CM221A ANALYSIS I NOTES ON WEEK 8

DIFFERENTIATION

Let f be a function defined on an interval 1. We say that f'(z) = k if

Ve >030,.>0: O<\x—y\<§w7€:>‘L§(y)—k <e.
Equivalently
Ve >036,.>0: 0<15|<5m,5;»‘f(“5;_f(x)—k’<a.
and
o F@ ),

The number k is called the derivative of f at the point x. If f'(x) exists for every
point = from the interval, we can consider f’ as a function of the variable x. This

function is called the derivative of f. Another notation for the derivative is % f(x).

It may well happen that the limit does not exist, in which case we say that f is
not differentiable at x.

The right and left limits
i @ =Sy, f@) = W)

y—x+0 xr—y y—z—0 T —Uy

(if they exist) are said to be the right and left derivatives of f at the point z. The
function f is differentiable if both the right and left derivative exist and have the
same value. If x is an end point of the interval I then one can speak only about
one of these derivatives (the other limit does not make sense).

Theorem. If the derivative f'(z) exists then f is continuous at x.

Proof. If f is differentiable at x then there exists a number 6,; > 0 such that

%j}c(y) — k‘ < 1 whenever 0 < |z — y| < 5:;: 1 (because we can take € = 1 in the

f(l‘) k‘ <

+ |k|, this implies that ‘f 2)—J(y)

k| + 1. Multlplymg both parts of this 1nequahty by |z — yl|, we see that

flz) = f(y)| < (|k] +1)|x — y| whenever 0 < |z — y| < d,1.

Let us fix an arbitrary ¢ > 0 and choose § > 0 so small that § < dg1 and 0 <
((Jk|+1))~te. Then, by the above, we have | f(z) — f(y)| < € whenever |a: y| < 0.
This means that f is continuous at x.

definition). Since ‘




The converse is not true; a continuous function may not be differentiable.

Example. The function f(z) = |z| is continuous at the point z = 0 because
1£(0) — f(y)| = |y] — 0 as y — 0. However,

f(0+9) = f(0)
)

_ |19
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If 0 < 0 then the right hand side is equal to |k + 1|. If § > 0 then the right hand
side is equal to |1 — k|. Clearly, for all sufficiently small ¢ at least one of these
numbers is greater than . Therefore the derivative at = 0 does not exist.

Theorem. Let f and g be differentiable functions. Then

() gz (f(@) +9(x) = f'(2) +¢'(2);
(b) & (f(2)g(x)) = f'(z)g(x) + f(2)g'(2);
(c) & <(—m)> F@o@) I @9’ 1ovided that g(z) # 0.

(z g*(x)
Proofs.
: @) +9(@)-(FW)+9w) _ 1 f(l") ( ) f(l") f(y)
(a) lim,_., g =lim, ., ( + )
= lim, ., L9 o fim, ., 25250 = £(2) + ¢ (2)

because the limit of the sum is equal to the sum of limits.

(b) limy (x)g(fb‘) fWely) _ limy (f(=)—=f(y))g(=) + f(y)(g(x)—g(y))
(f(z)—f(¥))g (w) + lim,_, FW)(g(=)—g(y))

=y =Y

= (limy% g(x)> <hmyax %{,(y)) + (limy—m f (y)) <hmy% g("’“;iii(y))
= f'(@)g(x) + f(x)g'(z)

because the limits of the products are equal to the products of limits and
lim, ., f(y) = f(z) as f is continuous.

lim,_,,

: f@)g (@) —fWeg~" () _ 1; f(@)g(y)—Fy)g(x)
(c) limy—q oy = limy 0 T a9t
— lim (f@)~f)g(@)—f(x)(g(z)~g(y))
y—z (z—y)g(z)g(y)
lim, ., <g($)1g(y)> <hmw (f(a:)(—mf_(z)))g(:c) ~lim, ., f(x)((gagx)y)g( )))
_ f'(@)g(z)—f(2)g'(z)
9?(x)
because lim,_,, (W) = hmyﬂ;(x)g(y) = gztx) as ¢ is continuous.

Example. The derivative of a constant function is identically equal to zero because
in this case f(z) — f(y) = 0 for all z and y. This fact and the part (b) imply that

L(cg(x)) = cg'(x) for any constant c.



d
dx

expansion z" —y" = (z —y)(z" ' + 2" 2y + -+ xy" 2+ y" ') (see Sheet 1) and
passing to the limit, we obtain

Example. If n is a positive integer then 2" = lim,_,, ""Z:zn. Substituting the

d . _ _ n— n—
— 2" = lim(z" "+ 2" Py b ay" Yy
dx y—w

— (In—l —|—5L’n_2l‘ R +.Tl’n_2 +.Tn_1) — nxn—l )

ey—r—1

g€ ¢ - The exponential function is

%eﬂﬁ = hmy_,x W = 7 llmy_>x

given by the series e = 1+ 2z + 22—? - g—? + ... (take it for granted). This implies
— 796 —z)2

that “2t = 14 252 4 Wil oo = 14 (y — 2)F(y — o)

where F(y —z) = 5 + % + % + ... The ratio test shows that this series

absolutely convergent for all z and y. If |x — y| < 1 then

|F(y—x)| < 5+ + 3+ .. because the modulus of each partial sum of the series
defining F' is estimated by the corresponding partial sum of the series on the right
hand side. Thus F' is estimated by some constant C' whenever |y — x| < 1. This
ey r—-1
y—x

Example.

implies that

1‘ < C'|x—y| for all y such that |y—z| < 1. Since |[x—y| — 0

. . ev—T_1 o . eyT_1
as y — x, we obtain lim,_,, S 1‘ = 0. Consequently, lim,_,, = = 1 and
d oz _ o7
et =e’.

Example. In a similar manner, using power expansions for sinz and cosx and

the trigonometric formulae for (sinz —siny) and (cosz — cosy), one can show that

4 ging = cosz and & cosz = —sinz.
dz dz

Chain rule (differentiating a function of a function). If f(z) is differentiable
at = c and ¢(y) is differentiable at y = f(c) then g(f(x)) is differentiable at x = ¢
and

d

I @)le=e = ¢'(f(€)).f(©)-

Proof. By definition,

o@) =gl _ (g(f(:v>> ~g(f(e)) Ja) - f<c>)
ORI

) — g @) (. F@=F@Y _ (o) =g

(iin% )~ (0 )(li“ ¢ )(LC )= (0 )f”'

Since f is continuous at ¢, we have f(x) — f(c) as @ — c. Therefore

i IS @) —9(f(e) _ . 9 (@) = 9(f(e)
e f(z) = f(o) f@—fe  f(x) = f(c)

lim
Tr—cC Tr — C Tr—cC

= 4 (f(e)).
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Example. Let f(z) = Inx where x > 0. By definition, g(f(z)) = z for all
where g(y) = €Y. Since (e¥) = €Y, differentiation this identity and applying the
previous theorem, we obtain & e™* = (Inz) e™* = (Inz)’z = 1. Thus we have
(Inz) =z '



