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INTRODUCTION

The aim of the paper is to construct a calculus of pseudodifferential operators (¢»DOs)
on a smooth manifold M without using local coordinate systems. Instead we deal with
linear connections I" of M.

The fact that a linear connection I' is a global object enables one to associate with a
DO its full symbol, which is a function on the cotangent bundle T*M (depending on
the choice of T'). This idea was put forward by H. Widom. He has suggested a method of
defining full symbols of ¥DOs on a manifold with a linear connection and constructed a
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2 Yu. SAFAROV

version of symbolic calculus [W1], [W2]. More advanced results in this direction were ob-
tained later in [FK3]. However, in these papers the classes of pseudodifferential operators
are defined in local coordinates, with use of standard local phase functions.

On the contrary, we define ¥ DOs in a coordinate-free way, using invariant oscillatory
integrals over T*M . The phase functions in these oscillatory integrals are linear with
respect to the phase variables and are determined by I', and the symbols are functions on
T*M. (In [FK3], [Re] it is mentioned that similar phase functions have been introduced
by L. Drager [D].) We also include in the oscillatory integrals a weight factor which allows
us to consider ¥DOs in the spaces of s-densities for any » € R!. If the connection T is
(locally) flat then the phase functions take the usual form (z —y) -6 and the weight factor
is identically equal to 1 in the “flat” coordinates. So our construction is a generalization
of the standard one, which corresponds from our point of view to locally flat connections.

The invariant approach allows us to define 7-symbols of ¥»DOs acting on a manifold; in
particular, we define the Weyl symbols. In fact, it is a kind of quantization on a manifold
provided with a linear connection. This problem is of interest for physicists (see, for
example, [FK1], [FK2], [LQ]). But we discuss only local results, and this subject is left
out of the paper.

We deal with Hérmander’s classes of symbols S7's assuming 1 < 6 < p < 1. The
standard definition of these classes is given in local coordinates, and when p > 1 — ¢
(and, consequently, p > 1/2) they turn out to be invariant under change of coordinates.
However, in order to introduce these classes it is sufficient only to define the horizontal
and vertical derivatives. This can be done in terms of a linear connection I'. We associate
with I' some classes of symbols S)%(I'). If 1 — p < § then these classes are independent
of I' and the corresponding classes of ¥ DOs coincide with the usual ones. In this case
our construction leads only to a version of invariant symbolic calculus.

When 6 < 1 — p we obtain new classes of pseudodifferential operators. In local coor-
dinates their amplitudes belong to S]* _,. If p < 1/2, one can neither define symbols of
these ¥DOs nor obtain most of the other standard results in the usual way. But it can
be done by means of invariant oscillatory integrals. We prove that all the basic results of
the classical theory of ¥DOs ([H], [Sh], [T], [Tr]) remain valid for these new classes when
p = 1/3 and the connection I' is symmetric. Moreover, some of these results are valid
without any additional restrictions.

To illustrate the main idea of the paper let us consider the class of differential (or
pseudodifferential) operators with constant coefficients in R™. This class is invariant
with respect to linear transformations of coordinates, and in any “linear” coordinates
we can easily obtain various results (in particular, concerning functional calculus) in
terms of the full symbols. If we chose other (“non-linear”) coordinates on R", then the
operators would have variable coefficients and most of the results (even local ones) relying
upon full symbols would fail. Thus, studying the operators with constant coefficients we
single out a class of “preferred” coordinates on R"™ which is invariant with respect to
linear transformations. From the geometric point of view this means that we fix a linear
connection of R".

Analogously, given a class of ¥DOs or a particular DO acting on a manifold M ,
we can try to choose a “preferred” linear connection of M which allows us to obtain
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more advanced results in terms of the corresponding symbolic calculus. Note that the
“preferred” linear connection may well be non-flat even when M = R" or M is a domain
in R".

In particular, in Section 10 we consider (pseudo)differential operators which are semi-
elliptic with respect to the linear connection generated by a system of (non-commuting)
linearly independent vector fields. Under some additional restrictions on the vector fields
we prove that such operators are hypoelliptic and admit pseudodifferential parametrices.

In Section 11 we deal with functions of the Laplace operator A on a closed Riemannian
manifold. It appears that for some natural class S " (R') of functions w the operator w(A)
is a ¥ DO corresponding to the Levi—Civita connection. The same is valid for operators
of the form w(A + v) where v is a lower order differential operator. This allows one to
study fine properties of the operators like w(A + ) or w(A + v) — w(A). For instance,
we immediately obtain that the operator w(A +v) is pseudolocal as far as w € S" (RY).
These results have already been known for p € (1/2,1] (see [T, Ch.12.1]). Our technique
works in the case 0 < p < 1/2 as well.

There are many papers devoted to generalizations of the classical 1)DOs calculus where
much more general classes of symbols (than S%) have been introduced. However, the
known generalizations are connected with other kinds of estimates for the derivatives
of symbols and have nothing to do with the phase functions. On the contrary, we use
very standard estimates but non-standard phase functions. Therefore our results are not
contained in any other known results but can be combined with them (see Remark 3.5).

Throughout the paper we shall use the following standard notations:

[-,-] denotes the commutator of two operators or vector fields;

a = b means that C~!'a < b < C a with some positive constant C';

the sign ~ stands for an asymptotic expansion which is uniform with respect to all
the parameters when they run over a compact set, and which can be differentiated
infinitely many times.

Indices are denoted by Latin letters i, j,..., multi-indices — by Greek letters o, 3,....
As usual, we set D§ = (—i)l*l9, .

We shall use some elementary notions and results from differential geometry. We recall
them in Sections 1 and 2; for more details see, for example, [KN].

1. LINEAR CONNECTIONS

1. Let M be a smooth n-dimensional manifold. We denote the points of M by x, y or z,
and the covectors from T; M, Ty M, Ty M by &, n, C respectively. The same letters denote
also coordinates on M and the corresponding dual coordinates in the fibres of T* M.

We are going to consider operators acting in the spaces of s-densities on M, » € R!.
Recall that a complex “function” uw on M is said to be a s-density if it behaves under
change of coordinates in the following way

u(y) = |det{0z' /oy’ }* u(z(y)) .

The usual functions on M are 0-densities. The »-densities are sections of some complex
linear bundle Q% over M. We denote by C°°(M;Q*) and C§°(M;Q*) the spaces of
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smooth s-densities and smooth s-densities with compact supports respectively. If u €
C&(M;27) and v € C°°(M; Q') then the product uv is a density and the integral
i) s wvdx is independent of the choice of coordinates. This allows us to define the inner
product (u,v) = [,, uvdz on the space of half-densities C§°(M;Q'/?) and to introduce
the Hilbert space Lo(M;Q'/?) in the standard way.

We shall deal with the (p, ¢)-tensor bundles over M and with the induced bundles over
T*M. For the sake of simplicity the sections of the induced bundles are also called (p, q)-
tensors. The components of symmetric tensors in local coordinates are often numbered
by multi-indices instead of sets of indices. For example, {F“} 4=, denotes the (O q)-
tensor whose components Fj, ;,, ... ;, coincide with F* if the set of indices {i1,42,...,i4}
corresponds to the multl—lndex Q.

We shall always identify vector fields with the corresponding first order differential
operators.

2. We assume the manifold M to be provided with a linear connection I' (which may
be non-complete). This means that in any local coordinate system we have defined a set
of smooth “functions” I'j, (), 4,7,k =1,...,n, which are called the Christoffel symbols.

Under change of coordinates the I' ;k behave as follows

8y' oy 0%y’
Z 6a:l OxP F ( (I)) Oz + OxP Oz (1.1)

p,q

The Christoffel symbols can be chosen arbitrarily (assuming that (1.1) is fulfilled), and
each set of Christoffel symbols determines some linear connection of M.
A curve y(t) € M, t € R, is said to be a geodesic if

yi(t) + ZFZE(y(t))y'i(t) y(t) = 0. (1.2)

For any point x € M and any 6 € T,,M there exists a unique geodesic y(t) starting at x
such that y(0) = 0.

3. Let x € M be a fixed point and U, be a sufficiently small neighbourhood of x. One
can choose local coordinates y = {y*} on U, in such a way that all the geodesics starting
at x have the form y(t) = t0 + y(z), where y(x) are the coordinates of the points = and
6 = y(0). Such coordinate systems on U, are called normal coordinate systems (n.c.s.)
with origin x. Normal coordinates with a fixed origin are invariant with respect to linear
(and only linear) transformations.

Let {2*} be some local coordinates on U, . We say that the n.c.s. {y*} with origin z
is associated with the coordinates {*} if y*(x) = 2* and the Jacobi matrix {9y7 /0x"}
is equal to I at the point x. Obviously, a change of the coordinates {z*} — {Z*}
leads to the linear transformation of the associated normal coordinates {y*} — {7*} =
{>2,(02%/927)y7} . From (1.2) it follows that in the n.cs. y = {y*} associated with

coordinates {z*} we have

2 TEw W - —a%) = 0. (1.3)
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For y € U, we denote by v, (t) the “shortest” (lying in U,) geodesic joining = and
y such that ¢t € [0,1], 7,,2(0) = z, v,..(1) = y. This geodesic exists and is uniquely
defined. We denote by 4, .. (f) its tangent vector at the point 7, ,(¢).

Let ¥ ,(t) be the y-coordinates of the point v, (t), 45 .(t) be the corresponding
components of the vector 4, .(t), and

Ypat) = (o)™ ()™

(where o = (ayq,...,q,) is a multi-index). If {y*} is the n.c.s. with origin = associated
with some coordinates {z*} then

et =" + @ =2, A0 = -2, .0 = y—x)%, (14

where z* and y* are the coordinates of the points = and y respectively.
Let now {y*} be the same coordinate system as {z*}. Then (1.2) implies

fo]gC,ZC(t) ~ mk + t;yya: Y ZF’LJ Vym Vé,m(o)

tlal

la| >3

where T'* are some polynomials in the Christoffel symbols and their derivatives. Obvi-
ously, t9y.2(0) = 4., .(0) where z; = 7, »(t). Therefore the same asymptotic expansion
holds as t = 1 and y — x. From here it follows that

Yy (0) ~ (yF —a¥) + —ZFW (y' =) (y) — )

+ Z éf‘i(m)(y—w)a, y—z, (15)

|| >3

where ffi are also some polynomials in the Christoffel symbols and their derivatives.

4. Let F = {F;;;Z’} be a (p, q)-tensor and v = " v*(y) O« be a vector field. Then the
“functions”

D F 7 (y) = Y v (y) 0 FLl0 (y)
k
+ > Dos V@) ER00 () + oo+ > sy () V" () Fy 3050 ()
ki, ki,
A ,...,zp 11,e.050p
- Z Fk;h Fjil,...,]q - B Z F FJL SJg (y)

k.51 k.,
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are components of a (p, ¢)-tensor which is called the covariant derivative of F' with respect

to v . Using this notion one can reformulate the definition of a geodesic: y(t) is a geodesic

if the covariant derivative of the vector field y(¢) with respect to itself is equal to zero.
Let Dy be the covariant differentiation with respect to the coordinate vector fields

Oyr . A (p,q + I)-tensor with the components

Dy, ..D, F00% (), 1<k, .. kg <n,

J1s-+5dq
is called the I-th covariant differential of F'. Generally speaking, the covariant differential
is not symmetric with respect to the indices kq,...,k;. We denote its symmetrization
with respect to ki,...,k by {D*F} 4= . This tensor is said to be the [-th symmetric
covariant differential of F'. A tensor is said to be parallel if all its covariant differentials
are identically equal to zero.

5. For arbitrary vector fields v, = >, v (y)0,+ we have

DV1V2 - DZ/QV]. [V17V2] — Z Vg(y) ayia (16)
7]7
D, D,,v; — D,,D,,v3 — D R’ Ry k) vi(y) 0, (1.7)
V1 vo V3 123 v V3 l/1,l/2 jk‘l 2 y 3 y Yyt .
,5,k,1

where T' = {T } and R = {Rl w1} are some tensors. The tensors 7" and R are said to
be the torsion tensor and the curvature tensor of the connection I'. The tensor with the
components Ry = Y., RY,, is called the Ricci tensor.

Let T'(v1,v2) and R(v1,v2) vs be the vector fields (1.6) and (1.7) respectively. Then

S{R(,)vs} = S{T (T(v1,v2),v3) + D, T(ve,v3) },
G{DVIR(V27V3)+R(T(V1,V2),V3)} = 0,

where & { -} denotes the cyclic sum with respect to 14, v and v3. These formulae are
called Bianchi’s identities.
In an arbitrary coordinate system

Ti(y) = Ti(y) — Ti;(w),
@) = 0uTh(y) — 0,18 w) + > ThL,WThy) — > TLwTE ).

Obviously, Tj} = =T, and R";;; = —R";;; . If T = 0 then, by the first Bianchi’s identity,
we also have R";;, + R" . + R",, =0.

When T'= 0 and R =0 the linear connection is flat, i.e., I'j;, =0 in any n.c.s. When
T = 0 the connection is said to be symmetric. If the connection is symmetric, then for
any fixed point € M there exists a coordinate system such that I' J’k(:c) = 0. It is valid,
for example, in any n.c.s. with origin x. In the general case the identity (1.3) implies that
F;k = Tfk/Q at the origin of a n.c.s.

In (1.2) one can replace I'j; by (I';,+I'z;)/2. Thus, for an arbitrary given connection I'
there exists a symmetric connection generating the same geodesics and normal coordinate
systems; in a sense these objects are independent of the torsion tensor.
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6. We say that a tensor F' is a polynomial of tensors F(;) if F' =), c G®) | where ¢,

are constants and G*) are tensor products of F, (j) or the traces of tensor products of F{;
with respect to a part of indices. Differentiating the identity (1.3) with respect to y one
can prove the following simple lemma.

Lemma 1.1. Let y = {y*} be a n.c.s. with origin x associated with coordinates {x*} .
Then {E);T;k‘ Hal=q i a (1,q + 2)-tensor in the coordinates {a*} which coincides
y=x

with a polynomial of the torsion and curvature tensors and their symmetric covariant
differentials.

In particular, if I' is symmetric then (1.3) implies
Oyl () + 0, Th(@) + 0uT)i(z) = 0,

and therefore

. 1. .

Oyl () = 3 ( S (T) + RZklj(l‘)) : (1.8)

7. When M is a Riemannian (or, more generally, pseudo-Riemannian) manifold, we
denote the corresponding metric tensor by {g;;}, and the inverse metric tensor — by

{g"}. Then [¢], := (3, ;97 (2) & fj)l/Q is the length of the covector & € T M .
The Laplace operator A on M is defined in local coordinates by the formula

Au(z) = g7 (z) Z 0y (g() g% (2) Opsu(2)) |

where g := | det{g;;}|'/?. The “function” g is a smooth density on M , which is called the
canonical Riemannian density. The operator g* A g~* is said to be the Laplace operator
in the space of s-densities; we shall also denote it by A.

A linear connection of a Riemannian manifold is said to be metric if the metric tensor
is parallel. There exists a unique symmetric metric connection which is called the Levi—
Civita connection. When I' is the Levi-Civita connection, the function S =3, ¢’FRjk
is said to be the scalar curvature of M .

The curvature tensor of the Levi—Civita connection possesses some extra properties.
In particular,

(1) the corresponding Ricci tensor is symmetric;
(2) Rijki = Ryt,ij = —Rjiwe = —Rijak , where Rij g := > gipR
2. HORIZONTAL DISTRIBUTION AND HORIZONTAL DIFFERENTIALS
1. Let v =3 v*(y) d,~ be a vector field on M . Then by (1.1)
Vi = D VM0 + 3 Ti) v i oy, (2.1)

k 1,9,k

is a vector field on T*M. The vector field (2.1) is said to be the horizontal lift of v.
The horizontal lifts generate a n-dimensional subbundle HT*M C TT*M which is called
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the horizontal distribution. The vertical vector fields 0,,...,0,, generate another n-
dimensional subbundle VT*M C TT*M which is called the vertical distribution.

Since HT*M N VT*M = {0}, we have TT*M = HT*M + VT*M. Obviously, the
horizontal distribution depends on the choice of I' whereas the vertical distribution does
not.

Lemma 2.1. The horizontal distribution HT*M 1is involutive if and only if the connec-
tion I' is curvature free, and it is Lagrangian if and only if I' is symmetric.

Proof. In an arbitrary coordinate system we have

Vi, Vi ZRJM (dy Ndn, Ve AV = D Tiw)n

The second identity is equivalent to the second statement of the lemma. The first identity
implies that the commutator of any horizontal vector fields is also a horizontal vector field
if and only if R = 0. It is equivalent to the first statement. [J

A curve in the cotangent bundle T* M is said to be horizontal (or vertical) if its tangent
vectors belong to HT*M (or VI*M). For any given curve y(t) C M and covector
Mo € Ty M there exists just one horizontal curve (y(t),n(t)) € T*M starting at the
point (y(0),7o) . It is defined in local coordinates y by the equations

Zrk] FOym(t) = 0,  j=1,...,n.

The curve (y(t),n(t)) is said to be the horizontal lift of y(t). The corresponding linear
transformation ng — n(t) is called the parallel displacement along the curve y(t). By
duality horizontal curves and parallel displacements are defined in the tangent bundle
T M, and then in all the tensor bundles over M.

Let F' be a tensor and v be a vector field on M . Then

DZ,F = llmteo(F—Ft)/t, (22)

where F} is the tensor obtained from F' by the parallel displacement along the integral
curves of v. If F' is a (p, 0)-tensor and

Flym) = Y Fro(y)n, ..o,

i1yerip

is the corresponding polynomial on 7% M ;| then

\ :F(y> 77) - Z DVFihm,ip (y) Miy -+ - My, - (23)

Remark 2.2. The equality (2.2) implies that a curve y(t) is a geodesic if and only if the
curve (y(t),y(t)) € TM is horizontal.
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2. Let @, : Ty M — T M be the parallel displacement along the geodesic v, and
Ty = |det ®, .|. Obviously, ®,, =&} T, , =T, ], and T, , is a density in y and a
(—1)-density in x.

Let y = {y*} be the n.c.s. with origin x associated with coordinates {z*}. We denote
by ®,(y) and Y,(y) = |det ®,(y)| the n x n-matrix-function and the function which
represent in the chosen coordinates ®,, , and T, , respectively. Since the curve (vy 2, %y.2)
is horizontal, the explicit formulae (1.4) imply

Do =) (R)i(y) = (v —a'). (2.4)
J
By the definition of parallel displacement

ro(22)5(y) = D W =T W) (2. uly)l,o, = I, (2.5)
k,l

and then by the Liouville formula

ro Ya(y) = Y W =2 TLW)Yv), Yol = 1, (2.6)
k.l
where
r o= ly—ux, O :T_lz(yk_xk)ayk'
k

From (2.5) and (1.3) we obtain by straightforward calculation
ro2(r(@)5) = ror (Y W -2 T () (2.)i())
k
= > =) (" 2™ R () (R2)i(y) - (27)
k,m

The sets of values of the derivatives {0y ®.(y)}|aj=¢ and {0y Y2 (y)}|a|=¢ at the point
y = x are (1,q + 1)-tensors and (0, q)-tensors respectively. By Lemma 1.1 these ten-
sors are polynomials in the curvature and torsion tensors and their symmetric covariant
differentials. From (2.5) and (2.6) it follows that

0,0 (@)iw)],_, = ThW,_, = 5T, (2.8
T, = STL0| = 53 T, (29)

The values of the higher order derivatives of ®,(y) and Y,(y) at y = = can be easily
derived from (2.7). In particular, if ' is symmetric then we obtain

0,00, (®.) ()| = — = (Rig(x) + Riyp(x)). (2.10)

y=x

8yk 8szx (y)‘ = —

y=x

(Ru(z) + Ru(z)). (2.11)

=
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Remark 2.3. Let M be a pseudo-Riemannian manifold and I' be the Levi—Civita con-
nection. Then in an arbitrary coordinate system ®I - {g"(y)}- ®,. = {¢”(x)} and,
consequently, Y, , = g~ '(z)g(y). Differentiating these equalities with respect to y and
taking into account (2.8)—(2.11), we obtain

aykgij(y)‘y:w = 8ykgij(y)‘y:x = 0, 8ykg(y)‘y:m =0,
1
ay’“ayhfh'j(yﬂy::C = 3 (Rikji(x) + Rajr(z))
1
ay’“aylg(yﬂy:x = —gg(x)Rkl(l‘)

in the n.c.s. y = {y*} with origin x associated with coordinates = = {z*}.

3. Let a € C°(T*M) and

“a(z,€) = dy a(y, . (0)0)| . (2.12)

y=x

Then {V§a}|q|=q is a symmetric (0, g)-tensor, which is called the g-th symmetric hor-
izontal differential of a. The symmetric (p,0)-tensor {9fa(x, &)} a|=p is said to be the
p-th vertical differential of the function a .

Lemma 2.4. In an arbitrary coordinate system {x*} and the associated n.c.s. y = {y*}
with origin x we have

iy a, y — ) C;a a(y, @2 (y)¢)

|al=q

= Z (y" —2™) ... (y's — x') (ng) e ng)a) (v, @ (v)€), (2.13)

where V,(f) = V,(f)(y, 1,0y, 0y) are the horizontal lifts of the vector fields Oy

Proof. Taking into account (2.5) and the identity

T B0 = (0,00) (1,0 #3200 (90, 0) (2200

we see that

Z(y’“—wk)% (1. 2(1)€) = D> (" —2") (ViVa) (3, B2 (y)E) -
k
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From here by induction with respect to ¢ we obtain

da
q! Z — ) d—aa(y,‘l’ (9)5)
lal=q
da
dyr ... dy'a

= ) @2 (e —ah)

1<iq,..,8q <0

= Y -y —2i) (VL V) (g, @ (y)€)

1<i1,..yig<n

a(% @, (y)é)

forallg e N. O

Corollary 2.5. The q-th symmetric horizontal differential of a coincides with the sym-
metrization of the tensor {(Vz(f) . ng)a) (x,8)}.

Proof. In view of (2.13)

q! Z 5 (y —x)*Via(z,§)

|al=q

= Z (yr — ) ... (y'e — 2') (ng) . ng)a) (x,€)
modulo O(Jy —x|91). Multiplying both sides of this equality by |y — 2|9 we obtain that

quz cava (@8 = Y i (VP VPa)(a,6)

lal=q 1<i1 . ig<n
for an arbitrary symmetric tensor {¢"" "}y < = {Ca}jaj=q- This immediately
implies the corollary. [

From Corollary 2.5 it follows that a function a € C*°(T*M) is constant along any
horizontal curve if and only if all its symmetric horizontal differentials are equal to zero.

Remark 2.6. By (2.3) Vg F(x,§) = >, . DYFite ()&, ... &, for any (p,0)-
tensor F' and the corresponding polynomial F(z,§).

Remark 2.7. If the connection I is flat then VOV# = Va+P and 8§)‘Vf = VQ@?. In the
general case this is not true. For example,

(V:ckvml - vazlvm’f) a(a:,é’) = Z R’ Jkl gz ag; (:E E)a

(0 Vgt = V31 0gr) a(x,§) = —Z le )ag, (x,§).
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3. CLASSES OF SYMBOLS

1. Let us fix a positive function w(y,n) € C°°(T*M \ 0) homogeneous in 7 of degree one
and define (n), = (1 + w?(y,n))'/2.

Remark 3.1. All the further definitions and results are independent of the choice of w.
If M is a Riemannian manifold then we can take, for example, w(y,n) = |nl, .

For an arbitrary coordinate system y = {y*} let V, be the horizontal lifts of the
coordinate vector fields 9, . We denote by S (L") the class of functions a € C°°(T* M)
such that in any coordinates y for all a and i1,...,1%,4

fe! dq—

’a”] vi1 cee viqa’(ya 77)‘ < ConStK,a,il,...,iq <77>;n+ a=#laf (31)
when y runs over a compact set K C M . Such functions are said to be symbols. Analo-
gously, we define the class S]"5(I") C C°°(M x T*M) of functions a(z;y,n) such that in
any coordinates y and z for all o, 8 and i1,...,1,

5|8|+5q—
0700V, ... Vi,a(zy,m)| < constr,ap,...q, () HolAIoa=pla (3.2)

x

when (y, z) runs over a compact set K C M x M. We call these functions amplitudes.
For the sake of simplicity by S FT 5(I') we denote also the classes of tensors, and in this
case we mean that the estimates (3.1) or (3.2) hold for all the components of the tensors

in any local coordinate system.

If a € 8" (T) and b € S2(T) then ab € S+ *™2(T') and a + b € S,'5(T"), where

m = max {mq, ms}. Moreover,

8%a € ST, V,,...V,a € STPUT), VaeST(T),  (3.3)

n p,0 p,0
for any smooth vector fields vy,...,v, on M . In particular,
Vea € SIS, Va e sPy(D). (3.4)

We shall always assume that
0 <0 <p<1.

Obviously, if a € S]75(T") for some I' then a € S (") with §" = max {4, 1 — p} for any
other linear connection I'”. Therefore under the traditional condition 1 — p < ¢ (which
implies p > 1/2) the definition of the classes S"; does not depend on the choice of I'. In
this case S coincides with the standard class defined in local coordinates.

By S™ we denote the class of symbols a € S;"y which admit an asymptotic expansion

aly,n) ~ Y am-i(y,n),  (n), — o0, (3.5)
1=0

with a,,_; positively homogeneous in 1 of degree m — i. By analogy, we define the class
S™ of amplitudes (or tensor amplitudes) from C*°(M x T*M). For all p,é and T" the
intersection S~ = N,,S5(I") = N, S™ consists of functions (or tensors) which vanish
with all their derivatives faster than any power of (), as (), — co.
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2. We shall make frequent use of the following two lemmas. The first of them is a simple
modification of [Proposition 18.1.3, H] and is proved in the same way (analogous lemmas
are proved in [Sh] and [T]).

Lemma 3.2. Let ax € S5 (') where my — —oo as k — oo, and m = max {my}.
Then there exists a function a € S,%(I') unique modulo S~°°, such that a ~ 3, ay . The

unctions A ma depend on some parameters )\ Py in this case we assume in addition that

Lemma 3.3. Let a € S)5(I'). Then for all non-negative integers q

a(y, Py = > éw;xvga@c,o + Y Arsdalyie,€), (3.6)

lal<q lo|=g+1

where aq, € S;?;,r&'a'(l“) , 0 =max{0,1— p}.

Proof. Let {x*} be some local coordinates and y = {y*} be the associated n.c.s. with
origin . By Taylor’s formula

1

aly, 2:(1)§) = Y —(y—2)"Via(x,¢)
lof<q
Far) Y Se-or [0-0 et .

lal=q+1

where z; = x + t(y — x). Since y — x =t~ (2, — ) we can apply (2.13) with 2, instead
of y. Then we obtain (3.6) with

1

day;z,€) = ()" Y (1 =07 (V. V" a) (2, @a(20)€) dt,
. Ny 0
11y 1g4+1

where the sum is taken over all the ordered sets of indices i1,... ¢;41 corresponding to
the multi-index «. In view of (3.3) these functions belong to S;%J,réla' (). O

Example 3.4. Let M be a Riemannian manifold and I' be a metric connection. By (2.3)
the function |£]2 is constant along the horizontal curves (the same is valid when M is a
pseudo-Riemannian manifold). Therefore for an arbitrary f € C°(R!) all the horizontal
derivatives of the function f(|¢|.) are equal to zero. Let f(r) = 0 in a neighbourhood of
r =0 and |d*f/dr*| < const, for all k = 0,1,... Then f(|¢|17°) € SS’O(F). However,
when the curvature tensor is not equal to zero, even the first differential d,(|¢|,) in local
coordinates x can not vanish on an open set. Therefore in any local coordinates we have

only f(I[377) € Sy,

Remark 3.5. In [H] L. Hérmander has introduced very general classes of ¢YDOs in R".
The corresponding classes of symbols are defined in terms of a slowly varying Riemannian
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metric on the Euclidean space Ry x Ry . This Riemannian metric determines a weight

function h (which plays the role of (£ >;1), and the main results in [H] are obtained under
the assumption h < 1. In particular, the standard classes S,T(; are generated by the
metric

(€)% |dz]® + (€)™ |dg]?, (3.7)

where (£) = (1 + [£2)2/2. In this case the weight function coincides with (¢£) .
When M = R", the classes S]"5(I") can be defined in the same manner. The corre-
sponding metric has the form

(€)% |dol* + (€)%Y |dg; =Y Tji(x) & da® |2, (3.8)
7 ik

where T} ; are the Christoffel symbols. This means that the length of a vector (y,n) €
Tz,e)(Ry x RY) is defined by the equality

() Pe = ©% Wl + (©72 > In =D i) &y |2 (3.9)
j ik

Assume that F,ij are uniformly bounded with all their derivatives. It can be eas-
ily seen from (3.9) that the metrics (3.7) and (3.8) are equivalent when p > 1 —§. If
1—p < 2§ and, consequently, p > 1/3 then the metric (3.8) is slowly varying (i.e., there
exist positive constants ¢ and C' such that |(y,71)|z,.e) < ¢ implies [(2,()|(zty.e4n) <
C(2,¢)|(a,¢) for all (z,() € R?"). However, when p < 1/2 the weight function h corre-
sponding to the canonical Euclidean structure on T*R" = R} x R , generally speaking,
is not bounded. It is quite possible that the technique developed in [H] can be adapted
to the classes S)%(I") (and other classes of symbols depending on a connection T') by
introducing a “proper” structure on T*R" .

4. REPRESENTATION OF ) DOS BY INVARIANT OSCILLATORY INTEGRALS
1. Let A: C§°(M;Q*) — C°(M;Q*) be a linear operator with the Schwartz kernel
A(z,y). The operator A is said to be pseudodifferential if

(1) A(z,y) is smooth outside the diagonal in M x M ;
(2) in each coordinate patch U xU C M x M the kernel A(z,y) is represented modulo
a smooth function by an oscillatory integral of the form

| e ae,y. 000,

where a(z,y,0) is an amplitude from some coordinate class 8%, with p,d" € [0,1]
(we do not assume that p > ¢').

A DO A is said to be properly supported if both projections supp A — M are
proper maps (a continuous map is called proper if the inverse image of any compact set is
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compact). A properly supported /DO acts from C§°(M; Q) into C§°(M; Q) and from
C>°(M; Q) into C>°(M; Q).

We denote by ¥~°°(2*) the class of operators with smooth kernels acting in the space
of s-densities. Clearly, an arbitrary ¢)DO can be represented as the sum of a properly
supported DO and an operator from W~>°(2*) (whose kernel is equal to zero in a
neighbourhood of the diagonal).

Let ¥™(Q*) be the class of 1»)DOs acting in the space of s-densities such that the
amplitudes in the corresponding local oscillatory integrals belong to S™. These ¥YDOs are
said to be classical. In particular, differential operators are properly supported classical
DO, and their local amplitudes are polynomials with respect to the variables 6.

2. Let V be some sufficiently small neighbourhood of the diagonal in M x M, and
2 = 2:(x,y) = Yy»(7) where 7 € [0,1] (here and further on 7 is considered as a
parameter). We introduce the phase functions

or(2,6y) = —(Yy2(7), Q) , (x,y) €V, CeT; M.

Obviously, the phase functions ¢, are linear in . If {*} is the same coordinate system
as {z*} then by (1.5)

po(z,¢y) ~ (x—y)-C — %ZFZ}(%) (v —2') (v —a7) G,

7:7j?k

Y Y SB@E-0T G,y (@)

k |a|=3
k: . . o . . . . k:
If {y*} is the n.c.s. with origin = associated with coordinates {z"} then by (1.4)

or(z,¢y) = (x—y)-¢, Vrelo1], (4.2)

where we take the components of { corresponding to the y-coordinates. Since the curve
(Yy.zs Yy.) 1s horizontal, we have for all 7, s € [0,1]

or(2,Cy) = —p1-2(4,¢2,), wr(@,Gy) = @s(w, P2, 2.Cy). (4.3)

Remark 4.1. In the classical theory of YDOs one deals with phase functions of the form
(4.2) assuming, however, that the coordinates {y*} are the same as {z*}.
We associate with a symbol a € S]"5(I") the oscillatory integral

M) = per [ €50l )de, (my) eV, (44)
where d¢ = (2m)~"d( and

Dse,r = p%,r(llay) = Llyz, TZT,IE



16 Yu. SAFAROV

is a weight factor. In any local coordinates = and y the oscillatory integral (4.4) admits
the standard regularization (see, for example, [Sh]) which allows us to interpret it as
a distribution defined on V. This distribution is also denoted by A(z,y). It is easy
to see that (when we change coordinates) A(x,y) behaves as a s-density in x and a
(1 — 5¢)-density in y.

Let U x U C V be a coordinate patch, and {y*} be the same coordinates as {z*} .
From (4.1) and (4.3) it follows that

(7, y) = (v —y) ¥ (, Y(z,y) eU x U,

where ¥, = W (x,y) is a smooth non-degenerate n x n-matrix-function. Changing vari-
ables ( = U, ( in (4.4), we obtain

A(z,y) = por|det U |7t / @Y€ gz, W) dC (x,y) e U x U.

The amplitude p,, , |det U, |~ a(z,, ¥-'¢) belongs to the coordinate class S, s with
" = max{d,1 — p}. Therefore A(x,y) coincides in V with the Schwartz kernel of a
DO A. This ¥ DO acts in the space of »-densities on M , and it is determined uniquely
modulo an operator with smooth kernel.

Definition 4.2. We denote by \112?5(9”, I, 7) the class of YDOs A acting in the space of
»-densities whose Schwartz kernels are represented in a neighbourhood of the diagonal
by oscillatory integrals (4.4) with a € S%(T"). The function a from (4.4) is called the 7-
symbol of the DO A and it is denoted by g4 ». The functions g4 = 04 9 and o;" = OA,1/2
are said to be the symbol and the Weyl symbol of the DO A respectively.

We can replace the symbol in (4.4) by an amplitude a(zs;2,,¢) € S]5(I') where
s € [0,1]. In this case A coincides in V' with the Schwartz kernel of a ¥ DO as well. If
the amplitude (or symbol) a is from S~°° then the oscillatory integral (4.4) determines
a smooth density and the corresponding /DO belongs to W~ ({2*).

Remark 4.3. Since the definition of geodesics depends only on the symmetric part of
the Christoffel symbols, the phase functions ¢, are independent of the torsion tensor
T, and the 7-symbols o4 ; of a DO A are independent of 7" modulo some inessential
factor coming from p,, .. However, when p < 1/2 the classes S]"5(I') and, consequently,
\Ifgfé(Q”,F,T) depend on T.

Proposition 4.4. For all 7,s € [0, 1] the classes \If;’fé(Q”,F,T) and \I/;’:‘(S(Q”,F, s) coin-

cide, and

oas(2,8) ~ ) 5 (r =) DgVson - (2,6), (£, — .

Proof. Let us change variables ( = ®,_, ¢’ in (4.4). Then, in view of (4.3), we obtain
the oscillatory integral

Alz,y) = p%s/ews(w’gl’y) a(zr, @, ..¢")dC . (4.5)
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We substitute in (4.5) the expansion (3.6) with x = z, and y = z,. Then using the
equality

’yzﬂzs 67:(‘05 = (7' — S) "Yy@(S) einS = (S — 7') Dcleiws N

we replace ¥ . by (s — T)‘O‘|Dg‘, e’?s and integrate by parts with respect to ¢’. This
procedure transforms the oscillatory integral (4.5) into an oscillatory integral with the
same phase function and with an amplitude of the form

1

Z ] (1 — s)lel DEVSa(zs, (") + rer1(zs, 27,¢),
lal<q
where 1441 € SZLT(p “9@HD) - gince p > 0 the oscillatory integral with the amplitude

rq+1 defines a smoother and smoother density as ¢ — oco. [
In the same way one can prove

Proposition 4.5. Let 7,s € [0,1] and a be an amplitude from S]5(I"). Then the
oscillatory integral

A(z,y) = Do / ¢ @V g2y 20 ¢) dC

coincides with the Schwartz kernel of a DO A € Vs(Q*,T',7) such that

1
(@€~ — (s =) DgVialyz.8)| _, . (6, —oo,  (47)
1
ona(0,€) ~ 3 oy (=) DYy )| ), .

By Proposition 4.4 the classes \IIZ(;(Q",F,T) do not depend on the parameter 7,
and further on we denote them by W7';(2*,I'). If 1 — p < § then, in addition, the
classes W75 (€2, I') are independent of I' and coincide with the standard classes of ¥DOs

ps(§2) defined in local coordinates. In this case the choice of the connection I' de-
termines only the definition of the full symbols. For § < 1 — p, generally speaking, the
classes of ¥ DOs corresponding to different connections I' are different.

The symbol g4 of a DO A € \I!;’fé(Q”,F) is determined uniquely modulo S™°°. In-
deed, we can easily find o4 calculating the asymptotic behaviour of the Fourier transform
Fy—n (p;,l0 A(z,y)) in the n.c.s. y with origin z associated with some coordinates {z*}.
Therefore Proposition 4.4 implies the following

Corollary 4.6. For any » € R', 7 € [0,1] the map A — o4~ is an isomorphism of the
factor-classes W7's (2, 1') / ¥=°°(Q%) and S,5(T") / S™°°.
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5. SYMBOLS OF DIFFERENTIAL OPERATORS

If A is a differential operator in the space of s-densities then its 7-symbols are poly-
nomials in ¢ . In an arbitrary coordinate system {z*} and the associated n.c.s. y = {y*}
with origin « we have

(Au)(z) = ouly, Dy) (T ") u()) | Vu € Cg°(M;Q7), (5.1)

y=x’

oa(z,€) = Aly,Dy) (""" Hy))

: (5.2)

y=x

where T;ﬁ;l is the sc-density which coincides in the coordinates y with Y*~!. This
observation enables us to calculate the symbols of differential operators.

Example 5.1. If A is the operator of multiplication by a smooth function ¢ then all its
T-symbols are equal to ¢(z).

Example 5.2. Let M be a pseudo-Riemannian manifold, I' be the Levi-Civita connec-
tion, and A be the Laplace operator in the space of »-densities. Taking into account
Remark 2.3, we obtain from (5.2) that for all s € R

1
oa(e,6) = | + 3 S()
where S(z) is the scalar curvature. Since the function |€]2 is constant along the horizontal
curves (Example 3.3), by Proposition 4.4 op » = oa , V7.

Example 5.3. Let A*) = A®)(y D,) be the Lie differentiation along a vector field
v(y) = {V¥/(y)} in the space of s-densities. In an arbitrary local coordinate system

y = {y*}
A y(y) = Z V(y) Oysuly) + » <Z Oy Vj(?J)) u(y)
= v oty + (XD ) — S ThE) W) ) ul),
J J Jsk

where D17 (y) = 0,17 (y) + >y Fjjk(y) v*(y) is the j-th component of the covariant
derivative of v with respect to the coordinate vector field 9,, . From (5.2) and (2.9) it
follows that

oaca (,6) = iy V(@) + Y Dpd(a) + (x-1/2) Y T(x)v¥(x),
i ik

J
and then by Proposition 4.4

Oraco(@,6) = i) V()& + (e—1) ) Dypi(a) + (x—-1/2) Y T(x)v¥(a).
j j ik



PSEUDODIFFERENTIAL OPERATORS 19

Example 5.4. Let us assume that on M there exist n smooth linearly independent

vector fields vq,...,v, . We denote by Al(%) = Al(%) (y, Dy) the Lie differentiations along
v, in the space of »-densities (see Example 5.3) and define

oy, D Z AP AT, g=al,
where the sum is taken over all the ordered sets of indices 41, ..., i, corresponding to the
multi-index o = {a1,...a,}. In other words, A‘()‘%) is the symmetrized composition of

the operators A,E:) .

For s € R! let ,[' be the linear connection of M such that Dy, vj = s[vk,vj]. Here
and later on we mark the objects corresponding to " with the left lower index s which
is omitted when s = 0.

In an arbitrary coordinate system the Christoffel symbols of ' are equal to

L) = (s—1) Z vi(y) Oy (y) — s Z 71 (y) Oyivi (y) -

l

Here v} are the components of vector fields v, and ﬂ,i are the elements of inverse matrix,
ie., Y, Ut(y) vi(y) = 0 where § are the Kronecker symbols. By (1.6) and (1.7) we have

Ti(y) = (25 —1) Z Cirir () vie () 71 () 7F (y) (5.3)
/7k/

Riay) = s(L—s) > St vk vl @) i @) 7 (), (5.4)
i g kU

where Cji,C and S 7’3 i are the functions on M defined by the equalities
vj, vi] Z kl/i, [vj, vk, v]] = Z Sijlcl Vi -
i

For all s the connections (' generate the same geodesics and n.c.s. The geodesics coincide
with the integral curves of the vector fields ), c'v;, where ¢; are arbitrary constants.

If s = 0 then all the covariant differentials D%v; of the vector fields v; are equal to
zero. In this case the parallel displacement along a curve connecting points x and y is
independent of the curve and is determined only by these points. In arbitrary coordinates
{z"} and {y’} we have (@)} = 3=, 7}(y) v{'(z) .

Let {z*} be a coordlnate system such that vF(z) = 6F, and y = {y*} be the associated
n.c.s. with origin . Then by (2.4)

S -ah)fly) = F-b). (5.5)

l
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The equalities (5.2) and (5.5) imply that the J'-symbol of A® ) s equal to

(¢

o, @8 = X B, (W) )| a=ll (56)

where ), = Oye +5(3c—1) >, C’,gj (y) and the sum is taken over all the ordered sets of
indices i1,...,44 corresponding to . Indeed, from the definition of Lie differentiation
and (5.5) it follows that

> () —a') Ay, Dy) (f (y) X2 (y))

!
x— 3 -1
= ) Taly) Yo =) (F) (ely) )
l
for all f € C>°(M). By induction with respect to ¢ we derive

1 « « (y—x)- n— r—
> =0 AL D) (TN ) ) = X W) Ta)

|al=q

XD = et =2t B, (E0TE () ), vee N,
1yemriq

Now (5.6) is proved by the same procedure as Corollary 2.5.
From (2.7) and (5.5) it follows that

o (ritw) = —ro, (3 (F - ) CLw 7)) (5.7)

i,k

(here we take s = 0). Let us assume that

=0, Vi k. (5.8)
Then the solution {7}(y)} of the equation (5.7) with the initial condition {#}(x)} = I is
a triangular matrix whose diagonal elements are equal to 1. Therefore in our coordinates
TS =0, Vizj; R'jy =0, Vixl.
Now (2.7) implies that for all s the matrices (®,(y) are of the same form as {7}(y)} .
Thus, ,X¥, =1, Vs € R, and by (5.6)
sOA?, (z,€) = il*lg®(x,¢), Vs, 2 € R, (5.9)
where
o = (01)™...(op)", o = o(z,&) = (y(x),§) . (5.10)
Note that the functions o® are constant along the horizontal curves generated by the
connection I'. Therefore under the condition (5.8) all the 7-symbols of A‘()‘%) corresponding
to I' coincide with il®lg .
Remark 5.5. When the functions C’jik are constant, the vector fields v; form the basis
of a Lie algebra, and then C; are said to be the structure constants. In this case the

condition (5.8) implies that the corresponding Lie algebra is nilpotent. Conversely, any
nilpotent n-dimensional Lie algebra admits a basis {1} satisfying (5.8) (see, for example,

VD).
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6. TRANSFORMATION FORMULAE FOR SYMBOLS

1. All the T-symbols of a classical DO A € U™ (2*) admit asymptotic expansions of the
form (3.5). In the classical theory of ¥’ DOs it is proved that the leading homogeneous term
in these expansions does not depend on 7, and that it is a correctly defined function on
the cotangent bundle. This function is said to be the principal symbol of A. The second
term in the expansion of the Weyl symbol o}" is called the subprincipal symbol. The
subprincipal symbol is a correctly defined function on T*M if » = 1/2, ie., if A is a
DO in the space of half-densities.

Analogous results are also obtained under our approach. We have defined all the
symbols as functions on the cotangent bundle. In the next subsection we prove a trans-
formation formula which implies that the principal symbol does not depend on I', and
the subprincipal symbol is independent of I when » = 1/2.

2. Let ' be another linear connection of M and D,ﬁ ;= F,ij -T ,ij be the deformation

tensor. Further on all the objects corresponding to I' are marked by ~
Let y = {y*} and § = {§*} be the n.c.s. with origin = associated with some coordinates
{2*}, and J(7) = { Oy’ /07" } be the Jacobi matrix. We introduce the functions

O(z,§,8) = WDDE ==y (7)) TL*(§) | det J(§)|”
P{(x,€) = 050(2,5.6)|,_,

Obviously, P (x,&) are polynomials in ¢ defined on T*M. Since y(y) — ¢ has a the

second order zero at the point y = xz, the degrees d((f) of the polynomials ch%) are
estimated from above by |a|/2.

Proposition 6.1. Let A € U(Q0*,T') with p > 1/2. Then A € ¥7(Q*,T) and

on(.6) ~ 32— P (w,€) Do, 6). (61)
In particular,
oA(@,€) = Ga(x,) Y 0 (D ()5 0,0 (2,))
7.k,

+ (20)7 (22— 1) Y Dfi(x) O¢,0a(x,€)  (mod ST (6.2)

gl

o (2,8) = a) (z,€)
+ (2071 (25— 1) Y _D)y(x) 0e,64 (x,€)  (mod ST, (6.3)

gl

where r =min{p — 6,2p — 1} .
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Proof. First of all, let us note that (6.1) is an asymptotic series because p > 1/2 and
dy) < la|/2. The first two terms of this series are written in (6.2); they are easily

obtained from (2.9) and the equality
Oy
oy o' |5,

: 1 ~. 1 .
= D)) + 5 Ti@) - S T4@)

\V)

which follows from (1.1). Proposition 4.4 and (6.2) immediately imply (6.3). Thus, it
remains to prove (6.1).

Let A be the Schwartz kernel of the operator A, and for sufficiently close x and y let
U(x,y) be the non-degenerate matrix defined by the formula

z — gy) = V(z,y) (z—y).

For close x and y we have in the coordinates ¥
Alw.g) = T7) [ D<o w0 de.
Therefore A(z,y) coincides in the coordinates y with

T () [ det T (glo))| ' [ DI Gy @) d = T()

x | det J(§(y)) " |det U(z,y)| ™" / eV Gy (2,0 N a, y)€) €, (6.4)

i.e., with an oscillatory integral of the form (4.4) with the phase function corresponding
to the connection I' and the amplitude

Yo (9(y) [det J(G(y) 71 T3 (y) [det U, y)| " Ga(z, 1 (z,y) )
This amplitude belongs to S, (I') where ¢’ = max{d,1 — p}. Since §' < p, from
Proposition 4.5 it follows that A € U5, (Q*, 1), and by (4.7)

oa(x,€) ~ Y PU)(x,8) Dgda(x,€), (6.5)

«

where ZSCE%) are some polynomials in ¢ independent of the symbol 4. Clearly, (6.5)
implies o4 € S/75(I"), and so A € U7's(Q*, ).

In order to prove the explicit formula (6.1) let us assume that A is a differential
operator. By (5.2) we have

on(z,€) = Ay, Dy) (=T y))
and then by (5.1)

O'A(l',f) = 5A(g7DZ7)(eZ(g_m)g(—)(xag,f))

1 ~ «

y==x

Since P, are independent of A, from here and (6.5) it follows that P —p . O
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3. The diffeomorphism G : M — M is said to be an affine transformation if the induced
transformation of the cotangent bundle

T*M > (2,6) — (G(z),(dG") ' (2)¢) e T*M (6.6)

transfers any horizontal curve into a horizontal curve. In this case G completely preserves
all the objects generated by the linear connection such as the geodesics, the horizontal
differentials, etc. (see [KN]). In particular,

% (G(2),Gy)) = G(z(z,y)), (6.7)
- (G(2), (dGT) ¢, Gy)) = @r(2,¢y),
Yo e = |detdG(y)|~" Ty, |detdG(z)|.

Proposition 6.2. Let G: M — M be an affine transformation and
Gk @ u(z) — |detdG(z)]” u(G(x))

be the corresponding operator acting in the space of »-densities on M. Then for any
A € Us(97, 1) the operator G.. AGY also belongs to U5 (927, 1), and its T-symbol is
equal to o4 - (G(z), (dGT) "1 (z)€) .

Proof. The Schwartz kernel of the operator G,. A G ! is smooth outside the diagonal and
coincides in some neighbourhood of the diagonal with

|det dG(z)|* | det dG(y)|" ™™ A(G(2),G(y)) = |detdG(z)[* |detdG(y)|'~*

X Dse,r (G(.’E), G(y)) /eigo.r (G(x),C',G(y)) O'Aﬂ—(Z,lr, C/) dC/ R

where 2. (z,y) = z; (G(z),G(y)) and ' € T} M .
Now changing variables ¢/ = (dGT)~1(2.) (¢ and taking into account (6.7)—(6.9), we
obtain (4.4) with a(z;,¢) = oa,+(G(z7), (dGT) "1 (2-)¢). O

Corollary 6.3. Let G : M — M be an affine transformation of M and A be a differential
operator on M acting in the space of s»-densities. Then A = G,. AG_! if and only if the
T-symbol oy - is invariant with respect to the induced transformation (6.6) for some (and
then for any) T € [0,1] .

7. ADJOINT OPERATORS

1. Let A be a ¥DO in the space of s-densities. We denote by A* the formally adjoint
operator (with respect to the form (u,v) = [,, uvdz) acting in the space of (1 — s)-
densities on M. When » = 1/2 and A = A*, we say that the operator A is formally
self-adjoint.
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Theorem 7.1. If A€ Us(Q*,T) then A* € U7's(Q'*,T) and

1

ol

oae (2,8) ~ Y = (1—27) DV o (2,8), (£, — .

«

In particular, o}Y (z,€&) = o}V (z,€) .

Proof. Let A(x,y) and A*(x,y) be the Schwartz kernels of the operators A and A*. Then
A*(z,y) = Aly,z). Since z;(z,y) = z1_-(y,z) and T, , = T}, we obtain from (4.4)
that for close = and y

A* ('Ta y) = pl—%,l—‘r (.T, y) / 6i(p1_T(I’C7y) UA,T(Zl—Ta C) dC )

where ¢ € T}, M . Therefore A* € 7's(Q'~*T) and oa- 1, = Ga; . Now the theorem
follows from Proposition 4.4. [

Theorem 7.1 immediately implies
Corollary 7.2. A differential operator is formally self-adjoint if and only if its Weyl
symbol s real.
8. COMPOSITION OF ¥DOSs
1. Let
T, (x,y,2) = T};z}‘ Tg;f‘ S e

Ty
U(x,&y,2) = <'.7y,9c,£> — (Y22, §) — <'3’y,z>q)z,:r€>-

It is easy to see that

1

T%(:c,y,a:) ’ T%(Q?,x,Z) = T%(JI,Z,Z) = TZJ?? (81)

U(z, &y, x) = Y(x,&x,2) = P(2,82,2) = 0. (8.2)

Let y = {y*} and z = {#*} be the normal coordinate systems with origin = associated
with some coordinates {z*}. We define

> 1 " oa
PEw6) = (@, +00°0) 3 Df o) () )
181<18

(8.3)

Yy=z=x

The functions Pﬁ(}fy) € C°(T*M) are polynomials in £ ; we denote their degrees by d(ﬁxw)
Obviously, Péj{) = 1. From Lemma 1.1, (1.5) and (2.7) it follows that for |3|+|y| > 1 the

coefficients of a polynomial Pﬁ(’;) are components of some tensors, which are polynomials
in the curvature and torsion tensors and their symmetric covariant differentials.
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Lemma 8.1. For an arbitrary connection I'

d5?) < min{|8], 1]} (8.4)

If T is symmetric then

d5) < min{|6], 71, (18] + 1)/3} (8.5)

If T is flat then Pﬁ(};) =0as|al+ 8] >1.

Proof. By (8.2) 029]¢| =0if |B|=0or |y|=0.If |5 > 1 and |y| > 1 then

y=z=x
650;¢(x,£,y,z)|z:x = - 8Jv§ <;7y,:va 5) = - 8; <D£7y,m ) €> s (86)

where V7 is the symmetric horizontal differential and D” is the symmetric covari-
ant differential. Taking into account (1.5), we obtain from (8.6) 0,;0,r1| =

y=z=zx
>y () €p /2. Thus,

Yo &2 = 5 3 TH@ O - M) (7 - 2)g,

Jsk.p

+ % Yo vy ) (0 — ) (- at) g, (8.7)

Jsk,p

where ¢, = 0 at the point y = 2 = z.

From (8.7) it is clear that in the right hand side of (8.3) £ can appear (with a factor
which does not vanish at y = z = x) only when we take at least || derivatives 9, and
at least || derivatives 0, for each fixed (/. This implies (8.4). If Tk’; = 0 then, in
addition, the total number of these derivatives must be greater than or equal to 3|a],
and therefore (8.5) holds. The third statement of the lemma follows from the fact that
for a flat connection vy =0 and T,, = 1 in any n.c.s. [

Proposition 8.2. For an arbitrary connection I’

P =0, Yy #0, PYI =0, VB#0, (8.8)
and
P(x,6) = 20)70 Y Thz)g, (8.9)
p
modulo a function of x. If ' is symmetric then
» 1 Ve
Pj(,k) = 5 (Rjk + Ri;) — 3 (Rjr — Rij) (8.10)
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and
Pj(, )( - T3 Z Rpkjl + R lyk( z)) & (8.11)
PN = & S (Rle) + Ry (@) & (812)
p

modulo some functions of x .

Proof. The first identity (8.8) immediately follows from (8.1) and (8.2).
In order to prove the second identity (8.8) let us note that
)

PRwo = 02( 3 gy o))
(I — ®,(2))€&. Taking into account (8.1) and

Z=X

18"1<18]

and, by (4.1) and (4.2), V¢ (x,&;2,2) =
(8.2) we obtain

S DT = T X plae]
181<18] = 18/1<18] v=s

where ) = 1@(:5,5; y,2) = (y—2) - Vyo(z,&2,2) = (y — 2) - (I — Pp(2))€. It is clear that

L 18 98 it
Zmpa

|B8"1<|8]
> Civ jarmin TO (I — ®4(2)) Tr (I — @,(2))% ... Tr (I — @,(2))",

Y=z

0<j1+J2++ju<|B|

where ¢;, j, ... j. are some constants depending only on the dimension n and |3|. Therefore

1 . 1
Z B Dﬁ aﬁ (e™T.) _, = Tal?) Z B! Dﬁ aﬁ . )
1681<18 = 181<18 v=s

is a polynomial in the eigenvalues Aq,...,\, of the matrix I — ®,(z) whose coefficients
depend only on n and |3|. In order to find these coefficients we may assume that ®,(z)

is a diagonal matrix, and then we obtain

el _ k kn

) > @D e “”y:z_(l—)\l)...(l—)\n) > AL
18'1<18] 0kt +kn <6

(of course, the same equality holds for an arbitrary matrix ®,(z)). By induction in n

one can easily prove that the right hand side coincides with 1 modulo a polynomial in
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A; which contains only the terms of degree higher than |3|. Since ®,(x) = I, we have
Aj = O(]x — z|) for all j and, consequently,

S gy DT = 10l A,

151<18]
This implies the second equality (8.8).
Since 1 has a second order zero at y = z = x, the degrees of the polynomials (8.3)
corresponding to || = 1 are equal to zero. For |3’| = 0 we derive from (8.7)

_ N\ —1 p
y=z=x (QZ) Z T
p

modulo a function of x. This proves (8.9).
Let T' be symmetric. Then ¢ has a third order zero at y = 2z = x and the first
derivatives of T and ® are equal to zero at the origin of a n.c.s. Therefore

(8yj + azj)ayk (ew T,{)’

Pj(;:) = (8yj + azj)aykr}‘}y:z:x + Z (6yj + azj)ayk Dﬁpayp (eiw>‘y:z:x

IR DU CY AN
p

= 8yj ayk (T;;l) ’y:a: + 8Zj (ayk T;;% y:z)

and

Pg(jlg( 75) = (6yj +8zj)6yk6yz(

)
=T

), =i azj( O] )

P (@,6) = (9 + 0.0) @y + 0200, ()| _,_ = i 000 (0], )

Z=X

modulo a a function of . Now (4.1), (4.2) and (1.8) imply
1

o <ay’“ay’w‘y:z ) ew 3 Z(Rijl( )+ R ljk( )) $p
P
and (4.1), (4.2) and (2.10) imply
1
8,50, (aylw\yzz) = = Y (R%ua) + BY (@) &
P

Thus, we obtain (8.11) and (8.12).
We have

Z 0. (ay’c y”d}fp‘y:Z )‘z:x
P

(2 Rij(x) — Rjx(z)) ,

Wl
Wl

Z(Rpkyp( )+Rmk( )) -
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and, by (2.11),

0,0, (1521 = (e—1) B0 Xu®)] . = ~—7 (Ruj(a) + Ryu(x)).

Yy=x Yy=x 6
Therefore in order to obtain (8.10) it remains to prove that

e %T_l(ZRkJ—Rjk(a?)) (8.13)

0 (81/’“ T?l;;% y:z>

Let {7*} be the n.c.s. with origin z associated with coordinates {y*}. Then

01y = g (| det{Oy/0g} L ()|

— 0y (| det(0y/05) <)

==

0%yP
= (x—1) E e
> oy” oyp

y=z

Now from (1.1) it follows that @Y, ~*
(1.8) yield (8.13). O

= (1 — I'? (z). This equality and
P~ kp

Y=z

2. In this subsection we prove the following two theorems.

Theorem 8.3. Let A € \IIZ’% (Q*.T), B € \I/;'fg (Q*, 1), and let at least one of these

WwDOs be properly supported. Assume that at least one of the following conditions is
fulfilled :

(1) p>1/2;
(2) the connection I is symmetric and p > 1/3;
(3) the connection I is flat.

Then AB € W2 (Q*,T) and

O-AB<:U7§) ~ Z 5%% P'é?;)(x7§) D?+BO-A(x7€) DngOB(iL‘,f) (814)

a,B,y

as (§), — 0.

Theorem 8.4. Let A € V'5(Q*,I'), B € W (Q, 1), and let at least one of these
Y DOs be properly supported. Assume that A € W'§(Q*) or B € W'§(Q2*). Then
AB € \IIZ%J””Q(Q”,F) and oap admits the asymptotic expansion (8.14).

Remark 8.5. Lemma 8.1 implies that under the conditions of Theorem 8.3 or Theorem
8.4 the terms in the right hand side of (8.14) form an asymptotic series.

Remark 8.6. Substituting in (8.14) o4 = 1 or o = 1 we obtain (8.8).

Proof of Theorem 8.3. Since at least one of the operators A and B is properly supported,
the composition AB is a well-defined operator, acting from C§°(M; *) into C*°(M;Q*),
whose Schwartz kernel is smooth outside the diagonal. Let x € C§°(M x M) be a cut-off
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function which is equal to 0 outside some small neighbourhood of the diagonal and to 1
in a smaller neighbourhood. Then the kernel of the operator AB is represented modulo
C*° by the oscillatory integral

/ e"o(B R0 y (2, 2) x (2, y) on(,€) om(2, () T, Y17 dCdzdE . (8.15)
Changing variables ( = <I>Z7I§, € = (£+¢'), we obtain from (8.15)

T;y—w% / eisao(a:{';z)—l—itpo(x,é;y) UA(x,f/ + 5) OB(Z, (I)z,xé)
x x(x,2) X(2,y) V@E) T (2,y,2) dEdzdE’ . (8.16)

Let us fix a coordinate system {xk} and let y = {y*} and 2z = {2*} be the associated
n.c.s. with origin 2. We denote by ¥ the matrix-function with elements ¥% = 3" W5+
¢kj)(zj —27)/2, where Yy; are defined by (8.7), and set

\Ij(xvyaz) = (I_\ij(xvyaz))_l
Then
wol(x, V&, y) + ¥(x,V&y,2) = @olx,8,y).

If the connection T is flat then ¥ = 0 and ¥ = I. In the general case (8.7) implies

1
U, =1, 0., = ;T (8.17)

Now we change variables € = W¢” in (8.16). Then in our coordinates this integral
takes the form

T, () / e!r A im0 gy (3, € 4+ WE) op (2, Da(2) V")
x x(x,2) x(z,y) T, |det ¥| d¢’ dzd¢”. (8.18)

Substituting in (8.18) the Taylor expansion of the function oy (z,& + WE") at the point
£ = 0 we obtain

. / . 1’ 1
T W) / el e Y T =€) O on(w, WE) (2, Ba(2)WE")

lal<p

x x(z,2) x(2,y) Y, |det V| d¢’ dz dg”

—x i(x—2)-¢ Ji(z—y)-&"’ 1 a '
e XA [ ST S [y

|a|=p+1

X Ogoa(x, WE" +1&') op(z, @4 (2)VE") x(x,2) x(2,y) Yo |det | dtd&’ dzdg” .
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In the first term we integrate with respect to £’ and z, and in the second term we replace
(&) el@=2)¢ by (=D, )*ei*=2)¢" and then integrate by parts in z. Then we obtain

. 1 1
Tglc"‘(y)/e’(””_y)"5 > QP (x,y,2,0,¢") d¢"
Q.

laf<p

1
+ (p+1) Ti_”(y)/ei@—y)f” ei@‘z)‘f'/ (1—t)P
0
1
XY = Qg (w2, 88,60 dtd dzdg”,  (8.19)
Q. ’

la]=p+1
where
Qu'w (@,y. 2,1¢',€")
= D2 (0on(w, W +1€)) (2, @, (:)VE") X(w,2) x(2.y) T |det ¥]) . (8.20)

Obviously, the function S _ Q% B(w y,z,0,£")/al can be written as a finite sum of

the form

a<p

> Q5. 2.") Dfyoa(x,€") D Veop(x, "),

a,B,y
where Qf  (y,z,&") are some polynomials in £ independent of the symbols o4 and op.
Therefore this function is an amplitude from S:’%ﬁmz (T"), and the first integral in (8.19)
defines a ¥DO from \Ifz:‘ngm?(Q”, I'). By (4.7) its symbol has the form

> Pg.(2,€) Dioa(w,€) DIVSos(x,8).,

o, B,y

where Pﬁo‘ ,, are polynomials in § which are also independent of o4 and op.

In order to find these polynomials we assume A and B to be differential operators. In
this case oy and op are polynomials in £ . We substitute in (8.16) instead of a4 (z, € + &)
its Taylor expansion at the point £ = 0 and integrate with respect to £ and z. Then
(8.16) takes the form

T, (y) / VST L Do €) 0 (o= () € )| ae (321)

Z=X

(we have replaced € by € and omitted the inessential factor Xx(z,z) x(z,y)). The integrand
in (8.21) is also a polynomial in £&. We expand its coefficients by Taylor’s formula at the
point y = x, then replace (y — x)*e(*=¥)€ by (—Dg)*e*®~¥)¢ and integrate by parts in
€. This transforms (8.21) into the integral

1—3c i(z—y)-&
) [y S

a,B

« D (D?aAcc,a) 02 (o2, B.(2)8) 0 (¢ 1..)) y:z:x) *
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We have

Z ;, ﬁl, D! (Dg oa(z,§) 0 (UB(Z, 0, (2)) 0 (e“”T%)) ‘y:z:x)

1 1 o a1 « [e%1 7
-3 - Sl D5<D T (2, €) Voop(z, £) O° 85(@¢T%)‘y:22x>,

Oé,Oél,ﬁ

M®

1 1 1 e :
> e g DE(DETon Vi 02000 ()
«,xq,

11 1 1 1 a4 Yoo B’ gar 9B1+B+ [ pit
= X aani g gy De e DiVias Do op O (M)

a,al,ﬁl,,@’,’y
111 hatp 5 98 (e
= ZEE$D£ O'ADngO'Bary ZWD 8 1T%).
a,B,y

Since 1 has a second order zero at the point z = y = x, in the last sum all the terms
with |3’| > |3 are equal to zero at this point. Thus, we obtain (8.3).
Now it remains to prove that the remainder term in (8.19) gets smoother and smoother

as p — oo. Changing variables ¢’ = 1€ we can write it in the form

- , 1
(p+1) Tif”(y)/e“f’c—y)'“l’lfe“"’ﬂ—z)'5 / (1—t)P
0
1 A,B s / nt
x Y 5 QuP(ey 5t ) didg dzd,

|al=p+1

where Q45 (x,y,2,1¢',§) = Qi (w,y, 2,18, £")
sum

1
1) Ti—* i(z—y) U i(z—2z)-€ 1_ )P
(p+1) 7T, (y)/e e /0 (1—1)
x D, 5 (1—¢(¢,8) QaP(x,y, 2t ,€) dt d¢’ dzdE

la|=p+1

_. We split this integral into the
5//:\1/716

15 ’ 1
1) XAy [y e [ gy
Xy ég(g’,é) QAP (x,y, 2, t¢ &) dtd¢' dzdE, (8.22)
la|=p+1
where ¢ is a smooth function bounded with all its derivatives and such that
supp (1 — <) € {20(¢'), = (£),}U{(¢), +(§), <
supps © {C(¢"), <(€),} U {(¢), +(§), <C
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for a sufficiently large constant C.
Assuming that |z — y| is sufficiently small on supp Q2 (one can always achieve this

by shrinking supp x), in the first integral we replace eil@—y) W Epi(w—2)-€’ by

(w—y) UL+ (x—2) &), - D, (ellen) ¥ Eeila=2)€)
((z—y) W1+ (z—2)-¢) |

and then integrate by parts in z. This reduces the order of the amplitude by one.
Repeating this procedure N times we obtain an integral with the same phase function
and an amplitude which is estimated by const (¢/)""" with

Ma,N = m1 + ma + (p+1) — Nmax{l—p,0}.

Since m, v — —oo as N — oo, the first integral in (8.22) defines an infinitely smooth
function for each fixed p.

Let us consider the second integral in (8.22). Since y and z are close to z, on
supp (¢Q2B) we have the uniform estimates

(2:(2)6), = (€),»  (E+1t) =€

This implies that the function g(f’,f) Qﬁ’B(x,y,z,tf’,é) is estimated by const<f>;n°‘
where
Mo = m1 + me — |a|p + |ofmax {1l —p,0}, (8.23)

and analogous estimates hold for its derivatives with respect to x and y. If p > 1/2 then
me — —00 as |a| — oo, so for sufficiently large p the second integral in (8.22) defines a
C™»-function where n, — oo as p — 0.

If p < 1/2 then m, do not tend to —oo as |a| — oo . For any symbols a and b we have

d;;lk a(x, V& +t&) = (V)& ag(z, VE+ L), (8.24)
d
ﬁb(z,q)x(z)\lff) = Vb(z, @ (2)VE) + F& - be(z, @,(2)VE), (8.25)

where Fi,y = F(i)(z,y, 2) is some smooth matrix-function. Therefore, generally speaking,
each differentiation 0.+ in (8.20) increases the order of the amplitude by max {1 —p,d}.
However, if T' = 0 then, in view of (2.8) and (8.17), the matrix-functions (¥),» and F{z)
in (8.24) and (8.25) are equal to zero at the point y = z = x. We can single out the
factor (z — z) or (z — y), replace (z — 2)e!*=2)¢" by Dee?@=2)¢ or (z — y)eilz—v) v
by \IJTDgei(”U*y)"I’_15 , and then integrate by parts. Clearly, each of these factors allows
us to decrease the order of the amplitude by p, and then the differentiation with respect
to z leads to an increase of the order only by 1 — 2p. Certainly, the factor (x — z) or
(z —y) can disappear when we differentiate (¥),x or F{;y once more, but then the further
differentiation does not increase the order of the amplitude. In this case only two (or
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more) differentiations in z increase the order by 1 — p. As a result, after all the possible
integrations by parts we obtain in the second integral in (8.22) a new amplitude of the
order

M1y = m1 + ma — (p+1)p + (p+1)max{s,1—2p,(1—-p)/2}.

If p > 1/3 then m, 1) — —o0 as p — oo. Thus, if 7= 0 and p > 1/3 then the second
integral in (8.22) also defines a C"»-function with n, — oo as p — oc.

Finally, if the connection I is flat then in the flat coordinates ®,(z) = W = I. In this
case the function defined by the second integral gets smoother and smoother as p — oo
without any additional restriction on p and 6. O

Proof of Theorem 8.4. We apply the same procedure as in the proof of Theorem 8.3.
Then we obtain instead of (8.23)
Mo = m1 + mg — |a| + |ajmax{l —p,d} if Ae Wy,
Mo = my + mo — |a|p ifBE\IITS.
Obviously, in both these cases m, — —o0 as |a| — oo. Therefore AB is a DO whose
symbol is defined modulo S~°° by the asymptotic expansion (8.14). [
3. Propositions 8.2 and 4.4 immediately imply
Corollary 8.7. Let the conditions of Theorem 8.3 or Theorem 8.4 be fulfilled, and
r=min{p —3d, 2p — 1} under condition (1) of Theorem 8.3,

r=min{p -9, (3p —1)/2} under condition (2) of Theorem 8.3,
r = p— 0 in the other cases.

Then
OAB = 0A0B —+ Z ngUA V0 — 22 Z Tﬁc fp 5’@0}4 8§kUB7 (8.26)
Jk.p
O[A,B] — —1 {JAaaB}7 Jf% = UXVJg/ - (27')_1 {O'XV,O'];/V} (827)

modulo Sj}g*mrw(r) . Moreover, if ' is symmetric then

1
oA = Z o D?O‘A Vo op

lor| <2
1
6 Z Rpkgl + R ljk:)gp O¢;04 Og, g, 0
1 p
T 19 Z lk +R klj) &p a&jakaA O¢, 0B
7.k,
1
% Z ik + Rk]) 8@ oa O¢,oB + 5 Z (Rjr — Rkj) 8§j o O¢, 0B (8.28)
3.k 3.k

modulo ngéﬁmrsr (T).
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9. Lo-ESTIMATES

Let H® be the Sobolev space W3 (defined in local coordinates), HZ,,,,, (M; Q) be the
space of H*-densities on M with compact supports, and H{ (M;Q*) be the space of
densities whose restrictions to compact subsets of M belong to H®. In this section we

prove

Theorem 9.1. Let at least one of the conditions (1)—(3) of Theorem 8.3 be fulfilled.
Then a DO A € Us(2*,T') is bounded from HE,,, (M;€2*) to HY ™ (M; ) for all
scR'.

Remark 9.2. 1t is known that A : HZ, o (M;Q%) — H ™ (M; Q%) if in local coordinates
the Schwartz kernel of A can be represented by an oscillatory integral with the standard
phase function (z —y) - ¢ and an amplitude from S]75 with 6 < p [T], [Tr]. Therefore
Theorem 9.1 gives a new result only when 1/3 < p < 1/2 and the connection T' is

symmetric.

Proof of Theorem 9.1. In view of Theorem 8.4 it is sufficient to prove that
P1 Apg . LQ(M;Q%) — L2(M;Q%) (91)

for all p1,ps € C§°(M) and A € \11275(9”,1“). Fixing a smooth density, we can always
identify s-densities with half-densities. Therefore it is sufficient to consider only s = 1/2.

If A e W 5(QY2T) then sup |p;(z) p2(z) ox” (x,€)| < 2C for some positive constant
C'. We are going to prove that

C2 - (,01 Apg)*(pl A,OQ) = B*B + R, (92)

where B € W) s(QY2.T) and R is an operator with smooth Schwartz kernel. Obviously,
(9.2) implies (9.1).

From Propositions 4.4 and 4.5 it follows that the Weyl symbol of the DO p; A po
is equal to pi(z) p2(z) o}V (x, &) modulo Sigp(f‘). Let By € Y 5(Q2'/2,T) be a properly
supported ¥DO with the Weyl symbol

o = (C2 = |pi(x) pal@) o (2, ©)]) " .

Then Theorems 7.1 and 8.3 imply
C® — (p1Apa)*(prAps) — BiBy € W, 5(QY2T)
with some positive 7. _
Assume that we have constructed ¢DOs B; € ¥/ (QY2.T) for j = 0,1,...,k—1

such that the operator

Ry = C® — (p1 Ap2)*(pr Apa) — (Bo+ -+ Bg_1)"(Bo + ... + By—1)
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belongs to \D;’gr(ﬂl/ 2 T). Since Ry is formally self-adjoint, its Weyl symbol is real.
Let By € \If;’(;’"(ﬂl/ 2 T') be a properly supported ¥DO whose symbol coincides with

-1
opy (2 oy ) for sufficiently large (£), . Then

C? — (p1 Ap2)*(p1 Apa)
— (Bo+ -+ Bp)*(Bo + ... + By) € O, N@QV2 ). (9.3)
Thus, step by step we can find DOs B; € \IJ;%T(QVQ,F) satisfying (9.3) for all k.
Then (9.2) holds for any properly supported DO B whose Weyl symbol admits the
asymptotic expansion gy ~ Z;’io agf , (§), —oo. O
10. OPERATORS WITH PSEUDODIFFERENTIAL PARAMETRICES

1. Let HS';"°(T") be the subclass of symbols a € S%(I") satisfying the following condi-
tion: for any compact subset K C M there exists a positive constant cx such that

(m)y° < comstrla(y,n)|,  V(y,m) eTM:yeckK, n),=ck, (10.1)
and

e 6 —p|x
09V, ... Viya(@, )] < constia,,..i, (Mo " Jaly, m)],
Vo, Vi, ... iq, V(iy,m) €eT"M : ye K, (n), =2 cx. (10.2)

We denote by HW'™°(Q*,T) the class of DOs with symbols from HS7';"°(T').

In the same Way as in the classical theory of ¥)DOs (see, for example [Sh]) one can
prove the following lemmas.

Lemma 10.1. Let a € HS]';™(I'), b € HSm/’mE’( ), and a € S)'5(T) with m < mq .
Then ab € HSm+m m0+m°(F) and a +a € HSJ';™(T) .

Lemma 10.2. Let g4 € HS)';"(I'), 014(171) e C>®(T*M) and

o V) = o), W) €My € K {n), > cx

for all compact subsets K C M . Then Ulg De HS_m0 ™I

Lemma 10.1, Proposition 4.4, 6.1 and Theorems 7.1, 8.3, 8.4 immediately imply the
following simple results.

(1) If A € HU™ (Q%,T), A € W75 (Q%,T) , 1 < mg , then A+ A € HE'"(Q*,T).

(2) A e HY ™ (Q7,T) if and only if ou,r € HSJ';™(I") for some (and then for all)
7€ [0,1].

(3) If p > 1/2 then the classes H¥*;"° (2%, T') do not depend on I'.

(4) If A € HE™™0(2%,T) then A* € HU™;™ (Q1=*,T).

(5) If A e H\Ilm 0(Q* T, Be H\IJZ}’mO(Q”, ') then under the conditions of Theo-
rem 8.3 or Theorem 8.4 AB € H\If;'?;m/’moeré(Q”, r).
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Remark 10.3. If p < 1/2 then, generally speaking, (3) is not true. For example, the heat
operator dyn+1 — 92, — ... — 92, in R"*! belongs to H\IJ?’/IQ’O in the standard coordinates
(i.e., for the corresponding flat connection I'). However, in other coordinates its full
symbol can have a big zero set, and then the estimates (10.1), (10.2) do not hold (see
[Tr, Ch.4.2, Example 2.1]).

An operator B such that AB = BA = I (mod ¥~°) is said to be the parametriz
of A. Obviously, if A has a pseudodifferential parametrix then A is hypoelliptic, i.e.,

Au € C°(M) implies u € C>*(M).

Theorem 10.4. Assume that at least one of the conditions (1)-(3) of Theorem 8.3
s fulfilled. Then any DO A € H\IJZ:‘(’SmO (Q*.T) has a pseudodifferential parametriz
B e H\Il;glo’_m(Q”,F).

Proof. Let qfl_l) be the symbol from Lemma 10.2, b € S,ﬁ;(ﬂ, and B be a properly
supported ¥ DO with the symbol o5(y,n) = a(_l)(y, n)b(y,n) . Then by (8.14)

oup = b=V, o5, = b =", (10.3)

where 0/, 0" € SZ%_T(F) with some positive .

Let by =1 and bgy1 =0}, k=0,1,2,..., where b is the symbol which appears in the
first equality (10.3) when we replace b by by . Then by € S o é” ("), and for any properly
supported ¥DO B whose symbol admits the asymptotic expansion

as(y,n) ~ ox V) Y by, (m), — o0,
k=1

we obtain AB =1 (mod ¥~°°).

By analogy (using the second equality (10.3)) we can construct a properly supported
DO B’ such that B’A =1 (mod ¥~°°). Since B’ = B’AB = B modulo ¥~>° | we also
have BA =1 (mod V~>°). O

2. In this subsection we assume that there exist n smooth linearly independent vector
fields vq,...,v, on M . Further on we use the notation introduced in Example 5.4; in
particular, I' = oI' is the linear connection for which all the covariant differentials of 1
are equal to zero.

Let dy < d2 < ... < d, be some positive numbers and d = (dy,...,d,) be the
corresponding n-vector. We say that a function a(y,0) € C*°(M x R" \ {0}) is d-
homogeneous of degree m if

aly, \Y4ey, ... AYe0.) = Xma(y,0),  ¥YA>0.

Then the derivatives 83‘85 a are d-homogeneous of degrees m — |« : d| where

la:d| = Z ag/dy .
k
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A typical example of a d-homogeneous function of degree one is

0lq = <Z |0k|2dk>1/2.
k

Obviously, if a is d-homogeneous of degree m and K is a compact subset of M then
la(y,0)| < constg || for all (y,0) € K x R".

Let us introduce the vector-function ¢ := (o1,...,0,), where o, € C®(T*M) are
defined in (5.10). We denote by S'j(I") the class of functions a € C°*°(T* M) which admit
the asymptotic expansion

k=0

with ax d-homogeneous of degree my , where my = m and m, — —oo as k — oo. Since
the functions o; are constant along the horizontal curves generated by I', (10.4) implies
that

— - dn
!&‘?Vga(y,n)l < constx [5(y,m)|q e

Y(y,m) : ye K, [d(y,n)]a =1, (10.5)

for all compact subsets K C M.

Let ¥ (€, T') be the class of /DO acting in the space of s-densities whose I'-symbols
belong to S(T) . In view of (10.5) Wi(Q*,T) C W% (%)

For a DO A € U (Q*,T') we set af(y,n) = do(y,d) , where ag is the leading term in
the expansion (10.4) with @ = g4 . The function o} is said to be the principal symbol of

the yDO A € U7(Q*,T).
Example 10.5. Let

A(yaDy) = Z Ca(y) ((l%)(vay)v

|a:d|<m

where ¢, € C*°(M) and A(O‘%) are the symmetrized compositions of the Lie differentiations

Al(%) . Then A € ¥} (Q*,T) and (5.6) (with s = 0) implies

Awm) = > cal®)i™o(y,n).

|a:d|=m

Definition 10.6. A DO A € U3 (Q*,I') is said to be semi-elliptic if there exists a
positive constant ¢ such that |af(y,n)| = c|0]7 .

Obviously, if A € ¥ (Q*,T') is semi-elliptic then A € H\I/Z?%;mgl (Q*,T).
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Theorem 10.7. Assume that

b+ dt > dt Vi, j,k : C} #0. (10.6)
Then any semi-elliptic differential operator A € W4 (Q2*,I') has a pseudodifferential
parametric B € W™ (Q*,T).

Proof. The connection I' is curvature free. Therefore the coefficients of the polynomials
(8.3) are components of some polynomials in the torsion tensor and its symmetric co-
variant differentials. In other words, Ps~(y,n) is a linear combination of terms of the
form

ZDQ J1k31 ) Da T (y)nl1'--nip7 péq,
where the sum is taken over i1,...,4,, and over the remaining upper indices ip41,...1%,4

and some (g — p) lower indices (which are j; , k; and those corresponding to aV). In view
of (5.3) we have

DT} (y) = — . vi(y) 7 (y) oF (1) DIC (y), (10.7)

where D‘;Cji,/k, are the symmetric covariant differentials of functions C’J-i//k, .
Let ¢ = min {d;1 +d; ' — d;'} where the minimum is taken over all , j, k such that
i . 72 0. The equality (10.7) implies that

Z DOT (y) i Oy, a1(y, ) Oy, az(y,n)
2,7,k

= Y DyCliy)oi (@1)s, (y,0) (@2)e (v, )
(N
for all functions a1(y,n) = a1(y,d) and as(y,n) = az(y,d). From here it follows that
under condition (10.6)
Py (y,n) O ar(y, m) Oaz(y,m) € S§ " 75(T) (10.8)
for all a; € S*(I'), ap € S'3*(T).
Let us fix a symbol a € S3™(I') such that a = (Ug(y,n))_l as [Fla > 1. Let B be
a properly supported DO with the symbol o3(y,n) = a(y,n) b(y,n) where b € S™(I).
Then by Theorem 8.4 the compositions AB and BA are pseudodifferential operators.
In view of (10.8) their symbols satisfy (10.3) with ¢',6” € S'y7°(I"). Therefore we can

construct the parametrix B € U™ (Q*,I") in the same way as in the proof of Theorem
104. O

Remark 10.8. If a € S'§(I") then in an arbitrary coordinate system
+5
0705 ay.m)| < const |F(y,m)[g "

and § = max \dj_l —d;'|. When C’kzj # 0 for all i, j, k, the condition (10.6)
7,
implies p > ¢. In this case the local parametrices of semi-elliptic differential operators

belong to the coordinate classes of ¥/DO associated with the weight function |&| (instead

of (€),)-

with p=d !

n
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11. FUNCTIONS OF SECOND ORDER DIFFERENTIAL OPERATORS

1. Let M be a closed Riemannian manifold, A be the Laplace operator, and v be a first
order differential operator (or a classical Y DO) on M . We assume that both operators
A and v act in the space of half-densities and that the operator v is self-adjoint. We also
assume that the operator —A + v is strictly positive (when M is compact, this can be
always achieved by adding a large positive constant).
Let
A = (-A+v)Y/2, (11.1)

It is well known that A is a classical DO from ¥!(Q'/2) whose principal symbol is equal
to €|, . Moreover, A* € ¥NQ'/?) for all A € R', all the homogeneous terms of the
symbol g4x are analytic functions of A, and oy (z,&) = |€]) modulo S*~1. Certainly,
these facts are independent of the choice of the linear connection.

If I' is the Levi-Civita connection, then the function [£|, is constant along the hori-
zontal curves (see Example 3.4) and

1
o (2,8) = 67 + ov(@,§) — 5 S(), (11.2)
where o, is the symbol of v and S is the scalar curvature (Example 5.2). Let

= 0, (1¢]a) Zg V& leles &y = (€ (€ (11.3)

Lemma 11.1. Let T be the Levi-Civita connection. Then

on(@,€) = Iele + 35 Il (L0 @8 ~25) + oifone) - od 57

where
1 ) g 1
0-1//(3375) = §|€|;1 O'V(Cl?,f) + %|£|;2 Zéj ijo-l/(xag) - g‘g‘a_;gag(wvg)
J

Proof. Let B be a properly supported ¢DO such that og(z,8) = |[€|la+o(x,§) as ||, > 1,
where o € SV . Since >k Y klﬁ €k €l = 0, we obtain from (8.28) that

og: = &2 + 2|¢l.0 + oF — iZéijja
J

1 o 1. .
— 3D Bu€ €+ el Y (R + RY;) 6" 6 €
J.k

j7k7l7p
modulo S~ . We have
|5|;1 Z (Rpkl] +R lk])gkl &p éj = Z (Rpkjt + Rpljk)gkl ép éj

j’k7l7p j7k:’l’p

= Y (Buplj + Ripij) g7 = 2> R, 678
Jsp

J,k,lp
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and therefore

_ N 1 .
op2 = 67 + 200 + 0° — iD E Vo — 2> Ryl
J J.k

modulo S™1. Taking o = o/, + [¢|;} (ij Rji, gigk — 2.5)/12 we obtain g2 = oy2
(mod S~1). This implies the lemma. [

2. Let S;”(Rl) be the class of functions w € C>°(R!) such that
| 0%w(s)| < consty (14 |s|)™ "7, Vk=0,1,...

Ifwe S;}n(Rl) then t*&(t) € CN#(RY), where Ny — 400 as k — +oo. Therefore the
Fourier transform w(t) is a distribution which coincides with a smooth rapidly decreasing
function outside any neighbourhood of t = 0.

The main result of this section is the following

Theorem 11.2. Let w € S;n(Rl), p € (0,1]. Then w(A) € @Z?O(QI/Q,F), where
[ is the Levi—Clivita connection. The symbol of the v DO w(A) admits the asymptotic
expansion

u(a)(,6) ~ w(l€le) + D (@, WP (Ela), [l — o0, (11.4)
7j=1

where c; € S° and wV)(s) := dlw(s). The functions c; are determined recursively from
the system of equations

our(z,6) = [¢€F + Z 1577 ¢;(,€) . (11.5)

)

In particular,
1
al@,§) = ek (ZRM )€ -28(@) + ol(@.§) (mod ST (1L6)

where o), is deﬁned m Lemma 11.1, and

co(, & Zng )& &F

— 24 1 - -
- Z |€|m1 Z 67 ijo.u(x7£) + g |€|m2 0'3((13',5) (mOd S 1) . (117)
J
Remark 11.3. Since [¢|, is constant along the horizontal curves generated by the connec-
tion ', we have w(|¢];) € S)75777.

Remark 11.4. In [T, Ch. XIL.3] it has been proved that w(A) belongs to the coordinate
class \IIZflfp(le) when p > 1/2. The author has also conjectured that w(A) can be
included in some appropriate classes of ¥YDOs when 0 < p < 1/2. By Theorem 11.2 the
appropriate classes corresponding to operators of the form (11.1) are those generated by
the Levi-Civita connection.

Theorem 11.2 immediately implies
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Corollary 11.5. Let Ay and Ay be positive differential operators of the form (11.1) with
v = 1, and v = vy respectively. Let w € S;n(Rl) and B = w(A1) — w(Az). Then
B e \I/Z?O_p(Ql/z,F) where I' is the Levi-Civita connection, and

1
= 5 |§|;1w/(‘£|x) (UVl - UVQ)
+ 216l (161w (1gle) = " (1gle)) D € Vai (o0, — 1)

J
1
— Sl (16 @ (gl) = w(1€12) ) (02, = 02,)

modulo S;?O_Sp(lj) .

3. From now on we assume that I' is the Levi—Civita connection. We will deduce Theorem
11.2 from

Proposition 11.6. Let A € [0,1) and Uy(t) = exp(itA*). Then
U)\(t) S \IJ?—)\,O(Ql/27F) y  OULN(E) = eiﬂé';\ b(A) (t; ill',f) ) vt € Rl )
where b € C®°(R' x T*M) and DI € 89 vt ¢ R', Vk=0,1,... Moreover,
WV (Ga,€) ~ 1+ > @0 (@8, |l — oo, (11.8)
j=1

where bg-A) e §—I0=Y VI =0,1,...
The proof of Proposition 11.6 is based on the following technical lemmas.

Lemma 11.7. Let Pféxz) be the polynomials of degree dgém defined by (8.8). Then

Z 57 P (2,6) = 0

[v|=d

for all d and B such that |8] < 2d3/?.

Proof. Since the coefficients of polynomials P( /2 are components of some polynomials
in the curvature tensor and its symmetric covarlant differentials, the sum

S PP (,6) €/

|v|=d

coincides with a linear combination of sums of the form

ZDa R 0, (@) D" Raqkqlq( )iy G €60 (11.9)
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where p < d(1/2) ,q=>p and

d+q+ 8 =3¢+ p+ eV +-+ |al?]. (11.10)
In (11.9) the sum is taken over the indices 41, . .., i,, and over the remaining upper indices
ipy---sig, N1,...,ng and some (q + d — p) lower indices (which are js, ks, Is and those

corresponding to a(®) ).
When |3| < 2p, (11.10) implies that

d>2¢—p+ oW+ 4 |a?].

Then (11.9) contains at least one partial sum of the form %:l DO‘(S)Rijkl gigkél or
]7 b

> DO‘(S)RZ'J.M GEREL or Da<S)Rijkl & &9 €% | which vanishes due to the symmetries
i,k,l 4,3,k
of the curvature tensor (see Section 1). This proves the lemma. [

Lemma 11.8. Let A; € U™ (QY?)  w € S[?(Rl), and B be a properly supported 1) DO
with a symbol of the form op(x,&) = w(|€|.) b(x,&) where b € S™ . Then

o p(,6) ~ Y wP(El) bu(z,€), (11.11)
k=0

where by — oa,b € S™t™ =1 and b; € S™T™TL for j > 1. The symbols by admit the
asymptotic expansions

1 1 (=)
~ 2 ggj—z) ol Py (@, €)

@By +'<y,
V' >k

X gy (1,) Doy, (2,€) DY VEb(x,€),  (11.12)
where ayp .~ are functions homogeneous in & of degree k — |+'| depending only on the
Riemannian metric {g"} . In particular, ajy. = =&

Proof. Obviously, B € U7\ (Q'/2,T). By Theorem 8.4 A;B € U)'7™ (2Y/2,T) and

111 N N
(0,6~ Y g Py (2,6) DEPoy, (2,6) DIVap(w,€)
a,B,y

11 1 (=)l
= > 2557——2) Py (,€)

a,B,y v <y 7 v )
x DI Py, (2,€) 07 w(l€l) DT Vab(z,€).
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Differentiating w(|¢|,) we obtain

Jw(lels) = D anqy (2,6 0 (),

k<]

where aj .~ are functions homogeneous in & of degree || — k depending only on the

Riemannian metric, and ay . = évf as k = |7'|. Therefore the asymptotic expansion for

oa,B can be rewritten in the form (11.11) with by satisfying (11.12). From (11.12) it

follows that by — a4,b € S™T™1~1 Tt remains to prove that by € S™T™1 =1 for k> 1.
In the asymptotic expansions (11.12) with k£ > 1 the orders of the terms are

m + my + ds? — lal — 18] = Il + k, (11.13)

where d(ﬁg ) are the degrees of the polynomials P(1/2) . By (8.4) we have d 1/2) < 0] .
Therefore (11.13) is estimated by m +m; — 1 if k: < ly] -

Let us consider the terms with k£ = |y|. Then 7' = v and aj - = 57/ . By Lemma
11.7 the sum of the terms with |G| < 2d/(31742) is equal to zero. Since Pé’l7/2) =0forvy#0
(Proposition 8.2), all the terms with § = 0 are also equal to zero. Now the estimates
|B] = 1 and |5] > 2d(ﬁl742) imply that (11.13) is not greater than m +m; — 1. O

Proof of Proposition 11.6. Ux(t) is a unique solution of the Cauchy problem

D U\(t) — ANU,(t) = 0, (11.14)
U,(0) = I. (11.15)

We will construct a properly supported DO Uy (t) € ¥9_, O(Ql/ 2 T) smoothly depen-
dent on ¢ which satisfies (11.14) and (11.15) modulo ¥~°°. Then from the well-known
a priori estimates it follows that D} (U, (t) — Ux(t)) € U~ for all k and, consequently,

Ui(t) € U9_ )\0(91/27” and
Df(O‘U/\(t)—OUX(t))ES_OO, VtGRl,Vk’:O,l...

Obviously, for all ¢ € R the functions fi(s) = es” belong to SY \(RY) (outside a
neighbourhood of s = 0). Let B be a properly supported ¢)DO with a symbol of the

form eitlélz b(t;z,€), where DFbe S™, WVt € R', Vk =0,1... Then by Lemma 11.8
op = Mg btz €) + M Lab(t;x,€), (11.16)

where DF(L\b) € S™tA~1 vt € R', Vk = 0,1... Moreover, (11.11) and (11.12) imply
that

Lab(ta,€) ~ Dt LPb(t2,8),  |¢le — o0, (11.17)
k=0



44 Yu. SAFAROV

where Ef\k)b e §m—1=k(1=X) and

Dby = WD),  VieR', Vjkl1=0,1... (11.18)
Let Ux(t) be a properly supported DO such that oy, () = eitlels p) (t;2,€), where
BN~ b+ BN B+ (€ — oo,
t
BV =1, Ntz = z/ LabY (s, &) ds,  |¢l. =1, (11.19)
0

and L) is the operator defined by (11.16). Then b™(0;z,£) = 1, and so Uy(t) satisfies
(11.15). The operator (D; — AM)Ux(¢) is a DO with the symbol

et (Db — £,60)
~ GHER DO 4 el (DY — £350) + MR (DD — £330 4.

By (11.19) all the terms in this asymptotic series are equal to zero as ||, > 1. Therefore
(Dy — AMUA(t) € U—°°,

Finally, substituting (11.17) in (11.19) and taking into account (11.18), we obtain the
asymptotic expansion (11.8). [

Proof of Theorem 11.2. The operator A is positive, and therefore we can assume that
suppw € (0,+00). Let us fix A € (1 — p,1) and set wy(s) = w(s/*). Then wy €

m/A
S1—/(1_p)/A(R1) , where 1 — (1 —p)/A>0.

Since the Fourier transform @) (¢) coincides with a rapidly decreasing function for large
t, we have

w(Ad) = / oy (t) €4 dt

where the integral converges in the weak operator topology. Let ¢ € C°(R'), «(t) =1
in a neighbourhood of ¢t =0 and ¢(¢) =0 for large ¢. Then

/(1 — () on(t) e dt = AT /(—Dt)k((l — (1)) @A(t)) etAN gt
for all positive integer k, and therefore
w(4) = /g(t) wx(t) etA” (mod U™°).
Now from Proposition 11.6 it follows that w(A) is a DO with the symbol
Ou(a) = /e“'fIi ox(t) s(t) bX (t; x, ) dt . (11.20)

Substituting in (11.20) the asymptotic expansion (11.8) we get

= A

ouiay ~ w(léle) + D7 way(€l) 0V (@,8),  [éle — oo,

j=1

where wy j(s) = & (w(r'/?))/ drj|r:5x . This implies (11.4) with some symbols ¢; € SV .

Taking w(s) = s* we obtain from (11.4) the equations (11.5). The equalities (11.6) and
(11.7) immediately follow from (11.2), Lemma 11.1 and (11.5). O
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