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Introduction
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4.1 Newton—Raphson methods
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NRIter[func_, xzero_, n_:5] :=

Module[ {pointlist = {}, x, xold = xzero, xnew, f, d4df,
x1l, xr,k},

f[x_] = func[x];

df[x_] = D[func[x], x];

Do[

(pointlist = Join[pointlist, {{xold, 0}}, {{xold,
f[xold]}}1;

xnew = xold - f[xold]/df[xold];

x0ld = xnew),

{k,1,n}];

x1 = Min[First[Transpose[pointlist]]]-0.5;

xr = Max[First[Transpose[pointlist]]] + 0.5;
Plot[f[x], {x, x1, xr}, PlotRange -> All,
PlotStyle -> {{Thickness[0.001], Dashing[{0.005,
0.005}1}},

Epilog -> {Thickness[0.001], Line[pointlist]}]]

2&, $A5/35N)$</EME-+1$=/"(%5*=%$. (%62, #point 1ist BIB<&'=&'($14H#H#S$" <
415, ( $IB%SAISE" 2 002" 42 1 ("4)) 1SN, SUESA./Bo&>*"=%'13%/3, %&BE%RIS.",
%&5/*3B6&>" $41.% $IBA"%. (%5, $' NRIter SIAA." HBUBIS(%5!'38&%>/5§8HI" L
YL? H(") $ " %"O" 9%, PAS, ((#B!( S8 98 () Y&IBA*S$>*"=9%'/"8<&, 5,5 ($%&,
I53%) ," %

NRIter[ (#°3+#72-3)&, 3.5]
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As you can see, you do not have to change the function very much to obtain more
complicated behaviour:

"#$%&'()*+  ,-./0/01-+ ,-02

=1+

Furthermore, if you vary the starting point, you can wander off to a rather distant root:
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FindRoot! 1hs!! rhs, "x, x0#$ searches for a numerical
solution to the equation 1lhs!! rhs, starting with x! x0. FindRoot!
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a numerical solution to the simultaneous equations eqgni.
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4 Newton—Raphson iteration and complex fractals C=*
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TEE
{1., =0.5 - 0.866025 i, —0.5 + 0.866025 i}

There are various ways of developing an algorithm to manage this. One approach makes
use of the standard kernel function #3%&()$ *+:

, #B%&'()$*+

I"HS%&™M()  [*+ $H#- ] ). 01 $H- + )1$(
1,28 * -$$0$%23  40"2 )1$ -$42) ( 2(G% 61/(5$. 7

This will tell us which root has been found, but not how rapid the convergence is. (Look
on MathSource for fractal generators that implement this approach, and see, for example,
Dickau, 1997). Although it requires some more computation, we are interested in
developing a convergence-time algorithm analogous to the escape-time algorithm we
used for the Mandelbrot set. This can also be sorted out by applying the Mathematica
function -&*.+/  to the function #$%&'( )$*+ -$0+ , which generates a list of the
iterates — the length of this list with a suitable termination criteria gives a convergence
time. However, the author's own experiments with this on the Mandelbrot set, as in
Chapter 6, suggests that it is less efficient than the compiled Mathematica approach. It is
left for you to pursue these ideas as programming examples for the Newton—Raphson
case, and draw your own conclusions on efficiency, in the first two exercises. The results
of this may change as the kernel develops!

I A convergence-time algorithm

We shall define a function that counts how rapidly progress is made towards a given
root, and that separates the roots by mapping the counter into three distinct intervals
within the set 0 to 255. In order to evaluate this rapidly, the function to evaluate it is
compiled:

18&1+)*2)3*+&4  5652)78$9&:;;<=>2)7898%7?7=
@'39&:,A)3*+&46B=  5<)9'6:<CDEFB= 5<*&16!:<C?=
GH:1J0:<*&1C SKSEBLMNOP5<*&1 56 5EBLMNOPDBFBQG=
<*&16<* &ICR

#)4:A)3*+&4 565B=

MIJO:<)9'N<*&1C  5SS5EBLMNTPBUUSMA)3*+&45K5VWPS
A)3*+&4 DD=

M<)9' 565<*&1R<*&1 565XQ<)9'YZ 5DSEYMZQ<)9'LXPPCR
[ /$AL1J0:<*&INEC  5KSEBLMN\P=5A)3*+&4=

| J0:<*&1DBFWNBFVTTBXWGEK5SEBLMN\P=5VWDA)3*+&4=
| J0:<*&1DBFWDBFVTTBXWGEKSEBLMN\P=5E]BDA)3*+&4=
A438&=XWWCCR

Let's make a quick check to see that it is working:
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NewtonPlot[

{{{remin_, remax_}, {immin_, immax_}}, data_},
colorfunc_] :=

ListDensityPlot[data,

AspectRatio -> (immax-immin)/(remax - remin),
Mesh -> False, Frame -> False,

PlotRange -> {0, 255},

ColorFunction -> colorfunc]
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Timing[region = NewtonArray[{{-2, 2}, {-2, 2}}, 1000];]

{G>9QH7)"2, J.**}

NewtonPlot[region, NewtonColorOne]

NewtonPlot[region, NewtonColorAll]
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