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ABSTRACT. Assume that p > 2, and let Ok be a p-adic discrete valuation ring with
residue field admitting a finite p-basis, and let R be a formally smooth formally
finite-type O’k -algebra. (Indeed, we allow slightly more general rings R.) We con-
struct an anti-equivalence of categories between the categories of p-divisible groups
over R and certain semi-linear algebra objects which generalise (¢, &)-modules of
height < 1 (or Kisin modules). A similar classification result for p-power order
finite flat group schemes is deduced from the classification of p-divisible groups.
We also show compatibility of various construction of (Z,-lattice or torsion) Ga-
lois representations, including the relative version of Faltings’ integral comparison
theorem for p-divisible groups. We obtain partial results when p = 2.
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1. INTRODUCTION

One of the main motivations of p-adic Hodge theory, initiated by Fontaine, is to
prove comparison isomorphisms between various p-adic cohomologies of varieties
over p-adic fields (such as étale, crystalline, and de Rham cohomologies), and we
now have very satisfying theory. Recently, the formalism of p-adic Hodge theory
(such as period rings and admissible representations) have been generalised to the
relative setting, most notably by Brinon. See for a summary of the current
status of “relative p-adic Hodge theory”, and for more recent developments
built upon the theory of perfectoid spaces [Sch11]].

One of the most accessible “test cases” of (absolute) p-adic Hodge theory is p-
divisible groups. This case is also important in its own right because it is closely
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2 W.KIM

related to the study of abelian varieties with good reductions. Therefore, it is natu-
ral to ask what we can say about p-divisible groups over a more general base with
the formalism of relative p-adic Hodge theory.

In this paper we generalise the classifications of p-divisible group by strongly
divisible modules and (¢, &)-modules of height < 1 over a p-adic affine formal
base which is formally smooth over some p-adic discrete valuation ring (with some
reasonable finiteness condition). We also recover, when p > 2, the p-adic integral
Tate module of a p-divisible group from the corresponding semi-linear algebraic
objects.

Let us describe our main results in a simplified setting. (For the actual assump-
tions on the base ring R, we refer to §2.2]) For simplicity, let k& be a perfect field
of characteristic p > 2. (When p = 2 we obtain partial results.) Let W denote
its ring of Witt vectors. Let K be a finite totally ramified extension of Frac W,
and we let Ok denote its valuation ring. We fix a uniformiser w € Ok. Let R be
a formally smooth adic O'k-algebra such that 0 R/ oy is finitely generated over R,
and R,eq is finitely generated over k. We further assume that there exists a W-
subalgebra Ry C R such that Ok ®yw Ry = R. (The last assumption is automatic by
Lemma|[2.3.4]) Note that all our main results in the “integral theory” depend upon
the choice of w and Ry.

For a p-divisible group G over R, let D*(G) denote the contravariant Dieudonné
crystal associated to GG. We construct (in a divided power thickening S — R
which generalises S — Ok.

Theorem 1 (Theorem [3.5). Let R be as above, and we use the notation from
Assume that p > 2. Then there is an exact anti-equivalence of categories, defined
by G ~ D*(G)(S), from the category of p-divisible groups over R to the category
MFE* (o, V) of Breuil modules (cf., Definition .

Note that when R = Ok, one can replace Breuil S-modules with certain W {[u]]-
modules with simpler structure. In the relative setting, we have a subring & =
Ro[[u]] € S. We also define Kisin G-modules (¢f,, Definition in the manner
analogous to the case when R = Ok, except that we need to consider a connection
in the relative setting in general.

Proposition 2 (Proposition [6.3). Assume that p > 2. The scalar extension 9t ~~
S ®y,e M induces an exact equivalence of categories from the category of Kisin &-
modules to the category of Breuil S-modules.

Propositionwas proved in [[CL09, §2.2] when R = 0k and p > 2. We modify
this proof in the relative case (which also proves some weaker statement when
p=2).

Corollary 3 (Corollary [6.3.1). Assume that p > 2. There exists an exact anti-
equivalence of categories from the category of p-divisible groups over R to the category
of Kisin &-modules.

We expect Corollary [3| to hold even when p = 2, but at the moment we only
obtain some partial results such as Corollaries(8.6.1]and [10.3.1}

Note that the equivalences of categories in Theorem [1| and Corollary [3| depend
upon the choice of w and Ry, so they do not behave well under arbitrary base
change, but they behave well under étale base change. (Cf Lemma[2.3.5))

Finally, the semi-linear algebra objects appearing in Theorem [1|and Corollary
carry connections. In some cases when the (anti-)equivalences of categories were
constructed without connection, we can remove connections from the statement us-
ing Vasiu’s construction of moduli of connections [Vas12| §3]. (See Corollary
for more details).
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Let us now discuss the p-adic Tate module representation and integral p-adic
comparison isomorphism. Assume that R is a domain, and let R denote the nor-
malisation of R in the affine ring of a pro-universal covering of Spec R[;l)] Choose
w™ € R forn > 0 so that w(® = w and (w™*V)? = w(™. We construct
a “perfectoid subalgebra” R, C R (in the sense of Scholze [Schill]), which is
constructed, roughly speaking, by adjoining @) and compatible p-power roots
of lifts of local p-basis of R/(w). (Cf §7.1) Set Gr = Gal(R[L]/R[1]) and
Gp_ = Gal(R[2]/Rucl2]).

We localise R if necessary to ensure that a relative period rings have nice prop-
ertiesﬂ and embed S into A.is(R) using our choice of @™ in such a way that
respects all the relevant structures (cf, . Using this we can define a Z,-lattice
G p-representation T (M) for any Breuil S-module M (cf, (5.4.1)), §5.5). Also,
by the theory of (relative) étale p-modules, one obtains a natural Z,-lattice Gp__ -
representation 7 *(9) for any Kisin G-module 9 (¢f, Lemma|[7.5).

The following theorem is obtained from the same argument as in [Fal99, &6,
Thm 7] and the proof of [KisO6, Theorem 2.2.7], respectively.

Theorem 4 (Theorem [5.3] Corollary[5.4.2] Proposition [8.1). Suppose that R satis-
fies the “refined almost étaleness” assumption (§2.2.3). Let G be a p-divisible group
over R, and M := D*(G)(S). Let 9 be the Kisin G-module corresponding to G.

(1) The G gr-representation V,,(G) is crystalline in the sense of Brinon, and we
have D} (V,(G)) = D*(G) as filtered (p, V)-modules (cf., Example [4.6.1).
Furthermore, there is a natural injective G r-map T,,(G) — T2;(M), which
is an isomorphism if p > 2.

(2) For any p, there is a natural injective Gz -map 7*(9M) — T

(M) whose
image is T,,(G).

Note that when G = A[p>°] for an abelian scheme A over Spec R, Theorem
gives a comparison morphism between the first étale homology and the first crys-
talline homology with constant Q,,- and Z,- coefficients.

Very recently, Peter Scholze proved the comparison isomorphism between rela-
tive p-adic étale cohomology and relative de Rham cohomology for proper smooth
morphisms f : X — Y of varieties over a p-adic field with perfect residue field
[Sch12, Theorem 1.9]. Presumably, it should be possible, in the near future, to
generalise the proof to handle (log-)crystalline cohomology in place of de Rham
cohomology when f has a (log-)smooth integral model, which can be thought of as
a “generalisation” of (at least the Q,-coefficient statement of) Theorem .

Finally, we state our main result for commutative finite locally free group scheme

Theorem 5 (Theorem Proposition [9.5.1). Assume that p > 2. There exists a
natural anti-equivalence of categories H «~ 9M*(H) between the category of p-power
order finite flat group schemes H over R such that H|[p'] is flat for each i and the
category (Mod FI)Iéi(go, VY) of certain “torsion Kisin &-modules” (Definition .

Furthermore, we have a natural G _-equivariant isomorphism H(R) = T* (9" (H)).

Let us review previous results when p > 2. When R = 0k with perfect residue
field, all our main results are known already. Theorem [4(1) is proved by Falt-
ings [Fal99, §6], while the first assertion was already proved by Fontaine [[Fon82)

Undeed, we will work with slightly more general rings than Brinon [Bri06, BriO8]]. See for more
details.

2In this paper, we only consider commutative finite locally free group schemes, so we will often
suppress the adjective “commutative”.
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Théoréme 6.2]. Theorem|[I|was first proved by Breuil [Bre00] and all the remaining
statements were proved by Kisin [Kis06].

Brinon and Trihan [BTO8]] generalised the results of Kisin [KisO6] and Faltings
[Fal99, §6] to p-divisible groups over a p-adic discrete valuation ring with imperfect
residue field admitting finite p-basis.

When 0k = W (k) for some perfect field & and R is of topologically finite type
over W (k), Theorem [I| Theorem [4{(1), and Theorem [5| can be deduced from the
result of Faltings [Fal89, §VII]. Theorem [1| can be deduced from an unpublished
manuscript by Bloch and Kato [BK] when R is a formal power series over W (k).

When R is a complete regular local ring with perfect residue field (but not nec-
essarily formally smooth over 0), Corollary [3| was proved by Eike Lau [LaulOc]
generalising Vasiu and Zink [VZ10]. Indeed, they proved a stronger result as they
classified p-divisible groups by &-modules without connection. On the other hand,
our result holds for not necessarily local base rings R such as p-adic completion of
a smooth Ok -algebra.

Let us first outline the proof our results when p > 2. The basic idea is to gen-
eralise Kisin [Kis06, §A, §2.2, §2.3] and Faltings [Fal99, §6] in a similar way to
Brinon and Trihan [BTO08]; namely, we prove Theorem 1] by “lifting” A.J. de Jong’s
result on Dieudonné crystals [dJ95] via Grothendieck-Messing deformation theory
[Mes72], and apply the same argument as [Fal99, §6] to show Theorem. We
then prove Proposition [2| by generalising [[CL09, §2.2]. This allows us to avoid
the rigid analytic construction (cf, [KisO6, §1] and [BTO08| §41), which is hard to
generalise to the relative setting. To prove Theorem [5] we generalise the strategy
of [Kis06| §2.3]. Due to the presence of connections, the actual argument is quite
elaborate using the theory of moduli of connections [Vas12} §3].

We expect that by working with log Dieudonné crystals we can generalise all
the results in this paper to p-divisible groups over some semi-stable bases using an
unpublished result of Bloch and Kato [BK], at least when p > 2; more precisely, we
allow R such that R/(w) satisfies either (0.5.1) or (0.5.2) in [BK]. This case will
be studied in the forthcoming paper.

In §2| we prove some lifting result, which is needed for constructing & and S.
In §3|we introduce various semi-linear algebra objects and prove Theorem [1jwhen
p > 2. In §4we recall (and slightly generalise) the construction and basic properties
of relative p-adic period rings. In §5| we prove integral comparison theorem (cf,
Theorem [4(1)).

In §6]we introduce generalisations of Kisin modules and prove Proposition[2} In
we recall some basic results of perfectoid algebras [[Sch11]] and the theory of
relative étale ¢-modules. In §8| we prove Theorem [4f(2). In §9 we state our main
results on finite locally free group schemes of p-power order. The proof uses the
theory of moduli of connection (in a slightly generalised form than the original
version in [Vas12, §3]), which will be studied in
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2. SETTINGS, REVIEW, AND SOME COMMUTATIVE ALGEBRA

2.1. General convention. For any ring A, a ring endomorphism ¢ : A — A, and
an A-module M, we write p*M := A ®, 4 M. We sometimes write ¢4 for ¢ to
indicate that it is an endomorphism of A.

For any ideal J C A, we say that A is J-adic if A is J-adically separated and
complete. If J = (x), then we say “z-adic” instead of “(x)-adic”.

For any p-adic ring A we let 0 A= 0 Az,) = h£1n Qa/pr)/z, denote the module
of p-adically continuous Kéhler differentials. Note that if kq is a perfect subfield of
k then we have Q4 = Q4 JW (ko)- We will work with Q4 only when A/(p) locally

has a finite p-basis (cf., [dJ95, Lemmas 1.1.3, 1.3.3]), so 0 4 will always be finitely
generated over A.

For any noetherian ring A, we write A,q := A/rad(A), where rad(A) is the
Jacobson radical. If A is J-adic and A/J is finitely generated over a field, then A,.q
is the maximal reduced quotient of A/J, which justifies the notation.

For any ring A and a divided power ideal I/ C A, we denote by s the nth
divided power of s € I.

2.2. Assumptions on base rings. Throughout the paper, we let R be a p-adic flat
Z,-algebra with varying technical assumptions depending on the situation. Here,
we will list and motivate the assumptions on R for readers’ reference.

2.2.1. p-basis assumption. We assume that R = Ry[u|/E(u), where R, be a p-adic
flat Z,-algebra such that Ry /(p) locally admits a finite p-basis, and

e
Ew)=p+ Z a;u’
i=1

for some integer e > 0, with a; € Ry and a. € R} . Note that such R is a finite
Ro-algebra which is free of rank e as an Ry-module. We will let @ € R denote the
image of u € Rylu].

If there is a Cohen subring W C Ry such that E(u) € W{u|, then we set Ok :=
Wu]/E(u), which is a finite totally ramified extension of W. In this case, R :=
Ro[u]/E(u) = Ok ®w Ro. By Lemma[2.3.4|any p-adic flat &' x-algebra R such that
R/(w) locally admits a finite p-basis can be written in this form. Although it is the
prototypical case, we do not restrict to the case when F(u) € Wu] for some Cohen
subring W for the following reason, except in the theory of étale ¢ modules in
and §8| (See Remark[7.1.4] for more discussions.)

If R satisfies the p-basis assumption (§2.2.1)), then we can define relative Breuil
modules in In order to relate relative Breuil modules to p-divisible groups,
one needs more assumptions on R.

2.2.2. Formally finite-type assumption. In addition to the p-basis assumption (§2.2.1)),
we assume that R is Jgr-adically separated and complete for some finitely gener-
ated ideal Jp containing w (defined in §2.2.1), and R/ Jp is finitely generated over
some field k. Then Ry/(p) = R/(w) is Jr/(w)-adically separated and complete.
Note that Ry is Jg,-adically separated and complete, where Jp, C R, denote the
kernel of Ry - R/JR.

Since Ry/(p) = R/(w) surjects onto R/Jg, it follows that k as above admits
a finite p-basis by the p-basis assumption (§2.2.1). By cotangent complex con-
sideration it also follows that R/(w) is formally smooth F,-algebra (c¢f [dJ95,
Lemma 1.1.2] and [II71, Ch.III, Corollaire 2.1.3.3]). Therefore, R/(w) satisfies
the assumption [dJ95, (1.3.1.1)], and de Jong’s theorem asserts that the crystalline
Dieudonné functor over Spec R/(w) is an equivalence of categories; cf. [dJ95,
Main Theorem 1].
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Clearly, Ry is formally smooth over Z, with respect to the Jp,-adic topology,
and the same holds if Z, is replaced by any Cohen subring W C Ry. If E(u) €
Wlu] and € = W{u]/E(u), then R is formally smooth over &x. Conversely, any
formally smooth formally finite-type Ok -algebra satisfies the formally finite-type
assumption (§2.2.2)) by Lemma[2.3.4

2.2.3. “Refined almost étaleness” assumption. Here, we assume that R is a domain

which satisfies the formally ﬁnite—Eype assumption (§2.2.2), such that R[] is fi-
nite étale over Ro[%] and we have Qp, = @?:1 RydT; for some finitely many units

T; € R; . Here, Q R, 1s the module of p-adically continuous Kéhler differentials. Un-
der this condition, we obtain a version of refined almost étaleness (Theorem 4.4.1)),
which is slightly more general than [And06, §5]. Note that refined almost étaleness
is used to show that relative period rings have nice properties (namely, Proposi-
tion [4.5)).

For example, let W be some Cohen ring with residue field k& admitting a fi-
nite p-basis, and set Ry = W(T:t', ... | TE') or Ry = W[[Xy,---, Xa]]. Then
the normal extension R := Ry[[u]/E(u) satisfies the “refined almost étaleness” as-
sumption (§2.2.3)), where E(u) is as in §2.2.1| with the additional assumption that
8%E(w) € R*. (In the first case, T;’s together with a lift of a p-basis of k£ do the
job, and in the second case we use T; = 1 + X instead.)

2.2.4. Normality assumption. In addition to the p-basis assumption (§2.2.1)), we as-
sume that R/(w) is a finite product of normal domains. In this case, the crystalline
Dieudonné functor over Spec R/(w) is fully faithful by [BM90, Théoréme 4.1.1].

Let us give some examples. Assume that R that satisfies the formally finite-type
assumption (§2.2.2). Then R satisfies the normality assumption (§2.2.4), which
follows from Lemmas 1.1.3, 1.3.3(d) in [dJ95]]. Moduli of connections (cf. Defini-
tion provides examples of R satisfying the normality assumption (§2.2.4)
but not necessarily the formally finite-type assumption (§2.2.2)). See Lemma[10.2.3]
for the precise statement. This example plays an important role in the proof of the
classification of finite locally free group schemes (Theorem(9.4)).

2.2.5. Ici assumption. The definition of relative Breuil modules can be modified for
base rings R satisfying a certain lci assumption. (Cf Remarks and[3.2.8]) Un-
der additional excellence assumption, we can obtain some full faithfulness result as
well. (Cf Remarks and|[6.3.4]) In order not to over-complicate our notation,
we mainly focus on the setting with the p-basis assumption (§2.2.1)), and record
the results in the Ici case in remarks marked with “(lci case)”.

2.3. Formally smooth subalgebra. In this section, we prove some deformation
result, which produces many classes of examples of R which satisfy the p-basis
assumption (§2.2.1).

Let k be a field of characteristic p > 0 which admits a finite p-basis (i.e., [k :
kP] < o0), and we choose a Cohen ring W with residue field k; i.e., a p-adic discrete
valuation ring with fixed isomorphism W/(p) = k. (Note that W is not a ring of
Witt vectors unless k is perfect.) Let us fix a ring endomorphism ¢y : W — W
which lifts the pth power map ¢ : & — k.

Lemma 2.3.1 (Cf [BMO9O, §1], [dJ95 Lemma 1.3.3]). Let A be a k-algebra which
locally admits a finite p-basis. Then there exists a p-adic flat W-algebra A which lifts
A, equipped with a lift of Frobenius ¢ : A — A over o : W — W. Such A is
formally smooth over W under the p-adic topology. If furthermore A is formally of
finite type over k with ideal of definition J (for example, if A = R/(w) where R
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satisfies the formally finite-type assumption (§2.2.2)), then any such A is J-adically
complete where J is the preimage of .J, and under this topology A is formally smooth.

Proof. Let us first assume that A locally admits a finite p-basis. By [dJ95, Lemma 1.1.2],
the augmentation map L 5,4, — 4/, is a quasi-isomorphism where L 4/, is a cotan-

gent complex. (Indeed, there is a natural distinguished triangle A ék Lyp, —
Liw, = La/ — [+1], and now we apply [dJ95, Lemma 1.1.2] to the first two
terms.) Note also that 4, is finite projective over A by the existence of local finite
p-basis.

Now if Ay, is a lift of A over W; := W/(p'*!), then the obstruction class for
lifting Ay, over Wiy lies in Ext% (L 4,5, A) = Ext%(Q4/;, A), which is zero. (Cf.
[1l171, Ch.III, Corollaire 2.1.3.3].) This shows the existence of a p-adic flat W-lift
A of A.

Using the same notation as above, let ¢; : ¢}, Aw, — Aw, be a lift of the
relative Frobenius map ¢ : ¢} A — A over k. The obstruction class for lifting
@i 10 $it1 ¢ Py Aw,,, — Aw,,, lies in Ext(Lz,;, A) = Ext}{(Q4 4, A), which is
zero. (Cf [Il71, Ch.III, Proposition 2.2.2].) This shows the existence of a W-lift
oy A — A of the relative Frobenius map. Now, we obtain ¢ : A — A over ¢y by
precomposing this lift with the natural inclusion A — ¢j;, A (defined by a — 1 ® a
for any a € A).

To show that A is formally smooth over W (for the p-adic topology), it suffices
to show that Ay, := A/(p'*!) is formally smooth over W; := W/(p'™?) for each i.
Indeed, by [dJ95, Remark 1.3.4(b)], Qay, yw, is finite projective over Ay,. Now
one can show inductively that the augmentation map L Aw, /W; Q Aw, /Wi is a
quasi-isomorphism, which implies by [IlI71, Ch. III, Proposition 3.1.2] that Ay, is
formally smooth over W;.

Now, assume that A is formally of finite type over some field k with ideal of
definition J. To show that A is .J-adically complete (where J is as in the statement),
we let A’ be the J-adic completion of A. The natural map A — A’ is clearly
injective, and the surjectivity can be checked mod p as both A and A’ are p-adic.
But A/(p) is already J-adically complete. The formal smoothness under the J-adic
topology follows from the formal smoothness under the p-adic topology. O

Remark 2.3.2. The choice of A is unique up to non-unique isomorphism, while
the choice of ¢ is far from unique in general. Therefore, given a continuous map
A — A’ of formally smooth p-adic Z,-algebras, it may not be possible in general to
choose lifts of Frobenii for A and A’ so that f commutes with them. We will see
later (Lemma , however, that this is possible (in a unique way) if f is étale.

Remark 2.3.3. Let A be an F,-algebra locally admitting a finite p-basis, and A its
lift over Z,. Assume that A contains a field k, and we choose a Cohen ring W with
residue field k. Then since A is formally smooth over Z, by Lemma [2.3.1] there is
a lift W — A of k — A. If we choose a lift of Frobenius ¢y : W — W, then we
may choose ¢4 : A — A to be compatible with ¢y .

For the following lemma, set 0x = Wu]/E(u) where E(u) € W{u] is an Eisen-
stein polynomial (¢f §2.2.1), and let w € Ok be the image of u. Let R be a p-adic
flat Ok -algebra such that R/(w) locally admits a finite p-basis. Let Ry denote a flat
W-lift of R/w (obtained from applying Lemmato A= R/(w)).

Lemma 2.3.4. In the above setting, there exists a W-algebra map ¢ : Ry — R which
lifts the k-isomorphism Ry/(p) — R/(w). Furthermore, the induced € -algebra map
Loy * Ro @w Ok — R is an isomorphism of topological O k-algebras.
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If furthermore R is formally of finite type over Ok with radical Jg (in particular,
R satisfies assumption §2.2.2), then we may additionally require ¢ to be continuous
for the Jp,-adic topology, where Jr, C Ry is the preimage of Jgr/(w).

When R/(w) is a finitely generated algebra over k, this lemma is a consequence
of [SGA| 1, Exp. III, Corollaire 6.8]. Note that the map Ry — R in the statement is
far from unique in general.

Proof. Since R is O -flat, the existence of the isomorphism ¢4, follows from the
uniqueness of O-lifts of R/(w) (cf, the proof of Lemma [2.3.1).

Now assume that R satisfies the formally finite-type assumption (§2.2.2). It
remains to construct a Jp,-adically continuous map ¢. By formal smoothness of Ry,
the natural isomorphism Ry/Jr, — R/Jg has a continuous lift to Ry — R/J};"™
for any ¢ > 0. By taking limit we get a continuous morphism ¢’ : Ry — R. Let
7 : Ro/(p) = R/(w) denote the map induced by «/, and let 7 : Ry/(p) — R/(w) be
the isomorphism given by the construction of R, in Lemma By construction,
we have 17! o 7/ = idp, /() modJg,/(p). We obtain . : Ry — R by modifying ./ by
an automorphism of Ry which lifts (z7! o 7)1 O

Assume that R satisfies the formally finite-type assumption (§2.2.2), and let
(Ro, Jr,) and E(u) € Ro[u] be as in Choose a lift of Frobenius ¢ : Ry — Ry
asin Lemma Let I C Jp, be a closed ideal containing p. (Often, we will take
either I = Jg, or I = (p).) Set R := Ry/I, and let R be a finitely generated étale
R-algebra.

Lemma 2.3.5. With the above setting, there exists a I-adic formally étale Ry-algebra
{ such that R{/IR{, = R as R-algebras. Such an R}, is unique up to unique isomor-
phism, and ¢, uniquely extends to a lift of Frobenius g, : Ry — Ry,
Let R’ be an I-adic formally étale R-algebra such that R'/IR' is finitely generated
over R/IR. Let Ry be a lift of R = R'/(w,I). Then there exists a unique Ry-
homomorphism R} — R’ which induces R{[u]/E(u) = R’ as R-algebras.

It is clear that R}, is formally étale over Ry, so Ry, is necessarily formally smooth
over W. Since yp; is uniquely determined by ¢g,, there will be no confusion in
denoting both by ¢ in this case.

Proof. The existence and uniqueness of R}, follows from standard deformation the-
ory (cf., Proposition 6.1 and Théoreme 6.3 in [[SGA, 1]). By Proposition 5.8 in
[SGA| 1], there exists a unique map ¢y Ry — R which lifts the relative Frobenius
w*ﬁﬁl — R'. We set ¢r, : Ry — Rj to be the composition Ry — ¢}, Ry — Ry,
where the first map is defined by a — 1 ® a for any a € R{,, and the second map is
the unique lift of the relative Frobenius.

The last assertion follows from the uniqueness up to unique isomorphism of R-
lift of R, which provides a unique R-isomorphism R}[u]/E(u) = R’ that lifts the
identity map on R. O

3. CLASSIFICATION OF p-DIVISIBLE GROUPS BY DIEUDONNE CRYSTALS

In this section, we introduce a “relative” version of strongly divisible modules,
and prove a generalisation of the Breuil classification of p-divisible group over a
base ring R which satisfies the formally finite-type assumption (§2.2.2) (and some
partial result for more general kind of R). We follow Kisin’s strategy [Kis06) §A]
using the main results of [dJ95, BM90] and Grothendieck-Messing deformation
theory [Mes72]]. Along the way, we give a very brief review of crystalline Dieudonné
theory.
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3.1. Review: crystalline Dieudonné theory. We follow the notation and con-
vention from [BBM82, [dJ95]. Let X be a formal scheme over SpfZ,, and let
X = X Xgpez, SpecF, denote the closed formal subscheme of X defined by the
ideal (p). For example, if X = Spf(R, (p)) then X = Spec R/(p). Let (X/Z,)cris
and (X/Z,)cris denote the big fppf-crystalline topoi.

Let G be a p-divisible group over X and G := G xx X. One contravariantly as-
sociates to (i a crystal D*(G) of finite locally free Ox 7 -module in such a way that
commutes with base change. See [Mes72]], [MM74]], or [BBM82] for the construc-
tion (cf, [dJ95| Definition 2.4.2(b)]). In particular, since p = 0 in X one obtains
F: ¢*D*(G) — D*(G) and V : D*(G) — »*D*(G) from the relative Frobenius and
Verschiebung of G, and we have FoV =pand V o F = p.

Let icris = (iCRIS7*’iERIS) : (x/ZP)Clﬁs — (x/ZP)CRIS be the IIlOI'phiSIIl of
topoi induced from the closed immersion X < X. Then icgis,« and i¢pg induce
quasi-inverse exact equivalences of categories between the categories of crystals
of finitely presented (respectively, finite locally free) Ox Iz, -modules and Oxz -
modules. (This follows from [[dJ95, Lemma 2.1.4], noting that there is a natural
isomorphism iCRIS,*O§/2p = Ox/z, as in [BO78, §5.17.3].) Since the formation

~

of D* commutes with base change, we obtain a natural isomorphism D*(G) =
icris «(D*(G)).

Let D*(G)x denote the locally free Ox-module obtained from the push-forward
of D*(G) to the Zariski topos. The construction of D*(G) also provides the following
functorial exact sequence of vector bundles which commutes with base change:

(3.1.1) 0 — Zie(G)* = D*(G)x — Lie(GY) — 0,

where GV is the dual p-divisible group. This exact sequence defines the Hodge
filtration Zie(G)* C D*(G)x for G. (There are two possible ways to define the
Hodge filtration — one via universal vector extension in [Mes72], and the other via
[BBM82| Corollaire 3.3.5] — and they coincide by [BM90, Théoreme 3.1.7].)

Definition 3.1.2. A Dieudonné crystal over X is a quadruple (&, F,V, Fil' &%), where

(1) & is a crystal of finite locally free O« /Z, -module.

(2) Let & = &|5(= i&ps®), and let ¢ : X — X denote the absolute Frobenius
morphism. Then F : p*& — & and V : & — *& are morphisms which
satisfy FoV =pand Vo F = p.

(3) Let &x denote the locally free Ox-module obtained from the push-forward
of & to the Zariski topos. Then Fil' & C &% is a direct factor as an Ox-
submodule such that ¢* (Fil! Sx|x) = ker[F : ¢*(&xlx) — &x|x]. We call
Fil' & C & the Hodge filtration.

If X = X (i.e., pOx = 0) then in Definition is automatic from the other
conditions (¢f, [dJ95, Proposition 2.5.2]). In particular, our definition is compatible
with [[dJ95, Definitions 2.3.4, 2.4.2(b)] in this case.

Lemma 3.1.3. For any p-divisible group G over X, the crystal D*(G) associated to G
has a natural structure of Dieudonné crystal over X.

Proof. It suffices to show that Fil' D*(G)5 (the kernel of F as in Definition )
coincides with the Hodge filtration for GG, which follows from [BBM82, Proposi-
tion 4.3.10]. O

Remark 3.1.4. There is an obvious notion of short exact sequences of Dieudonné
crystals. It follows from [BBM82, Proposition 4.3.1] that the crystalline Dieudonné
functor G — D*(G) is exact over a base where p is locally topologically nilpotent.
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Also, one can describe the effect of duality on D*(G) [BBM82, §5.3]; namely,
D*(GY) is the Oz, -linear dual of D*(G), F (respectively, V) on D*(G"Y) is in-
duced from V (respectively, F)) on D*(G), and Fil' D*(G")x is the annihilator of
Fil' D*(@)x under the natural duality pairing.

Definition 3.1.5. We say that a Dieudonné crystal & is F-nilpotent if F™ : o"*& —
& factors through p&. We similarly define V-nilpotence.

Recall that a p-divisible group G over R is called formal if G[p"] are infinitesimal
thickening of Spec R as a scheme. If pR = 0, then G is formal if and only if
G =lmG [F"] where G[F™] is the kernel of the nth iterated relative Frobenius
morphism F" : G — ¢"*@G. A p-divisible group G is called unipotent if its dual is
formal. Note that a p-divisible group is formal or unipotent if and only if all of its
geometric fibres are formal or unipotent, respectively. The following lemma is now
straightforward by classical Dieudonné theory:

Lemma 3.1.6. A p-divisible group G over X is formal (respectively, unipotent) if and
only if D*(QG) is F-nilpotent (respectively, V-nilpotent).

3.2. Filtered Frobenius modules. One can understand a crystal (over an affine
formal scheme) as a suitable module with connection, which allows us to describe
Dieudonné crystals by some concrete objects.

Definition 3.2.1 (Cf. [LaulOc, §2.1]). A frame is a tuple (ﬁ, Fil' D, R, ¢, 1) where
R = ﬁ/ Fil' D, ¢ : D — D is a lift of Frobenius, ¢; = @/p: Fil* D — D is such that
the ideal generated by <p1(F11 D) is the unit ideal, and pD + Fil' D is contained
in the Jacobson radical of D. In this case, we will focus on the case when D is
a torsion-free p-adic ring and Fil* D has a (p- adically continuous) divided power
structure.

A morphism of frames are morphism of rings that respects all the structures.
(There is more general notion of morphisms that allow ¢;’s to differ by a certain
unit multiple; ¢f. [LaulOc, §2.1], we will not use this more general notion.)

Remark 3.2.2. Let R be a p-adic ring, and choose a p-adic Z,-flat algebra A, such
that A/(p) locally admits a finite p-basis and R = A/I for some ideal I. We also
choose a lift of Frobenius ¢ : A — A. Let D denote the p-adically completed divided
power envelope of A with respect to I. Let Fil' D denote the ideal topologically
generated by the divided powers of elements in . Clearly, pD + Fil' D is contained
in the Jacobson radical, as D is p-adic and the image of Fil' D in D /(p) is a nil-ideal
(being a divided power ideal).

We assume that D is Z,-flat. This is satlsﬁed ifD=A (for example, when
R = A/(p)). Another example will be given in Note that D may fail to be
Zy-flat — such an example is given in the proof of [B083, Proposition A.2].

It easily follows that ¢ : A — A uniquely extends to ¢ : D — D, and o(Fil* ZA)) -
pﬁ. (To see that ¢ : D — D is well defined, observe that D is also a p-adically
completed divided power envelope for (p,I) C A, and ¢(p,I) C (p,I). To see
o(Fil' D) C pD, just note that ¢ : 13/( ) — D/( ) is the p-th power map so it
annihilates Fil' D/(p).) We set @1 := £ : Fil' D — D, which is well-defined as D is
Z,-flat. Although ¢, (Fil' ﬁ) may not generate the unit ideal in general, this is often
satisfied in practice — indeed, one can often find an element z € Fil' IA) such that
©1(x) is a unit. If all of these are satisfied, we obtain a frame (D Fil' D, R, ¢, ©v1).

For D constructed from A as above, let d : DD A 0 4 denote the p-adically
continuous derivation obtained by naturally extending the universal continuous
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derivation d4 : A — Q4 by setting dg(sll) == s"=ld,(s) for any s € I and n.
(Here, s := %.)

Definition 3.2.3. For a frame D, let MTF 5(¢) denote the category of tuples (M, Fil' M, o, 1)
where
(1) M is a finite projective ﬁ-module;
(2) Fil' M C M is a D-submodule containing (Fil' D)M, and such that M/ Fil' M
is projective over R = D / Fil* ZA);
(3) ¢ is a ¢-linear endomorphism of M such that (1 ® ) (¢* Fil' M) =
pM;
(4 1= pm/p: Fil' M = M;
If f), constructed as in Remark is Z,-flat, then we let MF 5 (¢, V) denote the
category of tuples (M, Fil' M, ¢ aq, o1, Vaq) where (M, Fil' M, puq, 1) € MF 5 ()
and V : M — M ®4 Q4 is a topologically quasi-nilpotent integrable connection
over dp which commutes with ¢ . (Cf [dJ95, Remarks 2.2.4].)

Remark 3.2.4. Since D is Zp-flat, one can find a unique injective morphism 4 :
M — ¢*M such that (1 ® @) o Ya = pidy and Yaq 0 (1 @ paq) = pidgs .

Let & be a Dieudonné crystal over Spf(R, (p)), and set M := &(D). We define:
(1) The linearisation 1 ® paq of ¢4 is induced from F : o*(&) — &, where &
is the pull-back of & over Spec R/(p);
(2) Fil' M c M is the preimage of the Hodge filtration Fil' &(R) C &(R) by
the natural projection M — M /(Fil* DM =& (R);

Proposition 3.2.5. For M associated to a Dieudonné crystal & as above, we have
(M, Fil' M, o1, 001/p) € MF5(p). If furthermore D is constructed as in Re-
mark [3.2.2|and is Z,-flat, then there exists a natural connection V4 : M — M ®4
O, so that & ~ (M, Fil' M, o1, 0r1/p, Var) induces an exact equivalence of cate-
gories from the category of Dieudonné crystals over Spf(R, (p)) to MF (¢, V).

Proof. Let us first settle the proposition when p is nilpotent in R (i.e., when Spf(R, (p)) =
Spec R). Note that V : & — ¢*& induces a D-linear map ¥ : M — ©*M
such that (1 ® (pM) otr = pidag and Py o (1 ® (pM) = pidtp*./\/l' By Def-
inition we have ¢*Fil' &(R/p) = ker(F) = im(V), so it follows that
(1 ® or)(@* Fil' M) C pM. In particular, the image of 1/, is contained in the
image of ¢* Fil' M in ¢*M. So from (1 ® o) © g = pidy, it follows that
(1 ® paq)(@* Fil' M) = pM. The rest of the conditions are clear.

Now let D be the p-adically completed PD envelope of A — R, where A/(p)
locally has a finite p-basis. Then, & ~ &(D) induces a natural equivalence of
categories between crystals and certain modules with connection. (Indeed, by the
proof of [dJ95| Proposition 2.2.2] it suffices to handle the case when R = A/(p),
in which case we may apply [BM90, Proposition 1.3.3] for some Zariski cover of
Spec A/(p).) We also assume that Dis Zy-flat. Then one can naturally view M :=
&(D) as an object of MF 7(p, V) for a Dieudonné crystal & over R. Conversely, by
inverting the above equivalence of categories & ~~ éa(ﬁ), given M € MF 5(p, V)
one obtains a crystal &y over R with a horizontal isomorphism M 2 @@M(ﬁ), and
we have F : 0*&p — Epqand V @ &4y — ¢*E aq which are induced from 1 ® ¢y
and ¥n. (Here 1oy is defined in Remark [3.2.4]) The Hodge filtration is given by
Fil' €y (R) = Fil' M/(Fil' D) M, which satisfies Deﬁnition. So we obtain
a quasi-inverse M ~» &) of the functor & ~~ & (ﬁ). This proves the proposition
when p is locally nilpotent in R.
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Now, let R be any p-adic ring, and set M := & (13) for a Dieudonné crystal & over
Spf(R, (p)). Note that all the extra structures on M except Fil' M depend only on
&, which is a Dieudonné crystal over Spec R/(p). Set M,, := &|r/(pm) (D) equipped
with all the extra structure as in the proposition. Then the natural reduction map
M — M,, is an lA)-isomorphism compatible with Frobenius structures and connec-
tions if they are defined, and identifies Fil' M,, with p" M + Fil' M. Therefore, we
have M = @n M, respecting all the extra structures, and the proposition for R
is deduced from the proposition for R/(p™). O

Definition 3.2.6. Let D be a frame (Definition , and let M be an object of
either MF 5 () or MF 5(¢p, V). Then M is called y-nilpotent if ¢’} (M) C pM for
some n >> 0. Similarly, M is called y-nilpotent if ¢ ((M) C p(¢™* M) for n > 0
where ¥ = p(1 ® o) ™!+ M — p*M. Let MF 5()? ™ and MF 5(p)¥ P
respectively denote the full subcategories of p-nilpotent and ¢)-nilpotent objects.
We similarly define MF 5 (¢, V)? P and MF 5 (¢, V)¢ 1P,

Note that if & is an F'-nilpotent (respectively, V-nilpotent) Dieudonné crystal,
then & (D) is -nilpotent (respectively, v -nilpotent). The converse holds if D is
constructed as in Remark[3.2.2

Example 3.2.7. We give an example where we can make “nice” choices of A and
D.LetAbea F,-algebra which locally admits a finite p-basis. Then by Lemma
there is a p-adic Z,-flat lift A with a lift of Frobenius ¢. In this case, we may set
D=Aand Fil' D = (p). Then it follows from [[dJ95| Proposition 2.5.2] that the
objects in MF 5(¢, V) are precisely crystalline Dieudonné modules defined in [dJ95,
Definition 2.3.4]. Note that p € Fil' D and ¢4 (p) = 1, so (Ro, pRo, Ro/(p), . 1) is
a frame and MF 4 (¢, V) makes sense.

Remark 3.2.8 (Ici case). We present more examples when Disa p-adic flat Z,,-
algebra. Assume that R is a noetherian F,-algebra, and all the local rings are
complete intersection (i.e., R is locally complete intersection). Assume also that
there exists a p-adic Z,-flat noetherian ring A such that A/(p) locally admits a
finite p-basis and there is a surjective map A — R. Let D be the p-adic PD envelop
of A — R as constructed in Remark [3.2.2]

We now claim that such D is Zy-flat. For any maximal ideal m C R, let A
denote the Completion of A with respect to the kernel of A — R/m. Since A is
noetherian, Am is a flat A-algebra. It then follows from [BO78| Proposition 3.21]
that Dm = Am® AD is the p-adically completed PD envelop of A —» Rm, where
® 4 is the p-adic completion of the usual tensor product.

By the p-basis assumption on A/(p), the completion A, /(p) is a complete local
noetherian ring with finite p-basis by [dJ95, Lemma 1.1.2]. By cotangent complex
consideration via [dJ95, Lemma 1.1.1], Ay, /(p) is formally smooth over F,, so it is
regular by [Mat86, Theorems 28.7]. As R, is assumed to be complete intersection,
the kernel of A, —» Ry is generated by a regular sequence. In such a case, it is
known that the p-adically completed PD envelop D is Zy-flat. (Cf the proof of
[dJM99, Lemma 4.7].)

Note that we have MaxSpec R — MaxSpec D because Fil1 D is contained in the
Jacobson radical (cf Remark . This shows that {Spf ( ,(p ))}mENIaxSpec R is
an fpqc covering of Spf(D, (p ). As D is Z,-flat, we have Z,-flatness of D.

Remark 3.2.9. Since the definition of MF 5 () depends upon non-canonical choices,
one cannot expect to have a notion of base change for arbitrary map f : R — R’
of p-adic rings. If, on the other hand, one can find (4, ¢) and (A’, ¢) which induce
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“frames” for R and R’, respectively (cf, §3.2), and there is a p-compatible map
f A — A’ which reduces to f, then f extends to a map of p-adically completed
divided power envelopes D — D', which respects all the extra structures. Note that
Lernrnaprovides some examples of f where there is fwith desired properties.
See (Ex1) for more details.

Now the scalar extension M ~ M’ := D' @ 5 M induces a functor MF 5(¢) —
MF 5, () as follows: we set g\ = @5, ® P, and Fil'! M" := ker[M’ - R' @
(M/Fil' M)], and

(3.2.10) Var (s @m) =m®ds,(s") + s Va(m)
for any s’ € D’ and m € M.

3.3. Ring S. We use the notation from such as R, Ry, E(u), @ € R. We
also fix a lift of Frobenius ¢ : Ry — Ry, which exists by Lemma [2.3.1] We set
6 = Ry[[u]] and extend ¢ by ¢(u) = uP. Now, let S be the p-adically completed
divided power envelope of & with respect to the kernel of & — R, and define
Fil' S, ¢, dg as in Remark (for A=&and D = S). We give the p-adic
topology to all of these rings.

Recall that R = &/E(u). From the assumption on E(u) as in it is straight-
forward to check the following (using binomial coefficients):

3.3.1) Z fn J'; where f, € Ry and f,, — 0 p-adically ; ,
n>0
where e is the degree of E(u). The equality takes place in Ro[%] [[u]]. It follows that
S is Z,-flat and Fil' S is topologically generated by the divided powers of E(u).
Let ¢ := ¢(E(u))/p. One can check by direct computation that ¢ € S*, so we
have <%(Fil1 S)) = S. (Indeed, the map S — Ry, induced from u — 0, maps cto 1.)
This shows that (S, Fil' S, R, ¢, ¢1) is a frame in the sense of Definition and

we can apply the discussions in In particular, MF(p, V) is in equivalence
with the category of Dieudonné crystals over Spf(R, (w)) by Proposition

In addition to dg, we define another connection d% : S — S ®@g, Qg, by
d%(s) := ds(s) mod du for any s € S; more concretely, we have d$ (>, #;'fn) =
>on Wd R (fn) for f, € Ry which p-adically tends to 0.

We define a derivation N : S — S by N := —u%. For any s € S we have
ds(s) = (=1/u)N(s)du + d%(s), and N o o =ppo N.

In addition to MFg(yp, V) and MF () (cf, Definition [3.2.3)), we make the fol-
lowing definitions:

Definition 3.3.2. Let MF¥ (p, V*) be the category of (M, Fil' M, ¢;) € MFg(p)
equipped with a topologically quasi-nilpotent integrable connection V%, : M —
M ®p, Qg, over d¥ which commutes with 4.

Let MF3" (¢, V°) be the category of (M, Fil' M, ;) € MFs(p) equipped with
a topologically quasi-nilpotent integrable connection V¢, on M, := Ry ®g M
which commutes with oo, = ¢r, ® . We call an object in MFE (¢, V°) a
Breuil S-module.

Remark 3.3.3. For M € MFg(y), the giving of Vo : M - M ®¢ Qe that makes
M an object in MFg(¢p, V) is equivalent to the giving of V%, : M — M ®g, Q Ro
and a differential operator Ny : M — M over N (i.e., Np(sm) = N(s)m +
sNpq(m) for any s € S and m € M), such that

(1) (M, V},) € MFg(p, V");
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2 NM(M) C uM; and —V}Lw o (’U,_INM> = (u_lNM & 1530) oV%,;

(3) We have Najo o =p- a0 Nog.
Given N and VY4, as above, let Vy : M - M ®¢ (AZG be the connection defined
by Va(m) = —u"'Npy(m)du + VY, (m) for any m € M. One can check that
(M, V) € MFg(9,V) if and only if Ny, and VY, satisfy the above conditions.
(Note that the connection V  is integrable if and only if V%, is integrable and
anti-commutes with u~'Ny,.) Using this description, one can define a “forgetful
functor” MFgs(p, V) = MFg(p, V*) by forgetting N .

Let Iy C S be the ideal topologically generated by u and “]—,] for j > 0. Then
we have S/I, = Ry, and the natural projection S — Ry commutes with ¢’s.
Now one can define functors MFg(p, V) — MF%' (p,V°) and MF (o, V¥) —
MFE£* (¢, V%) by “reducing the connection modulo I,. (Note that these functors
are compatible with the forgetful functor MFg(p, V) — MF§ (e, V*) that we con-
structed in the previous paragraph.)

If M = &(S) € MFg(p,V) for some Dieudonné crystal & over Spf(R, (w)),
then we have Ry ®5 M = &g/ (o) (Ro) as objects in MFg (¢, V). (To see the
isomorphism is horizontal, interpret a connection as a HPD stratification in the
sense of [BO78, Theorem 6.6], and work out the effect of base change. We leave
the details to readers.)

We can construct the functors from MFg(g, V), MF% (i, V*), and MF2" (0, V)
into MFg, (¢, V) by M ~» Mg := Ry®g.M and reducing the extra structures mod-
ulo Iy. (Cf Remark ) These mod-I reduction functors are compatible with
the functors among MFg(y, V), MF¥ (¢, V*), and MF5'(p, V°) defined above.

Finally, by working with Fil” S for r < p — 1 we can study “higher weight” cases.
Also by allowing V o to have a “logarithmic pole” at v = 0 and Ay mod I to be
not necessarily zero, we can handle “log crystals”.

Lemma 3.3.4. The functors MFgs(p,V) — MFg(p, V*) and MFg(p, V") —
MFE (o, V), defined in Remark are fully faithful.

Proof The full faithfulness of the functor MFY (o, V*) — MF2" (¢, V) follows
from Lemma To show the full faithfulness of MFg(p, V) — MF§ (¢, VY),
we want to show that any morphism f : M — M’ of objects in MFg (¢, V¥)
commutes with the differential operators N, and N

Consider 6 := Nag o f — fo Ny : M — M'. By assumption we have d(M) C
Io- M'" where Iy := ker(S — Ry). But since ¢ also commutes with Frobenius
structures, for any m € Fil' M we have §¢(¢1(m)) = ¢ 11 (E(u)d;(m)) where
¢ := £(E(u)). In particular, we have J;(M) € (o) M’ as ¢1(Fil' M) generates
M. By repeating this, we obtain d;(M) C (), ¢"(Io)- M’ = {0}. O

Lemma 3.3.5. Let M € MFg(p, V"), and set My := Ry ®s M € MFpg (¢, V).
Then there exists a unique y-compatible section s : Mo[3] — M| ]. Furthermore, s
is horizontal and the map 1 ® s : S[1] ®r, Mo = M(]] is an isomorphism.

Proof. Let us choose an arbitrary section s : My — M, and we would like to show
that the following “formula” gives a well-defined morphism s : MO[%} — M[%]:

s =" lim (1@ ¢ly) o (¢""50) o (1@ Pf.)”

=s0+ ) [(1 ® PRt o (" s0) o (1@ i) — (1@ ) 0 (9*"s0) o (1@ ot ) |-

n=0
Note that (1 ® ¢um,)[5] : 9*Mo[3] = Mo[;] is an isomorphism, and the preimage
of My is contained in p~1(p* My).
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Set sp1 = (1@ i) o (9™ hs0) o (L@ @ig ) — (L@ Why) 0 (¢™"s0) 0 (1 ®
©xt,)- Clearly s1(Mg) € p~'uM, because s is a section. By iterating this, one
obtains that s, 1(Mg) € p " 'uP" M for any n > 0. Note that p~" 'u?" =
p " (g uP" e (ue)lan] where ¢, == LI’%J, so we have

ord, (pfnfl(qn!)) >-n—1+4+p"e—1"5"
This proves that s : Mo[;] — M][}] is well-defined, and by construction s com-
mutes with ¢’s. The map 1 ® s : S[3] ®r, Mo —+ M][1] is a surjective map of
projective S[I%]-modules of same rank (by Nakayama lemma), so it is an isomor-
phism.

Now, if there are two sections s and s’, then (s — s’)(/\/lo[%]) C IOM[%)]. If both
s and s’ commute with ¢’s then we obtain

(s — )Y MolL/p)) € (5 — ) (1 ® ore)" (" Mo[L/2])
C (1o (sa*”«s - s/)(Mo[l/pm) C " (L) ML/

Therefore, we have im(s — s’) C (), @”(IO)M[%} = {0}, which establishes the
uniqueness of s.

It is left to show that s is horizontal. Consider ¢, := (s ® 1) 0o Vpq, — Vi 05 :
Mol3] = M[3] @, Qr,. By construction, §, commutes with ¢’s and its image
is divisible by u. So by the same argument that shows the uniqueness of s, we
conclude that 6, = 0. O

Remark 3.3.6 (Ici case). We can extend the construction of S and Lemma (3.3.4]
in the following variant as well. Let R be a p-adic flat Z,-algebra which is locally
complete intersection. Assume that there exists a p-adic noetherian flat Z,-algebra
A such that

e A/(p) locally admits a finite p-basis;

o there exists a surjective map A[[u]] — R, where u maps to a regular ele-
ment w € R;

e the kernel of A[[u]] - R includes an element E(u) = p+ > ;_, a;u’ with
a; € Aand a, € A*.

Let Sy be the p-adically completed PD envelop of A — R/(w), and S be the p-
adically completed PD envelop of A[[u]] - R. By Remark[3.2.8] Sy defines a frame.
We also have the description of S similar to with R, replaced by Sy, so S is
also Z,-flat and ¢ (E(u)) € §*; in other words, S defines a frame.

Now, by simply replacing R, with Sy, we can define MFg(¢, V), MFg(p, VY),
and MF% (¢, V°), and the proof of Lemma generalises to this setting.

3.4. Review of results by Berthelot-Messing and de Jong. Let A be an FF,-algebra
locally admitting a finite p-basis, and choose (A4, ¢) lifting A and the Frobenius
morphism (which exists by Lemma [2.3.1). For any p-divisible group G, over A we
set M{(Go) := D*(Go)(A), which belongs to MF 4(p, V) by Example We
recall the following results on the functors D* and Mg:

(1) Suppose that A is formally smooth and formally of finite type over some
field k which admits a finite p-basis. (For example, A = R/(ww) where
R satisfies the formally finite-type assumption (§2.2.2)).) Then Mj is an
anti-equivalence of categories. If X is a scheme that has a Zariski covering
by such Spec A’s, then D* over X is an anti-equivalence of categories. (Cf.
[dJ95, Main Theorem 1].)
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(2) Assume that X is a normal F,-scheme which is locally irreducible and lo-
cally admits a finite p-basis. Then D* over X is fully faithful. (Cf [BM90,
Théoréme 4.1.1].) The same statement holds for M if X is affine (for ex-
ample, X = Spec R/(w) where R satisfies the normality assumption ().

Let us set up the notation for the the main theorem of this section below. Assume
that X is a formal scheme which has a Zariski covering {Spf(R,, («))} where R,
satisfies the condition in Consider the exact functor

{p-divisible groups over R} o, {Dieudonné crystals over X (Definition[3.1.2) }.

If X = Spf(R, (p)) where R satisfies the condition in then consider the exact
functor

M : {p-divisible groups over R} — MFg' (¢, V°)

defined by M*(G) := D*(G)(S) for S as chosen in Note that M*(G) is a
priori an object in MFg(p, V) by Proposition [3.2.5] but we view it as an object in
MFL* (¢, V) via the fully faithful functor MFg(y, V) — MF&" (¢, V) constructed

in Remark (Cf Lemma )

Theorem 3.5. Assume that p > 2.

If X is Zariski locally covered by Spf(R, (w)) where each R satisfies the formally
finite-type assumption (§2.2.2), then D* and M* (if the latter is defined) are anti-
equivalences of categories.

If X is Zariski locally covered by Spf(R, (w)) where each R satisfies the normality
assumption (§2.2.4), then D* and M* (if the latter is defined) are fully faithful.

If p = 2, then in both cases above the functors D* and M* (if the latter is defined)

are fully faithful up to isogeny.

When p = 2, we can obtain a better result when restricted to formal or unipotent

p-divisible groups (¢f Theorem [3.5.4] Corollary[10.3.1).

Proof. To prove the theorem it suffices to prove the statement for M* when X =
Spf(R, (w)) (by Proposition and Lemma [3.3.4), so we assume this from now
on.

Let us outline the idea. First, assume that p > 2. Then we define a functor G*
on MFY (i, V?)P and show that it is a quasi-inverse of M* if M (as defined in
is fully faithful (respectively, quasi-inverse up to isogeny if Mg, is fully faithful
up to isogeny). This strategy can be modified to show our claim when p = 2. The
construction of the functor G* is motivated by the proof of [KisO6, Proposition A.6],
while we start with the results of de Jong and Berthelot-Messing (which is recalled
in §3.4) instead of classical Dieudonné theory.

Let MFY (o, V)P be the full subcategory of M € MFE (¢, V°) such that
Ry ®s M is in the essential image of M} (defined in . Clearly, MF2"(p, VO)P
contains the essential image of M*. (Note that if R satisfies the formally finite-type
assumption ( then MFS" (¢, V°)P = MFE (¢, V°) by de Jong’s theorem.)

Suppose (M, Fil' M, ¢1,Vag,) € MFE (o, VO)P, and set My := Ry ®g M €
MF i, (¢, V). By assumption, there exists a p-divisible group G, over R/(w) such
that My = D*(Gy)(Rp). To construct G corresponding to M, we will lift Gy over
R in a functorial way using Grothendieck-Messing deformation theory [Mes72].

For any non-negative integer i, let I; C S be the ideal topologically generated
by ui*! and “]—,J for any ej > i. By applying the discussion of Remark to
f:R— R/(@), A =&/(u*!) and D' = S; := S/I,, it follows that M/I;M
has a natural structure of MFg,(¢). Recall that for any p-divisible group G; over
R/(w't!), we have D*(G;)(S;) € MFg, () by Proposition|[3.2.5



CLASSIFICATION OF p-DIVISIBLE GROUPS 17

Claim 3.5.1. For any 0 < i < e, there exist a p-divisible group G; over R/(w'*!)
and an isomorphism D*(G;)(S;) =2 S; ®s M in MFg, (@) which lifts the isomorphism
D*(G;)(Ro) & Ro ®s M. This construction M ~» G; is functorial in Gy and M.

The case when ¢ = 0 is obvious. Now assuming the claim for : — 1 for some
0 < i < e, and we will prove the claim for i. Consider &; := &/(u'™!) - R/(=?),
and let D; be the p-adically completed divided power envelope of &; with respect
to the kernel. Then we have lA)Z ~ G, with Fil' lA)z = I,_4 + Fil' S,. The natural
projection & —» &/(ut!) = &; induces a map S —» D; respecting all the extra
structure, so we obtain the scalar extension functor MFs(¢) — MF 5 (¢). Note
that Fil' (D; ®g.M) is generated by I,_; M /I; M and the image of Fil' M. Similarly,
we obtain the scalar extension functor MF 5 (¢) = MFsg, , ().

By Propositionwe have D* (Gi,l)(ﬁi) € MF3 (). Applying Lemma
toD = lA)i and J := Ii,lf)i, we deduce that there is a unique p-compatible isomor-
phism ]D)*(Gi,l)(ﬁi) ~ D, ®g M which lifts the isomorphism D*(Gi-1)(Si—1) =
Si—1 ®g M given by the induction hypothesis.

Consider the divided power thickening R/(w'™!) — R/(w') with the “trivial”
divided power structure (i.e., (w?)l// = 0 for any j > 1). This is compatible with
the canonical divided power structures on pZ,. Choose a lift G; of G;_; which
corresponds to the filtration defined by the image of Fil' M in R/(w't!) @5 M via
Grothendieck-Messing deformation theory. Then by construction we have natural
¢-compatible isomorphisms D*(G;)(S;) = D*(Gi_1)(D;) = S; ®s M, which takes
Fil' D*(G,)(S;) to the image of Fil' M in S; ®5 M. Note also that the formation of
G; is functorial in G;_; and the filtration. (See [Mes72|, Ch.V, Theorem 1.6] for the
precise statement.) This proves Claim[3.5.1]

Consider & — R/(p) = R/(w®) and let D, be the p-adically completed di-
vided power envelope of & with respect to the kernel. Then we have D, =~ S
with Fil! lA)e = I._1 + Fil' S. As in the proof of Claim we have scalar ex-
tension functors MFs(¢) — MF 5 () which sends (M, Fil' M) to D, @5 M =
(M, I._yM + Fil* M). Applying Lemmato D =D,andJ = 1I._, and pro-
ceeding similarly to the proof of Claim we deduce that there is a unique
p-compatible isomorphism D*(Ge_l)(ﬁe) >~ M which lifts the isomorphism

D*(Ge-1)(Se—1) = SR,e—1 ®s M

in MFSe_1 (90)
Now assume that p > 2, in which case pR is a topologically nilpotent divided
power ideal. Let G o be the lift of G._; which corresponds to the filtration

Fil' M/(Fil' S)M c M/(Fil' S)M.

(Note that G o functorially depends on M and Gy.) As in the proof of Claim[3.5.1]
we obtain a natural isomorphism M*(G () = M in MF2* (¢, V°), which proves
essential subjectivity of M* for p > 2.

If Mg, defined in §3.4] is fully faithful (which is the case if R satisfies the normal-
ity assumption (§2.2.4))), then we define a functor G* from MFE" (¢, V°)? to the
category of p-divisible groups over R by choosing a quasi-inverse Ry ®s M ~~ Gg
of M{ and setting G*(M) := Gxq to be the lift of Gy produced by the pro-
cedure described above. Then by construction we have a natural isomorphism
(M* 0 G*)(M) = M for any M € MF5"(p, V°)P. We also get a natural isomor-
phism (G* o M*)(G) = G for any p-divisible group G over R from the uniqueness
of each deformation step. This settles the theorem when p > 2.
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Assume that p = 2 and we show that the functor M* is fully faithful up to
isogeny; indeed, we show that for any p-divisible groups G and G’ over R and a
morphism « : M*(G') — M*(G) there exists a unique morphism f' : G — G’
such that M*(f’) = p?a. As in the case when p > 2, « gives rise to a morphism
frpp + Gryp — Gy, By [Kat8l, Lemma 1.1.3], it follows that p*fryp lifts to
a unique morphism f, 2 GRrpp2 = G Jp2- Applying the Grothendieck-Messing
deformation theory to the (topologically nilpotent!) divided power thickening R —
R/p?, there exists a unique morphism f’ : G — G’ which lifts [}, e and satisfies

M*(f') = pa. O

Lemma 3.5.2. Let D be a frame (cf., Definition such that Fil' D is a divided
power ideal, and J C Fil' D be a divided power sub-ideal such that such that go”(j ) C
p"+in J for some {jn} with j,, — 00 as n — oo. (In particular, D / J is automatically
Zyflat so lA)/ J has a natural frame structure induced from D, and the reduction
modulo .J induces a functor MF 5(¢) — MFﬁ/f(cp).)

Then for M1, My € MF 5(¢), any isomorphism 8 : My /JM: = My/TMs in

MFj, +(¢) uniquely lifts to a p-compatible D-linear isomorphism 6 : My = M.

Proof The proof is identical to the proof of [Kis06, Lemma A.4]. Let us first shows
the uniqueness. Let # and ¢’ be two lifts as in the statement. Then since 6 — ¢’

~

commutes with ¢’s, we have (6 — 6")(M1) C(,5,¢"(J)(M2) = {0}.

Let us show the existence. Note first that 1 ® a4, is injective; indeed, D is
p-torsion free by assumption, and (1 ® ¢ Mi)[%} is an isomorphism because it is

a surjective map of finite projective ﬁ[%}-modules of the same rank. Therefore
(1® opm,)/p: Fil'(p* M;) — M, is an isomorphism, where Fil' (p* M;) C ¢* M;
is the image of ¢* (Fil' M;). (Note that ¢ is not necessarily flat.)

Pick an arbitrary lift §, : M; — M, of §. As 6 in the statement is not re-
quired to respect Fil'’s, we may replace Fil' M; by JM; + Fil' M; to assume that
Go(Fil1 My) C Fil' M,. Let us recursively define lifts 6,, of 0, such that 6, is the
chosen lift (when n = 0), and for any n € Z>, we have the following diagram:

(3.5.3) Fill (" M) 2% Fill (o* M)
(1®94>)/1>J/m El(l&o)/p

M| — My
Ont1

~

Now we show by induction that (6,41 — 6,)(M1) C (¢/p)"(J)M3 as follows.
For any = € M, we can find y € Fil'(¢*M;) such that (1 ® pq,)(y) = . When
n = 0, we have by construction:

(01— 00)(2) = [(1 @ @ty /) © (¢*00) — b0 0 (1 @ g, /D)) (y) € TMs.

Now assume that (6,, — 6,,_1)(M1) € (¢/p)"~*(J) My for some n > 0. Then we
have

~

(Ons1 = 0n)(2) = [(1© @r1,/P) 0 ™ (0 — On1)] (y) € (9/p)" (J) M.

By the assumption on J, the series § :=“lim,,_, o 0,,”= 0o + >0 o(0t1 — 6,) con-
verges, and clearly 6 satisfies all the requirements in the statement. O

The following theorem can be obtained from the same proof as Theorem (3.5

Theorem 3.5.4. Let p be any prime, including p = 2, and assume that R satisfies
the formally finite-type assumption (§2.2.2). Then M* induces an anti-equivalence of
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categories from the category of formal (respectively, unipotent) p-divisible groups over
R to MFE (¢, VO)#milp (respectively, MFS" (o, V)Y iIP) - A similar result holds for
D* over a formal scheme base X which can be covered by Spf(R, (w)) for such R.

Proof. For formal or unipotent p-divisible groups, the Grothendieck-Messing defor-
mation theory holds for R — R/(p) (¢f [Zin02| §3.3, Corollary 97]), hence the
proof of Theorem 3.5 works for any p. Lemma|3.1.6|shows that the essential image
is as desired; cf. the discussion following Definition [3.2.6, d

Remark 3.5.5. In general, we cannot replace MFEY(% V?) in Theorem with
MFs(y). On the other hand, there are cases when we can “forget the connection”
— see Corollary|10.3.1| for more details.

Remark 3.5.6 (Ici case). Let R, w, Sp, S, and E(u) be as in Remark [3.3.6] We
additionally assume that R is excellent (as well as locally complete intersection);
excellence is satisfied, for example, if A/(p) is formally finitely generated over some
field, by [Val75, Theorem 4]. Then for a p-divisible group G, over R/(w), let
ME(Go) == D*(Go)(So) € MFg, (¢, V). Then the functor M is fully faithful by
[dJM99, Theorem 4.6].

For a p-divisible group G over R, let M*(G) := D*(G)(S) € MF5 (p, V°). By
precisely the same proof of Theorem [3.5] we can obtain that M* is fully faithful if
p > 2, and it is fully faithful up to isogeny if p = 2.

3.6. Base Change. Let f : R — R’ be a map where both R and R’ satisfying the
p-basis assumption (§2.2.1). We choose (&, ¢) and (&', ¢) for R and R’ as in §3.3]
respectively. As we have observed in Remark[3.2.9] the “base change” of the functor
M* under f can be defined if there exists a ¢-compatible morphism & — &’ which
reduces to f.

We have already observed (in Remark[3.2.9), the assumption is satisfied in the
following cases:

(Ex1) Assume that R is J-adic and p € J. Let R’ be a J-adic formally étale al-
gebra such that R/J — R’'/JR' is finitely generated (i.e., the morphism
Spf(R',JR’) — Spf(R,J) is étale). Set J = ker(Ry — R/J) and assume
that Ry is Jp-adically complete (by replacing R, with the Jy-adic comple-
tion if necessary). Then by Lemma one can find a unique pair (R}, ¢)
so that R — R’ lifts to & — &' := Ry[[u]] respecting .

We list some other cases where this assumption is satisfied:

(Ex2) R is a discrete valuation ring with residue field k& (with fintie p-basis) and
R’ is a p-adic flat R-algebra such that R’/(w) locally admits a finite p-basis
(¢f. Lemma|2.3.4));

(Ex3) if R’ = R[[z;]](y;), then we may take Rj = Ro[[z:]](v:);

(Ex4) Let W — W’ be a map of Cohen rings with residue fields admitting finite
p-bases. By Lemma [2.3.1] there is a lift of Frobenius ¢’ : W/ — W’ which
leaves W invariant. Assume that R and Ry are ¥ -algebras, and choose ¢ :
Ry — Rg over ¢ : W — W. Now, we set R’ := RQw W/, 0= Ro@w W',
and ¢r; = YR, ® ¢

(Ex5) Let p C R be a prime ideal containing w, and set py := ker(Ry — R/p).
(For example, if p = (w) then py = (p).) If R’ is the w-adic completion of
the localisation R, then we may take Rj, to be the w-adic completion of
(Ro)p,- Note that Rj and R’ are actually p-adic without noetherian-ness as-
sumption on R (¢f,, Corollaire 2 in [Bou06, Ch. III, §2, no. 12, page 228]),
and ¢g, extends to R}, because ¢~ !(pg) = po. (Note that ¢ induces the
identity map on the underlying topological space of Spec R/(w).)
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The same construction works if p and pg are finitely generated prime
ideals, and R’ is the p-adic completion of R, and Ry is the py-adic comple-
tion of (Ro)p,-

(Ex6) Let R}, be the p-adic completion of hﬂw(RO)(zJ)’ and R := R ®r, R .

Note that in (Ex6) case we have a ¢-compatible isomorphism Rj = W (k') by the
universal property of Witt vectors over perfect rings, where &' := @}nw Frac(R/(w))

is the perfect closure of Frac(R/(w)).

4. REVIEW: RELATIVE p-ADIC HODGE THEORY

In this section, we recall (and slightly generalise) the construction and basic
properties of relative p-adic period rings. We refer to [BrilQ] for a brief, but more
complete, overview of relative p-adic Hodge theory.

4.1. Period rings. Let R be a normal domain which satisfies the p-basis assump-
tion (§2.2.1). (We may soon assume further that R satisfies the “refined almost étal-
eness” assumption (§2.2.3) later.) Choose a separable closure E of Frac(R), and de-
fine R to be the union of normal R-subalgebras R’ C E such that R’ [%} is finite étale
over R[;]. Note that Spec R[] is a pro-universal covering of Spec R[}] and R is an
integral closure of R in R[]]. Set R .= lim R/(p") and Gr = Gal(R[}]/R[}]) =
¢ (Spec R[1],77) where 77 : Spec R[1] — Spec E. (The “correct” notation for G
should be G RIL]> but we suppress this for the typographical reason. When R = Ok
is a discrete valuation ring we allow both notations G4, = Gx.) When R = Ok,
we have R = 0, R= Ocy,and G = Gal(K /K).

LetR = Lgl R/(p), which is a perfect ring equipped with a natural G r-action.

TP

~b
(We follow the notation of Scholze [Sch1l, Lemma 6.2]; perhaps, R would be a
more precise notation as (E[%] , R) is a perfectoid affinoid O, -algebra, but there is

no danger of confusion for using R. See for (slightly) more discussions on per-
fectoid algebras.) As in the classical case (i.e., R = Ok with perfect residue field),
there is a natural multiplicative bijection R lim R, defined by the component-

TP
wise reduction modulo p. To see that it is an isomorphism, we construct its inverse
as follows. For any (,)nez., € Fb, define
4.1.1) 2™ = lim (im+n)pm

m—0o0

for any lift #,,,,, € R of 2,4, € R/(p). Note that (™ is independent of all the
choices, and (z,,)nez, — (a:("))nez>o is the desired inverse.

For any a € R, there exists an element @ := (a) € R’ with a®© = a. (Note
that @ is not uniquely determined by a.) Another useful element is € = (¢()) where
€ =1 and ¢V # 1. The choice of ¢ is equivalent to the choice of a Z,-basis of
Zy(1).

Consider the following map:

(4.1.2) 0 : W(Rb) — ﬁ , B(ag,a1,---) = Zp"afl").
n=0
The same proof as [Bri08|, Propositions 5.1.1, 5.1.2] shows that @ is a surjective ring

homomorphism with kernel principally generated by & := p — [p], where [-] denotes
the Teichmdiiller lift.
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Let de;'(R) be the ker(#)-adic completion of W(Eb)[ ]. Then t := log[e] makes

1
p
sense as an element of delf (R) (and indeed, it actually lies in the classical de Rham
period ring BJ(Z,)). Set BYz(R) := By ' (R)[%]. These rings carry natural G-
actions and filtrations Fil" B} (R) = tTBdVP’f(R), which coincides with the ker()-
adic filtration. N
Consider the R-linear extension 0 : R ®y, W(ﬁb) — Rof 0, and set Aj,¢(R) :=
lim (Ry, W(Eb)) /(63" (pR))". Define BJ; (R) to be the ker(¢)-adic completion
of Ain¢(R)[5], and Bar(R) := B (R)[], where t := log|e], which makes sense in
Bj:(R). These rings carry natural G p-actions. For filtration, we set Fil" BJ; (R) :=
(ker 0r)" B (R) for r > 0 and extend it to Fil” Bar(R) := Y_,,5 _, 7 Fil"™" B (R).
When R = O with perfect residue field, BY;(0k) = Bar(Ok) is the usual
de Rham period ring constructed by Fontaine [Fon94]. If it is possible to define a
connection on Byr(R) (cf, Proposition[4.5)), then we have BY; (R) = (Bar(R))V=",
which explains the notation.
We define AY. (R) to be the p-adically completed divided power envelope of

cris
W(ﬁb) with respect to ker(6). The Witt vector Frobenius extends to ¢ on AY. (R).
We let Fil' AY, (R) denote the ideal topologically generated by the divided powers
of ¢ := p—[p], and Fil" AY, (R) its rth divided power ideal. Note that AY, (R) only

cris cris

depends on R.

Consider the Ry-linear extension g, : Ry ®z, W(Eb) — ﬁ of 0, and define

Acris(R) to be the p-adically completed divided power envelope of Ry ®z, W(Eb)

with respect to ker(fg,). (Note that A.is(R) depends on the choice of R and R,
which we suppress from the notation.)
As before, A..is(R) is equipped with a Frobenius endomorphism ¢ which extends

@ on Ry and the Witt vector Frobenius on W(Eb). Let Fil' A..is(R) be the ideal
topologically generated by the divided powers of ker(fg,), and Fil" A.s(R) its
rth divided power ideal. In addition, we define a connection V : A.is(R) —

Acris(R)®R, Q R, DY W(Eb)-linearly extending the universal continuous derivation
of Ry so that V(fUl) := fU~1v(f) for any f € Fil' Auis(R) and j > 0. One
can directly check that ¢ and Gg-action on A..s(R) is horizontal. Also note that
AY. (R) is naturally embedded in A.is(R), and coincides with A.;s(R)V=", hence
the notation.

The elements [e] € W(Eb) and the formal power series ¢ = log[e] can be viewed
in AY, (R) and A.is(R), and have all the expected properties. (Indeed, they all
lie in the “classical period ring” Aeis(Z,), constructed by Fontaine [Fon94].) We
define BY, (R) := AY;,(R)[}] and Beis(R) := Acyis(R)[1]. Note that p is invertible
in these rings since p divides t?~!. (Note that p divides t*~! in Acris(Zy), which is
well-known.) For any r € Z, we define Fil" Buis(R) = Y-, -, 7 Fil™t" Acris(R)[%}
and similarly define Fil" BY, (R).

Definition 4.2. A filtered (v, V) module over R (relative to Ry) is defined to be a
quadruple (D, ¢p,Vp,Fil* Dg), where
(1) D is a finite projective RO[%]-module;
(2) ¢p : D — D is a p-linear endomorphism such that 1 ® ¢p is an isomor-
phism;
B) Vp: D — D ®g, Q R, is an integrable topologically quasi-nilpotent con-
nection (i.e., there exists a Ry-lattice My C D on which Vp induces a
topologically quasi-nilpotent connection);
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(4) Fil® Dp is a decreasing separated exhaustive R-filtration on Dg := R ®pg,
D, which satisfies Griffiths transversality with respect to V.

We denote by MF i/, (¢, V) the category of filtered (¢, V)-modules over R relative
to Ry. For any D € MF g/, (¢, V), the Hodge-Tate weights of D are w € Z such
that gr*¥ Dy # 0.

One can naturally define short exact sequences, direct sums, ®-products, duals,
etc.

4.3. Crystalline representations. For any p-adic G p-representation V and D €
MF i /R, (@, V), we define:

4.3.D D¢ (V) := Homg , (V; Beris (R))

(4.3.2) D3 (V) := Homg, (V, Bar(R))

(4.3.3) oris(D) = Hompg 1 /p],4,9,Fi1e (D, Beris(R)).

Note that D . (V) isan Ry [%]-module equipped with a ¢-semilinear endomorphism

and a connection coming from By,is(R), D}r (V) is an R[Z%]-module equipped with
a filtration coming from Bgr(R), and V%, (D) is a Q,-vector space equipped with
a continuous G r-action.

Note that in order to show that these constructions yield finitely generated ob-
jects (over some suitable rings), let alone prove some natural properties, one needs
to make some extra assumptions on R, which we explain now.

4.4. Remark on Faltings’ purity and refined almost étaleness. For the rest of
the section, we assume that R satisfies the “refined almost étaleness” assump-
tion (§2.2.3), which we recall now:

Assumption §2.2.3} The (irreducible) normal extension R of Ry satisfies the
formally finite-type assumption (§2.2.2), R[]] is finite étale over Ro[;],

and we have Q Ry = @le RydT; for some finitely many units 7; € R/

See §2.2.3|for examples.

This condition is slightly more general than the conditions on R under which
the relative crystalline period rings AY..(R) and A.is(R) are studied in [Bri06]
and [Bri08] (cf, [Bril0, §1, §3]); the cases covered in the literature are when R is
a discrete valuation ring with the residue field k£ admitting a finite p-basis [Bri06]],
or when the residue field k is perfect and R is obtained by some combination of
finite étale extension, localisation, and completion starting from O [Tf, - -+, TF"]
[Bri08].

The point of the “refined almost étaleness” assumption (§2.2.3) is, as the name
suggests, the property called refined almost étaleness (i.e., the condition (RAE) in
[And06, §51), which plays the key technical role in ensuring that relative period
rings are well-behaved. Suppose that the assumption is satisfied, and let
A be a normal R-algebra such that A[] is finite étale over R[}]. Set R(,) :=
R[Cpn;Tlil/pn, - 7Tj1/”n}, where (,» is a primitive p"th root of unity and 7}’s
are as in We similarly define R, (,). (Note that R, is a finite normal
extension of R, and is defined over Ry in the sense that R,y = Ry n) ®@r, R.)
We let A(,,y := R,) ®r A, which is normal R,,)-algebra which becomes étale after
inverting p. Therefore, there exists an idempotent ¢4, € (A(n) ®r,,, A(n))[%] which

corresponds to the splitting of the natural map (A(,) ®r,,, A(n))[%] — Am) [%]. For
e € S5 Z[1], letp° € U, K((pn) denote any element with ord, (p°) = ¢, where ord,
is the valuation normalised so that ord,(p) = 1.
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Theorem 4.4.1. Under the above setting, there exists an integer | (only depending on
A) such that p'? "ea, € Agy,) ®R,,, Am) for any n.

Proof. This theorem is essentially due to Faltings [Fal02, Theorem 4, §2b] and An-
dreatta [And06, Theorem 5.1], and we indicate how to deduce this theorem from
the aforementioned results.

It suffices to handle the case when R = R, by viewing A as a normal extension of
Ro; indeed, via the natural projection A(,) ®r, ., Awm) (3] = Awm) 5] @R, Am 3],
the claim for an idempotent ¢4, € A(n) ®r, A(”)[%] implies the claim for its
image in A(,) ®r,,, Awm) [%}] From now on, we assume that R is formally finitely
generated over a Cohen ring W with residue field k£, and R/(p) locally admits a
finite p-basis.

Let us first assume that & is algebraically closed. Choose a W-algebra map « :
WX ... X! — Ry with r > d, such that o(X;) = T; fori = 1,--- ,d, and the
composition kX, -+, X+ LN R/(w) — R/Jg is surjective. This is possible
by Bertini’s theorem (as % is assumed to be algebraically closed). We set R} :=
lim WX - XF1/(J)" where J' := ker(W[X;™'] - R/Jg), and let R’ :=
Ox Qw RIO

The map : extends to a quotient map R’ — R, and it admits a continuous section
since R is formally smooth over W. (Recall that we assumed R = Ry.) In particular,

there exists a finitely generated projective R-module M such that R’ = R[[M]] :=
[T;50 Sym¥ M by [dJ95, Lemma 1.3.3]. We set R, , := R'[G,: X, /7, X7 /7"
then the same argument as above shows that R, = R(,)[[M.,]] for some finitely
generated projective R,,)-module M,,.

Recall that the lemma is known for any finite normal R’-algebra A’ such that
A [Il]] is étale over R’ [%] by Faltings’ purity theorem [Fal02, Theorem 4] (c¢f., [And06,
Theorem 5.11]) and [And06! Theorem 5.1]. Now, for any normal R-algebra A such
that A[7] is finite étale over R[], we can apply the result to A’ := R’ ®p A and
obtain an integer [ such that

PP earn € Alyy Oy Alyy = R [[Ma]] @, (Agn) Oy Apmy)

for any n > 0. The image of p'? "¢, under the projection R,)[[M,] ®r,,
(An) @R,y Am)) = Aw) ®R,, Am) (defined by quotienting out M,,) is exactly

PP e An, S0 the lemma follows when £ is algebraically closed.
When £ is not algebraically closed, we choose a map W — W (k), which always

exists. Since the lemma is known for W (k) ®w R, we can deduce the lemma for R
by repeating the argument in the previous paragraph. d

Let us list a few useful properties of these relative period rings. Although the
statement is slightly more general than those found in the literature [Bri06), BriO8],
it is not hart to extend it to our setting.

Proposition 4.5. Assume that R satisfies the “refined almost étaleness” assump-
tion (§2.2.3). For i = 1,---,d, let u; € Auis(R) C Bar(R) denote the image of
T; — [T;], where T;’s are chosen as in

(1) We have Bz (R) = BZ{“(R)[[ul, -++ ,uq)], and the associated graded rings

are gr* BY;" = R[L][t] and gr* B (R) = R[2][t,u, - , ual.

(2) The B (R)-linear connection defined by V(u;) = 1 ® dT; satisfies the Grif-
fiths transversality (i.e., V(Fil" Bqr(R)) C Fil" ! B4r(R) ®g, Q Ro)-

(3) We have Auis(R) = AV, (R)(u1, -+ ,uq)F'P; ie., the p-adically completed
divided power polynomial in u;’s over AY. (R).

cris
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(4) The ideal Fil" A..is(R) is topologically generated by (p — [ﬁ])[j‘)]u[lj i u([ijd]
for 2% _jn > r, and we have Fil" AT, (R) = Fil" Agis(R) N AY, (R). In
particular; t € Fil' AY, (R) C Fil' Aqis(R).

(5) The connection V on A.is(R) is the unique AY., (R)-linear connection such
that V(ugn}) = uE.”‘” ® dT;, and ¢ : Acris(R) — Aeris(R) is horizontal.

(6) Both Bj;(R) and A.is(R) have no non-zero t-torsion. (In particular, Acyis(R)

has no non-zero p-torsion.) The rings R[], Bir(R) and Bar(R) are faith-
fully flat over R[], and Beyis(R) is faithfully flat over Rol[].

(7) The natural map R0®ZPW(Rb) — R®ZPW(§b) uniquely extends to Aeis(R) —
Bar(R), which is injective, filtered, horizontal, and G gr-equivariant. Further-
more, the natural map R ®r, Acis(R) — Bar(R) is injective.

(8) As an R[;]-algebra By (R) contains R[] as a G g-stable subring, and we
have Bar(R)9" = R[}]. Let RYr denote the closure of maximal ind-étale
Ro-subalgebra in R. Then A.s(R) contains }A%})” as a G g-stable subring, and
BcriS(R)gR = RO[%]-

(9) The sequence 0 — Q, — BY (R)*=' — BY;(R)/Byg (R) — 0 is exact.
(This sequence is called the fundamental exact sequence).

Proof. The proofs in [BriO6] and [Bri0O8]] work in our setting (since we have all the
ingredients for the proof; especially, Theorem [4.4.1)), so we content with giving
references for the proofs.

For (1) and (3)), the same proof for the case when R is a discrete valuation ring
carries over if we work with Ry instead of Ok, (cf., Propositions 2.9, 2.19, and 2.39
in [Bri06]); note that Ry is formally smooth over Z,, which suffices for the proof
to work. A direct computation using shows . (Cf. [Bri06, Proposition 2.23],
[Bri08, Proposition 5.3.9].)

The statement follows fromA and [Bri08|, Proposition 5.1.2], which asserts

that the kernel of 6 : W(ﬁb) — R is principally generated by p — [p]. The state-
ment (5)) follows from a direct computation using (B)-@) (c¢f, Proposition 6.2.5 of
[Bri08l]).

The p- and ¢- torsion statement in (6]) follows from the proofs of Propositions 5.1.5
and 6.1.10 of [BriO8]]. The faithful flatness statement in @ follows from the proofs
of Théoremes 3.2.3, 5.4.1, and 6.3.8 of [Bri08]], which uses refined almost étale-
ness (Theorem 4.4.1)). The proofs of Propositions 6.2.1 and 6.2.7 of [Bri08] show
the injectivity statements of (7)) while the rest of (7)) can be directly checked.

To see that there is a natural embedding ﬁgr — Aqis(R), note that 0g, in-
duces a nilpotent thickening Ais(R)/(p") — R/(p"), so by ind-étaleness there
is a unique map RY" — A.is(R)/(p") lifting the natural map RS — R/(p") for
any n. The same argument shows the embedding E[%] — Bii(R) (cf, [Bri08,
Proposition 5.2.3]).

The proofs of Propositions 5.2.12 and 6.2.9 of [Bri08] shows . For @ see the
proof of [Bri08, Proposition 6.2.23]. O

4.6. (Relative) crystalline G p-representations. Assume that R satisfies the “re-
fined almost étaleness” assumption (§2.2.3]). One can deduce (rather formally from

Proposition [4.5]) the following properties for D..is, Dar, and Vs (4.3.1H4.3.3) in
the same manner as [Bri08, §8]:
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(1) For any p-adic G r-representation V, the following natural maps (which
respects all the structure)

Qleris * BcriS(R) ®R0 D:ris(v) — BcriS(R) ®qQ, V

1
i

: Bar(R
adr : Bar(R) ® Rl % |
are injective (cf, [Bri08| Propositions 8.2.4 and 8.2.6]). If a.s is an iso-
morphism then we say that V is crystalline. In this case, D*.. (V) is finitely

generated projective over R [%] by Proposition @, and the natural map
R ®r, D% (V) = Djg(V) is an isomorphism by Proposition [4.5(7). In
particular, we may naturally view D} (V) € MFg/ g (¢, V) (cf, [Bri08,
§8.3]). We call D € MF /g, (¢, V) admissible if there exists V' such that
D % D:rls(v)'
(2) Let ReprfzS(g r) denote the category of crystalline G p-representations, and

let MF% i, (», V) C MFg) g, (¢, V) denote the full subcategory of admis-

sible objects. Then D?. and V*. are quasi-inverse anti-equivalences of

Tannakian categories between Repgf(g r) and MF% (¢, V) (cf, Théoremes
8.4.2 and 8.5.1 of [Bri08]]).

]
DER(V) — BdR(R) ®QP Vv

Example 4.6.1 (Case of p-divisible groups). For any p-divisible group R, one can
define D*(G) := (]D)*(G)(RO)[%},Fil1 D*(G)(R)[3]), and this is clearly a filtered
(¢, V)-module with Hodge-Tate weights in {0, 1}. (Note that Griffiths transversality
imposes no condition.) We will show later (Corollary[5.4.2) that under the “refined
almost étaleness” assumption (§2.2.3) we have Vi, (D*(G)) 22 V,(G) (i.e., V,(G) is

crystalline and D*(G) is admissible). We deduce this from a finer statement about
the integral lattice T,,(G) C V,(G) and D*(G).

5. RELATIVE INTEGRAL p-ADIC COMPARISON ISOMORPHISM

In this section, we prove the integral p-adic comparison theorem for p-divisible
groups over R, which directly follows from the proof of Faltings [Fal99, §6]. A
similar approach to ours can be found in [BTO8] over a p-adic discrete valuation
ring with residue field admitting a finite p-basis, and perhaps the main result of
this section was already well known to experts, but we include this section for
completeness.

We continue to assume that R is a normal domain which satisfies the p-basis
assumption (§2.2.1), and will specify when we make a stronger assumption on R
(namely, the “refined almost étaleness” assumption (§2.2.3)).

5.1. The rings S and A (R). Choose @™ € R for n > 0 so that w(®) = @

and (w™*Y)? = (), Note that @ := (w) defines an element in R’. Set
Ro = U, Rl@™] C R, and Gr., := Gal(R[1]/R[1]).

We define an Ry-algebra map & — Ry ®z, W(Eb) by sending u — [@], and this
naturally extends to a Gi__-invariant (but not Gg-invariant) injective map S —
Acris(R) which respects ¢, V, filtrations, and divided power structure.

5.2. Integral comparison isomorphism. Recall that for a p-divisible group G over
R, the (contravariant) Dieudonné crystal D*(G) is obtained from the Lie alge-
bra of the universal vector extension for (lifts of) GV (¢f, [Mes72, Ch.VI]). Us-
ing this definition, one can easily obtain D*(Q,/Z,)(S) = (S, Fil' S, ¢/p, ds) and
D*(Gm)(s) = (57 S»@adS)'

As in the proof of Theorem let us denote M*(G) := D*(G)(S) for any p-
divisible group G over R. Then we have D*(Gg)(Acris(R)) = Aais(R) ®5 M*(G)
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which respects all the extra structures, except the Gg-action. (Indeed the iso-
morphism is only Gr__-equivariant as S C As(R) is not Gg-invariant but Gp__-
invariant.) Let us write MF 4_, (g) (¢, V) for the category of A.,is(R2)-module equipped
with Fil', ¢; and V in the exactly same way as MF% (i, V*).

As G g-modules we may naturally identify 7),(G) = Homz(Q,/Z,, Gx). So we
obtain a pairing

TP(G) X (ACris(R) ®s M*(G)) — ACriS(R) ®s M*(QP/Z;D) = Acris(R)

by (z,m) — z*m for any z : Q,/Z, — G and m € D*(Gx)(Acis(R)). Therefore
we obtain the following integral comparison morphism

(5.2.1) PG : Aais(R) ®s M*(G) = Acis(R) ®z, T,(G)™.
With the naturally defined extra structures on the both sides, pg can be naturally

viewed as a morphism in MF 4__ (r)(¢, V).

Remark 5.2.2. There is a natural G r-action on D*(G%)(Acris(R)) induced from the
natural Gg-action on A.s(R), so we have a natural Gr-action on Agis(R) Qg
M*(@G). With this G g-action on the target, p¢ is G g-equivariant. Note that the G -
action on Agis(R) ®s M*(G) does not fix M*(G); indeed, only Gr__ fixes M*(G).

Theorem 5.3. The map p¢ is injective with cokernel annihilated by t. In particular;
each of the morphisms below

rali]

? Bcris(R) ®Qp V;D(G)*

is an isomorphism, where D*(G) is defined in Example and the first map is
induced by the unique section D*(G) — M*(G)[%] as in Lemma Furthermore,

the composition Beyis(R) @pg,(1) D*(G) = Bais(R) ®q, V,(G)* is G g-equivariant.

BCTiS(R) ®RO[%] D*<G) - Bcris(R) Qs M*(G)

Proof. The theorem follows if we show that pg is injective with cokernel
killed by ¢; indeed, the last assertion on G g-equivariance follows from the Gg-
equivariance of pg (Remark and the G g-invariance of the section s4_, () :
D*(G) = Ais(R) @ M*(G).

The proof is exactly the same as [Fal99, §6]. Let us first make pg ~ explicit
when G = G,,. Let 3 : Z,(1) — Fil' Aeis(R) be the map that sends ¢ = (¢()) €

lim 0 (R) C R to log[e]. Then, one can verify that the morphism
PG, - (Acris(R), Aeris(R), ¢, V) — Homg, (Zy(1), Acris(R))

sends 1 to 3, as explained in [Fal99, §6]. (One way to see this is by applying
[Mes72] Ch. VI, Theorem 2.2] to the sections over the PD completion of A.is(R).
See [Mes72}, Ch. VI, §2.5] for the construction of the morphism of Dieudonné crys-
tals corresponding to a morphism of p-divisible groups.) Therefore if we naturally
identify Homg, (Z1(1), Aeris(R)) with t71 Agyis(R), then pg,, can be identified with
the natural inclusion A.s(R) < ¢! Ais(R). This shows that Pg,, is injective and
and its cokernel is killed by ¢.

Let us now handle the general case. For any y € Homz(Gp, @m %) , one can
check that the following diagram commutes: ’

(5.3.1) Acris(R) ©5 M*(G) —“— Acris(R) @2, Tp(G)*

U*T TidAcx.is(R) ®Tp(y)"

~ PG ~
Acris(R) ®5 M*(Gn) —2 Acxis(R) @2, Tp(Gy)*
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Recall that we have a natural G z-equivariant isomorphism Hom4 (G, @mR) =
T,(G)*(1) defined by sending y : Gz — @m,ﬁ tox — you forany z € T,(G) =

Hom4(Q,/Z,, Gf). Now choose a Z,-basis ¢ € Tp(@m) so that t = f(¢), and let
n € T,(G)* be such that y corresponds to n ® ¢ € T,(G)*(1) under the natural
isomorphism (i.e., for any = € T,,(G), we have y o z = 7(z)e). Recall that p5 (1®

1) = B, and one can compute

(d&Tp(y)") (B) : = By o x) = B(e)n(x) = tn(x);
ie., (Id®T,(y)*) (8) = t ® n. By the commutative diagram (5.3.I), it follows that
t ® n is in the image of ps. Since n € T,(G)* can be arbitrary as we vary y, the
theorem follows. O

5.4. Galois-stable lattices. If R satisfies the “refined almost étaleness” assump-
tion (§2.2.3) (so that we have refined almost étaleness and the period rings have

nice properties: Proposition[4.5) then one can define 7%, (M) for any M € MFg (¢, V")
as follows:

(5.4.1) Tc*ris (M) = HomS,Fill,Lpl,V(M7 ACI‘iS(R>)7

where A.is(R) is viewed as an S-algebra as in and is given Fil! Aqis(R),
1= £ Fil' Acris(R) = Acris(R), and V : Aeis(R) = Acris(R) g, Q-

Clearly, T7;,(M) is p-adic, and has a natural continuous Gr_ -action induced
from the Gr_ -action on Ais(R). It is not a priori obvious if T, (M) is finite free
over Zj, but this follows from Corollary below. (Indeed, we also show that
rankz, 17, (M) = rankg M.)

Note that the map S — Aqis(R) is only G__-invariant, so we only obtain G __-
action on T7%;.(M). Using the differential operator N, however, one can define
a Gr-action on T, (M) that extends its natural Gp_-action. See for more

1 cris
details.

Corollary 5.4.2. Suppose that R satisfies the “refined almost étaleness” assump-
tion (§2.2.3). Then p¢ (as in (5.2.1)) induces a G g__-equivariant injective morphism
T,(G) — Homuie, o (09 (Acris(R) 85 M*(G), Auria (R)) = T (M*(G),

which is isomorphism if p > 2, and has cokernel annihilated by p if p = 2. In
particular, it induces an isomorphism D*(G) = D?.(V,(G)) as filtered isocrystals.

Proof. It is straightforward from Theorem [5.3} noting that p divides ¢ if and only if
p = 2, in which case p = 2 divides ¢ exactly once. O

This corollary in particular proves that when R satisfies the “refined almost étal-
eness” assumption (§2.2.3), the G p-representation V,,(G) is crystalline and D*(G)
is admissible for any p-divisible group G over R.

Remark 5.4.3. It follows from the proof of Theoremthat Tp(@m) = 2-Tc*ris(@m)

in V,(Gn) (f p = 2).

5.5. Galois Action on the Z,-lattice. Suppose that R satisfies the “refined almost
étaleness” assumption (§2.2.3). It follows from Theorem [5.3|that T (M*(G)) can
be viewed as a Gr__-stable Z,-lattice in V,,(G), and is Gr-stable if p > 2. In this
section, we define a natural G g-action directly on T, (M*(G)) for any p, in such a
way that the natural G g-equivariant map 7%, (M*(G)) — V,(G) is G g-stable. We
generalise the construction in [Liu08} §5] (cf., [Bre02, §2.2]).

~X
Let us fix some notation. For any n > 0 define a cocycle ¢™ : Gr — R as
follows:

(5.5.1) €M (g) = g-w™ /w™, for any g € Gr.
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Set ¢(g) == (¢ (g)) € B, and t, = log[e(g)] € AY,.(R). Note that for any g € Gr,
ty is a Z,-multiple of t € Fil' Aeis(R) (where ¢ is as in , and t, = 0 if and only
ifge Gr. .

For M € MFg(¢, V), let us modify the Gr-action on A.,;s(R) ®¢ M using the
differential operator N, as follows:

oo
(5.5.2a) g-(a®x):=g(a) Z(tg)m ® Ny, (z),

i=0
for g € Ggr, a € Auis(R), and z € M. Here, (tg)m is the standard ith divided
power; i.e., (tg)l := ¢! /il if i > 0 and (t,)[ := 1 (even when t, = 0).

To see that the sum (5.5.2a) converges, since Ny (M) C uM, it suffices to
show that (t,)! — 0 as i — oco. But this follows from [Fon94, §5.2.4] as (t,)[! €
Aeris(Zy). By the proof of [Liu08, Lemma 5.1.1], equation gives a G -
action which respects ¢ and the natural filtration on A,;s(R)®s M. Wheng € Gr__
we recover the natural Gp__-action on Agis(R) ®gs M.

For any f € TX, (M), we Agis(R)-linearly extend f to Auis(R) ®s M —
Acris(R). Now the following formula clearly defines a continuous action of g € G
on Tc*ris (M)

(5.5.2b) g-fxm g (flgT (1 ®a))), forz e M.

If M := D*(G)(S) for some p-divisible group G over R, then the image of the
natural map D*(G) < M[%] lies in the kernel of N4. It then follows from Corol-
lary that the natural injective Gp__-map 17 (M*(G)) — V,(G) is indeed
G r-equivariant for the Gg-action on T, (M*(G)) defined as in [5.5.2D).
In particular, the natural injective map p¢ : T,(G) — T;(M) is G r-equivariant,
and p¢ is a G g-isomorphism when p > 2.

5.6. Base change. Let R and R’ be normal domains which satisfy the p-basis
assumption (§2.2.1)), and consider a map f : R — R’ which restricts to a -
compatible map Ry — R{, for some suitable choices. (Cf §3.6]) We also let
f: S — S’ denote the map extending f|r, by sending u — w.

Choose a separable closure E’ of Frac R’ and define R’ to be the union of normal
finite R’-subalgebras of E which is only ramified at (w), as in Set R/ :=
U, R@™], Gr = Gal(ﬁ[%}/R’[%}), and Gg/_ := Gal(ﬁ[%]/Rgo[%]). Let &,
R.., Gr, and Gp,_ denote the obvious objects for R’. Choose f : R — R’ over
f: R — R’ (which is possible, and the choice is unique up to the actions by G and
Gr'), and consider the map Gr — G of profinite groups induced by it. Under

these choices, we obtain a map A.is(f) : Aeis(R) — Aeris(R’) respecting all the
extra structures. (In particular, A..(f) is Gr/-equivariant if we let Gp/ act on
Aeqis(R) via the map Gr — GR.)

Now one can easily see that the formation of p¢ commutes with the base change
which satisfies the above assumption; in other words, for any p-divisible group G

over R, we have the following cartesian diagram

(5.6.1) Acris(R) ©5 M*(G) —25 Acio(R) @z, Tp(G)*

J/ lAcris (?)@1

Acris<R,) ®S/ M*(GR’) pTR/> Acris(R/) ®Zp Tp(GR’)*7
where the left vertical arrow is induced by the map A.;s(f) and the isomorphism
S ®s M*(G) = M*(G ) constructed in If both R and R’ satisfy the “refined
almost étaleness” assumption (§2.2.3), from the left vertical arrow we obtain a
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G r_-isomorphism 17, (M*(G)) = T7 (M*(Gr:)), which is an isomorphism be-
cause it has a saturated image and T}, ,(M*(Gg)) and T}, (M*(G)) have the same
Zy,-rank (by the diagram above). If p > 2, this recovers the natural identification
T,(G) = T,(Gr)-

6. KISIN MODULES: EQUIVALENCE OF CATEGORIES

The notion of Kisin modules (i.e., &-modules of height < 1) was generalised to
the case when the base is a complete regular local base with perfect residue field
by Vasiu and Zink [VZ10] and Lau [LaulOb, LaulOc], and they also constructed
a natural equivalence of categories between Kisin modules and p-divisible groups
using display theory.

We generalise the notion of Kisin modules so that it can be applied to some non-
local base (¢f Definition [6.1.1)), and construct a natural functor from the category
of p-divisible groups into the category of Kisin modules. The main result of this
section is the construction of natural equivalence of categories between Kisin mod-
ules and Breuil modules, generalising [CL0O9) Theorem 2.2.1]. Combining this with
Theorem we obtain a classification theorem of p-divisible group when p > 2
(Corollary[6.3.1)), which works over not necessarily local base rings, but is weaker
in the intersecting case (even when p > 2).

In this section, we assume that R satisfies the p-basis assumption (§2.2.1). Read-
ers are welcome to work under the normality assumption (§2.2.4) though, since in
the application to p-divisible groups and finite locally free group schemes it suffices
to consider the base rings R satisfying the normality assumption (§2.2.4).

6.1. Definitions and basic properties.

Definition 6.1.1. Let R satisfies the p-basis assumption (§2.2.1), and we use the
notation from and such as (&, ¢) and E. A quasi-Kisin &-module is a
pair (90, pon ), where

(1) Mtis a finitely generated projective G-module;

(2) oo : MM — M is a p-linear map such that coker(1 ® wgy) is killed by E.
Let Modg (¢) denote the category of quasi-Kisin G-modules.

Let Modg(p, V) denote the category of pairs (91, ¢on), where 9t is a quasi-
Kisin &-module, and Vo : M - M ®¢s (AZG on M := 5 ®, s M is a topologically
quasi-nilpotent integrable connection which commutes with o := 5 ® won.

Let ModE'(p, V?) denote the category of pairs (901, V o, ) where It € Mode (¢)
and V ,, is a connection on M, := Ry ®,, & 1 which makes M, into an object in
MF g, (¢, V). We call an object (M, V) € Modg (¢, V°) a Kisin &-module.

Remark 6.1.2. The recipe in Remark(3.3.3|defines a fully faithful functor Mode (¢, V) —
Modg (, V°) by Lemma|3.3.4} which is an equivalence of categories when R sat-
isfies the formally finite-type assumption (§2.2.2) and p > 2, by Theorem 3.5]

Generalising the construction in [Bre98], for any 9 € Modg(p) we can make
M =85 ®, s M into an object in MFg(y) as follows:

(6.1.3) Fil'! M :={z € M|1® pm(z) € (Fil' §) s M C S @ M}
(6.1.4) o1 : Fil' M 2222 (Fil! §) g M 2205 S @, ¢ M = M.

One can directly check that the above construction satisfies the definition of MF g ().
We set o = ps5 ® @, and then ¢, = @ /p defines a map Fil' M — M. Fur-
thermore, if M € Modg(p, V) then S ®, ¢ M is an object in MF g(p, V).

Lemma 6.1.5. Let 9M® := [0 — My — My — Dy — 0] be a sequence of maps of
finite projective &-modules. Then 9t® is exact if and only if S ®, & M® is exact.
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Proof. The “only if” direction is clear from G-flatness of 3. Assume that S®,, 9*
is exact. Since 9i; are G-projective the natural maps M; — S ®, s M; are injective
forany i = 1,2,3, so 9M* is left exact. By Nakayama lemma and faithful flatness of
¢ : Ry — Ry, it suffices to show that Ry ®,, ¢ M* is right exact, which follows since
Ry ®p.6 M* = Ry @5 (S @y, M*). U

Definition 6.1.6. Let 9 € Modg(y). Since 1 ® pop : ™M — M is injective, we
have a unique injective G-linear map

U)g;n M — (p*m
such that (1 x ¢op) 0 Ya = Eidoy and Yoy @ (1 ® @on) = Eidg-om.

We say that It € Modg () is e-nilpotent if for some n > 1 we have o (M) C
(p,u)9. We extend this definition to Modg (¢, V) and Modg (¢, V), and use
the superscript #™!P for the full subcategories of p-nilpotent objects (for example,
Modgs ((p)f““p). We similarly define -nilpotent objects in Mode (¢), Modg (¢, V),
and Mod&! (¢, V°), and use the superscript ¥ P for the full subcategories of -
nilpotent objects

Let M € Mode(¢), and we set M := S ®,.¢ M € MFs(y) and
Mg = 6/(“) Rp,& M= Ry®s M e MFRO (90)7
where MF g, () is defined using the frame as in Example

Lemma 6.1.7. Under the notation as above, the following are equivalent:

(1) Mtis p-nilpotent (respectively, i-nilpotent) in the sense of Definition|6.1.6
(2) M is p-nilpotent (respectively, 1-nilpotent) in the sense of Definition |3.2.6]
(3) My is p-nilpotent (respectively, 1-nilpotent) in the sense of Definition [3.2.6]

Proof. We clearly have (1) < (3) and (2) = (3). The implication (3) = (2) follows
because ¢"(Iy) C pS for n > 1 where Iy = ker(S — Ryp). O

Lemma 6.2. Assume that R satisfies the p-basis condition (§2.2.1). If p > 2 then
the functors Mode(¢) — MFg(p) and Mode (¢, V) — MFg(p, V), defined by
S @y, (+), is fully faithful. If p = 2 then the full faithfulness holds up to isogeny.

The similar statement holds for Modg (¢, V) and Modg (¢, V°).

Proof. It suffices to show that Modg(¢) — MFg(y) is fully faithful when p > 2,
and Mode (¢)[;;] = MFs(p)[;] is fully faithful when p = 2. When R is a discrete
valuation ring with perfect residue field, this lemma is can be obtained from the
classification of p-divisible groups (combining Theorem 2.2.7 and Proposition A.6
in [Kis06]).

To handle the general case, let R;, and R’ be the p-adic completions of @¢ Ro(p)
and ligw R, respectively. We accordingly define &’ and ', etc. Then there is a

natural o-compatible map & — &’ lifting the natural map R — R’; cf. (Ex.6).
Inside S'[ ] we have
(6.2.1) SN& =& and S[1/p] N&'[1/p] = &[1/p].

Now, let 211,91, € Modg (), and write M; := S ®, ¢ M; € MFg(p), M, =

&' ®s M; € Mode/(p), and M, := 5" ®, e M € MFg (p) for i = 1,2. We
naturally view 90t; as a submodule in M,, 9t;, and M.

Assume that p > 2 and we have a morphism f : M; — My in MFg(p). We
want to show that f maps 91, into 9M,. Since R’ is a discrete valuation ring with
perfect residue field, it follows that S’ ®g f : M| — M} maps M into M. Now,
from we have M; = M,; NI, for i = 1,2, which proves the lemma when

p > 2. The same argument works when p = 2 by inverting p everywhere. O
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When p = 2 Lemma [6.2] can be strengthened for - and - nilpotent objects (cf
Definition [6.1.6) as follows:

Lemma 6.2.2. Assume that p = 2 and R satisfies the p-basis condition (§2.2.1). Then
the functors Modg (¢)? P — MFg()¢ P and Modg(¢)¥ MIP — MFg(p)¥ 2ilP,
defined by S ®,.& (-), are fully faithful. The same statement holds for the full subcat-
egories of - and - nilpotent objects in Modg (¢, V) and Modéi(@, Vo).

Proof. Note that Modg(p) has a dualith 9t ~ 9V, where the underlying &-
module of MY is a S-linear dual of M, and pgyv is induced from w9y. Under
this duality, 9 is e-nilpotent if and only if 9V is ¢-nilpotent. Therefore, it suffices
to show that Modg ()Y ™iIP — MFg(p)?¥ ™iIP is fully faithful.

The same proof of Lemma shows that it suffices to prove the lemma when
R is a p-adic discrete valuation ring with perfect residue field, which follows from
combining Proposition 1.1.9 and Theorem 1.2.8 in [KisQ9]]. O

Proposition 6.3. Assume that R satisfies the p-basis condition (§2.2.1). Then the
functors Mode (¢) — MF 5(¢) and Modg (¢, V) = MFg(¢, V), defined by S®, s
(+), are essentially surjective. In particular, they are equivalences of categories if p > 2
or if they are restricted to ¢- and 1)- nilpotent objects, and are equivalence of categories
up to isogeny if p = 2.

We prove the proposition later in Let us record some interesting corollaries.
The following is immediate from

Corollary 6.3.1. Assume that R satisfies the p-basis condition (§2.2.1). If p > 2 then
there exists an exact contravariant functor

OM* : {p-divisible groups over R} — Modg (¢, V) = Modg (¢, V°)
such that for any p-divisible group G over R there exists a natural isomorphism
D*(G)(S) = S ®p,e M"(G) in MFg(p, V). Furthermore, IM* is fully faithful if
R satisfies the normality assumption (§2.2.4), and an anti-equivalence of categories

if R satisfies the formally finite-type assumption (§2.2.2)).
If p = 2 then we have an exact contravariant functor 9M*[:] : G — Em*(G)[%] on

1
p
the isogeny categories
{p-divisible groups over R}[1/p] — Modg(p, V)[1/p],
which is fully faithful if R satisfies the formally finite-type assumption (§2.2.2).

When p = 2, we have the following strengthening of Corollary for - and
- nilpotent objects:

Corollary 6.3.2. Let p = 2. Then the functor 9* is defined on the category of
formal and unipotent p-divisible groups (without passing to the isogeny categories),

and is fully faithful if R satisfies the normality assumption (§2.2.4). If R satisfies
the formally finite-type assumption (§2.2.2), then 9* induces an anti-equivalence of

categor;'es from the category of formal (Ijespectively, unipotent) p-divisible groups to
ModE (¢, VO)# P (respectively, Modk! (p, VO)¥ 1ilp),

Proof. This follows from Proposition Theorem [3.5.4, and Lemmas and
0

There will be another strengthening of Corollary[6.3.1jlwhen p = 2 and R satisfies
the formally finite-type assumption (§2.2.2)); see Corollary

Remark 6.3.3. If R is a complete regular local ring with perfect residue field, then
Eike Lau [LauIOc] proved a stronger result than Corollary [6.3.1} namely, the clas-
sification theorem without connection, which also holds when p = 2. Although we
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cannot replace Mod% (¢, V°) in Corollary with Modg (¢) in general, there
are cases we can “forget the connection”; c¢f. Corollary[10.3.1] The role of connec-
tions will be studied further in

Remark 6.3.4 (Ici case). Assume that R/(w) is excellent and locally complete in-
tersection in addition to the p-basis assumption (§2.2.1). Then, as mentioned in
Remark [3.5.6 we can still show that the functor

G~ M*(G) := D*(G)(S) € MFs(¢, V)

is fully faithful if p > 2 (respectively, fully faithful up to isogeny if p = 2). Therefore,
one can obtain the above corollaries for 9t* from Proposition [6.3

Remark 6.3.5. The functors in Proposition [6.3] and Corollary commute with
the base change which satisfy the condition stated at the beginning of In
particular, we can define base change for “étale morphisms” and “completions” as

in (Ex1) and (Ex5).

6.4. Proof of Proposition We want to show that the functor Modg(¢) —
MFgs(p) is essentially surjective. We do this by modifying the proof of [CL09,
Theorem 2.2.1]. The proof also works when p = 2 with little modification.

Let us begin the proof of Proposition [6.3| with a few preliminary lemmas. From
now on, we consider (M, Fil', ;) € MFg(y), and set My := Ry ®5 M. The
following lemma is not trivial when M is not necessarily free over S.

Lemma 6.4.1. For M as above, there exists a projective S-module 0t equipped with
an S-isomorphism S ®g 91 = M. Any two such projective S-modules M and N are
(non-canonically) isomorphic.

Proof Since M/(Fil' S)M is a projective R-module, we can lift it to a projective
S-module 9. Then by Nakayama lemma, there is an isomorphism S ®g 9 2 M. If
there are two such &-modules 9t and 9V, then one can find an isomorphism 9t = 9V
which lifts an isomorphism 91/EN 2 M/ (Fil' $)M = 2 /EW. O

Lemma 6.4.2. There exists an S-linear injective map B : M — Fil' M such that
EM C B(M), Fil' M = B(M) + (Fil” )M, and ¢, (B(M)) generates M.

Proof. Consider the “Hodge filtration”
0 — Fil' M/(Fil' )M — M/(Fil' S)M — M/ Fil' M — 0,

which splits as modules over R = S/ Fil' S. We lift this filtration to an S-direct
factor N’ € M such that A’ C Fil' M, and choose a splitting M = N & M/N. We
define B to be identity on N and multiplication by £ on M /A.

By construction, we have Fil' M = B(M) + (Fil' $)M and B(M) contains
EM. Since Fil' S = ES + Fil” S, it follows that Fil' M = B(M) + (Fil” S)M.
Now ¢1(B(M)) has to generate M since £(Fil” S) C pS. O

The following is the key technical lemma for proving Proposition [6.3]

Lemma 6.4.3. There exist a projective S-module 9t and an injective map B : M —
Fil' M which satisfies the following:

o There is an isomorphism S ®, e M = M. (From now on, we view, via
the natural inclusions, 9 as a ¢(&)-submodule of M, and ¢*0M as a &-
submodule of M.)

e We have EM C B(M), Fil' M = B(M) + (Fil” S)M,
and M = ¢ L1 (B(¢*M)) in M, where ¢ = ¢(E)/p.

e The map B : M — Fil' M C M takes ©*M into itself.
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Proof (Cf [CLO9, Lemma 2.2.2]) We let Fil'(¢*M) C ¢*M denote the image
of ©*(Fil' M) in p*M. As observed in the proof of Lemma we have an
isomorphism 1 ® ¢; : Fil* (p* M) = M.
For any n > 0 we recursively construct a projective G-module (™), and S-linear
maps B, C™ D™ : M — M such that
(1) S®,.6 MM =2 M (so we view p* 9™ as a G-submodule of M, and 9™
as a ¢(&)-submodule of M);
(2) B™M(M),Cc™ (M) C Fil' M, and (C™ — BM)(M) C (p" Fil"? S)M.
(3) we have EM C B™ (M), Fil' M = B (M) + (Fil” S)M, and 9" =
¢ L1 (B (™)) where the equalities take place inside M;
(4) C™ takes ¢*9M™ into itself (hence, C™) is automatically injective);
(5) We have a recursion formula 0" +1) .= ¢~ 1, (C(”) (gp*fm(”))>.

(6) 1+D™ is an automorphism of M which takes 9t(") onto M +1) and such
that D" (M) C pt» M for some strictly increasing sequence j,, € Z.

Let us first construct M, B and C(?). Choose a projective G-module 9t with
S ®s N = M, which exists by Lemma Choose B’ : M — Fil'! M as in
Lemma Set M := c~1yp; (B'(MN)), which is a p(&)-submodule of M. We
view M) as a &-module by letting s € & act via the multiplication by ¢(s) € S.
This G-module structure makes (¢~ '¢;) o B’ : M — M) into a G-linear surjective
map. But since 9(%) spans M by assumption on B’ (Lemma [6.4.2), the &-linear
surjective map (¢~ ') o B’ : M — M should be an isomorphism and M is
projective over & (as the source of the map is s0). Now M (? satisfies .

By the uniqueness assertion in Lemmal[6.4.1] we can find an automorphism of M
which takes ¢*9t(?) onto 9. Let B(?) denote the composition of this automorphism
with B’, which clearly satisfies . To find C©) satisfying , we first observe
that S = & + Fil” S, so we have M = ©*9©) 4 (Fil” S)M. Now, choose a map
CO : MmO — *M©) which lifts

o B A MY(FIP S)M = ") /EP (54 (©),
Then by construction the image of B(®) — C(%) is inside (Fil” S)M.

From now on, let us assume that we have 9™, B(") and C™, which sat-
isfy (1)-(4D. We now define 9*+1 using the formula given in as a ¢(8)-
submodule of M, and we view ("1 as a G-module by letting s € & act via the
multiplication by ¢(s) € S. The map ¢ ', : C™V (* ™) — M +1) is a G-linear
surjection, so M1 would be a projective G-module satisfying provided that
its S-linear span is M (i.e., S ®, ¢ M+ = M).

Now let us construct an automorphism 1 + D) of M which satisfies (€). From
this we will deduce that M+ is projective over & and satisfies . By induction
hypothesis (3) on B("™), the G-linear map (c~'¢;) o B : p*M™ — M) is an
isomorphism. We set
(6.4.4)

. (n) 1
D™ . M "M L ( ) Fil' (p* M) LN M,

where Fil' (p* M) is the image of ¢*(Fil' M) in ¢* M. By , the endomorphism
1+ D™ of M takes M(™ onto M+1),

((c'®p1)o(p"BM)) cM-B

Claim 6.4.5. Weset \,, :=n+p— [Z—ff if p > 2, where [a] = inf{z € Z| v > a};
and )\, := 1 if p = 2. Then we have D(™ (M) C p*»t" M.

Granting this claim, it follows that 1 + D() is an automorphism of M, and
M+l g projective over G and satisfies . (Note that \,, > 1 for any n.)
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Let us prove Claim For any s € Fil' S and m € M we have ¢, (sm) =
¢ 1p1(s)p1(Em). Since (C™ — BM) (M) C (p" Fil"*? S) M by assumption, it suf-
fices to show that ¢, (s) € p* S forany s € Fil"*? 5. By writings = >, a; E'/i!
with a; € &, this assertion is reduced to showing the inequality ¢ — ord,(i!) > A,
for any ¢ > n + p. When p > 2, Claim [6.4.5| follows from ord(i!) < pfl. When
p = 2, we can directly check ¢ — ords(¢!) > 1 = A, for any ¢ > p = 2. (Indeed,
2™ — ordy(2™!) = 1 for any n > 1, and this is exactly when the lower bound is
achieved.) This proves Claim[6.4.5]

Now we set

(6.4.6) Bt = ¢ (14 D)™t = ¢y " (—DM)"
=0

From the hypotheses on B, C(") and D", it follows that B("*1) satisfies (3)). It
remains to construct C'"+1) which satisfies (4). We first observe that B+ (9m+1)) C
M) = (1 + D)=L (9M(+1) 5o to construct C"+1) it suffices to find a decom-
position D™ = D™ 4 D™ where D™ (™) C M+ and D™ (M) C
(p" ! Fil" T *? §) M. Indeed, we will show that

(6.4.7) DM(M) C pro P M C D 4 (pn LRI S) M.

(Once this is done, one can repeat the argument for n = 0 and obtain the desired
expression D™ = D{™ 4 pDiM )

Now to see the last inclusion in it suffices to show that p**"S C & +
pPHIFI TP S e, pMtn Ll € & for any i < n + p. Indeed, when p > 2 we have
An +n —ordy(il) = Ay + 1 — ﬁ > 0, and when p = 2 we have remarked that

ordy(i!) < i — 1. Hence, we obtain C"+1) as in (4). This concludes the “induction
step”.
Now, let M denote the direct limit of M(™); in other words,

= ([ + Do) @)

n=0

which makes sense thanks to @ Since [[°2,(1+ D™) is an automorphism of M,
it follows that 91 is projective over G and M = S ®,, ¢ M.
We now define B : M — Fil' M by the following limit

ETERT (n)» _ n(0) (n+1) _ p(n)
B:=*lim B"” =B +Z_;)(B B™),

which converges since (B"+1) — B(™)(M) C p"M by construction . Note
that C(™) also converges to B by induction hypothesis . Now all the desired
properties of B can be deduced from the properties of B and C("); especially
from induction hypotheses (3) and (4). O

Proof of Proposition[6.3] Let 9 and B as in Lemma Recall that ppr(m) =
c o1 (Em) for any m € M. Since B takes p* into itself and EM C B(M), we
have E(p*IN) C B(p*M). So from ¢ Ly (B(p*M)) = M, we see that M C M is
stable under ¢ 1. We set oon := @ aq|on.

We now show that EM C (1&¢a ) (¢*9N). Note that (1&¢pey)(m’) = ¢ Lo (Em/)
for any m’ € *9. For any m € M let m' € ¢©*M be the (unique) element such
that ¢~ (B(m')) = m. Clearly, we have ¢~ ¢ (B(Em’)) = ¢(E)m as elements
of M; ie., (1 ® pam)(m’) = E-m as elements of 91 since we defined G-action on
M C Mvia ¢ : & — S. This shows that 93t is a quasi-Kisin G-module.
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It remains to show Fil' (S ®, ¢ M) = Fil' M = B(M) + (Fil” S)M. To show
Fil*(S Ry, M) C Fil' M, it suffices to observe that for any m’ € ©*9t, we have
(1® p)(m') € EM if and only if m’ € B(x*9M); indeed, we have already seen the
“if” direction, and the “only if” direction easily follows from ¢l (B(*9M)) = 9.
To show Fil'(S @, ¢ M) D Fil' M, it suffices to show that Fil' (S @, & M) D
B(¢*M). Note that the image of the natural inclusion S ®g M — S R, s M = M
is the ¢(5)-span of M in M, and for any s € S the natural multiplication by s on
S ®e M is translated as multiplication by ¢(s) on ¢(S)-(9M). Then we can identify
(Fil' §) @ M with p(Fil' S)M, and (1@ @an)(B(m')) with ¢~ ¢, (EB(m’)) for any
m' € ¢*9M. Now the claim follows from a direct computation. d

Remark 6.4.8. With the suitable generalisation of the notion of relative Breuil S-
module for the “semi-stable” case with weights < r for r < p—1 (cf,, Remark[3.3.3)),
Lemma [6.2) and Proposition [6.3| hold in this generalisation with the same proofs.

7. ETALE (-MODULES AND GALOIS REPRESENTATIONS

We generalise the theory of étale p-modules to our relative setting. All the main
ingredients are in Scholze’s work on perfectoid spaces [[Sch11]]. We refer to [Sch11]
for the basic definitions on perfectoid algebras.

Throughout this section, we suppose that R is a domain which satisfies the for-
mally finite-type assumption (§2.2.2). Furthermore, we assume that there exists
a Cohen subring W C Ry such that E(u) € Wu]; or equivalently, there exists a
complete discrete valuation subring &x C R which contains w as a uniformiser.
(If this is the case then we have 0k := W[u]/E(u) and R = Ok @w Ry.) We set
K := O[1/w]. See Remark[7.1.4]for the reason for this additional assumption.

7.1. Review: Perfectoid algebras. Let L be a field complete with respect to a
non-discrete valuation of rank 1 (i.e., | e | : L* — R which satisfies the axioms
for non-archimedean absolute value). Recall that L is called a perfectoid field if the
pth power map L°/(p) — L°/(p) is surjective, where L° is the valuation ring (c¢f

[ISch11) Definitions 3.1, Proposition 5.9]). For example, @p is a perfectoid field.

A Banach L-algebra A is called perfectoid if the subring of powerbounded ele-
ments A° C A is open and bounded and the pth power map A4°/(p) — A°/(p) is
surjective (¢f [Schlll Definitions 5.1, Proposition 5.9]). By a perfectoid affinoid
L-algebra, we mean a pair (A, A™) where A is a perfectoid L-algebra and AT C A°
is an open and integrally closed L°-subalgebra. As a trivial example, (L, L°) is a
perfectoid affinoid L-algebra.

For an affinoid L-algebra (A, AT), we define (A°, A>*) as follows:

AT = lim AY/(p); A= L @pe A,
TP
where L'° :=lim  L°/(p) and L’ = Frac L’°. (Cf [Schll] Proposition 5.17,

Lemma 6.2].) Note that L’ is a perfectoid field of characteristic p, and A” and A°*
are respectively L°- and L’°- algebras. We call (A", A°*) the tilt of (A, A™).

Theorem 7.1.1 (Scholze, [Sch1l, Theorem 5.2, Lemma 6.2, Theorem 7.9]). The
“tilting” (A, At) ~ (A°, A°t) induces an equivalence of categories from the category
of perfectoid affinoid L-algebras to the category of perfectoid affinoid L’-algebras.
Furthermore, a morphism (A, A*) — (B, B™") of perfectoid affinoid L-algebras is
finite étale (i.e., A — B is finite étale and B™ is the normalisation of A™ in B) if and
only if (A°, A°T) — (B, B"") is finite étale.

Let us now introduce the perfectoid field which will be the base field of all per-
fectoid algebras in characteristic 0. Here, we assume that E(u) € W]u| for some
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Cohen subring W C Ry, and let O = W/u]/E(u) and K := Frac 0. We fix R
as in and let R be its p-adic completion. Then we define L C R[}] to be
the smallest p-adically closed subfield with perfect residue field which contains K
and @™ for all n, where {w(™} are compatible p™th root of w chosen in In
fact, L is isomorphic to the p-adic completion of |, -, o (Frac W (k")) (ww™), where
kperf .= ling k. Clearly, L is a perfectoid field, and (R[3], R) is a perfectoid affinoid
L-algebra

Set @ := (w(™) € L’ (as in §5.1). Then we have L’ = kPef[[&!/?™]]; i.e., the
&-adic completion of limy_kP*{[[¢]]. Then (R'[1/%], ') is the tilt of (R[1/p], R),
so it is a perfectoid affinoid L’-algebra (in the obvious way).

We set Ef, := &/(p) = R/(w)[[u]], and let E}; be the u-adic completion of
the perfect closure lim E}, .SetEg_ :=E}, [1/u] and Ep_ = E}_[1/u]. Note
that EEW C ]TI}ROo is open and bounded for the u-adic topology, and it coincides
with the subring of power-bounded elements. So by [Schll, Proposition 5.9],
(E Rm,EEM) is a perfectoid affinoid L’-algebra. By sending u to @7, we obtain a
map (E Rm,ﬁgx) — (Eb[l /%],Eb) of perfectoid affinoid L’-algebras. Using this,
we view all of these rings as subrings of R [1/2].

Let (Roo[3], Roo) is a perfectoid affinoid L-algebra whose tilt is (Er_,Ex_).
(Here, we give the p-adic topology on (EOO [}%], ﬁoo).) If, for example, R = Ok (T})i=1,... 4>
then we have R., = L° (Tf’_m> = lim L° [Ti”_m]/(p”) by [Sch11l Proposition 5.20].
In general, we can construct ﬁoo explicitly as follows (cf., [Sch11, Remark 5.19]):

Roo 2 W(E}, ) @y (pey0 L,

where 0 is defined as in ll Note also that EOO has a natural structure of
p-adic R..-algebra using the Cartier morphism Ry — W(EEOO) (i.e., the unique
p-equivariant morphism which lifts the natural map Ry/(p) — EJISLOQ).

Let us show that R, is the p-adic completion of an integral extension of R
which becomes ind-étale after inverting p. Since the assertion is Zariski local on
Spf(R, (w)), we may assume that R/(w) has (globally) a finite p-basis. Then for
any lift {T;} C Ry of a p-basis of R/(w) we have

(7.1.2) Roo & Roo®7, Z,(TP "),

where the completed tensor product is taken with respect to the p-adic topology.
Indeed, we have R../(w) ®z, Ly (Tipioc> = Ejgw/(u) by mapping T; to the corre-
sponding p-basis of R/(w) contained in EEOC /(u), so by the characterisation of the
tilting (cf, Theorem[7.1.1)) we have the isomorphism (7.1.2)). Now, the right hand
side of 47_1‘2 is the p-adic completion of Ry ®z, Zp[TV _oo], which is an integral
extension of R that becomes ind-étale after inverting p, as desired.

Let (Roo[1/p], Roo) < (ﬁ[l/p], ﬁ) be the injective morphism whose tiltis (Ep_, EEOO) —

(ﬁb[l/%],ﬁb) (defined by u > @). So we have a continuous map G — Gr,

where G is the étale fundamental group of Spec Roo[1/p] (with respect to the
common geometric generic point as a base point). It follows from [GRO3|, Proposi-
tion 5.4.54] that this map is a closed embedding as R, is the w-adic completion
of an integral R-subalgebra of R which is henselian along (). (Note that a w-
adic ring is henselian along (w), and the property of being henselian along (w) is
preserved under taking direct limits.)
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The following is a direct consequence of Scholze’s “almost purity theorem” (stated
in Theorem|7.1.1):

Theorem 7.1.3. For any fixed R, Fb[l /@] can be canonically identified with the -
adic completion of the affine ring of a pro-universal covering of Spec Eg_ . Defining

~

QEROO using this pro-universal covering, there is a canonical isomorphism QEROO =

R*

Remark 7.1.4. Let us elaborate more on the assumption that o € R is a uniformiser
of some discrete valuation subring &x C R. We use this assumption to obtain the
perfectoid base field L such that @ € L”. Without this assumption, it is unclear

whether there exists a perfectoid subfield L C F[%] so that the “untilt” R, of Ep_

contains @™ for each n > 0 and u € Eg_, corresponds to .

7.2. Etale o-modules and Galois representations. Let &¢ be the p-adic comple-
tion of G[1], and set £ := ﬁg[%]. As R satisfies the formally finite-type assump-
tion (§2.2.2), the rings &, O¢, and £ are regular (in particular, normal). The
endomorphism ¢ : & — & extends to &¢ and &, which we also denote by ¢. Note
that 0¢ is a Cohen ring with residue field Ex__, and ¢ lifts the pth power map on

the residue field.

Definition 7.2.1. An étale (p, O¢)-module is a finitely generated g¢-module M
equipped with a ¢-linear endomorphism ¢, : M — M such that the linearisation
1® ¢n @ p*M — M is an isomorphism. We say that an étale (¢, O¢)-module
M is projective (respectively, torsion) if the underlying &<-module M is projective
(respective p-power torsion).

Let Mod%_(¢) denote the category of étale (¢, O¢)-modules. Let Modéﬂf;p"(<p)

and Modfgﬁ;or(@) respectively denote the full subcategories of projective and tor-
sion objects.

Any étale (¢, O¢)-module annihilated by p is automatically projective over Ex__ :=
0% /(p), which follows from the same proof as [And06, Lemma 7.10].

For any quasi-Kisin G-module 901, the scalar extension M := 0z @ M together
with o 1= v, ® por is a projective étale (¢, O¢)-module, since E(u) is a unit in
Os.

There exists a natural notion of subquotient, direct sum, ®-product for étale ¢-
modules. Duality is only defined for projective and torsion objects. For a projective
étale (¢, O¢)-module M, we define a dual étale (p, O¢)-module M* to be the O¢-
linear dual of M where ;- is defined so that 1 ® ¢y« = ((1 ® par)~1)*. We can
similarly define duality for torsion étale (p, Oc)-modules using Pontragin duality
M ~~ Homﬁg (M7 O¢ ®Zp Qp/Zp).

The natural inclusion Ez_ < Ep_ has a unique lift 6 — W (Eg_) with the
property that the Witt vector Frobenius restricts to ¢ on O¢. Indeed, the p-adic
completion of ligw O¢ can be naturally identified with W(E%ej), so the desired

morphism is obtained as follows:

(7.2.2) O = lim O — W(ER™) = W(Eg,,).
%)
We will view W(Rb[l /@) as an O¢-algebra via u — [@].
Let 02" be the integral closure of O in W(ﬁb[%]) and 5? the p-adic closure of
O¢'. Let & is the integral closure of & in 5}5”, and &' be its p-adic closure. Note
that & is indeed contained in W(Eb), not just in VV(Eb [1/2]).
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We now define the G Em-action on these rings. As O¢ is normal, it follows from

Theoremthat O¢" is the union of finite étale Og-subalgebras in W(Eb[l /%)),
and Autg, (OF") is isomorphic to the fundamental group of Spec ¢ (with suitable
base point). Now, not that we have the following natural equivalences of categories
induced by base change

(7.2.3) {finite étale covers of Spec O¢} — {finite étale covers of SpecEg__}
=, {finite étale covers of SpecEx_}.

Indeed, the first arrow is an equivalence because O is p-adic and finite étale mor-
phisms uniquely lift under infinitesimal thickenings. The second arrow is an equiva-
lence because E R.. is the u-adic completion of a radicial extension of Ep_ (which
is henselian along (u)), so we may apply [GRO3] Proposition 5.4.54]. Now, the
isomorphism G 5. = QER in Theorem and the above equivalences of cate-

gories produce the followi;g isomorphisms:
(7.2.4) Autp, (0g") = G, = QEROO =Gr -

Since G; -action on O¢" fixes &, it stabilises the subring & C Og*. Since the
G -action on 0" is p-adically continuous, it extends to a continuous G 7. -action

on ¢ and &Y, respectively. In particular, we obtain a Gz -equivariant embed-
ding

(7.2.5) & W(R) C AY.(R).

cris

Lemma 7.2.6. We have ¢ = (5;“)91?& and 6 = (@‘”)gﬁoo. In particular, the same
statement holds modulo p™ as well.

Proof. It suffices to prove 0g D (55”)%@. Since (ﬁAgr)gﬁoo C 5&" is a closed sub-
space under the p-adic topology (by continuity of G 7. -action), this claim follows

from B, = 0¢/(p) = (62 ()%~ O

Lemma 7.2.7. There exists a unique G -equivariant ring endomorphism ¢ : 5} —
5‘5“ which lifts the pth power map ¢ : O¢*/(p) — O¢"/(p) and extends ¢ : O¢ — 0.
Furthermore, this map restricts to ¢ : 6" — G, and the natural inclusion 0% —
W(Eb [1/%]) is p-equivariant.
Proof. Let us first show that for any finite étale O¢-algbra A, there exists a unique
O¢-algbra isomorphism ¢* A — A which lifts the relative Frobenius (iso)morphism
©*A/(p) — A/(p) over O¢/(p). This follows from the same argument as the proof
of Lemma (the existence of ¢ : Ry — Rp). The uniqueness follows from
O¢-étaleness of A, and clearly ¢ sends any element integral over & to an element
integral over &.

Using the unique lift of Frobenius ¢ : A — A, we can now construct a -
equivariant embedding

A~ W(A ®(j5 ERoc)

as in (7.2.2). By choosing an Ex_-embedding A ®4, Er_ — Eb[l/z%], we now
obtain the unique y-equivariant lift A — W(Eb[l /@]). Note that €¢" is the union
of the image of such A. This gives a unique lift of Frobenius ¢ : ¢" — 02" over O¢
with respect to which the natural inclusion O¢" — W(Rb[l /@0]) is p-equivariant.

The desired lift of Frobenius ¢ : ﬁ}” — ﬁ}” is obtained by p-adically extending this
map. The uniqueness follows from the uniqueness of ¢ on 7" and the density of

o C oy
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Finally, the G5 -equivariance claim follows from the uniqueness of ¢. Indeed,
foranyge G B the uniqueness implies gpg~! = . O

For any M € Modéég (¢) and T' € Repy, (G7_ ), we define:
(7.2.8) T(M) := (OF ®p, M)*="
(7.2.9) D(T) := (OF @z, T)% .

Note that G5 continuously acts on 7 (M) induced by its natural action on ¢,

and there is a natural ¢-linear endomorphism on D(7T') induced by ¢ on 6’}“.
For any profinite group G, let Rep;,, (G) denote the category of finitely generated

free tor

Zp-modules equipped with continuous G-action. Let Rep;°°(G) and Repy’ () re-
spectively denote the full subcategories of free and torsion objects.

Proposition 7.3 ([Kat73, Lemma 4.1.1]). The constructions 7 and D are exact
quasi-inverse equivalences of @-categories between Mody, () and Repy, (G ). Fur-
thermore, T and D restrict to rank-preserving equivalences of categories between

Modé@t,;pr(go) and Repfzrse(g 7. )» and length-preserving equivalences of categories be-

tween Mod‘;’;or(ga) and Reptz‘jf(g .. )- Inboth cases, T and D commute with duality.

Proof (Cf [And06, Theorem 7.11]) By dévissage, it suffices to prove the proposi-
tion for the objects killed by p, which is done in [Kat73, Lemma 4.1.1]; note that
Eg_ is a normal domain (which is required for [Kat73, Lemma 4.1.1]), and we
have identified Gz with a fundamental group of Spec Eg_ in (7.2.4). O

When M is a projective étale (y, O¢)-module, we can define the following con-
travariant functor:
(7.3.1) T*(M) := T(M*) = Homg, (M, O%).

By Proposition we have a natural isomorphism 7*(M) = (7(M))*. One can
define 7* for torsion étale (p, O¢)-modules using Pontragin duality:

(7.3.2) T*(M) = Homg, (M, OF @7, Qp/Z,).
Clearly, 7* preserves exact sequences of projective or torsion objects. Further-

more, if we have a short exact sequence 0 — M’ — M — M — 0 of étale (y, O¢)-

module, where M and M’ are Og-projective, and M is p-power torsion, then we
have a natural G; -equivariant short exact sequence

(7.3.3) 0— T*(M) = T*(M') = T*(M) — 0,

where the second map is defined by viewing f : M’ — 5&” asf: M — 5{;” ®z, Qp
using the isomorphism M’ ®7, Q, = M ®7, Q,.

7.4. Base change. Let R, W C Ry, and E(u) be as in the beginning of and
consider a topological adic Ry-algebra R}, such that R} /(p) locally admits a finite
p-basis and is formally finitely generated over some field k'. Set R’ := Rj[u]/E(u),
and let f : R — R’ denote the structure morphism. (Cf §3.6]) Choose a
map f : R — R that extends f:R— R (asin . We use the superscript /
to denote the construction for R’ (such as &’ and O¢.). Note that f induces a con-
tinuous group homomorphism Gr — Gg, and a continuous ring homomorphism
fb . R — R” which respects the Galois action in a suitable sense.

Asin li , we identify & and &' ™" as subrings of W(Eb) and W(E/b), respec-
tively. Since the map W(?b) : W(Rb) — W(R/b) takes & into &', W (f") restricts to

amap & — &' ™ which commutes with ¢’s and G re_-action if we let Gr,_ act on
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G&™ via the map Gr._ — Gg, . We also obtain a map ﬁ — 6"5, , which respects ¢
and Galois actions.

Now for any étale (¢, O¢ )-module M, we obtain a natural G r,_-equivariant map
T(M) = T(Og ®¢. M), where Gg,_ acts on T (M) via the natural map Gr_ —
Gr.. Thismap T(M) — T(0¢ ®¢. M) is indeed an isomorphism, as it is an
injective map of finite free Z,-modules of same rank with saturated image. (To see
the image is saturated, note that £ N &g, = Of inside £’.) Similarly, we obtain
T(M) = T*(Og @6, M).

Lemma 7.5. For any quasi-Kisin &-module 9, the natural morphism
Home (MM, &™) — T*(M) = Home (M, OF),
induced by the natural inclusion S < ﬁgr, is an isomorphism.

Proof. When R = O'x with perfect residue field the proposition is proved in [Fon90),
§B, Proposition 1.8.3]. For the general case, let &’ := hﬂw Frac(R/w) be the perfect
closure of Frac(R/w). As discussed in (Ex6), there is an Ok -algebra homo-
morphism R — Ok = W (k') @y Ok which satisfies the assumption in We
apply the discussion in §7.4]to this setting.

Let us write &', Og/, &', and @‘g‘f for the rings constructed from 0. Now,
note that for any quasi-Kisin G-module 9, the scalar extension &’ ®g 9 is a quasi-
Kisin &’-module. In particular, we obtain a natural G_-equivariant isomorphism
T*(OM) = TH(&' @¢ M) (cf, § Now, applying the result for &, (which is
known by [Fon90, §B, Proposmon 1 8.3]), it follows that any p-compatible map
z: M — ﬁgf has image in &' N @’“r To conclude it suffices to show that &' =
&' N ﬁ“r. In turn, it suffices to show that for any s € &""* N 0¢" the subalgebra
S[s] C ﬁ“f is finite over &. But {Spec &', Spec O} is an fpqc covering of Spec G,
and the assumption on s implies that &'[s] is finite over &’ and O¢[s] is finite over
O¢. Now the claim follows from fpqc descent theory. O

8. COMPARISON BETWEEN GALOIS-STABLE LATTICES

Assume that R satisfies the formally finite-type assumption (§2.2.2). If p > 2
then we have the following exact functor

oM™ : {p-divisible groups over R} M MF5(p, V) < Modg (¢, V),

which is an anti-equivalence of categories if p > 2; c¢f Corollary[6.3.1] We also as-
sociated, to a p-divisible group G over R, a G -representation 7 (9" (G)) under
some additional assumption on R (as stated in §7); cf, (7.3.1). The main goal of
this section is to prove the following proposition:

Proposition 8.1. Assume that R satisfies the “refined almost étaleness” assump-
tion (§2.2.3), and for some Cohen subring W C Ry we have E(u) € Wu] (cf. §7).
Let M € MFg(p,V), and suppose that M € Modg(p) is a quasi-Kisin G-module
such that M = S®,, & M as quasi-Breuil S-modules (which exists by Proposition[6.3).
Then there is a natural G _-equivariant injective map

T*< ) H TC*TIS(M>7

which is an isomorphism if p > 2. Furthermore, if M = D*(G)(S) for some p-
divisible group G, then (for any p) we have a natural Gz _-equivariant injective map
T*(9M) — V,(G), whose image is T,,(G) .

If p > 2 then the second assertion follows from the first due to Theorem [5.3]
while it requires more work if p = 2. When p = 2, we can use Proposition to
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define the functor 9* : G ~ 9 (without passing to the isogeny categories), and
obtain some full faithfulness result; cf.,, Corollary
Before we begin the proof, let us record an immediate corollary of Proposi-

tion

Corollary 8.2. Assume that R satisfies the formally finite-type assumption (§2.2.2)),
and for some Cohen subring W C R we have E(u) € Wu] (cf. §7). Let G be a
p-divisible group over R, and let 9 € Mode () be such that S ®,,e M = D*(G)(S).
Then (for any p) there is a natural G -equivariant isomorphism T*(M) = 1,(G),
which recovers the isomorphism in Proposition when R additionally satisfies the

“refined almost étaleness” assumption (§2.2.3).

Proof By Lemma and the discussion in for any open immersion of for-
mal schemes Spf(R’, JrR') — Spf(R, Jr) we have a natural Z,-isomorphism

T*(Qﬁ) = T*(GR/ Rs i)ﬁ)

For any (R, Jr) as in the statement, there exists a Zariski open cover {Spf (R, Jr,)}
of Spf(R, Jr) such that each R, satisfies the “refined almost étaleness” assump-
tion (§2.2.3). (Note that R[;] = K ®w Ro is étale over Ry|].) To prove the corol-

lary, it suffices to prove it for each R,,, for which we can apply Proposition d

Recall that T is defined via a G __-invariant embedding S < A.s(R) which
respects the suitable connections on both sides (cf, (5.4.1)). On the other hand,

T is defined using the period ring &*, which admits a G5 -equivariant embed-

. . —b . . .
ding into W (R'), hence into AY. (R). To “interpolate” these two constructions, we

cris

introduce auxiliary semilinear objects over S as below.

8.3. More divided power algebras. As in Proposition (8.1} we assume that R satis-
fies the “refined almost étaleness” assumption (§2.2.3), and for some Cohen subring
W C Ry we have E(u) € Wlu] (¢f §7), although some constructions work in more
generality. Consider R0®Zp6 — R defined by Ry-linearly extending the natural
projection & — G/(E(u)) = R. (Here, ® is the completed ®-product with respect
to the p-adic topology.) Let S denote the p-adically completed divided power en-
velope of Ry®7, & with respect to ker(Ro®z,& — R), which is generated by E(u)
anda®1—-1®afora€ Ry.

Let Fil' § denote the divided power ideal with S/ Fil' S = R. Note that ¢ ® ¢
on Ry ®z, & extend to ¢ on S, and we have (p(Fil' §)) = pS as p(E(u)) € pS*.
We set ¢y 1= £ : Fil' § — .

We define a connection dgz : S-S Ro®S Q ro&e Dy extending the universal
continuous derivation for R0<§>ZPG in a usual way, and define d% 'S 58 Ro Q Ro
by composing dz with the natural projection S® Ro86S Q RoBS S® Ro Q Ro-

One can embed & = Ry[[u]] into S in two different ways, as follows: for any
Yoo anu™ € & with a,, € Ry

(8.3.1) 1 Zanu" — Zan Qu" e S
n=0 n=0

(8.3.2) 19 : Zanu" —1® (Z anu"> €S.
n=0 n=0

Both maps extend to 11, : S < S, which respect ¢ and the divided power struc-
tures. Note that ¢; is horizontal when S is given a connection d%, and 3(S) =
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(5)%5=°. Let us also consider the map
(8.3.3) (5:5—)5;a®5b—>a-sforanya€R0,s€6,
which respects ¢, the divided power structures, and the connections when S is
endowed with d¥. Also note that § 012; = 02 = idg.
We now define a ¢-compatible G -invariant Ro-algebra map j: S < Acyis(R?)
as follows. First, recall that we have a yp-compatible G -invariant map & —
—b . : -
W(R). (Cf tl .) We may Rjy-linearly extend this map to Ry ®z, & — Ry ®z,
W(Eb) which extends to S < Ais(R). This map, which we denote by j, is clearly
compatible with ¢ and V, and the image of Fil! S is precisely the intersection of
the image of S and Fil' A Acris(R).
We remark that the embedding S 2+ S % A..is(R) is precisely the embedding

we use to define T*. ll The embedding & 2+ CREN Aqis(Ro) has image in

cris
—b

W(R') c AY..(R) and coincides with the map ll

Cris

8.4. More filtered modules with connection. By applying Proposition
D = S, we obtain an equivalence of categories & ~» &(S) from the category
of Dieudonné crystals over Spf(R, (w)) to MF (¢, V) (following the notation of

Definition [3.2.3). Since & ~» & (§) also defines an equivalence of categories into
MF (¢, V), we obtain an equivalence of categories MF (¢, V) = MFz(p, V).
We can indeed make the functor MF (o, V) — MFz(p, V) explicit as follows.

The maps 2;,13 : S — S and § : S — S are divided power morphisms over R,
so they induce a horizontal p-compatible filtered morphisms &(S) = = = £(S) (with

j = 1,2) for any Dieudonné crystal & over R. Since § o127 = idg, we obtaln natural
isomorphisms

(8.4.1) E8) =S, s8(5), &(5)=Sw,58(5), forj=1,2.
Set M := &(S5) and M:=S5 ®,,,5 &(S5), using +;. Then one can check that the
following coincides with the natural extra structure on &'(.5) as in Proposition

D) ¢ =5 orm;
2 Vv X is the connection over dg, such that if for m € M we have V ((m) =

Y.imi®@ds; then Vi (1@m) =), m; ®@d(t1(s:));
(3) Fil' M is the preimage of the Hodge Filtration on &(R) by the natural
projection &(S5) - &(R).

Remark 8.4.2. Note that we can use i, instead of 2; and repeat the above con-
struction, but it follows from Proposition that there is a natural isomorphism
M:=85 &X41,8 g(S) ~ g 14,8 cg"(S) in MFg(@, V)

For any M e MF (¢, V), we define a connection V;*q ‘M = M@Ro QRD
compatible with dg on S by

~ Vo~ —~ ~ —~ ~
(8.4.3) Vi i M =5 M @p 56 Qpas) = M ®r, Qr,,

where the second map is the natural projection.
The relation between V%, and V?\? is as follows:

(8.4.4) Vi (3@m) =358 Viy(m) +m @ di(3),

foranym € M and s € S. Here we use 11 to get M=S ®4,,5 M. We will often
work with V;Lvl instead of V It



CLASSIFICATION OF p-DIVISIBLE GROUPS 43

Remark 8.4.5. By abuse of notation, let et 1y M— S Riy,8 M = : M be the natural

map, and 15 : M — § @, 9 M = M the composition of the natural map and
the natural 1somorphlsm discussed in Remark [8.4.2] Then while ¢ is horizontal

with respect to V%, and V'“, one can directly see that 1(M) = MV =0, This
observation will be used later in

Using the embedding 7 : S < Ais(R) constructed in §8.3] we define
(8.4.6) T2 (M) := Homg g1 oo (M, Acris(R))

for M € MF 3(, V). Here, the morphisms are required to respect the connections

G on M and V on Ags(R) defined in § Note that Tc*m(/\/t) is p-adic, and has
a continuous G 5 -actlon (as S s Acris(R ) isGx -1nvar1ant)

For any M € MFs(p,V), there is a p- d1v151ble group G’ over R such that
M[L] = M*(G')[}] := D*(G")(S)[L] by Theorem [3.5] Set M i= § @, s M €
MF3z(p, V). Then we have a natural isomorphism D*(G’) := D*(G')(R )[p] =
Ro[l} ®gz M as objects of MF /g, (v, V) (cf, Example l where we view R
as an S-algebra via S 2 S = Ry, and the Hodge Filtration on Ro[ |®z M is given

by the image of Fil' M’.VNote that the following defines a p-compatible section of
the natural projection M[%] — D*(G'):

(8.4.7) 5:DYG) S M[1/p] 2 M[1/p),

where s is as in Lemma [3.3.5] and ¢; is as in Remark Clearly, 5 is a unique
p-compatible section.

Lemma 8.4.8. We use the notation as above. There exists a natural G Em—equivariant
isomorphism V,(G') = T, (MV)[ ], and the image of CrlS(/\/l) in V,(G') is same as

the image of T3, (M) in V,,(G").

Proof. By Theorem |5.3|we have a natural G z-isomorphism V,(G’) = V., .(D*(G")).
Since the section 5 (8.4.7) induces an isomorphism

1@ 5 : Beris(R) ®pof1/p) D' (G') = Beris(R) @5 M[2],

one obtains a Gz -equivariant isomorphism Crlb(./\7)[ | 5 V(DX (G) 2V, (G).

Cris

For the second assertion, ¢; : M — M (¢f., Remark |8 induces an G B
equivariant map Cm(./\/l) — T} . (M), which is surjective (as §: M — M defines

cris

a section) and respects the embeddings into V,,(G’). The lemma now follows. O

8.5. Proof of Proposition [8.1, Consider M € MFg(¢, V) and M € Modg(¢)
such that S ®, & M = M. Set M:=S ®y,,s M, as before. By Lemma it
suffices to construct a natural G -equivariant injective map 7*(9) — Tc*m(/\/l)
and show that it is an isomorphism when p > 2.

The map 5 : M — M (cf, Remark induces an Gp__-isomorphism

(8.5.1) HomS,Fill,gD7Lp1 (M Acvns( )) = H0m§7F1117%vu(ﬂv Acris(R)) TC*FIS(M>

This is an isomorphism because 1,(M) = (M)V"“=°. Since we have S®p,eM=M,
we obtain a G; -equivariant map

(8.5.2) T*(9M) = Home ,(M, &) — Homg it ., (M, AL (R)),
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where the arrow is induced by ¢ : & — AV, (R). This map is clearly injec-

Cris

tive. Combining (8.5.1) and (8.5.2), we obtain a Gz -equivariant injective map
T*( ) — Tc*rls(M)‘

Let us show that the map (8.5.2) is an isomorphism when p > 2. We follow the
same strategy as in [Kis06, Theorem 2.2.7]. It suffices to show that the following
map, obtained by reducing the map (8.5.2) modulo p, is an isomorphism when
p>2:

(853)  Home o (M/(p),&"/(p)) = Homg pipt 4.4, (M/ (D), ATis(R)/(p))-

Since both sides are finite-dimensional IF,,-vector spaces of same dimension, it suf-
fices to prove injectivity. Note that AC“S(R) /(p) is naturally isomorphic to the di-

vided power envelope of R’ with respect to ¢, so it easily follows that the kernel
of v : é% /(p) — AY,.(R) is principally generated by u¢. Therefore, z : M/(p) —
&' /(p) is in the kernel of if and only if the image of z is contained in u¢G&™.

Recall that (1 ® o) (91/(p)) contains u®(M/(p)) = E(u)(M/(p)). Since x com-

mutes with ¢’s, we have

(8.5.4) u*-a(m) = x(u'm) = z((1® pm)(m')) € p(u)-&" /(p) = u"*-&"/(p),
where m € 9M/(p) and m' € ¢*(M/(p)) such that (1 ® wox)(m’) = u®m. So we
have z(9M/(p)) C uP=He.&% /(p). If p > 2, then we can iterate this process to get

2 = 0, which implies that the map (8.5.3) is injective. This concludes the proof of
Proposition[8.1| when p > 2.

Remark 8.5.5. The map is not necessarily an isomorphism when p = 2.
For example, set 91 : im*( m) and M := M*(G,,). Note that we can find a
G-basis e € M such that pgn(e) = E(u)e. Then one can show that the image of
TH(M) in T, (M) is 2°T, (M) by the same proof as [Kim12| Proposition 5.4(2)].

On the other hand, it is not difficult to show that T,,(G,,) = 2-T7%. (M), so we
nonetheless have T, ( m) = T*(9). We can show the same statement when G’ is

a multiplicative-type p-divisible group.

It remains to show that the Z,-lattices T,,(G) and 7*(9*(G)) in V,(G) coin-
cide when p = 2. Recall that there exists a (unique) p-equivariant map Ry —
W (Frac(R/w)Pt) (cf, (Ex6)). Set O := W (Frac(R/w)P*") @w Ok, which
is an p-adic discrete valuation ring with perfetct residue field. As discussed in
applying the base change R — Ok does not change the Q,-vector space V;(G) and
the Z,-lattices 7),(G) and 7*(9*(G)). So in order to show T,,(G) = T*(M*(G)),
we may assume that R = 0 with perfect residue field. But this is known already;,
independently in [LaulOal] and in [Kim12]. This concludes the proof of Proposi-

tion 8.1 when p = 2.
8.6. Full faithfulness in the p = 2 case. Let p = 2. Then we have a functor
{p-divisible groups/R}[1/p] = Mods (¢, V)[1/p]; G ~ M*(G)[1/p]

by Corollary
Using Proposition [8.1] we can improve Corollary in the the following case:

Corollary 8.6.1. Let p = 2, and assume that R satisfies the formally finite-type as-
sumption (§2.2.2), and for some Cohen subring W C Ry we have E(u) € Wlu]
(cf. §7). Then for a p-divisible group G over R, there exists a unique ¢(&)-lattice
M C D*(G)(S) with M € Mode(p, V). Furthermore, the assignment G ~~ M
defines a fully faithful functor:

oM™ : {p-divisible groups/ R} — Mode (¢, V).
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Proof. For a p-divisible group G over R, we write M := D*(G)(S) and llet M, M’ C
M be (&)-lattices which are in Modg (¢, V), which exist by Proposition[6.3] We
want to show that 9t = 9. Since this assertion can be proved Zariski-locally, we
may assume that R satisfies the “refined almost étaleness” assumption (§2.2.3).
Note that M[ ] = M'[}] in M[] by Lemma 6.2, and we have T,,(G) = 7*(M) =
T*(9) inside T3, (M) by Proposition Therefore we have 0 ®¢ M = 0 Qg
M’ inside O ®s M ;] by Proposition|7.3| which forces M = M.

Now let M*(G) € Mode (¢, V) be the unique ¢(&)-lattice in M = D*(G)(5),
and we show that the assignment 9 : G ~» 9*(G) is functorial; in other words,
for any morphism f : G — G’ of p-divisible groups over R, the map D*(f)(S)
restricts to 9M*(G’) — PM*(G). Since this assertion can be proved Zariski-locally,
we may assume that R satisfies the “refined almost étaleness” assumption (§2.2.3).
By Lemma [6.2] there is a map o : MM*(G’) — 9M*(G) in Mode (¢, V) which is the
restriction of p”ID*(f)(S). Then, the image of 7*(«) : T*(IM*(G)) — T*(M*(G"))
is divisible by p™ since 7*(a) = p™T,(f) by Propositionﬁ This shows that #a :
M*(G') — M*(G) is well-defined by Proposition We set M*(f) := %a, which
is the restriction of D*(f)(.5).

Let us now show the full faithfulness of 91. For M1 := 9*(G) and M’ := M*(G’)
where G and G’ are p-divisible groups over R, consider a map a : 9 — 9 in
Modg (¢, V°). Since we already showed that 9t* is fully faithful up to isogeny
(as M* is so by the proof of Theorem [3.5), there is a homomorphism f' : G —
G’ with M*(f’) = p™« for some n. Applying the base change R — ﬁ(w) (cf,
(Ex5)), it follows from Proposition [8.1| that f’ kills G[p"]r,_,,. (We can apply
Proposition for the base ring }Al(w) as it is a p-adic discrete valuation ring.) So
the kernel of f’ : G[p"] — G’[p"] is some finite (not necessarily flat) subgroup of
G[p"] containing G[p"|r_,, so it should be equal to G[p"]. It now follows that
there is a homomorphism f : G — G’ such that p"f = f’. Clearly, 9t*(f) = «.
Faithfulness of 9t* is proved very similarly. O

9. FINITE LOCALLY FREE GROUP SCHEMES

In this section, we state some results on classifications of finite locally freeE] group
schemes via torsion versions of Breuil S-modules and Kisin &-modules; cf. Theo-
rem[9.4] The proof will be given in

Throughout this section, we let R be a p-adic ring satisfying the p-basis assump-
tion (§2.2.1) (possibly with stronger assumptions on R, which will be specified),
with the choice of (&, ¢), F(u), and S as in

9.1. Torsion filtered S-modules. The following definition is the torsion version of
Breuil S-modules.

Definition 9.1.1. Let MF’g(p)*" denote the category of tuples (M, Fil' M, ¢;)
where
(1) M is a finitely generated S-module which is killed by some power of p,
and Fil' M C M is an S-submodule containing (Fil' S)M;
(2) o1 : Fil' M — M is a ¢-linear endomorphism of M such that ¢; (M)
generates M and for any s € Fil' S and m € M we have

¢1(s)
1(E)

p1(sm) = w1 (Em).

3Note that we always assume our finite locally free group schemes are commutative. We use “finite
locally free group schemes” instead of more popular terminology “finite flat group schemes” as it is
essential to deal with possibly non-noetherian base rings in the proof.
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Note that ¢ (F) € S*. We define ¢ : M — M by
pat(m) = o1 (B) " o1 (Em)
for any m € M. Then we have ¢ = py; on Fil* M.

Let MF'g(p, V)" denote the category of tuples (M, Fil' M, 1,V () where
(M,Fil' M, 1) € MF g(¢)*" and Vo : M — M ®g g is a quasi-nilpotent
integrable connection which commutes with ¢ 4.

Let MF2"(, VO)tr denote the category of tuples (M, Fil' M, @1, V o, ) where
(M, Fil' M, 1) € MF'g(p)t" and V oy, : Mo = Mo ®g, (AZRO is a quasi-nilpotent
integrable connection on My := Ry ®s M which commutes with @4, .

The proof of Lemma shows that the natural functor MF'g(p, V)% —
MFP* (o, VO)t°r (defined in the same way as in Remark is fully faithful.

Not all objects M € MF'gs(p, V)t are expected to come from a finite lo-
cally free group schemes (by the recipe as in the proof of Proposition [9.3), as the
definition of MF’g(p, V)'* does not prevent M from being a Ro-module. For
the purpose of studying the p-power order finite locally free group schemes, it is
much more convenient to use torsion Kisin modules, which we introduce in Defini-

tion

9.2. Classification via torsion Kisin modules. The following definition is the tor-
sion version of Kisin G-modules.

Definition 9.2.1. Let Modg ()" denote the category of pairs (90, o), where
(1) M is a finitely presented G-module killed by some power of p, and of &-
projective dimension < 1;
(2) oo : MM — M is a p-linear map such that coker(1 ® wgy) is killed by E.

Let Modg (¢, V)t denote the category of pairs (9, V () where 9 € Modg (¢)*"
and Vo : M - M ®g Qs on M =S ®¢,c M is a quasi-nilpotent integrable con-
nection which commutes with p,q := ps ® Pon.

Let Modg' (i, V°)f°r denote the category of pairs (91, V o, ) where 9t € Modg ()™
and Vq, : Mo — Mo®g, 0 R, 1s a quasi-nilpotent integrable connection on M :=
Ry ®,, & M which commutes with ¢ 4,. We call an object in Mod& (¢, V°) " a tor-
sion Kisin &-module. _

We let (Mod FI) (g, V), (Mod FI)5 (¢, V°), and (Mod FI)4(p) denote the
full subcategories of 2t such that 9t = @ M; as a S-module where 9t; are projec-
tive over S /(p™).

Remark 9.2.2. As before, one can define a natural functor Modg(p, V)" —
Modg (¢, VO)*" by the same way as in Remark and the same proof of
Lemma |3.3.4|shows that this is fully faithful. We will see later that this functor is an
equivalence of categories if R satisfies the formally finite-type assumption (§2.2.2)
for any p (including p = 2) — indeed, we show that both categories are naturally
anti-equivalent to the category of p-power order finite locally free group schemes
over R; cf,, Theorem (9.4

Let 9 be an object of either Modg(p)'" or Modg (¢, V)Y, and set M :=
S ®y,6 M. One can define Fil' M ¢ M and ¢ : Fil' M — M using the same for-
mula for (quasi-)Kisin modules (cf, (6.1.3), (6.1.4)). Clearly, M with this structure
is an object in MF’ g()"" (or MF’5(p, V)" if M € Modgs (p, V)).

Remark 9.2.3. For 9 € Modg ()" there exists a unique (injective) G-linear map
Yon + M — ©*M such that Yop o (1 ® pan) = E(u)ide-m and (1 ® pon) o op =
E(u)idgy. Indeed, the multiplications by E(u) on 9t and ¢*9 are injective, and
the image of 1 ® gy contains E(u)IN.
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Similarly, if M = S ®,, ¢ M for some M € Modg (¢)*", then we set
bm = @1(Bw) (1@ ¢am) : M — 9" M.
Then we have ¢, 0 (1 ® prq) = pide- s and (1 ® o) 0 Y = pidag.

Proposition 9.3. Assume that the functor 9* on p-divisible groups over R is fully
faithful. (cf., Corollaries and [8.6.1). Then there exists an exact fully faithful
functor 9* from the category of p-power order finite locally free group schemes over
R to Modg (¢, V)" with the following properties:

(1) For any p-power order finite locally free group scheme H over Spf ( , (),
there exists a natural horizontal isomorphism S ®,.e M*(H) = D*(H)(S)
which matches the quotient e3; Qg of D*(H)(S) with

coker(1 ® pon-()) = (S ®p,6 M*(H))/ Fil' (S @46 M*(H)),

and (F,V) on D*(H)(S) with (1 ® ¢,) on M*(H) (cf., Definition
Remark [9.2.3).

(2) If H = ker[d : G° — G'] for some isogeny d, then there exists a natural
isomorphism 9* (H) 2 coker[IN*(d)].

(3) The formation of 9M* commutes with a base change by R — R’ that lifts to
some ga equivariant map & — &', where &' = R{[[u]] and ¢ are chosen as

in §2.2.Tjand §3.3} cf. §3.6]

As a preparation for the proof, we recall the following theorem of Raynaud
[BBM82, Théoréme 3.1.1]:

Theorem 9.3.1. Let H be a commutative finite locally free group scheme over some
scheme X. Then there exists a Zariski covering {U,}, of X and an abelian scheme
A, over each U, such that Hy;,, can be embedded in A, as a closed subgroup.

Now assume that R is p-adic, and let H be a finite locally free group scheme
over R of p-power order. (Note that there is no difference in viewing H either over
Spf(R, (p)) or over Spec R.) We apply Raynaud’s theorem for H over Spec R to
obtain an open affine cover {U, = Spec Ra} and an abelian scheme A, over each
U(x So we obtain a p-divisible group G, := A,[p™] over the p-adic completion

« of R, into which Hy can be embedded (Note that {Spf (Ra. (p ))} is a Zariski
open covering of Spf(R ( )).) The same discussion holds if we work with Jg-adic
topology if R is J R-adically separated and complete.

We need another lemma for the proof of Proposition Let us consider a tri-
angulated full subcategory Isog}, of the derived category of fppf sheaves of abelian

groups over R, generated by two-term complexes G* := [G° 4, G'] at degree [0, 1]
such that G* are p-divisible groups and d is an isogeny. Note that the only non-zero
cohomology of G* € Isog¥ is H’(G*), which is a finite locally free group scheme
over R with p-power order.

Lemma 9.3.2. The functor H’ : [G® 4 G| ~ ker(d) from Tsog, to the category of
p-power order finite locally free group schemes over R is fully faithful.

Proof Let G* := [G° % G!] and G'* = [G"° 4, G"'] be objects in Isog},, and set
H :=H"(G*) and H' := H(G"*).

Let f : G* — G'* be a morphism such that H’(f) is a zero map, and we seek to
show that f is a zero map. This can be checked after composing with any isomor-
phism, so we may assume, without loss of generality, that f is given by morphisms
ft: G" — G" of p-divisible groups. If H’(f) : H — H' is a zero map, then f°
factors through G' giving a null homotopy for f. Now it easily follows that H is
faithful.
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If f : H — H' be any homomorphism, then we can factor f into H SN

H x H' — H'. Since H x H' :=ker[(d,d’) : G® x G'® — G' x G'!], we may assume
that f is a closed immersion by replacing f by (1, f) if necessary. Set G”’® := [G"® —
G’°/f(H)]. Then we have H = H°[G"*] and f comes from g : G”* — G'* where
g = id and ¢' is the natural projection. O

Proof of Proposition [9.3) Construction. Let us first construct 9*. For any isogeny
d: GY — G of p-divisible groups over R, MM := coker[M*(d) : M*(G*) — M*(GY)]
is clearly a torsion Kisin &-module. By Corollary[6.3.1] (Corollary([8.6.I|when p = 2)
and Lemma H° o9* induces a fully faithful functor Isog}, — Modg (¢, V)t
which commutes with étale base change Spf(R’,(w)) — Spf(R,(w)). If H :=
ker(d), then we set D*(H ) := coker[9*(d)].

Let H be a finite locally free group scheme over R of p-power order. Then by
Raynaud’s theorem (Theorem [9.3.1| and the subsequent discussion) there exists a
Zariski covering {Spf(Rq, (p))}a of Spf(R, (p)) and p-divisible groups G,, over R,
such that Hp_ C Gl,.

Recall that for each R,, there is a natural G-algebra &, together with a unique
choice of g, over pg, such that &,/(E) = R,. (Cf. Lemmal[2.3.5 Remark[6.3.5])
Note also that {Spf(&,, (p, E))} is a Zariski covering of Spf(&, (p, E)). Now, M*(Hg,_) €
Modsg, (¢, V)" makes sense, and the natural glueing datum on {Hpg,_} induces
a glueing datum on {9M*(Hg,)}. We define M*(H) € Modg(p, V)" by glueing
{9 (Hg,,)}- O

For M € Modgs (¢), we say M is p-nilpotent if @i, = 0 for some n, and similarly
define ¢-nilpotent objects. (Cf Definition[3.2.6]) We can improve Proposition [9.3
in the following case:

Theorem 9.4. Assume that R satisfies the formally finite-type assumption (§2.2.2).
If p > 2 then the functor (Mod FI)4 (¢, V) — (Mod FI)g (¢, V°), defined in Re-
mark is an equivalence of categories, and the following functors is an anti-
equivalence of categories:

p-power order finite locally

free group schemes H over R 2, (Mod FI)s (¢, V) = (Mod FI)g (¢, VO).

such that H[p"] is locally free Vn

Let Ry = W(k)[[T1,--- ,Ta]] with perfect field k of characteristic p > 2, and
define ¢ : Ry — Ry by extending the Witt vector Frobenius by ¢(T;) = TF. Set
R = Ro[[u]]/E(u). Then 9t* composed with the forgetful functor Modg (¢, V)" —
Modg (¢)t" is an anti-equivalence of categories.

Allowing any prime p, each of the following functors is an anti-equivalence of cate-
gories:

infinitesimal finite locally | o5+ Mod e, Mod ool
free group schemes over R — Modes(p, V) — Modgs(p) ;

unipotent finite locally o+ o ‘
Mod \v4 % nilp Mod % nilp
{ free group schemes over R — Mods (¢, V) — Modgs(p) ;

where ON* is as in Proposition[9.3] the other arrows are suitable forgetful functors, and
the superscripts ¢ ™P and ¥ ™ respectively denote the full subcategory of y-nilpotent
and -nilpotent objects.

We prove this theorem later in §10.5)

Remark 9.4.1. Let us review previous results on Theorem When R is a p-adic
discrete valuation ring with perfect residue field and p > 2, then Theorem is
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a theorem of Kisin [Kis06, Theorem 2.3.5]. (Note that in this case, Q r, = 0 so
V0 is forced to be zero.) The strategy of Kisin to deduce Theorem from the
classification of p-divisible groups can be applied in more general setting. Most
general result of this type is the theorem of Eike Lau [LaulOc, Corollary 7.7, Propo-
sition 8.1] in the case when R is a complete regular local ring with perfect residue
field. (Note that his result does not require R/(w) to be a formal power series.)
Unfortunately, there are difficulties in using the strategy of Kisin to deduce The-
orem from Corollary [6.3.1] The most serious problem is the presence of con-
nections VY, which cannot be removed in general (unless it is asserted in The-
orem [9.4). In order to handle the connections, we use the theory of moduli of
connections [Vas12, §3]. We review (and slightly generalise) the theory in

9.5. Galois representations. We continue to assume that R satisfies the formally
finite-type assumption (§2.2.2). Let H be a p-power order finite locally free group
scheme over R. Then H(R) is a finite torsion Z,-module equipped with continuous
(i.e., discrete) action of Gr. On the other hand, under the additional assumption
(stated in Proposition [9.5.1) we obtain a torsion G -representation 7*(9*(H))

since O ®@g M*(H) is an étale (p, O¢)-module.

Proposition 9.5.1. Assume that R satisfies the formally finite-type assumption (§2.2.2),
and for some Cohen subring W C Ry we have E(u) € Wu] (cf. §7). Then there ex-
ists a natural G B -equivariant isomorphism H(R) = T*(9*(H)) with the following
properties:

(1) If H = ker[d : G° — G'] for some isogeny d, then the isomorphism H(R) =
T*(9M*(H)) is compatible with the isomorphism T,(G') = T*(IM*(G")) as
in Corollary|[8.2]

(2) The formation of the isomorphism H(R) = T*(9*(H)) commutes (in the
obvious sense) with a base change by R — R’ that lifts to some p-equivariant
map & — &', where & = R{[[u]] and ¢ are chosen as in §2.2.1]and
cf.

Proof. 1f H = ker[d : G° — G"], then the G5z -isomorphism T},(G*) = 7*(9*(G"))
as in Corollary induces a G -isomorphism H (R) & T*("m*(H)) with all the
desired properties. (Here we use the exact sequence (7.3.3).) But since the for-
mation of the isomorphism commutes with Zariski localisation, it suffices to define
the isomorphism on some Zariski covering where H can be embedded in some
p-divisible group. d

10. MODULI OF CONNECTIONS

In this section we study the role of connections using Vasiu’s construction of
“moduli of connections” [Vas12, §3]. This construction will play an important role
in the classification of finite locally free group schemes in The main results in
this section are Corollaries[10.3.1]and [10.4.1]

Throughout this section, we assume that R satisfies the formally fintie-type as-
sumption (§2.2.2) and choose (Ry, ¢) as usual. Set R ), := Ro/(p)(= R/(w)). Let
Jr and Jo(= Jg,) respectively denote the Jacobson radicals of R and R,. Note that
R and Ry are respectively J-adic and Jy-adic.

10.1. Preliminaries. Let I C R be a Jg-adically closed ideal such that () C I C
Jr, and set I := ker(Ry — R/I). (In practice, I is either (w) or Jg.) Let A be a
I-adic formally étale R-algebra such that A/IA is finitely generated over R/I (i.e.,
Spec A/I™ A — Spec R/I™ is étale for any n). Then applying (Ex1), there exists
a unique [y-adic formally étale lift Ry — Ay of R/I — A/IA, and A, can naturally
be viewed as a Ry-subalgebra of A. We set G4 := Ayl[[u]], and define S4, etc.,
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correspondingly. More generally, if A is “ind-étale” (i.e., A is a I-adic completion
of hgl A® for some I-adic formally étale R-algebras A(?)) then we define A, by
Iy-adically completing ligAé’), where Aéz) is the Ro-lift of A® /TA® and define
G4, Sa, etc., accordingly. Note that Ay is flat over W and A/(w) locally admits a
finite p-basis, so it satisfies the requirement for Ry as in and A satisfies the
p-basis assumption (§2.2.1)) using this Ay and F(u) € Rolu] C Ag[u].

10.2. Review of the construction of moduli of connections. For any M € MFg(p)
(respectively, My € MFg,(p)), we have S4 ®s M € MFg,(p) (respectively,
Ay ®pr, M € MF 4,(¥)).

Let us recall (and slightly extend) Vasiu’s construction of moduli of connections
[Vas12} Theorem 3.2]. Let M, M{, € MFg, () and a morphism f : My — M; be
given. Fix an Ry-direct factor (Mg)! € M, which lifts Fil' Mo /p Mo € Mo/p M,
and similarly choose (M{)t C M. Set

Mo = ¢* (Mo + 5(Mo)') € Mo[L]:

Note that 1 ® ¢, induces an Ry-linear isomorphism Mvo = My, and one can
recover Mo € MFg, () from (Mg, (Mo)t, Mg 1®1> My). We similarly define
© Mg

M, so that f induces My — M.

By passing to a Zariski covering of Spf(Ry,.Jy), we may assume that (M),
Mo/ (Mo)t, (MY, My /(M})!, and Qp, are all free over Ry. Let us fix a Ry-basis
of O R, and an Ry-basis of M, adapted to the direct factor (My)!, and same for
M;,.

%onsider a functor Q,, which associates to any étale map Spf(Ao, (p)) — Spf(Ro, (p))
the set of (naturally defined) equivalence classes of additive morphisms

Vagn : Ao/ (") ®ry Mo = Ao/ (p") @Ry My @r, Or,
which satisfies the Leibnitz rule (i.e., Va,n(ax) = aVa,n(z) + 2 ® da for any
a € Aog/(p") and & € M,, where we identify Q4, = Ag®p, g, by étaleness) and
makes the following diagram commute:

" (Vag.n) — ~
(10.2.1) Ao/(p™) @y Mo ——2""5 Ay (p™) @ 1o MY @Ry Oy

1®¢M{ J(l@w%)@id%o

Ao/ (p") @1y Mo ——— Ao/ (") @, M§ ©r, O,

Here we define ¢*(V 4,.,) by choosing an arbitrary lift of V 4, ., over 4y/(p"*1),
and one can check without difficulty that ¢*(V 4,.,) does not depend on the choice
of lift. (Cf equation (9) in [Vas12} §3.1.1].)

If My = M then a connection V 4, , on Ay/(p™) ® r, Mo commutes with v 4, ®
oM, if and only it satisfies modulo any p”. More generally, if My, M}, €
MFg, (¢, V) and f : My — M respects ¢ and takes (M,)! into (M})?!, then both
Vg o fand (f ®id) o Vo, satisfy modulo any p".

We claim that the functor Q,, is representable by a p-adic formally étale Ry-
algebra (again denoted by Q,,). Fixing R,-bases as above, the condition for V 4, 4
to satisfy for any Ay we consider is given by a system of equations of the
form z = By(z)+ C, for some matrices B, C with entries in Ry ;, = Ro/(p), where
the variables x are the “matrix entries” of V 4, 1 with respect to the fixed bases (Cf.
the proof of [Vas12, Theorem 3.2].) Such a system of equations is an example of
Artin-Schreier system of equation (defined in [Vas12, §2.4]), and defines a faithfully
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flat étale algebra Q; ;, over Ry j by [Vas12, Theorem 2.4.1], and we take Q; to be
the unique p-adic formally étale Ry-algebra lifting Q; 4.

Now, assume that Q,, is defined, and let Vo, ,, denote the universal object. Pick
an arbitrary lift Vg, ny1 @ Qn/(") @r, Mo — Qu/(p") ®r, Mo ®r, Qnr,
of Vg, . For any étale map j : Spf(Ao, (p)) — Spf(Qn,(p)), the condition for
some V 4, 41 to satisfy is given an system of equations of the form z =
By(z) + C,, over Q,/(p), where the variables are the matrix entries of d4, 11

where V4, n+1 =7® Vo, nt1+0"04,n+1. (See the proof of [Vas12|, Theorem 3.2]
for the details.) We take Q,,.; to be the unique p-adic formally étale Q,,-algebra
lifting the faithfully flat étale Q,, ;-algebra Q,,11 s defined by these equations. The
system of étale algebras {Q,, ;} is an example of Artin-Schreier tower defined in
[Vas12, §2.4].

Definition 10.2.2. The system {Q,,} constructed above is called the moduli of con-
nections for M, and Mg,

The following lemma states that any “connected component” of Spec Q.. /(p)
enjoys nice properties, where Q. := hgn Q.-

Lemma 10.2.3. Let {Q,,} be the p-adic Ry-formally étale lift of some ‘Artin-Schreier
tower” over Ry i := Ro/(p) in the sense of [Vas12| §2.4]; for example, {Q,,} can be
a “moduli of connections”. Let Q., denote the p-adic completion of Q. := hgqn O,

and choose a direct summand Ag of Q.. such that Spec Ay has finitely many connected
components. Set Ao := Ao/(p). Then the following properties hold:
(1) Let p C Ag be a prime ideal containing p, and set p := p/(p) C Ao . Then
the localisation (Ao )y is regular and excellent,ﬁ] and Ay locally admit a
finite p-basis.
(2) The image of any open subset of Spec Ag i, in Spec Ry j, is open.
Proof. Note that Ry/(p) is regular and excellent by the theory of excellence; cf,
[Val75, Theorem 4], [[dJ95, Lemma 1.3.3], and [Mat80, §33.I, Theorem 79]. Set
q:=PpN Roy. Since Spec(Ap )y is an projective limit of étale neighbourhoods of
q € Spec(Ro,x)g, we obtain a (faithfully) flat local morphism (Ao 1 )7 — (Royk)%h,
where (Ro’k)%h is a strict henselisation at §. Now it follows that (A )y satisfies
ascending chain condition. (Recall that the strict henselisation of a noetherian
local ring is noetherian [EGA| IV,, Proposition 18.8.8(iv)].)

Since the strict henselisation of (A ) is naturally isomorphic to (R, k)%h, Ao is
regular by [EGA| IV,, Corollaire 18.8.13]. Excellence of A j follows from [Gre76,
Corollary 5.6(iv)] since Ry j, is excellent and normal.

Recall that Ry, locally admits a finite p-basis by [dJ95, Lemmas 1.1.3, 1.3.3].
So Ay i locally admits a finite p-basis since it is a direct limit of étale R, j-algebras.
This proves (I).

The assertion is a consequence of [Vas12, Theorem 2.4.1(c)], which asserts
that there exists a “stratification” of Spec Ry ;, such that over each stratum Spec Q,,
is finite étale cover. Therefore, the map Spec Ay, — Spec Ry 1 is open and closed
over each stratum (unless the fibre at the stratum is empty) by [Mat86, Theo-
rem 9.6], from which (2) follows. O

Let us specialise to the moduli of connections {Q,,} for My = M[. Under
the notation as in Lemma let O, denote the p-adic completion of Q. :=
hﬂ Q,,, and choose a quotient Ag of @oo which is p-adic and formally étale over R
such that Ag j, := Ag/(p) is constructed as in Lemma([10.2.3]

4Note that this does not necessarily imply that Ag j is noetherian. The author does not know
whether or when to expect that A j is noetherian.
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Proposition 10.2.4. In the above setting, Ay ® g, My together with the universal
connection is an object in MF 4, (p, V).

Proof. The universal connection is integrable and topologically quasi-nilpotent, which
is shown in the last three paragraphs in the proof of [Vas12, Theorem 3.2]. O

10.3. Special cases. There are some special cases where the moduli of connection
{Qw} turns out to be very close to Ry. We begin with some definitions:

Let {Q,} be the moduli of connections for My, M{ € MFpg, (¢), and consider
one of the following cases.

Formal/Unipotent case: M, and M, are either both ¢-nilpotent or both
y-nilpotent (in the sense of Definition [3.2.6)).
Local case: Assume that k is perfect, Ry = W (k)[[T1,- - ,T4]], and ¢ satisfies
do(T;)/p € mp,Qr, where mp, is the maximal ideal (e.g., o(T}) = ).
We allow M, and M, to be arbitrary.
The proof of [Vasl12] Theorem 3.3.1] shows that in the above cases there ex-
ists a unique geometric point of Spec Q,,/(p) over any geometric closed point of
Spec Ro . Set Jy := ker(Ry — Ryeq) as before. From this, one can check that

there exists a unique connected component Spf (Aé"), (p)) C Spf(Qa, (p)) for each
n which intersects with the fibre over some closed point in Spec Ry i, and further-

more we have Ry — Aé") for all n. (Indeed, all closed points lie in Spec R/Jg, so
if we set Jy := ker(Ry — Ryeq) then Ry/Jy — 9, JoQ,, is an isomorphism for all n
because it is étale and radicial covering. Now exploit the Jy-adic completeness of
Ry.) In particular, it follows that for any My, M|, € MFg, () in one of the above
cases, one can uniquely define a connection on each of M, and Mj, so that they be-
come an object of MFp, (¢, V) by Proposition and any ¢-equivariant map
My — My is horizontal. Combining this with Theorems [3.5and we obtain:

Corollary 10.3.1. In the Local case above with p > 2, the functors 9M* and M*
below

J—
{p-divisible groups/R} M, MFs(y) <S®i~(_) Modg(p) ,
defined by forgetting the connections, are anti-equivalences of categories.
Let p be any prime. Then 9* and M* induce anti-equivalences of categories from

the category of formal p-divisible groups over R to Modg ()% ™P and MF 5(¢)¥ milP,
and similarly for unipotent p-divisible groups.

Remark 10.3.2. Corollary[10.3.1]can be alternatively obtained using display theory
for formal p-divisible groups and Dieudonné display theory (even in the Local case
when p = 2); ¢f [Zin02,[Lau08] and [LaulOc]. Indeed, the “display” corresponding
to a p-divisible group can be recovered from MFs(p) (without connection).

Let us now state the main result of this section:

Theorem 10.4. Let Ay be a finite product of p-adic Z,-flat domains which satisfies
the conclusions of Lemma 1); namely, Ao i := Ao/(p) locally admits a finite
p-basis, and for any prime ideal p C Ay containing p, (Ao),/(p) is regular and excel-
lent. We also fix a lift of Frobenius ¢ = ¢4, : Ay — Ag over pw, which exists by
Lemma 223711

Then, the contravariant functor
MG« {p-divisible groups over Ag . := Ao/(p)} — MF 4, (0, V),

given by Ga,, ~ D*(Ga,,)(Ao) is an anti-equivalence of categories.
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Let {Q,,} denote a moduli of connections for My = M{, € MFg, (¢, V), and let
Qoo denote the p-adic completion of O, := hm Q,, as usual. By Lemma
Theorem|10.4{can be applied to any direct factor Ay of O, which is a finite product
of domams

Let us first record a consequence. Let Ay be as in Theorem [10.4} and set A :=
Ay ®pr, R = Aplu]/E(u), which is a w-adic formally étale R-algebra. Set G4 :=
Apl[[u]] and construct S 4, etc., accordingly.

Corollary 10.4.1. In the above setting, the contravariant functor
* : {p-divisible groups over A} — MFSA (0, V9,
given by G ~ ]D)*(G)(S A) Is an exact anti-equivalence of categories.

Proof The full assertion for p > 2 and the essential surjectivity claim for p = 2
follows from Theorems [3.5]and [10.4f When p = 2, full faithfulness of M* follows
from Corollary[8.6.1] which can be applied thanks to Lemma [10.2.3|(T). O

We first begin with the following standard commutative algebra lemma, which
will be used in the proof of Theorem [10.4

Lemma 10.4.2. Let B be a (not necessarily noetherian) ring, and I C B a finitely
generated ideal. Let B := L n B/I™ denote the I-adic completlon equzpped with the

inverse limit topology. Then the topological closure of I" in B is I"B, and the natural
topology of B coincides with the I B-adic topology. Furthermore, if B /I is noetherian,
then so is B.

We will apply this lemma when I = (p).

Proof. The first assertion (on the completion of /™ and the topology of B) is exactly
Corollaire 2 in [Bou06} Ch. III, §2, no. 12, page 228]. Since [ is finitely generated,
the associated graded ring P, 1"/ n+1 for B is finitely generated over B/I, so
it is noetherian if B/I is noetherian. Now the noetherian-ness claim follows from
Corollaire 1 in [Bou06} Ch. III, §2, no. 9, page 217]. O

Proof of Theorem[10.4] Full faithfulness of M follows from [BM90, Théoreme 4.1.1]
and Proposition [3.2.5] We prove essential surjectivity by generalising the proof of
[Vas12| Theorem 3.4.1]: the main idea is fpqc descent from the completion at each
point of Spec Ag . (The strategy of descending from completion using the theory
of excellent rings appeared in the proof of [Zin02, Theorem 103] as well.)

Let us set up the notation. Let p C Ag be a prime ideal containing p, and set p :=
p/(p) and k(p) := Frac(Ao/p) = Frac(Ao x/p). Let By, be the p-adic completion of
(Ao)p. Note that By, /(p) = (Ao,x)5, which is noetherian by assumption. Applying
Lemma if follows that B , is p-adic and noetherian.

Let (Ao), be the p-adic completion of (Ag),. One can easily check that (Z;)p is

faithfully flat over By ,, and (74;) /(p) is naturally isomorphic to the p-adic comple-
tion of (Ag 1)y Since (Ao )y is regular, (AO) /(p) is isomorphic to a formal power

series ring over k(p) with finitely many variables, and (ZE)p is isomorphic to a
formal power series ring over some Cohen ring of k(p) with finitely many variables.

Note that (Ao )y has a finite p-basis because the relative Frobenius morphism
(Aok)p — Aok®q, 4, (Ao,k)p is an isomorphism. (Indeed, (Ao k)5 = 13%, Ag k[ ),
and the relative Frobemus morphism is clearly an isomorphism for the Ag - algebra
Ay k[ ].) Hence, (Ao)p /(p), being the p-adic completion of (Ay )y, has a finite p-
basis by [dJ95, Lemma 1.1.3].
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As observed in (Ex5), ¢4, uniquely extends to lifts of Frobenius on By,

—

and (Ao),,. Therefore, for any Mo € MF 4,(p, V), the scalar extensions (Ap), ®4,
My and By, ®4, My can respectively be viewed as objects in MF —— (¢, V) and

(Ao),
MFBo.p (L,O,V) o
Now, by [[dJ95, Main Theorem 1], there exists a p-divisible group Gy over (Ao)p /(p)

~ — —

equipped with an isomorphism D*(G5)((4o),) = (Ao),®4,Mo as objects in MF ) (p, V).
0/p

We will proceed by descending Gy to a p-divisible group over (Ag )y, and then to

a p-divisible group over Ay ;. To produce descent data for p-divisible groups, we

will first produce descent data for “Dieudonné crystals”, and show full faithfulness
of crystalline Dieudonné functors over relevant base schemes.

—

Viewing By, ®4, Mo and (AO)p ®4, Mo, respectively, as vector bundles on

— —

Spf(Bo,p, (p)) and Spf((Ao),. (p)), the “vector bundle” (Ay), ®4, Mo carries a de-

—

scent datum for the fpqe covering Spf((Ao),, (p)) — Spf(Bo,p, (p)), as it is a pull
back of the “vector bundle” By, ® 4, My. To make it more precise, we obtain a

—

projective system of descent data on {(Ao),/(p") ®4, Mo}, for faithfully flat maps

—

{Bop/ (") = (Ao),/(p")}n. It is now clear that the standard results on full faith-
fulness and effectivity of descent can be extended to our setting. In particular, we
can consider “descent data with Frobenius structure and connections”, and the nat-
ural Frobenius structure and connection on By , ® 4, My can be uniquely recovered

—

from the descent datum on (4o), ®4, Mo.
For the rest of the proof, we let ® denote the p-adic completion of the ®@-product.
We respectively define i1,i> : (Ao), — (Ao)p@;BO,p (Ao), by i1 : a = a®1 and

iy s a — 1®a for any a € (Ao),- Then the descent datum on (Ao), ®4, Mo can be

interpreted as an (Ao)p@@ B, (Ao),-linear isomorphism

(10.4.3)  ((40),85,,(A0), ) @100 Mo =+ ((A0),B 5, (o), ) D100 Mo

which satisfies the “standard” cocycle condition that involves scalar extensions by
different choices of maps (4o),®p,, (4o), — (40),®B,,, (40),®B,,, (Ao),; actu-
ally, the cocycle condition coincides with the usual cocycle condition for the descent
datum for modules, except that ® is replaced by ®. Since the Frobenius structure
and connection on (Ao)p ®4, My are induced from By , ® 4, My, the isomorphism

10.4.3) is an isomorphism in MF A0).Bp. (A7) (¢, V). Note also that the descent
p 0,p p
datum (10.4.3) can be interpreted as an isomorphism

D*(i}G5) = D*(i3G5)

o —

of Dieudonné crystals over Spec(@(}@( Ao.n)y (Ao,k)5), which satisfies some nat-
ural cocycle condition (¢f,, Proposition |3.2.5)).
In order to show that this descent datum induces a descent datum on Gy for the

—

fpqc covering Spec (Ao, )5 — Spec(Ao,k )5, we need the following claim:

Claim 10.4.4. The rings (onk)ﬁ®(140,k)ﬁ (Ao’k)ﬁ and (Aoyk)ﬁ(g)(Ao,k)F (A()’k)f@(AO»k)F

—

(AO”“)E are normal and admit a finite p-basis.

—

The p-basis assertion is clear. To show normality, let us write (Ao k)5 = lim, B®

where B(’s are finitely generated normal (Ao j,)5-subalgebras in (A/O,\k)g; indeed,



CLASSIFICATION OF p-DIVISIBLE GROUPS 55

this is possible as the normalisation of any finitely generated (Ao )s-algebra is
finite by excellence of (Ao 1 )p-

Recall that the natural map (Ao 1)y — @3 is flat with geometrically regular

fibres by excellence of (4g)s. In particular, B() — (A/O,\k)ﬁ O(a0,)y B () is flat
with geometrically regular fibres. Since the source of the map is normal, it follows
from (Corollary of) [Mat86) Theorem 23.9] that (Aox); @4, ,); B® is normal.

Normality of (AO,;C) ® (A1) e (Ao, ;c) = lim, ((AO K ©(401)5 B(i)) is now clear.

We similarly show that (AM)E ®(A00)5 (Aok)g @(ag )y (Aok)y is normal. This

proves Claim [10.4.4]
It now follows from Claim [10.4.4| that the functors D*(—)((Ao)péBo,p(Ao)p)

and D*(— )((743) ®5,., (74;) ®5,., (Ao),) on p-divisible groups (over suitable bases)
are fully fa1thfu1 <, [ BM90 Theoreme 4.1. 1] Proposition [3.2.5] Recall that
((Ao) ®Bo p(Ao) )/(p) = (AO k) ®(Ao)y (Aoyk)f and similarly for the triple ten-
sor product.) Therefore, the descent datum on (;1;)p ®.4, Mo induces a descent

datum on @ By descending the finite flat group scheme @g[p"] for each n, we
obtain a p- d1v151ble group Gy over (Ag )y such that D*(Gy)(Bo,p) = Bo,p ®4, Mo.
Now, a similar (but much easier) con51derat10n produces a descent datum on
{G5}pespec A, With respect to the fpqc covering {Spec(Ag x )5} of Spec Ag k. (Note
that Claim 4] becomes rather straightforward for (Aok)p ®a4,, (Aox)y and
(Aok)s @A (Ao k)5 @A, (Aok)g, where p, p’,p” € Spec Ag 1..) The resulting p-
d1v151b1e group G 4, , comes equipped with a natural isomorphism D*(G 4, , ) (Ao) =
Mo, as desired. This concludes the proof of Theorem [10.4} g

10.5. Proof of Theorem [9.4} Assume that R satisfies the formally finite-type as-
sumption (§2.2.2), and let I C R be an ideal with (@) C I C Jz. We set
Iy := ker(Ry — R/I). Recall from that for any /-adic formally étale R-
algebra A such that A/IA is an inductive limit of étale R/I-algebras, we have a
canonical choice of Ry-subalgebra Aq C A and a lift of Frobenius ¢4, over ¢g,.
We set &4 := Ap[[u]] (with ¢, extended by u — uP), and I := ker(& — R/I).
Clearly & is Is-adically separated and complete. If I = Jp, then we write Jg := Is.
(If I = (w) for example, then Ig = (p, E(u)).)

If {Spf(A,, [ A,)} is an ind-étale fpqc covering of Spf(R, I) in the formal scheme
sense (i.e., for each n, Spec A, /I" A,, are ind-étale over Spec R/I™ and form a fpqc
covering), then the corresponding {Spf(&.4,_, IsS )} is an ind-étale fpqc covering
of Spf(&,Is). (Here, ind-étale fpqc coverings are defined in the formal scheme
sense.) For any O either in Mod&! (¢, VO)*" or Mode (@)™, we let M4, =
G4, @ M denote the scalar extension. Note that we will actually work with ind-
étale fpqc coverings that may not be étale coverings; cf, Proposition [10.5.2]

Lemma 10.5.1. For any 9 € Modg ()t there exists a Zariski open covering
{Spf(Ra, JrRRa)} of Spf(R, Jr) and N,, N, € Mode,,_ () such that for each «
there is a p-equivariant exact sequence

0—=MN, >N, > M, :=6r, ¥ M — 0.

Proof. We prove this lemma by adapting the proof of [Kis06, Lemma 2.3.4] as fol-
lows. For 9t € Modg (¢)'*, set L := coker(1 ® por) and § := im(1 ® pon). Choose
a finite free R-module L which surjects onto L and a finite-rank free &-module 9
which surjects onto both 9t and L. Set § := ker(9 — L). We may assume that §
surjects onto § under the natural projection 9t — 9 by replacing, if necessary, 91
by 91@ &” where &” surjects onto § and maps to zero in L. To summarise, we have
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the following commutative diagram with exact rows:

0 § ‘I I 0.
0 5 m L 0

Since L is free over R and R is of &- -projective dimension 1, it follows that 3 is
projective over &. We choose {R,} so that §, = 6, ®s 3 is free over & R
for each . (Note that since Sp_ is Js-adic, a finitely generated projective &p,_ -
module 3, is free if and only if §a/Jg§a is free over Sg,,/JsSRr, = Ro/JrRa.
So we take R, so that g"a/J@%a is free over R, /JrR,.) Since both %a and N, are
free of the same rank, we may choose an isomorphism ¢*91,, = 50“ and define o,
so that we have:
1® om, : 0N = Fo = Na.

It is clear that (Na, Y5, ) € Mode,, (p)t°r and the natural projection M, — My
is - equlvarlant

Set zm’ = ker(im — 9M,), which is a p-stable submodule of M,. We claim
that ﬁ’a € Mod@ . (0)'". Set L, := coker(1 ® Por ). Then L/, naturally embeds

into Lo, := R, ®g L since Z;[%] = Za[%] and R is Z,-flat. It follows that L/, is
annihilated by E. U

Proposition 10.5.2. For any 9 € (Mod Fl)gl(ap, V), there exists a Zariski open
covering {Spf(Rq, JrRa)} of Spf(R, Jr), such that for each « there exist a faithfully
flat ind-étale map Spf(Aq, (ww)) — Spf(Ra, (w)) and N4, € ModgiAa (¢, V) with
the following properties:
(1) for each o, A, satisfies the assumption for Ay over R, o in Theorem [10.4}
(2) for each a, there is a p-equivariant surjective map Ny, — M4, := G4, Vg
M such that the induced map Na_ o := Aao D64, Mag = Ma, 0 =
Aa0 ®yp.c M respects connections.

Proof In order to prove the proposition, we may replace R by one of R,’s as in
Lemma so that we have 9t € Modg () with p-equivariant surjective map
N — M. (Cf, Lemma|[10.5.1}) The main idea is to find an ind-étale fpqc covering
over which Vy := Ry ®, e 91 admits a connection as in the statement. We use
some slight variant of Vasiu’s construction of “moduli of connections” (cf,, [Vas12,
Theorem 3.2], and also §10.2]of this paper).

Let us set up the notation. Set My := Ry Q.6 M = Ry Qs (S @y, M). Since
S®4p,6M e MF'5(p, V)", one can view My € MF g, (p, V)" where all the extra
structure is induced from S ®, ¢ M. Similarly, NV := Ry ®,,e I can naturally be
viewed as an object in MF g, (¢). We also fix a Ry-direct factor (NVp)* C Ny which
lifts (Fil* No)/pNo € Ny /pNo.

Assume that p"9t = 0. Let {Spf(R,, JrR.)} be a Zariski covering of Spf(R, Jr)
with the following properties:

o (M), No/(No)?, and Qp, become free over Ry o;
e the underlying Ro-modules of both M, and the kernel of Ny /p" Ny — M,
become isomorphic to @ (R, 0/p')% after the base change.

We may (and do) replace R by one of R,,, and drop the subscript , from now on.
We now construct an ind-étale fpqc covering Spf( Ao, (p)) — Spf(Ro, (p)) as fol-

lows. Recall that for each n > 1 we have a faithfully flat p-adic formally étale R-

algebra Q,, such that for any p-adic formally étale Ry-algebra Bj, Hompg,(Q.,, Bo)
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is naturally in bijection with the set of connections on By /(p™) ® r, No which satisfy
the commutative diagram (10.2.1). One can see without difficulty that there is a
universal quotient Q ; of Q;/(p) such that the natural projection Q' ; ®g, Ny —

. ®R, Mo is horizontal when we give a universal connection on the source.
Furthermore, by writing down this condition in terms of the “matrix entries” of
a universal connection, one sees that Q) ; is defined by equations of the form
x' = B'p(z') + C" where B’ and C’ are matrices over Ry/(p) and 2’ is a column
vector of variables. One can check (cf, [Vas12| Theorem 2.4.1]) that Q’l, i, is faith-
fully flat étale over Ro/(p), hence Spec Q1 , is a union of connected components in
Spec Q1/(p). Let Q] denote the unique p-adic formally étale lift of Q1 ;, which can
naturally be viewed as a quotient of Q.

We can repeat this construction to obtain a union of connected components
Spf(Q.,, (p)) C Spf(Q,, (p)) where p"d = 0, with the property that 9/, /(p™) Qx,
Ny — Q! @, My is horizontal. (Note that both p'Ag/p™* Ny and p' Mo /p'+ M,
are free over Ry /(p) by assumption.) Pick a formally étale lift Q;, of Q; , and view
it as a quotient of Q,,. For any i > n, we set Q) := Q, ®g,, ), and let @’Oo denote
the p-adic completion of Q/ _ := limi Q.

Note that each Spf(Q/,, (p)) is faithfully flat and étale over Spf(Ry, (p)), so we
can choose a direct summand Ag of @f}o, such that Ay is a finite product of domains
and Spec Ay/(p) surjects onto Spec Ry /(p) (which is possible by Lemma|10.2.3((2)).
As Q'_ is a direct factor of O, Ay satisfies (1) in the statement by Lemma (1.
The universal connection on Qgc induces a connection on Ay ® g, Ny, which makes
it an object in MF 4, (¢, V) by Proposition[10.2.4} and satisfies (2) in the statement
by construction. Now we set A := Ay Qw Ok and M4 := G4 ®s N. O

Now let us prove Theorem By Proposition [9.3] we only need to show es-
sential surjectivity. From Lemma [10.5.1] and Corollary one easily obtain
Theorem except the assertions involving (Mod FI)gi(w, VY. We now show
the remaining part of Theorem

By local flatness criterion (for modules over &/(p")), for a p-power order finite
locally free group scheme H over R, H|[p'] is locally free over R for each i if and
only if M*(H) € (Mod Fl)gi(w, V%). So by Proposition and Remark it
remains to show that for any 9t € (Mod FI)Iél(gO, V?) there exists a finite locally
free group scheme H over R such that 91" (H) = 9.

For a given M € (Mod FI)g (i, V°) we choose { Ry}, {A,} and N4, € Modg! (¢, V°)

as in Proposition [10.5.2} and set ), := ker(Ma, — My, ), which is an object in
ModéiAa (p,VY). By Corollary we obtain an isogeny of p-divisible groups
Ga, — G’y over Spf(Aq, (w)) corresponding to the natural inclusion 9, <
Na,,and set Hy, :=ker(Ga, — G’y ). Clearly, we have M*(Ha,) = G4, ®s M.
We will produce H over R by first descending H 4 over R, and glue them together.

We write ®p, for the w-adically completed tensor product, and &g, for the
(p, E(u))-adically completed tensor product (or equivalently, (p,u)-adically com-
pleted tensor product). Consider maps i1, : Aq — Aq® r, Ay defined by i1 : a —
a®1 and iy : a — 1®a for a € A,, and use the same notation to denote the maps
i1,i2: 64, = G4, @GR“ G 4, defined similarly.

Since Spf(Aq, (@) — Spf(Ra, (w)) is faithfully flat map of formal schemes (i.e.,
Spec A, /(w™) — Spec R, /(w™) is faithfully flat for each n), we can apply fpqc
descent theory. A descent datum on H,4_ is an isomorphism

(10.5.3) iTHa, & i3Hg,
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of finite locally free group schemes over A,&z, A, which satisfies the natural co-
cycle conditions. By setting A, := A,/(w) and R, = R./(w), the tensor
products A, i ®r,, , Aok and Ay k R, Aak @R, , Ao,k are normal and locally
admit finite p-basis. (For normality, note that these rings are filtered direct limits
of étale R, ;-algebras, which are normal.) Therefore, by the base change property
and full faithfulness of 9t* as stated in Proposition we obtain a descent datum
on Hu, asin from the “(p, u)-adically continuous descent datum”

(10.5.49) (GAQ(@GRQ GAQ) R4y, 6 m = (GA(,@)GRQ GAQ) Ry, & m

obtained from the fact that & 4 ®g 91 is the scalar extension of S ® 9. There-
fore, we obtain Hp_ over Spf(R,, (w)) such that M*(Hp,) = 6, ®s M.

A similar consideration produces a glueing datum on {Hg_ },, SO we obtain a
finite locally group scheme H over R with 9t*(H) = 9. This concludes the proof
of Theorem
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