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Abstract This paper presents procedures for constructing numerically solvable
discretizations of multistage stochastic programs that epi-converge to the original
problem as the discretizations are made finer. Epi-convergence implies, in particular,
that the cluster points of the first-stage solutions of the discretized problems are opti-
mal first-stage solutions of the original problem. The discretization procedures apply
to a general class of nonlinear stochastic programs where the uncertain factors are
driven by time series models. Using existing routines for numerical integration allows
for an easy and efficient implementation of the procedures.
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1 Introduction

Because of their generality, multistage stochastic programs have become popular mod-
els for dynamic decision making under uncertainty. A number of applications in eco-
nomics, finance, production planning, engineering etc. can be found in the collections
of Marti and Kall [30,31], Mulvey and Ziemba [53], Ruszczynski and Shapiro [47]
and Marti, Ermoliev and Pflug [29].

This paper is concerned with numerical solution of the following general stochastic
programming model from Rockafellar and Wets [42,43]. At each stage k = 0, . . . , K ,
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462 T. Pennanen

the decision maker observes the value of a random variable ξk , and makes a decision
xk depending on the observed values of ξ0, . . . , ξk . We will assume that each ξk takes
values in a Borel subsetΞk of R

dk and xk is R
nk -valued. We will also assume thatΞ0 is

a singleton, so that ξ0 and thus x0 will be deterministic. The vector ξ = (ξ0, . . . , ξK )

will be modeled as a random variable in the probability space (Ξ,F , P), where
Ξ = Ξ0 × · · · ×ΞK , F is the Borel σ -field on Ξ and P is a probability measure on
(Ξ,F). The multistage stochastic program is the optimization problem

minimize
x∈N (P)

E P f (x(ξ), ξ), (S P(P))

where E P denotes the expectation operator1, f is a convex normal integrand on R
n×Ξ

and N (P) is the subspace of nonanticipative elements of L∞(Ξ,F , P; R
n) where

n = n0 + · · · + nK . Recall that a function f : R
n × Ξ → (−∞,+∞] is a convex

normal integrand if the set-valued mapping ξ �→ epi f (·, ξ) is closed convex-valued
and measurable; see Rockafellar and Wets [45, Chap. 14]. The set of nonanticipative
elements is defined by

N (P) = {x ∈ L∞(Ξ,F , P; R
n) | x contains an (Fk)

K
k=0-adapted function},

where (Fk)
K
k=0 is the filtration of σ -fields

Fk := {Bk ×Ξk+1 × · · · ×ΞK | Bk ∈ Bk},

where Bk is the Borel σ -field onΞ0×· · ·×Ξk . Recall that a function x̃ = (x̃0, . . . , x̃K )

is said to be adapted to (Fk)
K
k=0 if for each k, x̃k is Fk-measurable. An F-measurable

function on Ξ is Fk measurable iff it depends only on (ξ0, . . . , ξk).
When the stochastic process ξ is a random variable with an infinite sample space

(as in most econometric models), (S P(P)) is an infinite-dimensional optimization
problem whose solution requires discretization. Discretizations are usually obtained
by replacing the original measure P by a finitely supported measure (a scenario tree)
of the form

Pν =
∑

i∈I (ν)

pν,iδξν,i ,

where I (ν) is a finite index set, δξν,i is the unit mass at a point ξν,i ∈ Ξ , and pν,i > 0.
Then L∞(Ξ,F , Pν; R

n) ∼= (Rn)I (ν), and (S P(Pν)) can be written in the finite-
dimensional form

minimize
x∈N (Pν )

∑

i∈I (ν)

pν,i f (x(ξν,i ), ξν,i ), (S P(Pν))

where

N (Pν) = {x ∈ L∞(Ξ,F , Pν; R
n) | x contains an (Fk)

K
k=0-adapted function}

1 when both the positive and negative parts integrate to ∞ the convention ∞ − ∞ = ∞ is to be used
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Epi-convergent discretizations of multistage stochastic programs 463

= {x ∈ L∞(Ξ,F , Pν; R
n) | xk(ξ

ν,i ) = xk(ξ
ν, j ) if πkξ

ν,i = πkξ
ν, j }

and πk denotes the projection ξ �→ (ξ0, . . . , ξk). This is a mathematical program
which can in principle be solved numerically by standard solvers or special purpose
algorithms designed to take advantage of problem structure. The literature on con-
structing discrete measures Pν for purposes of stochastic programming is vast; see
Dupačová et al. [14] for a review up to 2001 and Pennanen and Koivu [37], Dupačová
et al. [15], Heitsch and Römisch [20], Casey and Sen [8] or Pflug and Hochreiter [40]
for more recent developments.

Considering the large number of stochastic programming applications in practice
and the wide variety of discretization approaches, surprisingly little attention has been
given to the consistency properties of discretizations in the case of multistage problems
with general probability distributions. Olsen [35] seems to have been the first to study
this question. He gave rather general conditions for a discretization scheme to pro-
duce consistent optimal values for linear multistage stochastic programs. Lepp [27]
studied nonlinear two-stage stochastic programs with relatively complete recourse.
Frauendorfer [18] studied the so called barycentric approximation scheme for stochas-
tic programs satisfying certain convexity properties with respect to random variables.
Shapiro [48,49] has obtained various statistical results for random discretizations
based on conditional sampling. Recently, Heitsch et al. [21] have obtained stability
results for multistage stochastic programs that may be applicable to discretizations. So
far, the most general class of problems has been treated in Pennanen [36] where discret-
izations were analyzed using epi-convergence (Γ -convergence), which is a general
technique for studying approximations of optimization problems; see Attouch [1], Dal
Maso [12], Rockafellar and Wets [45] or Braides [7] for general treatment of the subject
as well as Polak [41] and Braides [7, Chap. 4] for its applications to discretizations.

The purpose of this paper is to present a class of discretization procedures that fits
the framework of [36] and thus yields consistent finite-dimensional approximations of
multistage stochastic programs. The procedures apply to a rather general class of mul-
tistage stochastic programs and they can be implemented quite easily using available
routines for numerical integration. To our knowledge, these are the first existing dis-
cretization procedures which have been shown to yield epi-convergent discretizations
of the original infinite-dimensional problem.

It should be noted that this paper is only concerned with asymptotic convergence
properties of discretizations. Nothing is said about how should Pν be chosen in order
to guarantee that the distance of the optimal value and the solutions are within a given
distance from those of the original problem. Such quantitative results typically require
stronger assumptions that may be hard to verify in practice. Instead of taking the deci-
sion stages as fixed in (S P(Pν)), one could also study convergence properties with
respect to time-discretization along the lines of Mordukhovich [32]. For this it might
be more convenient to adopt a continuous-time framework such as the one in Back
and Pliska [2].

The rest of this paper is organized as follows. In the next section, we recall the
general assumptions from [36] that guarantee the convergence of (S P(Pν)) to (S P(P))
as the discretizations are made finer. Section 3, defines the class of stochastic processes
that will be treated in this paper. Examples are given to illustrate the significance of
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464 T. Pennanen

this class. Section 4 describes the discretization procedures together with conditions
under which they produce measures that satisfy the conditions for epi-convergence.
Applications are given in Sect. 5, and the proof of the main result in Sect. 6.

2 Epi-convergent discretizations

In order to study the discretizations (S P(Pν)) via epi-convergence, it is necessary to
first embed them in the original space L∞(F , P). Here and in what follows, we will
use the notation

L∞(F ′, P ′) := L∞(Ξ,F ′, P ′; R
n)

for any sub σ -field F ′ ⊂ F and a probability measure P ′ on (Ξ,F). The original
problem (S P(P)) is thus a minimization problem over L∞(F , P), whereas (S P(Pν))
is a minimization problem over L∞(F , Pν), where

Pν =
∑

i∈I (ν)

pν,iδξν,i .

As in [36, Sect. 2], we will assume that for each Pν there is a partition {Ξν,i }i∈I (ν) of
Ξ such that P(Ξν,i ) > 0 and we let Fν be the σ -field generated by {Ξν,i }i∈I (ν). Then
L∞(F , Pν) is isometric to L∞(Fν, P) which is a subspace of L∞(F , P). Indeed,
the mapping Πν : L∞(F , Pν) → L∞(Fν, P) given by

Πνx =
ν∑

i=1

x(ξν,i )χΞν,i

is a bijection and

‖Πνx‖L∞(F ,P) = ‖x‖L∞(F ,Pν ) ≡ max
i∈I (ν)

|x(ξν,i )|.

By [36, Lemma 1], the essential objective of (S P(Pν)) can be written as

F̃ν(x) = Fν(Πνx),

where

Fν(x) =
{

E P f (x(ξ), sν(ξ))ψν(ξ) if x ∈ N ν(P),

+∞ otherwise,

where sν : Ξ → Ξ and ψν : Ξ → R are the piecewise constant functions, defined

sν(ξ) = ξν,i and ψν(ξ) = pν,i

P(Ξν,i )
if ξ ∈ Ξν,i ,
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Epi-convergent discretizations of multistage stochastic programs 465

and

N ν(P) = {x ∈ L∞(F , P) | x contains an ((sν)−1(Fk))
K
k=0-adapted function}.

Thus, since N ν(P) ⊂ L∞(Fν, P), problem (S P(Pν)) is equivalent to minimizing
Fν over L∞(F , P). The main result of [36] shows that, under Assumptions 1 and
2 below, the functions Fν epi-converge to the essential objective of (S P(P)) as the
discretizations are made finer. The general properties of epi-convergence then yield,
in particular, the following.

Theorem 1 ([36, Corollary 3.1]) If assumptions 1 and 2 hold and problems (S P(Pν))
have εν-optimal solutions xν such that ‖xν‖L∞(F ,Pν ) remains bounded and εν ↘ 0,
then the optimal values of (S P(Pν)) converge to that of (S P(P)), and all cluster
points of (xν0 )

∞
ν=1 are optimal first-stage solutions of (S P(P)).

The first assumption concerns the discretized measures Pν .

Assumption 1 The sequence (Pν)∞ν=1 of measures is such that there exists a sequence
of partitions {Ξν,i }i∈I (ν) of Ξ such that

N ν(P) ⊂ N (P), (A1)

sν
P→ I, (A2)

ψν
L∞→ 1. (A3)

The main goal of this paper is to present procedures for generating sequences of
discrete measures that satisfy Assumption 1. We emphasize that it is not necessary
to construct the partitions {Ξν,i }i∈I (ν) explicitly. Indeed, they are not involved in the
discretizations (S P(Pν)) or in Theorem 1 which only concerns the optimal values and
first-stage solutions.

In stating Assumption 2, we will use terminology from Ioffe [24]. The func-
tion f has the lower compactness property if f−(xν(·), sν(·)) is weakly precom-
pact in L1 whenever (xν) converges in L∞(F , P), (sν) converges in measure P and
supν E P f (xν(ξ), sν(ξ)) < ∞. Here, f−(x, s) := min{ f (x, s), 0}. According to [24,
Remark 2], f has the lower compactness property, in particular, if there exists a non-
decreasing real-valued function g on [0,+∞) and a real number b such that

f (x, ξ) ≥ −g(|x |)− b ∀x ∈ R
n, ξ ∈ Ξ.

Assumption 2

1. E P |ξ | < ∞.
2. The function f is lsc and has the lower compactness property of Ioffe [24].
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3. For every feasible x , there is a uniformly bounded sequence yµ → x of
nonanticipative, P-a.s. continuous functions such that

lim sup
ν→∞

E Pν f (yµ(ξ), ξ) ≤ E P f (yµ(ξ), ξ) ∀µ = 1, 2, . . . ,

lim sup
µ→∞

E P f ((yµ(ξ), ξ) ≤ E P f (x(ξ), ξ).

Whereas Assumption 1 concerns the discretized measures Pν , Assumption 2 can
be modified so that it only concerns the original problem (S P(P)). Indeed, Assump-
tion 2.3 can be replaced by the requirement that for every feasible x , there is a uniformly
bounded sequence yµ → x of nonanticipative, P-a.s. continuous functions such that
the function ξ �→ f (yµ(ξ), ξ) is bounded and P-a.s. continuous and that

lim sup
µ→∞

E P f ((yµ(ξ), ξ) ≤ E P f (x(ξ), ξ).

That this is sufficient follows from the fact that, under (A2) and (A3), E Pν ϕ → E Pϕ

for every bounded and P-a.s. continuous function ϕ; see [36, Lemma 4.1].

3 Time series models with uniform innovations

The discretization technique to be presented in Sect. 4 applies to the class of stochastic
programs where the stochastic processes ξ is driven by a time series model of the form

ξk = gk(ξ0, . . . , ξk−1, ωk) for k = 1, . . . , K , (1)

where ξ0 is given, ω1, . . . , ωK are mutually independent random variables, with ωk

uniformly distributed in the dk-dimensional unit cube Ωk = (0, 1)dk , and gk : Ξ0 ×
· · · ×Ξk−1 ×Ωk → Ξk .

The following (multivariate generalization of) model from Shiryaev [50] is conve-
nient especially in modeling financial time series.

Example 1 (Conditionally Gaussian processes) Consider a d-dimensional process
(ξt )

∞
t=0 that satisfies

ξt = µt (ξ1, . . . , ξt−1)+ σt (ξ1, . . . , ξt−1)εt , (2)

where µt : R
(t−1)d → R

d and σt : R
(t−1)d → R

d×d are given functions and εt are
independent d-dimensional Gaussian (normally distributed) random variables with
zero mean and unit variance. It follows that the conditional distribution of ξt , given
ξ1, . . . , ξt−1, is Gaussian with mean µt (ξ1, . . . , ξt−1) and variance σt (ξ1, . . . , ξt−1)

σt (ξ1, . . . , ξt−1)
T .

This model can be written as (1) by using the expression

εt = (Φ−1(ω1
t ), . . . , Φ

−1(ωd
t )),
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Epi-convergent discretizations of multistage stochastic programs 467

where ωt is uniformly distributed in (0, 1)d and Φ is the univariate Gaussian
distribution function.

In econometric models like (2), the vectors ξt , t = 0, 1, . . ., often represent the
values of a stochastic process at uniformly spaced points in time. In many stochastic
programming models in practice, on the other hand, the time periods between different
stages k = 0, . . . , K vary. If stage k corresponds to tk �= k, in the time units of (2),
the variables in (1) would be

ξk := (ξtk−1+1, . . . , ξtk ) and ωk := (ωtk−1+1, . . . , ωtk )

with Ξk := R
(tk−tk−1)d and the functions gk would be given recursively by (2).

Conditionally Gaussian processes cover a wide variety of econometric time series
models, both linear and nonlinear. When ξ is the first difference of another series s,
i.e. ξt = ∆st := st − st−1, (2) can be viewed as a discrete time version of a general
Itô process with drift µt and volatility σt . In particular, if µt and σt are constant, one
obtains a Brownian motion model for s. In economic and financial models, s is often
the logarithm of a price or an index, so that ξ is the so called log return, and instead
of Brownian motion, one gets a geometric Brownian motion.

When σt are constant but

µt (ξ1, . . . , ξt−1) = c +
l∑

i=1

Ai∆st−i

for some fixed parameters c ∈ R
d and Ai ∈ R

d×d , one obtains the Vector Auto
Regressive (VAR) model for ∆s. VAR models have been used in stochastic program-
ming in Boender et al. [6] and Kouwenberg [25]. When σt are invertible matrices, we
can express each innovation εt in terms of ξ1, . . . , ξt . Thus (2) also covers the case
where σt are constant invertible matrices and

µt (ξ1, . . . , ξt−1) = c +
l∑

i=1

Ai∆st−i +
l∑

i=1

Biεt−i ,

where Bi ∈ R
d×d are fixed. Such models are called Vector Autoregressive Moving

Average (VARMA) models. When, instead,

µt (ξ1, . . . , ξt−1) = c +
l∑

i=1

Ai∆st−i + αβT st−1, (3)

where α ∈ R
d×d ′

and β ∈ R
d×d ′

are fixed, one obtains a Vector Equilibrium Cor-
rection (VEqC) model. VEqC models have become popular in modeling nonstationary
multivariate economic time series; see for example Engle and Kranger [16] or
Clements and Hendry [11]. The second term in (3) can be used to model equilib-
rium conditions for s. For example, if s is the logarithm of an interest rate, A = 0,
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β = 1 and α < 0, one obtains the Black-Karasinski mean reversion model with mean
reversion level −c/α [5]. VEqC models have been used in stochastic programming in
[6] and Hilli et al. [22].

In VAR, VEqC and VARMA-models, the drift is a linear function of ξ and the vol-
atility σt is constant. These models are said to be linear since there ξ can be written as
a linear function of the Gaussian innovations εt , which implies that ξ is also Gaussian.
In conditionally Gaussian models where the volatility terms σt depend on ξ , this is no
longer true, and one speaks of nonlinear time series models. In such models, the con-
ditional distribution of ξt , given ξ0, . . . , ξt−1, is still Gaussian, but the unconditional
distribution need not be. In the simplest multivariate Auto Regressive Conditionally
Heteroscedastic (ARCH) models, the variance matrices

σ 2
t := σt (ξ1, . . . , ξt−1)σt (ξ1, . . . , ξt−1)

T

are given by

σ 2
t = σ 2

0 +
l∑

i=1

αi (ξt−i − µt−i )(ξt−i − µt−i )
T ,

where σ 2
0 ∈ R

d×d and αi ∈ R are constants, whereas in GARCH-models,

σ 2
t = σ 2

0 +
l∑

i=1

αi (ξt−i − µt−i )(ξt−i − µt−i )
T +

l∑

i=1

βiσ
2
t−i ,

where βi ∈ R. In both models, the volatility is set equal to a square matrix
σt (ξ1, . . . , ξt−1) that satisfies σt (ξ1, . . . , ξt−1)σt (ξ1, . . . , ξt−1)

T = σ 2
t , e.g. the

Cholesky factor of σ 2
t . GARCH processes have been used in stochastic programming

by Gondzio et al. [19] and Dempster et al. [13].

4 Discretization procedures

When ξ = (ξ0, . . . , ξK ) follows the time series model (1), it is uniquely determined
by ω = (ω1, . . . , ωK ). Denote this mapping by G. The vector ω follows the uniform
distribution U = U1 × · · ·×UK , where Uk is the uniform distribution on the measur-
able space (Ωk,Σk), where Ωk = (0, 1)dk and Σk is the Borel field on Ωk . When G
is Borel-measurable, we have

E Pϕ(ξ) = EUϕ(G(ξ)),

for any measurable function ϕ on Ξ . This means that

P = U G−1, (4)

i.e. P(A) = U (G−1(A)) for every A ∈ F . Expression (4) suggests the following
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Discretization procedure

1. Approximate each Uk , k = 1, . . . , K , independently of each other by a discrete
measure U ν

k ;
2. Let U ν = U ν

1 × · · · × U ν
K and

Pν = U νG−1. (5)

More concretely, if for k = 1, . . . , K

U ν
k =

∑

i∈Ik (ν)

pν,ik δ
ω
ν,i
k
,

where Ik(ν) is a finite index set, then

U ν =
∑

i∈I (ν)

pν,iδων,i ,

where

I (ν) = {(i1, . . . , iK ) | ik ∈ Ik(ν)},
pν,i = pν,i1

1 · · · pν,iK
K ,

ων,i = (ω
ν,i1
1 , . . . , ω

ν,iK
K ),

and (5) becomes

Pν =
∑

i∈I (ν)

pν,iδξν,i ,

where

ξν,i = G(ων,i1
1 , . . . , ω

ν,iK
K ).

The measure U ν can be viewed as a scenario tree with branching structure
(|I1(ν)|, . . . , |IK (ν)|). Since the first k components of the mapping G do not depend
on ωk+1, . . . , ωK , the measure Pν has a similar tree-structure.

Theorem 2 below, the main result of this paper, shows that if, for each k = 1, . . . , K ,
one has a sequence of discrete measures U ν

k that converge weakly to Uk , then under
mild conditions on g, the sequence of measures Pν obtained from the above procedure
satisfies Assumption 1. Recall that a sequence of probability measures Qν is said to
converge weakly to a probability measure Q, denoted Qν → Q, if

E Qν

ϕ → E Qϕ

for every bounded and continuous functionϕ. The marginal distribution of (ξ0, . . . , ξk)

will be denoted by Pk . Since Ξ0 = {ξ0}, P0 is given by P0({ξ0}) = 1.
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Theorem 2 Let P and Pν be given by (4) and (5), respectively. Assume that, for
k = 1, . . . , K ,

1. gk(ξ0, . . . , ξk−1, ·) is a bijection for every ξ ∈ Ξ ,
2. gk and the function (ξ1, . . . , ξk) �→ gk(ξ0, . . . , ξk−1, ·)−1(ξk) are Borel-

measurable,
3. gk is Pk−1 × Uk-a.s. continuous,
4. U ν

k → Uk.

Then the sequence (Pν)∞ν=1 satisfies Assumption 1.

Proof See Sect. 6.

Conditions 1 and 2 essentially mean that the process ω contains the same informa-
tion as ξ . In Example 2, conditions 1–3 take the form

1. σt (ξ1, . . . , ξt−1) is nonsingular for every ξ ∈ Ξ ,
2. µt and σt are measurable,
3. µt and σt are Pk-a.s. continuous.

Theorem 2 thus covers VARMA, VEqC and GARCH-models, in particular.
Methods for constructing measures U ν

k that converge weakly to Uk are abundant
in the literature of numerical integration. The best-known method is Monte Carlo,
where {ων,ik }i∈Ik (ν) are random samples from (0, 1)dk and pν,ik = 1/|Ik(ν)|. Indeed,
by Glivenko–Cantelli theorem, the corresponding measures U ν

k converge weakly to
Uk with probability one as ν → ∞. When Monte Carlo is used for constructing
U ν

k , the above discretization technique is often referred to as conditional sampling;
see e.g. Chiralaksanakul [10] or Shapiro [48]. Combined with [36, Theorem 5],
the above result implies that, under Assumption 2, conditional sampling produces
epi-convergent discretizations with probability one.

Besides Monte Carlo, there are so called quasi-Monte Carlo methods that, instead
of randomly throwing points into the unit cube, try to approximate the uniform distri-
bution as well as possible in the sense of the distance (“probability metric”)

D∗(U ν,U ) := sup
C∈C0

|U ν(C)− U (C)|,

where C0 is the set of rectangles C ⊂ (0, 1)d with 0 ∈ C ; see Niederreiter [33,34].
There exists a wide variety of methods that are able to generate sequences of discrete
measures U ν that satisfy

D∗(U ν,U ) ≤ γ
(ln ν)d

ν
∀ν = 1, 2, . . . ,

where d is the dimension of the space and γ is a constant independent of ν. By
Lucchetti et al. [28, Corollary 11], D∗(U ν,U ) → 0 is equivalent to U ν → U ; see
also Römisch [46, Sect. 2.1]. The use of quasi-Monte Carlo methods in discretization
of multistage stochastic programs was first proposed in Pennanen and Koivu [37],
where convergence of optimal values was studied numerically. See also Chen and
Womersley [9], where lattice rules (see [26,51]) were used for computing the expec-
tation of the optimum value of the second-stage problem.
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Actually, in the numerical integration literature, the number D∗(U ν,U ) is called
the star-discrepancy of the point set {ων,i }i∈I (ν) and usually there is no reference
to probability measures or weak convergence. We use the probabilistic terminology
in order to emphasize the connections between the two fields. In particular, view-
ing star-discrepancy as a probability metric, reveals some connections of the above
quadrature-based discretization technique with the techniques in Dupačová et al. [15],
Heitsch and Römisch [20] and Pflug [39]; see also Pflug and Hochreiter [40]. For
static problems [39,40] propose to discretize a given measure P by minimizing the
Wasserstein distance

DW (Pν, P) := sup
lipϕ≤1

|E Pν ϕ(ξ)− E Pϕ(ξ)|,

where lipϕ denotes the Lipschitz constant of ϕ. The problem of finding discrete
measures that minimize a distance from a given measure can be very hard in gen-
eral. Star-discrepancy (which is called Kolmogorov–Smirnov distance in [40]) has the
advantage that many efficient methods, namely quasi-Monte Carlo methods, already
exist for its minimization in high-dimensional spaces.

5 Applications

5.1 Static problems

When K = 1 and f is independent of x1, problem (S P(P)) can be written as a static
stochastic program

minimize
x∈Rn

E P f (x, ξ).

Theorem 3 Assume that E P |ξ | < ∞ and P = U G−1 for some invertible, U-a.s.
continuous mapping G such that both G and G−1 are measurable. If Pν → P, f
is lsc and has the lower compactness property, and for every feasible x, there is a
sequence yµ → x such that

lim sup
ν→∞

E Pν f (yµ, ξ) ≤ E P f (yµ, ξ) ∀µ = 1, 2, . . . ,

lim sup
µ→∞

E P f (yµ, ξ) ≤ E P f (x, ξ),

then the functions E Pν f (·, ξ) epi-converge to E P f (·, ξ).
Proof Since G−1 is single-valued and measurable and since Pν → P [4, Theorem 2.7]
implies that the measures U ν = PνG are well-defined and converge weakly to U .
We thus have Pν = U νG−1 and conditions 1–4 of Theorem 2 are satisfied. The result
now follows by combining Theorem 2 and [36, Theorem 3.3].

It can be shown that, if P has a strictly positive, continuous density on a cube
(a, b) = ∏d

i=1(ai , bi ) (ai = −∞ and bi = +∞ are allowed) then P = U G−1 for a
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diffeomorphism G : (0, 1)d → (a, b); see Hlawka and Mück [23]. Such a mapping
G automatically has the properties asked in the above theorem. If f (x, ·) is bounded
and P-a.s. continuous for every x ∈ dom F , then by the definition of weak conver-
gence, the last condition holds with yµ = x , and, in addition to epi-convergence, we
get pointwise convergence of the objectives. The above result thus covers, in particu-
lar, the applications of [38], where discretizations of static stochastic programs were
studied.

5.2 Problems with constraint-structure

When, in the general multistage case again, f has the form

f (x, ξ) =
{

f0(x, ξ) if x ∈ X and f j (x, ξ) ≤ 0 for j = 1, . . . ,m,

+∞ otherwise,
(6)

where X ⊂ R
n is convex and f j are convex normal integrands, problem (S P(P)) can

be written with explicit constraints as

minimize
x∈N (P)

E P f0(x(ξ), ξ)

subject to f j (x(ξ), ξ) ≤ 0, j = 1, . . . ,m,

x(ξ) ∈ X,

P-a.s.

and (S P(Pν)) as

minimize
x∈N (Pν )

∑

i∈I (ν)

pν,i f0(x(ξ
ν,i ), ξν,i )

subject to f j (x(ξ
ν,i ), ξν,i ) ≤ 0, j = 1, . . . ,m,

x(ξν,i ) ∈ X,

∀i ∈ I (ν).

Theorem 4 Assume that f has the form (6) and

(a) Ξ is compact, ξ follows (1) and G : ω �→ ξ is a diffeomorphism,
(b) X is compact and has a nonempty interior,
(c) f j are continuous on X × supp P,
(d) there exists a bounded nonanticipative function x̃ and an ε > 0 such that

x̃(ξ) ∈ X and f j (x̃(ξ), ξ) ≤ −ε j = 1, . . . ,m, ∀ξ ∈ Ξ.

Then, if Pν are given by (5) and U ν
k → Uk, the optimal values of (S P(Pν)) converge

to that of (S P(P)), and if zν is an εν-optimal solution of (S P(Pν)) and εν ↘ 0, then
all cluster points of (zν0)

∞
ν=1 are optimal first-stage solutions of (S P(P)).
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Proof By Theorem 1, it suffices to check that Assumptions 1 and 2 hold. It follows
from (a) that P has the form (4), and that conditions 1–3 of Theorem 2 are satisfied.
Then, by Theorem 2, U ν

k → Uk implies Assumption 1.
To verify Assumption 2, it suffices, by [36, Theorem 4.2], to check that P is

“laminary”, which according to [44, p. 304] happens in particular when P has a
strictly positive density on Ξ = Ξ1 × · · · × ΞK . Since G is a diffeomorphism, the
substitution formula for Lebesgue integration (see e.g. [17, Theorem 2.47]) shows that
for any positive measurable functions ψ and ϕ on Ξ ,

∫

Ξ

ψ(ξ)ϕ(ξ)dξ =
∫

(0,1)d

ψ(G(ω))ϕ(G(ω))|JG(ω)|dω,

where JG is the determinant of the Jacobian of G. This shows, in particular, that

ϕ(ξ) = 1

|JG(G−1(ξ))|

is the density of P = U G−1.

The mapping G is a diffeomorphism for example in VARMA, VEqC, and GARCH
models. By truncation, such models can be modified so that Ξ becomes compact as
required in condition (a) above. The compactness enters the conditions because that
was assumed in [44], which is the basis of [36, Theorem 4.2]. It would be interesting
to explore whether the compactness condition in [44] could be relaxed.

6 Proof of Theorem 2

The following two lemmas are adapted from Vainikko [52]. Here, Ω = (0, 1)d , Σ is
the Borel field on Ω and U is the uniform distribution on (Ω,Σ).

Lemma 1 Let A ∈ Σ and pi > 0 be such that
∑

i∈N pi = U (A). Then there is a
partition {Ω i }i∈N ⊂ Σ of A, such that U (Ω i ) = pi .

Proof The closed ball with radius r ∈ R and center at the origin will be denoted by
B(r). Since U (bdry B(r)) = 0, the function r �→ U (A′ ∩ B(r)) is continuous with
range [0,U (A′)], for every A′ ∈ Σ . A partition having the desired properties can thus
be constructed by the following procedure.

For i ∈ N{
Find an ri so that U (A ∩ B(ri )) = pi ;
Let Ω i = A ∩ B(ri );
Let A := A \Ω i ;

}

The significance of weak convergence in Theorem 2 comes from the following.
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Lemma 2 For each ν = 1, 2, . . ., let

U ν =
∑

i∈I (ν)

pν,iδων,i

be a discrete measure on Ω . Then U ν → U if and only if there exists a sequence of
partitions {Ων,i }i∈I (ν) ⊂ Σ of Ω such that

sν
U→ I, (B1)

max
i∈I (ν)

∣∣∣∣
pν,i

U (Ων,i )
− 1

∣∣∣∣ → 0, (B2)

where

sν(ω) = ων,i if ω ∈ Ων,i .

Proof Necessity: let ϕ be a bounded continuous function. We have EU ν
ϕ = EUψν

ϕ◦sν , where ψν is the step function

ψν(ξ) = pν,i/U (Ων,i ) if ξ ∈ Ων,i .

It suffices to show that ψν
L∞→ 1 and ϕ◦sν

L1→ ϕ. The first property is immediate
from (B2). As for the second, assume for contradiction that there exists a subsequence
of (ϕ◦sν) that stays at a positive L1-distance from ϕ. By [3, Theorem 20.5], (B1)
implies that we can find a further subsequence (sν

µ
) that converges U -a.s. to I . Since

ϕ is U -a.s. continuous, it follows that ϕ◦sν
µ → ϕ U -a.s. and then, by the dominated

convergence theorem, ϕ◦sν
µ L1→ ϕ.

Sufficiency: For each µ = 1, 2, . . ., let Pµ ⊂ Σ be a finite partition ofΩ such that

max
A∈Pµ

diam A ≤ 1

µ
. (7)

Since Pµ is finite, the portmanteau theorem (see e.g. [4]) guarantees that there is a νµ
such that

max
A∈Pµ

∣∣∣∣
U (A)

U ν(A)
− 1

∣∣∣∣ ≤ 1

µ
(8)

for every ν ≥ νµ. For each ν, let µν be the largest µ for which (8) is satisfied. It
follows that µν ↗∞ as ν↗∞.

For each ν and A ∈ Pµν , let I νA = {i | ων,i ∈ A}, which is nonempty by (8). Then
by Lemma 1, we can find a partition (Ων,i )i∈I νA

⊂ Σ of A such that

U (Ων,i ) = pν,i

U ν(A)
U (A) ∀i ∈ I νA.
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Combining this with (8), we get

∣∣∣∣
pν,i

U (Ων,i )
− 1

∣∣∣∣ =
∣∣∣∣
U ν(A)

U (A)
− 1

∣∣∣∣ ≤ 1

µν
,

and by (7),

|ων,i − ω| ≤ 1

µν
∀ω ∈ Ων,i

for all i ∈ I νA. Combining {Ων,i }i∈I νA
over A ∈ Pµν , gives partitions of Ω that satisfy

(B1) and (B2).

For each k = 1, . . . , K , we define the σ -fields

Gk = {Rk ×Ωk+1 × · · · ×ΩK | Rk ∈ Rk},
where Rk denotes the Borel σ -field on Ω1 × · · · ×Ωk .

Lemma 3 Under assumptions of Theorem 2, the mapping G is invertible, U-a.s. con-
tinuous and for every k = 1, . . . , K , G is (Gk,Fk)-measurable and G−1 is (Fk,Gk)-
measurable.

Proof By condition 1, G has an inverse given by

ωk = gk(ξ0, . . . , ξk−1, ·)−1(ξk) ∀k = 1, . . . , K . (9)

For k = 1, . . . , K , let Gk be the mapping that sends (ω1, . . . , ωk) to (ξ1, . . . , ξk),
so that G = G K . We prove the U -a.s. continuity of G by induction on k. Let Dk be the
set of discontinuities of Gk . Since U1(D1) = 0 by condition 3, it suffices to show that
(U1 ×· · ·×Uk−1)(Dk−1) = 0 implies (U1 ×· · ·×Uk)(Dk) = 0. From the expression

Gk(ω1, . . . , ωk) = (Gk−1(ω1, . . . , ωk−1), gk(Gk−1(ω1, . . . , ωk−1), ωk)) (10)

we get Dk ⊂ Dk−1∪[Gk−1, I ]−1 Dgk , where Dgk is the set of discontinuities of gk , and
[Gk−1, I ] is the mapping (ω1, . . . , ωk) �→ (Gk−1(ω1, . . . , ωk−1), ωk). Consequently,

(U1 × · · · × Uk)(Dk) ≤ (U1 × · · · × Uk−1)(Dk−1)

+(U1 × · · · × Uk)[Gk−1, I ]−1(Dgk )

= (U1 × · · · × Uk−1)(Dk−1)+ (Pk−1 × Uk)(Dgk ),

where the last term equals zero by condition 3.
Using (10) and induction on k again, it follows from the measurability of gk in

condition 2 that Gk is (Rk,Bk)-measurable. Thus, for any Bk ∈ Bk (the Borel σ -field
on Ξ1 × · · · ×Ξk)

G−1(Bk ×Ξk+1 × · · · ×ΞK ) = {(ω1, . . . , ωK ) | Gk(ω1, . . . , ωk) ∈ Bk}
= G−1

k (Bk)×Ωk+1 × · · · ×ΩK ∈ Gk,
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which means that G is (Gk,Fk)-measurable. By condition 1, we have for any Rk ∈ Rk

that

G(Rk ×Ωk+1 × · · · ×ΩK ) = Gk(Rk)×Ξk+1 × · · · ×ΞK .

Expression (9) shows that, by condition 2, G−1
k is (Bk,Rk)-measurable, so the right

hand side belongs to Fk .

We will also need the following version of the so called Slutsky’s theorem.

Lemma 4 Assume that H ν U→ H and let Λ be a set containing the ranges of H
and H ν . If G : Λ → R

d is such that the set of its discontinuity points in rge H has
U H−1-measure zero, then,

G◦H ν U→ G◦H.

Proof By [3, Theorem 20.5], it suffices to show that every subsequence of (G◦H ν)∞ν=1
has a further subsequence that converges U -a.s. to G◦H . By [3, Theorem 20.5] again,

this follows from H ν U→ H and the continuity assumption on G.

Proof of Theorem 2 By Lemma 2, U ν
k → Uk implies that there exist partitions

{Ων,i
k }i∈Ik (ν) satisfying (B2) and (B1). We will show that (A1)–(A3) are satisfied

by the partitions {Ξν,i }i∈I (ν) defined for each ν and i ∈ I (ν) by Ξν,i = G(Ων,i ),
where Ων,i = Ω

ν,i1
1 × · · · ×Ω

ν,iK
K .

Note first that

sν(ξ) = ξν,i if ξ ∈ Ξν,i

= G(ων,i ) if G−1(ξ) ∈ Ων,i ,

or in other words,
sν = G◦(sν1 × · · · × sνK )◦G−1, (11)

where

sνk (ωk) = ω
ν,i
k if ωk ∈ Ων,i

k .

Using (11), the measurability properties in Lemma 3, and the fact that sν1 ×· · ·×sνK
is (Gk,Gk)-measurable, we get

(sν)−1(Fk) = G
(
(sν1 × · · · × sνK )

−1
(

G−1 (Fk)
))

⊂ G
(
(sν1 × · · · × sνK )

−1 (Gk)
)

⊂ G (Gk) ⊂ Fk,

so (A1) holds.
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Using the definition of P and (11), we get

P(|sν(ξ)− ξ | > ε) = U (|sν(G(ω))− G(ω)| > ε)

= U (|G((sν1 × · · · × sνK )(ω))− G(ω)| > ε),

so (A2) follows from Lemma 4, Lemma 3 and (B1).
To verify (A3), note first that

P(Ξν,i ) = U G−1
(

G(Ων,i1
1 × · · · ×Ω

ν,iK
K )

)
= U1(Ω

ν,i1
1 ) · · · UK (Ω

ν,iK
K ),

and that for any scalars ak

(a1 · · · aK − 1) =
∑

J ⊂{1,...,K }

∏

k∈J
(ak − 1).

Thus,

‖ψν − 1‖L∞ = max
i∈I (ν)

∣∣∣∣
pν,i

P(Ξν,i )
− 1

∣∣∣∣

= max
i∈I (ν)

∣∣∣∣∣
pν,i1

1

U1(Ω
ν,i1
1 )

· · · pν,iK
K

UK (Ω
ν,iK
K )

− 1

∣∣∣∣∣

≤
∑

J ⊂{1,...,K }

∏

k∈J
max

ik∈Ik (ν)

∣∣∣∣∣
pν,ik

k

Uk(Ω
ν,ik
k )

− 1

∣∣∣∣∣ ,

so (A3) follows from (B2). ��
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