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Section A

Let {a,}, n =1,2,... be a sequence of real numbers.

(a) Using £ > 0, write down the precise definitionof

lim a, = a.
n—oo

(b) What does it mean to say that the sequence{a,} is nonincreasing?

(c) Write down the definition of the greatest lower bound of a bounded set S of real
numbers.

(d) Write down the statement of a theorem about the convergence of a nonincreasing
sequence {a,}.

In each of the following cases say whether the sequence is convergent or divergent.
A rigorous proof is not required, but you should write some words of explanation in
each case. If the sequence is convergent, write down the limit.

ML
@) L 54; on

(g) a, =e""

(h) an =n"(2+sinn)
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(a) Using ¢ > 0, write down the precise definition of convergence of the series
> | ay, of real numbers.

n=1

(b) Write down the precise definition of absolute convergence of the series > | a,,.
Explain the relationship between convergence and absolute convergence in both di-
rections.

(c) Write down without proof the integral comparison theorem for a series of the
form 3%, £(n).

Determine which of the following series converge. You should state which test for
convergence you use and explain your answer briefly.

o0

(d) > (1)

n=1

[e.o]

(e) Z (cosn +sinn) ™!

n=1

. n+2

n=1

o

(g) > nt 72 +nl!) 2
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Let f : [a,b] — R be a function.

(a) Give the precise definitions in terms of cand ¢ for f to be continuous at a point
x € (a,b).

(b) What does it mean to say that f continuous onthe closed interval [a, b]?
(c) State (but do not prove) the intermediate value theorem.

In each of the following cases, determine whether the statement is true or false.
You must write some words of explanation or give a counterexample.

(d) If f is continuous on the interval (a,b) then either the left limit lim, ,, o f(x)
exists and finite, or|f(z)] = o0 as x — b — 0.

(e) If f: (a,b) — R is continuous at every point z € (a,b) then the function f is
bounded.

(£) If f:(a,b) — R and g: (a,b) — R arecontinuous at a point = € (a, b) then the

quotient = is continuous at .
g

(a) Give the precise definitions in terms of cand § for a function f : (a,b) — R to
be differentiable ata point = € (a, b).

(b) State (but do not prove) the mean value theorem.

In each of the following cases, determine whether the statement is true or false.
You must write some words of explanation or give a counterexample.

(c) If f is continuous at a point z then f is differentiable at .
(d) If f is differentiable at a point = then fis continuous at z.

(e) If a function f: (—1,1) — R is differentiable and = f(x) > 0 for all  # 0 then
£(0) =0,

(f) If f satisfies the same conditions as in(e) then f’(0) > 0.

See Next Page
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Section B

Let {a,} be a bounded sequence of real numbers.

(a) What does it mean to say that ¢ is an accumulation point of the sequence
{an}?

Prove rigorously that(b) ¢ is an accumulation point of the sequence {a,} if and only
if there is a subsequence of {a,, } which converges to ¢;

(c) The sequence {a, } converges if and only if it has only one accumulation point.
You may assume without justification that a bounded sequence has at least one
accumulation point.

(a) State (but do not prove) the Bolzano-Weierstrass convergent subsequence the-
orem.In the rest of the question the Bolzano-Weierstrass theorem maybe used
without justification.

(b) Prove that a continuous function on a closed bounded interval is bounded.

(c) State the maximum and minimum theorems for acontinuous function and prove
one of them. You must explain which axiom for real numbers is used in the proof.

(a) Let f:[a,b] — R be a piecewise continuous function, and let F : [a,b] — R be

defined by
/ £(0

Prove that F'is continuous at every = € [a, b).
(b) Write down (but do not prove) both parts of the fundamental theorem of calculus.

(c) Using the fundamental theorem of calculus and thechain rule, evaluate the second
derivative ,

d? S|
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Final Page



