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ABSTRACT. We prove two new identities in scattering theory in Hamiltonian mechanics
and discuss the analogy between these identities and their counterparts in quantum scatter-
ing theory. These identities involve the Poincaré scattering map, which is analogous to the
scattering matrix. The first of our identities states that the Calabi invariant of the Poincaré
scattering map can be expressed as the regularised phase space volume. This is analogous
to the Birman-Krein formula. The second identity relates the Poincaré scattering map to
the total time delay and is analogous to the Eisenbud-Wigner formula.

1. INTRODUCTION

1.1. The scattering matrix and the Poincaré scattering map. The scattering theory
in quantum mechanics deals with the following abstract framework (see e.g. [32]): for self-
adjoint operators Hy and H in a Hilbert space, the large t asymptotics of the corresponding
unitary groups e~ and e " are compared. In the scattering theory in Hamiltonian
mechanics (in its most general form), one considers two Hamiltonian functions Hy and H
on a non-compact symplectic manifold and compares the large time asymptotics of the two
corresponding Hamiltonian flows. We refer to these two branches of scattering theory as
“quantum” and “classical” cases for short.

One of the fundamental objects in the “quantum” scattering theory is the scattering
matriz. In this paper we discuss the analogous “classical” object known as the Poincaré
scattering map. The Poincaré scattering map Sg (defined in Section 2.3) is a symplectic
diffeomorphism of the manifold of the orbits of Hy with a constant energy E.

In this paper, we prove two identities for the Poincaré scattering map; one of them
is completely new, the other one has appeared before in some concrete forms in physics
literature. At the same time, we attempt to make a fairly complete exposition of the basic
framework of the “classical” scattering theory with an emphasis on the Poincaré scattering
map Sg. We believe that this interesting object has not received the attention it deserves in
the mathematical scattering theory literature, and the fact that Sg is the correct “classical”
analogue of the scattering matrix is not widely appreciated even among the experts in the
area.
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1.2. The Birman-Krein and the Eisenbud-Wigner formulas. In “quantum” scatter-
ing theory, the determinant of the scattering matrix is related to the spectral shift function
by the Birman-Krein formula (A.3). We prove a new identity (3.1) which can be interpreted
as the “classical” version of the Birman-Krein formula. Somewhat surprisingly, the descrip-
tion of the correct “classical” analogue of determinant requires the use of a rather advanced
language of modern symplectic geometry. It turns out that the “classical” analogue of the
determinant of the scattering matrix is given by the Calabi invariant of the Poincaré scat-
tering map. The “classical” analogue of the spectral shift function is the regularised phase
space volume. Like the “quantum” Birman-Krein formula, the identity (3.1) relates objects
of a very different nature: the Poincaré scattering map Sg, which describes dynamics for a
fixed energy F, is related to the regularised phase space volume, which is defined without
any reference to dynamics.

The Eisenbud-Wigner formula in “quantum” scattering theory relates the determinant of
the scattering matrix to the total time delay, see (A.4). We prove the analogous “classical”
identity (3.3).

Our proofs of these identities proceed entirely in classical terms; the analogy with the
“quantum” case is used only as a motivation. The reader not interested in the “quantum”
scattering theory can safely ignore all references to it.

“Quantum” scattering theory was initially motivated by the study of the Schrédinger
equation, but found its most natural mathematical description in the framework of operator
theory. In the same way, the natural framework for the study of “classical” scattering is
Hamiltonian dynamics and symplectic geometry. For this reason, we discuss our results in
Sections 2 and 3 in a fairly general context; applications to Newtonian mechanics are given
in Section 4.

1.3. The structure of the paper. In Section 2 we describe the set-up of Hamiltonian
scattering and introduce the main objects: the “classical” analogues of the wave opera-
tors and the scattering map, the Poincaré scattering map, the total time delay and the
regularised phase space volume (the latter is the analogue of the “quantum” spectral shift
function). In Section 3, we state our main results which relate the Poincaré scattering map
to the regularised phase space volume and the time delay; these are the “classical” ana-
logues of the Birman-Krein and the Eisenbud-Wigner formulas. In Section 4, we consider
applications to classical mechanics. The proofs are presented in Sections 5-7. In Appen-
dix A we collect the relevant formulas and definitions from “quantum” scattering theory
for the purposes of comparison with the “classical” case. In Appendix B, we recall the
necessary background information from symplectic geometry. In particular, we recall the
definition of the Calabi invariant.

2. THE SET-UP OF HAMILTONIAN SCATTERING THEORY

2.1. Notation and assumptions. Let N be a non-compact 2n-dimensional symplectic
manifold, n > 1, with a symplectic form w. We will compare the large time behaviour of the
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Hamiltonian flows associated with two Hamiltonian functions Hy, H € C*°(N'). We use the
following notation: X is the Hamiltonian vector field corresponding to H and ®, : N' — N
is the Hamiltonian flow:

((X)W)() = (X, ) = ~dH(); S() = X(@,()), @ =id
For £ € R, let

(2.1) GE)y={xeN|H(x)<E}, Yg={reN|H(z)=FE}

Notation Xy, ®?, Go, £% have the same meaning and refer to the Hamiltonian Hy.
The symplectic volume vol(§2) of a Borel set Q C A is defined as

vol(€2) :/w—, W'=wA-Aw;
note the normalisation 1/n!. The characteristic function of € is denoted by yq. If ¢ : N —
N is a diffeomorphism and « is a differential form on N, then p*« denotes the pullback of

a by .
Fix £ € R. We make the following assumptions:

Assumption 2.1. (i) E is a regular value of H, Hy: dH(xz) # 0 for all 2 € ¥p and
dHy(x) # 0 for all z € ¥%. Thus, g and X% are C*°-smooth manifolds.

(i) The maps ®? : 3% — X% and &, : Xp — Zp are well defined for all ¢ € R, i.e.
the trajectories do not run off to infinity in finite time. Thus, ®? and ®; are groups of
diffeomorphisms on 3% and Y.

(iii) Non-trapping: For any compact set K C X% there exists T > 0 such that for all
r € K and all [t| > T, one has ®Y(z) ¢ K.

(iv) The sets G(E) Nsupp(H — Hy) and Go(E) Nsupp(H — Hy) are compact.

In concrete situations, Assumption 2.1(iv) can be considerably relaxed; we do not pursue
this direction.

2.2. Wave operators and the scattering map. For z € ¥9, let

(2.2) Wyi(z) = tliin d_, 0 ().

If Ky C X% is a compact, then, taking K = supp(H — Hy) U K in Assumption 2.1(iii), we
see that the above limits exist and are attained at finite values of ¢:

(2.3) Wi(r)=® ,0®)(z), W_(2)=®0®%,(x), VoeKy, Vt=T.
Since Hy (resp. H) is constant on the orbits of ®° (resp. ®), we get
H(W,(x)) = H(®_, 0 ®)(x)) = H(®U(x)) = Ho(00(x)) = Ho(x), Yz Ko, Vt>T
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and in the same way, H(W_(z)) = Ho(z). It follows that W.(X%) C Xp. However, it
is easy to construct examples such that Wi(2%) # Yg. Thus, we make an additional
assumption:

(2.4) W (Z)) = W_(53) = Sg.

This is analogous to the completeness assumption in quantum scattering, see (A.1). Since
®; and ®? are symplectic diffeomorphisms of A for each ¢, it follows from (2.3) that Wy :
%% — Yp are diffecomorphisms and that Wi (w|s,) = wlxo .

Next, since the definition of W, can also be written as Wy (z) = lim,_ o0 P50 P, (2)
for any t € R, we get the intertwining property

(2.5) Wiod) =& 0Wy, VteR.
The completeness assumption (2.4), together with the intertwining property (2.5), ensures

that the non-trapping Assumption 2.1(iii) holds true also for the flow ®; on Y.
Assuming completeness (2.4), we can define the scattering map

(2.6) Sp=WiloW._.

By (2.3), one can write

(2.7) Sp(z) =%, 0Py 0®°,(2), Vz e Ky, Vi |t|>T.
It follows that Sg : X% — X% is a diffeomorphism onto X% and

(2.8) SE(W|E%) = W|E%'

From (2.5) (or directly from (2.7)) it follows that

(2.9) Spo®? =d%0 Sy, VteR.

The scattering map is often defined initially on the whole of A/ (or for some range of
energies) and then restricted onto %%.

The above constructions are very well known; see e.g. [14, 24, 13, 30]. The fact that
the wave operators and the scattering map are symplectic transformations is particularly
emphasized in the works by W. Thirring, see [30] or [22, 29].

2.3. Symplectic reduction and the Poincaré scattering map. One can consider the
set of all orbits of ®) on the constant energy surface %% as a symplectic manifold 2,.

Then the map Sg generates a quotient map Sg : i% — 3% which is sometimes called the
Poincaré scattering map; it is not difficult to see that Sp is a symplectic diffeomorphism.
Let us discuss the details of this construction.

By Assumption 2.1(i)-(iii), the action of the group ®° on X% is smooth, proper and
free, and therefore (see [1, Proposition 4.1.23]) the orbit space admits a smooth manifold
structure and the quotient map my : % — i% is a submersion. It is easy to construct
charts on £% by choosing sufficiently small (2n — 2)-dimensional submanifolds of $% such
that Xy is non-tangential to these manifolds; see the proof of Lemma 5.1 below. If x € ¥,
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is a point of an orbit y € io then the tangent space Tyi% can be identified with the

quotient space T ¥%/ span{Xo( )}. There exists a unique symplectic form & on £% such
that 75wy = wlxo; see e.g. [1, Theorem 4.3.1 and Example 4.3.4(ii)]. It is not difficult to

prove that if NV is exact (i.e. there exists a 1-form o on N such that w = da), then 50 B 1s
also exact, see Lemma 5.1 below.

If f:3% — R is a smooth function such that fo®? = f for all t € R, then f generates a
smooth function f : iOE — R such that fomy = f. In a similar way, by (2.9), the scattering
map Sg generates the diffeomorphism

(2.10) Sp:3% =30 moSg=Sgom.
From (2.8) and (2.10) one easily obtains
WS(SE(:DO - (:50) =0.

Since 7 is a surjection, it follows that §TE&0 = Wy, i.e. S,  is a symplectic diffeomorphism.

It is interesting to note that Sg does not have to be homotopic to the identity map, see
Example 4.3 below.

Since the action of ® on X is also free, smooth and proper, one can consider the sym-
plectic manifold ZE of the orbits of ® on X, with the natural projection 7 : ¥ — ZE

and a symplectic form w on Sp. By the intertwining property (2.5), there exist symplectic
diffeomorphisms

(211) Wi Ii%ﬁiE, WiOWOZWOWi.

In the case n = 1 the above reduction produces a “manifold” of dimension zero, i.e. a
discrete set of orbits. The Poincaré scattering map becomes just a permutation map on
the set of these orbits. In this case, integration over the “volume forms” &"~!, G¢ ', n =1
will be understood simply as summation over this set of orbits. o

Since we are going to discuss integration of forms over N, 3% Y, 3% Yz, we should
fix orientation on these manifolds. Orientation on A is fixed in such a way that the form
W™ is positive on a positively oriented basis. In the same way, orientation on 3% is fixed
in such a way that the form &' is positive on a positively oriented basis. Orientation on
Y9 is fixed such that if (e, ..., ez, 1) is a positively oriented basis in T, %% and ¢ € T,N
is such that d,Hy(¢) > 0, then (£, eq1,...,e2,_1) is a positively oriented basis in T,N. In
other words, $Y% is considered as a boundary of G with induced orientation. Orientation

on X and X is fixed in a similar way to i%, 9.

2.4. Poincaré section. The above procedure of symplectic reduction looks particularly
simple if one makes

Assumption 2.2. There exists a smooth submanifold I' C X% of dimension 2n — 2 such
that:
(a) Xo(z) ¢ T,T for all z € T
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(b) gor all z € X%, there exists a unique z = 2(z) € I' and a unique ¢t = #(x) such that
x = D(2).

In this case, the elements z € X% can be considered as pairs (z,t) € T' X R such that
x = ®,(z). It is easy to see that

Assumption 2.1(i),(ii) + Assumption 2.2 = Assumption 2.1(iii).

Let i : T — X% be the natural embedding. Then vy = mgoi: [ — i% is a diffeomorphism
and Yiwo = w|p. Thus, I' can be considered as a “concrete” realisation of the “abstract”
manifold iOE

Using the above identification of X% and T' x R, the free dynamics can be represented as
@ : (2,t) — (2,t + s) and the scattering map as

(2.12) Sg: (z,t) — (¢, 1), 2 =5g(2), t'=t—"1r(2),

where 55 = 7, o Sp o Y : I' — I' is a symplectic diffeomorphism, and 7z : [' — R is a
smooth function. The map 7 is often called time delay, or sojourn time. We note that the
definition (2.12) of 7z depends on the choice of I'; there is no invariant way of defining a
time delay function on %9,.

The manifold I' is, of course, the well known Poincaré section; see e.g. [1, §7.1]. The
map Sg : I' — I" in concrete cases appeared before in physics literature in [15, 11, 27] and
in mathematical literature in [16, 3]. The connection of 5 with the “quantum” scattering
matrix in the framework of semiclassical analysis has been discussed in physics literature, see
e.g. [27] and in mathematical literature in [3]. One of the earliest rigourous works which
established the connection between the “quantum” scattering matrix and the analogous
classical objects was [31].

2.5. Total time delay. Although the definition of time delay 7z above depends on the
choice of I', the total (or average) time delay Tk can be defined (see (2.15) below) in an
invariant way.

Let Q; C Qy C --- C N be a sequence of open pre-compact sets such that U Q) = N.
Let us define the functions u : £% — R and u : ¥ — R by

(2.13) ul(z) = / Xo, o ®V(z)dt, =€ X},
(2.14) ug(z) = / Xo, © Pi(z)dt, x € Xpg.

It is straightforward to see that u? o ®Y = uk and uy o ®; = uy, for all t € R and therefore uy,

ug generate functions u uk 20 — R, uy : EE — R such that @? Uy 0 My = uk and Uy o T = uy.
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Theorem 2.3. Suppose Assumption 2.1 and completeness (2.4) hold true, and let 0y C
Qy C - CN and W, Uy be as defined above. Then the limit

~ N (y) )
2.1 Tg = li — > 0
(2.15) e {/g (y) (n—=1! Jso (v (n—1)!
exists and is independent of the choice of the sequence {Q}. If, in addition, Assumption 2.2
holds true and 7 : T' — R is as defined by (2.12), then
w”’l(aj)

(2.16) Ty — /FTE(:C) o

T is the total time delay. The above statement (in various concrete forms) is well known;
for completeness, we give a proof in Section 7. See [10] for a survey of time delay and [25]
for a rigourous discussion of semiclassical aspects.

Remark 2.4. Since W_ : £ — g (see (2.11)) is a symplectic diffeomorphism, the
difference of the integrals in (2.15) can be rewritten as

e [ wwg - [ Red= = [ @ o -mun i

Sk 0

The quantity i o W_(y) — @0 (y) and its limit

(2.18) Tim (i 0 TW_(y) — ()

(or similar objects with W+ instead of W_) is often interpreted as the time delay related
to the orbit y. Note, however, that the limit (2.18) may not exist unless the sequence €y, is
chosen in a special way; see [28, 12] for a discussion of this issue.

2.6. Regularised phase space volume. Suppose that Assumption 2.1(iv) holds true for
some E. Let us denote
wn

(2.19) §(E) = /N (o) — X6(E)

n!’
It is interesting to note that if +(H(x) — Ho(z)) > 0 for all x € N, then +£(E) > 0.

The “quantum” analogue of {(F) is the spectral shift function. See the survey [26] for an
extensive discussion of this analogy in semiclassical context.

3. MAIN RESULTS

We will use some notation and terminology from symplectic topology. We collect the
required material in Appendix B; for the details, see [20]. In particular, we use the notion
of the Calabi invariant. Let M be an exact non-compact symplectic manifold; the Calabi
invariant CAL is a functional on a certain subset (which we denote by Dom(CAL, M))
of the set of symplectic diffeomorphisms of M. We note that our sign conventions and
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normalisation of the Calabi invariant are different from those of [20]. In Appendix B (see
Section B.3) we explain the analogy between CAL and the functional —Im logdet on the
set of unitary operators.

3.1. CAL(§E) and the regularised phase space volume.

Theorem 3.1. Let n > 2; suppose that Assumption 2.1 and completeness (2.4) hold true
for some E € R. Assume also that N is exact and that X% is non-compact. Then the map
Sg: X% — X% belongs to Dom(CAL, 3%) and the identity

(3.1) CAL(Sg) = &(E)
holds true.

This should be compared to the Birman-Krein formula (A.3) in “quantum” scattering
theory, bearing in mind the analogy between the Calabi invariant and the logarithm of
determinant, see Section B.3.

The proof of Theorem 3.1 is given in Sections 5 and 6 entirely in the framework of
Hamiltonian mechanics. The proof can probably be obtained, at least in some particular
cases, by analysing the semiclassical asymptotics of the Birman-Krein formula. However,
this route is likely to be much more technically difficult.

Similarly to the Birman-Krein formula, the relation (3.1) can be applied to a wide variety
of concrete situations. In Section 4 we discuss applications to scattering of classical particles.

3.2. The scattering matrix and the total time delay.

Theorem 3.2. Suppose that Assumption 2.1 and completeness (2.4) hold true for some
E € R. Suppose also that Assumption 2.1(iv) holds true for some E; > E. Then the

derivative %(E) exists and the identity

dg
3.2 Tp = —%(F
(32 b= ()
holds true.

This result in various concrete forms appeared before in physics literature; see e.g. [22,
6, 19]. For completeness, we give a proof in Section 7. Combining Theorem 3.2 with
Theorem 3.1, we get

d ~
(3.3) = CAL(Sp) = ~Tp.

This should be compared to the Eisenbud-Wigner formula (A.4) in “quantum” scattering.
A related result was obtained in [5] in the framework of Hilbert space classical scattering.
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4. APPLICATION TO CLASSICAL MECHANICS

4.1. The general case. Let N/ = R?", n > 2, with the standard symplectic form w =
St dpi Ndgi, (q1-- - Gnyp1-..pn) = @ € R*™. Of course, N is exact, w = d(— >, ¢;dp;).
We denote by (-, -) the usual inner product in R", and |¢|> = (¢, ¢). Let

1
Ho(q,p) = §|p|2 + v0(q),

where vy € C°(R™) satisfies the following assumptions:

(1.1) sup (un(a) + 5. Vi (0) < o
(4.2) inI%Kfn vo(q) > —o0.

The quantity vo+3 (g, Vo) in (4.1) is known as the virial. Next, let H(q, p) = Ho(q,p)+v(q),
where v € C5°(R"). Let E' € R be such that

(4.3) E is not a critical value of vy or vy + v;
1
(4.4) E > sup (vo(q) + =(q, Vo(q))).
gER™ 2

Fix any R € R and consider
(4.5) I'={(q,p) | holg,p) = E, {q,p) = R} C T,

Lemma 4.1. Assume (4.1) through (4.4). Then Assumption 2.1 and Assumption 2.2 hold
true with I' as in (4.5).

Proof. Assumption 2.1(i) follows from (4.3). Assumption 2.1(ii) follows from (4.2), since
¢=pand |p]* =2(F —vy) < C < cc.
Let us check Assumption 2.1(iii). For any trajectory (q(t),p(t)) = ®Y(z), we have

d

(4.6) %IQG)!Q = 2—{a(0), p()) = 2Ip(O)] = 2(q(), Veo(g(t))) = C > 0

by (4.4), and so |q(t)| — oo as t — £o0, as required.
Let us check Assumption 2.1(iv). We have

1
Go(E) N supp(H — Ho) = {(¢,p) | ¢ € supp v, 5lp|” < E = vo(a)};

using (4.2) we see that this set is compact. In the same way, G(E) N supp(H — Hy) is
compact.

Let us check Assumption 2.2. In order to check that T' is a smooth manifold in 3%,
it suffices to verify that dH, and d{q,p) are linearly independent on I'. Suppose that
dHy = Ad{q,p) at some point (¢,p) € I'. Then Vvy(q) = Ap and p = Ag, and so F =
$Ip|? + vo(q) = $(Vo(q), @) + vo(q) < E by (4.4) — contradiction.
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Next, we need to check that X is non-tangential to I'. We have Xy(q,p) = (p, —Vv(q)).
The tangent space Ti,,)I" consists of vectors (£,7) such that ({,p) + (n,¢) = 0 and

(&, Vuo(q)) + (n,p) = 0. For (§,1) = Xo(q,p) we have

(& p)+ (n.q) = |pI* = (g, Vuo(q)) = 2(E — vo(q)) — (g, Ve(q)) > 0

by (4.4), and so Xo(g,p) is not in Ty I
Finally, by (4.6), for any trajectory (q(t),p(t)) = ®Y(z), we have %(q(t),p(t)) >C >0
and so there exists a unique ¢t € R such that (g(t),p(t)) = R. B

Thus, (4.1)-(4.4) ensure that the wave operators Wy : X% — Yy exist. In order to
ensure that completeness (2.4) holds true, we have to make more specific assumptions. Let
us assume that
(4.7) E > sup (v(q) +v(q) + 3(a, Vuo(9)) + 5(a, V().

gER™
Then by the same argument as in the proof of Lemma 4.1 (see (4.6)), we obtain that all
trajectories of ®; leave supp v for large [¢t| and therefore coincide with some trajectories of
the free dynamics for large £¢ > 0. From here we get completeness (2.4).

To summarise: Suppose that (4.1)—(4.4), (4.7) hold true. Then Assumptions 2.1, (2.4)
and Assumption 2.2 hold true and therefore Theorems 3.1 and 3.2 hold true. N

We note without proof that under the above assumptions one can check that Sg €
Ham®(39,).

4.2. The case vy = 0. In the case vg = 0 it is easy to give explicit formulas for the phase
space volume, time delay, and the Calabi invariant of Sg.

The formula for the regularised phase space volume (2.19) is very well known (see e.g.
[26] for a comprehensive discussion) and easy to compute:

(4.8) E(E) = »,2"? / (E—(E—v(¢)Y*)d"q, E>0,

n

where 3, = F(%fﬂ) is the volume of a unit ball in R", d"q is the Lebesgue measure in R",
and (a)y = (a + |al)/2.

Next, the formula for the time delay is also well known; see e.g. [21]. Let = = (¢~,p~) €
I and let 27 = (¢7,p*) = Sg(xz™). Then the time delay function 75 from (2.12) can be
expressed as

1
To(z”) = 5(ap7) = (a" "),

and the total time delay is

_ W) _ n—3)/2 n—1 el — 1, — I
o= [t = e [ [ e -

where p~ = p~/|p~|, and d""'p~ is the Lebesgue measure on the unit sphere in R".
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Let us display formula (3.2) in the cases n = 2, 3:
Tp =0 (n=2),

Ty = 6mV/2 5 (E — (E —v(q))}?)d% (n = 3).

Finally, let us give a formula for CAL(Sg). As above, we have Sp : ¥ — %0 2~ =
(¢ p7) — (¢",p"); define

op; _
Zqija] )

7,7=1
It is straightforward to see that this definition is independent of the choice of the coordinate
system in R".

Lemma 4.2. Under the assumptions (4.1)-(4.4), (4.7), one has po ®) = p for all t € R
and

~ 1 W ()
4. CAL(Sg) = —— —
(2E)—/2 1A 1
(4.10) = d"'p d"""q p(q,p)-
n(n—1) Jg (¢.p)=R
Remark. (1) Since po®? = p, there exists a function 7 : £ — R such that pom = p.
Then (4.9) can be rewritten in an invariant form as
~ 1 o H(z)
CAL(Sg) = ——— 0 .
(5z) n(n—1) /g% pl2) (n—1)!

(2) It is possible to prove Lemma 4.2 by a direct calculation in local coordinates. In-
stead, below we give a proof which clarifies the main idea behind the definition of p
and can be adapted to more general situations.

Proof. 1. Fix a = — " | q;dp;. Let us prove that the identity
1

(4.11) (Spa) ANa AWt = —=pu"
n

holds true in some open neighbourhood of 3%. Here Sg should be understood as an
extension of the map Sg : £% — X% into a neighbourhood of X%. More precisely, if the
hypothesis of the Lemma is fulfilled for the energy E, then it is clearly also fulfilled for an
open interval of energies (Ey, E2) 2 E. Then Sg can be extended to {z | £y < Ho(z) < E»}
by using the same construction.

In order to check (4.11), we note that

SEaz—iq?dpfz—Zqz*gp’ quapzd—

i=1 ik=1
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and therefore

. opi 2N e N
(Sha) A Aw'™ qua _qu+2qfa Sdp) A (g5 dpy) A
k=1 k,i=1 Jj=1
W N
Z%Jra 7qu)/\(ijdpj)/\ __Zq@qja j Ndpy A" -
k=1 Jj=1 i,j=1
1 - ,8]7;"- n—1 1 n
ni,j:l 45 "

as required.
2. By inspection,

(4.12) a(Xp) =0 and (®})*a = a.
This is crucial for our proof. Since S commutes with ®? (see (2.9)), it follows that
(@) S*a = S*(P))*a = S*a.

Using these relations and applying (®?)* to both sides of (4.11), we get po ®) = p.
3. Let us prove that

1
(4.13) (Spa) AaAw" 2 = —Tlpw 1 on 9.

Choose a vector field Y in the neighbourhood of X% such that dHy(Y) = —1. Then
i(Xo)w = —dHy = 0 on 3% and

iW(Y)i(Xo)w =w(Xo,Y) = —=dHo(Y) =1,
i(Y)i(Xo)w = (n — 1)(i(Y)i(Xo)w)) Aw" 2 = (n — 1)w" % on XY,
By the same argument, one obtains
(4.14) i(Y)i(Xo)w™ = nw™ ! on X%
Using these identities and (4.12), we get
(4.15) i(Y)i(Xo)(S* a) Aa Aw™t =i(Y)((S*a) A a A (i(Xo)w" )
= (S* ) AaANi(Y)i(Xo)w" = (n—1)(S*a) Aa Aw" 2 on X%,

Applying i(Y)i(X,) to both sides of (4.11) and using (4 14), (4.15), one obtains (4.13).
4. By the definition (2.12) of $g, we have Sg(z) = ®° Y (s ©5e(z), 2 € I'. It follows that
(

szE(g) = dz((b? o gE’)(s)’t:—T(z) - XO E(Z))dZT(dng(g))a
for any € € T.I'. By (4.12), we get
a(d.Sp(§)) = a(dZ(CD? © gE)(f)Nt:—T(Z) = a(d.sg(§))-
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It follows that
(4.16) spa = (Spa)lr.
5. According to formula (B.4) for CAL, we have

CAL(Sgp) = CAL(3g) = % / (550) A Aw™ 2.
s JT

From here, using (4.16) and (4.13), one obtains (4.9). Formula (4.10) is just (4.9) with

w™ ! expanded. B

4.3. The case of rotationally symmetric v. Let vy = 0 and let v be rotationally sym-
metric, v(z) = vi(|z]). Then formula (4.9) can be recast in terms of the usual variables of
scattering theory: the impact parameter s and the scattering angle ¢ (see [17, Section 18]).
For (¢q,p) € R*™, p # 0, the impact parameter s > 0 is defined by

_ ' ~{a.p)p
pl?
Due to the conservation of angular momentum, the impact parameter is the integral of

motion for both dynamics ®°, ®. If (¢7,p") = Sg(q~,p~), then the scattering angle ¢ is
defined such that

t.p7)
[Pt
Of course, this does not yet define ¢ uniquely. In order to fix ¢, let us note that due to the

rotational symmetry, ¢ depends only on F and s. Thus, for a fixed energy F let us define
¢ as a continuous function of s € (0, 00) such that (4.17) holds true and

(rt,q7)

pHlg|”

where ¢~ is chosen such that (¢g=,p~) = 0. In other words, ¢(s) > 0 for small repulsive
potentials (v > 0) and ¢(s) < 0 for small attractive potentials (v < 0).

Formula for ¢ is well known (see e.g. [17, Section 18]):
(4.18)

- (I e S T

r2 r2 r2

(4.17) cos ¢ =

sin g =

It is easy to corr;n[;Lte that
p=pls) = V2B
and therefore
(419)  CAL(Sg) = —s56,_1(2E)"? / N s"‘fl—“bds = 32,7, (2F)"? / N s"Lp(s)ds.
0

S 0



14 VLADIMIR BUSLAEV AND ALEXANDER PUSHNITSKI

Substituting (4.18) into (4.19), and using (4.8), it is not difficult to check directly the
validity of Theorem 3.1 in this case.

Example 4.3. Let us give an example where the Poincaré scattering map is not homotopic
to the identity map. Let n = 2, vy = 0 and v be of the form v(q) = v1(|g|), v1 = 0, v1(r) =0
for r > 1, vi(r) < 0 for all r € (0,1). Let E € (0,v1(0)). Under these assumptions, (4.7)
may or may not hold true. However, using the separation of variables, one can directly
check that the completeness condition (2.4) holds true.

In order to make our notation more succinct, let us identify R? with C in the usual way.
Then the trajectories ¢ = ¢(t), p = p(t) of the free dynamics ®° can be parameterised by
6 € [0,27) and o € R so that

q(t) = ioe” +tvV2Ee",  p(t) = p(0) = V2Ee".
Of course, |o| is the impact parameter.

It is easy to see that ov2F, 6 are symplectic coordinates on i%, and so i% can be
identified with a cylinder 7*S! (as in Example B.3). Due to the conservation of angular
momentum, the Poincaré scattering map has the form

S’/E : (07 9) = (Ua 0 + ()0(0-))
where p(0) =0 for 0 < —1 and (o) = 27 for o > 1. Here @ is the scattering angle with a

different normalisation. Since the map Sp “twists” the cylinder T*S!, it is easy to see that
Sg is not homotopic to the identity map: Sg ¢ Sympg(T*S').

5. AUXILIARY STATEMENTS

5.1. Exactness of i% Recall that A is called exact if there exists a 1-form o on N such
that da = w. Here we prove that exactness of N implies exactness of X%. In the course of
the proof, we construct an atlas on %9,.

Lemma 5.1. Let Assumption 2.1 (i)-(iii) hold true and suppose that N is exact. Then
the 1-form o on N such that da = w can be chosen in such a way that

(5.1) i(Xo)a=0 on X%,

Moreover, there exists a 1-form & on X% such that da = @y and Tia = oy -

Proof. 1. First let us construct an atlas on EOE Fix yy € i% and choose zy € yy. Using
local coordinates around zy, it is easy to construct a manifold 'y C $Y% of dimension 2n — 2
such that 2o € T'g and Xo(z) ¢ T,y for all z € T'y. By Assumption 2.1(iii), there exists
T > 0 such that for all [t| > T, one has ®%(I'y) N Ty = (; here 'y is the closure of Ty in X9%.
It follows that the orbit ®?(x() can intersect 'y only finitely many times. By reducing Iy
if necessary, we can ensure that ®Y(z) ¢ Ty for all ¢ # 0.

Next, since we may assume [y to be pre-compact, there exists € > 0 such that for all
0 < [t| < ¢, one has ®Y(Ty) N Ty = . Since the closed set K = {®V(zq) | € < |t| < T}
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has empty intersection with Iy, there exists an open neighbourhood of K which has empty
intersection with Ty. It follows that one can choose a subset I' C T (which is itself a
manifold of dimension 2n — 2) such that ®Y(T') N T = § for all ¢ # 0. Thus, we have
constructed a “local Poincaré section”, i.e. T' parameterises {®)(z) |t € R, z € T'} C XY
rather than the whole manifold 3Y%.

Such a manifold T can be constructed for any point yy € £%; then the corresponding
sets o(I") form an open cover of £%. Let us choose a locally finite subcover {mo(I';)} of
this cover and a smooth partition of unity {¢;} on ENI% subordinate to this subcover (i.e. for
each j, supp (; lies entirely within one of the sets mo(I';)). Clearly, we have an associated
partition of unity {¢;} on X%, {; = ¢; o 7.

Of course, if Assumption 2.2 holds true, then the above atlas can be chosen to consist of
just one map.

2. Since N is exact, there exists a 1-form 3 on N such that dS = w. Let us construct
F € C*®(N) such that a = § + dF has the required properties. We will construct F using
the atlas described above.

For each j, let us construct a function Fj on Q; = {®Y(z) | t € R, x € T';} such that
B(Xo) + dF;(Xo) = 0 on ;. This can be done by setting F; = 0 on I'; and then extending
F; onto 2; by integrating the differential equation

(5:2) @ F o ®)(r) = (X0 0 B(a)

along the orbits of ®°.
Now let us define F' = 7. (;F; on X and extend F' onto the whole of A" as a smooth

function. Then on X% we have
(53)  i(Xo)a = i(Xo)B +i(Xo)dF =Y ¢ (i(Xo)B +i(Xo)dFy) + Y Fj i(Xo)d¢;.

The first sum in the r.h.s. of (5.3) vanishes by the construction of Fj. Next, by the
construction of (; we have

d
= ECJ o @Q(I)h:o = de(XO(x))’

and so the second sum in the r.h.s. of (5.3) also vanishes. Thus, « satisfies (5.1).

0

3. Let us prove that there exists a 1-form & on X9 such that 7ja@ = a. First note that,
by Cartan’s formula for Lie derivative,

LXOOé = d’l(Xo)Oé + Z(X())dOé =0+ Z(Xo)a) = —dHO =0
on X%, where we have used (5.1). It follows that

(5.4) (@g)*a|z% =alg forallt €R.
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Next, let z,y € X% and let & € T, X%, n € T, X% be such that mo(x) = mo(y) and d,m(§) =
d,mo(n). This means that for some ¢, ¢ € R, one has y = ®Y(z) and n = d,PY(&) + cXo(y).
Then, using (5.1) and (5.4), we obtain

ay(n) = oy (do®(€) + cXo(y)) = (AP} (€)) = au(§).

Thus, o : TYY% — R is constant on the pre-images of any point under the map dmg : T2 —

TiOE. This shows that one can define a smooth 1-form a on EOE such that mja = a.
4. Let us prove that da = wg. We have

Towo = w = da = drja = myda,
and so 75 (g — da) = 0. Since m is a surjection, it follows that da = wy. B

5.2. Separation of variables in integrals over X%. We will need the following version
of Fubini’s theorem:

Lemma 5.2. Let p be a 1-form on X% and Q2 C X%, be an open pre-compact set. Define

@)= [ a0 @) (X))o Bi(a)it, o€ XL,

o0

and let 0 i% — R be the corresponding function such that 5o mo =90. Then

/,u/\wn—l_ 6~n 1'
Q 29

We note that this lemma, with obvious modifications, can (and will) also be applied to
integrals over X and X instead of X%, 3%

Proof. 1. Let (j, Zj, I'; be as in the proof of Lemma 5.1. It suffices to prove that

(5.5) /Cju/\wnl :/~ Zj s on .
Q 29,

Next, as in Section 2.4, we have a map v; : I'; — EN]% which is a symplectic diffeomorphism
onto its range. Using this map, we can rewrite the integral in the r.h.s. of (5.5) as the
integral over I';. Thus, it suffices to prove that

56 [ anre = [ @) [ oo i) (Ko o ot
2. Let us prove (5.6). Consider the map ¢ : R x I'; — X% ¢(t,z) = ®(x). We have
(5.7) Jouner= [ L Goo0m e a5 A (o

Since ®Y is a symplectic map, we get for any &,n € T,I;:
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Bt? dx1’ " BTan—2

the corresponding basis in the tangent space T(; ,)(R x I';). For any £ € T,I';, we have

() (1 €) = u(XKofa), e 8Y(E) = ~d HoldB)(€) =0,

Further, let (¢,21,...,22,-2) be local coordinates on R x I'; and let 2 be

and so
o 0 9 0 0
* * \n—1 Il — 0 n—1
((¢ M) A (¢ w) )(t’x)(at7 axl, R ax2n72) ,uq,g(x) (XO(Qt (x)))wx (axla ceey ax2n72).

It follows that we can separate integration over I'; and over R in (5.7), which yields the
required identity (5.6). B

6. PROOF OF THEOREM 3.1

6.1. A generating function of Sp. Here we use the notion of a generating function of a
symplectic map; see Appendix B. Let a be a 1-form on N as in Lemma 5.1. Let us define
a function A on X by

(6.1) Alz) = — /Oo (i(X)a) o by(z)dt, =€ Ep.

Note that by (5.1), for all sufficiently large |t| one has
(1(X)a) o y(x) = (i(Xo)a) o Py(z) =0
and so the integration in (6.1) is actually performed over a bounded set of t. It follows that
A e C®(Xg).
It follows directly from the definition that A is constant on the orbits of ®; and therefore
there exists A € COO(EE) such that A o7 = A. Since Y N supp(H — Hy) is compact, it
follows that supp A is compact and so Ae C’OO(Z E)

Lemma 6.1. Under the assumptions of Theorem 3.1, we have Sp € Dom(CAL, i%) and

. C’unfl(

(6.2) n CAL(Sy) = /i Ax)

x)
(n—1)I

Proof. 1. First recall the well known formula for the derivative of reduced action. Let T' > 0
and

T
fr(z) = / (1(X)a) o @y(x)dt, x € Xg;
0
then
(6.3) dfy = ®ha — o+ TdH.

On X, we have H = E and so the last term in the r.h.s. of (6.3) vanishes.
2. Let us check that the function Ay = Ao W_ € C(X}) satisfies the identity

(6.4) a— Spa=dA, on XY,
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Let K C X% be a compact set. We can choose T > 0 sufficiently large so that for all
r € K,
Sp(z) = 0% 0 ®yr 0 ®Y . (2)
and

Az) = —/ (i(X)a) o ®y(x)dt = — for o D_p(x).

-T

Thus, using (5.4) and (6.3), we have on K:
Spa = (PL7)" (Par)*(2Ly) e = (024)" (dfor + @)
= d(fQT o CI)ST) +a= d(fQT o (I),T o W,) +a= —d(A o W,) +a= —dAo + o,

which proves (6.4).
3. Let Ay € C5°(X%) be a function such that Ag o 7y = Ag. Using the formula o = i
and (2.10), we can rewrite (6.4) as

mi(@ — Sha) = midA,.
Since 7y is a surjection, it follows that
(6.5) a—Sya=dA, onXY,
i.e. Ay is an a-generating function of Sz. Thus, Sg € Dom(CAL, i%) and, according to
the definition (B.3),
~n—1

(6.6) nCAL(Ss) = [ Rg(w) 1)

50 (n—1)!

4. Let W_ be as in (2.11). Since W*& = @, by a change of variable in the integral (6.6)
we obtain (6.2). B

6.2. Application of Stokes’ formula. Below we apply Stokes’ formula to rewrite the
integral (2.19) in the definition of . The following statement is used in the proof of
Theorem 3.1 but it might be of an independent interest.

Proposition 6.2. Let a be a 1-form on N as in Lemma 5.1; then the identity

1

(6.7) ¢(B) = -~ / a AW
n! Js,

holds true.

Proof. 1. We first note that
n—1 _

(6.8) aAw" g = 0.

Indeed, i(Xop)algo = 0 by (5.1), and i(Xo)w = —dHo = 0 on 39 since XY is a constant
energy surface. Thus, i(Xo)(a Aw" )|y = 0; since o A w"~! has a maximal rank on X,
it follows that (6.8) holds true.
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2. Let Q C N be a compact set with a smooth boundary such that supp(H — Hy)NG(FE) C
2 and supp(H — Hy) N Go(E) C Q. Since

by (6.8) the integrand in (6.7) vanishes outside 2. Thus, the integration in (6.7) is in fact
performed over ¥ N and so the r.h.s. is finite.
3. Writing G = G(F) and Gy = Go(E) for brevity, we get

n n n

w" w w w
€(E)=/(Xc _XG)_:/ (xa _XG>_:/ ——/ —.
N ’ n! NNQ ’ n! GonQ n! cna N

We have d(a A w™™ 1) = w™ and therefore, by the Stokes’ formula,

nl¢(E) = / aAw" ™t — / aAw'
A(GonQ) a(GNQ)

—/ a/\w"l—/ (x/\wnl——/ aAw' !
29NQ SENQ Sk

since the integrals over Gy N 9) and G N N2 cancel out. B

6.3. The rest of the proof of Theorem 3.1. By (6.2) and (6.7), it remains to prove

that
—/ aAw"? :/~ A(z)a" ().
ot >

This follows from Lemma 5.2 with p = o, Q2 = Xp.

7. TIME DELAY: PROOF OF THEOREMS 2.3 AND 3.2

7.1. Proof of Theorem 2.3. 1. Our first aim is to prove that the r.h.s. of (2.17) is
independent of k for all sufficiently large k. Denote K, = supp(H — Hp) N X% and K =
mo(Kp). Tt is easy to see that supp(uy, o W_ — ) C Ky and therefore the integration in the

r.h.s. of (2.17) is actually performed over K.
By Assumption 2.1(iii), there exists 7" > 0 such that for all |{| > T one has

(7.1) DY (Ko) N Ko = 0.
Then we have
QoW _(z) =) (), t<-T, VreK,,
O, oW_(2) =®) 0 Sp(x), t>T Vzc K,
Let us choose ¢ sufficiently large so that for all |t| < T', we have
(7.2) PV (Ky) C Qp, @0 W_(Ky) C Q.
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Then for all x € Ky and all k > ¢:

(73 o W-(2) = ufe) = [ (xa, 000 0 Si(o) — xe, o (et
Next, let us define

(7.4) o (z) = /0 T ana 0 Ba)dt, z€ Ko kL.

Comparing (7.3) and (7.4), we get
(7.5)  (upoW_(z) —ul(x)) — (ug o W_(x) — ud(x)) = vy 0 Sp(z) —vi(z), =z € K.

From (7.2) it follows that v o ®Y(z) = vi(x) for all x € Ky and [t| < T. Let us define
U : Ko — R such that vy o mo(z) = vg(x), © € Ky. Then from (7.5) it follows that

10) [ {@o W)~ ) - @o W) - W)} 2

= [ 0 Bnt) ~ o) ()

%o (n—1)I

Since Sp : % — %9 is a symplectic diffeomorphism and Sg(z) = @ for z ¢ Ko, we see that
the r.h.s. of (7.6) vanishes. This proves that the r.h.s. of (2.17) is independent of k > ¢.
Thus, the limit (2.15) exists.

2. Let us prove that the limit in (2.15) is independent of the choice of the sequence {2 }.
First note that the limit (2.15) can be calculated over any subsequence of {2;}. Next, let
{2} be another sequence of sets with the same properties as {€2;}. Then it is easy to
construct sequences of indices p; < ps < --- and ¢ < g2 < --- such that

(7.7) Qp, CQ, CQY, CQ, C---

Then the sequence {2, } is a subsequence of both the sequence (7.7) and the sequence
{Q}. It follows that the limits (2.15) over the sequence (7.7) and over the sequence {€}
coincide. In the same way, the limits (2.15) over the sequence (7.7) and over the sequence
{2} coincide.

3. Let us prove (2.16). Since supp(H — Hp) N 3% is compact, there exists a compact set
[y C T such that for all z € T'\ Ty and all ¢ € R, one has ®;(z) = ®?(z) (for example, one
can take I'g = I' N Kj). Then we have supp 7 C I'g and also

T = [ (oW () = ()7

for all sufficiently large k.
Let ¢ be sufficiently large so that (7.2) holds true and also assume (by increasing ¢ if
necessary) that for all k£ > ¢ and all z € Ty, one has ®Y(z) € Q, for [¢t| < |7(2)]. Using (7.3)
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and the representation (2.12) for the scattering map, we get for all z € T'y:

(7.8) w0 W(2) —up(z) = / {xa, 0@} 0 @2 () 05p(2) — xa, 0 ©;(2)}dt
0
0

— [ oo 80055(:) ~ xay 0 8t + [ xa, 080 oSe(a)at
0 —7(z2)

-/ (e 0B 055(2) — xa, 0 ()Yt + ().

Next, since sg : I' — I' is a symplectic diffeomorphism, we get

(7.9) /F o0 0 0 Fp(2)un 1 (2) = / Yo 0 B0(2)w 1 (2)

o

for all ¢ € R. Finally, integrating (7.8) over I'y with respect to the symplectic volume form
wnfl

Gy and using (7.9), we arrive at (2.16).

7.2. Proof of Theorem 3.2. 1. Let Q; C Q, C --- C N be a sequence of open pre-
compact sets such that U ,Q, = A. Choose ¢ sufficiently large so that

G(Ey) Nsupp(H — Hy) C Qy and Go(Ey) Nsupp(H — Hy) C Q.

Then for all £ > ¢,
d& d w" w"
0= G5 e, 31 ooy 1)
E E Uaymna, M Jomna, 1!

2. Let Yj be a vector field defined in a neighbourhood of X% M€Y such that dHo(Yo)|gy =
1. Similarly, let Y be a vector field defined in a neighbourhood of ¥ N € such that
dH(Y)|s, = 1. Then

d¢ 1 1

—(F) = — (Yo" — — i(Y)w"

dE( ) n! Jso nq, (¥o) n! Jspno. ¥)

o= LRI e} AU R I

3. Let us apply Lemma 5.2 to the integrals in the r.h.s. of the last identity. We will
take p = i(Yp)w for the first integral and p = i(Y)w for the second integral. Note that
i(X)i(Y)w = i(Y)dH = 1 by our choice of Y, and in the same way i(Xy)i(Yy)w = 1.
Application of Lemma 5.2 yields

d¢ N B
an'® = Jy G (1y))' - /EE W= (11/))'

with @, Uy, as in Section 2.5. By (2.15), the r.h.s. is (—Tg), as required.
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APPENDIX A: KEY FORMULAS IN QUANTUM SCATTERING

Here we collect those definitions and formulas in quantum scattering theory which are
relevant to the rest of the paper. We do not make any attempt at being rigourous or even
precise about the required assumptions. Our cavalier approach will probably horrify experts
in quantum scattering but this collection of formulas might be useful for the purposes of
comparison of “classical” and “quantum” cases.

Let Hy and H be self-adjoint operators in a Hilbert space ‘H. In order to simplify our
discussion, let us assume that both Hy and H have purely absolutely continuous spectrum
(see e.g. [23, Section VIL.2]). The wave operators W, : H — H are defined by

Wiw — tlgtnoo eitHefitHoz/j, w c H,

whenever these limits exist. The wave operators are easily seen to be isometric and inter-
twine H and Hy: W.Hy = HW,. Completeness of the wave operators is the relation

(A.1) Ran W, = RanW_ ="H.

If H has a non-empty pure point or singular continuous spectrum, then the definition of
the wave operators has to be modified and H in the right hand side of the last relation has
to be replaced by the absolutely continuous subspace of H. See [32, Sections 2.1, 2.3] for
the details.

If the wave operators exist and are complete, one defines the scattering operator S =
WJIW,. The scattering operator is unitary and commutes with Hy: SHy = HyS. It
follows that S is diagonalised by the direct integral of the spectral decomposition of Hy:

&
(A.2) H= h(E)E, (Hof)(E)=Ef(E), (Sf)(E)=_Sef(E).
Spec(Hop)
Here Sg is a unitary operator in the fibre space h(E); Sk is called the scattering matrix.
See [32, Section 2.4] for the details.
Let P%®) be a family of operators in H such that P®) — 1) as k — oo for any ¢ € H.
Let 7®) be the operator defined by

(T®1p, ) = / 1P | dt — / | P e itHoy|? gy,

—0o0 —00

e}

assuming that these integrals exist. Then 7® commutes with Hy and therefore is diagonal
with respect to the direct integral decomposition (A.2). Let ’TE(k) : h(E) — h(E) be the
corresponding fibre operator. Then the limit 7z = lim_,o, 7, E(k:)’ whenever it exists, is called
the global time delay operator, and T = Tr 7y is called the global time delay. See [25] for
the details.

The spectral shift function {(F) is defined by the relation

§(B) = Tl"(X(—oo,E)(Ho) - X(—oo,E)(H))
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which has to be understood in a certain regularised sense; see [32, Section 8.2] for the details.
The existence of the spectral shift function and the global time delay requires some trace
class assumptions on H and Hy, such as H— H, € Trace class or (H+al) ™ —(Hy+al)™™ €
Trace class for some appropriate a and m.

The Birman-Krein formula reads

(A.3) det Sp = e~ 2B

for a.e. F in the absolutely continuous spectrum of Hy. This formula first appeared in [18, §]
for the one-dimensional Schrodinger operator and was established in [2] in the general case;
see e.g. [4] for the details and historical references. In concrete applications this formula is
sometimes stated in the form

d dSg d(E)
4 — (55 228y = _om 5\,
7B ogdet Sg r( EdE) M
see e.g. [7]. The Eisenbud-Wigner formula reads
d
(A.4) @Im log det Sg = TFg;

see e.g. [25, 9] for the details and references.

APPENDIX B: SYMPLECTIC DIFFEOMORPHISMS AND THE CALABI INVARIANT

B.1. Symplectomorphisms. We recall some notation and preliminaries from symplectic
topology; see e.g. [20] for the details.

Let (M, w) be a non-compact 2m-dimensional symplectic manifold, possibly with bound-
ary. We need the following notation:

Symp(M) is the group of all symplectomorphisms (=symplectic diffeomorphisms) on M.

Symp‘(M) is the group of all symplectomorphisms of M with compact support, supp ¢ =
Clos{zx | ¥(x) # z}.

Sympg (M) is the path connected component of the identity map in Symp®(M).

Ham®(M) is the set of all compactly supported Hamiltonian symplectomorphisms of M.
This means that ¢ € Ham®(M) can be constructed as a time one flow of a family of time-
dependent compactly supported Hamiltonians. More precisely, ¢ € Ham®(M) means that
there exists a smooth family h,, ¢t € [0,1] of Hamiltonians on M such that Uscjo1)supp hy
lies in a compact set and if 1), is the corresponding flow and X; the corresponding vector
field,

d . )
(B-l) %% = X; 0y, l<Xt)w = —dhy, o =1d,

then 1) = 1.
It is easy to see (cf. [20, Section 10]) that

(B.2) Ham®(M) C Sympg(M) C Symp®(M).
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B.2. The Calabi invariant. Let us assume that M is exact, i.e. there is a 1-form « such
that w = da. We recall the definition of the Calabi invariant CAL; for the details, see [20].
For our purposes we need to define CAL on a wider set of symplectomorphisms than it is
usually done. Let Dom(CAL, M) be the set of all ©) € Symp“(M) such that there exists a
I-form a and f € C§°(M) with dao = w and o — ¢*a = df. In this case we will say that f
is an a-generating function of .

If v € Dom(CAL, M) and f is an a-generating function of 1, let us define

(B.3) CAL(Y) = m;H/Mf(m)%(f).

Note that our sign conventions and normalisation differ from those of [20].
Since the choice of o above is not unique, a symplectomorphism can have many generating
functions. However, we have

Proposition B.1. (i) CAL() is independent of the choice of a.
(i1) If [ is an a-generating function of 1, then CAL(v) can be calculated as

1 * m—
] /M(w Q) Aa Aw™

(111) Suppose 1 € Ham®(M) is generated by a family of Hamiltonians {h:}, see (B.1).
Then v € Dom(CAL, M) and

CAL(@/;):/OI dt/Mht(x)wa).

Proof. (i) This is a well known calculation, see e.g. [20, Lemma 10.27]. Suppose that
a; —Pra; = df, f; € CF(M), daj = w, j = 1,2. Denote f = as — oy, g = fo — f1; then
we have d3 =0, § — ¢*(3 = dg. We need to prove that fM gw™ = 0.

As in [20, Lemma 10.27], we have

/M gw™ = /M gdog Aw™ ! = /M(d(gozl) —(dg) ANa)) ANw™ !t = — /M(dg) Aagp Aw™
= / (W8 =B) Aoy Aw™ ! = / (" 8) Aag Aw™ —/ P(BA AW
M M M

(B.4) CAL(v) =

= / VBN (ap — P o) AW = / VBN AW = —/ d(fr*B Aw™ ) =0,
M M M

as required.
(ii) Similarly to the previous calculation, using Stokes formula, we have

(m+ 1) CAL(v) /fda W™t /fda/\wm h = /alf/\()z/\wml
:/ (¢*a—a)AaAwm_1:/ Prana A"
M M
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since a A o = 0.
(iii) Is well known; see [20, Lemma 10.27]. B

Remark B.2. The Calabi invariant is usually defined as a map Ham®(M) — R, in which
case it is a homomorphism; see [20]. On the domain Dom(CAL, M) this is in general not
the case: it is not difficult to show that Dom(CAL, M) is, in general, not a subgroup of
Symp“(M). Example B.3 below shows that in general neither of the two sets Sympg (M),
Dom(CAL, M) is a subset of the other one.

Example B.3. Let (M,w) be T*S! with the canonical symplectic structure of the cotan-
gent bundle (see e.g. [20, Section 3.1]). Let (s,0) € R x [0,27] be the coordinates in T*S*.
All possible one-forms « such that da. = w can be described as o = sdf + vd0 + dg, where
v € R and g € C®(T*S'). Consider the symplectic diffeomorphism ¢ of T*S', defined by

b (5,0) = (5,0 + (s)),
where ¢ € C*(R). Consider the following cases:
(i) Suppose ¢(s) = 0 for s < —1 and ¢(s) = 27 for s > 1, and [, s¢/(s)ds = 0. Then ¢
is not homotopic to identity, but 1*(sdf) — sdf = s¢'(s)ds and so ¥ € Dom(CAL, T*S').
Thus, Dom(CAL, T*S") is not a subset of Symp§(T*S").
(ii) Suppose ¢ € C°(R), and [, s¢'(s)ds # 0. Then it is easy to see that 1 €
Symp§(T*S') but ¢ € Dom(CAL, T*S").

B.3. logdet and CAL. Here, without any attempt at being rigourous, we point out an
analogy between the Calabi invariant of a symplectic map and the logarithm of the de-
terminant of a unitary operator. This analogy helps to understand the relation between
Theorems 3.1, 3.2 and their “quantum” counterparts (A.3), (A.4).

In order to make our discussion concrete, suppose M = R?" and let us use the Weyl
quantisation procedure. That is, for a real valued function h € C§°(R?"), let us define the
self-adjoint operator

(Hua) = [ T ) .
R2n

Then, clearly,

(B.5) TrH = h(q,p) d"q d"p = /R% h(x)w"(x)

R2n Tl'

Further, let U be the unitary operator obtained from H by means of exponentiation:

U = exp(—iH). U can be regarded as a time one map corresponding to the differential
equation i4U(t) = HU(t). The “classical” analogue of this procedure is taking the time

one map of the Hamiltonian flow ®; generated by h. We have

wn

det U = exp(—iTr H) = exp (—z/hm) = exp(—i CAL(®,)).
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In other words, we have a diagram

h Quantisation H
classical quantum
dynamics dynamics
(I)l e—z’H
eXp(—i CAL((Dl)) _— det e_iH

This to some extent explains the analogy between —Im log det and CAL.

ACKNOWLEDGEMENTS

Research was partially supported by the London Mathematical Society. A.P. is grateful to
H. Dullin, A. Gorodetski, M. Hitrik, and A. Strohmaier for useful discussions and references
to the literature and to N. Filonov for reading the manuscript and making a number of very
helpful remarks.

REFERENCES

[1] R. Abraham, J. E. Marsden, Foundations of mechanics. Second edition. Benjamin/Cummings Publish-
ing Co., Reading, Mass., 1978.

[2] M. Sh. Birman and M. G. Krein, On the theory of wave operators and scattering operators, Soviet Math.
Dokl. 3 (1962), 740-744.

[3] 1. Alexandrova, Structure of the short range amplitude for general scattering relations, Asymptot. Anal.
50, no. 1-2 (2006), 13-30.

[4] M. Sh. Birman and D. R. Yafaev, The spectral shift function. The work of M. G. Krein and its further
development, St. Petersburg Math. J. 4, no. 5 (1993), 833-870.

[5] D. Bollé, On classical time delay, in New Developments in Mathematical Physics, Edited by H. Mitter
and L. Pittner, Springer, 1981.

[6] D. Bollé, T. A. Osborn, Sum rules in classical scattering, J. Math. Phys., 22, no. 4 (1981), 883-892.

[7] V.S. Buslaev, The trace formulae and certain asymptotic estimates of the kernel of the resolvent for the
Schrdinger operator in three- dimensional space. (in Russian) 1966 Probl. Math. Phys., No. I, Spectral
Theory and Wave Processes pp. 82-101 Izdat. Leningrad. Univ., Leningrad

[8] V. S. Buslaev, L. D. Faddeev, Formulas for traces for a singular Sturm-Liowville differential operator,
(in Russian) Soviet Math. Dokl. 1 (1960), 451-454.

[9] A. Jensen, Time-delay in potential scattering theory, Comm. Math. Phys. 82 (1981), 435-456.

[10] C. A. A. de Carvalho, H. M. Nussenzveig, Time delay, Physics Reports 364 (2002), 83-174.

[11] E. Doron, U. Smilansky, A scattering theory approach to semiclassical quantization, Lecture notes,
summer school “Mesoscopic systems and chaos: a novel approach”, 3-6 August 1993.

[12] C. Gérard, R. Tiedra de Aldecoa, Generalized definition of time delay in scattering theory, J. Math.
Phys. 48 no. 12, 122101 (2007).

[13] I. Herbst, Classical scattering with long range forces. Comm. Math. Phys. 35 (1974), 193-214.

[14] W. Hunziker, The S-Matriz in Classical Mechanics, Commun. Math. Phys. 8, no. 4 (1968), 282-299.

[15] C. Jung, Poincaré map for scattering states, J. Phys. A 19 (1986), 1345-1353.



SCATTERING MATRIX IN HAMILTONIAN MECHANICS 27

[16] A. Knauf, Qualitative aspects of classical potential scattering, Regul. Chaotic Dyn. 4, no. 1 (1999),
3-22.

[17] L. D. Landau, E. M. Lifshitz, Course of theoretical physics. Vol. 1. Mechanics. Third edition. Pergamon
Press, Oxford-New York-Toronto, Ont., 1976.

[18] I. M. Lifshits, On the problem of scattering of particles by a centrally symmetric field in quantum
mechanics, (in Russian), Khar’kov Gos. Univ. Uchen. Zap. 27 (1948), 105-107.

[19] C. H. Lewenkopf, R. O. Vallejos, On the classical-quantum correspondence for the scattering dwell
time, Phys. Rev. E 70, 036214 (2004).

[20] D. McDuff, D. Salamon, Introduction to symplectic topology, Oxford University Press, 1998.

[21] H. Narnhofer, Another definition for time delay, Phys. Rev. D 22, no. 10 (1980), 2387-2390.

[22] H. Narnhofer, W. Thirring, Canonical scattering transformation in classical mechanics, Phys. Rev. A
23, no. 4 (1981), 1688-1697.

[23] M. Reed, B. Simon, Methods of modern mathematical physics. Vol 1: Functional analysis. Academic
Press, 1972.

[24] B. Simon, Wave operators for classical particle scattering, Comm. Math. Phys. 23 (1971), 37-48.

[25] D. Robert, Relative time-delay for perturbations of elliptic operators and semiclassical asymptotics. J.
Funct. Anal. 126, no. 1 (1994), 36-82.

[26] D. Robert, Semiclassical asymptotics for the spectral shift function. Differential operators and spectral
theory, 187-203, Amer. Math. Soc. Transl. Ser. 2, 189, Amer. Math. Soc., Providence, RI, 1999.

[27] C. Rouvinez and U. Smilansky, A Scattering Approach to the quantization of Hamiltonians in 2 Di-
mensions — Application to the Wedge Billiard J. Phys. A: Math. Gen. 28 (1995), 77-104.

[28] M. Sassoli de Bianchi, Ph. A. Martin, On the definition of time delay in scattering theory. Helv. Phys.
Acta 65, no. 8 (1992), 1119-1126.

[29] W. Thirring, Classical scattering theory, New Developments in Mathematical Physics, Edited by
H. Mitter and L. Pittner, Springer, 1981.

[30] W. Thirring, Classical mathematical physics. Dynamical systems and field theories. Third edition.
Springer-Verlag, New York, 1997.

[31] B. R. Vainberg, Asymptotic methods in equations of mathematical physics, Gordon & Breach, New
York, 1989.

[32] D. R. Yafaev, Mathematical scattering theory. General theory. American Mathematical Society, Prov-
idence, RI, 1992.

DEPT. OF MATHEMATICAL PHYSICS, INSTITUTE FOR PHYSICS, SAINT PETERSBURG STATE UNIVER-
SITY, 1 ULYANOVSKAYA STR, ST. PETERSBURG-PETRODVORETS, 198504, RUSSIA
E-mail address: buslaev@mph.phys.spbu.ru

DEPARTMENT OF MATHEMATICS, KING’S COLLEGE LONDON, STRAND, LoNDON WC2R 2LS, U.K.
E-mail address: alexander.pushnitski@kcl.ac.uk



