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Abstract

We consider the scattering of a particle on anisotropic potential in a constant
electric field. We obtain conditions on anisotropic decaying of potential, giving the
asymptotic completeness without modification of wave operators. We use the mixed
approach, applying the Enss method to one part of variables, and the smoothness
technique — to the other part.

1 Introduction and main results

Consider the scattering of a particle in a constant external electric field £ € R%. The
Hamiltonian is H = Hg+V in Ly(RY), where Hp = —A—(E, x), * € R%, and real-valued
potential V' obeys the condition

V € Lo(RY), and |[V(z)] — 0 as |z| — oc. (1.1)
The wave operators are given by
Wi(H, Hg) = s-limexp(itH) exp(—itHg), t— +oo.

It is usual to assume in addition that V' (z) = O(|(E, x)|%°) as x — oo with g > 1/2. Note
that this assumption cannot be weakened. For example, if £y < 1/2, then a modification of
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the wave operators is required (see [12], [5]). The goal of this paper is to prove asymptotic
completeness for anisotropic potential (see condition (1.2) below). Roughly speaking, we
consider the case when gy < 1/2 but V' decreases in other directions and modification of
the wave operators is not required. To prove our results we use the mixed approach of
[7], the Enss method being applied to one part of variables and the smoothness technique
to the other part.

With an eye to the three-dimensional physical situation, we consider the decomposition
of the coordinate space RY = R4 @ R® @ R%. For x € R? we write # = (21, 22, 73) with
z; € R%. Suppose V obeys the condition

V(@) < C(wr) ™ (w2) 7 (z3) 7 (1.2)

with some &; > 0, j = 1,2,3. Here and further we write (r) = (1 + |z[?)}/2. We define
the nonnegative numbers e, e, e3:

. 2€j if Ej 7é O,
= { Lmin{2¢;,d;} if B; =0 (1.3)

First we consider electric field F with non-zero component only in R%.

Theorem 1.1 Suppose E = (F,,0,0), E; € R4, E; # 0. Assume that V satisfies
conditions (1.1), (1.2) with

e1+ex+e3>1 and max{ey, ez, 3} > 1/2. (1.4)

Then the wave operators Wi(H, Hg) are complete, the singular continuous spectrum
os.(H) is empty, all eigenvalues of H have finite multiplicity and can accumulate only
at +o0.

Remarks. 1. The existence of the wave operators can be proved by standard appli-
cation of the stationary phase method (see e.g. [9],[8]) if 261 + &3 + 3 > 1.

2.Following the proof of the theorem, it’s easy to see that for V. = >}, Vi, where
each Vj obeys the hypothesis of the theorem, its conclusion also holds true.

Examples. Below we present the equivalent forms of condition (1.4) for the most
important physical cases.

(i) Suppose d3 = 0 (i.e. we have R = R% @ R%). Then condition (1.4) means that
2e1 +e3/2 > 1 and, in addition, a) ey > 3/8 if dy =1;b) e; > 1/4if dy = 2;¢) 1 > 1/8

(ii) Suppose dy = d3 = 1. Then e; < 1/4, e3 < 1/4 and so (1.4) can be rewritten in
the form: e; +e3+e3 > 1 and g > 1/4.

Next we consider electric field E with two non-zero components.

Theorem 1.2 Suppose E = (E1, E»,0), E; € R%, E; #0, j = 1,2. Assume that V
satisfies (1.1), (1.2) and one of the two following conditions is fulfilled:

e1+e+es3>1 and ez >1/2 (1.5)



or
ep > 1/2 and ey >1/2 (1.6)

Then the wave operators W (H, Hg) are complete, the singular continuous specrtum
osc(H) is empty, all eigenvalues of H have finite multiplicity and can accumulate only
at £oo.

Remarks. 1. The existence of wave operators can be proved by a standard application
of the stationary phase method (see e.g. [9],[8]) if 2¢; + 2e5 + 5 > 1.

2. For the physical case dy = dy = d3 = 1 we have e3 < 1/4 and so condition (1.5)
cannot be fulfilled.

2 Proof of Theorems

We recall that conventional proof of completeness for the pair (H, Hg) with o(H) =
o(Hg) = R by Enss method requires fulfillment of the following three conditions for
suitable bounded operators P. such that P, + P_ = I.

Condition 1 For any ¢ € C§°(R) operators o(H) — p(Hg) are compact.

Condition 2 s-lim P} exp(—itHp) = 0 ast — Fo0.

Condition 3 For any ¢ € C§°(R) operators (I —Wi(H, Hg))e(Hg) Py are compact.

First let us note that by (1.1), V is a relatively compact perturbation of Hp (see
[10],[8]) and hence Condition 1 is obviously fulfilled.

Later we shall define operators Py in a suitable way for different combinations of
conditions on €; (here and further j € {1,2,3}). We shall prove Theorems 1.1 and 1.2 by
directly checking Conditions 2 and 3 for all choices of P.

Below we define the standard Enss “projections onto incoming and outgoing states”
for Schrodinger and Stark operators.

(i) Let us consider the Schrodinger operator (—A\) in Ly(R?) and let J be a unitary
operator, J : Ly(R%, dz) — Ly(Ry, d\) ® Lo(S?71, dw), which gives the spectral represen-
tation of (—A). Explicitly,

(JFY\, w) = (1/V2)AND/ A F(Vdw), A>0, w=(wy,...,wg) €S,

where f is the Fourier transform of f. We define the operator
1d
0 *
=JO£-——| J 2.1

where 6 is the characteristic function of (0, 4o00).

(ii) Let us consider the Stark operator —A — (E, ) in Ly(R?). First we suppose that
E = (1,0,...,0), and for z € R? write 2 = (21,2.), v. = (72,...,24). Let U be a
unitary operator, U : Ly(R%, dx) — Lo(R, d\) @ Lo(RI™1 dx, ), defined as

U\ a) = /Z Ai(—a1 = N f(z1, 21 )das, (2.2)

3



where Ai is an Airy function. We define an operator

QizUW(i%%)U (2.3)
For general E’s let us change coordinates so that E take the form £ = (1,0,...,0) and
then define operators Q¥ according to (2.2) and (2.3).

Now we proceed to the definition of operators Qg) for 7 =1, 2,3, which will play the
role of Py in Conditions 2 and 3. In what follows we extensively use the representation
Hp = hi+ hy + hs where hj = —A, — (Ej, x;) in Ly(R%). Here and further we use the
same notation for operators A; in Ly(R%), j = 1,2,3 and operators A, @IQ, Q@ Ay ®1,
I ® I ® Aj respectively in Ly(R% @ R%® @ R®%).

Let us define operators Qgg) for j =1,2,3:

+ QY for h;, if E; =0. ‘
A direct calculation shows that (Qg))* = g), and using the stationary phase method
one easily verifies that
s—ling) exp(—itHg) =0 as t— +oo (2.5)

(see, e.g., [9],[8]). As we shall see later, formula (2.5) provides the Condition 2 fulfilled
for all choices of Px.

Now the proof of the Theorems is, roughly speaking, reduced to the check of Condi-
tion 3. This check will require some technical results (most of them being well-known)
presented below.

The following Lemmas 2.1 and 2.2 give uniform in time estimates (2.8) and (2.9)
which are typical for the Enss method. First let us define the function that will realize
the high-energy cutoft:

1 ifz<—1

0 ifz>0 (26)

nEC®), 0<n@) <1 g = {

Let us also denote by F(z; < ¢) the characteristic function of the interval (—oo, ¢).
Lemma 2.1 Suppose Hp = —/\ — (E,x) in Ly(R?), E = (1,0,...,0). Then for any
a € R, £t >0, N > 0 the following estimate holds true:

|F (21 < t2/2 — a) exp(—it Hg)n(Hg — a)QY|| < Cn ()N, (2.7)

where the constant Cy doesn’t depend on a.

The proof involves rather cumbersome calculations, and we delay it until the Section 3.
Lemma 2.1 expresses the intuitively clear fact that {z; < t*/2—a} is a classically forbidden
region for the particle with energy less than a. Estimate (2.7) immediately implies part
(i) of the next Lemma.



Lemma 2.2 (i) Let Hp = =/ — (E,z) in Ly(RY), E #0. Let Q¥ be projections for
Hg defined by (2.3). Then for anye >0, a € R and £t > 0:

1 {2) ™ exp(—itHe)n(He — a)Q%] < Cla) (1), e=2¢ (2.8)

with some constant C(a).
(ii) Let Hy = —/\ in Ly(R?), and Q% be as defined by (2.1). Then for any e > 0 and
+t > 0:

| (@) exp(—it H)QL| < C ()™, e imin{Qs, a0 (2.9)

with some constant C'.
Proof (i) Without loss of generality we suppose that £ = (1,0,...,0). Then, using
Lemma 2.1 with N > 2¢ and elementary estimate of (z) © for x; > ?/2 — a, we obtain:

)™ e en(Hp — a)QEI| < || (2) " || - [ F 21 < ¢* — a)e™"#n(Hp — a) QL]
HI @) Fa1 > 2/2 = a)|| - e n(Hp — a) Q]
< Ox ()" +Cila) (t) ™ < (Cy + Cu(@) (1)

with some constant C(a), and (2.8) follows with C'(a) = Cy + Ci(a).

(i) was proved in [11]. W

Next Lemma presents the “weighted” variance of Kato’s smoothness.

Lemma 2.3 Consider Hgp = —/A — (E,z) in Ly(R®" @ R®) with B = (B, E,),
E; € R%. Fore; > 0 define e; by formula (1.8). Suppose that for some constant v > 0
we have

v+ e +ey > 1/2.

Then for any f € Lo(RY @ R%):
[0 ) ) exp(—itHg) fIPat < I, (2.10)

where the constant C' doesn’t depend on f.

Proof First we suppose that e; > 1/2. If E; # 0, then (2.10) follows from the
global smoothness of (z1)” ", e; > 1/4, with respect to the Stark operator hy = —A, —
(Ey, 1) (see [6],[4]). If Ey =0, then (2.10) follows from the global smoothness of (z;) ',
min{e,d;/2} > 1, with respect to the Schrodinger operator hy = —A ., (see [7]).

Similarly, if eo > 1/2, (2.10) holds true for the same reason. If v > 1/2, then (2.10) is
trivial. The general case is obtained by interpolation between the cases (e; > 1/2, e5 = 0,
v=0),(e;=0,e3>1/2,y=0)and (e, =0,e5 =0,y >1/2). 1

Combining Lemma 2.2 and 2.3 we obtain

Lemma 2.4 (i) Suppose that e; +ex+e3 > 1, E; #0 and e; > 1/2 for some j. Then
foranya € R, r >0 and any f € Ly(RY):

| WV exp(itHg)(h; — )@Y fdt < C(r.a)| £, 211)

T
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where the constant C(r,a) doesn’t depend on f and C(r,a) — 0 as r — oo for any fized
a.

(11) Suppose that e; +ex +e3 > 1, E; =0 and e; > 1/2 for some j . Then for any
r >0 and any f € Ly(R%):

| WV expitHE) QY fdt < C )1, (2.12)

where the constant C(r) doesn’t depend on f and C(r) — 0 as r — o0.
Proof Without loss of generality we take 7 = 1 and consider the sign “+”.
(i) Using condition (1.2) and estimate (2.8) from Lemma 2.2, we obtain:

IV exp(—itHp)n(hn — a)QW 1| < C(a) (8) ™ || (o)™ (wg) = e7iththa) p|.

Using strict inequality e; + es + e3 > 1, let us take § > 0 so that e; + ey +e3 > 1+ 9.
Now we rewrite e; as e; = 1/2+ 0 4+, v > 0 apply the Holder inequality, and then use
Lemma 2.3 with vy =¢e; —1/2 — §:

S0 ) () e e i <

([ =) ([ 07 = = o ) < i,

with some constant C, and (2.11) holds with C(r,a) = C,C(a)r=°.
(ii) As in the case (i), we have the estimate

|V exp(=itHe)Q FIl < O (8) ™ || {wa) ™ (wg) ™= e "2t |

by Lemma 2.2(ii), and further proof is the same. B

As we shall see later, the following Corollary provides the Condition 3 fulfilled.

Corollary 2.5 (i) Suppose that ey +ex+e3 > 1 and for some j: E; # 0 and e; > 1/2.
Then for any ¢ € C°(R) and any a € R operators (Wi — INo(Hg)n(h; — a)Qg) are
compact.

(i1) Suppose that ey + ez +e3 > 1 and for some j: E; =0 and e; > 1/2. Then for any
v € C°(R) operators (Wy — I)gp(HE)Qg) are compact.

Proof This result is standard in the Enss method (see [8]).

(i) We have:

(W — Dp(Hp)n(h; — a)QY) = p(H)Y (W — In(h; — a)QY+

($(H) = @(Hp))n(h; — a)QY).
So, by compactness of ¢(H) — ¢(Hg) we only need to check compactness of the first
summand which follows from compactness of its approximations

G(H)(e e — Ip(h; — a)QY) = p(H) [ e Vem ey (n; — )@Y dr,
0
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and from their uniform convergence which is given by Lemma 2.4(i).

(ii) can be proved analogously. R

Now we are ready to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1 We shall specify operators Py for several {e;}3_; and check
Conditions 2 and 3 using formula (2.5) and Corollary 2.5 (as we have stated above,
Condition 1 is fulfilled by (1.1)).

(i) First we consider the case e; + e3 + e3 > 1 and e; > 1/2. Here we take Py = Q(il).
Condition 2 is fulfilled by (2.5). Since Hg = hy + he + hs and o(hy) = o(hs) = [0, +00),
we can write for given ¢ € C5°(R): ¢(Hg) = ¢(Hg)n(h1 — a) with a > 1 + sup suppy (n
is defined by (2.6)). Hence,

(I = We)o(Hp) P = (I = Wa)p(He)n(hy — a)QY

and Condition 3 is fulfilled by Corollary 2.5(i) with j = 1.

(i) Next, we suppose that e; + s + e5 > 1 and ey > 1/2. Here we take Py = Q.
Condition 2 is fulfilled by (2.5), and Condition 3 follows from Corollary 2.5(ii) with j = 2.

(iii) Finally, the case e; + €2 +e3 > 1 and e3 > 1/2 is treated exactly as the previous
case, taking Py = Qf). n

Proof of Theorem 1.2

(i) First we consider the case e; + €2 +e3 > 1 and e3 > 1/2. Here we take P, = @,
Condition 2 is fulfilled by (2.5), and compactness of (I — W4 )p(Hg)Py follows from
Corollary 2.5(ii) with j = 3, as in Theorem 1.1, cases (ii) and (iii).

(ii) Suppose that e; > 1/2 and e; > 1/2. Here the proof is based on the representation

o(Hg) = o(Hg)n(hi — a) + o(Hg)n(he — a)(I —n(hy — a))

for some a € R, a = a(p). By Corollary 2.5(i) with j = 1,2 operators (I—W_i)p(Hg)n(hi—
a)Qgtl) and (I —Wi)e(Hg)n(hy —a)(I —n(hy — a))Qg) are compact. This with (2.5) and
usual argument of Enss method (see [2],[8]) gives the proof. B

3 Proof of Lemma 2.1

In this section we give the proof of Lemma 2.1, which describes the motion of a
quantum particle in a constant electric field. Several statements close to this Lemma can
be found in [8], [5].

Proof of Lemma 2.1

1. First we give the proof for the one-dimensional case. Without loss of generality we
take the sign “+” and suppose that ¢t > 1. Let us define a C* partition of unity for (—oc, a)
as follows. Take nx(A\) = n(A—a+k)—n(A—a+k+1), so that suppn, C [a—k—2,a— k|,
and (A — a) = 3320 1mk(A).



We shall prove the estimate for ¢ > 1:
|F(z < /2 — a) exp(—it Hg)mk(Hp) QE| < Cn(1+ k)N ()™ (3.1)
)

from which (2.7) follows by summing on k.
2. To prove (3.1) let us write out Q¥ in an explicit form. We denote by ® the Fourier
transform in Ly(R). For any f € Ly(R) we have

QYf = U 0(p)@Uf = U*®*0(p)g(p),

where g = ®Uf, |lg]] = ||f]|, U is defined by (2.2). So, to prove (3.1) it is sufficient to
show that for any g € C§°(R4):

IF(z < t2/2 = a)Ure (N @79l < On(L+ k)N ()" ]l (3.2)

But for g € C§°(R.) we have:

[Pz < 12/2 = a)U"e (N ®"g| (x) = /0 My i(x,p)g(p)dp,
with the kernel

My (2,p) = F(z < t*/2 — a) /O:o Ai(—z — N)e P p (N)d\ (3.3)

with t > 1 and p > 0. Below we prove the estimate for any N > 0:
M (z,p)] < F(x <t?/2 —a)CN(t* —x—a+ k)™ (3.4)

(with some constant C'y) from which (3.2) readily follows.
3. Let us prove (3.4). Changing notations in formula (3.3), we see that (3.4) will
follow from the estimate for any b < ¢2/2:

[ AN = b < (e =)™ (35)

where w € C§°(R), suppw € [—2,0]. To prove (3.5) let us make the following simple
calculation. Suppose ¢ € C§°(R). Integrating by parts and using the Airy equation for
Ai()), one easily obtains:

/ T A=A e P oV = (1/82) /_ Z Ai(=N)e P oA AdA

+(2i/t) / Z Ai(=N)e ™ (N dA + (1/82) / Z Ai(=N)e" " (\)dA.

Now let us take ¢(A\) = w(A —b)(1 — A\/t?)~L. Then we have:

/ T A= N)e P\ — b)dA = / : Ai(=N)e (2 /) (A — B)(1 — A/#2)~!

—00 —
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(20 ) — b) (1 — A£2)"2 4 (1/2)" (A — b)(1 — A/t3) L
F2/ (A — D) (1 — A1) 72+ (2/t)w (N — BY(1 — A/2)73]dA

Again applying this formula to each of the summands in the right-hand part, and iterating
the calculation 2V times, we see that (3.5) will follow from the estimate:

T ‘/_OO Ai(—)\)e*itkw(l)()\ —b) (1 — )\/tz)in d/\‘ < C]/\/[(tQ . b)fN (3.6)

with some constant C%; and all n > 2N, m > 2N, and [ < 4N. But for (A — b) € suppw
we have:

(1= Mt2) > ¢ =0,

and (3.6) follows.
4. Now we turn to the multidimensional case. Let ®; be the Fourier transform in |
variables in Ly(R?). Then
Hg = | (hi +p1)Py,

where hy = —d?/dx? — x; in Ly(R,dz;) and p? is the operator of multiplication by P
in Ly(R*, dp,). For f € Ly(R?) we write f = @, f and f(-,p.) = f,, € Lo(R,day) for
a.e. p| € R~ We have for ¢ > 0, using (2.7) for d = 1:

1P (21 < /2 — a) exp(—itHp)n(Hp — a) QY f|I?

= [ Py < /2 = a)exp(=it(hy + p)n(hi + B2~ A)QE ., I, sy
Rd-1

= [ IF@ < #/2= a)F(er < = (0 = 1)) exp(=it(n +p2))

xn(h — (a = p1)) Q% fp. |7, mydpL < O (t / 1fo I sy dps = Cn (0 1|1,
Rd-

and Lemma follows. B
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