1) W, () du Y

< {Ct(dé,yn—i—l)a t%n,

o) dx_,;
@35) | 7 [0 ) W )l

and

Cllnd,,|., t=n,

(7.3.6) /dl /dl Ap(N — p) Ry (x,y, 1) dpdA

—n— > > n=1l_pn_ n=1 —
< iy [T [TV ) (A0 ) e
1 1

< Cpdl ! < / (A)"letd)\) ( / <T>’%1+N\p(d;;¢) yd7> = O(dL)")
1

for all N > ”Tﬂ—t.
It remains to estimate the integrals

(7.3.7) AN — ) A2 (dy ) T IR e gy d
-1 [.-1 Y 24

— de,];-t—n—l—i-is / / /\—zp (dm—;()\ _ M)) ,unT_l—j—k e:ti# d,u d\
1 1
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generated by the main asymptotic terms in (7.3.2). Expanding p y ik by
Taylor’s formula at 1 = A, we see that the right hand side of (7.3.7) coincides
with

dytom / V(2 A ) ( / p(dey (A= 1)) ei"“du> A\ + Oy(d2Hmy,
1 1

where

l n i .
(2, A, 1) Z (_ ’ k) e

with an arbitrary [ > %1 —t — 7 — k, and the remainder estimate follows from

the inequalities
W)(Z,)\,,U) — )\_ZMRT_l—j—k| <ON (,U )\)l—i—l( ool j—k—1-1 + )\"T_l—j—k—l—l)

and
L B —j—k—1-1 Cw_)\>"T*1+j+k+l+1)\%lfj—k471
< )

Note that the last inequality is a consequence of (7.3.3).
Obviously,

00 1
d [ 0N o (g3 - ) du
1 —o00
d;}y/ / N p ()] dpdX € Cppy  YpER,Vm=0,1,2,...,
a (A=1)

where dj; is the diameter of M. This estimate and (7.3.3) imply that the
integral (7.3.7) is equal to

(7.3.8) d2Zri—n- 1“5/ V(z,\ 1) (/ p(dyy(X—p)) ei”‘du) d\

l
"—— k a1 ,
_ 2 : ( ] )dgj;_t n+m+zs(_l-) ﬁ(m)(dm,y)/ )\Tl—j—k:—m—z 6:I:z>\ d\
m ’ 1
m=0

modulo Oy(d2~"), where p™ is the mth derivative of the Fourier transform.

For each p € R, the integral floo AP~% e A d)\ defines an analytic function on
the half-plane {z : ¢ > p 4+ 1}, where it is bounded on each vertical line by a
constant C;. This function admits an analytic continuation to the whole com-
plex plane, obtained by replacing e** with (Fi)™ d/\m et and integrating by
parts. This continuation coincides with the difference between the meromorphic
continuations of the integrals [~ AP72 e**dX\ and fol NP=ZeFA AN . According
to [GR, 3.381] and [GR, 8.328(1)],

/ NP2 eEAAN = iR 41— 2)
0
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and
‘ei”(p"z)ﬂ Fp+1-—2)|= |e’r|5|/2 L(p+1—t+is)| <Cpy |s[ptt1/2

whenever |s| > 1. Replacing \?7* with (m+p—2)~'... (14p—z)"t S AmHP=2
and integrating by parts, we see that ‘fol NP7 eF A )\ ‘ < Cp—y whenever |s| > 1.

Therefore

/ AP et A
1

The above inequality implies that the integral in the left hand side of (7.3.8)
is estimated by Cyd2H=" (14 (s)2~"77%) and, consequently,

< Cpy (14 (s)P7HHY/2) VpeR, VzeC.

/ / NEp(N = ) A2 (dyy ) T T e ok dprdy
oy J p>day ’

< G dﬁf;rt_n (14 (s)2t7ky,
Now, putting together (7.3.4)—(7.3.6) and (7.3.9), we obtain
Co(di ()2t +dli"+1), t#n,
C((s)27"+|Ind,,l) , t=mn.

7.4. Proof of Theorems 2.6.5 and 2.6.6. Theorem 2.6.5 is an im%nediate con-
sequence of (7.2.2) and (7.3.10). Since the function (2"~ +1)  is bounded

and is estimated by dJ',**¢ for small values of d,, , Theorem 2.6.6 follows from
(7.2.5) and (7.3.10).

(7.3.9)

(7.3.10) | Ze ot +is)| < {

T,Y
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