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Abstract

Let H, H0 be a pair of selfadjoint operators whose difference V = H − H0 is trace-class
and has a definite sign. In this case a new (integral) representation for the Krĕın spectral
shift function of the pair H, H0 in terms of the spectral characteristics of the boundary
values of the operator |V |1/2(H0 − zI)−1|V |1/2 is obtained. This representation is extended
to the case of perturbations V of a definite sign which satisfy some rather broad conditions
of the relatively trace-class type. Applications of this result include pointwise estimates for
the spectral shift function and sufficient conditions for its continuity.

0 Introduction

Let H0 and H be selfadjoint operators in a Hilbert space H and let their difference, V , be
trace-class:

V := H − H0 ∈ S1. (0.1)

Then, there exists a spectral shift function (SSF) ξ(λ;H, H0) for the pair H, H0 which plays an
important role in the spectral theory. The SSF was first introduced by I. M. Lifshits [1] (on a
formal level) and M. G. Krĕın [2]. For an exposition of the modern stage of the SSF theory, see
the review [7] and the book [9]; one can find a detailed bibliography on the subject there. The
Krĕın’s Theorem (see [2], [3]) provides a representation for the SSF in terms of the boundary
values of the perturbation determinant of the pair H0, H:

ξ(λ;H, H0) =
1
π

lim
ε→+0

arg det(I + V (H0 − (λ + iε)I)−1), a.e. λ ∈ R (0.2)

where the branch of the argument is fixed by the condition:

arg det(I + V (H0 − zI)−1) → 0, Im z → +∞.

The SSF is related to the scattering matrix S(λ;H, H0) by the Birman-Krein formula (see [4]
as well as [7],[9]):

det S(λ;H, H0) = e−2πiξ(λ;H,H0), a.e. λ ∈ σac(H0). (0.3)
∗supported by the Royal Swedish Academy of Science (project number 1400)
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This connection allows one to interpret SSF as a scattering phase and stimulates its investigation
in quantum-mechanical problems.

The main result of the present paper is Theorem 1.1 which provides a new representation
for the SSF (see (1.7) below) in terms of the spectral characteristics of the boundary values
of the “sandwiched” resolvent of H0 in the case of perturbations V of a definite sign. To a
certain extent, this representation can be considered as the Birman-Schwinger principle on the
continuous spectrum. In the Theorem 1.2 the representation (1.7) is extended to the case of
relatively trace-class perturbations (see conditions (1.8)-(1.11) below). This result allows us to
obtain some pointwise estimates for the SSF (Corollaries 2.3 and 2.4) which are convenient for
applications and a sufficient condition for the continuity of the SSF with respect to the spectral
parameter (Corollary 2.6). Note that some pointwise estimates for the SSF close to Corollaries
2.3 and 2.4 were obtained earlier in [14] (without the restriction on the sign of a perturbation)
on the basis of the formula (0.2) using the invariance principle.

The representation (1.7) is well adapted for the computation of the asymptotics of the SSF
in the large coupling constant in concrete problems. Another paper will be devoted to these
applications.

The proof of the representation (1.7) is based on some abstract operator formulas which are
close to (0.3) (see Lemmas 3.1, 3.2). Similar relations (for another purpose) were used in [15],
[16] (see also [8], [9]).

In §1, 2 we formulate the main results of the paper and their applications, while the proofs
are presented in §3-5.

The author is deeply grateful to professor M. Sh. Birman for suggesting the problem and
his constant attention to the work. The author is grateful to professor A. Laptev and the Royal
Institute of Technology, Stockholm, where the work was completed, for the hospitality.

1 Main results

1. Notations Below H, H1, H2 are separable Hilbert spaces. By ρ(A), σ(A), σp(A), σc(A),
σac(A) we denote respectively the resolvent set, the spectrum, the point spectrum, the continuous
spectrum and the absolutely continuous spectrum of a linear operator A. For a selfadjoint
operator A let EA(δ) be the spectral measure of a Borel set δ ⊂ R and 2A± = |A| ± A. By
S∞(H1,H2) we denote the Banach space of compact operators from H1 to H2; S∞(H) :=
S∞(H,H). For T = T ∗ ∈ S∞(H) and s > 0 let n±(s, T ) = dim RanET±(s,+∞), and for
T ∈ S∞(H1,H2) and s > 0 let n(s, T ) = n+(s2;T ∗T ). Recall (see, e.g., [17]) the estimates
which are equivalent to the Weyl inequalities for selfadjoint operators T1, T2:

n±(s1 + s2, T1 + T2) ≤ n±(s1, T1) + n±(s2, T2), s1, s2 > 0 (1.1±)

and their corollaries

n±(s, T1 + T2) ≥ n±(s + s2, T1) − n∓(s2, T2), s, s2 > 0. (1.2±)
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For 0 < p < ∞ a class Sp(H1,H2) ⊂ S∞(H1,H2) is defined as the set of all compact operators
T such that the following functional is finite:

‖T‖p
Sp

:= p

∫ ∞

0
sp−1n(s, T )ds.

Functional ‖ · ‖Sp is a norm for p ≥ 1 and a quasinorm for p < 1. For 0 < p < ∞ a class
Σp(H1,H2) ⊂ S∞(H1,H2) is defined (see [17]) as the set of all compact operators T such that
the following functional (which is a quasinorm) is finite:

‖T‖p
Σp

:= sup
s>0

spn(s, T ).

For a measurable set δ ⊂ R its Lebesgue measure is denoted by mes δ.
Formulas and statements with double indices (± and ∓) are understood independently, as

pairs of formulas and statements in one of which all indices take their upper values while in
another – the lower ones.

2. Trace-class perturbations Let H be a basic and K an auxiliary Hilbert space, and H0

be a selfadjoint operator in H. Let
G ∈ S2(H,K) (1.3)

and
V := G∗G(∈ S1(H)). (1.4)

Define the operators
H± = H0 ± V. (1.5)

For Im z > 0 we denote

T (z) = G(H0 − zI)−1G∗, A(z) = Re T (z), K(z) = Im T (z). (1.6)

It is well-known that under the condition (1.3) the operator-valued function T (z) has limit
values as z → λ + i0 in S2(K) (and even in Sp(K) for any p > 1) for a.e. λ ∈ R; in this case
K(λ + i0) ∈ S1(K), K(λ + i0) ≥ 0. See [11], [9] and [12] for the case p > 1.

Below we formulate the main result of the paper.
Theorem 1.1 Suppose condition (1.3) holds. Then for a.e. λ ∈ R the SSF ξ(λ;H±, H0)

admits the following representation via the converging integral:

ξ(λ;H±, H0) = ± 1
π

∫ ∞

−∞

dt

1 + t2
n∓(1, A(λ + i0) + tK(λ + i0)). (1.7±)

Let us discuss the formula (1.7). First suppose λ ∈ R ∩ ρ(H0). Then (1.7) transforms into
the relation from [14]:

ξ(λ;H±, H0) = ±n∓(1, G(H0 − λ)−1G∗)

which can be considered as a certain variance of the Birman-Schwinger principle. The case of λ
lying on the continuous spectrum σc(H0) is most interesting. Here, the integral in (1.7) performs
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a “smoothing” of the integer-valued function n∓(1, A(λ + i0)). Note that the integral converges
due to the inclusion K(λ + i0) ∈ S1(K).

3. Relatively trace-class perturbations Below we extend the formula (1.7) to a broader
class of perturbations V . We consider only the case of semibounded from below operators H0.

Let H0 be a selfadjoint semibounded from below operator in a Hilbert space H. Fix γ ∈ R
so that

H0 + γI ≥ I. (1.8)

Let G be a closable operator from H to an auxiliary Hilbert space K, such that DomG ⊃
Dom (H0 + γI)1/2. Then the operator G(H0 + γI)−1/2 is bounded. We suppose that a more
restrictive condition holds true:

G(H0 + γI)−1/2 ∈ S∞(H,K). (1.9)

Moreover, suppose for some m > 0

G(H0 + γI)−m ∈ S2(H,K). (1.10)

The inclusion (1.9) means that the operator V = G∗G is compact with respect to H0 in the form
sense. This allows one to define the operators (1.5) via the corresponding sesquilinear forms.
We suppose that for some l > 0, λ0 < inf σ(H0) ∪ σ(H±) the following condition holds:

(H± − λ0I)−l − (H0 − λ0I)−l ∈ S1(H). (1.11)

This enables one to define the SSF ξ(λ;H±, H0) on the basis of the invariance principle (see,
e.g., [7]). As above, we introduce the operators (1.6), which are compact in K due to (1.9). By
(1.9), (1.10), for a.e. λ ∈ R the operator T (z) has limit values as z → λ + i0 in S∞(K) and
K(λ + i0) ∈ S1(K); see Lemma 4.1 below. Thus, under the above conditions both left and right
sides of (1.7) are well-defined.

Theorem 1.2 Suppose conditions (1.8)–(1.11) hold true. Then for a.e. λ ∈ R the SSF
ξ(λ;H±, H0) admits the representation (1.7).

2 Applications of the main results

In this section by means of an elementary analysis of the right side of the representation (1.7)
we obtain estimates for the SSF and a sufficient condition for the continuity of the SSF.

1. Estimates for the SSF
For the operators

A = A∗ ∈ S∞(K), K = K∗ ∈ S1(K) (2.1)

let
ξ± =

1
π

∫ ∞

−∞

dt

1 + t2
n∓(1, A + tK). (2.2)

One easily checks that the conditions (2.1) are sufficient for the convergence of the integral (2.2).
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Lemma 2.1 Suppose conditions (2.1) hold true and K ∈ Sp(K) for some p ≤ 1. Then for
the quantities ξ± defined by (2.2), the following estimates hold true:

ξ± ≤ inf
0<ε<1

(n∓(1 − ε, A) + ε−pµp(ε, K)‖K‖p
Sp

) (2.3±)

ξ± ≥ sup
ε>0

(n∓(1 + ε, A) − ε−pµp(ε, K)‖K‖p
Sp

) (2.4±)

where µp(ε, K) obeys

0 ≤ 2πpµp(ε, K) ≤ (1 − p)
1−p
2 (1 + p)

1+p
2 , µp(ε, K) → 0 as ε → +0. (2.5)

Similar estimates hold true for the class Σp replacing Sp.
Lemma 2.2 Suppose conditions (2.1) hold true and K ∈ Σp(K) for some p < 1. Then for

the quantities ξ± defined by (2.2), the following estimates hold true:

ξ± ≤ inf
0<ε<1

(n∓(1 − ε, A) + ε−p(2 cos(πp/2))−1‖K‖p
Σp

) (2.6±)

ξ± ≥ sup
ε>0

(n∓(1 + ε, A) − ε−p(2 cos(πp/2))−1‖K‖p
Σp

). (2.7±)

Lemmas 2.1, 2.2 immediately imply the following corollaries.
Corollary 2.3 Suppose that under the hypothesis of Theorem 1.1 or 1.2 the representation

(1.7) holds true at some point λ ∈ R and K(λ+i0) ∈ Sp(K) for some p ≤ 1. Then the estimates
(2.3)–(2.5) are valid with ±ξ± = ξ(λ;H±, H0), A = A(λ + i0), K = K(λ + i0).

Corollary 2.4 Suppose that under the hypothesis of Theorem 1.1 or 1.2 at some point λ ∈ R
the representation (1.6) holds true and K(λ + i0) ∈ Σp(K) for some p < 1. Then the estimates
(2.6), (2.7), are valid with ±ξ± = ξ(λ;H±, H0), A = A(λ + i0), K = K(λ + i0).

Remark Using the monotonicity of the SSF, that is, the inequalities

ξ(λ;H0 − V−, H0) ≤ ξ(λ;H0 + V, H0) ≤ ξ(λ;H0 + V+, H0)

it is easy to obtain estimates analogous to (2.3)–(2.7) for the perturbations V without the
restriction on the sign.

For comparison, below we present the estimates from [14]. For simplicity, consider the case
of the trace-class perturbation V of the type (1.4). In [14], provided that the operators (1.6)
have boundary values in Sp(K), 0 < p < ∞, the following estimates have been proved:

|ξ(λ;H±, H0)| ≤ Cp(‖K(λ + i0)‖S1 + ‖T (λ + i0)‖p
Sp

), p ≥ 1

and
|ξ(λ;H±, H0)| ≤ Cp‖T (λ + i0)‖p

Sp
, p < 1.

Similarly, provided that the operators (1.6) have boundary values in Σp(K), 0 < p < ∞, the
following estimates have been proved:

|ξ(λ;H±, H0)| ≤ Cp(‖K(λ + i0)‖S1 + ‖T (λ + i0)‖p
Σp

), p ≥ 1

5



and
|ξ(λ;H±, H0)| ≤ Cp‖T (λ + i0)‖p

Σp
, p < 1.

Note that the scope of applications of the estimates (2.3)–(2.7) is broader, for they do not
require A(λ + i0) to belong to the classes Sp, Σp.

2. Continuity of the SSF
Lemma 2.5 Let operators A = A∗ ∈ S∞(K), K = K∗ ∈ S1(K), Aj = A∗

j ∈ S∞(K),
Kj = K∗

j ∈ S1(K), j ∈ N be such that ‖Aj − A‖ → 0, ‖Kj − K‖S1 → 0 as j → ∞. Suppose
that for some z0 ∈ C: ∓1 ∈ σ(A + z0K). Then, for j → ∞

∫ ∞

−∞

dt

1 + t2
n∓(1, Aj + tKj) →

∫ ∞

−∞

dt

1 + t2
n∓(1, A + tK). (2.8±)

The above lemma implies the following sufficient condition for the continuity of the SSF.
Corollary 2.6 Suppose that the hypothesis of Theorem 1.1 or 1.2 holds true, and for some

interval δ ⊂ R the operator-valued function A(λ + i0) is continuous in λ ∈ δ in S∞(K), and
K(λ + i0) is continuous in λ ∈ δ in S1(K). In addition, let ∓1 /∈ σ(A(λ + i0) + iK(λ + i0))
for all λ ∈ δ. Then for a.e. λ ∈ δ the SSF ξ(λ;H±, H0) coincides with a continuous in λ ∈ δ
function.

The proofs of Lemmas 2.1, 2.2, 2.5 are given in §5.

3 Proof of Theorem 1.1

1. In the course of the preliminary considerations (see Lemmas 3.1 and 3.2 below) it will be
convenient for us to impose on the operator G a less restrictive condition than (1.3) in Theorem
1.1:

G(|H0| + I)−1/2 ∈ S2(H,K). (3.1)

The proof of Theorem 1.1 depends on some abstract relations close to (0.3). The part of a
scattering matrix in our considerations is taken by the following operator in K:

S±(z) = I ∓ 2iK1/2(z)(I ± T (z))−1K1/2(z) (3.2)

where Im z > 0.
Remark Due to the identity

(I ± G(H0 − zI)−1G∗)(I ∓ G(H± − zI)−1G∗) = I (3.3)

which holds true under the condition G(|H0|+I)−1/2 ∈ S∞(H,K)), the inverse operator in (3.2)
exists for all z ∈ C \ R (see [9], §1.9, 1.10).

Operators of the form (3.2) have been introduced and studied in [15], [16] (see also [8], [9]).
Below for the sake of brevity we omit variable z in the notations A, K, S± if it does not lead to
a confusion. In the next lemma we collect the properties of the operators S± that we shall need
later on.

6



Lemma 3.1 Let G satisfy the condition (3.1). Then for the operators S± the following
properties hold true:

(i) for any z, Im z > 0, the operators S±(z) are unitary in K and S±(z) − I ∈ S1(K);
(ii) ‖S±(z) − I‖S1 → 0 for Im z → +∞;
(iii) for any z, Im z > 0 and any ϕ ∈ (0, 2π) the following relation holds:

eiϕ ∈ σp(S±(z)) ⇐⇒ ∓1 ∈ σp(A(z) + cot(ϕ/2)K(z)) (3.4±)

where the dimensions of the corresponding eigenspaces coincide;
(iv) for any compact set Ω ⊂ {z ∈ C | Im z > 0} there exist the numbers ϕ

(±)
0 ∈ (0, 2π) such

that:
∀z ∈ Ω : σ(S+(z)) ⊂ {eiϕ | ϕ ∈ [ϕ(+)

0 , 2π]} (3.5+)

∀z ∈ Ω : σ(S−(z)) ⊂ {eiϕ | ϕ ∈ [0, ϕ
(−)
0 ]}. (3.5−)

Proof (i) was proved in [16] (see also [9]).
(ii) Let us write the operator T (z) as

T (z) = G(|H0| + I)−1/2 |H0| + I

H0 − zI
(G(|H0| + I)−1/2)∗.

Since (|H0|+I)(H0−zI)−1 s→ 0 for Im z → +∞, by (3.1) we obtain ‖T (z)‖S1 → 0 as Im z → ∞.
This immediately implies (ii).

(iii) To be definite, let us check (3.4+):

eiϕ ∈ σp(S+) ⇐⇒ eiϕ ∈ σp(I − 2iK(I + A + iK)−1)

⇐⇒ eiϕ ∈ σp((I + A − iK)(I + A + iK)−1)

⇐⇒ 0 ∈ σp((I + A − iK − eiϕ(I + A + iK))

⇐⇒ 0 ∈ σp((I + A + cot(ϕ/2)K) ⇐⇒ (−1) ∈ σp(A + cot(ϕ/2)K)

and the dimensions of the corresponding eigenspaces coincide.
(iv) To be definite, let us prove (3.5−). By (3.4−), it is sufficient to prove existence of such

t0 > 0 that:
∀z ∈ Ω, ∀t ≥ t0 : σ(A(z) − tK(z)) ⊂ (−∞, 1). (3.6)

Then for t0 = − cot(ϕ(−)
0 /2) we will have (3.5−). To prove (3.6), let us take arbitrary z =

λ + iε ∈ Ω and note that

A(z) − tK(z) = G
H0 − (λ + tε)I
(H0 − λI)2 + ε2

G∗

≤ G(|H0| + I)−1/2 (|H0| + I)
(H0 − λI)2 + ε2

(H0 − (λ + tε)I)+(G(|H0| + I)−1/2)∗. (3.7)
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Consider the operator in the right-hand side of (3.7). Since Ω is a compact in {z ∈ C | Im z > 0},
there exist ε0 > 0 and λ1, λ2 ∈ R, λ1 < λ2 such that Ω ⊂ {z ∈ C | Im z > ε0, λ1 < Re z < λ2}.
From here one gets:

|H0| + I

(H0 − λI)2 + ε2
(H0 − (λ + tε)I)+ ≤ |H0| + I

(H0 − λI)2 + ε2
0

(H0 − (λ1 + tε0)I)+

≤ (|H0| + I)(H0 − λ1I)
(H0 − λI)2 + ε2

0

θ(H0 − (λ1 + tε0)I) ≤ C(Ω)θ(H0 − (λ1 + tε0)I)

where θ is the characteristic function of (0,∞) and C(Ω) is a positive constant. Substituting
the above estimate into (3.7), we obtain:

A(z) − tK(z) ≤ C(Ω)G(|H0| + I)−1/2θ(H0 − (λ1 + tε0)I)(G(|H0| + I)−1/2)∗.

Taking into account (3.1) and the relation θ(H0 − (λ1 + tε0)I) s→ 0 as t → ∞, we get that the
norm (and even the trace norm) of the operator in the right-hand side of the last inequality
tends to zero as t → ∞. This gives (3.6). ✷

2. Below we prove the lemma which contains the main idea of the proof of Theorem 1.1.
Lemma 3.2 Let G satisfy the condition (3.1), and let for Im z > 0 a function DH±/H0

(z) be
defined by

DH±/H0
(z) = det(I ± T (z)). (3.8±)

Then the following formula holds true:

arg DH±/H0
(z) = ±

∫ ∞

−∞

dt

1 + t2
n∓(1, A(z) + tK(z)) (3.9±)

where the branch of the argument is fixed by the condition

arg DH±/H0
(z) → 0, Im z → +∞. (3.10±)

Proof To be definite, consider the case of the upper signs. First rewrite the left-hand side
of (3.9+) as follows:

arg DH+/H0
= arg det(I + A + iK) = −1

2
(arg det(I + A − iK)

− arg det(I + A + iK)) = −1
2

arg det(I − 2iK(I + A + iK)−1) = −1
2

arg detS+.

Thus, it suffices to calculate arg det S+(z), where the branch of the argument is fixed by the
condition

arg detS+(z) → 0, Im z → ∞. (3.11)

Lemma 3.1 (iv) together with the condition (3.11) allows one to write down the following formula
for arg detS+

arg detS+ = −
∑

eiϕn∈σp(S+)

ϕn∈(0,2π)

(2π − ϕn).
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By (3.4+), one has (counting multiplicity):

∑
eiϕn∈σp(S+)

ϕn∈(0,2π)

(2π − ϕn) =
∫ 2π

0
card {n | eiϕn ∈ σp(S+), ϕn < ϕ}dϕ

=
∫ 2π

0
card {n | (−1) ∈ σp(A + cot(ϕn/2)K), ϕn < ϕ}dϕ

=
∫ 2π

0
n−(1, A + cot(ϕ/2)K)dϕ = 2

∫ ∞

−∞

dt

1 + t2
n−(1, A + tK),

which gives (3.9+). ✷

3. Proof of Theorem 1.1 Let us write down (0.2) in the following form:

ξ(λ;H±, H0) =
1
π

lim
ε→+0

arg DH±/H0
(λ + iε)

where the prelimit expression in the right-hand side is defined by (3.8), (3.10). By Lemma 3.2,
for a.e. λ ∈ R one has

ξ(λ;H±, H0) = ± 1
π

lim
ε→+0

∫ ∞

−∞

dt

1 + t2
n∓(1, A(λ + iε) + tK(λ + iε)). (3.12)

Note that {−1, 1}∩σp(A(λ+ i0)+ iK(λ+ i0)) = ∅ for a.e. λ ∈ R. This can be deduced, say,
from the identity (3.3) and the fact that, by (1.3), the operator-valued functions G(H±−zI)−1G∗

have limit values as z → λ + i0 for a.e. λ ∈ R. This remark allows one to apply Lemma 2.5.
Passing to the limit in the right-hand side of (3.12) for a.e. λ ∈ R, we obtain (1.7). ✷

4 Proof of Theorem 1.2

1. First let us discuss existence of the boundary values of the operators A(z) and K(z). The next
statement follows directly from the basic facts of the stationary trace-class scattering theory.

Lemma 4.1 Let the conditions (1.8)–(1.10) hold true. Then for a.e. λ ∈ R:
(i) the operator T (z) has limit values in S∞(K) as z → λ + i0;
(ii) K(λ + i0) ∈ S1(K);
(iii) {−1, 1} ∩ σp(T (λ + i0)) = ∅.
Proof
1. Let δ ⊂ R be an arbitrary bounded interval. Let us represent T (z) as follows:

T (z) = GEH0(δ)(H0 − zI)−1(GEH0(δ))
∗

+GEH0(R \ δ)(H0 − zI)−1(GEH0(R \ δ))∗ =: T1(z) + T2(z).

By (1.10), the operator T1(λ+ iε) has limit values in S2(K) for a.e. λ ∈ δ and ImT1(λ+ i0) ∈ S1

(see [11]). On the other hand, the operator T2(λ + iε) has limit values as ε → +0 in S∞(K) for
all λ ∈ δ, and ImT2(λ + i0) = 0. This proves (i), (ii).
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2. To prove (iii), let us first show that (1.8)–(1.10) imply the inclusions

G(H± + aI)−1/2 ∈ S∞(H,K) (4.1)

G(H± + aI)−m ∈ S2(H,K) (4.2)

for some −a < inf σ(H−).
Obviously, (4.1) follows from (1.9) and the boundedness of (H0 + γI)1/2(H± + aI)−1/2. The

relation (4.2) is equivalent to the inclusion

G(H± + aI)−2mG∗ ∈ S1(K) (4.3)

which we check below.
3. Take −a < inf σ(H−) so that

‖G(H0 + aI)−1/2‖S∞ < 1 (4.4)

‖G(H0 + aI)−m‖S2 < 1. (4.5)

It is easy to see that such a exists by (1.8)–(1.10). Interpolating between (4.4) and (4.5), one
gets

‖G(H0 + aI)−1/2−k‖S(2m−1)/k
< 1, 0 ≤ k ≤ m − 1/2. (4.6)

Writing the perturbation power series for the operator (4.3) and taking into account (4.6), one
easily verifies its convergence in S1(K), which gives (4.3). A similar argument see, e.g., in [10],
Theorem XI.12.

4. From (4.1), (4.2), as in part (i), we obtain that the operator G(H± − zI)−1G∗ has limit
values in S∞(K) for a.e. λ ∈ R as z → λ + i0. Applying (3.3), we get the statement (iii). ✷

2. The plan for the proof of Theorem 1.2 is to approximate V by a sequence of trace-class
operators Vj , apply Theorem 1.1 for a fixed j and pass to the limit as j → ∞ in (1.7). Lemma
2.5 enables one to pass to the limit in the right side of (1.7), while the next lemma ensures the
passage to the limit in the left side.

Lemma 4.2 Suppose that for a sequence of operators, Mj, j = 0, 1, 2, . . . in H the following
conditions hold true:

0 ≤ Mj ≤ aI, a > 0 (4.7)

±(Mj − Mj+1) ≥ 0 (4.8±)

rank (Mj − M0) < ∞. (4.9)

In addition, suppose that for
M := s–lim

j→∞
Mj (4.10)

(this limit exists by (4.8)) one has

M l
0 − M l ∈ S1 for some l > 1. (4.11)
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Then for a.e. λ ∈ (0, a)
ξ(λ;Mj , M) → 0, j → ∞. (4.12)

Proof
1. First note that by (4.11) and (4.9) the SSF ξ(λ;Mj , M) is correctly defined. Next, (4.8±)

implies the monotonicity of the sequence ξ(λ;Mj , M). Thus, it suffices to show that the sequence
ξ(λ;Mj , M) tends to zero in L1(a0, a) for any a0 ∈ (0, a).

2. Let Vj = ±(Mj − M) ≥ 0 (the signs are taken in accordance with those in (4.8)). It
is easy to show that the condition (4.11) implies the compactness of V0. From here and (4.8),
(4.10) one gets

‖Vj‖ → 0, j → ∞. (4.13)

3. Let us present a compulsory result from [13] (see also [9], Theorem 8.10.4). Arrange the
eigenvalues λk of V0 in order of decreasing, and write the spectral representation of V0 as

V0 =
∞∑

k=1

λk(·, ψk)ψk.

For k ≥ 1 denote: P̃k =
k∑

i=1
(·, ψi)ψi, Pk = I − P̃k, V

(k)
0 = PkV0, Ṽ

(k)
0 = P̃kV0. It has been proven

in [13], [9] that (4.11) implies

‖(M ± V
(k)
0 )n − Mn‖S1 → 0, k → ∞ (4.14)

where n is the first odd integer greater than l.
4. Let us fix arbitrary a0 ∈ (0, a) and check that∫ a

a0

|ξ(λ;Mj , M)|dλ → 0, j → ∞. (4.15)

For all j, k = 1, 2, 3, . . . write Vj as Vj = V
(k)
j + Ṽ

(k)
j , where V

(k)
j = PkVjPk and the projection

Pk is defined in the previous paragraph. It is clear that V
(k)
j ≤ V

(k)
0 (by (4.8±)). Thus, for all

k, j one has:

|ξ(λ;Mj , M)| = |ξ(λ;M ± Vj , M)| ≤ |ξ(λ;M ± Vj , M ± V
(k)
j )|

+|ξ(λ;M ± V
(k)
j , M)| ≤ |ξ(λ;M ± Vj , M ± V

(k)
j )| + |ξ(λ;M ± V

(k)
0 , M)|.

From here taking into account the estimate ‖Ṽ (k)
j ‖S1 ≤ rank Ṽ

(k)
j ‖Vj‖ ≤ 2k‖Vj‖ one gets

∫ a

a0

|ξ(λ;Mj , M)|dλ ≤
∫ a

a0

|ξ(λ;M ± Vj , M ± V
(k)
j )|dλ

+
∫ a

a0

|ξ(λ;M ± V
(k)
0 , M)|dλ ≤ 2k‖Vj‖

11



+n−1a0
1−n

∫ an

a0
n
|ξ(λn; (M ± V

(k)
0 )n, Mn)|dλn ≤ 2k‖Vj‖

+n−1a0
1−n‖(M ± V

(k)
0 )n − Mn‖S1 .

Since k is arbitrary here, (4.13) and (4.14) imply (4.15). ✷

3. Proof of Theorem 1.2
1. Let Pj be some sequence of finite-dimensional orthogonal projections in K so that P0 = 0,

Pj+1 ≥ Pj , and Pj
s→ I as j → ∞. Denote Gj = PjG and define the operators H

(j)
± = H0±G∗

jGj

via the corresponding sesquilinear forms.
2. Let us fix j ∈ N and prove the representation:

ξ(λ;H(j)
± , H0) = ± 1

π

∫ ∞

−∞

dt

1 + t2
n∓(1, PjA(λ + i0)Pj + tPjK(λ + i0)Pj). (4.16)

The condition (1.10) implies

Gj(H0 + γI)−1/2 ∈ S2(H,K). (4.17)

It was proved in [5], [6] that (1.8), (4.17) imply the following representation for a.e. λ ∈ R:

ξ(λ;H(j)
± , H0) =

1
π

lim
ε→+0

arg D
H

(j)
± /H0

(λ + iε) (4.18)

where the function D
H

(j)
± /H0

(z) is defined by (1.6), (3.8), (3.10) with G �→ Gj . By (4.17), one

can apply Lemma 3.2, which gives the representation

ξ(λ;H(j)
± , H0) = ± 1

π
lim

ε→+0

∫ ∞

−∞

dt

1 + t2
n∓(1, PjA(λ + iε)Pj + tPjK(λ + iε)Pj). (4.19)

Next, as in Lemma 4.1(iii), one checks that {−1, 1}∩σ(PjT (λ+ i0)Pj) = ∅ for a.e. λ ∈ R. This
allows one to apply Lemma 2.5 and pass to the limit as ε → +0 in the right-hand side of (4.19),
which gives (4.16).

3. Finally, let us prove that one can pass to the limit in (4.16) as j → ∞ and thus obtain (1.7).
Let M±

j = (H(j)
± − λ0I)−1, M± = (H0 − λ0I)−1, where λ0 is the same as in (1.11). Operators

M±
j , M± satisfy the hypothesis of Lemma 4.2 with a−1 = min{inf σ(H0)− λ0, inf σ(H±)− λ0}.

Hence, for a.e. λ ∈ R:

ξ(λ;H±, H0) − ξ(λ;H(j)
± , H0) = ξ(λ;H±, H

(j)
± ) → 0, j → ∞.

On the other hand, by Lemmas 2.5 and 4.1(iii), one can pass to the limit in the integral in the
right-hand side of (4.16) for a.e. λ ∈ R, which gives the desired representation (1.7). ✷
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5 Proof of Lemmas 2.1, 2.2, 2.5

1. Proof of Lemma 2.1 We will prove only the estimate (2.3−); the other estimates are
treated analogously. By (1.1+), we get for all ε ∈ (0, 1):

n+(1, A + tK) ≤ n+(1 − ε, A) + n+(ε, tK).

Integrating by t with the weight π−1(1 + t2)−1, one obtains:

ξ− ≤ n+(1 − ε, A) +
1
π

∫ ∞

0

dt

1 + t2
n(εt−1, K). (5.1)

It remains to estimate the integral in the right-hand side of (5.1). One has:

1
π

∫ ∞

0

dt

1 + t2
n(εt−1, K) =

1
π

∫ ∞

0

ε

ε2 + τ2
n(τ, K)dτ

= ε−p
∫ ∞

0
gp(τ/ε)pτp−1n(τ, K)dτ

where pπgp(x) = x1−p(1+x2)−1. Since
∫ ∞
0 pτp−1n(τ, K)dτ = ‖K‖p

Sp
, 2πpgp(x) ≤ (1−p)

1−p
2 (1+

p)
1+p
2 , and gp(x) → 0 as x → ∞, one gets∫ ∞

0
gp(τ/ε)pτp−1n(τ, K)dτ = µp(ε, K)‖K‖p

Sp

where µp(ε, K) has the required properties (2.5). ✷

2. Proof of Lemma 2.2 As in the proof of the previous lemma, first we obtain (5.1). Then
we estimate the integral in the right-hand side of (5.1) as follows:

1
π

∫ ∞

0

dt

1 + t2
n(εt−1, K) =

ε−p

π

∫ ∞

0

τ−p

1 + τ2
τpn(τ, K)dτ

≤ ε−p

π

(
sup
τ≥0

τpn(τ, K)

) ∫ ∞

0

τ−p

1 + τ2
dτ = ε−p(2 cos

πp

2
)−1‖K‖p

Σp
,

which gives (2.6−). The rest of the estimates are treated analogously. ✷

3. Proof of Lemma 2.5 To be definite, let us prove (2.8−).
1. Let us first estimate the integral in the left-hand side of (2.8−). By (1.1+), for a fixed

ε ∈ (0, 1) one has:

n+(1, Aj + tKj) = n+(1, A + tK + (Aj − A) + t(Kj − K))

≤ n+(1 − 2ε, A + tK) + n+(ε, Aj − A) + n+(ε, t(Kj − K)).

Integrate the above estimate with the weight (1 + t2)−1:∫ ∞

−∞

dt

1 + t2
n+(1, Aj + tKj) ≤

∫ ∞

−∞

dt

1 + t2
n+(1 − 2ε, A + tK)
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+πn+(ε, Aj − A) +
∫ ∞

−∞

dt

1 + t2
n+(ε, t(Kj − K)). (5.2)

2. Let us estimate the last integral in the right-hand side of (5.2):
∫ ∞

−∞

dt

1 + t2
n+(ε, t(Kj − K)) =

∫ ∞

0

ε

τ2 + ε2
n+(τ, |Kj − K|)dτ

≤ ε−1‖Kj − K‖S1 . (5.3)

3. Let us pass to the upper limit in j in the estimate (5.2). By (5.3) one gets:

lim sup
j→∞

∫ ∞

−∞

dt

1 + t2
n+(1, Aj + tKj) ≤

∫ ∞

−∞

dt

1 + t2
n+(1 − 2ε, A + tK). (5.4)

4. By the analytic Fredholm alternative (see, e.g., [9]), the set {t ∈ C | 1 ∈ σ(A + tK)} is
either discrete or coincides with C. But the last variance cannot realize because of the condition
1 /∈ σ(A + z0K). Thus, for all t ∈ R but for a discrete set one has:

n+(1 − 2ε, A + tK) → n+(1, A + tK) as ε → 0.

Thus, by the monotone convergence theorem,∫ ∞

−∞

dt

1 + t2
n+(1 − 2ε, A + tK) →

∫ ∞

−∞

dt

1 + t2
n+(1, A + tK) as ε → 0.

From here and (5.4) one gets:

lim sup
j→∞

∫ ∞

−∞

dt

1 + t2
n+(1, Aj + tKj) ≤

∫ ∞

−∞

dt

1 + t2
n+(1, A + tK).

Similarly (using (1.2+) instead of (1.1+)) one estimates from below the lower limit in j. These
two estimates imply (2.8−). ✷
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further development, Algebra i Analiz 4 (1992), no.5, 1-44; English transl. in St. Petersburg
Math. J. 4 (1993), no.5.

[8] M. Sh. Birman and D. R. Yafaev, Spectral properties of the scattering matrix, Algebra i
analiz 4 (1992), no.6, 1-27; English transl. in St.Petersburg Math. J. 4 (1993), no.6.

[9] D. R. Yafaev, Mathematical scattering theory. General theory, Amer. Math. Soc., Provi-
dence, RI, 1992.

[10] M. Reed and B. Simon, Methods of modern mathematical physics. The scattering theory,
Academic press, NY, 1979.

[11] M. Sh. Birman and S. B. Entina, The stationary approach in abstract scattering theory,
Izv. Akad. Nauk SSSR Ser. Mat. 31 (1967), 401-430; English transl. in Math. USSR Izv. 1
(1967).

[12] S. N. Naboko, Non-tangent boundary values of operator R-functions in the half-plane, Al-
gebra i Analiz, 1 (1989), no.5, 197-222; English transl. in Leningrad Math. J., 1 (1990),
no.5.

[13] L. S. Koplienko, On the theory of the spectral shift function, Problemy Mat. Fiz. 9 (1971),
62-79. (Russian)

[14] A. V. Sobolev, Efficient bounds for the spectral shift function, Ann. Inst. H.Poincare,
Physique theorique, 58, no.1 (1993), 55-83.

[15] A. V. Sobolev and D. R. Yafaev, On the quasi-classical limit of the total scattering cross-
section in nonrelativistic quantum mechanics, Ann. Inst. H.Poincare, 44, no.2 (1986), 195-
210.

[16] A. V. Sobolev and D. R. Yafaev, Spectral properties of the abstract scattering matrix, Trudy
MIAN, 188 (1990), 125-149 (Russian).

[17] M. Sh. Birman, M. Z. Solomyak, Spectral theory of selfadjoint operators in Hilbert space,
Dordrecht, D.Reidel, P.C., 1987.

15



Department of Mathematical Physics
Faculty of Physics
St-Petersburg State University
198904, St.Petersburg, RUSSIA
E-mail: pushnit@mph.phys.spbu.ru

16


