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MOTIVATION

Physical systems

e finite connectivity:
more realistic than full connectivity

® vector spins:
more realistic than Ising or spherical spins

e matrix interactions:
e.g. coupled oscillators, Josephson junctions

Theory

e how far can we push our present techniques?

e more intuition on finitely connected continuous spins
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DEFINITIONS

N unit-length vector spins,
0; €841, {o}=(01,...,0n)

H{{o})=—J cjoi-Uyo;+ > V(o)

i<j
quenched disorder:

e random lattice: ¢;; € {0,1}

Prob(c;;) = %5%,1 + (1 - %)5%70 for all i < j

c= O(N"), Erdés-Rényi graph

e interactions between spins:

random matrices U,; € SO(3) (rotations in IR?)
independently drawn from P(U), with P(U") = P(U)



random graph:  Prob(c;) = +0c,1 + (1 — )00

d=2:

o; = (cos ¢;,sin ¢;)

H=—J%;¢; cos(¢; — ¢5— wz‘j) + i V(i)
random w;; € [0, 27]

o; = (sinf; cos ¢;, sin b; sin ¢;, cos 6;)

H=—-JYicj0; - Uyo;+3; V(o)
random U,; € SO(3)



Technicalities

Complicating model ingredients:

(1) spin variables continuous
(ii) spin variables vectorial
(iii) spin-interactions represented by random matrices

e RS order parameter is a functional
e finding phase transitions:

— involves functional moment expansions
— nontrivial eigenvalue problems

e finding order parameters:

— population dynamics nontrivial: iterating functionals
— numerically demanding and potentially difficult to converge

e numerical simulations:

— generating suitable random matrices
— Langevin dynamics too slow



REPLICA ANALYSIS

Disorder-averaged free energy per spin:

— 1 1 1 g a
[ = lim—{— lim —log/[H [[ dof] e Pra HHO })}

n—0mn N—oo ﬁN 7 a=1

Disorder average:

e B H{O"}) — exp {—BZ V(O'Za) -+ O(NO)

+% > | [aUuP@)e otV 1]}

ij

Order parameters:

{o}=(al,...,0"), o%0 € Sy P({o}) = %an[g — ¢



minor technicalities

e functional d-distributions to isolate order parameters P({o})
integral representations: conjugate functions P({o})

e continuum limit for domain Sy_; of o,
gives path integral measure:

{g[}[dp({a})dp({a})/%] = {dPdP}

f = —lim inextr{P,p}{ Z/{da'}P({a'})P({a-}) + log /{da‘} e B V(0a)—-iP({0})

n—0

+3¢ ldoda P} P )| [dUP@)eH Ze0-UTi ) |

saddle-point eqns

e B . V(O)—iP({0})
[{do"} e PLaV(OL-iP{0"))

P({o}) =

P{a}) = ic [{do'} P({a'})] [dUPU)e? eVt ]



Replica symmetric theory

1 n
P(oy,...,0,) = NZ Hld[a'a — o]

RS ansatz for
continuous variables:

e let P[¢|u] denote a complete parametrized family of functions on Sy_q
H = (:uoa K1y 2, - - )

Prs(oy,...,00) = [dp w(p) [[ Ploapl,  [dpw(p) =1
e representation-independent formulation:

Prs(oy,...,00) = [{dP} W[{P}] [1P(o.)

RS order parameter:
functional measure WI[{P}]

physical interpretation:

fiaP} WHPYTL [fdor P(o)fulo)] = im S TTalo)



insert RS ansatz:

frs = o2 [{dPdP} WH{PYW[{P}] [dUP(U)log | [doda’ P (o) Py(c')e T U’
2ﬁ

Y / H {dPIW{P}]dULP(U )]

>0

x log [/da‘ e ﬁ /da"P )el7o U’“U/]
pr = et /k!
WP} = ZW/H {dP}W{ B }dU  P(U )]

>0 k<t
o—BV(0) z | Jdo’' P(o /)eﬁJU-UkU’
[do" e~ pvV(o") Hf de'/Pk( )eﬁJU”-UkU’

x J] o

gcS,; 4

Plo) -

paramagnetic state:

i WiEPY = 11 3|Plo) -

gcS,; 4

|sd_1\] i O s = ~log|Saa
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d=2: XY SPINS WITH CHIRAL INTERACTIONS

= o; = (cos ¢;, sin ¢;)

H=—J%;c; cos(¢; — ¢5— Wij) + i V(i)
random wj; € [0, 27|

WIKPY = ¥ pi [ TIH{dPIW{ P}l dweP(w)

k>0 1<k
I}, Jd¢' Py(¢)e? o=toe )
x 11 o|P(¢) - % }i' / 1\ eBJ cos(@ —¢' —ws)
Jd¢" Tj_y Jd¢ Py(¢)e

¢€]0,27]

1
paramagnetic state :  lim W[{P} = ][ o [P(@ — —1
p—0 $€0,27] 2m
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Phase transitions

Continuous bifurcations away from paramagnetic state
located by Guzai (i.e. functional moment) expansion

e transform:
P(6) — o+ A(¢), WP} - WHA}]

constraint:

WHAN =0 if [ dp A() #0

e expand saddle-point eqns
in functional moments

J{AAYW{ANA(4) ... A(¢r)

e assume: close to continuous bifurcation
de < 1 such that

JLAAYWH{AYA () ... A(gy) = O(€)
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Lowest order bifurcation ¢!

21

C 2r cos(¢p—¢' —w / —
V) = 5210577 |7dd’ [dw P(w)e® s0==u(g)  [Tdg W(g) =0

Ik (Z) 5
modified Bessel functions

e soln: Fourier modes ¥(¢) = e*¢

— min | BB w) cos(kw h
o= yip{ i L Py

e bifurcating state:

im (S]] = 3o ()

N—oco N P
| _ [L(B)) B
P—F: c= {IO(BJ) /_de P(w) Cos(w)}
WAL B
KT : c= Igl;{l{]l;(ﬁj) /_Fdw P(w) COS(ka)}
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Lowest order bifurcation ¢2

d¢'de / /
\Ij(¢1, ¢2) = 6/% [/dw P(w)eﬁJCOS(Qﬁ—¢1—w)+5Jcos(¢2—¢2—w)} \Ij(¢’1’ ¢/2)

/d¢1 (o1, P2) /d¢2 (¢1, P2) =

e soln: Fourier modes W(¢y, ¢pg) = e'(F1017h202)

e bifurcating state:
no global ferromagn order, yet

.1 5 . -
lim NZ [(cos(¢:))? + (sin(¢;))?] > 0

N—o0 A

P—SG: c=I13BJ)/I}(B3J)
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Phase diagrams

P—F:

P—SG:
F—SG:

Example:

P(w) =1/2n

¢! = [L(8])/1o(BT)] [ dw P(w) cos(w)
¢t = [L(B)/T(BI)]°

cannot yet calculate ...
Parisi — Toulouse hypothesis 7
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Example:

= 20(w — ) + 26(w + )

P(w)

w=20 w= %77 w > %7r
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Theory versus simulations

Numerical solution of order parameter equations:
population dynamics with truncated parametrizations w(p) of functional W[{P}]

7

1

7

m? - Hzmwm]l[;@@nwi»r

0 = 5 2 [(cos(@)) + (sin(4))’]

)

2N

Example:

P(w) = 1/27
upper: T/J = 0.1
lower: T/J =0.3
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Example:

P(w) = 0(w)

Example:

P(w) = 30(w =) + 30w+ %)
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confirms
Parisi-Toulouse
for F—SG transition



d=3,4,.... HEISENBERG SPINS AND BEYOND

o; € S5
H=—-J Zi<j CijO; Uija'j + > V<az)
random Uij € SO(B)

V=0
WP} = g}pz /kl;[[[{dpk}w[{Pk}]dUkP(Uk)]
B B i / n.s1o-U,. o’
% H 5 P(G’) . Hk:l de' Pk(O' )6 _ I
€S54 Jdo” Hi:l de'/Pk<0'/)66JU U,o

1
paramagnetic state :  lIm W[{P}| = ][] 9 [P(a') — }
p—0 gcS; 1 ‘Sd—ll
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Phase transitions

Continuous bifurcations away from paramagnetic state
located by Guzai (i.e. functional moment) expansion

P(o) = |Se1|™" + Ae), WP} — W[{A}]

functional moments

J{AAYW{AYA(ay) ... A(o,)

assuine

Je < 1 such that [{dA}YW[{A}A(0n) ... Aley) = O(€)

generalized
modified Bessel function:

[(),d(z) = |Sd_1‘_1 de,l do e*!

20



Lowest order ¢!

Vo) = i Lo A faP() o U

~ Toa(BJ) JSumr [Sa] St

commuting operators:
KLY = c¢ Iy q(8J)¥

d
(KV)(0) = [ o —e”TTU(r)  (L¥)(o) = [dUPU)I(U'o)
Sd—l‘Sd_ll
Lowest order €’
\I’(O'l 0,2) _ c / dTldT2\I,(Tl 7_2) /dUP(U)eﬁJ(G'l-UT1+0'2-UT2)
’ 1§ 4(8) JSa-r [Sqa]? "7

1 12y _ 2 12\ _
Sd_lda' V(o' o) —/Sd_lda' V(o ,0°)=0

commuting operators:
KLV = ¢ 1§ ,(BJ)V
(K\I’)(o’l 0-2) _ / dTldT2 eﬁJ(Ul'Tl+02'T2)\D(7—1 7'2)
’ Sa-1 ‘Sd—l |2 ’

(LY)(o',0%) = [dUPU)¥(U's" U's?)
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do V(o) =0



Continuous phase transitions for d = 3: classical Heisenberg spins

Euler angle representation
of random rotations in IR?:

PU) = &lU = 1)+ ==~ ["da ["d8 ["dy sin(8)0 [U — R.(a) Ry(8) B.(7)]

872

cosa  sina 0 cos 0 —sing cosy siny O
Rz(Oé) — | —sina cosa O Ry(ﬁ) = 0 1 0 Rz(’)/) = | —siny cosy 0
0 0 1 sing 0 cosf 0 0 1

[y To(8IVI=27/T=y?) sinh(8.Jzy)ply) = % o(2)

1 dydsdt 5 D) [sx+t] 6[( )(1 t2) ( _St)2]

P—SG : /_1 y4 Io(BJV1—52/1—22) e/l \/ =10 = (yy—st)2
B smh2(ﬁJ) ,
ey

1
subject to constraint /_ 1a’y Y(y) =
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Phase diagrams for d = 3
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Theory versus simulations

population dynamics with truncated parametrizations w(p) of functional W[{ P}]

1
m=m+mtm? =g+ ta)

My = Alfl_I}I(];o % ZZ: (cos(¢;) sin(6;)) Qe = ]\}1_1()1;0 % ZZ: (cos(¢;) sin(6;))?
my = ]\}1_1(}%0 % XZ: (sin(¢;) sin(6;)) qy = ]&1_1)1(130 % ZZ: (sin(¢;) sin(6;))?
m= Jim TS Ts@) .= Jim 3 (o)

) )
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q,m
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c=3,4,5,6 (left to right)
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confirmation of Parisi-Toulouse




SUMMARY

e finitely connected vector spin models with random matrix interactions
are solvable with presently available methods

e RS order parameter is a functional W[{P}]

e continuous transition lines within RS can be calculated exactly
using Guzai (functional moment) expansions of the functional W [{P}]

e Parisi-Toulouse hypothesis (F—SG transition) appears correct
e RSB effects are only modest, limited to very low temperatures

e obvious possible extensions:

— RSB

— non-Poissonian graphs

e less obvious extensions: dynamics
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