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Meinen Dank fiir eine Gelegenheit, hier zu sprechen. Durch
Erlaubnis von Studenten baldigst ich gebrauch eine Gelegenheit zu
kommunizieren einer Untersuchung liber Verbindung von
Singularen Integrale und Lipschitz Geometry. Das ist ein
Gegenstand welches David und Semmes demselben langere Zeit
geschenkt haben.

Unsere Beweis auf tiefliegenden Ergebnis des David—-Semmes
beruhen, wie Sie sehen werden. Indess zwei neue Ideen wurden
dazu beigetragen.
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frame 1. Introduction

We are interested in the following singular Riesz transforms:
R9() = [ R(x=»)F(y) duy)

understood as a Calderén-Zygmund operator. Here x,y € R9H1,
se(0,d+1],

X X
RS(X) ‘ ‘5—1—1 ) ( ) (Rls7 SRR RZ’Jrl) ) RJ'S(X) = ’X‘ﬁ

and p is an Ahlfors-David (AD) regular measure in R+ meaning
that

cr® <pu(B(x,r)<Cr®

for all x in support of i and all r < diam E, where E := supp p.
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If operator Rs (this is actually d + 1 operators) is bounded in
L2(p) then

e 1) s is integer;
@ 2) if s = m is already integer, then support E of u is
m-rectifiable.

Set E in R9*Y js called m-rectifiable, if there are {I,}°; Lipschitz
images of R™, so that H™(E \ J;—,n) = 0.
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The conjecture belongs to David and Semmes. For a special case
s = d it got a lot of attention. In particular because of its relations
with regularity of solutions of Laplace equation. For a long time it
is remained open even for the case d =1 (and 1 < s < 2). For

d =1,s =1 it was done by Mattila—Melnikov—Verdera, Tolsa.... .
For s =1 Menger's curvature tool was available. It is “cruelly
missing” for s > 1.

We present here a case of arbitrary d and s = d. That is the case
of co-dimension 1.

The case 0 < s <1 can be treated using Menger's curvature. This
has been done by Laura Prat, Xavier Tolsa.

The case d < s < d + 1 was solved by Eiderman—Nazarov—Volberg
recently. New tools of Riesz energy were needed. We start with
these tools here.
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We skip index s = d, that is we write

R:=RI(x) = (Ry,...,Ra11), Rj = RI(x) = |X|de+1_

Given a hyperplane H on which x4,1 = const we consider

RH = R*(x) = (R3,..., R5) and notice that operator R"* acts on
vector fields: let 1) = (¢1,...,%q) be an LP(my) vector function
on H. Then R = Ry(2p1 dmg) + ... Ry(g mg), where my is
Lebesgue measure on H.

Riesz Energy. We wish to give the estimate from below for the
expression

E(fE) = /H(Rf)z(x)f(x) dmg(x),

where E C H and 0 < f < 1 function supported on E. We want to
give the estimate from below of £(f, E) in terms of
|E| := HY(E) = myg(E) < oo and

mass := mass(f dmg) = mass(f dH?) = / fdmy.
H
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E(F,E) > cgM85”  \here ¢y > 0.

|E]*

To do that we want first the following vector field ¢) on H:
o [yl¥ldmg < G < o0;
o [, [0]Pdmg < G < oo;
o RH*i(x)=1, mga. e onE.

To do this put 19 =0, ¢o = XE,

XER*(wn—&-l - wn) = ¢n - ¢n+1
and
/(/}I'l-i-l - 1/}” — X{R¢”>A—n} Rd’n;

where A := 2 4 ¢ will be chosen momentarily. Here we use R for
R temporarily
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Then
¢n+1 = XER*(X{R(ﬁ,,SA*"}R(bn)

By induction (using that mg(E) < 00) [[¢n+1ll2 < Cll¢nt1lla <
1/4
(f |R¢n’2Af2n> / < C27n/2Afn/2 < o—n—1

Automatically 1, converges in L?(H, my) (see the previous slide).
But also in LY(H, mg). In fact,

/|¢n+1 — | dmg < Cll@nll2l{Ron > A"}H2 < C27N(27 20 A2 =
H

=C4"A"< Cq",and g < 1if A< 4. Hence, ¢ :=Ilimy, is in
LY(H) N L2(H). As 1o = 0, o = X, we use the previous slide:

XER™ N = XE — ¢ -

Going to the limit we get R*y) =1 on E.
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Suppose that £(f, E) < A - mass with a very small A. Let
H = {x44+1 = 0}. Consider new measure

dv = f(x)dmy x 6*1)([075] dxgi1 -

[|RHv|> dv — E(f, E) when § — 0.

In fact, notice that given intervals / containing 0 and of length ¢
we have for almost every x € E C H:

1
lim sup ‘— /(RHf)(X,Xd+1) dxg41 — (RHf)(X7O)‘ =0.
0—0 |/‘ /

Moreover this convergence is dominated by L?(H) majorant.
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Therefore,

lim sup ‘/]R )( xxd+1)\ dmyg— / RHf (x 0)\2dmd‘_0

6—0 Xd+1€ 0 5

which immediately means that
/\RHVF dv — &E(f,E).
Lemma is proved. Hence we can assume that

Ev) = / IRHVU2dv < X - mass(v). (1)
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Now we will estimate the Riesz Energy £(v) from below. For that
purpose introduce functional on functions a € L*(v):

H(a) := A||a||comass(v /]RH (adv)|? adv — minimum

under the assumptions a > 0, mass(a dv) = mass(v). The
minimum is attained. In fact, let {ax} be a minimizing sequence.

Aak|lcomass < H(ax) < H(1) = Amass + E(v) < 2A mass

<2
WLOG ay — a € L*°(v) weakly. So

0 ||a]loo < liminfy ||ak||oo-
o RH(ay dv) are uniformly in any LP(v) (p = 4, say).

@ For every compact subset S C supp v we can conclude that
R (ax dv)(x) converge to R"(adv)(x) uniformly for x € S.
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This last assertion follows from the observation that the set
{RH(x — -)}xes is a continuos image of the compact set S into
L'(v), and hence, it is compact in L}(v). Integrating it with a(x)
that converges weakly to a in L°°(v), we obtain the uniform
convergence on S. The existence of a minimizer a, ||a||oc < 2 and
H(a) < 2X\mass is very important. Denote

Vv, = adv
and let U be a set, where a > 0. Denote

va, = a(l —tx,)v.

Hae) = H(a) /U RMu,[2 dvyt2 /U RH[(RMv,)dvs) dvs] +o(£).

The mass of v,, is (mass — tv,(U)), therefore a; is not admissible.

-1
To make it admissible consider %ﬁi(u)af = (1 — tryﬁgé)s) ar.
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Then
) 3t> < (1 - tﬁgsjs))3?[(at) < H(a)+

mass — tr,

o[37(VE) </U|RHya|2dya+2/URH*[(RH1/3)d1/a] dvs) | +o(t?

mass

mass

H(a) < ’H(

This immediately implies:

/ ]RHya|2dua+2/ RH* [(RMv,)dv,] dv, < 3v,(0)113)
U U

mass

This holds for every U on which a is strictly positive. We use also
H(a) < 2Amass. Then pointwisely

IRHu, 2 + 2R [(RPv,)dv,] < 6A

on O := {x € R%*1: 3> 0}. But all functions here are continuous
(this is why we replaced f dmy by "mollified” v). So this holds on
clos O.
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However, R"j1 is harmonic outside of the support of 1 for any p.
In our case 4 = v5 and supp v, = clos O. All functions above are
subharmonic and continuos. Maximal Principle shows now that

IRHu, 2 + 2R [(RPv,)dv,] < 6A (2)

is true everywhere in R9t1. In particular, it is true on H on which
1 lives. Integrate (2) with respect to |¢)| dmy. We remember:

o [, |v|dmg < G < o0;

° fH|1/J]2dmd < G < oo;

o RM*y(x) >1, mya. e onN(E).
From the very beginning we can think that E is bounded
(somehow) and open. Then we can mollify ¢ to keep first two
claims and to to have the third one to hold in a small
neighborhood N(E) of E in RY+1,
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We get

/RH(ua)|2\1/)\dmd < 6C1/\+’/RH(|1/1]dmd).RH(ya)dua

< 6CA+ V2H ()2 / IRA (] dimg)[2 dv) /2

The last integral can be taken “layer” by “layer” as
dv = ddmg x 6 Ldxgy1. On each layer we use that R is
bounded in L?(my). Hence, we continue

/|RH(ya)2|¢|dmd §6C1)\+2)\1/2massl/2(/ ]2 dmg) 2.
H

Temporarily normalize by |E| < 1 = mass < 1. Then Cauchy
inequality gives mass = mass(v,) < | [ RM*y dv,| =

| [ R0 dmal < [ 1R ()| [0]dma < COA2)2 < €A%
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Therefore, using the assumption |E| < 1 we finally get the
estimate on A from below A > c(mass)* = c([ d dmy)*. This
gives us immediately the following estimate on the Riesz energy
from below (see (1) with minimal \):

E(F.E) > c(/fdmd)s.

To get rid of the assumption |E| < 1 we just use the scaling
invariance to get

fdmg\4 mass®

Theorem 3 is proved.
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frame 15. David-Semmes lattice

Let i be a d-dimensional AD regular measure in R9t1. Let
E = suppp. then there exists a family D of sets @ C RY*t1 with
the following properties:

@ The family D is the union of families Dy (families of level k
cells), k € Z.

o If Q, Q" € Dy, then either Q' = Q" or ' N Q" = @.
@ Each Q' € Dy, is contained in some @ € Dy (necessarily
unique due to the previous property).

@ The cells of each level cover E, i.e., Ugep, Q D E for every k.
o For each Q € Dy, there exists z, € QN E (the “center” of
Q) such that

—4k— —4k
B(zq,27%7%) C @ C B(zg,27%*?).
@ For each Q € Dy and every € > 0, we have
p{x € Q : dist(x, RN\ Q) < e27*} < Ce"u(Q):C,y = C,~(d, reg)



frame 16. Sketch of construction

Since all cells in Dy have approximately the same size 27K, it will
be convenient to introduce the notation £(Q) = 2~*k where k is
the unique index for which Q € D,.

Let Zx be a maximal 2 **-separated set in E = supppu. Then
{B(z,27*)},ez,, cover E. For each z € Z consider Voronoi cell
V, = {x e R¥1L: |x — z| = min |x — Z|}.

z'eZy
Then 1) V, C B(z,27%K), 2) {V,},ez, cover E,
3) dist(z, U, ez, 12, Ver) = 27*7 1. The last one because Z is
2~ *K_separated, the first one because Zj is maximal such. Also
4) There are only finitely many w € Zx_q such that V, N V,, # 0.
We say that w € Zi is a descendant of z € Z;, £ > k, if there is a
chain zx = z,zp = w, z; € Zj such that V;; NV, # 0. D(z) is
the set f all descendants of z and

Vz = U Vi .

weD(z)
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Note that V contains V, and is contained in the
2527 =2 22 *-neighborhood of V;. Thus,

diSt(Z, Uzezo\{z} Vz’) > 2 A4k=1 _ 13527“( > 74k=2 (4)
Nobility order. There exists a partial order < on Ui Zj such that
each Z is linearly ordered under < and the ordering of Zy 1 is
consistent with that of Z in the sense that if 2/, 2" € Z;.1 and
Z/ < Z", then for every w' € Z such that V,,, NV, # &, there
exists w” € Z, such that V,,» N V,» # & and w’ < w”. In other
words, the ordering we are after is analogous to the classical
“nobility order” in the society: comparing maximally “noble”
ancestors one generation up defines “nobility”.
Put now for each z € Z,

Ez = Vz \ U Vz/ .

z'eZy,z<z'
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By (4) we have the left inclusion (the right one is clear too)
B(z,27*2)nE C E, € B(z,27%1)

for all z € Zy.

Next goal is to show the tiling: that for every z € Z 11 there exists
w € Z such that E, C E,,. For a given z € Z,1 choose w to be
the largest in < element of Z,. Let w’ € Z, be such that w < w'.
Let 2/ € Zy+1,2' € D(w'). Automatically z < z’. And so

{z/ € Zkp1: 2 € D(W')} C {Z' € Zyy1: z < Z'}. On the other

hand, by definition Vi, C U, ez, ... »7ep(w) V' and so

Vi = U Vz/ C U Vz/

2'€Zki1: Z€D(w’) z'€Zy1,z<2’
.\ | WcV\ UJ Vw
z'€Zyyq,z<2’ w'eZ,w<w’

This is exactly E, C E,,.
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frame 19. Carleson families.

For us this will be the right notion of sparse, rare family of cells.
From now on, we will fix a good AD regular in the entire space
R9*! measure 1 and a David-Semmes lattice D associated with it.

Definition
A family F C D is called Carleson with Carleson constant C > 0 if
for every P € D, we have

> @) < Cu(P).

QeFP

where
fP:{QE]-':QCP}.
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frame 20. Non-BAUP cells. Actually non-OUWGL

We will start with the definition of a d-non-BAUP cell.

Definition

Let § > 0. We say that a cell P € D is §-non-BAUP if there exists
a point x € P N suppp such that for every hyperplane L passing
through x, there exists a point y € B(x,¢(P)) N L for which
B(y,d¢(P)) N suppu = 2.

Note that in this definition the plane L can go in any direction. In
what follows, we will need only planes parallel to certain H but,
since H is determined by the flatness direction of some unknown
cell P, we cannot fix the direction of the plane L in the definition
of non-BAUPness from the very beginning.

Theorem (David—Semmes)

Let . be AD-regular. If for all 6 > Q the family of $-non-BAUP
cells is a Carleson family, then p is rectifiable.
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frame 21. Main Theorem

Theorem

Let ;1 be an AD regular measure of dimension d in RITL. If the
associated d-dimensional Riesz transform operator

X

f— Rx(fu), where R(x)= Pk

is bounded in L?(p1), then the non-BAUP cells in the
David-Semmes lattice associated with p form a Carleson family.

Proposition 3.18 of David—-Semmes 1993 (page 141) asserts that
this condition “implies the WHIP and the WTP" and hence, by
Theorem 3.9 (pages 137), the uniform rectifiability of p.
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frame 22. ldea

Using the boundedness of R, in L2(11) we will establish the
abundance of flat cells. On the other hand, if non-BAUP cells
are not rare (not Carleson) they will be also abundant. Then we
will be able to build intermitting layers of flat and non-BAUP cells.
This will allow us to construct an analog of vector field 1) on
non-BAUP scales. This is because non-BAUP cell has holes in
suppu in it! Flat cells will play the role of the set E (which was
totally flat). Then Riesz energy concentrated on each flat layer will
be sufficiently large (the non-BAUP layer encompassing a flat layer
and 1 of this non-BAUP layer ensures that). Then we will need
that flat layers are almost orthogonal. Adding huge amount of
not-so-small Riesz energies we get estimate from below on
[|Ru1|? du as large as we wish. Contradiction.
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frame 23. The flatness condition and its

consequences

We shall fix a linear hyperplane H € R9t1. Let z € R9H1,

A, a, £ > 0 (we view A as a large number, « as a small number,
and / as a scale parameter). We want the measure p to be close
inside the ball B(z, Af) to a multiple of the d-dimensional
Lebesgue measure m, on the hyperplane L containing z and
parallel to H.

We say that a measure p is geometrically (H, A, a)-flat at the
point z on the scale ¢ if every point of suppu N B(z, A¢) lies within
distance af from the affine hyperplane L containing z and parallel
to H and every point of L N B(z, A¢) lies within distance o from
suppp. We say that a measure p is (H, A, «)-flat at the point z on
the scale 2 if it is geometrically (H, A, «)-flat at the point z on the
scale ¢ and, in addition, for every Lipschitz function f supported on
B(z, A?) such that ”fHLip < 'and [fdm, =0, we have

fdul <ar?.
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Note that the geometric (H, A, a)-flatness is a condition on suppu
only. It doesn't tell one anything about the distribution of the
measure p on its support. The latter is primarily controlled by the
second, analytic, condition in the full (H, A, a)-flatness. These two
conditions are not completely independent: if, say, u is AD regular,
then the analytic condition implies the geometric one with slightly
worse parameters. However, it will be convenient for us just to
demand them separately.

The flatness means the possibility of mass transporting u | B(z, Af)
to ¢ - my | B(z, Al) with small cost a.

Flatness allows to switch integration over p to that over ¢ - my.
Below are technical but very useful lemmas estimating the error of
such switching.
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frame 25.

Lemma

Let p1 be a nice measure (estimate from above). Assume that y is
(H, A, a)-flat at z on scale ¢ with some A > 5, a € (0,1). Let ¢
be any non-negative Lipschitz function supported on B(z,5¢) with
Jedm, >0. Put

-1
a-(/wdmL> /god,u, v=apm, .

Let W be any function with H\UHLip(supp | < 400. Then
©

‘/‘Ud(w—V)

d+2
< Cat™ 2w el

As a corollary, for every p > 1, we have |[JW|P d(op — v)|<
C 092 || p||pL V.. .
P2t I el

I ——————————————S—BLLaI————————
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frame 26.

Lemma

Assume in addition to the conditions of Lemma 9 that ¢ € C?,
and that the ratio of integrals a is bounded from above by some
known constant. Then

Vo[RP (op — v)] dp
/ |

2

1
< Cadapdt? [||\IJ|| HcpHLip.

e\

L>°(suppe HLip(sur)pso)

where C > 0 may, in addition to the dependence on d, which goes
without mentioning, depend also on the growth constant of u and
the upper bound for a.
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Disclaimer: Integral should be understood first. Split it as
[Vo[RH(pu)l du — [We[RTY] du. Then RPy = a R (¢ dmy)
and so is a smooth function as ¢ is smooth. The first term should
be understood as a form by using anti-symmetry of R'.

The first lemma is just by definition. In the second Lemma choose
1
§ = a@2 and split R = Rg’lf + R Then

/ WolRE (pp — )] dp = — / RI(Wp dp) d(op — v)

is estimated by the first Lemma using HRg”Lip < 5~ (d+1)p=(d+1)
and || R (Ve dp)liLip < RS Lip Vel 1)-
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The short range term [ W[R79¢(pop — v)] du essentially reduces
to estimate:

%‘ //|X <t RP(x — y)(W(x) = W(y))p(x)e(y) du(x) duly)| <

1 2 du(x) du(y)
< SV cupp 1912 R <
X,y €ESUPPy,|x—y|<dl |1X yl
< Cé

d+3
ERIVIL 912
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frame 29. Geometric Flattening Lemma

We are heading to the proof that the boundedness of R, in L2(y)
implies flatness of abundant family of cells. The first step is the
following analysis-to-geometry Lemma. Fix some continuous
function vy : [0,4+00) — [0, 1] such that ¢ = 1 on [0, 1] and

o = 0 on [2,+00). For z € R 0 < r < R, define

) =0 (P ) = (21
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frame 30.

Lemma (Geometric Flattening Lemma)

Fix five positive parameters A, «, 3, €, C > 0. There exists p>0
depending only on these parameters and the dimension d such that
the following implication holds.

Suppose that p is a C-good measure on a ball B(x, R) centered at
a point x € suppy that is AD regular in B(x, R) with lower
regularity constant ¢. Suppose also that

IR, 55 ar))(2)| < B

forall p< 6 < A < 3 and all z € B(x, (1 — 2A)R) such that
dist(z, suppp) < gR.

Then there exist a scale { > pR, a point z € B(x, R — (A+ «a){),
and a linear hyperplane H such that u is geometrically

(H, A, a)-flat at z on the scale (.
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Replacing 1 by R=9u(x + R-) if necessary, we may assume without
loss of generality that x =0,R = 1.

The absence of geometric flatness and also the boundedness of
[R(zﬂZ’&’Au)](z) are inherited by weak limits. More precisely, let vy

be a sequence of C-good measures on B(0,1) and AD-regular
there with lower regularity constant ¢. Assume that v is another
measure on B(0,1) and v, — v weakly in B(0,1).

Lemma

o If for some A’ > A and 0 < o < «, the measure v is
geometrically (H, A, ')-flat on the scale ¢ > 0 at some point
z € B(0,1 — (A" 4+ a)l), then for all sufficiently large k, the
measure vy is geometrically (H, A, «)-flat at z on the scale (.

o If for some 0 < § < A < % and some z € B(0,1 — 2A) with
dist(z, suppr) < g, we have |[R(¢z75,AU)](Z)| > 3, then for

all sufficiently large k, we also have dist(z, suppry) < % and

IR(, 5 A1 )(2)] > 5.




So suppose that with fixed 5 constants as above and with smaller
and smaller p, we still have uy's with the absence of geometric
flatness and at the same time with the boundedness of
R[(wz,(s,AV)](z)' 0<pk<d<A<1/2 forall ze B(0,1—2A),

dist(z, suppug) < % by the same 3. Then we can come to a weak
limit, and get that this limit ;1 negates the following Alternative.

Alternative

If v is any good measure on B(0,1) that is AD regular there, then
either for every A, > 0 there exist a scale £ > 0, a point

z € B(0,1— (A+ «)f) and a linear hyperplane H such that v is
geometrically (H, A, «)-flat at z on the scale ¢, or

sup IRG, ; AaI(2)] = +50.
0<d<A<i

zeB(0,1-24),dist(z,suppr)<?

We are left to prove the Alternative.

Alexander Volberg Solving a problem of David and Semmes



frame 33. Sketching the proof of the Alternative

The negation of every of the two condition of the Alternative is
inherited by all tangent measures of v. Since v is finite and AD
regular in B(0, 1), its support is nowhere dense in B(0,1). Take
any point z € B(0, %) \ suppv. Let z be a closest point to z’ in
suppr. Note that since 0 € suppr, we have |z — 2| < |Z/|, so

|z| < 2|Z'| < 1. Also, the ball B = B(Z',|z — Z'|) doesn’t contain
any point of suppr. Let n be the outer unit normal to 9B at z.
Consider the blow-ups v, ) of v at z. As A — 0, the supports of
vz lie in a smaller and smaller neighborhood of the half-space
S ={x € R4 : (x,n) > 0} bounded by the linear hyperplane

H = {x € R%*1: (x,n) = 0}. So, every tangent measure of v at z
must have its support in half-space S. Thus, starting with any
measure v that gives a counterexample to the alternative we are
trying to prove, we can modify it so that it is supported on a
half-space. But this is impossible: either support is then on the
boundary of S (then geometric flatness “almost” follows) or if

otherwise, then the integral [g A % dv(x) blows up.
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frame 34. The flattening lemma

Major step in the argument: from geometric flatness and the
absence of large oscillation of R¥ i on supppu near some fixed
point z on scales < ¢ to the flatness of i at z on scale /.

Lemma

Fix four positive parameters A, a, c, C. JA’ o’ > 0 depending on
A, o, ¢, C and d such that: if H is a linear hyperplane in R9H1,
ze R [ js the affine hyperplane containing z and parallel to
H, ¢ >0, and  is a C-good finite measure in R4+ that is AD
regular in B(z,5A'0) with the lower regularity constant ¢. Assume
that u is geometrically (H,5A', a’)-flat at z on the scale ¢ and, in
addition, for every (vector-valued) Lipschitz function g with
suppg C B(z,5A'Y), g||Lip < (7', and [ gdu =0, one has

y<R[jl,g>u| <a'rd,

Then 1 is (H, A, a)-flat at z on the scale .




frame 35. Discussion

The first step in proving the rectifiability of a measure is showing
that its support is almost planar on many scales in the sense of the
geometric (H,5A’, o/)-flatness in the assumptions of the Flattening
Lemma. This step is not that hard and we will carry it next.

The second assumption involving the Riesz transform means,
roughly speaking, that Rl’jl is almost constant on

suppp N B(z, A'0) in the sense that its “wavelet coefficients” near
z on the scale ¢ are small. There is no canonical smooth wavelet
system in L2() when p is an arbitrary measure but mean zero
Lipschitz functions serve as a reasonable substitute. The
boundedness of R[;’ in L2(p) implies that R[;’l € L?(p) (because
for finite measures y, we have 1 € L2(p1)), so an appropriate
version of the Bessel inequality can be used to show that large
wavelet coefficients have to be rare and the balls satisfying the
second assumption should also be viewed as typical.
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Fix A > 1,0/ € (0,1),8 > 0 to be chosen later. We want to show
first that if N > No(A’,’, 8), then there exists a Carleson family
F1 C D and a finite set H of linear hyperplanes such that every
cell P € D\ F1 contains a geometrically (H,5A’, o/)-flat cell

Q@ C P at most N levels down from P for some linear hyperplane
H € H that may depend on P.

Let R = {¢(P). According to Geometric Flattening Lemma, we
can choose p > 0 so that either

1) there is a scale £ > pR and a point

z € B(z,, R — 16[(5A" + 5) + %£]¢) C P such that p is
geometrically (H’,16(5A" + 5), %/)—ﬂat at z on the scale ¢ for some
linear hyperplane H’,

2) or there exist A € (0,1), § € (p, A) and a point

z € B(zp, (1 — 2A)R) with dist(z, suppu) < ¢R such that
‘[R(wz,éR,AR'u)](Z” > [ where ¥, srar 1S the function introduced
on frame 29.
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In the first case, take any point z' € suppu such that |z — 2| < %/E
and choose the cell Q with ¢(Q) € [¢,16¢) that contains z’. Since
7' C B(zp,R) C P and (Q) < {(P), we must have Q@ C P. Also,
since |z, — Z'| < 44(Q), we have |z — zo| <40(Q) + %IE < 50(Q).
Note now that, if u is geometrically (H, 16A, «)-flat at z on the
scale £, then it is geometrically (H, A, «)-flat at z on every scale
Ve [t,160).

Note also that the geometric flatness is a reasonably stable
condition with respect to shifts of the point and rotations of the
plane.

Applying these observations with ¢/ = ¢(Q), 2/ = Zg. €= %, and
choosing any finite e-net Y on the unit sphere, we see that p is
geometrically (H,5A’, o)-flat at z, on the scale £(Q) with some
H whose unit normal belongs to Y. Note also that the number of
levels between P and Q in this case is logg ég % <loggp ' + C.
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Explanation of shifting and rotating

More precisely, if i is geometrically (H', A+ 5, «)-flat at z on the
scale £, then it is geometrically (H, A, 2« + Ae)-flat at z’ on the
scale ¢ for every z’ € B(z,5¢) Nsuppy and every linear hyperplane
H with unit normal vector n such that the angle between n and the
unit normal vector n’ to H' is less than €. To see it, it is important
to observe first that, despite the distance from z to z/ may be quite
large, the distance from Z’ to the affine hyperplane L’ containing z
and parallel to H' can be only a/, so we do not need to shift L’ by
more than this amount to make it pass through z’. Combined with
the inclusion B(z', Al) C B(z,(A+ 5)¢), this allows us to conclude
that p is (H', A, 2a)-flat at z’ on the scale . After this shift, we
can rotate the plane L" around the (d — 1)-dimensional affine plane
containing z' and orthogonal to both n and n’ by an angle less
than € to make it parallel to H. Again, no point of L' N B(z, A?)
will move by more than Asl and the desired conclusion follows.
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In the second case of frame 36, there is a point
z € B(zp,(1 —2A)R) and a point Zz' € supp 1, such that

0
R, 5 pr(2)] > 6,12 2| < §R,

o) =0 (P2 ) o (221

Let now @ and Q' be the largest cells containing z’ under the
restrictions that (Q) < £ R and ¢(Q') < &R. Since both bounds
are less than ¢(P) and the first one is greater than the second one,
we have Q' C Q C P.

Now we want to show that the difference of averages of R, x . over
Q@ and Q' is at least 3 — C in absolute value for every set

E D B(z,2R) and, thereby, for every set E D B(z,5((P)). Here
C depends only on the norm of operator Ry, in L2(y).
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frame 39. Estimate of (R, x.)q — (R.x;)e

We can write X =, <, \p + f1 + f2 where |fil,|f2] <1 and
suppfy C B(z,26R), supph N B(z, AR) =

/|Ruf1’2du < C/ il> dp < CER)T < CUQ) < Cu(Q"),

Hence|(R.f1)ql, [(R.f1) /| are bounded by some C.
Note also that Q C B(Z/,8((Q)) C B(z,2R) C B(z,5R), so the
distance from @ to suppf is at least %R > {(Q). Thus,

-1
IRufsll 50 < Q)

(Q)

the difference of the averages of R,f, over Q and Q' is bounded by
some C.
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We are left to to estimate the difference of averages
<R/LQ/)Z75R7AR>Q - <R“1’Z)z,6R,AR>Q" For this

IRt smanlsgy < CIsspanl, < AR < CHQ) < Cu(Q)

so the average over @ is bounded by a constant.
On the other hand,

) )
Q' c B(Z,84(Q")) c B(, ZR) C B(z, ER).
Again dist(suppy’ sp ap> Q') > %R Therefore,

< C(6R)7L.

HR( Z(gRARM)HLlp ( 6R)) —

But this means that [(Ruv, sp Ap)@ — Ru?, sr ar(2)l < C(6).
The quantity [R,Y), ;o Ap(2)| is large! It is bigger than 8.

Alexander Volberg Solving a problem of David and Semmes



We finally get

|<RNXE>Q - <R,uXE>Q’| >p—-3C.

This conclusion can be rewritten as

H(P) 2 (Rux g p)ul = cp? (8~ C)

where

[SIN

1 1
oo = PN (give -~ gyer )

This is for any E, B(zp,5¢(P)) C E.
Let us show that the set of cells satisfying the latter property can
be only rare, that is Carleson family.
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frame 42. Carlesonness of cells P satisfying the

second case of frame 36.

Fix any cell Py and consider the cells P satisfying the second case
of frame 36 (there exists a point z such that |R,%, sr Ar(2)] > B
with certain position of z inside P, R ~ {(P), and large 3). Then
B(zp,5¢(P)) C B(zp,,50¢(Py)). Also we saw on the previous
frame 41 that 1(P) < C(os D) (R g, sy Vel

Here ¢/, form Haar system of depth N ~ log E((Q’))'
0Q") = §4(P),d € (p,1/2),s0 N < clog%.

Any Haar system of depth N is a Riesz system. By the property
of Riesz system (see frames 44—46 below) we get that

Z /.L( )<C p> Z ’ HXB ZP 50¢ PO 7wp> ‘2
PCPy PCPy

2
c| RMXB(ZPO,soe(PO)) 72

The latter is smaller than Cp(B(zp,,50¢(Po))) < C'u(Po), and we

established Carleson property of P’s as above.
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frame 43. Abundance of geometrically flat cells is

already obtained.

Fix A,a > 0. We shall say that a cell Q € D is (geometrically)
(H, A, a)-flat if the measure p is (geometrically) (H, A, «)-flat at
z, on the scale £(Q).

We have just shown (modulo estimates of Riesz system that
follows) that there exists an integer N, a finite set #H of linear
hyperplanes in R9*1, and a Carleson family F C D (depending on
A, ) such that for every cell P € D\ F, there exist H € H and a
geometrically (H, A, a)-flat cell Q C P that is at most N levels
down from P.
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frame 44. Riesz systems: Haar system, Lipschitz

wavelet system.

Let ¢, (Q € D) be a system of Borel L?(;) functions
Q

The functions ¥ 0 form a Riesz family with Riesz constant C > 0 if

2

> 3% < CZ%

QeD
L% (p)

for any real coefficients a Q"

Note that if the functions wQ form a Riesz family with Riesz
constant C, then for every f € L2(u), we have

> (gl < CIFIZ, -

QeD

Alexander Volberg Solving a problem of David and Semmes



Assume next that for each cell @ € D we have a set W of L?(u)
functions associated with Q.

Definition

The family W (Q € D) of sets of functions is a Riesz system with
Riesz constant C > 0 if for every choice of functions ¢, € Wq,
the functions 0 form a Riesz family with Riesz constant C.

Riesz systems are useful because of the following Lemma.

Lemma

Suppose that Vg is any Riesz system. Fix A > 1. For each
Q € D, define

{Q) = inf sup u(Q) 2 [(Rux > )l -

[E: B(zQ 7AZ(Q))CE HE)<too yew,

Then ¥ > 0,Fs :={Q € D : &(Q) > &} is Carleson.




The one line proof of Lemma is on frame 42. But it is important
that there are two natural classes of Riesz systems: Haar systems
of fixed depth W/(N), and Lipschitz wavelet systems W.(A).
Let now N be any positive integer. For each Q € D, define the set
of Haar functions \IJ'(’Q(N) of depth N as the set of all functions 1
that are supported on @, are constant on every cell @ € D that is
N levels down from @, and satisfy [ du =0, [¢?du < C. The
Riesz property follows immediately from the fact that D can be
represented as a finite union of the sets DU) = Uk:k=j mod NDk
(j=0,...,N—1) and that for every choice of 1, € \II’C’?(N), the
functions wo corresponding to the cells Q from a fixed DY) form a
bounded orthogonal family

Our 4, = [P (370 — 7y Xy ) from frame 41 are
obviously from WH(N) W|th N < clog %, so the main inequality of

frame 42 is done, and YES the abundance of geometrically flat
cells is completely established.
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frame 47. Lipschitz wavelet systems.

We will need them to establish the abundance of (H, A, «) flat
(not just geometrically flat) cells.

In the Lipschitz wavelet system, the set \UZQ(A) consists of all
Lipschitz functions 1 supported on B(ZQ, Al(Q)) such that

[ du=0and HwHLip < C(Q)"%L. Since y is nice, we

automatically have [ |2 du < C(A)(Q)~9u(Q) < C(A) in this
case.

If @, Q €D and ¢(Q) <¢(Q), then, for any two functions

Yo € W5 (A) and Yo € W, (A), we can have <@Z)Q,¢Q,>M #0

only if B(z,, A{(Q)) N B(zQ,,AK(Q’)) # &, in which case,

(s Yol < g liLipdiam(Q) e llugy < C(A) [ e

THEN:
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2

Z 3%

QeD

<2 Y Jagllagl -l tgd
12(p) Q,Q €D, ¢(Q)<UQ)

/ %-I—l
< c) )3 S| lagl lag

Q,Q' €D, (Q")<(Q)
B(zg AUQ)NB(z, AUQ")#2

E(Q/) d+1 ) K(Ql) ,

< C(A) > {[ ] lag? + Ss2lag|

Q,Q'€D, (Q)<(Q) UQ) U(Q)
B(zQ,AZ(Q))ﬁB(zQ,,Aé(Q’));&g

Z |:€(Ql):|d+1 <C Z <C.
Q' eD:4(Q)<UQ) E(Q) QeD: ¢(Q")<UQ)
B(z AUQ)NB(z, AUQ"))#2Z B(zo . AUQ)NB (2, AUQ"))#2

I T DRI PN P L. _ |~/
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frame 49.

We recall Flattening Lemma from frame 34, that says how to get
flat cell if it is already geometrically flat.

Lemma

Fix four positive parameters A, a, c, C. 3A’, o’ > 0 depending on
A, o, ¢, C and d such that: if H is a linear hyperplane in R9H1,

z € Rt s the affine hyperplane containing z and parallel to
H, ¢ >0, and i is a C-good finite measure in RA*t1 that is AD
regular in B(z,5A'0) with the lower regularity constant ¢. Assume
that 1 is geometrically (H,5A’, o')-flat at z on the scale ¢ and, in
addition, for every (vector-valued) Lipschitz function g with
suppg C B(z,5A'Y), g”Lip < (¢!, and [ gdu =0, one has

](R[jl,g)” <9,

Then w is (H, A, a)-flat at z on the scale .
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We already saw that all cells P (except for a rare (Carleson) family
JF1) are such that not more than N generation down inside P a cell
Q lies, which is (H, A’, o’)-geometrically flat, where A", o’ depend
on A, « as Flattening Lemma requires, and H = Hg belongs to H,
a finite family (cardinality of it depends on A, « too).

Given P, we find such @, and Flattening Lemma applied to any
w=p-1g, E D B(zg,100A'4(Q)), shows that either Q is

(H, A, a)-flat, or for each such E there exists a function g = gg
such that it is supported on B(zg,5A(Q)), [ g du =0, Lipschitz
with norm at most 1/4(Q) < C(N)/¢(P) and

(R1E,g) = o/(Q)T = c(N)/¢(P)? .

Consider 1p = 9p g = g/ﬁ(P)g. They form a Lipschitz wavelet
system WL(C), as on frame 47. Therefore,

1
P) = u(P) "2 inf R,1 > C(N)a/ .
§(P) = u(P) 2E:EDl§r(1zp,C£(P)w€S\|l;JLF?C)|< ule, ¥)l 2 C(N)a
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We know that such P can form only a rare (Carleson) family if R,
is a bounded operator in L2(p). Call it F». So by the exception of
two rare families F1, F», any other cell P € D will have inside it
and not more than N (fixed number depending on A, a)
generations down a sub-cell Q, which is (H, A, «)-flat. Here H will
be chosen from a finite family H of hyperplanes (having fixed
cardinality depending on A, «).

The abundance of flat cells is completely proved.
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frame 52. A bit of combinatorics.

Recall that our goal is to prove that the family of all non-BAUP
cells P € D is Carleson. In view of the just proved abundance of
flat cells in several fixed directions, it will suffice to show that
we can choose A, a > 0 such that for every fixed linear hyperplane
H and for every integer N, the corresponding family

F = F(A,a,H, N) of all non-BAUP cells P € D containing an
(H, A, a)-flat cell Q at most N levels down from P is Carleson.
The idea. Suppose this is not the case. Then there will be P from
F =family of non-BAUP cells containing a flat cell in a fixed
direction at most N generations down such that it can be tiled
(up to tiny measure) by arbitrarily large number of layers of
non-BAUP cells. Use now the abundance of flat cells. We can
also tile the same cell P by layers of (H, A, «)-flat cells Q (up to
tiny measure) also with as many layers as we wish.

Moreover we can alternate layers. Namely:
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frame 53. Alternating non-BAUP and flat layers.

If F is not Carleson, then for every positive integer K and every
n > 0, there exist a cell P € F and K + 1 alternating pairs of finite
layers Py, Qx C D (k=0,...,K) such that

o Po = {P}.
® Py C Fp forallk=0,...,K.
o All layers Qy consist of (H, A, a)-flat cells only.

e Each individual layer (either By, or Q) consists of pairwise
disjoint cells.

o If Q € Qy, then there exists P’ € B such that Q C P’
(k=0,...,K).

o If P" € By.1, then there exists Q € Qi such that P’ C Q
(k=0,...,K—-1).

® > gea, MQ) = (1 —n)u(P).
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frame 54. Sketch of the proof.

Suppose F is not Carleson. For every n > 0 and every positive
integer M, we can find a cell P € F and M + 1 layers

Lo,...,L,, C F, that have the desired Cantor-type hierarchy and
satisfy D preg,  H(P') 2 (1 =1 )u(P).

We will go now from the layer £, to L1y, where S = S(N) will
be large and M ~ KSN, where K is from the previous frame. We
take P’ € L, and choose Q(P’) less than N generations down,
which is flat. Those P” € Lp4n that are inside such Q(P’) we
color white, the collection of Q(P’) we color blue. Notice that at
this moment the mass of all non-colored P” € L,y is

< (1— c4- )y (P).

In those P” € L,y that are not colored again we will have
Q(P") less than N generations down that are flat, color them blue,
color white those P € L, oy that are in some of Q(P”). Notice

that at this moment the mass of all non-colored P € Lo is
< (1 ca*aN2y(p).

Alexander Volberg Solving a problem of David and Semmes



Non-colored follow non-colored, and in S steps (if S = S(N) is
sufficiently large) the portion of (P) of non-colored cells become
very small. Then we stop and put mpe, := m+ SN, we consider
only the part of layer £, sy, namely those cells of it that lie in
some white colored cells. Call it £, .

So if Lm was Py, then L] will be our P 1.

Consider all blue cells we have on the road. Take the family of
maximal blue cells out of those which we just constructed. This
will be layer of disjoint (H, A, a)-flat cells and this will be our layer
Q.

Given K, we choose S very large, ' very small. Then we make the
error in tiling 11(P) only of the order (K + 1)[1/ + (1 — c4~4IN)3],
which is as small as we wish. Lemma of frame 53 is proved.
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frame 56. Almost orthogonality. Flat layers.

Fix K. Choose € > 0, A, > 0, 7 > 0 in this order. Construct
layers as on frame 53. Consider flat layers £, ignoring the
non-BAUP layers B, almost entirely.

For acell @ € D and t > 0, define

Q:r = {x € Q : dist(x, R\ Q) > t/(Q)}.

Note that p(Q \ Q) < Ct?u(Q) for some fixed v > 0. This is
stated on frame 15. Let g be any C* function supported on
B(0,1) and such that [ ¢odm =1 where m is the Lebesgue
measure in RIT1. Put

#a = e, " e @)

Then Yo = 1 on Q3 and suppy, C Q:-. In particular, the
diameter of suppy, is at most 8((Q).
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In addition,

C C
<1 < —Q 2 < ———=.
ool <1 IVeqllie < gy V0ol < zgray

From now on, we will be interested only in the cells @ from the
flat layers Q4. With each such cell Q@ we will associate the
corresponding approximating plane L(Q) containing zZ, and
parallel to H and the approximating measure Vo = 30Y0M(q)

where a, is chosen so that

VQ(Rd+1) = /goQ du.

Both integrals fgpQ dmL(Q) and f<pQ du are comparable to
K(Q)d, provided that ¢ < %, say. In particular, in this case, the

normalizing factors a , are bounded by some constant.

Q
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Define

Gy = Z @QRH[QDQM—I/Q], k=0,....K.
QEQK

Now put

Note that

ZFm:Gk.
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frame 59. “Orthogonality” of telescopic layers.

This is almost orthogonality of “errors” (errors between genuine
and flat situations).

1
48

|[(Fk, Git1)| < o(e, a)u(P)

Assuming that e < A>5, and a < €8, we have

for all k =0,...,K — 1, where o(e, «) is some positive function
such that

a|—|>r(T)]+[a|l>rB+ 0(67 Oé)] =0.

Long and difficult. Frames 25, 26 are constantly used. And the
boundedness of R, in L2(u) is used.
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frame 59A. A flavor of the reasoning of almost

orthogonality.

This is a typical block in the proof of almost orthogonality. It is
clear that it uses frame 26 and smallness of « in flatness.

Lemma

Suppose that Q € Q. Then

Z |<RH(XQ\Q/M)790Q/RH(90Q/M_VQ/)>H|
Q'€Qk41,Q'CQ

< Ca%ﬁ&?%u(Q) .
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Now notice that Go = > ocq, ©o RH[gaQu - Z/Q] . We want to see
first that
1Goll7 < Cu(P).

As the summands have pairwise disjoint supports, it will suffice to
prove the inequality
Mlogr =%, | < Cu(Q)

lpgR 2y S

for each individual @ € Qg and then observe that

Ygen, Q) < u(P). Of course oo R™(wqull}, < Cu(Q) by

the boundedness of R,,. But the estimate

e RH(v,)|2, < Cu(Q) is not so trivial because we start with
@ QUL ()

flat measure v, := aQy@my but we send it by RH into L2(u).

Such an estimate can be obtained however by using an error

estimate of frame 26.
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At this point, we need to know that the non-BAUPness condition
depends on a positive parameter §. We will fix that 6 from now on
in addition to fixing the measure p. Note that despite the fact that
we need to prove that the family of non-BAUP cells is Carleson for
every § > 0, the David-Semmes uniform rectifiability criterion does
not require any particular rate of growth of the corresponding
Carleson constant as a function of .
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We have the identity

K

D Fi

k=0

GolP?, =
I1Goll

K K-1
=>| kHLz( | 2> (Fi, Gesady
) k=0 k=0

L5()

As we have seen on a couple of previous frames,
||Go|]i2( | < Cp(P), and the scalar products can be made
o

arbitrarily small by first choosing € > 0 small enough and then
taking a sufficiently small o > 0 depending on . So we will get a
contradiction if we are able to bound ||F|?,  for

L2(p)
k=0,...,K —1 from below by 72(P), with some 7 = 7(5) > 0

(as usual, the dependence on the dimension d and the regularity
constants of p is suppressed).

We choose very large K, then we choose

A > Ag(6),e < eo(0),n < mo(e), a < e, 9)..
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frame 63. Densely packed cells.

Fix k € {0,1,..., K —1}. We can write the function Fj as
Fo= Y F¢
Qe
where

Q _ H H
FO=poR (ogu—vg) = D woRMpgn—vy)-
Q' €Q+1,RQ'CQ

We shall call a cell Q € Qy densely packed if

Qe cq (@) = (1 —e)u(Q). Otherwise we shall call the
cell Q loosely packed. The main claim of this section is that the

loosely packed cells constitute a tiny minority of all cells in £ if
n < €.
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Indeed, we have

DR () RSl T KA\ U «
Q' eQ41,QCQ

Qe Qe
Q is packed loosely

=t ) m@) - Y uQ)

Qe Q€11

™

<e U uP)— 3 @) < Lu(P) < en(P).
Q'€Qk+1

Alexander Volberg Solving a problem of David and Semmes



We can immediately conclude from here that

> w(@) =Y mQ) - > Q)

(ISP QEN Qe
Q is densely packed Q is loosely packed
z (L =n)u(P) —ep(P) = (1 —2¢)u(P).
2

From now on, we will fix the choice n = &°.
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We claim now that to estimate ||FkHi2( | from below by 72u(P), it
“w

suffices to show that for every densely packed cell @ € Qy, we
have HFQHiZ( ) > 272u(Q). To see it, just write
o

1Fell?, = > IFCI?, > > IFQ2,
L=(n) Qe L=(n) Qe L2(n)
Q is densely packed
> Y 2r7u(Q) 2 2(1 - 2¢)r%u(P) = T2u(P),
Qe

Q is densely packed

provided that € < %.
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frame 67. Modification of measure process.

From now on, we will fix k € {0,..., K — 1} and a densely packed
cell Q € Qk. We denote by 9 the set of all cells Q" € Qg1 that
are contained in the cell Q.

Lemma

The goal of this section is to show that there exists a subset Q' of
Q such that 3~ o cq i(Q') > (1 — Ce)u(Q) and

Q He, _ _
179l 2 SIRH W = vl 2., — o )Vi(Q),

where v =3 ooy Ve and o(e, ) is some positive function such
= 0.

that lime_04[lima—o0+ o(e, )]
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The proof is long and technical, but looking at

Q@ _ o R ) — Hlp 1o
FO =R (pqn—14) Y. eeRMegn-ry)
Q' €Qu+1,Q'CQ

we see that the claim is at least natural, as it says that 1 “cancels”
out inside Fg, and we also replace p outside in ”FQHB(H) by the

measure v consisting of flat pieces parallel and close to flat vq.
The statement of the lemma holds with

o(e,a) = Cle7 + aze 7 + a9,
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frame 69. Next measure modification. Reflection

trick.

Fix a hyperplane L parallel to H at the distance 2A¢(Q) from
suppu N Q. Number A is small compared to € and large compared
to . Let S be the (closed) half-space bounded by L that contains
suppu N Q. For x € S, denote by x* the reflection of x about L.
Define the kernels

RM(x,y) = RM(x — y) — RM(x* — y), X,y €S

and denote by RH the corresponding operator. We will assume
that a << A, so the approximating hyperplanes L(Q') (Q" € Q)
and L(Q), which lie within the distance af(Q) from suppu N Q are
contained in S and lie at the distance A¢(Q) or greater from the
boundary hyperplane L.
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frame 70.

Lemma

The goal of this section is to show that, for some appropriately
chosen A = A(w,€) > 0, and under our usual assumptions about
e, A, and a, we have

IR = 1)l 5,y 2 IRV, — 0(e,0)v/i(Q)

where, again, o(e,) is some positive function such that

al—lgl-&-[all)rg-f— U(E, Oé)] =0.

Let T be operator with kernel R”(x* — y), RH with

RH(x — y) — RH(x* — y). To compare ||RH (v — vg)|| with |Ry|
one needs to estimate ||R"vg — Tv||, so one needs two
smallnesses: 1) ||R"vg — Twg|; 2) | T(v — vg)| (all norms in

“(
L=(v)).
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frame 71. Explanation of |[R"vg — Tvgl|| smallness.

Elementary estimates:
C .
a) ”RHVQHLip ] (smoothness of ¢q is needed),

CcA
therefore b) [Rv (x) — Trg(x)| < ||RH1/Q||Lip|A£(Q)| <

Thus, [[Rfvg — Trgllw) < L2/u(Q).
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frame 72. Explanation of || T(v — vg)|| smallness.

Obviously
IRAC ) ) < o and [RE( =) < S
L>=(S) — Adg(Q)d Lip(s) — Ad"'lﬁ(Q)d“‘l
Hence,
1T =i
H; *
< spRAC =)l )

ye(suppuusuppu )
C C
e < — .
= Ad+1g(@)d+1“(c‘)) = AdHY(Q)

Similarly, ||T(1/ y)||LOO(5) . Thus, by frame 25
1 1 1
< \d+2

< CaAf2d71€flg(Ql)d < COéAi2d71€71,U,(QI).



frame 73. Explanation of || T(v — vgq)| ;2(,) smallness.

Now we want to sum up over @ € Q’, where the last set was
mentioned on frame 67: for our goals now it can be considered as
the whole collection of Q" € Q.1 lying inside our Q € Q. Let
® =) oco P Summing over Q' € Q', we get

[1Twg-nPdv < [1Tlg=0)P d@m+Can11y(@).
The last integrand we write as
T(vg —v) =(Tvg — Tegu) + (Tequ— Tou) + (TOu—Tv).

We estimate the smallness of each term in L?(®u) (or, which is
practically the same, L%(1g)) on the next 3 slides.
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frame 74. Explanation of || T(oqu — 1)l 12(ep)

smallness.

On the other hand, applying frame 25 again, we see that for every
X € SUppL g,

[T(oqu gl = | [ R(x" = Yo = vg)

< Cat(@TEIRY(x =)l o Iegly

: < CaA=9711

1
d+2
< Cal(Q) ATTT(Q)I T e4(Q)

as an obvious estimate (from frame 72) is used with exchanged
x,y: |RH(x* — ')”Lip(S) < W Hence,
” T(‘)OQ,U - VQ)HL2(¢M) < CalA=9 1! M(Q)
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frame 75. Explanation of || T(®u — v)||2p)

smallness.

Similarly to the previous slide, for every Q' € ', we have

[Tt~ v ()| =| [ RO = Jaltog i v)

< Cat(@)* IR — Vg o ey
nd+2 1 1
< Cal(Q) AIFTY(Q)H =4(Q')
@) 1 (Q)
< Cal~ d— 1 1 < CalA~ d— 1 1 )
2(Q)7 ~ 1(Q)

Summing these inequalities over Q' € ', we get

T(dp—v)](x)| < CaA™¥ e vx € suppp , ,
Q

—d—1_.-1
therefore || T®u — Tv|[ 29, < Cal e/ 1(Q).



frame 76. Explanation of || T (P — pgu)ll2(ep

smallness.

Since the operator norm of T in L2(MQ) is bounded by a constant,
(this is because

RI(x* —y) = Rgz(o)(x )+ R —y) - RZ((Q)(X -yl

and the last kernel has Poisson estimate in absolute value) we have

w(Q)

X

by the fact that the union of Q" € Q' take (1 — Ce)-portion of
measure p of cell Q (see Lemma on frame 67). Thus, we finally get

H
IR o)l
> HﬁHVHB(V)—C €7 + Ae 2+ aiA T 2 aA*dflefl} Vi(Q).
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Now we choose A = 3 and o = £€ with large C. We come to the
point that we need to estimate from below the Riesz Energy

1Rz,

where v 1= " 6/cqr 0rco V@ - It is truly desirable to have
HﬁHV”L?(y) > ... using another than € constant. To give a

d-breath. The subset ' of the set {Q": Q' C Q, Q" € Qx11} is
chosen in Lemma on frame 67. In fact, it is almost the whole
{Q': Q@ C Q,Q € Qii1}, the difference being the use of a
certain Marcinkiewicz function to choose £'. B

To estimate Riesz Energy we need function ¢, RHy =1 on v
and such that: see frame 88. For that we need first non-BAUP
layer P41 tiling Q over Qg1 and special family of cells in it.
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frame 78. A collection of P’s (inside Q) of

non-BAUP layer ;..

One can construct (under our usual assumptions of ¢ is sufficiently
small in terms of §, A is sufficiently large in terms of 4, « is
sufficiently small in terms of € and §), a family ' C PBx41 such
that

@ Every cell P C B’ is contained in Q. and satisfies

(P <206 H(Q).
e ZP’G&B’ u(P) = cp(Q).
e The balls B(z,,,10¢(P")), P' € B’ are pairwise disjoint.

@ The function

_ (G I
h(x) = P%, [E(P’) + dist(x, P)

P/’

satisfies | h[|,.. < C.
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79. Figure.

We start with showing that every §-non-BAUP cell P’ contained in
@ has much smaller size than Q. Indeed, we know that

suppy N B(z,, Al(Q)) is contained in the al(Q)-neighborhood of
L(Q) and that B(y, al(Q)) Nsuppu # & for every

y € B(zy,, Al(Q)) N L(Q). Suppose that P" C Q is -non-BAUP. If
A > 5, then

B(x P,,E(P')) - B(zQ,SZ(Q)) C B(zQ,AE(Q)).
Moreover, since Ypr — Xp € H, we have
dist(y,,, L(Q)) = dist(x,,, L(Q)) < al(Q).

Let y;, be the projection of y,, to L(Q). Then

5 = Ypl < al(Q) and |y;, — 25| < |y, — 25| < AU(Q). Thus,
the ball B(y,,,2a/(Q)) D B(y;,,aE(Q)) intersects suppy, so
SU(P") < 204(Q), ie., £(P) <226 1(Q).



Let now P = {P" € Px+1: P’ C Q}. Consider the Marcinkiewicz

function gil
E(PH)
N _
“)= 3 [t
=

The standard argument with integration it over @ shows that

> g(P)u(P) < Gu(Q)

Pep

for some C; > 0 depending on the dimension d and the goodness
parameters of y only. Define

P={P eP:P CcQ.,g(P)<3G}.
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Note that

STouPy= D" wP)- > wPYy- > (P .
P’ e Pep P eP:P'¢ Q- P'eR:g(P")>3C
However,

S uP) = Y @) = (1 u(Q).

Pep Qe

Further, since the diameter of each P’ € %3 is at most

80(P") < 8ad14(Q), every cell P’ € B that is not contained in Q.
is contained in Q \ Q, provided that o < %55. Thus, under this
restriction,

> u(P) <@\ Q) < C7p(Q).
P'eP:P' ¢ Qe
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Further, since the diameter of each P’ € 3 is at most

8((P') < 8ad~14(Q), every cell P’ € 3 that is not contained in Q-
is contained in Q \ Q, provided that o < %55. Thus, under this
restriction,

Z p(P) < pu(Q\ Q) < Ce™p(Q).
PIEP-P ¢ Q.

Finally, by Chebyshev's inequality,
P'eB:g(P)>3C

Bringing these three estimates together, we get the inequality
> pregs M(P') > 21(Q), provided that A, ¢, o satisfy some
restrictions of the admissible type.
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frame 83. Vitali’'s lemma sparceness.

Now we will rarefy the family 3* a little bit more. Consider the
balls B(z,,,,10{(P’)), P" € P*. By the classical Vitali covering
theorem, we can choose some subfamily B’ C P* such that the

balls B(z,,,,10{(P’)), P’ € 3’ are pairwise disjoint but

U B(z..30¢(P) > | Blz,,10¢P) > ] P
PIG(B/ P/e&lg* Plqu*

Then we will still have

> uP)=c Yy UP)

P/ efp/ Pl G(B/

> 3 Bz 300PY) 2 ¢ S0 w(P) = cu(@).

P/ e(‘p/ Pl em*

The estimate on h =} p/cqy [W} ollows from

the Marcinkiewicz choice of B*.
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frame 84. Die Zubereitung fiir ¢, n: v = A [" 1.

Fix the non-BAUPness parameter § € (0,1). Fix any C* radial
function 7o supported in B(0,1) such that 0 <ng <1 andny =1
on B(0, 3). For every P' € 93/, define

100 =0 (5550500 ) =0 (g =)

Note that 7, is supported on the ball B(z,,,6¢(P’)). This ball is

contained in Q, provided that 12061 < ¢ (recall that
((P') < 2a071(Q) and P' C Q.). Also 7, > 1 on B(x,,, $((P"))
and the support of the negative part of Npr is disjoint with suppu.

Put
n= > n,.

Prey
Since even the balls B(z,,,, 10{(P')) corresponding to different
P’ € B’ are disjoint, we have —1 <7 < 1.
We want to show that [ 7 dv > ¢(6)u(Q) with some ¢(d) >.0.



Obviously, [ndp > c(d)pu(Q) with some ¢(d) > 0. This is
because of the choice of 3’ and because, where 7 is negative does
not carry any mass .

Moreover,

[noduz [ du| [ (o= du| = cOu(@-0(Q) = 5u(@).

So we need to estimate as a small thing [ n(d®p — v), which is
the sum over Q' € Q' of [n(dpg u — vqr). By frame 25 we have

| [ n(dean—vo)l < Cat(@)* e ILip Il Lipuppeg) <

_ _ Q")
Coe 0(Q) L |n]ly ; < Cae (@ sup .
(@) WllLipsuppeq) ( /)w: B(zpr,66(P))N Q.20 GL(P')

For Q' C P’, fine. Otherwise Q' NP =0, B(zp:/,6¢(P)) N QL # 0
give C/(P") > &f(Q'). And again smallness of o kills all 72571,



frame 86. Vector field .

Fix P € B'. Let ep, be the unit vector in the direction y,, — x,,.
Put

0
up, (x) :/ Np (X + tey,) dt.

—00

Let us think that H is parallel to x411 = 0 and that e; = ep/ (this
is without loss of generality). Then 0;u = 7. But
R = (0,... ,ad)M%. Therefore,

1
RHAu:RHA/n:(al,...,c‘)d)Mdl*A/n:(81,...,8d)/n.

We showed that
R AL = 81/77 =1.
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Since the restriction of Np to any line parallel to €p consists of
two opposite bumps, the support of Up, is contained in the convex
hull of B(x,,,,6¢(P")) and B(y,,,d{(P')). Also, since

||VJ'77P/||L(,o < C(j)[64(P")]~ and since suppr),, intersects any line
parallel to e,, over two intervals of total length 45¢(P’) or less, we
have

Pl

0 .
V0l < [ (T o+ tep < = C0

for all j > 0. Define the vector fields

Vo =(Bup ey, b= > Y,

Preg
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Then, clearly, (R")*(¢ym) = 1 and all below are satisfied
(m:=mgy1):
° Y= Zp/em' Y, Suppy C S,
dist(suppw, L) > Al(Q) = 34(Q).
® v, is supported in the 2¢(P’)-neighborhood of P’ and
satisfies

C C
- < o S Sapnz
[0 =0 1Wollie < Somye Mol < 2057

® J1v]dm < Co7u(Q),
o (RM)*(ym) =n.
o [T (WM (suppw)

o [RA(Ilm)l 1, < C3HV/u(@).

< Cad=2¢73d-3,
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In fact,
[1vldn= 3" [1u,ldm< ¢ 3 (5P m(B(z,0.66(P)
Plem/ PIG(B/
<SG UPY <G Y (P < G Q).
Pleﬁp/ P/em/

To get the uniform estimate for T*(1)m), note that

1m0l = | [1R¥( =)o) | < €574 R0 )

(P 2 p—d-11(P")
— 2 < Cad °A

HQ)FT = Q)
for every x € suppr (we remind the reader that

{(P") < 2a671(Q)). Adding up and recalling our choice A = 3:

/
< Cag—2:-3d-3 Z (P < Cag—2:-34-3
proy Q)
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frame 90. The bound of ||R"(|1| dm)||2(,)-

First we estimate ||R" (|| dm)||2(,.4)- And then use our transfer
estimates midificating the measure as it has been already done
many time before.

Recall that for every P’ € ', we have [ [y, |dm < Co~(P).
Hence, we can choose constants b, € (0, C571) so that

¥ p [m— by, X is a balanced signed measure, i.e.,

F=> boXp -

Prep

Let

Our goal is to prove first
[RF(wlm)| < C6~1 + [RA(Fu)[ + D Xy R (bpxpit)]
Ple
where for each P’ € ', denote by V/(P’) the set of all points

x € RITL such that dist(x. P} < dist(x. P") for all P € ",
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This estimate of |RY(|1)|m)| from the previous slide converts to
converts into

IRM(||m)

2
||L2(Mo)

-2 2 2 -2
< €M@ I 3 g iy | < OO PHQ)

which we wanted. To get the pointwise estimate of frame 90 we
write for x € V(P').

[RY([olm — Fi)l(x) = [RM (|4, Im)I(x) = [R¥ (b Xy )] (X)
+ Z [EH(‘wp//‘m_ bp//Xp//“)](X)'

P// efpl’PN#Pl
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If x € V(P') and cells are Vitali disjoint, then
dist(x, P") > cl(P") and so

R = by gl )| = | [ K= 00 = By g
= | 1= ) = KA 2 0 )

< 2K (x ) = K= 2y [ 0]

Ce(P")

§ (P")
= dist(x, P")3+

d+1
(P + dist(x, P”)] ’

§H(PY < Cot [

and the same for RY(x* — y). Hence all this huge sum on the
previous slide is < 671h(x) < C/6 by the Marcinkiewicz choice of
', see slide 78.
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Note also that _
IR (¢ s Im) [l < C6

(this is just the trivial bound C/(P’) for the integral of the

absolute value of the kernel over a set of diameter 12¢(P’)

multiplied by the bound WC,;,) for the maximum of [, |).

Therefore,

IR (|v|m) < C5%u(Q)

2
HL2(MQ)

is proved, and then we (non-trivially, but habitually) transfer this
into

IRM(||m) < C5%u(Q).

2
I
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frame 94. Smearing of the measure v

Exactly as in the beginning of the lectures we replace the measure
v by a compactly supported measure v that has a bounded density
with respect to the (d + 1)-dimensional Lebesgue measure m in
RY*+1. More precisely, for every s > 0, we will construct a measure
v with the following properties:

@ U is absolutely continuous and has bounded density with
respect to m.

e suppr C S and dist(suppv, L) > AU(Q).

o 7(S) = () < 1(Q).

o [ndv> [ndv— s

o [IRM(ly|m)2dv < [|RM(|y)|m)[? dv + 5.
o [|RFD2dv < [|RHV|2 dv + ».
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frame 95. Suppose HEHVHLz(,/) < M\u(Q) with tiny ).

Then, choosing sufficiently small smearing parameter we get very
small ¢ > 0 and we can ensure that the measure v constructed in
the previous section, satisfies

/\§H§|2dﬁ< )\M(Q),/ndﬁz eu(o),/\ﬁ”(\w\m)F dv < Ou(Q)

where 6,© > 0 are two quantities depending only on § (plus, of
course, the dimension d and the goodness and AD-regularity
constants of p).

Our aim is to show that if A = A(d) > 0 is chosen small enough,
then these three conditions are incompatible.

Then of course ”RHI/HLz(V) > A\u(Q) with not-so-tiny A, and
almost orthogonality finishes the contradiction.
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frame 96. Extremal problem.

For non-negative a € L°°(m), define v, = av and consider the
extremal problem

=(a) = M Q)llall oy + / |RM%,2dv, — min

under the restriction [ 7 dv, > 6u(Q). Note that since 7 is
absolutely continuous and has bounded density with respect to m,
the measure 7, is well defined and has the same properties.

The first goal is to show that the minimum is attained and for
every minimizer a, we have ||a||L°°(m) <2 and

IRMT,12 + 2(RMY[(RM7,)7.] < 6A071

everywhere in S. This is done precisely as in the beginning of the
lectures. Review.
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frame 97. Contradiction: why this smallness is

impossible?

Integrate the last inequality against |¢)| dm, where v is the vector
field constructed recently on frames 88-93. We get

[ IR oldm 2 [ (R (R#%)]] - 10] dm
<6X! / lwldm < CAO7L6 (@) .

Rewrite the second integral on the left as

/<§Hﬁa,§’4(\¢|m)> dv,.
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Then, by the Cauchy inequality,

[ (@ 1R z)5.1] 0] dm

[/\R” 2d41 Uﬁ*’uwrm)Fsz
<=t |/ |ﬁ”(|w|m)|2daa]é .

Recall that || < 2, so we can replace 7, by 7 in the last

integral losing at most a factor of 2. Taking into account that

[ IR (im)? 07 < ©u(@)

e my

we get
~ 1
[ (R (R 161 dm| < € el (@)



Thus,
[ IRA5 ol dm <( [ (R4l am) ([ o] dm)t 2 CON0(Q).
In particular, [(RH%,,4) dm < C(5)A\#u(Q). However,
[R50y dm = [ (R (o) 07,
— [y v, [(T*(wm)) a7 = [ nd7,-o(e,)ou(5)

This yields

N D

/[(ﬁH)*(wm)] dv,z 0u(Q)—o(e, a)va(S) = [0-20(e, )] u(Q) = S1(Q)
if € and « are chosen small enough (in this order). Thus, if A has

been chosen smaller than a certain constant depending on § only,

we get a contradiction.
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