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Abstract

In this paper we develop a new approach to the theory of Fourier integral operators. It

allows us to represent the Schwartz kernel of a Fourier integral operator by one oscillatory
integral with a complex phase function. We consider Fourier integral operators associated

with canonical transformations, having in mind applications to hyperbolic equations. As a

by-product we obtain yet another formula for the Maslov index. c©1994 John Wiley & Sons,

Inc.

0. Introduction

Let M be a C∞-manifold without boundary, dimM = n, and T ∗M\0 be the
cotangent bundle without the zero section. We consider the Lagrangian manifold

Λ ⊂ (T ∗M\0)× (T ∗M\0)

generated by a smooth homogeneous canonical transformation G : T ∗M\0 →
T ∗M\0 . Let

ϕ(x, y, ζ) ∈ C∞
(
M ×M × (RN\0)

)
be a complex-valued smooth homogeneous function of degree 1 with non-negative
imaginary part, and

Σϕ = { (x, y, ζ) : ϕζ(x, y, ζ) = 0 } .

We say that ϕ locally parametrizes the Lagrangian manifold Λ if in some neigh-
borhood of a given point of Λ and in some local coordinates x, y we have

Λ = { (x, ϕx(x, y, ζ)) , (y, ϕy(x, y, ζ)) : (x, y, ζ) ∈ Σϕ } .
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Functions parametrizing Lagrangian manifolds are usually called phase func-
tions. A phase function is said to be non-degenerate if the differentials
d(ϕζ1), . . . , d(ϕζN ) are linearly independent on Σϕ.

Denote by Sm
(
M ×M × (RN\0)

)
the class of smooth functions p(x, y, ζ)

defined on M ×M × (RN\0) which admit the asymptotic expansion

p(x, y, ζ) ∼
∞∑
j=0

pm−j(x, y, ζ)

with pm−j(x, y, ζ) homogeneous in ζ of degree m− j. The integral

(0.1)

∫
eiϕ(x,y,ζ)p(x, y, ζ) dζ

with a non-degenerate phase function ϕ and p ∈ Sm
(
M × M × (RN\0)

)
is

called an oscillatory integral with amplitude p. This integral does not converge
absolutely but it is interpreted as a distribution on M ×M ; see, for example, L.
Hörmander, [5], [6], and F. Treves, [14]. A distribution which can be represented
locally as a finite sum of oscillatory integrals (0.1) with real phase functions
locally parametrizing the Lagrangian manifold Λ is called a Lagrangian distri-
bution associated with Λ (or with the corresponding canonical transformation
G). An operator, whose Schwartz kernel is a Lagrangian distribution, is said to
be a Fourier integral operator.

Analogous notions are introduced when G depends on an additional “time”
parameter t, for example, when G is a Hamiltonian flow. Then

Λ ⊂ T ∗R1 × (T ∗M\0)× (T ∗M\0)

and all the functions and distributions depend also on t. The most common
example of a Fourier integral operator depending on t is the operator exp(−itA)
where A is a first-order elliptic pseudodifferential operator on M . In this case G is
the Hamiltonian flow generated by the principal symbol of the pseudodifferential
operator A.

It was observed in [10] that Lagrangian manifolds in general do not allow a
global parametrization by one real phase function ϕ. One of the obstacles of its
global parametrization is the non-triviality of some cohomology class which is
usually called the Maslov class. Besides, in the non-stationary case, this fact is
motivated by the presence of the so-called caustics. It might be one of the reasons
why the classical global theory of Fourier integral operators, developed in [5], was
based on the study of local oscillatory integrals (0.1). It leads, nevertheless, to
some global objects such as the Maslov index, the Keller-Maslov bundle, etc.

The main purpose of this paper is to propose another approach to Fourier
integral operators. We find it to be simpler, and develop it when Λ is generated
by a homogeneous canonical transformation. We apply this approach (instead



GLOBAL REPRESENTATION OF LAGRANGIAN DISTRIBUTIONS 3

of the classical one) to the study of the asymptotic distribution of eigenvalues in
[13].

In this case we prove that the Lagrangian manifold can be parametrized
by a global complex phase function. This allows us to represent a Lagrangian
distribution by only one oscillatory integral with a global complex phase function
ϕ; see Sections 1 and 3. We prove its invariance, with the phase variables
η ∈ T ∗yM\0 instead of ζ ∈ RN with some N. (Note that here the number of
phase variables N = n is the least possible.) In Section 1 we first introduce
a class of non-degenerate complex phase functions ϕ globally parametrizing the
Lagrangian manifold, and then study how the amplitude p depends on the choice
of ϕ. It leads us to some new definitions of well-known global geometric objects.
In particular, in Section 2 we obtain a definition of the Maslov class and the
Maslov index by means of de Rham cohomology; see [4] for various definitions
of the Maslov index.

In Proposition 2.3 we introduce an integer-valued function Θ related to caus-
tics. It is also an invariant of the Lagrangian manifold Λ, which allows us to give
another definition of the Maslov index. This definition has the advantage of be-
ing suitable for arbitrary (not necessarily closed) curves. An analogous approach
has been developed by V. Arnol’d (see [1]) for generic Lagrangian manifolds.

In Section 3 we prove two theorems on the asymptotics of Fourier transforms
clarifying the connection between Θ and the properties of the Lagrangian distri-
bution. In fact, for a Riemannian manifold and the geodesic flow G the value
of −Θ along a geodesic curve coincides with its Morse index; see Section 4.2.

As a corollary, we obtain that the Schwartz kernel of the operator exp(−itA)
can be represented by only one oscillatory integral. In Section 4 we give an
independent proof of this result for those readers who are not familiar with the
theory of Lagrangian distributions.

This paper is a recast and extended version of the preprint [9]. Note that
complex phase functions have been applied to different problems earlier; see,
for example, [11], [12], and [3]. The main idea of this paper is based on the
use of such phase functions for the study of global properties of Lagrangian
distributions.

1. Time-Independent Distributions

1.1. Global Phase Functions

Let G be a smooth homogeneous canonical transformation in the cotangent
bundle T ∗M\0. For (y, η) ∈ T ∗M\0 let us denote

G(y, η) = (x∗(y, η), ξ∗(y, η)) .

Then G(y, λη) = (x∗(y, η), λξ∗(y, η)) for all λ > 0. We consider the Lagrangian
manifold

Λ = {(x, ξ), (y,−η) : (x, ξ) = G(y, η)} ⊂ (T ∗M\0)× (T ∗M\0) .
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It is clear that Λ is naturally parametrized by (y, η) ∈ T ∗M\0 , and this allows
us to identify all objects (functions, cohomology classes, etc.) defined on Λ with
those on T ∗M\0 .

A complex homogeneous function of degree 1

ϕ(x; y, η) ∈ C∞(M × (T ∗M\0))

such that Imϕ ≥− 0 is said to be a phase function. We shall always assume that
Imϕ(x; y, η) > 0 for x lying outside a small neighborhood of the point x∗(y, η) .

Denote by F the class of phase functions ϕ satisfying the following three
conditions:

(1.1) ϕ
(
x∗(y, η); y, η

)
= 0 ,

(1.2) ϕx
(
x∗(y, η); y, η

)
= ξ∗(y, η) ,

(1.3) det ∂xηϕ
(
x∗(y, η); y, η

)
6= 0 .

Remark 1.1. The condition (1.3) is invariant. Indeed, when we change the
coordinates x→ x̃ and y → ỹ we obtain

∂η̃x̃ϕ = (∂ỹ/∂y) · ∂ηxϕ · (∂x̃/∂x)−1

and therefore det ∂η̃x̃ϕ is not equal to zero for x̃ = x̃∗.

Lemma 1.2. Any phase function ϕ satisfying the conditions (1.1)–(1.3) gives
a global parametrization of the Lagrangian manifold Λ.

Proof: Let us differentiate with respect to η the identity (1.1). In view of
(1.2) we obtain

ϕηk
(
x∗(y, η); y, η

)
+ ξ∗(y, η) · x∗ηk(y, η) = 0 .

Since the transformation G preserves the canonical 1-form ξ · dx we have

(1.4) ξ∗ · x∗ηk = 0 , ξ∗ · x∗yk = ηk .

Therefore

(1.5) ϕη(x; y, η) = 0

for x = x∗(y, η). On the other hand, the Euler identity

η · ϕη(x; y, η) = ϕ(x; y, η)



GLOBAL REPRESENTATION OF LAGRANGIAN DISTRIBUTIONS 5

implies that ϕ(x; y, η) = 0 if ϕη(x; y, η) = 0. So ϕη(x; y, η) can be equal to zero
only if x is sufficiently close to x∗(y, η). In view of (1.3) in a small neighborhood
of the point x∗(y, η) the equation (1.5) may have only one solution with respect
to x. Therefore the equation (1.5) has the only one global solution x = x∗(y, η).
By analogy, differentiating (1.1) with respect to y and taking into account (1.2),
(1.4), we obtain

ϕy
(
x∗(y, η); y, η

)
= −η .

This completes the proof.

Denote
Φηη = Φηη(y, η) = ∂ηηϕ| x=x∗ ,

Φxx = Φxx(y, η) = ∂xxϕ| x=x∗ ,

Φxη = Φxη(y, η) = ∂xηϕ| x=x∗ ,

(1.6) Φηx = Φηx(y, η) = ΦTxη(y, η) .

The condition (1.3) is equivalent to the fact that the matrix Φxη(y, η) (or
Φηx(y, η)) is non-degenerate for all (y, η).

Remark 1.3. In view of (1.1) and (1.5) the symmetric matrix Φηη behaves
as a tensor. Changing the coordinates y → ỹ we obtain

(1.7) Φη̃η̃ = (∂ỹ/∂y) · Φηη · (∂ỹ/∂y)T
∣∣
x=x∗

.

By analogy, since the function Imϕ(x; y, η) of the variables x has a second-order
zero at the point x = x∗(y, η), the imaginary part Im Φxx of the matrix Φxx is
a tensor over the point x∗. This fact together with Imϕ(x; y, η) ≥− 0 implies also

(1.8) Im Φxx ≥− 0 .

On account of the conditions (1.1) and (1.2), in any coordinate system

(1.9) ϕ(x; y, η) = (x− x∗) · ξ∗ +
1

2
Φxx(x− x∗) · (x− x∗)

+ O(|x− x∗|3|η|) , x→ x∗ , |η| → ∞ ,

where O(|x− x∗|3|η|) is homogeneous with respect to η of degree one. Differen-
tiating the identity (1.9) with respect to x and η and taking into account (1.4),
we obtain

(1.10) Φxη = ξ∗η − Φxx · x∗η , Φηη = −(x∗η)T · ξ∗η + (x∗η)T · Φxx · x∗η .
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As the matrix Φηη is symmetric we also have

Φηη = −(ξ∗η)T · x∗η + (x∗η)T · Φxx · x∗η .

Consequently

(1.10′) Φηη = −(x∗η)T · Φxη = −Φηx · x∗η .

With account of (1.3) this gives ker Φηη = kerx∗η. Moreover, (1.8) and (1.10)
yield Im Φηη ≥− 0.

The matrices x∗η and ξ∗η will be used very often later on. Since the transfor-
mation G preserves the canonical 2-form dx ∧ dξ we have

(1.11) (ξ∗η)T · x∗η − (x∗η)T · ξ∗η = 0

(in fact this also follows from (1.10) and the symmetry of Φηη). Changing the
coordinates x→ x̃ and y → ỹ we have

x̃∗η̃ = (∂x̃/∂x) · x∗η · (∂ỹ/∂y)T ,

i.e., x∗η behaves as a tensor. The matrix ξ∗η also behaves as a tensor with respect to
y. This is not true, however, with respect to x. Indeed, passing from coordinates
x to x̃ we obtain

ξ̃∗(y, η) = (∂x/∂x̃)T
∣∣
x̃=x̃∗

ξ∗(y, η) .

Differentiating this identity with respect to η we see that

(1.12) (∂x/∂x̃)T
∣∣
x̃=x̃∗

· ξ∗η(y, η) = ξ̃∗η(y, η) − C(y, η) · x̃∗η(y, η) ,

where C = {Cij} is the symmetric matrix-function with elements

Cij(y, η) =
∑
k

(
∂2xk
∂x̃i∂x̃j

)∣∣∣∣
x̃=x̃∗

ξ∗k(y, η) .

Here ∂2xk/∂x̃i∂x̃j are the second Taylor coefficients of xk(x̃) at the point x̃ = x̃∗

which for fixed (y, η) can be chosen arbitrarily. Thus given coordinates x̃, an ar-
bitrary real symmetric matrix C0 and a fixed point (y, η) we can find coordinates
x such that in (1.12) C(y, η) = C0.

1.2. Existence of Global Phase Functions

To demonstrate the existence of phase functions satisfying the conditions
(1.1)–(1.3) we shall prove the following lemma, which gives a natural example of
the function ϕ .

Let us introduce on M a Riemannian metric g. For sufficiently close points
x ∈ M , y ∈ M let γy,x(s) be the “shortest” geodesic connecting y and x, i.e.,
the geodesic defined in the normal system of coordinates with origin at y . We
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shall choose the parameter s such that γy,x(0) = y , γy,x(1) = x . We denote
ν(y, x) = γ̇y,x(0) ∈ TyM , and smoothly extend ν onto M ×M . Let b(x; y, η) be
a smooth function positively homogeneous in η of degree 1 such that

b(x; y, η) = O(|x− x∗|2|η|) , x→ x∗ , |η| → ∞ ,

ImBxx(y, η) > 0 , Bxx = ∂xxb| x=x∗ ,

and
Im b(x; y, η) > 0

for x 6= x∗.

Lemma 1.4. The phase function

ϕ(x; y, η) = ν(x∗, x) · ξ∗ + b(x; y, η)

satisfies the conditions (1.1)–(1.3).

Proof: The conditions (1.1) and (1.2) are obviously fulfilled. Thus it re-
mains to verify (1.3). Let us choose a local coordinate system. Then, in view of
(1.10),

Re Φxη = ξ∗η − Re Φxx · x∗η , Im Φxη = − Im Φxx · x∗η ,

where
Im Φxx = ImBxx(y, η) > 0 .

By (1.10′) Re ΦTxη · x∗η − (x∗η)T · Re Φxη = 0. This formula and formula
Im Φxη = −Im Φxx · x∗η imply

(1.13) (Re ΦTxη − i Im ΦTxη) · Im Φ−1
xx · (Re Φxη + i Im Φxη)

= Re ΦTxη · Im Φ−1
xx · Re Φxη + Im ΦTxη · Im Φ−1

xx · Im Φxη .

The real matrix on the right-hand side of (1.13) is non-negative, and we obtain
for any vector ~c from its kernel

x∗η ~c = 0 , ξ∗η ~c = 0 .

But since the transformation G is non-degenerate then ~c = 0. This completes
the proof.

Example 1.1. Given a Riemannian metric g on M we can take

ϕ(x; y, η) = ν(x∗, x) · ξ∗ +
i

2
|ν(x∗, x)|2 |η|
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for x sufficiently close to x∗ (for x far from x∗ we can take an arbitrary smooth
extension with Imϕ > 0). In particular, when M = Rn with Euclidian metric
the conditions (1.1)–(1.3) are fulfilled for the phase function

ϕ(x; y, η) = (x− x∗) · ξ∗ +
i

2
|x− x∗|2 |η| .

We shall see below (Section 2.4) that in general there is no real phase function
satisfying the conditions (1.1)–(1.3) globally. One can, however, always find a
phase function which is real in a given small neighborhood.

Proposition 1.5. Let (y0, η0) be a fixed point from T ∗M\0 , and x0 =
x∗(y0, η0). Then in a neighborhood of the point x0 there exists a coordinate
system x such that

(1.14) det ξ∗η(y0, η0) 6= 0 .

Proof: Let x̃ be arbitrary coordinates in a neighborhood of the point x0. In
view of (1.11)

x̃∗η(y0, η0) : ker ξ̃∗η(y0, η0) −→ ker
(
ξ̃∗η(y0, η0)

)T
,

and since the transformation G is non-degenerate, the rank of this map is max-

imal. Let C0 be the orthogonal projection on ker
(
ξ̃∗η(y0, η0)

)T
. Then C0 ·

ξ̃∗η(y0, η0) = 0 and therefore(
ξ̃∗η(y0, η0) − C0 · x̃∗η(y0, η0)

)T · (ξ̃∗η(y0, η0) − C0 · x̃∗η(y0, η0)
)

=
(
ξ̃∗η(y0, η0)

)T · ξ̃∗η(y0, η0) +
(
x̃∗η(y0, η0)

)T · C0 · x̃∗η(y0, η0) .

The matrix on the right-hand side of this equality is strictly positive, conse-
quently the matrix

ξ̃∗η(y0, η0) − C0 · x̃∗η(y0, η0)

is non-degenerate. Choosing now coordinates x such that∑
k

(
∂2xk
∂x̃i∂x̃j

)∣∣∣∣
x̃=x0

ξ∗k(y0, η0) = C0
ij(y0, η0)

(see (1.12)) we obtain (1.14). The proof is complete.

Obviously, if (1.14) is fulfilled then in a neighborhood of the point (x0; y0, η0)
the real phase function

(1.15) (x− x∗) · ξ∗
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satisfies the conditions (1.1)–(1.3), and thus it gives a local parametrization of
the Lagrangian manifold Λ.

We shall need the following two lemmas. The first one implies that a phase
function satisfying the conditions (1.1)–(1.3) locally can always be extended up
to a phase function satisfying the conditions (1.1)–(1.3) globally. The second
lemma states that the class F is connected.

Lemma 1.6. Let V be a closed conic subset of T ∗M\0 and let W={(x; y, η) :
(y, η) ∈ V, x = x∗(y, η)} ⊂M × (T ∗M\0). Let ϕ be a phase function satisfying
(1.3) on V, and (1.1), (1.2) on some (open) conic neighborhood V ⊂ T ∗M\0 of
the set V. Then there exist a phase function ϕ0 ∈ F and a conic neighborhood
W ⊂M × (T ∗M\0) of the set W such that ϕ0 = ϕ on W .

Proof: Let ψ(x; y, η) be an arbitrary phase function from the class F with
Im Ψxx > 0, Ψxx = ∂xxψ| x=x∗ , and with Imψ > 0 for x 6= x∗; such a phase
function exists due to Lemma 1.4. Let us choose two small neighborhoods W ⊂
W̃ ⊂M×(T ∗M\0) of the set W and a real-valued function ρ(x; y, η) ∈ C∞(M×
(T ∗M\0)) positively homogeneous in η of degree 0 such that 0 ≤− ρ(x; y, η) ≤− 1
on M × (T ∗M\0), ρ = 0 on W, and supp (1− ρ) ⊂ W̃. Set

ϕ0(x; y, η) =
(
1− ρ(x; y, η)

)
ϕ(x; y, η) + ρ(x; y, η)ψ(x; y, η) .

It is easy to check, repeating the arguments from the proof of Lemma 1.4, that
the constructed phase function ϕ0 satisfies the requirements of Lemma 1.6 if W̃
is a sufficiently small neighborhood of the set W. This completes the proof.

Lemma 1.7. Any phase function ϕ0 ∈ F can be continuously transformed
in the class F into any other phase function ϕ1 ∈ F .

Proof: For 0 ≤− s ≤− 1 set

(1.16) ϕs(x; y, η) = (1− s)ϕ0(x; y, η) + sϕ1(x; y, η) + s (1− s) b(x; y, η) ,

where b(x; y, η) is as in Lemma 1.4. By (1.8) and Lemma 1.4 ϕs satisfy (1.1)–
(1.3) for all s ∈ [0, 1]. The proof is complete.

1.3. Global Oscillatory Integrals

Let us introduce a “function” dϕ ∈ C∞(M × T ∗M\0) homogeneous in η of
degree zero such that

(1.17) |dϕ| =
√
|det ∂xηϕ|
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for x close to x∗. Under change of coordinates
√
|det ∂xηϕ| behaves as a 1

2 -
density with respect to x and as a (− 1

2 )-density with respect to y, and we assume
that |dϕ| has the same property.

Lemma 1.2 immediately implies the following

Theorem 1.8. Let u(x, y) be a Lagrangian distribution associated with the
Lagrangian manifold Λ. Then for any phase function ϕ ∈ F there exists an
amplitude p(x; y, η) such that

(1.18) u(x, y) = (2π)−n
∫
eiϕ(x;y,η) p(x; y, η) |dϕ(x; y, η)| dη

modulo a smooth half-density.

Remark 1.9. Usually Lagrangian distributions are supposed to be half-
densities. When we consider p in (1.18) as a function on M × (T ∗M\0) the
properties of |dϕ| yield that the integral

∫
eiϕp |dϕ| dη behaves precisely as a

half-density in x and in y.

Proof of Theorem 1.8: By the condition (1.3) the phase function ϕ is non-
degenerate. Therefore according to Theorem 25.4.7 from [8], a (local) oscilla-
tory integral with an arbitrary phase function locally parametrizing Λ modulo a
smooth function is equal to a (local) oscillatory integral with phase function ϕ.
Since a Lagrangian distribution is a locally finite sum of such oscillatory inte-
grals, the same is true for the whole Lagrangian distribution u with some global
amplitude p.

Definition 1.1. The Lagrangian distribution u and the oscillatory integral
in (1.18) are said to be of order m if the amplitude p ∈ Sm .

Lemma 1.10. The oscillatory integral (1.18) of order m can be written in
the form

(1.19) (2π)−n
∫
eiϕ p(x; y, η) |dϕ(x; y, η)| dη

= (2π)−n
∫
eiϕ p(x∗; y, η) |dϕ(x; y, η)| dη

+ (2π)−n
∫
eiϕ p̃(x; y, η) |dϕ(x; y, η)| dη

with p̃ ∈ Sm−1. If in a local coordinate system for x close to x∗ we have

(1.20) p(x; y, η) − p(x∗; y, η) = (x− x∗) · r(x; y, η) , r ∈ Sm ,
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then in these coordinates

p̃(x; y, η) = L(x; y, η,Dη) r(x; y, η) ,

where L is a first-order differential operator such that

L(x; y, λη, λ−1Dη) = λ−1L(x; y, η,Dη) , λ > 0 .

Proof: Without loss of generality we may assume that the amplitude p has
a small support with respect to x. If p is equal to zero in a neighborhood of the
set {x = x∗}, then Imϕ(x; y, η) > 0 on the support of p , and (1.18) is a smooth
half-density. Therefore we may assume also that x is sufficiently close to x∗ and
that (1.20) holds.

Let us consider the oscillatory integral with amplitude (x − x∗) · r. We can
replace (x − x∗)eiϕ by B−1∇η(eiϕ), where B = B(x; y, η) is a homogeneous
non-degenerate matrix of degree zero, and B(x∗; y, η) = −iΦxη(y, η). Now,
integrating by parts with respect to η we obtain an oscillatory integral with the
same phase function and amplitude

p̃ = |dϕ|−1divη
(
|dϕ| (B−1)T r

)
∈ Sm−1 .

The proof is complete.

Remark 1.11. Lemma 1.10 implies that if p(x∗; y, η) = 0 then we can de-
crease the order of the amplitude by 1. If the amplitude p(x; y, η) has a zero of
the order 2N − 1 or 2N at x = x∗, however, then generally speaking, the order
of the amplitude can be decreased by N . This happens because in the process of
integrating by parts we differentiate the remaining factors (x− x∗) with respect
to η. (In the special case x∗ ≡ y these derivatives are equal to zero, and in this
case the order of the amplitude can be decreased exactly by the order of the zero
of p at x = x∗.)

Iterating formula (1.19) we obtain the following

Corollary 1.12. For any amplitude p(x; y, η) ∈ Sm there exists an ampli-
tude q(y, η) ∈ Sm independent of x such that modulo a smooth function

(2π)−n
∫
eiϕp(x; y, η) |dϕ(x; y, η)| dη = (2π)−n

∫
eiϕq(y, η) |dϕ(x; y, η)| dη .

By Theorem 1.8 and Corollary 1.12 any Lagrangian distribution u(x, y) can
be written modulo C∞ in the form

(1.21) u(x, y) = (2π)−n
∫
eiϕ(x;y,η) q(y, η) |dϕ(x; y, η)| dη .
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1.4. Principal Symbol

Obviously, there are many amplitudes p(x; y, η) determining the same Lagran-
gian distribution (1.18). In (1.21), however, the amplitude q (independent of
x !) is defined almost uniquely by the Lagrangian distribution u and the phase
function ϕ. We deduce this fact from the next theorem, but first we formulate

Definition 1.2. Let C = C1 + iC2 be an n× n complex symmetric matrix
with C1 ≥− 0 (C1 and C2 are real symmetric matrices). We denote by ΠC the
orthogonal projection on kerC and introduce

det+ C = det(C + ΠC) .

We choose the branch of the argument of det+ C such that it is continuous
with respect to C on the set of matrices C with a fixed kernel and is equal to
zero when C2 = 0 .

Note that under the conditions of Definition 1.2 kerC = kerC1 ∩ kerC2.
Indeed,

~c ∈ kerC ⇒ Re (C~c,~c) = (C1~c,~c) = 0 ⇒ ~c ∈ kerC1 ⇒ ~c ∈ kerC2 .

Therefore there exists a real orthogonal matrix J such that

J · C · JT =

(
C̃ 0
0 0

)
with some non-degenerate C̃ . By Definition 1.2 det+ C = det C̃ and the branch
of the argument is chosen as explained in [6], Section 3.4. When C1 = 0 , we
obtain

(1.22) arg det+ C =
π

2
sgnC2 ,

where sgnC2 is the signature of C2; see [6], Section 3.4.
We will also use the following simple

Lemma 1.13. Let J be a non-degenerate real matrix. Then

arg det+ C = arg det+ (JCJT ) .

Proof: Let k = rank ΠC . Then det+ C coincides with the coefficient at-
tached to εk in the polynomial det(C + εI), i.e.,

det+ C = ε−k det(C + εI)
∣∣
ε=0

.
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For any non-degenerate real matrix J we have

det+ (JCJT ) = ε−k det(JCJT + εI)
∣∣
ε=0

= det2J det(C + ΠC(JTJ)−1ΠC) = det2J det+ (ΠC(JTJ)−1ΠC) det+ C ,

and therefore arg det+ C = arg det+ (JCJT ) + 2πk for some integer k. Since
arg det+ C continuously depends on C on the class of matrices with a fixed
kernel and arg det+ C = arg det+ (JCJT ) = 0 for a real non-negative matrix C ,
we obtain k = 0 . The proof is complete.

Theorem 1.14. Let qm be the leading term of the amplitude q in (1.21).
Then the (non-smooth) function

(1.23) e−
i
2 (arg det+ (Φηη/i))qm

is uniquely determined by the Lagrangian distribution u and is independent of
the phase function ϕ ∈ F and of the choice of coordinates y .

Remark 1.15. Since (1.23) is independent of the choice of coordinates y and
of the choice of the phase function, this function is an invariant. It can be called
the principal symbol of the the Lagrangian distribution u. Usually the principal
symbol is defined as a section of the Keller-Maslov bundle; see comment after
Proposition 2.8, as well as [5] and [14]. Our aproach allows us to interpret the
principal symbol as a non-smooth function defined on T ∗M , and not as a section
of the Keller-Maslov bundle.

Theorem 1.14 immediately implies

Corollary 1.16. All the homogeneous terms of the amplitude q in (1.21)
are uniquely determined by the Lagrangian distribution u and the phase function
ϕ ∈ F .

Proof of Corollary 1.16: If u is a smooth half-density then by Theorem 1.14
all the homogeneous terms of the amplitude q are equal to zero. Thus, if u is
represented by two different oscillatory integrals with the same phase function
then all the homogeneous terms of the amplitudes must be equal.

The proof of Theorem 1.14 is based on two auxiliary lemmas. Let us fix a point
(y0, η0) and denote x0 = x∗(y0, η0), ξ0 = ξ∗(y0, η0). Choose a local coordinate
system x in a neighborhood of x0 such that (1.14) is fulfilled, and introduce the
matrix-function

Ψ = Ψ(y, η) =

(
Φxx Φxη
Φηx Φηη

)
.
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Taking into account (1.10) we obtain(
Φxx Φxη
Φηx Φηη

)
·
(
I x∗η
0 I

)
=

(
Φxx ξ∗η
Φηx 0

)
.

Therefore, in view of (1.3) and (1.14), Ψ is non-degenerate and

(1.24) |det Ψ| = |det ξ∗η | |det Φxη| = |det ξ∗η | |dϕ|2
∣∣
x=x∗

.

Lemma 1.17. At the point (y0, η0)

arg det+ (Ψ/i) = arg det+ (Φηη/i) − π sgn
(
(x∗η)T · ξ∗η

)
/2 .

Proof: In view of (1.11) we have for ε > 0

(1.25) (x∗η − εξ∗η)T · (x∗η + εξ∗η) = (x∗η)T · x∗η − ε2(ξ∗η)T · ξ∗η .

By (1.14) the matrix (ξ∗η)T ·ξ∗η is strictly positive at the point (y0, η0). Multiplying

(1.25) from both sides by
(
(ξ∗η)T · ξ∗η

)−1/2
we see that for sufficiently small ε > 0

the matrix (1.25), and thus the matrix x∗η + εξ∗η , is non-degenerate.
The equalities (1.10) imply

(1.26)

(
(x∗η + εξ∗η)T I

0 I

)
·
(

Φxx/i Φxη/i
Φηx/i Φηη/i

)
·
(
x∗η + εξ∗η 0

I I

)

=

(
(x∗η)T · ξ∗η/i 0

0 Φηη/i

)
− iε

(
2(ξ∗η)T · ξ∗η (ξ∗η)T · Φxη

Φηx · ξ∗η 0

)

− iε2

(
(ξ∗η)T · Φxx · ξ∗η 0

0 0

)
.

Since Ψ is non-degenerate, the deteminant det+ of the matrix on the left-hand
side of (1.26) is equal to

det2(x∗η + εξ∗η) det+ (Ψ/i) = ckε
2k det+ (Ψ/i) + O(ε2k+1) ,

where k = dim kerx∗η and ck 6= 0 is independent of ϕ.

Let C̃ be the restriction of the matrix(
2(ξ∗η)T · ξ∗η (ξ∗η)T · Φxη

Φηx · ξ∗η 0

)
to the kernel of (

(x∗η)T · ξ∗η 0
0 Φηη

)
.
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By (1.10′), (1.11)

ker

(
(x∗η)T · ξ∗η 0

0 Φηη

)
= ker

(
x∗η 0
0 x∗η

)
and Φxη|ker x∗η

= ξ∗η
∣∣
ker x∗η

. Therefore the matrix C̃ is independent of ϕ. As

the coefficient attached to ε2k in the expansion for the determinant of (1.26) is
non-zero, we have rank C̃ = 2k. Therefore, the determinant det+ of the matrix
in the right-hand side of (1.26) modulo O(ε2k+1) is equal to

det+

[ (
(x∗η)T · ξ∗η/i 0

0 Φηη/i

)
− iεC̃

]
= ε2k det+

(
(x∗η)T · ξ∗η/i

)
det+ C̃ det+ (Φηη/i)

(in the proof of this lemma the sign “=” means also the equality between the
respective branches of the arguments).

Thus at the point (y0, η0)

det+ (Ψ/i) = c det+ (Φηη/i) ,

where c 6= 0 does not depend on ϕ. To compute the constant c we take a special
phase function which coincides with (1.15) in a neighborhood of (x0; y0, η0) (by
Lemma 1.6 such a phase function exists). For this phase function

Φxx = 0 , Φxη = ξ∗η , Φηη = −(x∗η)T · ξ∗η .

The upper left block Φxx of the corresponding matrix Ψ is zero, and so sgn Ψ =
0 . By (1.22) we have

det+ (Ψ/i) = det2ξ∗η

with zero branch of the argument. This implies

c = det2ξ∗η det−1
+

(
i(x∗η)T ξ∗η

)∣∣
(y0,η0)

.

Therefore for an arbitrary phase function ϕ

det+ (Ψ/i)| (y0,η0) = det2ξ∗η det−1
+

(
i(x∗η)T ξ∗η

)
det+ (Φηη/i)

∣∣
(y0,η0)

and, consequently, at the point (y0, η0)

arg det+ (Ψ/i) = arg det+ (Φηη/i) − arg det+

(
i(x∗η)T · ξ∗η

)
.

From (1.22) it follows that

(1.27) arg det+

(
i(x∗η)T · ξ∗η

)
=

π

2
sgn

(
(x∗η)T · ξ∗η

)
.
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This completes the proof.

Lemma 1.18. Let u be a Lagrangian distribution (1.21) of order m, and qm
be the leading homogeneous term of the amplitude q. Let (1.14) be fulfilled. Then
for any smooth function ρ(x) which is equal to 1 at the point x0 and which has
sufficiently small support, we have

(1.28)

∫
e−iλx·ξ0ρ(x)u(x, y0) dx

= λm e−iλx0·ξ0 ( eiπ sgn
(

(x∗η)T ·ξ∗η
)
/4 e−i

(
arg det+ (Φηη/i

)
/2 |det ξ∗η |−1/2 qm )

∣∣∣∣
(y0,η0)

+ O(λm−1) , λ→ +∞ .

Proof: Let us replace in the left-hand side of (1.28) the distribution u by
the oscillatory integral (1.21) and change the variables η = λθ. Then we obtain
the integral

(2π)−nλn
∫
eiλ(ϕ(x;y0,θ)−x·ξ0)ρ(x)q(y0, λθ)|dϕ(x; y0, θ)| dx dθ .

Now we apply the stationary phase method. Recall that the equation

ϕη(x; y, η) = 0

has the unique solution x = x∗, and by (1.14) the equation

ϕx(x∗; y0, θ) − ξ0 = ξ∗(y0, θ) − ξ0 = 0

also has the unique solution θ = η0. Thus, the function ϕ(x; y0, θ)− x · ξ0 has
a unique stationary point x = x0 , θ = η0 . Obviously, its Hessian at this point
coincides with Ψ . Using the stationary phase formula we obtain∫

e−iλx·ξ0ρ(x)u(x, y0) dx

= λn+m e−iλx0·ξ0
(

det+ (λΨ/i)
)−1/2

|dϕ| qm
∣∣∣∣

(x0;y0,η0)

+ O(λn+m−1) .

By (1.24) we have at the point (x0; y0, η0)(
det+ (λΨ/i)

)−1/2

|dϕ| = λ−n
(

det+ (Ψ/i)
)−1/2

|det ξ∗η |−1/2 |det+ (Ψ/i)|1/2

= λ−n|det ξ∗η |−1/2 e−i
(

arg det+ (Ψ/i)
)
/2 .

This equality and Lemma 1.17 imply (1.28). The proof is complete.
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Proof of Theorem 1.14: The coefficient attached to λm in the asymptotic
formula (1.28) for the Fourier transform of the distribution ρ(x)u(x, y0) depends
on the choice of the coordinate system but not on the phase function ϕ. Therefore
the function (1.23) is also independent of ϕ. Lemma 1.13 and (1.7) imply that
arg det+ (Φηη/i) (and thus (1.23)) is independent of the choice of coordinates y.
Since this function cannot depend on the coordinates x, it is uniquely determined
by the Lagrangian distribution u. The theorem is proved.

2. Cohomology Classes and Existence of Real Phase Functions

2.1. The Maslov Index

In this subsection we recall the definitions of some geometrical objects con-
nected with a Lagrangian manifold. Almost all these objects are well known.
Their definitions, however, are based on some auxiliary technical results which
will be proved in the next subsection.

Let us choose a covering of Λ by small open neighborhoods Uα and real phase
functions ϕα parametrizing Λ in these neighborhoods. We shall always assume
for definiteness that the Uα are contractible.

For (y, η) ∈ Uα ∩ Uβ we denote

(2.1) σαβ = σαβ(y, η) =
1

2
sgn ∂ηηϕα| x=x∗ −

1

2
sgn ∂ηηϕβ | x=x∗ .

It is known that σαβ are integers independent of (y, η) ∈ Uα ∩ Uβ (see [5] or
Lemma 2.5 below). The cocycle {Uα ∩ Uβ , σαβ} generates a cohomology class
in the Čech cohomology group H1(Λ,Z). This class is said to be the Maslov
cohomology class of the Lagrangian manifold Λ. The value of this class on a
closed curve γ (i.e., the sum of σαβ along γ) with sign minus is called the Maslov
index of this curve and denoted by ind γ. (Such an approach based on the local
parametrization of Λ by real phase functions ϕα was suggested by L. Hörmander
in [5].)

The factor class modulo 4 of the Maslov cohomology class from H1(Λ,Z4) is
called the reduced Maslov class of Λ. The value

ind 4 γ = ind γ (mod 4)

is said to be the reduced Maslov index of γ. The reduced Maslov class is naturally
associated with a complex linear bundle over Λ which is called the Keller-Maslov
bundle. By definition every real phase function ϕα gives a local trivialization of
this bundle over Uα, and the transition function for two different phases ϕα and
ϕβ is equal to exp(iπσαβ/2).

All the given definitions are independent of the choice of Uα and the phase
functions ϕα (see Theorem 2.6). Note that the reduced Maslov cohomology class
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(and therefore the Maslov cohomology class) might be non-trivial. The Keller-
Maslov bundle, however, is always trivial, i.e., there exists its global section
which is never equal to zero; see [5]. Such sections in general cannot be obtained
by use of real phase functions. We shall see that they naturally appear when
one deals with the global complex phase functions introduced in Section 1.

2.2. Auxiliary Functions R and Θ

Let us introduce the integer-valued function

R(y, η) = rankx∗η(y, η)

on T ∗M\0. Obviously, R(y, η) ≤− n−1 . The set of points (y, η) where R(y, η) <
n− 1 is called the singular set of the Lagrangian manifold Λ . Its projection on
the manifold M is said to be the caustic set.

We shall need the following lemmas.

Lemma 2.1. Let the phase function ϕ satisfy the conditions (1.1), (1.2)
(not necessarily (1.3)). For fixed local coordinates let Π and Π̃ be the orthogonal
projections on kerx∗η and ker (x∗η)T correspondingly, Π′ = (I−Π) , Π̃′ = (I−Π̃) .
Then

(2.2) d̃et (Π̃ · ξ∗η ·Π) 6= 0 ,

(2.3) det Φxη = d̃et (Π̃ · ξ∗η ·Π) d̃et (Π̃′ · Φxη ·Π′) ,

where by d̃et in the right-hand side we mean the determinants of the restrictions
of these matrices to the corresponding subspaces.

Proof: The identity kerx∗η ∩ ker ξ∗η = {0} and formula (1.11) imply that the

restriction of Π̃ · ξ∗η · Π is a non-degenerate R × R-matrix. Therefore (2.2) is
fulfilled. From (1.11) it follows also that

Π̃′ · ξ∗η ·Π = 0 .

This fact and (1.10) imply that in special bases associated with orthogonal de-
compositions Rn = kerx∗η ⊕ Im (x∗η)T and Rn = ker (x∗η)T ⊕ Imx∗η the matrix

Φxη is triangular, and its diagonal blocks are Π̃ · ξ∗η · Π and Π̃′ · Φxη · Π′. This
implies (2.3) and completes the proof.

Lemma 2.2. For any phase function ϕ ∈ F and any coordinate systems x
and y we have

(2.4) det+ (Φηη/i) = iR f det Φxη ,
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where f = f(y, η) is a (non-smooth) real-valued function independent of ϕ (here
we do not mean that the branches of the arguments necessarily coincide). If for
coordinates x the inequality

(2.5) det ξ∗η(y, η) 6= 0

holds (see (1.14)), then

(2.6) f(y, η) = i−R(y,η) (det ξ∗η)−1 det+

(
i(x∗η)T · ξ∗η

)
.

Proof: By (1.10′)

(2.7) Φηη = −
(
Π′ · (x∗η)T · Π̃′

)
·
(
Π̃′ · Φxη ·Π′

)
.

Thus
det+ (Φηη/i) = iR d̃et

(
Π′ · (x∗η)T · Π̃′

)
d̃et
(
Π̃′ · Φxη ·Π′

)
.

This equalitiy and (2.2), (2.3) imply (2.4) with a real function f independent of
ϕ. When (2.5) is fulfilled we can take the phase function (1.15) and then obtain

det+ (Φηη/i) = det+

(
i(x∗η)T · ξ∗η

)
, det Φxη = det ξ∗η .

This yields (2.6). The lemma is proved.

Let us choose some coordinates and consider the complex function det2Φxη.
The argument of this function does not depend on the choice of local coordinates
x and y (see Remark 1.1); this is why we use det2Φxη instead of detΦxη. We can
now globally define on T ∗M\0 the smooth multi-valued function

ϑΦ = ϑΦ(y, η) = arg det2Φxη(y, η)

(the branches of which differ by 2π).
Let us introduce the non-smooth multi-valued function

(2.8) Θ(y, η) = (2π)−1ϑΦ − π−1arg det+ (Φηη/i) + R/2 .

Obviously, the function Θ is multi-valued only due to the fact that ϑΦ is multi-
valued. On a simply connected open set we can always fix a particular smooth
branch of ϑΦ, and this uniquely determines the values of Θ on this set. Since
arg det+ (Φηη/i) is independent of the choice of local coordinates y (see the proof
of Theorem 1.14), the function Θ is independent of the choice of local coordinates
x and y.

Proposition 2.3. The function Θ takes integer values, and it is indepen-
dent of ϕ. The branches of Θ are continuous along any curve on which rankx∗η
is constant.
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Proof: The first statement of the proposition immediately follows from (2.4)
and the fact that f is real and does not depend on ϕ.

By (1.10′) rank Φηη = rankx∗η. Therefore, arg det+ (Φηη/i) can have jumps
only when rank Φηη changes. This implies the second statement. The proof is
complete.

Proposition 2.3 implies, in particular, that Θ is smooth outside the singular
set of the Lagrangian manifold Λ.

Below we prove the important Lemma 2.4 which will allow us to compute the
function Θ explicitily in some special cases (see Section 3).

Definition 2.1. For a real symmetric matrix C we denote by r+(C) and
r−(C) the numbers of its positive and negative eigenvalues respectively.

Lemma 2.4. Let U ⊂ T ∗M\0 be a connected and simply connected open set,
and let ϕ be a phase function satisfying (1.1)–(1.3) and such that Φηη is real on
U . Then the difference

Θ − r+(Φηη)

is constant on U . In other words, the jumps of the function Θ on U coincide
with the jumps of r+(Φηη).

Proof: The equalities (1.22) and (2.8) give in U

Θ = (R+ sgn Φηη)/2 + k ,

where k is an integer depending on the choice of the branch of ϑΦ . By (1.10′)
we obtain

rank Φηη = R .

These two equalities imply the lemma.

Lemma 2.4 implies that given local coordinates x satisfying (2.5), we have on
a connected and simply connected open set

Θ = r−
(
(x∗η)T · ξ∗η

)
modulo some additive integer constant. Indeed, this fact immediately follows
from Lemma 2.4 if we take the special phase function of the form (1.15).

2.3. Another Definition of the Maslov Index

Let us fix a complex global phase function ϕ and an open covering {Uα} with
corresponding real phase functions ϕα (see Section 2.1). By Proposition 2.3 in
every neighborhood Uα the difference(

ϑΦ − 2 arg det+ (Φηη/i)
)
−
(
ϑΦα − 2 arg det+ (∂ηηϕα/i)| x=x∗

)
=
(
ϑΦ − 2 arg det+ (Φηη/i)

)
− π sgn ∂ηηϕα

∣∣
x=x∗
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modulo 2π is equal to zero. It means that on Uα the function

(2.9) σα =
1

π
arg det+ (Φηη/i) +

1

2
sgn ∂ηηϕα| x=x∗

coincides with a branch of the multi-valued function (2π)−1ϑΦ. This fact imme-
diately implies the following

Lemma 2.5. On the intersection Uα∩Uβ the difference σα−σβ is an integer,
and

σα − σβ = σαβ ,

where σαβ is defined in (2.1).

Let us introduce the 1-form

ΩΦ = (2π)−1 dϑΦ .

In every neighborhood Uα we have ΩΦ = dσα. Therefore the value of the cocycle
{Uα∩Uβ , σαβ} on a closed curve γ is equal to the integral of ΩΦ over this curve.
It means that the de Rham cohomology class generated by ΩΦ is the image of
the Maslov cohomology class provided by the standard isomorphism of the Čech
cohomology group and the de Rham cohomology group; see, for example, [15].
This shows that the definition of the Maslov cohomology class does not depend
on the choice of Uα and ϕα, and the corresponding de Rham cohomology class
is independent of ϕ. The last statement also follows from Lemma 1.7. Indeed,
in view of this lemma any two phase functions from F can be continuously
transformed one into another in this class. But the considered cohomology class
is integer-valued, and a continuous transformation can not change its values on
closed curves.

Thus we have proved

Theorem 2.6. The definition of the Maslov cohomology class does not de-
pend on the choice of Uα and ϕα. For any global phase function ϕ ∈ F its value
on a closed curve γ is equal to

ind γ = −
∫
γ

ΩΦ .

Since the reduced Maslov class is a factor of the Maslov cohomology class, it
also does not depend on Uα and ϕα and

ind 4 γ = −
∫
γ

ΩΦ (mod 4) .
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Theorem 2.6 allows us to interpret the Maslov index of a curve γ as the sum
of jumps of the multi-valued function −Θ (introduced in (2.8)) along γ.

Theorem 2.7. For any closed curve γ

ind γ = −
∫
γ

dΘ ,

and, respectively,

ind 4γ = −
∫
γ

dΘ (mod 4) .

Proof: By (2.8) we have

Θ(y, η) − (2π)−1ϑΦ = R/2 − π−1arg det+ (Φηη/i) .

The right-hand side of this equality is a non-smooth, single-valued function.
Therefore the integal of its differential along the closed γ is equal to zero. Con-
sequently

∫
γ

ΩΦ =
∫
γ
dΘ. The proof is complete.

Using the function Θ we can define the Maslov index for an arbitrary (not
necessarily closed) curve. Let γ be a curve on Λ with initial point (y0, η0) and
end point (y1, η1) . Since Θ is independent of ϕ and takes integer values (see
Proposition 2.3), it implies that

(2.10) −
∫
γ

dΘ = −
{
R/2 − π−1arg det+ (Φηη/i)

}∣∣ (y1,η1)

(y0,η0)
−
∫
γ

ΩΦ

is an integer depending only on γ and the Lagrangian manifold Λ . Therefore it
is natural to introduce the following

Definition 2.2. Let γ be a curve on Λ with initial point (y0, η0) and end
point (y1, η1) . The number (2.10) is called the Maslov index of γ, and its residue
modulo 4 is called the reduced Maslov index.

2.4. Principal Symbol and Global Oscillatory Integrals Revisited

Let us consider now the multi-valued function eiϑΦ/4. Every real phase
function ϕα determines the branch eiπσα/2 of this multi-valued function on Uα
(here σα is defined by (2.9)). On the intersection Uα ∩ Uβ we have eiπσα/2 =
eiπσαβ/2 eiπσβ/2. This allows us to interpret eiϑΦ/4 as a global section of the
Keller-Maslov bundle, the local trivialization of which on Uα is eiπσα/2 (here the
procedure of local trivialization is simply the choice of a branch of the multi-
valued function eiϑΦ/4). Obviously, this section is nowhere equal to zero, and it
trivializes the Keller-Maslov bundle.



GLOBAL REPRESENTATION OF LAGRANGIAN DISTRIBUTIONS 23

By (2.8) 1
2arg det+ (Φηη/i) = ϑΦ/4−πΘ/2 +πR/4. Therefore Theorem 1.14

immediately implies

Proposition 2.8. The section e−iϑΦ/4qm of the Keller-Maslov bundle is
uniquely determined by the Lagrangian distribution (1.21).

The section e−iϑΦ/4qm is usually called the principal symbol of the Lagrangian
distribution u. It determines u modulo a Lagrangian distribution of order m−1.

Assume now that the reduced Maslov cohomology class is trivial. In this
case the variation of the multi-valued function ϑΦ along any closed curve is a
number divisible by 8π. Then every branch of e−iϑΦ/4 is a smooth globally
defined function on T ∗M\0. Thus, in this case the sections of the Keller-Maslov
bundle are canonically identified with complex functions on T ∗M\0 (or on Λ).

Let us define in a small neighborhood of the set {x = x∗} the multi-valued
function

(2.11) ϑϕ(x; y, η) = arg det2∂xηϕ(x; y, η) .

Fixing a smooth global branch of ϑΦ we obtain a smooth global branch of ϑϕ. It
allows us to define in this neighborhood the single-valued function eiϑϕ(x;y,η)/4.
We arbitrarily extend it to all (x; y, η) as a smooth function preserving the same
notation, and put

(2.12) dϕ(x; y, η) = eiϑϕ(x;y,η)/4 |dϕ(x; y, η)| ,

where |dϕ| is defined by (1.17). It is clear that for x close to x∗ the function dϕ
is a global smooth branch of (det2∂xηϕ)1/4.

Now we obtain from (1.21) and Proposition 2.8 the following result.

Proposition 2.9. Let us assume that the reduced Maslov cohomology class
of Λ is trivial. Then any Lagrangian distribution u(x, y) of order m associated
with Λ can be written as an oscillatory integral

(2.13) u(x, y) = (2π)−n
∫
eiϕ(x;y,η) q(y, η) dϕ(x; y, η) dη

with an arbitrary phase function from F . The leading homogeneous term qm of
the amplitude q in (2.13) is independent of the choice of ϕ and is identified with
the principal symbol of u .

2.5. Existence of a Real Phase Function

Let Λ0 be an open conic subset of Λ. The restriction of the Maslov cohomology
class to Λ0 is trivial (i.e., ind γ = 0 for any closed curve γ lying in Λ0) if and
only if for some phase function ϕ ∈ F there exists a smooth branch of ϑΦ on Λ0
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(then, in view of Lemma 1.7, the latter is true for any ϕ ∈ F). Consequently,
if there exists a real phase function parametrizing Λ0 then the restriction of the
Maslov cohomology class to Λ0 is trivial (in this case we can take ϑΦ = 0). Thus,
the non-triviality of the Maslov class is an obstacle to existence of a real phase
function parametrizing Λ0. This obstacle, however, is not unique.

Theorem 2.10. Let γ ⊂ Λ be a closed simple (i.e., without self-intersec-
tions) curve. Then Λ can be parametrized by a real phase function satisfying the
conditions (1.1)–(1.3) in a small neighborhood of γ if and only if the following
two conditions are fulfilled:

(1) ind γ = 0 ;
(2) there exists an integer p such that

(2.14) 0 ≤− Θ(y, η) + p ≤− R(y, η) , ∀ (y, η) ∈ γ .

The proof of this theorem is based on the following two auxiliary lemmas.

Lemma 2.11. Let (y0, η0) ∈ T ∗M\0 be an arbitrary point and k be an arbi-
trary integer such that

k ∈ [−R(y0, η0) , R(y0, η0) ]

and k +R(y0, η0) is even. Then there exists a neighborhood of the point((
x∗(y0, η0), ξ∗(y0, η0)

)
,
(
y0,−η0

))
∈ Λ

which is parametrized by a real phase function ϕ satisfying (1.1)–(1.3) and such
that sgn Φηη(y0, η0) = k.

Proof: Let us fix local coordinates in the neighborhoods of the points y0 and
x0 = x∗(y0, η0) such that (2.5) is fulfilled, and denote by C the symmetric matrix
((x∗η)T ·ξ∗η)(y0, η0). Choose a real phase function ϕ satisfying the conditions (1.1),
(1.2) and such that at the point (y0, η0)

Φxx = ξ∗η · f(C) · (ξ∗η)T ,

where f is a real function. Then by (1.10) at (y0, η0)

Φηη = −C + C2 f(C) .

It is clear that we can find a function f which provides at (y0, η0) the equal-
ities rank Φηη = R and sgn Φηη = k. By Lemma 2.1 and (2.7) the equality
rank Φηη = R is equivalent to the non-degeneracy of the matrix Φxη, and there-
fore the condition (1.3) is also fulfilled in a neighborhood of (y0, η0). The proof
is complete.
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Lemma 2.12. Let ϕ0 and ϕ1 be real phase functions defined in a neigh-
borhood of a fixed point (x0; y0, η0), x0 = x∗(y0, η0), and satisfying (1.1)–(1.3).
If

sgn ∂ηηϕ0(x0; y0, η0) = sgn ∂ηηϕ1(x0; y0, η0) ,

then there exists a smooth family of real phase functions ϕs, 0 ≤− s ≤− 1, satisfying
(1.1)–(1.3) in a small neighborhood of (x0; y0, η0), such that ϕs = ϕ0 for s = 0
and ϕs = ϕ1 for s = 1.

Proof: Choose local coordinates in the same way as in the proof of the
previous lemma and denote

B0(y, η) = ∂xxϕ0|x=x∗(y,η) , B1(y, η) = ∂xxϕ1|x=x∗(y,η) .

It is sufficient to construct a smooth transformation Bs(y, η) of these matrix-
functions satisfying the condition

det(ξ∗η − Bs · x∗η) 6= 0 ,

and then to take a family of phase functions ϕs such that

ϕs = (x− x∗) · ξ∗ + Bs(x− x∗) · (x− x∗) + O(|x− x∗|3 |η|) .

Since the matrices

∂ηηϕ0(x0; y0, η0) = (x∗η)T · (ξ∗η − B0 · x∗η)
∣∣
(y0,η0)

and
∂ηηϕ1(x0; y0, η0) = (x∗η)T · (ξ∗η − B1 · x∗η)

∣∣
(y0,η0)

have the same signatures and kernels they can be smoothly transformed one into
another in the class of real symmetric matrices of the same form and with the
same kernel. This generates the desired transformation Bs at (y0, η0); see also
Lemma 1.2, Chapter 8, in [14]. Now we can take, for example,

Bs(y, η) = Bs(y0, η0) + s
(
B1(y, η) − B1(y0, η0)

)
+ (1− s)

(
B0(y, η) − B0(y0, η0)

)
.

By continuity of B0 and B1 the matrix

ξ∗η(y, η) − Bs(y, η) · x∗η(y, η)

is non-degenerate when (y, η) is close to (y0, η0). This completes the proof.
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Proof of Theorem 2.10: Firstly, it will be convenient for us to rewrite con-
dition (2) from the statement of the theorem in the following equivalent form:
there exists an even integer l such that

(2.14′) |2Θ(y, η)−R(y, η) + l| ≤− R(y, η) , ∀ (y, η) ∈ γ .

Note that in view of Lemma 2.4 the expression 2Θ(y, η)−R(y, η) appearing in
the left-hand side of (2.14′) equals sgn Φηη modulo an integer additive constant.

Suppose there exists a real phase function ϕ satisfying the conditions of the
theorem. We already know that this implies (1), and in this case we can consider
Θ to be single-valued on γ. Let us prove (2). Suppose that (2) is false. Then for
any even integer l the inequality (2.14′) fails at some point. Consequently, there
exist two points (y1, η1), (y2, η2) ∈ γ such that∣∣ (2Θ(y2, η2)−R(y2, η2)

)
−
(
2Θ(y1, η1)−R(y1, η1)

) ∣∣ > R(y1, η1) + R(y2, η2) .

But the difference of signatures of two matrices cannot exceed the sum of their
ranks. This contradiction proves the necessarity of condition (2).

Suppose that the conditions (1) and (2) hold. Let us prove the existence of
a real phase function ϕ satisfying the conditions of the theorem. Let us choose
a finite set of distinct points (yα, ηα) ∈ γ, α = 0, 1, . . . , N , and a set of their
neighborhoods Uα such that γ ⊂ ∪Uα and that for each point (yα, ηα) and any k
the construction of Lemma 2.11 produces a real phase function ϕα parametrizing
Uα and with

sgn ∂ηηϕα|x=x∗(yα,ηα) = k .

Without loss of generality we assume that the covering {Uα} of γ is of multiplicity
two.

As condition (1) is fulfilled, we can consider Θ to be single-valued on γ. Let
us fix an even integer l for which (2.14′) holds, and let us parametrize each Uα
by a real phase function ϕα satisfying (1.1)–(1.3) and such that

sgn ∂ηηϕα|x=x∗(yα,ηα) = 2Θ(yα, ηα) − R(yα, ηα) + l .

By Lemma 2.4 on each Uα

sgn ∂ηηϕα|x=x∗(y,η) = 2Θ(y, η) − R(y, η) + l ,

and therefore on each intersection Uα ∩ Uβ

sgn ∂ηηϕα|x=x∗(y,η) = sgn ∂ηηϕβ |x=x∗(y,η) .

Let Uα ∩ Uβ 6= ∅. Denote by ϕαβs the family of phase functions from Lemma

2.12 defined for (y, η) ∈ Uα∩Uβ and with ϕαβ0 = ϕα, ϕαβ1 = ϕβ ; here we reduce,
if necessary, the neighborhoods Uα, α = 0, 1, . . . , N , in order to be able to apply
Lemma 2.12.
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Let {ρα} be a partition of unity associated with the covering {Uα}. We
introduce

ϕαβ(x; y, η) = ϕαβs (x; y, η)
∣∣
s=ρβ(y,η)

,

Now we define the phase function ϕ such that ϕ = ϕαβ if (y, η) ∈ Uα ∩ Uβ , and
ϕ = ϕα if (y, η) ∈ Uα and (y, η) 6∈ Uβ for all β 6= α. It is a smooth real phase
function parametrizing Λ in a neighborhood of γ and satisfying the conditions
(1.1)–(1.3). The theorem is proved.

Exactly the same arguments lead us to

Theorem 2.13. Let γ ⊂ Λ be a simple non-closed curve. Then Λ can be
parametrized by a real phase function satisfying the conditions (1.1)–(1.3) in a
small neighborhood of γ if and only if there exists an integer p such that (2.14)
is fulfilled.

Indeed, if the curve γ is not closed then we do not need the equality of signa-
tures in the first and last neighborhoods from the covering {Uα}, and therefore
we can omit the first condition.

3. Lagrangian Distributions Associated with Hamiltonian Flows

3.1. Global Time-Dependent Phase Functions

Let h(x, ξ) ∈ C∞(T ∗M\0) be a positive function homogeneous in ξ of degree
1. Denote by

(
xt(y, η), ξt(y, η)

)
the Hamiltonian trajectory in T ∗M\0 generated

by the Hamiltonian h with initial data (y, η). In this and in the next section we
deal with Lagrangian manifolds

Λt = { (x, ξ), (y,−η) : x = xt(y, η) , ξ = ξt(y, η) } ⊂ (T ∗M\0)× (T ∗M\0)

with fixed t ∈ R1 and

Λh = { (t, τ), (x, ξ), (y,−η) : τ = −h(y, η) , x = xt(y, η) , ξ = ξt(y, η) }
⊂ T ∗R1 × (T ∗M\0)× (T ∗M\0) .

By analogy with Section 1 we say that a complex function

ϕ(t;x; y, η) ∈ C∞(R1 ×M × T ∗M\0)

is a phase function if it is homogeneous in η of degree 1 and Imϕ ≥− 0. As before
we shall assume that Imϕ(t;x; y, η) > 0 for x lying outside a small neighborhood
of the point xt(y, η). By Fh we denote the class of phase functions satisfying the
conditions

(3.1) ϕ
(
t;xt(y, η); y, η

)
= 0 ,
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(3.2) ϕx
(
t;xt(y, η); y, η

)
= ξt(y, η) ,

(3.3) det ∂xηϕ
(
t;xt(y, η); y, η

)
6= 0 .

Then for fixed t all the results of Sections 1 and 2 remain valid with xt and
ξt instead of x∗ and ξ∗. We preserve the notation from these sections, and
considering t as a parameter we shall refer to the results obtained there. In
particular, by Lemmas 1.4 and 1.2 phase functions satisfying (3.1)–(3.3) exist
and they globally parametrize the Lagrangian manifolds Λt.

Lemma 3.1. Any phase function ϕ ∈ Fh gives a global parametrization of
the expanded Lagrangian manifold Λh.

Proof: In view of Lemma 1.2 it is sufficient to prove that

ϕt(t;x
t; y, η) = −h(y, η) .

Let us differentiate the identity (3.1) with respect to t. We obtain

ϕt(t;x
t; y, η) + ẋt · ϕx(t;xt; y, η) = 0 .

Since ẋt = hξ(x
t, ξt), by (3.2) and the Euler identity this implies

ϕt(t;x
t; y, η) = −h(xt, ξt) = −h(y, η) .

The lemma is proved.

3.2. Existence of a Global Smooth Branch of arg (det2∂xηϕ)

Let us consider the complex “function” det2 ∂xηϕ(t;x; y, η) (it is a density
in x and (-1)-density in y). When t = 0 and x = xt this “function” is real and
positive, i.e., its argument is equal to zero.

Lemma 3.2. For x close to xt there exists a smooth branch of arg (det2∂xηϕ)
which is equal to zero when t = 0.

Proof: Let us take a closed curve γ lying in a small neighborhood of the set

Cϕ = { (t;x; y, η) : x = xt(y, η) } .

Since x is close to xt the curve γ can be transformed into a closed curve on
Cϕ. After that we can continuously transform it along the trajectories xt into
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a closed curve lying in the set Cϕ ∩ {t = 0}, where arg (det2∂xηϕ) is equal to
zero. Therefore the integral of the 1-form

Ω̃ϕ =
1

2π
d
(
arg (det2∂xηϕ)

)
over γ is also equal to zero. This proves the lemma.

3.3. Fixation of the Global Smooth Branch of arg (det2∂xηϕ)

From now on we shall deal only with the branch ϑϕ of arg (det2∂xηϕ) intro-
duced in Lemma 3.2. Respectively, we shall always choose the branches of the
functions ϑΦ, dϕ and Θ generated by this branch of ϑϕ.

3.4. Triviality of the Maslov Class

Since there exists a smooth global branch of ϑΦ (see Section 3.2), we obtain

Corollary 3.3. The Maslov class of the Lagrangian manifold Λh is trivial.

Let dϕ(t;x; y, η) ∈ C∞(R1×M × (T ∗M\0)) be a complex-valued “function”
homogeneous in η of degree 0 defined by the formula

dϕ(t;x; y, η) = exp

(
i

4
ϑϕ(t;x; y, η)

)
|det ∂xηϕ(t;x; y, η)

)
|1/2

for x close to xt (cf. (2.11), (2.12)). As in Sections 1 and 2 (see (1.17)), we
suppose that dϕ is a ( 1

2 )-density in x and a (− 1
2 )-density in y.

By analogy with Proposition 2.9 we obtain the following result.

Theorem 3.4. Let u(t, x, y) be a Lagrangian distribution of order m asso-
ciated with the Lagrangian manifold Λh. Then for any phase function ϕ ∈ Fh
there exists an amplitude q(t; y, η) of order m such that

(3.4) u(t, x, y) = (2π)−n
∫
eiϕ(t;x;y,η) q(t; y, η) dϕ(t;x; y, η) dη

modulo a smooth half-density. The amplitude q is determined modulo S−∞ by
the Lagrangian distribution u and the phase function ϕ, and its leading term qm
does not depend on ϕ.

3.5. The Maslov Index in the Time-Dependent Case

Now by our agreement (see Section 3.3) we have a single-valued function
Θ(t; y, η) (see Section 2.2). This immediately implies the following
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Proposition 3.5. Let γ be a curve on Λh with initial point (t0; y0, η0) and
end point (t1; y1, η1). Then∫

γ

dΘ = Θ(t1; y1, η1) − Θ(t0; y0, η0) .

Proposition 3.5 allows us to simplify Definition 2.2 for Lagrangian manifolds
associated with Hamiltonian flows.

Definition 3.1. Let γ be a curve on Λh with initial point (t0; y0, η0) and
end point (t1; y1, η1). The number Θ(t0; y0, η0)−Θ(t1; y1, η1) is called the Maslov
index of γ , and its residue modulo 4 is called the reduced Maslov index.

We shall see later (Theorems 3.8, 3.10, Corollaries 3.11, 3.12) that the integer
−Θ(t; y, η) is an important invariant of the Lagrangian manifold Λh, which ap-
pears when one studies singularities of the Lagrangian distribution. This integer
itself may now be interpreted as the Maslov index of the (non-closed) curve γ0

with initial point (0; y, η) and end point (t; y, η). Indeed, since Θ(0; y, η) = 0,
we have

(3.5) −Θ(t; y, η) = −
∫
γ0

dΘ = ind γ0 .

The next two propositions allow us to compute Θ explicitly in some cases.

Proposition 3.6. Let rank ∂ξξh(x, ξ) = n − 1 for all (x, ξ) ∈ T ∗M\0.
Then for all t

Θ(t− 0; y, η) = Θ(t; y, η) = Θ(t+ 0; y, η) ,

if rankxtη = n− 1, and

Θ(t; y, η) − Θ(t− 0; y, η) = −r+

(
∂ξξh(xt, ξt)

)
,

Θ(t+ 0; y, η) − Θ(t; y, η) = r−
(
∂ξξh(xt, ξt)

)
,

if rankxtη = 0. In particular, for sufficiently small t

Θ(t; y, η) =


r+

(
∂ηηh(y, η)

)
, t < 0 ,

0 , t = 0 ,

r−
(
∂ηηh(y, η)

)
, t > 0 .
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Proposition 3.7. Let r+

(
∂ξξh(x, ξ)

)
= n − 1 for all (x, ξ) ∈ T ∗M\0.

Then for all t

Θ(t+ 0; y, η) − Θ(t; y, η) = 0 ,

Θ(t; y, η) − Θ(t− 0; y, η) = 1 − dim kerxtη(y, η) .

By Proposition 2.3 the function Θ can have jumps along a Hamiltonian trajec-
tory only at points where rankxtη < n−1. Under the conditions of Propositions
3.6 or 3.7 these jumps are determined by the matrix ∂ξξh(xt, ξt). In other cases,
generally speaking, the jumps of Θ depend on higher order derivatives of h.

Proof of Propositions 3.6 and 3.7: Let us fix (t0; y, η) and choose local co-
ordinates x and y such that det ξt0η (y, η) 6= 0. According to Lemma 2.4 with
ϕ = (x− xt) · ξt the jumps of the function Θ coincide with the jumps of

r−
(
(ξtη)T · xtη

)
= r+(∂ηηϕ)| x=xt .

By the Taylor formula for any t close to t0 we have

xtη = xt0η + (t− t0)
(
hξ(x

t, ξt)
)
η

∣∣∣
t=t0

+ O(|t− t0|2)

= xt0η + (t− t0)
(
∂ξxh(xt0 , ξt0) · xt0η + ∂ξξh(xt0 , ξt0) · ξt0η

)
+ O(|t− t0|2) ,

ξtη = ξt0η − (t− t0)
(
hx(xt, ξt)

)
η

∣∣∣
t=t0

+ O(|t− t0|2)

= ξt0η − (t− t0)
(
∂xxh(xt0 , ξt0) · xt0η + ∂xξh(xt0 , ξt0) · ξt0η

)
+ O(|t− t0|2) .

Thus

(3.6) (ξtη)T · xtη = (ξt0η )T · xt0η
+ (t− t0)

(
(ξt0η )T · ∂ξξh(xt0 , ξt0) · ξt0η − (xt0η )T · ∂xxh(xt0 , ξt0) · xt0η

)
+ O(|t− t0|2) .

For all t the kernel of the matrix

(ξtη)T · ∂ξξh(xt, ξt) · ξtη

is the one-dimensional subspace {cη : c ∈ R1} , and this kernel is a subspace of
the kernels of the matrices xtη and O(|t− t0|2) in (3.6). Now (3.6) implies that if
rankxt0η = n− 1 then also rankxtη = n− 1 for t close to t0, and Θ has no jump
at t0. When rankxtη = 0 it follows from (3.6) that

(ξtη)T · xtη = (t− t0) (ξt0η )T · ∂ξξh(xt0 , ξt0) · ξt0η + O(|t− t0|2)
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which implies Proposition 3.6.
Let now r+(∂ξξh) = n − 1. Then there exists a real matrix C with kernel

{cη : c ∈ R1} such that

CT · (ξt0η )T · ∂ξξh(xt0 , ξt0) · ξt0η · C = I −Πη ,

where Πη is the orthogonal projection on η in the chosen coordinates. It allows
us to rewrite (3.6) as follows

CT · (ξtη)T ·xtη ·C = CT ·
(

(ξt0η )T ·xt0η − (t− t0) (xt0η )T ·∂xxh(xt0 , ξt0) ·xt0η
)
·C

+ (t− t0) (I −Πη) + O(|t− t0|2) .

The eigenvalues of the symmetric matrix

CT ·
(

(ξt0η )T · xt0η − (t− t0) (xt0η )T · ∂xxh(xt0 , ξt0) · xt0η
)
· C

are either identically zero or uniformly separated from zero for t close to t0 .
Therefore the jump of

r−
(
CT · (ξtη)T · xtη · C

)
= r−

(
(ξtη)T · xtη

)
at the point (t0; y, η) equals the jump of the number of negative eigenvalues
of the matrix-function (t − t0) (I − Πη) restricted to ker (xt0η · C). This proves
Proposition 3.7.

3.6. Asymptotics of Fourier Transforms

To clarify the role of the function Θ we prove two theorems on the asymptotic
behavior of Fourier transforms.

Theorem 3.8. Let u be a Lagrangian distribution (3.4) of order m, and qm
be the leading homogeneous term of the amplitude q. Let (t; y, θ) be a fixed point
from R1 × (T ∗M\0), and let in local coordinates x in a neighborhood of xt(y, θ)

(3.7) det ξtη 6= 0 .

Then for any smooth function ρ(x) with sufficiently small support which is equal
to 1 at the point xt(y, θ) we have

(3.8)

∫
e−iλx·ξ

t(y,θ)ρ(x)u(t, x, y) dx

= λm ( e−iλx
t·ξt e−iπ r−

(
(xtη)T ·ξtη

)
/2 |det ξtη|−1/2 eiπΘ/2 qm )

∣∣∣∣
η=θ

+ O(λm−1) , λ→ +∞ .
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Proof: From Lemma 1.18 and (2.8) we obtain for the Lagrangian distribu-
tion (3.4)∫

e−iλx·ξ
t(y,θ)ρ(x)u(t, x, y) dx

= λm ( e−iλx
t·ξt eiπκ/2|det ξtη|−1/2 qm )

∣∣∣
(t;y,θ)

+ O(λm−1) ,

where

κ = sgn
(
(xtη)T · ξtη

)
/2 + (2π)−1ϑΦ − π−1arg det+ (Φηη/i)

= r+

(
(xtη)T · ξtη

)
/2 − r−

(
(xtη)T · ξtη

)
/2 + Θ − R/2

= Θ − r−
(
(xtη)T · ξtη

)
.

The proof is complete.

Let us now fix points x0 and y0. Let ρ ∈ C∞0 (R1) be a function with small
support. We consider the asymptotics of the Fourier transform

(3.9)

∫
eiλtρ(t)u(t, x0, y0) ,

where u is the Lagrangian distribution given by (3.4) and |λ| → ∞. We assume
that the amplitude q in (3.4) has small (conic) support, and that the following
conditions are fulfilled.

Condition A. In supp ρ there is a unique t = t0 such that xt0(y0, η) = x0

for some η ∈ supp q(t0; y0, · ).

Condition B. The set

W0 = { η ∈ T ∗y0
M\0 : xt0(y0, η) = x0 }

is a smooth connected (n−R0)-dimensional manifold in T ∗y0
M\0, where

R0 := R(t0; y0, η) = rankxt0η (y0, η)

is constant on W0.

Condition B implies that the function Θ(t0; y0, η) is constant on W0. We
denote by R0 and Θ0 the values of R(t0; y0, η) and Θ(t0; y0, η) for η ∈W0.

Proposition 3.9. The tangent space TηW0 at the point η coincides with
kerxt0η (y0, η).
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Proof: Obviously,

xt0η · ~c =
∑
k

ck∂ηk(xt − x0) = 0

for any vector ~c = (c1, . . . , cn) from the tangent space Tη(W0) . Since dimW0 =
dim kerxt0η (y0, η) this implies the proposition. The proof is complete.

The Fourier transform (3.9) behaves as a half-density with respect to (x0, y0).
Therefore it is sufficient to study its asymptotic behavior only for some fixed
coordinates x and y in the neighborhoods of the points x0 and y0 (the asymptotic
formula for other coordinate systems x̃ and ỹ is obtained by multiplication by
|det(∂x/∂x̃) det(∂y/∂ỹ)|1/2). We choose an arbitrary coordinate system y and
coordinates x satisfying (3.7).

Let

θ = (θ′, θ′′) , θ′ = (θ1, . . . , θl) , θ′′ = (θl+1, . . . , θn) , l = R0 ,

be (non-linear) coordinates in a neighborhood of supp qm(t0; y0, · ) such that

W0 = {θ′ = 0} , η(λθ) = λη(θ) for λ > 0 ,

and θ′′ are coordinates on W0. We introduce on W0 the positive density

dµ0 = |det+ (i(xt0θ )T · ξt0θ )|−1/2 |det ξt0θ |
1/2 |det(∂η/∂θ)|1/2 dθ′′ ,

which is obviously homogeneous with respect to θ′′ of degree n − R0/2. By
Condition B

|det+ (i(xt0θ )T · ξt0θ )| = |det(xt0θ′ )
T · ξt0θ′ | , R0 > 0 .

Let

Ŵ0 = { η ∈W0 : h(y0, η) = 1 } = { θ′′ : h
(
y0, η(0, θ′′)

)
= 1 } ,

and dµ̂0 be the smooth density on Ŵ0 defined in coordinates θ by the equality
dµ0 = hn−R0/2−1dh dµ̂0.

Theorem 3.10. Under Conditions A and B in coordinates satisfying (3.7)
the following asymptotic formulas hold

(3.10)

∫
eiλtρ(t)u(t, x0, y0) dt = O(|λ|−∞) , λ→ −∞ ,
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(3.11)

∫
eiλtρ(t)u(t, x0, y0) dt

= (2π)(R0/2−n+1) i(Θ0−R0/2) λ(m+n−R0/2−1) eiλt0 ρ(t0)

∫
Ŵ0

qm dµ̂0

+ O(λm+n−R0/2−2) , λ→ +∞ .

Proof: Let us substitute in (3.9) the oscillatory integral (3.4) with the stan-
dard phase function

(3.12) ϕ = (x− xt) · ξt

and change variables η → |λ|θ. Then we obtain

(3.13) (2π)−n |λ|n
∫
ei |λ| (t signλ+ϕ(t;x0;y0,η(θ))) ρ(t)

× q
(
t; y0, |λ|η(θ)

)
dϕ
(
t;x0; y0, η(θ)

)
|det(∂η/∂θ)| dθ dt .

Since the gradient ϕη(t0;x0; y0, η) does not vanish outside the set W0, we can as-
sume without loss of generality that supp q(t0; y0, · ) lies in a small neighborhood
of W0.

We apply the stationary phase method with respect to the variables θ′. The
stationary points are determined by the equation

(3.14) ∂θ′ϕ
(
t;x0; y0, η(θ)

)
=
(
x0 − xt

(
y0, η(θ)

))
· ∂θ′ξt

(
y0, η(θ)

)
= 0 ,

which has the solution θ′ = 0 for t = t0. By Condition B the matrix

∂θ′θ′ϕ
(
t0;x0; y0, η(0, θ′′)

)
= − (xt0θ′ )

T · ξt0θ′
∣∣
y=y0,θ′=0

is non-degenerate on W0, and thus for t close to t0 there exists the unique solution
of (3.14) θ′∗ = θ′∗(t, θ

′′), such that θ′∗(t0, θ
′′) ≡ 0 and (θ′∗(t, θ

′′), θ′′) is close to
W0. Using the stationary phase formula we see that (3.13) is equal to

(3.15) (2π)R0/2−n |λ|n−R0/2

∫∫ {
ei |λ| (t signλ+ϕ(t;x0;y0,η(θ))) ρ(t)

× qm
(
t; y0, |λ|η(θ)

)
|det(∂η/∂θ)|

×
(
det+

(
∂θ′θ′ϕ

(
t;x0; y0, η(θ)

)
/i
))−1/2

dϕ
(
t;x0; y0, η(θ)

)}∣∣∣
θ′=θ′∗(t,θ

′′)
dθ′′ dt

modulo lower-order terms. We define the following time-dependent density

dµ =
{∣∣det+

(
∂θ′θ′ϕ

(
t;x0; y0, η(θ)

)
/i
)∣∣−1/2

×|dϕ
(
t;x0; y0, η(θ)

)
| |det(∂η/∂θ)|

}∣∣
θ′=θ′∗

dθ′′
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homogeneous in θ′′ of degree n − R0/2. It is clear that for the chosen phase
function

dµ| t=t0 = dµ0 .

By (2.8) for the function

A = arg
(
det+

(
∂θ′θ′ϕ

(
t;x0; y0, η(θ)

)
/i
))−1/2

dϕ
(
t;x0; y0, η(θ)

) ∣∣∣
θ′=θ′∗

we obtain
A| t=t0 =

π

2
(Θ0 −R0/2) .

Now we can rewrite (3.15) as follows

(3.16) (2π)(R0/2−n) |λ|(n−R0/2)

∫∫ {
eiA ei |λ |(t signλ+ϕ(t;x0;y0,η(θ))) ρ(t)

×qm
(
t; y0, |λ|η(θ)

)}∣∣∣
θ′=θ′∗

dµ dt .

Let us now introduce polar coordinates (r, θ̂′′) such that

θ′′ = r θ̂′′ , h
(
y0, η(0, θ̂′′)

)
= 1 ;

here θ̂′′ is a point on the “sphere” h
(
y0, η(0, θ̂′′)

)
= 1. We define the density dµ̂ on

this “sphere” by the equality dµ = rn−R0/2−1dr dµ̂ . Obviously, dµ̂|t=t0 = dµ̂0.
Now (3.16) can be written as

(3.17) (2π)(R0/2−n) |λ|(n−R0/2)

∫∫ {
eiA ei |λ |(t signλ+r ϕ(t;x0;y0,η(θ))) ρ(t)

×rm |λ|m qm
(
t; y0, η(θ)

)}∣∣∣
θ=(θ′∗(t,θ̂

′′),θ̂′′)
rn−R0/2−1 dr dt dµ̂ .

We apply to (3.17) the stationary phase method with respect to the variables
r and t. The stationary points are determined by the equations

(3.18) ϕ
(
t;x0; y0, η(θ′∗(t, θ̂

′′), θ̂′′)
)

= 0 ,

(3.19) signλ + r ϕt
(
t;x0; y0, η(θ′∗(t, θ̂

′′), θ̂′′)
)

= 0 .

Since
ϕ
(
t0;x0; y0, η(0, θ̂′′)

)
= 0 ,

and

(3.20)
d

dt
ϕ
(
t;x0; y0, η(θ′∗(t, θ̂

′′), θ̂′′)
)∣∣∣∣
t=t0

= ϕt
(
t0;x0; y0, η(0, θ̂′′)

)
= −h

(
y0, η(0, θ̂′′)

)
= −1 ,
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t0 is the unique solution of the equation (3.18) with respect to t. In view of
(3.20) for λ < 0 the equation (3.19) has no solution. It means that for negative
λ there is no stationary point. This implies (3.10).

For λ > 0 there is the unique stationary point

t = t0 , r = 1 .

The Hessian at this point is

Hr,t =

(
ϕtt −1
−1 0

)
,

and on account of (1.22) (
det+ (Hr,t/i)

)−1/2
= 1 .

Now from (3.17) by the stationary phase formula we obtain (3.11). The proof is
complete.

Corollary 3.11. Let Condition A be fulfilled and xt0(y0, η) = x0 for all
η ∈ T ∗y0

M\0. Then for any coordinates x and y∫
eiλtρ(t)u(t, x0, y0) dt

= (2π)1−n iΘ0 λm+n−1 eiλt0 ρ(t0)

∫
{h(y0,η)=1}

qm |det ξt0η |1/2 dη̂

+ O(λm+n−2) , λ→ +∞ ,

where dη̂ is defined by the equality dη = hn−1 dh dη̂.

Proof: We can take in (3.11) θ = θ′′ = η which immediately implies the
corollary.

Corollary 3.12. Let the conditions of Theorem 3.10 be fulfilled with R0 =
n− 1. Then there exists the unique point η0 ∈ T ∗y0

M\0 such that

xt0(y0, η0) = x0 , h(y0, η0) = 1 ,

and

(3.21)

∫
eiλtρ(t)u(t, x0, y0) dt

= (2π)(1−n)/2 iΘ0+(1−n)/2 λm+(n−1)/2 eiλt0 ρ(t0)

× | det
(
xt0η · (xt0η )T + |ς0|2 Π̂0

)
|−1/4 |η0| qm(t0; y0, η0) + O(λm+(n−3)/2)
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as λ → +∞. Here ς0 = |η0|−1
(
(ξt0η )T

)−1
η0, xt0η = xt0η (y0, η0), ξt0η = ξt0η (y0, η0),

and Π̂0 is the orthogonal projection on the one-dimensional linear subspace gen-
erated by the vector ς0.

Proof: The set W0 is a one-dimensional conic submanifold, i.e., it is a
one-dimensional ray generated by the vector η0. Without loss of generality we
choose orthonormal coordinates η = (η1, η

′) such that η1 goes along the vector
η0. Then we can take θ′ = η′, θ′′ = η1, and dµ̂0 is the δ-measure at the point η0

with coefficient

(3.22) |det+ (i(xt0η )T · ξt0η )|−1/2 |det ξt0η |1/2 |η0| .

Since the kernel of xt0η at the point (y0, η0) is parallel to W0, taking into account
(1.11) we obtain at this point

|det+ (i(xt0η )T · ξt0η )|2 = |det
(

(ξt0η )T · xt0η · (xt0η )T · ξt0η + Πη0

)
|

= |det ξt0η |2 |det
(
xt0η · (xt0η )T + ((ξt0η )T )−1 ·Πη0

· (ξt0η )−1
)
| .

Here Πη0
is the orthogonal projection on the one-dimensional linear subspace

generated by the vector η0. Obviously, for any vector ~c we have

((ξt0η )T )−1 ·Πη0
· (ξt0η )−1 · ~c = (~c · ς0) ς0 .

Therefore (3.22) is equal to

|det
(
xt0η · (xt0η )T + |ς0|2 Π̂0

)
|−1/4 |η0| ,

and (3.11) implies (3.21). The proof is complete.

4. Applications to Hyperbolic Equations

4.1. Fundamental Solution of a Hyperbolic Operator

Let A = A(x,Dx) be a first-order elliptic pseudodifferential operator in the
space of half-densities on M (as usual, Dx = −i∂x). Assume that the principal
symbol a1 of A is real and positive. We consider the solution u(t, x, y) of the
following initial value problem

Dtu + A(x,Dx)u = 0 ,(4.1)

u(0, x, y) = δ(x− y) ,(4.2)

which is often called the fundamental solution. It is well known that u is a
Lagrangian distribution of order zero associated with the Lagrangian manifold
Λh introduced in Section 3, where h = a1 (see, for example, [14]). Therefore
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Theorem 3.4 allows us to represent the fundamental solution u modulo C∞ by
only one oscillatory integral (3.4) with an arbitrary phase function from the
class Fh and an amplitude q of order zero. Now we give an independent proof
of this result, and as a by-product we deduce the transport equations for the
homogeneous terms q−j of the amplitude q. For simplicity we assume that in
any coordinate system all the homogeneous terms of the full symbol of A and
its derivatives can be analytically extended with respect to ξ onto Cn\0 . This
condition is fulfilled, for example, when A is a root of an elliptic differential
operator. (In general one ought to use the almost analytic extentions of these
homogeneous terms, see [14]).

Let us substitute the oscillatory integral (3.4) into (4.1). Then we obtain an
oscillatory integral with the same phase function and amplitude

(4.3) p(t;x; y, η) = e−iϕDt(q e
iϕ dϕ) + q e−iϕA(x,Dx)(eiϕ dϕ) .

By the theorem on the action of a pseudodifferential operator on an exponential
function (see, for example, [14]) we have

(4.4) q e−iϕA(x,Dx)(eiϕ dϕ) = q
(
a1(x, ϕx) + F (t;x; y, η)

)
dϕ ,

where F is an amplitude of order zero. Thus we can rewrite (4.3) in the form

(4.5) p(t;x; y, η) = dϕ
(
ϕt + a1(x, ϕx)

)
q + dϕDtq + dϕ (d−1

ϕ Dtdϕ + F ) q .

By Corollary 1.12 (with dϕ instead of |dϕ|) the oscillatory integral with ampli-
tude (4.5) can be transformed into an oscillatory integral of the form (3.4) with
amplitude q̃ independent of x . In view of Lemma 3.1

ϕt + a1(x, ϕx) = 0

for x = xt. Therefore by Lemma 1.10 the amplitude q̃ is of order zero. Iterating
the formula (1.19) we see that the homogeneous terms q̃−j have the form

q̃0 = Dtq0 + F0 q0 ,

q̃−j = Dtq−j + F0 q−j +
∑
i<j

Lj,i q−i .

Here F0 = F0(t; y, η) is a homogeneous function of degree zero, and Lj,i =
Lj,i(t; y, η,Dη) are differential operators such that

Lj,i(t; y, λη, λ
−1Dη) = λi−j Lj,i(t; y, η,Dη) , ∀ λ > 0 .

Thus if the q−j are the solutions of the recurrent system

Dtq0 + F0 q0 = 0 ,(4.6)

Dtq−j + F0 q−j +
∑
i<j

Lj,i q−i = 0 ,(4.7)
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then after substituting the oscillatory integral (3.4) into the equation (4.1) we
obtain a smooth half-density.

Now let us satisfy the initial condition (4.2). In local coordinates

δ(x− y) = (2π)−n
∫
ei(x−y)·η dη .

By Lemma A.1 from the Appendix this implies that

δ(x− y) = (2π)−n
∫
eiϕ(0;x;y,η) w(y, η) dϕ(0;x; y, η) dη (mod C∞)

with an amplitude w of order zero (of course, this fact also follows from The-
orem 3.4). The homogeneous terms w−j of the amplitude w are computed in
accordance with (A.4), (A.5), and by (A.4) w0 ≡ 1 . Thus if

q0(0; y, η) = 1 ,(4.8)

q−j(0; y, η) = w−j(y, η) ,(4.9)

then the oscillatory integral (3.4) satisfies the initial condition (4.2) modulo C∞.
Solving the ordinary differential equations (4.6), (4.7) with initial conditions
(4.8), (4.9) we find all the homogeneous terms q−j . In virtue of the known a
priori estimates, the oscillatory integral (3.4) with amplitude q ∼

∑
q−j differs

from the fundamental solution u by a smooth half-density.
Let us now compute the leading term q0. By (4.6) and (4.8)

q0 = exp

(
−
∫ t

0

F0(s; y, η) ds

)
.

Since q0 is independent of ϕ the function F0 also does not depend on ϕ. Let us
fix a conic open subset of R1 ×M × (T ∗M\0) and calculate F0 assuming that
in this subset our global phase function ϕ is (x − xt) · ξt, and det ξtη 6= 0 (see
Section 1.2). Obviously,

(4.10) ϕxη = ξtη

and

(4.11) ϕt = −ẋt · ξt + (x− xt) · ξ̇t

= − ξt · ∇ξa1(xt, ξt) − (x− xt) · ∇xa1(xt, ξt)

= −a1(xt, ξt) − (x− xt) · ∇xa1(xt, ξt) .

Hence in (4.5)

ϕt + a1(x, ϕx) = a1(x, ξt) − a1(xt, ξt) − (x− xt) · ∇xa1(xt, ξt)

= ∂xxa1(xt, ξt)(x− xt) · (x− xt)/2 + O(|x− xt|3|η|) .
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We have in our neighborhood

(x− xt)eiϕ = −i(ξtη)−1∇ηeiϕ .

Therefore integrating by parts we obtain∫
eiϕ

(
∂xxa1(xt, ξt)(x− xt) · (x− xt)/2 + O(|x− xt|3|η|)

)
dϕ dη

= (2i)−1

∫
eiϕ Tr

(
(ξtη)−1 · ∂xxa1(xt, ξt) · xtη

)
dϕ dη

up to an oscillatory integral of order 0 with an amplitude containing the factor
(x−xt). This residual oscillatory integral can be reduced by the same procedure
to an oscillatory integral of order -1. It follows that

F0 = (2i)−1 Tr
(
(ξtη)−1 · ∂xxa1(xt, ξt) · xtη

)
+ d−1

ϕ Dtdϕ + F

modulo an amplitude of order -1. Locally, since ϕ is real, ϑϕ ≡ 2πκ for some
integer κ which is determined by the global phase function ϕ (see Section 3.3).
Therefore

dϕ = exp(iκπ/2) |det ξtη|1/2 ,

and by Liouville formula

d−1
ϕ Dtdϕ = (2i)−1 Tr

(
ξ̇tη · (ξtη)−1

)
= −(2i)−1 Tr

((
∇xa1(xt, ξt)

)
η
· (ξtη)−1

)
= −(2i)−1 Tr

(
(ξtη)−1 · ∂xxa1(xt, ξt) · xtη + ∂xξa1(xt, ξt)

)
.

Since the phase function ϕ is locally linear with respect to x, we have

F = a0(x, ϕx) = a0(xt, ξt) + O(|x− xt|)

modulo an amplitude of order -1; here a0 is the second symbol of the operator A
in the chosen coordinates. The oscillatory integral with amplitude O(|x−xt|) is
reduced to an oscillatory integral of order −1, and so it is not contained in F0.

Combining the above formulas we obtain

F0 = a0(xt, ξt) − (2i)−1 Tr
(
∂xξa1(xt, ξt)

)
= asub(xt, ξt) ,

where asub is said to be the subprincipal symbol of the pseudodifferential operator
A; see, for example, [7] and [14]. Thus we have proved the following result.

Theorem 4.1. The solution u of the Cauchy problem (4.1), (4.2) is repre-
sented by an oscillatory integral (3.4) with any phase function ϕ ∈ Fh and with
amplitude q of order zero the leading homogeneous term of which is

(4.12) q0 = exp

(
−i
∫ t

0

asub(xs, ξs) ds

)
.
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Theorem 4.1 allows us to apply the results of the previous section to the
fundamental solution u . In particular, Theorems 3.8, 3.10, and Corollaries 3.11,
3.12 are valid for u with m = 0 and q0 defined by (4.12).

4.2. The Riemannian Case

Now let M be a Riemannian manifold with metric g, and let the principal
symbol a1(x, ξ) of the operator A be equal to

(4.13) |ξ|x =

∑
i,j

gij(x)ξiξj

1/2

.

Then xt(y, η) is the geodesic with the initial conditions

xt
∣∣
t=0

= y , ẋt
∣∣
t=0

= ∂ηa1(y, η) .

The vector fields xtηk(y, η), k = 1, . . . , n, are the Jacobi vector fields with the
initial conditions

xtηk(y, η)
∣∣
t=0

= 0 , ẋtηk(y, η)
∣∣
t=0

= ∂ηηka1(y, η) ,

where the dot means the covariant derivative. Therefore by Proposition 3.7 the
value of the function −Θ (introduced in (2.8)) at the point (t; y, η) is the Morse
index of the geodesic xs(y, η) , 0 ≤− s ≤− t, i.e., the number of conjugate points
counted with their multiplicities. Now Definition 3.1 and (3.5) imply that in this
case the Morse and the Maslov indices coincide; this has already been noted in
[2].

In this case we can simplify the formulation of Corollary 3.12.

Theorem 4.2. Let M be a Riemannian manifold with metric g, and let
A be a pseudodifferential operator on M with principal symbol (4.13). Let u
be the solution of the Cauchy problem (4.1), (4.2), and ρ be a function from
C∞0 (R1). Let x0, y0 ∈ M be fixed, and suppose that in (supp ρ) × (T ∗y0

\0) there
is a unique point (t0, η0) such that xt0(y0, η0) = x0 and a1(y0, η0) = 1. Let
rankxt0η (y0, η0) = n− 1. Let x and y be local coordinates such that

(4.14) a1(x0, ξ) = |ξ| = (ξ2
1 + · · ·+ ξ2

n)1/2 ,

(4.15) a1(y0, η) = |η| = (η2
1 + · · ·+ η2

n)1/2 .

Then the following asymptotic formula holds as λ→ +∞

(4.16)

∫
eiλtρ(t)u(t, x0, y0) dt

= (2π)(1−n)/2 iΘ0+(1−n)/2 λ(n−1)/2 eiλt0 ρ(t0)

× |det+ (ixt0η · (xt0η )T )|−1/4 q0(t0; y0, η0) + O(λ(n−3)/2) .
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Here xt0η = xt0η (y0, η0) and q0 is defined by (4.12).

Remark 4.3. In Theorem 4.2 we can take x and y to be normal geodesic
coordinates with origins x0 and y0 respectively.

Proof of Theorem 4.2: It is sufficient to prove Theorem 4.2 for some coor-
dinate system x satisfying the condition (4.14) because both sides of (4.16) are
invariant under changes of local coordinates x preserving (4.14). So further on
we can assume, without loss of generality that x are local coordinates satisfying
the additional condition

(4.17) ∂xa1(x, ξ)| x=x0
= 0 .

For example, normal geodesic coordinates x with origin x0 satisfy (4.17).
At this stage we cannot yet apply Corollary 3.12 because we do not know

whether the condition det ξt0η (y0, η0) 6= 0 is satisfied. So let us choose coordinates
x̃ in a neighborhood of x0 such that at the point (t0;x0; y0, η0) we have

∂x̃/∂x = I ,
∑
k

(
∂2x̃k
∂xi∂xj

)
ξ̃t0k = c δij ,

where c� 1 is a constant and δij are the Kronecker symbols (see also the proof
of Proposition 1.5). Then

x̃t0η (y0, η0) = xt0η (y0, η0)

ξ̃t0η (y0, η0) = ξt0η (y0, η0) − c xt0η (y0, η0) .

By analogy with (1.25) multiplying the latter matrix by

(ξt0η )T (y0, η0) + c (xt0η )T (y0, η0)

we obtain the matrix

(4.18) (ξt0η )T (y0, η0) · ξt0η (y0, η0) − c2 (xt0η )T (y0, η0) · xt0η (y0, η0) .

In the chosen coordinates x and y at the point (y0, η0) we have |ξt0 | = |η0| = 1
and, by (4.17),

(4.19) (ξt0η )T ξt0 = (ξt0η )T a1ξ(x0, ξ
t0) =

d

dη
a1(xt0 , ξt0) = a1η(y, η) = η0 .

From the Euler identities ξt0η · η = ξt0 , xt0η · η = 0 and (4.19) it follows that η0 is
the eigenvector of the matrix (4.18) corresponding to the eigenvalue 1. On the
subspace orthogonal to η0 the matrix (xt0η )T (y0, η0)·xt0η (y0, η0) is non-degenerate
and positive. Arguments similar to those in the proof of Lemma 1.17 show that
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the matrix (4.18) is non-degenerate for sufficiently large c, and consequently
ξ̃t0η (y0, η0) is non-degenerate for sufficiently large c.

Now comparing the required formula (4.16) with (3.21) (written in coordi-
nates x̃) we see that it is sufficient to prove that

(4.20) ς̃0 = ξt0(y0, η0)

and that

(4.21) (xt0η )T (y0, η0) · ξt0(y0, η0) = 0 .

But (4.21) follows from the preservation of the 1-form ξ dx under a homogeneous
canonical transformation, whereas (4.20) follows from (4.19) and (4.21).

Remark 4.4. The right-hand side in (4.16) can be simplified in the following
obvious way. Denote x0 = (x01, x

′
0), y0 = (y01, y

′
0), x = (x1, x

′), y = (y1, y
′),

ξ = (ξ1, ξ
′), η = (η1, η

′), where x′0, y′0, x′, y′, ξ′, η′ are (n − 1)-component.
Suppose that our local coordinate systems are oriented in such a way that the
hypersurfaces x1 = x01 and y1 = y01 are orthogonal to the covectors ξt0(y0, η0)
and η0 respectively (that is, the last n−1 components of these covectors are zero
in the chosen coordinate systems). For the sake of brevity let us denote by xη
and x′η′ the (square) matrices of derivatives of x(η) and x′(η) with respect to η

and η′, where x(η) = (x1(η), x′(η)) = xt0(y0, η). Then at η = η0 we have

|det+ (ixη · xTη )| = |det(x′η′ · (x′η′)T )| = |detx′η′ |2 .

Appendix

By the stationary phase method used in the proof of Lemma 1.18 we can find
all the asymptotic terms in (3.8). For the sake of simplicity we assume below
that ρ ≡ 1 in a neighborhood of the point xt(y, θ).

According to Theorem 7.7.5 from [6] we have

(A.1)

∫
e−iλx·ξ

t(y,θ) ρ(x)u(t, x, y) dx

= λm e−iλ x
t·ξt e−iπ r−

(
(xtθ)T ·ξtθ

)
/2 eiπΘ/2

× | det ξtθ|−1/2
∑

j+l<N

λ−(j+l)
(
Lj qm−l

) ∣∣
η=θ

+ O(λm−N ) , λ→ +∞ ,
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where xt = xt(y, θ), ξt = ξt(y, θ), Θ = Θ(t; y, θ), qm−l = qm−l(t; y, η), and the
Lj = Lj(t; y, η, θ,Dη) are differential operators of order 2j which are defined as
follows. Let

ψ(t;x; y, η, θ) = ϕ(t;x; y, η) −
(
x− xt(y, θ)

)
· ξt(y, θ)

− Φxx(t; y, θ)
(
x− xt(y, θ)

)
·
(
x− xt(y, θ)

)
/2

− Re
(
Φxη(t; y, θ)(η − θ) ·

(
x− xt(y, θ)

))
− Φηη(t; y, θ)(η − θ) · (η − θ)/2 .

Then

Lj f = i−j
∑

ν−µ=j

2ν≥−3µ

(2νµ!ν!)−1
(
Ψ−1(D(x,η)) ·D(x,η)

)ν
(ψµ f)

∣∣
x=xt(y,θ)

,

where

Ψ = Ψ(t; y, θ) =

(
Φxx Φxη
Φηx Φηη

)
and D(x,η) = (Dx1 , . . . , Dxn , Dη1 , . . . , Dηn).

Let us introduce the differential operators

Lj = Lj(t; y, η,Dη) = Lj(t; y, η, η,Dη) .

Then formula (A.1) can be rewritten in the equivalent form

(A.2)

∫
e−iλx·ξ

t(y,η) ρ(x)u(t, x, y) dx

= λm e−iλ x
t·ξt e−iπ r−

(
(xtη)T ·ξtη

)
/2 eiπΘ/2

× | det ξtη|−1/2
∑

j+l<N

λ−(j+l) Lj qm−l + O(λm−N ) , λ→ +∞ ,

where xt = xt(y, η), ξt = ξt(y, η), Θ = Θ(t; y, η), qm−l = qm−l(t; y, η). The
operators Lj are homogeneous in η of degree −j (that is if f is homogeneous of
degree p then Ljf is homogeneous of degree p− j); this fact follows from (A.2)
because the left-hand side of (A.2) is invariant under changes λ→ cλ, η → η/c,
for all c > 0.

Formula (A.2) and the homogeneity of the operators Lj imply

(A.3)

∫
e−ix·ξ

t(y,η) ρ(x)u(t, x, y) dx

= e−i x
t·ξt e−iπ r−

(
(xtη)T ·ξtη

)
/2 eiπΘ/2

× | det ξtη|−1/2
∑

j+l<N

Lj qm−l + O(|η|m−N ) , |η| → ∞ .
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Note that by the stationary phase method the asymptotic formula (A.3) is uni-
form with respect to (t; y, η/|η|), and we can differentiate it with respect to these
parameters.

Lemma A.1. Let ϕ and ϕ̃ be phase functions satisfying the conditions (3.1)–
(3.3). Then for any q ∈ Sm there exists an amplitude q̃ ∈ Sm such that the
oscillatory integral (3.4) coincides modulo C∞ with

(2π)−n
∫
eiϕ̃(t;x;y,η) q̃(t; y, η) dϕ̃(t;x; y, η) dη .

The homogeneous terms q̃m−j are uniquely determined by the equations

(A.4) q̃m = qm ,

(A.5) q̃m−l = qm−l +
∑
j+k=l

j≥−1

(Ljqm−k − L̃j q̃m−k) , l = 1, 2, . . . .

Proof: Obviously, if we have (A.4) and (A.5) then the Fourier transforms
of the oscillatory integrals with respect to x have the same asymptotics in co-
ordinates for which (3.7) is fulfilled. This means that the difference of these
oscillatory integrals is a smooth half-density with respect to x. But since we can
differentiate (A.3), it is also smooth with respect to t and y.
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