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Introduction - signalling in the cell
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Introduction - protein interaction networks

function of a protein:
controlled by conformation (3-dim shape)

protein interaction:
form complexes, trigger shape
changes in other proteins
via temporary complexes

usual description:
kinetic equations

`The most signi�cant challenges that face mechanistic mode ling are the lack
of quantitative kinetic data and the combinatorial increase in the number of

distinct species ... of the protein network ...' (Kholodenko 2006)
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Introduction - elementary processes

N protein species, labeled i = 1; : : : ; N
post-translational states, labeled � = 1 : : : ; q
complex where i binds to j: (i � j)

concentration of (i; � ): x �
i

concentration of (i� j): xij (xij = xji )

elementary events: rate:

binary complex formation: (i; � ) + ( j; � ) ! (i � j) k �� +
ij x �

i x �
j

binary complex dissociation: (i� j) ! (i; � ) + ( j; � ) k �� �
ij xij

degradation/removal: (i; � ) ! ; 
 �
i x �

i

synthesis: ; ! (i; � ) � �
i
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Introduction - microscopic equations

Michaelis-Menten reaction equations:

d
dt

x �
i =

X

j

cij

X

�

[k �� �
ij xij � k �� +

ij x �
i x �

j ] + � �
i � 
 �

i x �
i

d
dt

xij = cij

X

��

[k �� +
ij x �

i x �
j � k �� �

ij xij ]

protein interaction network: c = f cijg
cij = cji = 1 if (i� j) possible
cij = cji = 0 otherwise

`nodes0 or `vertices0 : i; j ; k = 1 : : : N

l̀inks0 or `edges0 : cij = 1 if link j ! i

cij = 0 otherwise
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Introduction - problems & questions surrounding PIN

`nodes0 or `vertices0 : i; j ; k = 1 : : : N

l̀inks0 or `edges0 : cij = 1 if link j ! i

cij = 0 otherwise

N � 2:104, about 7 links per node
experimental PIN data troublesome,
reproducibility low ...

generate tools to quantify the structure of networks

to analyze processes on networks, with random graphs as `proxies'
to compare different networks
to see difference between `special' and `trivial' properties
to de�ne/generate random graphs as `null models'

apply these tools to realistic PIN data
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Quantify network topology - simple & local measures

basic properties

size, i.e. number N of nodes
symmetry, i.e. graph undirected cij = cji?
self-interactions, i.e. cii = 0 for all i?

simple local structure measures

degrees, count links ki =
P

j cij

loop counters, clustering coeff, Ci =
P

j< k cijcjkcki=
P

j< k cijcki

generalize: ` i =
P

js cijcjs, ri =
P

jsv cijcjscsvcvi , etc

local variables:
structure around each node characterized by set of numbers

structure around i : (q(1)
i ; q(2)

i ; q(3)
i ; : : :)
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Quantify network topology - macroscopic measures

measures that do not involve size N explicitly

distributions of single-node properties

e.g. histogram p(k) of degrees (k1; : : : ; kN)
(ki =

P
j cij )
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spectrum of eigenvalues of c

%(� ) contains rich topological information, e.g.
Z

d� � m%(� ) / nr of loops of lengthm
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Quantify topology - beyond degree distribution

degree-degree correlations

�

ki = k

�

kj = k0

�
�

�@
@

@ �
�

�@
@

@

cij = 1?P(k; k0): prob that two nodes
with degrees (k; k0)
are connected

if no structure beyond degrees:

P0(k; k0) =

a priori link prob
z }| {�

hki
N

�
�

size matters:::
z }| {�

k
hki

�
�

size matters:::
z }| {�

k0

hki

�
(largeN)

de�ne
�( k; k0) =

P(k; k0)
P0(k; k0)

no structure beyond degrees: �( k; k0) = 1 8(k; k0)

degree correlations: �( k; k0) 6= 1
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Degree-degree correlations

�( k ; k0) as a tool to measure structure
beyond the degree statistics p(k)
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Random graph ensemble - controlled f p; � g

With each PIN network corresponds a canonical random graph ensemble:
all graphs with the same statistics p(k) and �( k; k0)

p(cjp; �) =
X

k

� Y

i

p(ki )
�

p(cj� ; k)

p(cjk; �) =
1

Z (k; �)

Y

i< j

�
kikj

kN
�( ki ; kj)� cij ;1 +

�
1�

kikj

kN
�( ki ; kj )

�
� cij ;0

� Y

i

� ki ;
P

j cij

with k = N � 1 P
i ki

graphs in this ensemble will have properties p(k) and �( k; k0)
for N ! 1

p(cjk; �) is maximum entropy ensemble, given constraints f k; � g
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Random graph ensemble - statistical mech of graphs

Shannon entropy S, effective nr of graphs N

S[p; �] = �
1
N

X

c

p(cjp; �) log p(cjp; �) ; N [p; �] = eNS[p;�]

stat mech result, large N:

S[p; �] = S0 � C [p; �] + o(1) (N ! 1 )

S0 =
1
2

hki
�

log[N=hki + 1
�

(entropy of Erdos� Renyigraphs)

graph complexity:

C[p; �] =
X

k

p(k) log
hp(k)

� (k)

i

| {z }
degree complexity

+
1

2hki

X

kk0

p(k)p(k0)kk0�( k ; k0) log �( k; k0)

| {z }
degree correlation complexity

� (k) = e�h k i hki k =k! Poisson degree distr withhki
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Random graph ensemble - inform-theoretic distance

Quantifying structural distance between networks :
regard network as random realization of a graph with characteristics f p; � g

DAB =
1

2N

X

c

p(cjpA; � A) log
hp(cjpA; � A)

p(cjpB ; � B)

i

+
1

2N

X

c

p(cjpB ; � B) log
hp(cjpB ; � B)

p(cjpA; � A)

i

stat mech result:

DAB =
1
2

X

k

pA(k) log
hpA(k)

pB(k)

i
+

X

kk0

pA(k)pA(k0)kk0

4hki A
� A(k; k0) log

h� A(k; k0)
� B(k; k0)

i

+
1
2

X

k

pB(k) log
hpB(k)

pA(k)

i
+

X

kk0

pB(k)pB(k0)kk0

4hki B
� B(k; k0) log

h� B(k; k0)
� A(k; k0)

i

+ o(1)
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Application to PIN data - degree statistics and
correlations

Degree Distribution Degree-Degree Correlations

Afinity Purification-Mass SpectrometryYeast-two-Hybrid

Data Integration

b
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Application to PIN data - understanding imperfections

Clustering via DAB: data suffer from methodological bias ...

C.jejuni
S.cerevisiae X

S.cerevisiae VIII
S.cerevisiae V
S.cerevisiae XI

T.pallidum
E.coli

S.cerevisiae VII
H.sapiens I
H.sapiens II

S.cerevisiae XII
S.cerevisiae II
S.cerevisiae I

S.cerevisiae III
M.loti

C.elegans
Synechocystis

H.pylori
H.sapiens III

D.melanogaster
P.falciparum

S.cerevisiae IV
S.cerevisiae IX
S.cerevisiae VI

H.sapiens IV

0 5 10 15

Distance

Afinity Purification-Mass Spectrometry1

Protein Complementary Assay

Yeast-two-Hybrid Database Datasets

Data Integration

Distance

a c

Species Average Degree Kmax Detection Method Reference
C.elegans           2.96 99 Y2H Simonis et al. 2008
C.jejuni         17.5 207 Y2H Parrish et al. 2007
D.melanogaster       6.85 176 DD Stark et al. 2006
E.coli 7.05 641 AP-MS1 Arifuzzaman et al. 2006
H.pylori                      3.87 55 Y2H Rain et al. 2001
H.sapiens I          3.37 125 Y2H Rual et al. 2005
H.sapiens II               3.71 95 Y2H Stelzl et al. 2005
H.sapiens III              5.67 314 AP-MS1 Ewing et al. 2007
H.sapiens IV             7.52 247    DD    Prasad et al 2008
M.loti 3.43 401 Y2H Shimoda et al. 2008
P.falciparum            4.17 51 Y2H Lacount et al. 2005
S.cerevisiae I            1.82 24 Y2H Uetz et al. 2000
S.cerevisiae II           1.91 55 Y2H Ito et al. 2001(core)
S.cerevisiae III          2.69 279 Y2H Ito et al. 2001
S.cerevisiae IV          4.58 62 AP-MS1 Ho et al. 2002
S.cerevisiae V           9.05 118 DI Von Mering et al. 2002
S.cerevisiae VI          4.73 53 AP-MS1 Gavin et al. 2003
S.cerevisiae VII         3.61 32 DI Han et al. 2004
S.cerevisiae VIII       16.77 955 AP-MS2 Gavin et al. 2006
S.cerevisiaeI X          5.25 141 AP-MS1 Krogan et al. 2006
S.cerevisiae X           11.15 127 AP-MS2 Collins et al. 2007
S.cerevisiae XI          4.7 58    PCA    Tarassov et al. 2008
S.cerevisiae XII         2.34 86    Y2H      Yu et al. 2009
Synechocysti            3.25 51 Y2H Sato et al. 2007
T.pallidum                10.01 285 Y2H Titz et al. 2008

Afinity Purification-Mass Spectrometry2
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Generating graphs - degree-constrained shuf�ing

How to generate random graphs from an ensemble p(c) numerically?

danger: algorithm-induced bias
are all graphs with given properties showing up with correct probabilities?

common method to generate random graphs with given degrees:

construct ad hoc graph
with (k1; : : : ; kN)

shuf�e links (randomize)
while preserving degrees
via `edge swaps' � �

� �
�!

� �

� �

dodgy & dangerous!

biased towards `mobile graphs'
especially when with `dense' parts

ACC Coolen (KCL) Protein interaction networks 2009/10/21 26 / 33



Generating graphs - Markov chain Monte-Carlo

Let's be more precise,
How to generate random graphs from an ensemble p(c) numerically?

stochastic dynamics a la Monte Carlo dynamics in spin systems
elementary moves: edge swaps (conserve all degrees)

algorithm:

propose at random
an `edge swap' quartet (i; j; k ; `) � �

� �
�!

� �

� �
?

i j

k`

if edge swap criteria are met:
carry out c ! c0 = Fijk` c with some probability A(c0jc)
repeat until equilibrium

construct acceptance probabilities A(c0jc) such that the process obeys
detailed balance, with stationary measure p(c)
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Generating graphs - edge swap dynamics is tricky ...

subtle but vital difference with spin systems:

� �

� �
�!

� �

� �

not all proposed `edge swaps' are allowed!!
nr of possible moves depends on current state c!!

n(c): nr of moves away from (or into) c

p(c) =
1
Z

e� H(c) : A(c0jc) =
n(c)e� 1

2 [H(c0)� H(c)]

n(c)e� 1
2 [H(c0)� H(c)] + n(c0)e

1
2 [H(c0)� H(c)]

entropic effect re�ecting the mobility of graph c

taking a graph with degree sequence (k1; : : : ; kN),
followed by randomizing via edge swaps,
will generally not lead to �at measure

p(c) =

Q
i � ki ;

P

j cijP
c0

Q
i � ki ;

P

j c0
ij
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Generating graphs - exact Markov chain Monte-Carlo

but we can calculate n(c)!

n(c) =
1
4

� X

i

ki

� 2
+

1
4

X

i

ki �
1
2

X

i

k2
i

| {z }
invariant

+
1
4

Tr(c4) +
1
2

Tr(c3) �
1
2

X

ij

kicijkj

| {z }
state dependent

consequence:

general and exact Monte-Carlo recipe
for generating random graphs with
prescribed degrees (k1; : : : ; kN)
and arbitrary measures

p(c) =
e� H(c) Q

i � ki ;
P

j cijP
c0 e� H(c0)

Q
i � ki ;

P

j c0
ij
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Summary

Much interesting statistical mechanics
at the interface with cellular biology!

nonequilibrium stat mech of large cellular reaction equation systems

quantifying structure in protein networks using entropic tools

stat mech of random graph ensembles

stochastic evolution of random graphs

....
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