CM221A ANALYSIS I NOTES ON WEEK 10

n times differentiable functions. We say that f is n times differentiable on (a,b) if
each derivative of order up to n exists at every point of the interval (the derivative of
order two is the derivative of the first derivative, the derivative of order three is obtained
by differentiation the derivative of order three and so on). We say that it is n times
continuously differentiable if the final derivative is continuous (the function and its first
(n — 1) derivatives are automatically continuous). If the interval is [a, b] then we require
the one-sided derivatives of all orders up to n to exist at the end-points if the interval.

The usual notation for the derivative of order n is f", so that f("(z) = <L f*=D(z).

TAYLOR’S THEOREM

Theorem (Taylor’s formula). If f is n times continuously differentiable on the interval
a —€,a+ ¢) then, for each h € (—¢,¢), there exists a point ¢ lying between a and a + h
that is, ¢ € [a,a + h] if h is positive and ¢ € [a + h, a] if h is negative), such that
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fla+h) = f(a)+ f'(a) h+ f*(a ) +f9(a) 3+ 4 f D (a) +Rn(a,h),

where R, (a,h) = f™(c) —
Proof. Let g(x) = (z — a)™ and
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Note that the functions f and ¢ and their first (n — 1) derivatives vanish at x = a.
Therefore, applying Cauchy’s Mean Value Theorem, we obtain
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where ¢; € (a,b), c3 € (a,¢1), c3 € (a,¢3), ..., ¢, € (a Cno1) C ( b). Since g™ (x) = n!
for all z, we get f(b) = ﬁi) f™(c,). Now, substituting b = a + h, we obtain Taylor’s
formula.
Definition. If f(a+h) = i f(’”“)(a)]h;—]'€ (or, equivalently, R,(a,h) — 0 asn — oo) for

k=0
all h € (—e,+¢) then the function f is said to be analytic in the interval (a — e,a + €).



If the function f is analytic then f(z) =Y o, f®(a) (”” 9" for all v € (a—e,a+¢).

Remark. Assume that | (z)] < M, for all z € (a — €,a + ¢), where M, are some
constants. Then |R,(a, h)| < M, % If the right hand side goes to zero as n — oo then f
is analytic. The functions sinz and cosz, for example, are analytic in any open interval.

Remark. It may Well happen that a function f has infinitely many derivatives, the Taylor

series > oo f®)(a) (= “) converges but the function f is not analytic (see example in the
last lecture) The functlon is analytic if the series converges AND its sum is equal to
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equal to zero at the origin. Therefore all terms in Taylor’s series with a = 0 are equal to
zero, and the series does not define the function f.

Example. Let f(z) = For this function, all the derivatives f™ are

CONVERGENCE OF POWER SERIES

Theorem (absolute convergence of power series). Assume that the limit R =

limy, oo | 22 | exists (as a finite number or +o00, see Week 2). Then the series
n
o0 oo o0
E anx", g apnz™ E anx™/(n 4 1)

all converge for |x| < R and diverge for |z| > R (the number R is usually called the radius
of convergence.)
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If || < R then |%] < 1, if [z| > R then |%| > 1. Now the required results follow from
Ratio Test Theorem (see Week 5).

and, similarly,

Note that the series >~ a,nz" ! is obtained by formal differentiation of Y~ a,z", and
the series Y > a,z"/(n+1) is obtained by formal integration of Y > a,z". Assuming
that these two operations are justified (they are!), we obtain
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Corollary. If R = lim,, ‘ - ‘ exists and f(z) =Y a,z" then

a

(@) =527  na,a™ ! for all x| < R.

Recall that (by deﬁnition)

ewzz;ff’on, 1+1,+2,+3,+4,...
s1nx—1,—3,+5,—7,+
cosr =1—% ,—1— — ,+

By the above theorem all these series are absolutely convergent for all x € R. Differen-
tiating them term by term we obtain

Corollary. (e*) = e, (sinz)’ = cosz and (cosz) = —sinz.

Theorem (the product of absolutely convergent series.) If the two series > a,
and ) b, both converge absolutely then

(Sm) (Bn) £

Cp = aobn + (llbn,1 -+ G/an,Q + ...+ CLnbO
and the series on the right hand side is absolutely convergent.

Proof. Clearly, ¢, = > a; bj. Let &, =" la;| |b;]. Then |c,| < &,

Since the series Y a, and > ° b, are absolutely convergent, > |a,| < C; and
Yo o b < Cy where Cy and C, are some constants independent of m. We have

S0 Y < Y |aiubj|:(z\an\) (zw)w@
n=0 n=0

n=0 n=0 i+j=n i<m,j<m

where

i+j=n i+j=n

for all m. This implies that the series ) -, &, is absolutely convergent. By the comparison
test, the series Y ¢, is also absolutely convergent. It remains to notice that

(Z )(Zb) Zalb _Z > aib _ch.

n=0 ,j=0 n=0 i+j=n

Corollary. We have e®e¥ = "™ for all z,y € R.

Proof. The series Y .~ % defining the exponential function is absolutely convergent (see

above). Therefore, applying the previous theorem with a, = %T,L and b, T, we obtain
o . xtyl ) . .
e"e¥ =Y > ¢, with ¢, = Z a;b; = _y By the binomial formula, the right hand
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side is equal to F;y)
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Remark. More generally, if f(z) = > 7 a,2" and g(z) = >~ b,z" then f(z)g(x) =
Yoo G where ¢, = >, j=n @i bj. In particular, if the functions f and g are analytic

then
oo @ (a)gW (a > ™)(a
e = 3 (Z %) o3 U

n=0 n=0

which implies that the product fg is also analytic.



