BIRKHOFF’'S THEOREM AND MULTIDIMENSIONAL
NUMERICAL RANGE

YU. SAFAROV

ABSTRACT. We show that, under certain conditions, Birkhoff’s theorem
on doubly stochastic matrices remains valid for countable families of dis-
crete probability spaces which have nonempty intersections. Using this
result, we study the relation between the spectrum of a self-adjoint oper-
ator A and its multidimensional numerical range. It turns out that the
multidimensional numerical range is a convex set whose extreme points
are sequences of eigenvalues of the operator A. Every collection of eigen-
values which can be obtained by the Rayleigh-Ritz formula generates an
extreme point of the multidimensional numerical range. However, it may
also have other extreme points.

Recall that a (possibly infinite) matrix is said to be doubly stochastic if
all its entries are non-negative and the sum of entries in every row and every
column is equal to one. Birkhoff’s theorem [B] says that

(i) the extreme points of the convex set of doubly stochastic matrices are
permutation matrices and

(ii) the set of doubly stochastic matrices coincides with the closed convex
hull of the set of permutation matrices.

The first aim of this paper is to show that, under certain conditions, Birkhoff’s
theorem remains valid for a countable family of discrete probability spaces
which have nonempty intersections (see Remark 2.1). We join every two
points lying in the same probability space by an edge and reformulate the
problem in terms of weighted graphs. It turns out that (i) and (ii) hold true
whenever the underlying graph satisfies the conditions (g;)—(gs3) introduced
in Section 2. The conditions (g;) and (g3) are purely technical and can
probably be removed or weakened. The geometric condition (gs) is necessary
(see Remark 2.5).

The second aim of the paper is to study the relation between the spec-
trum of a self-adjoint operator A and its m-dimensional numerical range
¥ (m, A). The latter is defined as the set of all m-dimensional vectors of the
form {Qafui], Qalus), ...}, where Q4 is the corresponding quadratic form,
{uy,ug,...} CD(Q4) is an arbitrary orthonormal set containing m elements
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and m=1,2,...,00. Using an infinite dimensional version of Birkhoff’s the-
orem, we prove that

(1) the m-dimensional numerical range ¥(m, A) is a convex set,

(2) the extreme points of X(m, A) belong to the corresponding m-dimen-
sional point spectrum o,(m, A),

(3) every collection of m lowest or highest eigenvalues which can be found
with the use of the Rayleigh—Ritz formula generates an extreme point
of 3(m,A),

(4) the extreme points of the closure X(m, A) belong to the m-dimen-
sional spectrum o(m, A),

(5) the closed convex hull of o(m, A) coincides with ¥(m, A)

(see Section 4 for precise statements and definitions). The item (3) can be
regarded as a geometric version of the variational principle. The set X(m, A)
may also have other extreme points (see Remark 4.12). Therefore one can
obtain more information about the point spectrum by studying the extreme
points of ¥(m, A) than by applying the standard variational formulae.

The paper is organised as follows. For the sake of convenience, in Section 1
we give definitions and results on sequence spaces and locally convex topolo-
gies, which are used throughout other sections. Almost all these results are
well known; most of them can be found in [K], Sections 20.9, 21.2, 30 and
[Ru], Section 2.4.

Section 2 is devoted to Birkhoff’s theorem. Many proofs of this theorem
are known for finite matrices (see, for example, [MO] or [BP]). The problem
of extending (i) and (ii) to infinite matrices is known as Birkhoff’s problem
111. It has been studied in [Gr], [Is], [Ke], [Le], [Mu] and [RP]. However,
their results are not sufficient for our purposes because

(i) in order to deal with unbounded operators, we need (i) not only for
the whole set of stochastic matrices but also for some its subsets which
were not considered in these papers,

(ii) we need (ii) with respect to a finer topology than the topology intro-
duced in [Ke] or [RP], whereas [Is| deals with a too strong topology
such that (ii) does not hold true.

Our proof of (i) and (ii) is based on the well known idea of shifting weights
along edges of the underlying graph. It is almost purely combinatorial and
works equally well for finite and infinite weighted graphs or matrices. For-
mally speaking, in Sections 3 and 4 we consider only infinite matrices. How-
ever, in the proof of Theorem 3.15 we apply results related to more general
weighted graphs. For infinite graphs and matrices (ii) depends upon the
choice of an appropriate topology. We give an explicit description of the
strong and Mackey topologies on the set of (sub)stochastic weights (Corollar-
ies 2.11 and 2.12), and show that (ii) holds true with respect to the Mackey
topology (Theorem 2.15), but not necessarily with respect to the strong topol-
ogy (Example 2.19).
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In Section 3 we consider operators generated by stochastic matrices and
derive a number of corollaries from Birkhoff’s theorem. Many of these results
seem almost obvious. However, our proofs of the key Theorems 3.10 and 3.15
are surprisingly long and complicated. It is not clear whether they can be
essentially simplified.

Section 4 is about multidimensional spectra and numerical ranges. Here
we give precise statements and proofs of (1)—(5) for a self-adjoint operator
A (see Corollaries 4.7, 4.11 and Lemma 4.10). The corresponding results for
finite matrices A are well known and rather elementary (see, for example,
[AU] or [MO]). If A is compact, one can probably obtain (1)—(5) by con-
sidering its finite dimensional approximations (in [Mal] and [Si] similar ideas
have been used for studying s-numbers of compact operators). However, the
general case is much more complex as the operator A may have continuous
spectrum or (and) several accumulation points of its discrete spectrum, which
makes it impossible to find an effective approximation procedure. In the end
of Section 4 we prove two variational formulae (Corollaries 4.16 and 4.17)
and show that o(m, A) is a subset of the closed convex hull of | J, o(m, Ag)
whenever the self-adjoint operator A belongs to the closed convex hull of
the family of self-adjoint operators Ay (Corollary 4.21); all these results are
simple consequences of (1)—(5).

There are many other concepts of multidimensional numerical range [BD],
[H], [LMMT]. We briefly discuss some of them in Subsection 4.1.

Acknowledgements. I would like to thank E.B. Davies, A. Markus, Yu.
Netrusov and M. Solomyak for their valuable comments and constructive
criticism. I am also grateful to L. Landau for his useful remarks on Birkhoft’s
theorem.

1. SEQUENCE SPACES

1.1. Notation and definitions. Let
R := [—00, +o0],
R> be the linear spaces of all real sequences x = {x,z,...},
RE° be the subspace of sequences which converge to zero and
RS be the subspace of sequences with finitely many nonzero entries.

We shall often consider the Fuclidean space R™ as a finite dimensional sub-
space of RS, so that the m-dimensional real vector (zi,xs,...,x,,) is iden-
tified with the sequence (z1,%2,...,2,,0,0,...). If x € R®  let

x| = {|xy|, |xal, ...},
(1.1) x™ = {x1,29,...,2,0,0,...}, m=1,2,...,
x(®) = x.

Throughout the paper X denotes a real linear subspace of R* endowed
with a locally convex topology T and X* is its dual space. We shall always be
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assuming that ¥ is finer (that is, not weaker) than the topology of element-
wise convergence.

If Q is a subset of X then ex(), conv (), conv () denote the set of extreme
points of €2, the convex hull of 2 and its T-closure respectively. Recall that
x € (2 is called an extreme point of () if x cannot be represented as a convex
linear combination of two other elements of €2. If the set 2 is T-compact
then, according to the Krein—-Milman theorem, conv () = conv (ex()). An
element x € 2 is said to be T-exposed if there exists a linear T-continuous
functional x* € X* such that (x,x*) > (y,x*) forall y € 2. Every exposed
point of € belongs to ex{2 but an extreme point is not necessarily exposed.

Denote by X’ the linear space of all real sequences x’ = {x],25,...} € R®
such that > oo, |z; 2] < oo forall x € X. If X” = X then the space X is
said to be perfect. We have X C X" and R§§ C X’ = X", in particular,
X' is perfect. The intersection of an arbitrary collection of perfect spaces is
perfect. However, the linear span of a collection of perfect spaces may not
be perfect. For example, if X is a one dimensional subspace of R§° then
X" C Ry but (Rg°)” =1=.

The set of sequences x = {Z1, %9, ...} such that |Z;| < |z;| for some x €
is said to be the normal cover of the set 2. A set (or subspace) of R*> is

/

said to be normal if it coincides with its normal cover. We have X' = (X)',
where X is a normal cover of X . Therefore a perfect space is normal.

1.2. Topologies on sequence spaces. Every sequence x’ € X' defines
the linear functional (x,x’) := > " x; 2} on the space X . Further on we
shall always be assuming that R € X . Then every nonzero element of
X’ defines a nonzero functional and therefore we can introduce the weak*
topology T (X', X) on X’'. If & is an arbitrary family of weak* bounded
sets ' € X’ then the family of seminorms

(1.2) por(x) = sup [(x,x)], Ves,

x'eQ
defines a locally convex topology on the space X , which is usually called the
G-topology. We shall deal with the following G-topologies on X :

(1) the topology of element-wise convergence ¥, generated by the family
S of all finite subsets of RGg;

(2) the weak topology T (X, X’), generated by the family & of all finite
subsets of X’;

(3) the Mackey topology ¥, (X, X’), generated by the family & of all
absolutely convex T, (X', X)-compact subsets of X';

(4) the strong topology %, (X, X’), generated by the family & of all
Tw (X', X)-bounded subsets of X'.

Every next topology in this list is finer than the previous one. Each of
them is equivalent to the usual Euclidean topology whenever dim X < oco.
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The strong topology (X, X’) is generated by all lower T (X, X’)-semi-
continuous seminorms on X and the Mackey topology ¥.,(X, X’) is defined
by all lower ¥ (X, X’)-semicontinuous seminorms p on X such that

(1.3) px—x™) = 0, VxeX.

m—00

The perfect space X” is obtained from X by adding all T,-limits of
Tw (X, X')-Cauchy sequences in X . A perfect space X is Tp(X, X')-comp-
lete, %1, (X, X’)-complete and sequentially ¥ (X, X’)-complete but is not
necessarily T, (X, X')-complete. By the Mackey—Arens theorem, ¥, (X, X’)
is the finest locally convex topology on the space X such that its topolog-
ical dual X* coincides with X’. If X' is T (X', X)-complete then the
T (X, X')-dual of X also coincides with X'.

By Mackey’s theorem, a subset of a locally convex space is weakly bounded
if and only if it is bounded in any topology generating the same dual space.
For a sequence space X , we have the following stronger result which implies
that Q C X is Ty (X, X’)-bounded if and only if it is Ty (X, X’)-bounded.

Theorem 1.1. Assume that Q C X is Ty(X, X')-bounded and Q' C X'
is Tw(X', X)-bounded. Then the set of sequences {xy x| ,xo2, ...}, where
x = {1, 79,...} €Q and x' = {2}, 2,...} € Y, is bounded in I*.

Proof. See [Ru], Chapter 2, Proposition 1.4. a

The following theorem can be proved in the same way as Theorem 2.4 in
[Ru], Chapter 2, where the author assumed that X is perfect.

Theorem 1.2. If X is a normal space and ' C X' then the following two
conditions are equivalent:

(1) Q is Ty(X', X)-compact,
(2) ' is Ty-compact and lim sup Y |z; x| =0 for each x € X .

n—o0 X/EQ/ i=n

Remark 1.3. If {x,} C X is a Ty (X, X’)-Cauchy sequence which converges
to x € X” in the topology ¥, then by Fatou’s lemma

sup [(x,x)] < sup (x[,[x']) < sup sup(|x|, [x]) .

x'eqY x'eQY x'eQ¥ n
Since the Cauchy sequence {x,} is Ty (X, X’)-bounded, Theorem 1.1 and the
above inequality imply that the set Q' C X’ is T, (X', X”)-bounded if and
only if it is Ty (X', X)-bounded. Therefore the strong topology % (X, X’)
coincides with the restriction of %,(X”, X’) to X . However, this is not
necessarily the case with the Mackey topologies.

Example 1.4. If X = R then X' ={', X” =1[* and T,(I*°,') is the
[*-topology. Theorem 1.2 implies that the closed unit ball in the space [
is Ty (I', R§°)-compact. Therefore T (RG, 1) = Tp,(1%, 1) [z . The Mackey
topology T, (I1°°,1') on RS is strictly coarser than T,,(R5°, /') . Indeed, if
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x ={1,1,...} and %, := x("™*) — x(™ then %,, € RP, [|[Xnli~ =1 but,
by Theorem 1.2, X,, — 0 as m — oo in the topology %, (I, [).

Remark 1.5. Let ' be the normal cover of the set € C X’. Theorem 1.1
implies that Q' is Ty (X', X)-bounded whenever Q' is Ty (X', X)-bounded.
If X is normal then, by Theorem 1.2, € is Tw (X', X)-compact whenever
Q' is Ty (X', X)-compact. Obviously,

(0.9}
por(x) = sup [(x,X)| < sup |(x,x)| = sup Y |a;| |2)| = pe(x)
x' eV x' eV x' €V =
and the seminorms pg, are lower %j-semicontinuous. Therefore the strong
topology ¥,(X, X’) on an arbitrary space X is generated by all lower Ty-
semicontinuous seminorms and the Mackey topology ¥,,(X, X’) on a normal
space X is generated by all lower ¥j-semicontinuous seminorms satisfying

(1.3).

1.3. Symmetric sequence spaces. Our choice of notation in the following
definition will become clear in Section 3.

Definition 1.6. If x € R*, let

Py be the set of all sequences y € R*® obtained from the sequence x
by permutations of its entries,

P; be the set of all sequences y € R*> whose entries form a subse-
quence of a sequence y € P, and

P,? be the set of all sequences obtained from sequences y € P, by
adding an arbitrary collection of zero entries.

We shall say that a sequence space X is symmetric if P, C X for every
x € X . A seminorm p on a symmetric space X is said to be symmetric if
p(y) = p(x) whenever y € Py.

If X is symmetric then Pf, C X' for every x' € X’. The seminorm pgy
defined by (1.2) is symmetric if and only if ' = (J,,.o Px - The following
result is a consequence of Theorems 1.1 and 1.2 (see Remark 3.2).
Corollary 1.7. Let X be a symmetric space such that X ¢ RS, ' be a
subset of X' and QU = Uygeq PL . If X CI1° then QL is To(X', X)-

bounded whenever Q' is Ty(X', X)-bounded. If X CR and X is normal
then QL . is Tw(X', X)-compact whenever ' is T (X', X)-compact.

sym

By Corollary 1.7, if X is a symmetric subspace of [* and X ¢ R

then the strong topology %,(X, X’) is generated by a family of symmetric
Tp-semicontinuous seminorms p such that

(1.4) py) < p(x), VyeX[\P), vxeX.

If X is a normal symmetric subspace of R5® and X ¢ RS then the Mackey
topology %, (X, X’) is generated by a family of symmetric Ty-semicontinuous
seminorms p satisfying (1.3) and (1.4).
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Example 1.8. If X = R*> then X' = Ry and T; = T,(R*,R}) =
TH(R*,RF) . This topology cannot be defined with the use of symmetric
seminorms. If X = [P with 1 < p < oo then X' = I” and T,(I7,1")
is the usual [P-topology. If p < oo then Ty,(IP,1”') = T (17, 1”'), but the
Mackey topology %, (I°°,1') is strictly coarser than the [*°-topology and is
not generated by a family of symmetric seminorms.

Example 1.9. Let ® be a symmetric lower Ty-semicontinuous Schatten
norm on R§° and sg) ) C s¢ C [*® be the corresponding linear subspaces of
sequences (see, for example, [Si] or [Mal]; in the latter paper ® is called a
symmetric gauge function and the corresponding subspaces are denoted by
lp and 151,0 )). Then the norm topology on a subspace X C sg is always

coarser than %, (X, X’) and is coarser than T,,(X, X’) whenever X C 3((1? ).

Example 1.10. Let x € R, x € I! and X be the subspace spanned by the
normal cover Py of the set Py. Then X’ consists of all sequences x’ € RY
such that
(1.5) IX'[|z = sup [{y,x)] < oo.

yePx
The space X' provided with the norm (1.5) is called the Lorentz space asso-

ciated with the weight sequence x (see, for example, [LT], Section 4.e). We
have

(16) Dyl = D (2l = 2l D lwil,  vX,y €RY,
k=1 m=1 j=1

where {|z1|*, |z2|* ...} denotes either the non-increasing rearrangement of
the sequence |z| or (if |z| contains infinitely many nonzero entries and at
least one zero entry) the non-increasing rearrangement of its nonzero entries.
Using this identity, one can easily show that y € X” if and only if
(L7 iyl = sup Rm(ly)) (Bm(lx[)™" = sup [{y,x)] < oo,

m>

% lz<1
where R,,(|z|) := >_7", |2|*. The space X" provided with the norm (1.7)
is called the Marcinkiewicz space associated with x. Since the set Py is
Tw(X, X')-bounded, Theorem 1.1 implies that the T (X', X)-bounded set
{x' € X" : ||x'|| < 1} absorbs any other T (X', X)-bounded subset of
X'". Therefore, in view of Remark 1.3, the strong topology %y,(X"”, X’) is
generated by the norm || - |[5; . The Mackey topology %, (X", X’) is strictly
coarser than Tp,(X”, X') as ||y —y™||» may be equal to |ly|/as for all m .

Remark 1.11. Let Xp,_ be the linear space spanned by Py . Then Xp, is the
minimal symmetric perfect space which contains x. Obviously,

(1) if x is unbounded then X}, = R§§ and X7 = R>;

(2) if x €1 but x ¢ Ry then Xj, =1' and X}, =1;
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(3) if x € RF® but x ¢ ' then X}, is the Lorentz space and X7, is the
Marcinkiewicz space associated with x (see Example 1.10);

(4) if x €' but x ¢ Ry then X}, =1 and X}, =1;

(5) if x € R§ then X =R>* and Xp = Rj.

Remark 1.12. If x ¢ RS and Py € X then X' C [*® and ' C X”.
Therefore for every %, (X, X’)-continuous seminorm p on X there exists a
constant C, such that p(x) < C, ||x[|p for all x € X NI'.

2. BIRKHOFF’S THEOREM

2.1. Notation and definitions. Let G = {G;,Gs,...} be a family of
countable sets G} which may have non-empty intersections. Define a simple
graph G as follows: the set of vertices of G coincides with |J, Gj and two
vertices are joined by an edge in G if and only if they belong to the same set
Gk. Then G} become complete subgraphs of G. Throughout this section we
denote by g (with or without indices) the vertices of G or, in other words,
the elements of | J, Gi. Let

W be the linear space of real-valued functions w on G,

W, be the cone of non-negative functions w € VW and

Wo be the set of functions w € W which take only finitely many
non-zero values.

We shall call w € W, weights over G and denote by w(g) the weight
assigned to g € G (that is, the value of w at g). If we W, let

Gw be the subgraph of G which includes all vertices g € G such that
w(g) # 0 and all edges joining these vertices.

Let G; be an arbitrary subset of G. We shall say that a weight w € W, is
G-stochasticif ) ., w(g) <1 forevery G € G and } , w(g) =1 for
every Gj € G;. Denote by S¢t the convex set of all G;-stochastic weights
and let PGt be the set of G;-stochastic weights taking only the values 0
and 1. Clearly, w € Pt if and only if the restriction of w to every subset
G, takes at most one value 1, all other values being 0, and w does take the
value 1 at some vertex g € Gy whenever G, € G;. If G; C G} C G then
PG C PGt C 8G1 and SG C SG1 .

Remark 2.1. The weights w € SE and w € S? are said to be stochastic
and, respectively, sub-stochastic. A stochastic weight w can be considered
as a family of probability measures w := w| q, on the sets Gy such that
W(k) = W(j) on Gk ﬂG]

Since the set of vertices is countable, W can be identified with the sequence
space R> (or with its subspace if G is finite). Further on we use definitions
and notation introduced in Section 1.
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2.2. Extreme points. We shall say that a path g9 g1 — -+ — ¢, in G is

admissible if no three adjacent vertices in this path belong to the same
set Gy € G;

a cycle if gy = g; and the number of distinct vertices g; is not smaller
than 3 (that is, go — g1 — g2 = go is not a cycle).

Proposition 2.2. Fvery two vertices lying in the same connected component
of G can be joined by an admissible path. If there are no admissible cycles
and, ©n addition,
(c1) the intersection Gy (G of two distinct sets Gy, Gy € G contains at
most one vertex of G

then this admissible path is unique.

Proof. Let go and g,, belong to the same connected component of G. Then
a path go — g1 — -+ — ¢,, with the minimal possible number of vertices is
admissible (otherwise we could obtain a shorter path from gy to g,, replacing
Gj = gj+1 — -+ — gj+; With g; = g;1;). This proves the first statement.
Let g > g1 — -+ = gm and g1 = Gnim — = Gms+1 — gm be two
distinct admissible paths from ¢; to g, . Without loss of generality we may
assume that these paths have only two common vertices ¢; and g¢,,. Then
the vertices g1, ..., gmin are distinct and do not belong to the same set Gy, .
Consider the graph G formed by all these vertices and all joining them edges.
Let g = g2 — -+ — giux1 = ¢1 be a cycle in G with the minimal possible
number of vertices which do not belong to the same set Gy (since G contains
at least one cycle g; — g2 — -+ — gmin With this property, such a ‘minimal’
cycle exists). The condition (c;) implies that this cycle is admissible. Indeed,
if two non-adjacent vertices g; and g;;; in this path are joined by an edge
then all vertices of the cycle ¢, = giy1 — -+ — Gi+; — g; belong to some
set G € G and all vertices of the cycle giy; — Givjy1 — -+ = G — g1 —
-+ — §; — giy; belong to a distinct set G, in which case the intersection
G ()G contains at least two elements ¢; and §;;;. This proves the second
statement. 0

Further on we shall be assuming that

(g1) every vertex of G belongs to at most two sets Gy,
(g2) every admissible cycle in G has an even number of vertices.

If the conditions (g;) and (gs) are fulfilled then G can be split into two
groups Gt = {G{,G5,...} and G~ = {G7,G,,...} in such a way that any
two sets from the same group do not have common elements (two sets Gy
and G; belong to the same group if every admissible path G > go — g1 —
o= g1 = g € Gy in G with g1 € Gy, and g,y € G; has an even number
of vertices). The intersection G} G may consist of several elements or be

empty, and every set GkjE may contain a ‘tail” subset Gf which does not have
common elements with any other set Gj.
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In view of the following example, all results of this section are valid for
finite and infinite matrices which we shall discuss in more detail in Section 3.

Example 2.3. Let G satisfy (g;) and (g;) and G* be defined as above.
Denote by m4 the number of sets GkjE lying in G*; we allow m, = oo and
(or) m_ = oo If every intersection G} (G consists of one element and all

the tail subsets éf are empty then VWV is isomorphic to the linear space of
m, X m_-matrices. Indeed, the value of w € W at the vertex g € GJ/ G;
can be considered as the entry of an m, X m_-matrix at the intersection of
its jth row and kth column. In this case S&, S? and PE are the sets of
doubly stochastic, sub-stochastic and permutation matrices respectively.

If G is a general family of sets satisfying (g;) and (gz) then one can think
of W as a space of matrices which may have ‘multiple’ or ‘forbidden’ entries
and ‘tails’ Gf attached to their rows and columns.

Theorem 2.4. Let the conditions (g1) and (g2) be fulfilled and let V be a
normal conic subset of W. Then ex (S¢S V) =P NV.

Proof. Obviously, PE' NV C ex(8¢' V). In order to prove the converse,
let us consider a weight w € S€ (V such that w(g’) € (0,1) for some ¢’ €
G and show that w & ex (SS1 (V). Let G’ be the connected component of
Gy containing the vertex ¢'. Then w(g) € (0,1) at every vertex g € G'.

(1) Assume that, for some k # [, the intersection G'()Gy()G; contains
two distinct vertices g; and go. Let wX(g;) = w(g;) % (—1)7e and wZ(g) =
w(g) whenever g # g;, j =1,2. Then w = 3(wS + w_) and, in view of
(g1), wE € S¢ NV provided that € > 0 is sufficiently small. Therefore

without loss of generality we can assume that G’ satisfies (cy).

(2) Similarly, if G’ contains an admissible cycle G = g9 — g2 — -+ —
In = go, let w(g;) = w(g;) £ (—1)e and w(g) = w(g) whenever g € G.
The condition (gy) implies that w and w_ are correctly defined weights
over G. We have w = 3(wl + w_) and wX € W, [V provided that e
is sufficiently small. In view of (g;), if g; € Gj then one of the adjacent
vertices gj_1, g;4+1 belongs to G} and the other does not. This implies that

> gcch wi(g) = > gec, W(g) for every k. Therefore wieSSNY.

(3) Finally, let us assume that G’ does not contain admissible cycles and
satisfies (c1). Then, by Proposition 2.2, every two vertices go, g, € G’ are
joined by a unique admissible path. Let us fix gy € G’ and denote by G, the
set of vertices in G’ obtained from gy by moving along all admissible paths
with n edges. Then for each kK = 1,2,... there exists n > 0 such that G C
G.UGni1. Moreover, if Gy C G,|JGns1 then the intersection Gy () Gn
consists of one element g, . Indeed, if there are two distinct admissible paths
go = g1 = " = Grp and go — g) — - = gy, € GG, then gy and
Jrn can be joined by the two distinct admissible paths go — g1 — -+ = g
and go = ¢y = = Gy — Gk -
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If go € Gy then Gy, C GolUG1 and gxo = go. Let us denote

. 1 1-— W(go) 5knw(gk n)
2'1 = - - n = ;7

where n = 0,1,2,... and k is such that G C G, |JGny41. Since w € S|
we have W(gk,) + W(gknt1) <1 and, consequently,

W(gkn) 1= W(gkni1)
11— W(gk,n) o W(gk,n+1>
Using these inequalities, one can easily prove by induction in n that
27 2w(gkn)

Consider two sequences of weights w7, and w_,, such that

WZo(g0) = (1 + e 0)W(g0) and wZy(g) == w(g) for all g # go,
sn+1( ) == ( ) forall g € U]<ng]’
sn+1(9) = ( ) whenever g ¢ U]<n+1 g,
if Gy C GnlUGns1 then W2, (grn) = (1 £ exn) W(ghn) and
W2i1(9) = (1F erni1)W(g) whenever g € Gy Guy1 and g # grn -
Obv1ously, w(g) = 3(wi,(9) + w_,(9)). The estimates (2.2) imply that
L EWLNV. Fmally, 1f Gy C G, UG and - ; w(g) =1 then

Z Wsn = (1epn) Wlgkn) + (1Feknt1) (E=W(gkn)) = tFernia(t—1).
9€Gk

(2.2) Ehm < min{

This identity and the estimates ey, g1 < 1/2 imply that

t+1 1—t t+1
2.3 - —.
R TR P PACIUL

geGy

Let wE(g) 1= limy 0o WE,(g). Then wo = 2(w +w_) and, in view of (2.2)
and (2.3), w(g) € SN V.

Thus, under conditions of the theorem, a weight w € (SGt\ PS1)NV
can always be represented as a convex combination of two other weights from
SG1 NV and therefore is not an extreme point. O

Remark 2.5. If the condition (gy) is not fulfilled then an extreme point of SG1
does not necessarily belong to P%!. The simplest example is G; = {g1, g2} ,
GQ = {gg,gg}, Gg = {gg,gl} and G = {Gl, Gg, Gg} . In this case SG
consists of one weight which takes the value % at each vertex.

Remark 2.6. The sets S and Pt may well be very poor or even empty.
However, even in this situation Theorem 2.4 may be useful. In particular, by
the Krein—-Milman theorem, under conditions of Theorem 2.4 we have

SE(Wo = convPE (YW
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Therefore S W, = 0 whenever PSt W, = 0.

Remark 2.7. If the conditions (g;) and (gz) are fulfilled and V is a normal
linear subspace of YW then every extreme point w € ex (S¢1 (V) = PS¢ NV
is T(V,V')-exposed. Indeed, if w'(g) > 0 whenever w(g) =1, w'(g9) <0
whenever w(g) = 0 and w' € V' then we have (w,w’) > (w,w’) for all
weS“NV.

2.3. Topologies on the space of stochastic weights. The aim of this
subsection is to describe locally convex topologies ¥ on a linear subspace
V D PC such that the T-closure of convPE! coincides with SET V.
By Fatou’s lemma we always have conv P? C S? (as ¥ is finer than %;).
Tychonoff’s theorem and Fatou’s lemma also imply that the set S? is To-
compact. Therefore, in view of Theorem 2.4 and the Krein—Milman theorem,
under the conditions (g;) and (g;) we have S? = conv P?, where the clo-
sure is taken in the topology of element-wise convergence ¥,. However, if
G, contains an infinite set G then the set S' is not Ty-closed and, by
Theorem 1.2, is not T-compact whenever the functional w — > ., w(g)
is T-continuous. In this case (ii) does not directly follow from (i) and the
Krein—Milman theorem.

Definition 2.8. Denote by Vp and Vs the normal covers of the subspaces
spanned by P? and S? respectively. If w € Vs, let w(r) be the restriction
of w to Gy and pp(W) = |[way || .

Lemma 2.9. Let us enumerate the sets Gy in an arbitrary way and define
Fo:=U;_,Gk. If D" is a T(Vp,Vp)-compact subset of V), then

(2.4) sup Z lw(g)w'(g)] — 0, n— oo,
weP? w/'eD! 9EG\Fy

whenever G satisfies (g1) and

(2.5) sup > |w(g)w'(g)l = 0, n— oo,
weSh w'eD! 9EG\Fn

whenever G satisfies (g1) and (g2).

Proof. If the conditions (g;) and (g,) are fulfilled then S coincides with the
To-closure of convP?. Therefore, in view of Fatou’s lemma, it is sufficient
to prove only the first statement.

If (2.4) is not true then there exists § > 0 and two sequences of weights
{w,} € P and {w'} C D’ such that > gecvr, [Wnlg) Wi (g)| =6 > 0 for
alln =1,2,... Let n, be the minimal positive integer satisfying the estimate
> gern k[ Wal9) Wi, (9)] = 6/2 and wj, € Wy () PP be the weight which takes
the same values as w, on F,,, \ F, and vanishes outside F,, \ F,. In view
of (g1), there exists a positive integer n* > n, such that w;|, = 0 for all
k > n*. Let us take an arbitrary n; and define n;y1 := nj, where j =1,2,. ..
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Then for each g € G' the sum w*(g) := . w}, (g) is equal either to 0 or to

nj

1 and deGk w*(g) <1, Vk =1,2,... Therefore the corresponding weight
w* belongs to P?. On the other hand, n; — oo and

Yo wW@w, 9l = Y w9 w, (9)] = §/2,

gan’f\F’ﬂj gan’f\F’ﬂj
J J
which contradicts to Theorem 1.2. O

We do not assume in Lemma 2.9 that D’ C Vs. Therefore, for each fixed
n, the supremum in (2.5) may well be +oo. However, under conditions (g;)
and (gz), it eventually becomes finite and converges to zero as n — co.

Lemma 2.10. If the condition (g1) is fulfilled and D' is a T, (V§,Vs)-
bounded T, (Vp,Vp)-compact subset of Vs then the weights w' € D' are
uniformly bounded.

Proof. Let F,, be defined as in Lemma 2.9. If the restrictions of weights
w' € D' to F, are not uniformly bounded then, for some k& < n, their
restrictions to G} form an unbounded subset of [*. This implies that the
set D' is not Ty (Vs, Vs)-bounded.

Assume that there exist sequences {g;}j=12, .
such that w’(g;) — oo as j — oo and {g;} ¢ F, for any finite n. Since
(g1) holds true, every vertex g belongs only to finitely many sets G and
we can find a subsequence {gj,};—12,.. with at most one entry at each set
Gr. If w(g;,) =1 and w(g) = 0 whenever g & {g;,} then w € P? and
> i Iw(gj,) Wi (g;)] = oo. Therefore, by Theorem 1.2, the set D' is not
Tw(Vp, Vp)-compact. O

Corollary 2.11. If the conditions (g1) and (g2) are fulfilled then the strong
topology T,(Vs, Vs) is generated by the norm

< G and {W;-}j:LQ < D'

oo

(2.6) [wlls = suppi(w)

Proof. Since the norm (2.6) is lower Tp-semicontinuous, it is T, (Vs, V§)-
continuous (see Remark 1.5). The set

S" = {weVs:|wls <1}

is absorbing and, in view of (2.5) and Lemma 2.10, is T,,,(Vs, Vs)-bounded.
By Theorem 1.1, this set is %}, (Vs, Vs)-bounded, which implies that every
T (Vs, V§)-continuous seminorm is continuous in the norm topology. O

Corollary 2.12. Let ¥ be the locally convex topology on Vs generated by
the seminorms py, k = 1,2,... If the conditions (g1) and (g2) are fulfilled
then the Mackey topology Tm(Vs,Vs) is finer than T and coincides with ¥
on every %,(Vs, Vs)-bounded subset of Vs .
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Proof. The seminorms pj are lower Tp-semicontinuous and satisfy (1.3).
Therefore, by Remark 1.5, ,,,(Vs, V%) is finer than . On the other hand,
if Q is a bounded subset of Vs then, in view of (2.5) and Lemma 2.10, for
every Mackey seminorm p on Vs, every x € 2 and every € > 0 there exist
a positive integer m and ¢ > 0 such that

{yeQipx—y)<o,Vk=1,2,....0m} C {yeQ:px—-y)<e}.

This implies that every %,,(Vs, V§)-neighbourhood of x in 2 contains a
%-neighbourhood. 0

Remark 2.13. If the conditions (g;), (g2) are fulfilled and G does not coincide
with the union of a finite collection of the sets Gy then the topology %
generated by the seminorms py, is strictly coarser than %,,(Vs, V%) . Indeed,
in this case there exists a sequence of weights w,, € Vp such that pg(w,) =0
for all k¥ < n and p,(w,) — oo as n — oo. This sequences converges
to the zero weight in the topology T but is not %,(Vs, Vs)-bounded and,
consequently, is not T,,(Vs, Vs) -convergent.

In the rest of this section we shall be assuming that

(g3) one can enumerate the sets G; in such a way that either G = F), or
Gni1 ¢ F, for all sufficiently large n, where F,, := ngn Gy, .

Every finite collection G = {G1,Go,...,G,} satisfies (g3). More generally,
the condition (gs) is fulfilled whenever the number of finite sets Gy is finite
and the intersections of every two sets G;, G\ € G is finite. In particular,
(g3) is fulfilled for finite and infinite matrices (see Example 2.3).

Lemma 2.14. Let the conditions (g1) and (gs) be fulfilled, Gy be enumerated
as in (83), Fn = U<, Gk and Gi, be the collection of all sets G € Gy
with k < n. Then there ewists a positive integer ng such that for every
n > no and every weight w € PP satisfying

(2.7) d wlg)=1, VGr€Gi,,

geGy,

one can find a weight W € PGt whose restriction to F,, coincides with Wl

Proof. If for some positive integer n; there are no weights w € P? satisfying
(2.7) with n = n; then the lemma automatically holds true for ng = n; .
Therefore we can assume without loss of generality that for each n =1,2, ...
there exists a weight w,, € P? satisfying (2.7).

If G = F, for all n > ny then, in view of (g1), > ;> cq, Walg) <
2ny . This estimate and (2.7) imply that the set Gy, contains at most 2n,
elements for each n = 1,2,.... Therefore there exists a positive integer ng
such that Gy, = Gi,, for all n > ng. In this case the inclusion w € Pl
and (2.7) with n > ng imply that w € PGt .

If Goy1 ¢ F, for all n > n; then we take ny = n;. Given n > ng
and a weight w € P? satisfying (2.7), we choose arbitrary vertices g,,; €
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Gn+j \ Frtyjo1 and define w as follows: W(g) := w(g) whenever g € F,,,
W(gntj) =1 forall j =1,2,... and w(g) := 0 otherwise. Then w =W on
F, and w € PG because >gec, W(g)=1forall k>n. O

Theorem 2.15. Let the conditions (g1)—(gs) be fulfilled and V be a normal
subspace of W such that Vp CV C Vs. Then

(2.8) SV = conw P, VG, CG,
where the closure is taken in the Mackey topology T, (V, V') .

Proof. Since V C Vs, the functionals w — >° _, w(g) are T,(V,V')-
continuous and, consequently, conv PGt C SG1 V. If w ¢ conv PE! then,
by the separation theorem (see, for example, [K], Section 20.7), there exist
w’ € V' and € > 0 such that (w,w’) — (W, w’) > ¢ for all W € convPS!.
Therefore, in order to prove (2.8), it is sufficient to show that for each fixed
w eSS NV, w €V and € > 0 one can find W € convPS! such that
(w,w') — (W, w') <e.

Assume that the intersection Gy [ G;[)Gw contains more than one vertex
so that Gy (N Gi1NGw = {91,92,...}. Since > |w(g;) w'(g;)| < oo and
>.;w(g;) <1, we have w'(g;) > >_;w(g;) w'(g;) for some positive integer
i. If w*(g) :=w(g) whenever g & G,.(Gi[1Gw, W*(g;) :== >_; w(g;) and
w*(g) := 0 whenever g € Gx(G;[\Gw but g # g; then w* € SST NV
and (w*, w’) > (w,w’). Therefore we can assume without loss of generality
that Gy, satisfies the condition (c;) of Proposition 2.2.

Let us enumerate the sets G, and define F,, and ng as in Lemma 2.14.
Let n >ng and Gx(Gw = {97, 5,...}, where k =1,2,...,n. By (g1), for
every gf there exists at most one positive integer [ # k such that gf €qG.
Denote

R deG’lﬂFn w(g), if g;-“ € G for some [ > n.

In view of (g1) and (c1), we have } . vn(gy) < n. Therefore v,(gf) — 0 as
j — oo whenever the set Gi[|Gyw is infinite. If Gy )Gy is finite, denote
by jir the number of elements of Gy (\Gw. If Gi()Gw is infinite, denote
by jr the minimal positive integer such that

(2.9) vn(gfk) + Z w(g;.“) <1 and gj’? g, \Gp, Yj> 7k
J>Jk
(since v,(gf) — 0, > w(gy) <1 and G, satisfies (c1), such a minimal
integer exists).
Let w,(g) := 0 whenever g ¢ F,, and w,(g) := w(g) for all g € F,.
Then (w —w,, w') = 0 as n — oo because the series > _, w(g) w'(g) is
absolutely convergent. Let m > max{ji, jo,...,Jn}s Wnm(g) := 0 whenever
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w,(g) =0 and
0 if j > m,
Wom(9)) = QW(gh) + Y0 Wigh) if j =k <m,
w(g) if j <mand j # ji.

Then (W,, — Wy, W) — 0 as m — oo for each fixed n because the series
> w(g}) w'(gF) are absolutely convergent and Zj>mw(gf) —0.

The weight w,, ,,, vanishes outside a finite subset of G and, in view of
(2.9), belongs to S? and satisfies the condition (2.7). Applying Theorem
2.4 to the family of sets {G1(\Gw,»--->Gn()Gw,.,} and then the Krein—
Milman theorem, we see that w,,,, can be represented as a finite convex

combination ), a; Wﬁf)m of some weights Wq(f)m € P?. Obviously, each

weight wi), also satisfies (2.7). By Lemma 2.14, we can find Wi, € P&
such that v~vq(f)m = vNVS)m on the set F,. If Wy, = > v?fq(f)m then
Wom € convPS1l and, in view of (2.4), we have (W, — Wpm, W) < /3
for all m > max{ji,j2,...,Jn} provided that n is sufficiently large. There-
fore, choosing a sufficiently large n > ny and then a sufficiently large m >
max{ji, jo,- .-, Jn}, we can make the right hand side of the identity

<W7 W/> - <Wn,ma W/> = <W — Wy, W/> + <Wn - Wn,ma Wl> + <Wn,m - Wn,nﬂ Wl)
smaller than ¢. O

Remark 2.16. Theorem 2.15 implies that PGt # () whenever SGt # () and
G satisfies (g1)—(g3). If Gny1 ¢ Up—, G; forall n=1,2,... then, using the
same procedure as in the proof of Lemma 2.14, one can show that PE #£ ().

Remark 2.17. If V is a proper normal subspace of V; then V] is a proper
subspace of V' and the Mackey topology ¥.,(V,V’) is strictly finer than
Tm(V1,V)) . Therefore choosing a smaller space V in Theorem 2.15 we obtain
a stronger result which is valid for a narrower class of Gy-stochastic weights.

Remark 2.18. Taking V = Vs in Theorem 2.15 and applying Corollary 2.12,
we obtain S¢! = conv PE! | where the closure is taken in the topology gen-
erated by the seminorms py. This topology is metrizable. Therefore, under
conditions (g;)—(gs3), for every w € SE there exists a sequence of weights
w, € conv Pt such that py(w —w,) =0 as n — oo forall k=1,2,...

The following simple example shows that, generally speaking, conv P? does
not contain S¢ (V' if we take the closure in the strong topology %,(V, V).

Example 2.19. Let G be an infinite collection of mutually disjoint sets
G such that G contains k£ elements. Then the weight w which takes
the values k7! on G}, belongs to S¢. On the other hand, for every weight
w € conv P? there exists a positive integer n such that the number of nonzero
entries in W|, does not exceed n for every k. Therefore [[w — w[s =1

for all W € convP?, where || -||s is defined by (2.6).
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The strong closure of the convex hull of the set of permutation matrices is
also strictly smaller then the set of doubly stochastic matrices [Is].

3. OPERATORS GENERATED BY STOCHASTIC MATRICES

3.1. Notation and definitions. In the rest of the paper (with the exception
of the proof of Theorem 3.15) we shall be assuming that W is the space of real
matrices W = {w;;}; =12, . and the sets G}, are the rows and columns (see
Example 2.3). Recall that in this case G satisfies the conditions (g1)—(g3),
SG and S” are the sets of doubly stochastic and sub-stochastic matrices
respectively, PE is the set of permutation matrices and P? is the set of
sub-stochastic matrices whose entries are equal either to 0 or to 1. For the
sake of definiteness we shall consider only infinite matrices; the corresponding
results for finite matrices are much simpler and can be proved in a similar
manner.
Every matrix w € VW generates the linear operator

(31) R*>x — {Zwljxj,ngjxj,...} e R*
P j=1

with domain D(w) = {x € R® : 377 [w;r;| < oo, Vi=1,2,...}. We
shall denote this operator by the same letter w. Obviously, [* C D(w) for
all w e S” and D(w) = R* for all w € P?, but D(w) # R™ whenever w
has a row with infinitely many nonzero entries.

Lemma 3.1. If X CI* is a symmetric perfect space and X # RGS then the
operator generated by a matric w € S maps X into X and is continuous
in the topologies Ty (X, X'), Tu(X, X') and T (X, X').

Proof. Since X # RS, by Remark 1.11 we have X’ C [*°. The inclusions
X Cl*®, X' C[I* and (2.5) imply that X’ ® x € V5 for all x € X
and x’ € X', which means that w maps the perfect space X into itself.
Similarly, the transposed operator w’ maps the perfect space X' into itself.
Therefore [(wx,x')| = [(x,w'x')| is a T (X, X’)-continuous seminorm on
X for each x' € X’ and is a T (X', X)-continuous seminorm on X’ for
each x € X. This implies that w is T, (X, X’)-continuous and w” is
Tw(X’, X)-continuous. Since the continuous operator w’ maps compact
sets into compact sets and bounded sets into bounded sets, the operator w
is Ty (X, X')-continuous and T, (X, X’)-continuous. O

Remark 3.2. Let X C [* be a symmetric space, X ¢ RgS and {x' ® x}
be the set which contains one element x’ ® x, where x € X and x’ € X'.
Applying (2.4) to D' = {x' @ x}, we see that the set P? is T, (X, X’)-
bounded. Therefore Theorem 1.1 implies the first statement of Corollary 1.7.
If € isa Tu(X', X)-compact subset of X’ then, by Theorem 1.2, the set
D= Upealx ®x} is Ty(Vp, Vp)-compact. Therefore Theorem 1.2 and
(2.4) imply the second statement of Corollary 1.7.
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Definition 3.3. Let G, be the set of all rows, 8" := S& and US" be the
set of matrices w = {wy;}ij—12.. € 8" such that w;; = |(u;, e;)u|*, where
{e1,e9,...} is a complete orthonormal subset of a separable complex Hilbert
space H, {uy,us,...} is an orthonormal subset of the same Hilbert space
H and (-,-)y is the inner product in H .

If the set {uy,us,...} is also complete then the inner products (u;,e;)n
coincide with entries of a unitary matrix. In this case the corresponding
matrix w € US" is doubly stochastic and is said to be unistochastic. In the
finite dimensional case every matrix w € US" is unistochastic.

Definition 3.4. If x = {xy,25,...} € R¥ let

(3.2)  Ri(x) := sup Z z;, and R, (x) := inf Z T,
(€510 eim } o1 {5y seeesjm } =1
where m = 1,2, ... and the supremum and infimum are taken over all subsets

of x containing m elements. Denote by )y the set of all sequences y =
{y1,v2, ...} € R*® such that

(3.3) R,(x) < ) 4 < Rh(x)
n=1
for each m = 1,2,...,p and each collection of m distinct positive integers

1,...,%, . Finally, let Xg_ be the subspace of R* spanned by Q.

By Remark 1.11, X, is the minimal symmetric perfect space containing
x whenever x € R3S and X, =[' whenever x € ['\ {0}.

Definition 3.5. If x = {z1,29,...} € R®, let
Vi be the linear space of matrices w such that x € D(w);
PS1 SS1 and USL be the sets of all sequences y € R*® such that
y = wx for some w € PG w € SS NV, and w € US" N Vx«
respectively and ST := SGr.

Obviously, the sets SE1 | PS1 Q. do not depend on the order of entries
in the sequence x. We have S¢ c S7 ¢ S?, PG = Pr c US, C S, and
P& = P, for all x € R® (see Definition 1.6).

Lemma 3.6. Let x := {x1,29,...} € R®, {e1,eq,...} be a complete or-
thonormal subset of a separable complex Hilbert space H and A be the self-
adjoint operator in H such that Ae; = xje;. Then y € USy if and only if
there exists an orthonormal set {w;} C D(|A|Y?) such that y; := (Aui, w;)p -

Proof. A sequence y belongs to USL if and only if y; = Zj |(uiy ;) |y,
where {u;} is an orthonormal set such that Y. [(u;, €;)m|?|z;] < 0o for each

i =1,2,... These estimates are equivalent to the inclusion {u;} C D(]A[*/2).
Since u; = Y (ui, €j)mej, we have y; = > |(ui, ) m|*x; = (Aui, u;) . O
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3.2. The sets P, US,, S, and (Jx. The main result of this subsection is
Theorem 3.10 which clarifies the relation between these sets. Given a sequence
x and a set A C R, we shall denote by x[)A the sequence obtained from
x by removing all its entries lying outside A .

Lemma 3.7. Assume that the sequence x € R* has one accumulation point
ANeR, yeQy and y(=o00,\) =0. Then y € USL provided that

(a) either x ([, +00) is infinite and §{i:y; = A} < #{j : z; = A}

(b) or xM[A,+00) s finite and 3 (x; — A)y — >, (yi — A)+ =€ > 0.
Proof. Let A be defined as in Lemma 3.6. In order to prove the inclusion
y € US?, we have to find an orthonormal set {u,u,,...} C D(|A]|'/?) such
that y; := (Auy, us) g -

Assume first that (a) holds true. Then there are two entries xj,, s, €
x [\, +00) such that y; € [z}, 2] and x((z),, 2x,) = 0. If vy, = ax;, +
(1 — @)z, and u; = a'2e;, + (1 — a)?e;, then |lui||ly = 1 and y; =
(Auy,u1)g . Let x(V be the sequence obtained from x by replacing the two
entries x;, and xj, with one entry z;, + x5, —y; and y() be the sequence
obtained from y by removing the entry y; . The entries of x") coincide with
the eigenvalues of the self-adjoint operator A, := I, Al in the Hilbert space
H, := 11, H, where II; is the orthogonal projection onto the annihilator of
Uy .

If y1 = X\ then at least one of the entries zj,,x;, coincides with A, which
implies that x) and y® are obtained from x and y by removing one
entry \. Therefore the sequences x) and y() satisfy the condition (a).
We also have y") € Q.u). Indeed, if the number of entries in x lying
in the interval (xy,,+00) is equal to p then R} (xW) = R (x) whenever
m<p.If m>pthen Ri(xW)= Rl (x)—y, > > 1"y, for each subset
{s- -y <y

Applying the same procedure to xO~V, y=1 and A,_, with i =2,3,...,
we can find z;, 7, € x"V w; € H and x such that y; € [x;,, 2],
X(i_l)ﬂ(xji,xki) = Q), Hi_lui = 07 ||Uz||H = 1, Y, = (Ai_lui,ui)H and
RE(y®) < RE(x™). The entries of xV coincide with the eigenvalues of
A; = TLA; | 11,7 » Where II; is the orthogonal projection onto the annihilator
H; of the set {uy,...,u;}. The set {uy,us,...}, obtained by induction in i,
is orthonormal and every its element w; is a finite linear combination of the
eigenvectors ej, e, ... The latter implies that u; € D(A) € D(JA|Y?) and
Y = (Ai,lui,ui)H = (Aul,ul)H for all 7 = 1, 2,3, .

If (b) holds true then A is an accumulation point of x[)(—o00, A). Without
loss of generality we may assume that the sequence x()(—o0,\) converges
to A and that > (A —x;); <e/2 (this can always be achieved by removing

a collection of entries from x ). Let us denote x( :=x, y(© :=y and apply
the same procedure as above with xz;,,z;, defined as follows:

Ty, is the smallest entry of x®~V lying in the interval [y;, +00),
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xz;, is either the largest entry of x~Y lying in (A, y;) or, if such an
entry does not exists, x;, is an arbitrary entry of x()(—oo, \).

The inequality Y (A — ;)4 < /2 implies that R} (y™) < R} (x") —¢/2
for all i,m =1,2,.... Therefore, by induction in 7, we can find the required
representation for all entries y; . 0

Lemma 3.8. Assume that the sequence x € R* has two accumulation points
AMpeR and X< p. Ify=yNhul, iy = <8{j:a; <A} and
ity =py <#{j:z; > p} then y € US}.

Proof. Under the conditions of the lemma, there exists a set of distinct posi-
tive integers {Jj1,J2,..., k1, ko, ...} such that y; € [z;,, 3] forall i =1,2,...
If vy = a;xj, + (1 — o)z, and A is defined as in Lemma 3.6 then y; =
(Aug,ug) g , where u; := o %e;, + (1 — a;) 2y, . O
Definition 3.9. If x = {x;,29,...} € R®, let 27 = liminf, . x; € R,
rt = limsup, , x; € R and X be the sequence obtained from x by adding
infinitely many entries x~ whenever £~ > —oo and infinitely many entries
™t whenever 21 < +o0.

Theorem 3.10. For every x = {x1,2s,...} € R® we have
(3.4) US, = S, C OQx=Qx = US;.

Proof. The equality QQx = Q3 immediately follows from the definition of () .
If y € S}, then for every collection of m distinct positive integers iy, ..., %,
we have > " v, = > ;a;7;, where a; € [0,1] and Y ;a; = m. This
implies (3.3). Therefore S} C Q.

It remains to prove that y € US; provided that either y € S, or x =%
and y € Qx. We are going to show that there exist countable families of
disjoint subsequences x,, C x and y,, Cy such that |J, x, =x, U,y =¥
and y, € US} . Obviously, this implies that y € US}. Given a sequence
z, in the rest of the proof we shall denote z* := z(\(z",+o0), z= =
z(\(—o0,27), zy :=2z()[z",+00) and z_ :=z()(—o0,z7].

Assume first that x = x. Then we can split x into the union of three
disjoint subsequences X;,Xs,x3 such that x; = x", x, = X~ , x3 does not
have any entries lying outside [z, 2%] and x5 has infinitely many entries z*
whenever z* is finite. If y; :=y,, y2:=y_ and yo:=y[)(z~,z") then,
by Lemmas 3.7 and 3.8, we have y, € (Qx, whenever y € ()x. Therefore
Qx C US;{.

Assume that y € Sy, . We have to consider the following possibilities:

(1,) y* # 0, x* is infinite and
(3.5) liminf (R (x") — RE(y")) = 0;

—

(21) y"#0, x* is finite and (3.5) holds true;
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(3y) yt #0, xt is infinite and
(3.6) RI(x")—Ri(y")>e>0, Vm=1,2,...;

(4,) x™ #( is finite and (3.6) holds true;
(54) y© =0 and x* is infinite;

(6) y = =0 and x" =10.
Note that (6’.) and the inclusion y € S imply

64) yt=0, x" =0 and f{i:y; =2} <t{j:z;=a"}.

We shall say that x and y satisfy (n_) if the corresponding condition (n. )
is fulfilled for —x and —y.

Assume first that (1) holds true. By Lemma 3.7, we have y™ € SUL, .
Let y:=y\y" and x:=x\ x" be the sequences obtained from y and x
by removing all the entries y; € y© and z; € x™ respectively. If y = wx
and w € S then, in view of (3.5), the entry w;; of the matrix w is equal
to zero whenever z; > x* and y; < 2" . Therefore y = wx, where w € §”
is the matrix obtained from w by crossing out all the ¢th rows correspond-
ing to y; € y*. If limsup;7; = ¥ < 27 and X,y satisfy (1;) then,
in a similar manner, we remove the subsequences x := x("\(z*, +00) and
vy =y (Z",+00). After sufficiently (possibly, infinitely) many iterations
we either obtain two required families of disjoint subsequences x,, and y, or
end up with two remaining sequences satisfying one of the conditions (2, )-
(64). If (1_) holds true then we can apply the same procedure to the se-
quences —x and —y. Therefore it is sufficient to consider the sequences x
and y such that y € SL and one of the conditions (24)—(6.) is fulfilled.

Assume that (24) is fulfilled and y = wx, where w € S§". If x has
finitely many entries %, we define x, := x, . The condition (3.5) imply
that the entry w;; of the matrix w is equal to zero whenever z; < 2™ and
y; > xt . Therefore the number of entries in y, does not exceed the number
of entries in x, and y, = w,x, for some finite matrix w, € §". In the
same way as in the proof of Lemma 3.7 one can show that y, € S} . If
x has infinitely many entries 2™ then we represent x as the union of two
disjoint subsequences X and x, such that x, =x%, x((z1,4+00) =0 and
X contains infinitely many entries . By Lemma 3.7, we have y, € USy .

In both cases the sequences x \ x, and y \ y; satisfy (6;). If (2_) holds
true then, in a similar way, we can remove all the entries lying below z~
Therefore it is sufficient to prove the inclusion y € US] assuming that x
and y satisfy (3.3) and one of the conditions (34)—(64).

If (3) is fulfilled then we choose a subsequence x* of the sequence x*
in such a way that the remaining sequence x* \ x* contains infinitely many
entries and R} (y*) < R} (x*) for all m = 1,2,... By Lemma 3.7, y, €
USy, If we remove all entries z; € x* and y; € y* then the remaining
sequences x \ x* and y \ y* satisfy (5;). Similarly, if (3_) holds true then,
after applying this procedure to —x and —y, we arrive at (5_). Therefore
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we can assume without loss of generality that x and y satisfy (3.3) and one
of the conditions (44 )-(64).

Let (44) be fulfilled. If y; = 0 then we simply remove all the entries
xj > 2z and arrive at (6, ). Otherwise we choose a subsequence x, of the
sequence X in such a way that x, C x, and 2% is an accumulation point
of both sequences x, and x \ x,. Lemma 3.7 implies that y,. € U Sk, -
Removing the subsequences y*, x, and all remaining entries x; > zt, we
arrive at (64). If (4_) is fulfilled then, in a similar manner, we can remove
the entries x; € (—oo,27) and the entries y; € (—oo, 27| so that (6_) holds
true.

Finally, under conditions (5+) or (64) the inclusion y € USL follows from
Lemma 3.8. UJ

Theorem 3.10 implies, in particular, that the set US], is convex. Note that
the set of matrices US" is not convex even in the finite dimensional case (see
Example 4.3). Since the set Qx is Tp-closed, Theorem 3.10 also implies that

(3.7) conv PI C ST C Q, Vx € R™,
where the closure is taken in any topology which is finer than % .

Corollary 3.11. Let T be an arbitrary topology on X, , which is finer than
Ty and coarser than the Mackey topology Tm(Xq,, Xp, ). Then

(3.8) conv P = ST = Q, Vx € R,

where conv P! and ST are the sequential T-closures of the sets conv P! and
Sy respectively.

Proof. In view of (3.7), it is sufficient to prove (3.8) for T = T,,(Xq,, Xg, ) -
In the rest of the prove Q denotes the sequential T,,(Xq,, X, )-closure of
the set 2 € Xg, and conv (2 is the sequential T,,(Xgq,, Xg, )-closure of its
convex hull.

Let Vsx := Vs[)Vx, where Vs is the subspace introduced in Definition
2.8. By Lemma 3.1, we have wx € X; for all w € Vsx and, conse-
quently, X' ®@ x € Vs for all X' € Xj . If x ¢ [ then Xg, = R* and
T (Xqy, XG,) = %o is a metrizable topology. If x € I°° then Vs, = Vs.
Therefore Theorem 2.15 and Remark 2.18 imply that ST C conv P, = ST

Note that

(*) for each & > 0 there exists x. € P, such that x — x. € [’ and
”)A( - Xs”l1 <E.

Indeed, if % < 400 then we can always find a subsequence {z;, }x=12, . of x
such that the I'-norm of the sequence {z* — =, }x—12 . is smaller than £/6.
Similarly, if 2= > —oo then there exists a subsequence {z;, },—12.. such
that i, # j, for all k,n and the {'-norm of the sequence {x~ —z;, }p—12 . I8
smaller than /6. The required sequence x. is obtained from x by replacing
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the entries % and z~ with z;, , and z;,, , and changing the entries z;,
and z;, of the sequence X to xj, and z;, respectively.

In view of Remark 1.12, (*) implies that conv P, C conv P, . Since Qx
is sequentially closed, applying Theorem 3.10 and taking into account the
identity conv P. = ST, we obtain Qy = S} = conv P} C conv P! = St C

X )

@x - O

Remark 3.12. If x’ € X’ contains a subsequence which converges to zero and
X € P then one can find x, € Px such that (X —x,,x') =0 as n — c0.
This observation and the separation theorem immediately imply that, under
the conditions of Corollary 3.11,
(1) conv Px = Qx whenever x & ',
(2) conv Py =QL ={y€Qx:1+Y2+ ... =21+ 23+ ...} whenever
x € I and T is the [*-topology (indeed, if x’ € [ separates Py and
x* € Q% and ¢ is an accumulation point of the sequence x’ then, by
the above, X' := {2 — ¢, a, — ,...} separates P, and x*, which
contradicts to Corollary 3.11).
The latter result is well known (see, for example, [Mal], Theorem 4.2), the
former was proved in [Mal] for the topology ¥ generated by a symmetric
norm which satisfies (1.3).

Remark 3.13. By Corollary 3.11, (3.8) holds true in the Mackey topology
Tm((,1') whenever x € [*. If, in addition, x; — ¢ # 0 as j — oo then,
applying Corollary 3.11 to the sequence X := {x; — ¢,x9 —¢,...}, one can
show that (3.8) remains valid with respect to a stronger topology.

3.3. Extreme points. Theorem 2.4 suggests that ex S C PS1. In the
next theorem we prove this inclusion only under some additional conditions.

Definition 3.14. Denote Sf(lm) = {y™ € R™ . y € S&1}, Pf(lm) =
ym™ e R™ .y e PS1} o7 =SS and P, := PS . where y(™
x x,(m) x,(m) x,(m) x,(m)

is defined as in (1.1).
Clearly, 57t =S¢ and Pgl ) = P
Theorem 3.15. Let x = {z1,29,...} € R® and Gy be a set of rows and
columns. Assume that at least one of the following conditions is fulfilled:
(1) m < oo,

(2) m =o0 and either Gy C G, or Gy contains all columns,
(3) m =00 and x; # x), whenever j # k.

Then ex Sf'(lm) C Pf(%) . If (3) holds true and x does not contain zero entries
then wx ¢ ex Sg' whenever w € (S \ PG ) N Vx.

Proof. Let w € SE* NV, and (wx)™ € ex Sf'(lm). The proof consists of
two parts. In the first part we shall construct a special matrix w € SG (N Vy
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such that (wx)(™ = (wx)™ . Then we shall show that (Wx)™ = (wyx)™)
with some wy € PS1 and that w = W € PGt whenever (3) holds true and
x does not have zero entries.

Let A be the countable set of all distinct values taken by the entries of x ,
Jx = {Jj1,J2,...} be the ordered set of all indices j; < j, < ... such that
Tj, = A and vy =D oy Wiy -

If (3) is fulfilled then we take W := w. Otherwise, given m < +oo and

an ordered set Jy = {j1,J2,...}, we define
(1) u?Y;-?)‘) =, and wﬁ’:” =0 for all k > 1;
(2)if 1 <i<m and j € J, is the maximal positive integer such that
w(i,l)jl >0, then
~(m;A) |

w;;, =0 forall k<l and k>1+1,
@Y = min{ vy, 1 - Y0 @l ) and
ﬁ}(m’)‘) = Uy — w(m,A)

Yitr b i

(;-n) (;-n;)‘) for
g ik
all j = ji € Jy. Obviously, we have w(™ € V, and w™x = (wx)™ . For
each A € A the matrix W™ has at most two nonzero entries lying at the
intersections of a given ¢th row and the J,-columns. The minimal column-
number of such a nonzero entry in the (i + 1)th row is not smaller than the
maximal column-number of a nonzero entry in the ¢th row; in other words,
the set of nonzero entries lying in the J,-columns is ladder-shaped.

If (2) is fulfilled then we take W := W™ . The matrix w(™ has the same

row-sums as w and its column-sums w; ==Y ", ﬁ)z(;n)

1. If all column-sums of w are equal to 1 then each column-sum of W
also equal to 1. Therefore w € SG1 .

If (1) is fulfilled, let us consider the ordered set J = {ji,Ja,...} of all
indices j; < j» < ... such that u; < 1. Note that every set J, contains
at most one element of J. Let W = {w;;} be the oo x oco-extension of the
m x oo-matrix w(™ defined as follows:

(1) w;; =0 forall j¢J and i > m;
(2) Wimt1)j, = L—uj, and Wiy, = min{l —u;, , 1— Zﬁ;i U~)(m+1)jn}
for all j, € J with k=2,3,..;
(3)if i > m+1 and j € J is the maximal positive integer such that
w(i—l)jl > 0 then
W;j, = 0 for all ji € J with k& </,
Wi, =1 —u;, — ID(l'*l)J'z and
Wij, = min{l —u;, , 1 — S ¥ 14, } forall j, € J with k> 1.
We have . 5 u; < m and, consequently, > . ; (1 —u;) = +oo. Therefore,
for each i > m, the set of nonzero entries in the ith row of the matrix w
is finite and non-empty. Since W™ € V), this implies that W € V,. All
column-sums of the matrix w are equal to 1. Its ith row-sum coincides with

Let w(™ be the m x co-matrix whose entries 1w coincide with w

are not greater than

m) s
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the ith row sum of w whenever i < m and is equal to 1 whenever ¢ > m.
Therefore w € S'. The set of nonzero entries w;; with 7 > m is also
ladder-shaped. More precisely, the jth column contains at most two such
nonzero entries (if it does then these entries lie in adjacent rows) and the
minimal column-number of a nonzero entry in the (i + 1)th row is not smaller
than the maximal column-number of a nonzero entry in the ith row.

Let G the subgraph of G, which contains all the vertices gi; (that is, the
intersections of ith rows and jth columns) such that @(g;;) = w;; € (0,1).
Denote Gy == {gi; € G:j €Iy} and G’ :={g; € G:i>m}.

Assume first that G contains an admissible cycle Givii = Giojr — Ginjo —

© = iy - Replacing Girnjr — Girrie 7 Ginsrinsa — = Girt1dk1 with
Girjr — Jirsiinn Whenever i, = ip,;, we obtain an admissible cycle girg, —
Girg, = Girgy, — * - — g,y which has at most two vertices in every row. By
our construction, the subggaphsf? » and G’ are ladder-shaped and, for every
A € A, the intersection G, ()G’ contains at most one element. Therefore
this admissible cycle has at least two vertices lying in the same ¢th row with
i < m but in distinct sets G. If w* are defined as in the part (2) of

£

the proof of Theorem 2.4 then w* € SS NV, w = 1 (wl + w_) and

(wix)™ £ (w>x)™ . Therefore (wx)™ ¢ ex SS(lm) .

Thus, the graph G does not have any admissible cycles. Let us take an
arbitrary vertex g¢;;, = go € G with i < m, define wZ as in the part
(3) of the proof of Theorem 2.4 and denote w* := 3 (w — w_). Then
wEe ST NV, w=3(wl+w,) and

wy;, = e Wy, w}; = Fewi, (1 — i) Wy, Vi # Jo.
Since (Wx)™ € ex SS(lm) , we have w*x = 0 which implies that w;,x;, =
Wijo (1 — W;j,) " Z#jo Wz and xj, = Z;; w;;x; . The integer jo can be
chosen in an arbitrary way. Therefore for each i < m we have either w;; =0
or j € Jy, , where \; := Z]oil w;jx; € A. The first row of W may contain
only one nonzero entry w;; with j € Jy, . If it does then z; = w;;z; and,
consequently, either w;; =1 or ; = A\ = 0. By induction in ¢, the same is
true for all ¢+ = 1,2,...,m; namely, each of the first m rows either contains
one entry 1 in a Jy,-column corresponding to some \; # 0 or has nonzero
entries only in the Jo-columns. If Jo = @, this implies that w € PG, If
Jo # 0 then, by Remark 2.16, there exists a matrix w, € PGt whose entries
at the intersections of the first m rows and the J,,-columns with \; # 0
coincide with the corresponding entries of W. Since (wx)™ = (Wx)™ =
(wox)™ this completes the proof. O

4. APPLICATIONS TO SPECTRAL THEORY

4.1. Notation and definitions. Let H be a separable complex Hilbert space
with the inner product (-,-)y and norm || - || . For the sake of definiteness,
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we shall be assuming that dim H = oo; the finite dimensional versions of our
results are either well known or can be proved in a similar manner.
Consider a linear operator A in H and denote by Q4[] its quadratic form
defined on the domain D(Q,) := D(|A['/?). We shall always be assuming
that the operator A is self-adjoint. Let o(A), 0.(A), and oes(A) be its
spectrum, continuous spectrum and essential spectrum respectively and let
op(A) = {A1, A2, ...} be the set of its eigenvalues. As usual, we enumerate

the eigenvalues \; taking into account their multiplicities. If A € R and
R A is a Borel set, we shall denote by Iy and A, the spectral projection
of A corresponding to R[] A and the restriction of A to the subspace 11y H
respectively.

Definition 4.1. Let 6% (A) and 6.(A) be the subsets of R such that

A € 0t,(A) if and only if dimIIj H = oo for all > A,

A € 04(A) if and only if dimIl(, yH = oo for all u < A,

€ess

and G (A) 1= 6 (A) U 5744(A)

ess €ess

Obviously, Oess(A) = R[N Gess(A), +00 € 0L (A) and —oo & 0. (A). We

ess ess

have £00 € Ge(A) if and only if +A is not bounded from above.

Definition 4.2. If m is a positive integer or m = oo, let

(1) o(m, A) be the set of vectors x = (z1,xa,...) € R™ such that z; €
o(A) for each j and the number of entries z; = A\ & 0ess(A) does not
exceed the multiplicity of the eigenvalue A;

(2) op(m, A) be the set of vectors x = (z1,29,...) € R™ such that
z; € 0,(A) for each j and the number of entries z; = A does not
exceed the multiplicity of the eigenvalue .

If u= {uj,us,...} is an orthonormal subset of D(Q)4) which contains m
elements uy , denote Qau] := {Qalu1], Qalus),...} € R™ and define

(3) X(m,A) == {y e R":y =Qua[u] for some u C D(Q4) }.
The sets o(m,A), o,(m,A) and ¥(m,A) will be called the m-spectrum,
point m-spectrum, and m-numerical range of A respectively.

The m-spectra and m-numerical range are symmetric with respect to per-
mutations of the coordinates x;. The oco-spectra and oo-numerical range are
subsets of R>, whose projections onto the subspace spanned by any m co-
ordinate vectors coincide with the m-spectra and m-numerical range. In
particular, o(1, A) = o(A), o,(1,A) = 0,(A) and X(1, A) is the numerical
range of the operator A. Since o(A) is a closed set, the m-spectrum o(m, A)
is closed in the topology of element-wise convergence and, consequently, in
any finer topology.

Definition 4.2 can be extended to an arbitrary linear operator A acting
in the separable Hilbert space H. In [BD], Section 36, the authors defined
a matrix m-numerical range as the set of all m x m-matrices of the form
ITAII, where II is an orthogonal projection of rank m < oco. Halmos defined
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an m-numerical range as the set of traces of such matrices (see [H|, Chapter
17). Our definition lies in between: we consider the sets of diagonal ele-
ments of the matrices IIAII instead of their traces. Yet another concept of
multidimensional numerical range, related to a given block representation of
the operator A, was introduced in [LMMT]. Halmos’ m-numerical range is
always convex (in the self-adjoint case this immediately follows from Corol-
lary 4.7). The m-numerical range ¥(m, A) is convex if A is self-adjoint. The
matrix m-numerical range considered in [BD] and the multidimensional nu-
merical range introduced in [LMMT] are not necessarily convex. The latter
depends on the choice of block representation and is not unitary invariant.

If A# A* then ¥(m, A) does not have to be convex, even if the operator
A is normal and dim H < oco. The following simple example was suggested
by A. Markus [Ma2].

Example 4.3. Let A = {a;;} be the diagonal 3 x 3-matrix with ay; = i,
azxp = 1 and azz = 0. Then {i,1,0} € 3(3,A) and {0,4,1} € 3(3,A).
However, the half-sum {%, % + %, %} does not belong to (3, A). In the same
way as in Lemma 3.6, one can show that »(3,4) =J, wz, where z is the
three dimensional complex vector {0,4,1} and the union is taken over all
unistochastic 3 x 3-matrices w. This implies that the set of unistochastic

matrices is not convex.

In [FW] the authors proved that conv o,(m, A) = conv ¥(m, A) whenever
A is a normal m X m-matrix. There are also some results on the so-called c-
numerical range of a finite matrix A, which is defined as the image of ¥(m, A)
under the map x — (x,¢) € C where ¢ is a fixed m-dimensional complex
vector (see [GR], [MMF], [MS]).

4.2. Extreme points of the multidimensional numerical range. We
shall need the following simple lemma.

Lemma 4.4. If 0(A) C [A_, \y] and Ay € Ges(A) then X(oo, A) coincides
with the set of all sequences z = {z1, z,...} such that z; € [A_,\y] for all
1 and the number of entries z; = Ay does not exceed the multiplicity of the
eigenvalue Ay (we assume that the multiplicity is zero whenever Ay is not
an eigenvalue).

Proof. The spectral theorem implies that every sequence z € ¥(o00, A) satis-
fies the above two conditions. On the other hand, if z; € [A_, A\;] then, using
the spectral theorem, one can easily find u; € D(A) such that |ju||y =1 and
21 = Qaluq]. Clearly, u; is an eigenvector whenever z; = A_ or z; = A, . If
I1; is the orthogonal projection onto the annihilator of u; and A; := IT; All;
then D(A;) = D(A) and A— A; is a finite rank operator. Since a finite rank
perturbation does not change the essential spectrum, by induction in ¢ we
can construct an orthonormal set u = {w;} C D(A) such that z; = Qalu]
forall i =1,2,... O
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Definition 4.5. We shall say that x = {x1,22,...} € 0(0c0, A) is a generat-
ing sequence of the self-adjoint operator A if

(1) either o.(A) =0, x C op(00, A) and x contains all the eigenvalues
Aj of A according to their multiplicities;

(2) or 0.(A) # 0 and x can be represented as the union of three disjoint
subsequences, one of which is defined as above and the other two lie
in the open interval (info.(A),supo.(A)) and converge to info.(A)
and supo.(A) respectively.

Theorem 4.6. If x is a generating sequence of A then X(m, A) = S;(m)

Proof. Since ¥(m, A) and 57, coincide with the projections of ¥(co, 4)
and S; onto the subspace spanned by the first m coordinate vectors, it is
sufficient to prove that (oo, A) = S;. If X is another generating sequence
then, by Lemma 3.8, x € S} . Therefore S} does not depend on the choice
of generating sequence x.

Let A7 :=info.(A4), AT :=supo.(A4), A:= (info.(A),supo.(A)), A; be
the eigenvalues of A lying outside A and {e;} be the orthonormal set of
eigenvectors corresponding to A; .

Assume first that y = Qa[u], where u C D(Q4) is an orthonormal set.
Let d; := ||ITaw;||g and {z;} C A be asequence with two accumulation points
Ai, such that QA[HAuz] = dzz(OéZ Z29i_1 + (]. — Oéz'> ZQZ‘) with some o; € [0, 1] .
Then

QA[uz] QA[HAuz] + QA[HR\AU/Z] - d Qi Zoj—1 + d 221 + Z wz] Y

where wi; := [(us, e;)u|* . Since 37, wij = [Mr\auillfy = 1—d7 and Z wi; <
le;]|3, < 1, this implies that y € S%L, where x is an arbitrary generating
sequence containing all the eigenvalues \; and the subsequence {z;}.
Assume now that y = {y1,9e,...} € SL for some generating sequence x.
By Lemma 4.4, there exists an orthonormal set {v,} C IIxH ((D(Q4) such
that =, = @ A[vn] for all z, € A. Let A be the self-adjoint operator in the
space H such that Ae] Aje; and Av, = z,v, for all z,, € A. In view of
Lemma 3.6 and Theorem 3.10, we have @ z[a] =y for some orthonormal set
u= {ﬂl,fbg, .. } C D(QA) If d; = ”HAlNLz“H and 21 = J;QQA[HAQZ] then
the sequence {Z;} satisfies conditions of Lemma 4.4. Therefore z; = Qa[uf]
for some orthonormal set {u}} C TI,H (\D(Q4). Since Agpn = Ag\s, the
orthonormal set u := {d;u; + Ip\a;} satisfies Qa[u] =y. O
Corollary 4.7. For each m = 1,2,...,00 the set ¥(m,A) is conver and
exX(m,A) C op(m, A). A sequence y € o,(m,A) belongs to exX(m,A) if
and only if there is a (possibly, degenerate) interval [, ut] C R such that
(1) oo(A) C [n™pt], 64(A) N[00, n7) =0, G (A) N (1", +o0] =0
(2) yN(u—,u") =0 and y contains all the eigenvalues \; & [p=, 1]
according to their multiplicities.
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Proof. Let x be a generating sequence. Theorems 3.15 and 4.6 imply that

the set X(m, A) = S (my 1S convex and ex Y(m,A) = ex Sy my € Py -

Let y € op,(m, A) and p* € R satisfy (1) and (2). Then yﬂ(— ]
either is empty or coincides with the union of disjoint nondecreasing subse-
quences y, such that supy, < infy,,; and supy, € y, whenever y, is
infinite (in the latter case A is bounded from below). Using this observation,
one can easily show by induction in n that the sequence y()(—oo, u~] can-
not be represented as a convex combination of two distinct sequences from
Sy - Similarly, y ([u", +00) is not a convex combination of two distinct
sequences from S;,(k) . Therefore every sequence y € o,(m, A) satisfying the
conditions of the corollary belongs to ex S;(m) .

Assume now that y € ex Sy ) and denote oy :={A € o(A): A gy} If

ess( ) 7é @ ess( ) 7& @ inf Uess<A) < sup Jess*.(A) and
vo = y[ )(inf 65,(A) sup b (A)) # 0

then y, coincides with a convex combination of two distinct sequences y=
whose entries lie in the open interval (infol (A),supd(A)). By Lemma

3.8, we have yF € Sy, (k) where k is the number of entries in y, and
x, = x[(inf 65,(4), sup O'eSS(A)). Therefore the sequence y € exSC
does not have entries which are greater than infsf (A) and smaller than
sup 6.(A) . In particular, y ((inf o.(A),supo.(A)) = 0. Since the number
of entries info.(A) and supo.(A) in the generating sequence x does not
exceed the multiplicity of the corresponding eigenvalue and y € P;’(m) , this
implies that y € o,(m, A).
Let

p~ =pt=inf ol (A) if o, =0 and 6,(A) =0;
:u - :u+ = sup Uess(A) if Oy = @ and O_ess( ) - @
p~ =pti=p if o, =0 and infol (A) > sup UESS(A), where 1 is
an arbltrary number from the closed interval [sup o (A),inf 61 (A)];

p~ =infoy, and p* :=supoy if oy # 0.

Obviously, in the first three cases (1) and (2) hold true. It remains to prove
that y (™, p*) =0, 65(A) (=00, p7) =0 and 65, (A) N(kF, +o0) =0
in the last case.

Let oy, # 0 and p* be defined as above. If o, contains two distinct
entries A and g and y has an entry y; € (A, u) then y coincides with
a convex combination of two distinct sequences obtained by replacing y;
with A and p respectively. Both these sequences belong to P;?(m) for some
generating sequence x. Therefore the inclusion y € ex S;,(m) implies that
y(ppt)=0.

If m < oo then 64(A)(—00, ™) =0 as the number of eigenvalues lying
below = is finite. Assume that m = co and that there exists \ € 6% (A)
such that A < p~. Let y* be a decreasing subsequence of y ((—oo, ™),

ess
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which converges to A\, and x* € P be the sequence obtained from y* by
adding an entry p € o,. By Lemma 3.7, the sequences y’% obtained from
y* by replacing an arbitrary entry y; € y* with y; —e > X and y; +¢ < p~
respectively belong to S.. Therefore y. € S}, where y, are the sequences
obtained from y by replacing the entry y; with y;£¢. Since y = 2(y_+y4),
this contradicts to the inclusion y € ex S}, .

In a similar way one can show that & (A)((u", +o0) = 0. O

ess

Remark 4.8. Let Ao(A) € R be the intersection of all intervals [, ut]
satisfying the condition (1) of Corollary 4.7. If the number of eigenvalues lying
outside A¢(A) is smaller then m then, by Corollary 4.7, the set ¥(m, A)
does not have any extreme points.

Definition 4.9. If x is a generating sequence of A, let Q(oc0, A) = Qx,
X4 = Xg, (see Definition 3.5), Q(m, A) be the projection of Q(co, A) on
the subspace of X4 spanned by the first m coordinate vectors and T(Am) be
the topology on Q(Am) induced by %, (Xa, X)) .

Obviously, the symmetric perfect space X4 and its subset Q(oo, A) do
not depend on the choice of generating sequence x. By Theorems 3.10 and
4.6, we have

(4.1) Sx € X(o0,4) € Q00,4
for each generating sequence x.

Lemma 4.10. For every x € o(o0o, A) and every sequence of strictly positive
numbers ey there exists y € X(oco, A) such that |yx — x| < e . For every
y € (00, A) there exists a sequence of vectors y, € convo(oco, A) which
converges to 'y in the Mackey topology Tn(Xa, X%) .

Proof. Let Ay := (vp — g, v +&1) . If 15 € 06s(A) then dim Py, H = co.
Since a finite dimensional perturbation does not change the essential spec-
trum, by induction in k£ one can find an orthonormal sequence {uy,us,...}
such that Awuy = zpu, whenever x; & 0ess(A) and u, € Py, H otherwise. If
Yr = Qalux] then y € X(oo, A) and [y — x| < e

The second statement of the lemma follows from Corollary 3.11 and the
second inclusion (4.1). O

Lemma 4.10 immediately implies that

(4.2) convo(m,A) =X(m,A) = Q(m,A), Ym=1,2,...,00,
where the bar denotes the sequential closure taken in any topology which
is finer than the topology of element-wise convergence %y and coarser than

‘ng) . Since ¥, is a metrizable topology, (4.2) remains valid if we take the
usual closure.
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Corollary 4.11. For each m = 1,2,...,00 the set Q(m,A) is conver and
ex@Q(m,A) C o(m,A). A sequence y € o(m,A) belongs to exQ(m,A) if
and only if there is a (possibly, degenerate) interval [, ut] C R such that
(1) Gess(A) C [, "],
(2) yN(p—,u™) =0 and y contains all the eigenvalues \; & [, 1]
according to their multiplicities.

Proof. Let x be a generating sequence, 7 = limsupx and 2z~ = liminfx.
In view of (3.4), (3.8) and (4.2), we have Q(m,A) = S% . Therefore the
corollary is obtained by applying Corollary 4.7 to the operator A@ A, & A_
acting in the orthogonal sum H @& H, & H_, where Ay is multiplication by

¥ in Hy, dim Hi = oo whenever |2%| < oo and Hy = ) otherwise. [

Remark 4.12. By Corollary 4.11, each sequence y € ex@Q(m, A) consists of
eigenvalues \; ¢ CONV 0s5(A) and, possibly, a collection of entries inf geg(A)
and sup oes(A). All these eigenvalues can be found with the use of the
Rayleigh-Ritz variational formula. The interval A.(A) defined in Remark
4.8 is a subset of Fess(A) and may be strictly smaller. Therefore a sequence
y € exX(00, A) may contain eigenvalues lying inside CONV 0eg(A) .

Example 4.13. Assume that the continuous spectrum of A is empty and
that the eigenvalues of A form a sequence x which has two accumulation
points A* such that AT > A_. Then convoes(A) = [A\7, A\*]. However, if
A7 or AT is not an accumulation point of the sequence x[[A7,AT] then
Ae(A) =0 and x is an extreme point of (oo, A).

Example 4.14. If 6.(A) = [—00,400] then ¥(oc0,A) = Q(o0, A) = R
and exX(00, A) = 0. If Fes(A) = {+00} then X(o0, A) = Q(c0, A) and the
extreme points of (0o, A) are the sequences formed by all the eigenvalues
A I Gess(A) = [, +00], p € 0, (A)NR and x is the sequence formed by
all the eigenvalues \; < p then every extreme point of (oo, A) is obtained
from x by adding an arbitrary collection of entries 1 and every extreme point
of ¥(oco, A) is obtained from x by adding a collection of entries p whose
number does not exceed the multiplicity of the eigenvalue p (we assume that
the multiplicity is zero if p is not an eigenvalue).

Remark 4.15. Let RS® be the set of all real sequences with entries in the
interval (—oo, A|. Theorem 4.6 implies that (oo, A) (RS = X(00, A(—s,x))
whenever rank Ay 1) = 0o. This observation allows one to extend Theorem
4.6 and Corollaries 4.7, 4.11 to the sets X(co, A) VR and o(oc0, A) (RS
Note that the linear space X 4,1 may well be smaller than X4 . In this case
one can refine Lemma 4.10 and related results by considering the operator
Ay — Al instead of A.

4.3. Variational formulae and exposed points. Recall that a function
1 : 0 — R defined on a convex set () is called quasi-concave if

(4.3) Plax+(1-a)y) = min{y(x),¢(y)},  VxyeQ, Vae(0,1),
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and strictly quasi-concave if the left hand side of (4.3) is strictly greater than
the right hand side. The function v is quasi-concave if and only if the sets
{x € X :4(x) > A} are convex for all A € R. The function ¢ is said to be
sequentially upper T-semicontinuous if these sets are sequentially closed in
the topology ¥ . The identity (4.2) and Corollary 4.7 immediately imply the
following two variational results.

Corollary 4.16. If ¢ is a quasi-concave sequentially upper ‘Iilm)-semiconti-
nuous function on Q(m,A) then

4.4 inf X) = inf X) .

( ) xEcr(m,A)dJ( ) xEE(m,A)¢( )

For each finite m the functions ¥(x) = z1 + z2--- + z,, and P(x) =
12Ty ..y = exp(lnzy + ... Inx,) defined on the set of positive sequences
are quasi-concave and ¥p-upper semicontinuous. Therefore the variational
formulae for the sum and product of the first m eigenvalues of a positive
self-adjoint operator are particular cases of (4.4).

Corollary 4.17. Let 1) be a real-valued function defined on X(m, A). If

(a) either ¢ is quasi-concave and P(y) < Y(y) for all y #y
(b) or v is strictly quasi-concave and Y(y) < ¥(y) for all y

then y € o,(m, A) .

Note that y is a T-exposed point of the set ¥(m, A) if and only if there
exists a linear T-continuous function v satisfying the condition (a).

Example 4.18. If m < oo then Q(m,A) is a closed convex polytope,
¥(m, A) is a convex dense subset of Q(m,A) and, by Corollaries 4.7 and
4.11, we have ex¥(m,A) C ex@(m, A). In this case the extreme points of
Y(m, A) and Q(m,A) are exposed in the standard Euclidean topology.

The sets ¥(oo, A) and (0o, A) may contain extreme points which are
not ¥, (Xa, X'))-exposed.

Example 4.19. If A is not bounded then X4 = R* and X/, = RJj. For
every y € R® and x' € RJ there exists y € P, such that y # y and
(y,x') = (y,x'). Therefore the sets (o0, A) and Q(o0, A) do not contain
T (Xa, Xy)-exposed points whenever A is unbounded.

If y€exX(oo,A) or y € exQ(oo,A), let [u~,u"] be the interval intro-
duced in Corollary 4.7 or 4.11 respectively, y) == y(\[u",+0), y) =
y (=00, 7] and A* be defined as follows:

Ay = limsupy(y) whenever y(,, isinfinite, A\J := infy(,) whenever
Y(+) is finite and nonempty, and A := p* whenever Yy =0;
Ay :=liminfy) whenever y ) isinfinite, Aj := supy() whenever
Y(-) is finite and nonempty, and A; 1= pu~ Whenever vy =0.

S
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If Ay < AJ, denote by Ay the interval with end points A; and AJ such
that )\;E € A, if and only if )\;E is an accumulation point of the sequence
obtained from y by removing all the entries y; € [A;, AJ]. If A\J = A7, let
Ay =), N )

Obviously, cess(A) C Ay and y contains all the eigenvalues lying outside
the closure Ay of the interval Ay . The entries of y lying below and above
A, form a nondecreasing sequence y(~) and a nonincreasing sequence y*+)
respectively (either of these sequences may be empty).

Theorem 4.20. If A belongs to the trace class then every extreme point
y €ex@Q(oo,A) ory € exX(o0,A) is Tn(Xa, Xy)-exposed. If A is bounded
but does not belong to the trace class then
y € ex@Q(00, A) is a Ty(Xa, Xy)-exposed point of Q(oo, A) if and
only if either y(\Ay =0 or Ay consists of one point;
y € exX(00,A) is a Tpn(Xa, X'y)-exposed point of ¥(oco, A) if and
only if either y(Ay = 0 or Ay is closed and the spectrum of the
truncation Ay, consists of one point.

Proof. Assume that y € Q(o0, A) or y € ex¥(00, A) and y € ¥(00, A) C
Q(00, A). Let y;, <yj, <... be the entries of y(7), yp, >y, > ... be the
entries of y™™) and 9,,,Yn,,... be the entries of y lying in Ay . Consider
an arbitrary sequence x’ € X/, such that

/ / / / I —
ry, <wy, <...<0, x, >x,>...>0 and 2, =x,,=...=0.

The identity (1.6) implies that »_;y; o7 > >, 9 @ and these two sums
coincide only if §;, = yj;, for all . Similarly, > yr, @), > >, 4, 7}, and the
sums coincide only if @, = yg, for all . If Ay satisfies the conditions of the
theorem, y;, = y;, for all ¢ and g, = yy, for all ¢ then, in view of Theorem
4.6, we have y =y . Therefore the sequence y is T,(Xa, X'y)-exposed.

If yel' and

/ / / / ro_ _
T, <Tp, << =2, wy, >r,>..>2, 1, =3, =...=1

ni na
then the same arguments show that (y,x’) > (y,x’) for all y € Q(o0,A).
This proves the first statement of the theorem.

Assume now that A does not belong to the trace class and that y is
FTm(Xa, X'))-exposed. Then there exists a sequence x’ € Xy C R such
that (y,x') > (y,x') whenever y € P, and y #y. If y; > y; but z} <z
then (y,x’) < (y,x’), where y € P, is the sequence obtained from y by
interchanging the entries y; and y;. Therefore

(ca) ;> 2} whenever y; > y;.

If A, = )\; then A, satisfies the conditions of the theorem. Assume that
Ay < )\; . Then )\3% are accumulation points of y and A is not closed if and
only if y contains infinitely many entries A\; or A; . The inclusion x' € R§®
and (cp) imply that z; =0 whenever y; € A, . If y has two distinct entries
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in Ay then (y,x') = (y,x), where y # y is the sequence obtained by
interchanging these entries. Therefore either y (A, = 0 or there exists A
such that y; = A whenever y; € Ay. If y((Ay # 0 and o(A,,) contains
another point p # A then we can find u € IIjy ,jH such that \ = Qalu] # A

and the sequence y obtained by replacing A with A belongs to (oo, A).
Since (y,x') = (y,%x’), we see that o(As,) = {A\} whenever y( A, # 0.
Finally, if y € Q(o0, A) or Ay is not closed then (y,x') = (y,x’) for the
sequence y obtained by replacing A with Ay or )\;f . Therefore in either
case y[(Ay =0. O

4.4. Family of operators. Finally, let us consider a family of self-adjoint
operators {Ay}gco acting in H, where © is an arbitrary index set. The
following corollary implies that

(4.5) o(00, A) C wonv | ] o(oo, Ay)
0cO

whenever A € conv { Ay}, provided that the closures are taken in appropriate
topologies.

Corollary 4.21. Let X be a subspace of R™® and A be a self-adjoint op-
erator in H such that X4 C X and X4, C X for all 6 € ©. Assume
that for every orthonormal set u C D(Q4), every x' € X' and every € >0
there exist an operator Ay and an orthonormal set u C D(Qa,) such that
(Qalu],x") <(Qa,[0],x')+e. Then we have (4.5), where the closure is taken
in the Mackey topology T (X, X').

Proof. By the separation theorem, under conditions of the corollary we have
¥(00, A) C conv (Jyeg X(00, Ag) . Therefore (4.5) follows from (4.2). O

In Corollary 4.21 we can always take X = R*, in which case X' = R3S
and T, (X, X’) coincides with the topology of element-wise convergence ¥ .
If A and Ay satisfy the conditions of Corollary 4.21 and are compact then
we can take X = R§°, which implies (4.5) with the closure taken in the
[*°-topology.
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