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Abstract

In L?(R3), we consider the unperturbed Stark operator Hy (i.e., the Schrédinger operator
with a linear potential) and its perturbation H = Hy + V by an infinitely smooth compactly
supported potential V. The large energy asymptotic expansion for the modified perturbation
determinant for the pair (Hy, H) is obtained and explicit formulae for the coefficients in this
expansion are given. By a standard procedure, this expansion yields trace formulae of the
Buslaev—Faddeev type.

1 Introduction and Main Results

1. The Stark operator. In L?(R3 dx) we consider the unperturbed and perturbed Stark
operators

Ho=—-A+(B,x) and H = Hy+V with V =V € C°(R?), (1.1)

where 3 € R3, B # 0 is a constant vector (the strength of the external homogeneous electric field)
and (-, -) is the inner product in R3. The operators Hy and H are self-adjoint on the same domain
and CSO(R?’) is a core for both Hy and H. The spectrum of both Hy and H is purely absolutely
continuous and coincides with (—oo, c0) (see [1, 9]).

2. Notation. We denote C; = {z € C | Imz > 0}. The variable A\ has the meaning of a
spectral parameter and varies over R, whereas the variable z varies over C,. By &; and &3 we
denote respectively the trace class and the Hilbert-Schmidt class of compact operators. We use
the standard notation for the Heaviside function: 6(¢) = (|t| + t)/2. We denote by C' various
constants such that their value is not important for our construction.

3. The modified perturbation determinant. The main objects of the present paper are
the modified perturbation determinant App,(2), the spectral shift function {()) for the pair
(1.1), and the harmonic conjugate h(A) of £(A). We start by defining the modified perturbation
determinant:

_ H—2zHy+1
AH/HO(Z)—det<H+iHO_Z>, Z€C+. (12)
Lemma 1.1. (i) For any z € C,
(H—2)(H+i) Y (Ho+i)(Hy—2) ' =T =(z2+4)(H+i)"'V(Hy—2)"! € &. (1.3)
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Thus, the determinant (1.2) is well defined.

(ii) The function Ay g, (2) is analytic in z € Cy and the limit Ag/p,(A+140) exists for all X € R.
(i4) The function Ag g, (X +10) is locally Hélder continuous with any exponent v € (0,1). Le.,
for any v € (0,1) and any \ € R, there exists a constant C > 0 such that for all p € (A—1,\+1),

| A g/ (A +10) — Aggypgy (1 4 90)| < CIA = pf7.
(iv) One has
Apipy(2) #0 VzeCyp  and  Apjp,(A+i0) #0, YA€R, (1.4)

The proof is a straightforward application of standard techniques of scattering theory. For
completeness, we give the proof in the Appendix.

By (1.4), the analytic function log A/ p,(2) (for some choice of the branch of the logarithm)
is well defined. Changing the choice of the branch results in adding a constant to log Ag /g, (2).
By Lemma 1.1(ii)-(iv), the limit log Ag/ g, (A +10) exists for all A € R and is a Holder continuous
function of A. The derivative of log Ap /g, (2) admits a simple representation

L log Ay () = Tr(Hy —2) "~ (H—2)7"), z€Cy: (1.5)

this formula is valid for any pair of self-adjoint operators Hy, H such that the inclusion (1.3) holds
true.

4. The case 3 = 0. First we recall the large energy asymptotic expansion for log A/ g, (2) in
the case 3 = 0. Consider the operators Ty = —A and T'= —A + V in L?(R3) (the potential V is
the same as in (1.1)) and denote

T—ZTo—l-i)

Ary(2) = det <T+i To— -

Similarly to Lemma 1.1, it is well known that the determinant Az, (2) is well defined, Ag/7, (2) #
0 for = € Cy and Ap/7,(2) is an analytic function of z € C;. Let us define the function
log A7 /g, (2) for some choice of the branch of the logarithm. We fix the branch of the square
root of z € C4 by

V= VT2 arg(z) € [0,7], (1.6)
It is well known that the following asymptotic expansion holds true for log Ag/p, (2):

o

. (A
log Aqm, (2) ~ iS_1Vz+C+ kz_o zk—\/?

Here C' € C is a constant which depends on the choice of the branch of the logarithm in the
definition of log Ag/q,(2). The coefficients S, are real numbers given by

2] — 00, z€Ch. (1.7)

Sp = / BV (2)]dz, (1.8)
R3
and Fj[V] are polynomials (with real coefficients) of V' and its derivatives. Explicit formulae for
Fj, are known; in particular,

1 1
V-
3.25¢ 3.26n

FalV]=—V, RlV]=-—V2% RV]=- VR (19)
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The expansion (1.7) has been proven in [5, 6] (see also [7] and [8, 12, 14]). The expansion (1.7) can
be considered as a consequence of the asymptotic expansion of the integral kernel of (T — z)~! on
the diagonal (see (1.5)). A system of recurrence relations for computing the polynomials Fj, was
given in [6]; explicit formulae can be found in the recent paper [10]. The coefficients Sy appear
also in the asymptotic expansion of Tr(e™*# — ¢=tH0) as t — 4-0; this connection gives an efficient
way of computing Sk (see e.g. [7]).

5. Asymptotic expansion for log Ay g, (2). We return to the case 8 # 0. Central to our
construction is the asymptotic expansion of log Ag/y,(2) for |2| — oo, 2 € C4. As above, we fix

the branch of the square root by (1.6).
Theorem 1.2. The following asymptotic expansion holds true:
iQk

2k\/Z’

Here C' € C is a constant which depends on the choice of the branch of the logarithm in the
definition of log Ay, (2). The coefficients Qk, k = —1,0,1,2,... are real numbers given by

log Agr/,(2) NiQ_1\/Z+C’+Z |z| = 00, z€Cs. (1.10)
k=0

Q= [ (FliB.x) + V(0] = Fl(B. )], (111)

where Fy, are the polynomials from the expansion (1.7), (1.8).

In particular, by (1.9), one has

1

== V(x)d
Q-1 17 Jos (x)dx,
1 9 1
Q=—— | V(x)dx—— [ V(x)(8,x)dx,
167T R3 87T R3
1 3 2 1 9
Q1 3.957 R3V (x)dx 3 96 R3|VV(X)| X =~ o5 /RSV (x)(B,x)dx
1 2
T % Je V(x)(8, x)"dx.

The important feature of the expansion (1.10) is that it holds uniformly over arg(z) € (0, ),
and thus also holds for the boundary values log A g, (A + 0).
The coefficient C' in (1.10) is not important for our construction; essentially, we are working
with the function
F(z) :=log Ap/p,(2) — C. (1.12)

We use the following method of proof of the expansion (1.10), (1.11). In Section 3, using
a method similar to the one of [7], we prove that the asymptotic expansion (1.10) holds true
with some coefficients Qi € C; the approach of Section 3 does not give simple formulae (1.11)
for these coefficients. Next, in Section 4, using different technique, we prove that in any sector
{zeCle<argz <m—c¢}, € >0, the expansion (1.10) holds true with the coefficients @ given
by (1.11); the approach of Section 4 does not allow us to prove the expansion (1.10) uniformly over
arg(z) € (0,7). By uniqueness of the coefficients of an asymptotic expansion, the combination of
the two above statements leads to Theorem 1.2.



Note that the operators Hy and H are not semi-bounded from below, which makes it difficult,
if not impossible, to use the corresponding heat kernels e 7# | e 7tHo for computing the coefficients
Q. (as it can be done for the case 8 = 0). In this paper, we work with resolvents rather than
with heat kernels.

6. The spectral shift function. It appears that log Ag g, (z) admits the integral representation

log A (2) = /_Zg(x) <$ _ %ﬂ) dx, (1.13)

where ¢ is the spectral shift function for the pair (1.1). We refer to the survey paper [3] or to the

book [16] for exposition of the spectral shift function theory. The spectral shift function is related

to the scattering matrix of the pair (1.1); we postpone the discussion of this subject till Section 5.
By (1.13), the spectral shift function can be determined by the formula

E(N) = %Im log Ay, (A +i0) — %Im log Ap/p, (i), A€ER. (1.14)

The change of the branch of the logarithm results in adding an integer constant to £. In order to
fix this constant, we need the following

Lemma 1.3. One has
EN)=n+O0(N™), A= —-00, VYN>0, (1.15)
where n is an integer, which depends on the choice of the branch of the logarithm in (1.13).

The proof is given in Section 5.
Clearly, we can choose the branch of the logarithm so that the constant n in (1.15) equals
zero. Thus, £ is normalized by
EA)—0, A— —o0. (1.16)

In terms of the function F'(z) (see (1.12)) this implies
1
E(A) = =Im F(\ +140), AeR. (1.17)
™

The asymptotic expansion of Theorem 1.2 immediately yields the large energy asymptotic
expansion for &:

A — 400, (1.18)

EN=0(N™), X— -0, VN >0. (1.19)

The first term in the expansion (1.18) has been obtained earlier in [15] for a much wider class of
potentials V. It has been also proven in [15] that £(A) — 0 as A — —oo. Note that the paper [15]
deals with the case of an arbitrary dimension.

7. The harmonic conjugate h. Apart from {()), the trace formulae for the pair (1.1) involve
a function h(\), which is a properly normalized harmonic conjugate of £(\). We define h(\) by
(compare with (1.17))

1
h(A) = =Re F(A+i0),  A€eR.
s
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By Lemma 1.1(iii),(iv), the function h(\) is Hélder continuous. The asymptotic expansion of
Theorem 1.2 yields (compare with (1.18),(1.19))

hA) =O0(A™), A — 400, VN >0, (1.20)

1 o—  Q
h(\) ;kgl T A — —00. (1.21)

Remark One can define the spectral shift function by using the Birman—Krein formula (see the
discussion in Section 5) without any reference to the perturbation determinant. Then h(A) can
also be defined without any reference to Ay, (2) by the following two conditions:

(i) h(A\) + i£(N) is a boundary value of an analytic function in C;

(ii) the following normalization condition holds true: h(A) — 0 as A — +oc.
8. Trace formulae. Now that £ and h have been defined, we are ready to state the result on
the trace formulae. Let Qy be the coefficients from the expansion (1.10).

Theorem 1.4. The following trace formulae hold true:

RN =h(O0) [P £ —£(0)
Ql—/o 5 )\ /_OOT\/W ), (1.22)

[e's) 0
n:/ h(A)A”—%dAJr(—n”/ IA"ZEN)AN, n=0,1,2,... (1.23)
0 _

/_Z( __Zxkf ))\”d)\:(), n=1,2,... (1.24)

Note that by (1.18), (1.19) and (1.20), the above integrals converge absolutely.

Given the asymptotic expansion (1.10), the proof of the trace formulae (1.22)—(1.24) becomes
a simple exercise in complex analysis (see e.g. [6, 7]). For completeness, we give this proof in
Section 2.

Trace formulae for the case 3 = 0 were obtained by V. S. Buslaev and L. D. Faddeev in [4] in
the one-dimensional situation and by V. S. Buslaev in [5, 6] in the three-dimensional situation. In
the case 8 = 0 the integrals over (—o0,0) can be replaced by the sums of the appropriate powers
of eigenvalues of —A + V.

9. Remark Fix any a € R. The asymptotic expansion (1.10) is equivalent to the asymptotic
expansion in powers of (z — a):

(a)
\/_

logAH/HO(z)NiQ( z—a+C’+Z |z| = 00, z€C4. (1.25)

The coefficients Q,(Ca) are real and can be expressed in terms of the coefficients (). For example,

2
a a a a a a
QU =@ Q) =Qu+501, QY =Qi-5Q - T

In the same way as the expansion (1.10) yields the trace formulae (1.22)—(1.24), the expansion



(1.25) yields

_ [T hA) =hla) [ &N —E(a)
Q‘“‘l (A—@vﬁ—adx KKAA—MMM—aﬂ%
Q) :/Ooh()\)()\—a)”_%d)wr(—l)”/_a A—alRe(NdN, n=01,2,...

10. The structure of the paper. In Section 2 we prove Theorem 1.4, assuming Theorem 1.2
and Lemma 1.3. In Sections 3 and 4 we prove Theorem 1.2. In Section 5 we recall the connection
between the spectral shift function and the scattering matrix, and, using this connection, prove
Lemma 1.3. In Appendix we prove Lemma 1.1.

2 Proof of Theorem 1.4

1. Proof of (1.22). Let F be the function defined by (1.12). Then < F (X +i0) = h(\) + i§(\)
for all A € R. By Lemma 1.1(iii),(iv), the function F(\ + i0) is Hélder continuous.
Next, consider an auxiliary function

F(z)— F(0
L - PR =)
2z
The function L is analytic in C4; the asymptotic expansion of Theorem 1.2 yields
L(z) = —% +0(|2|7%?), |2 » 00, ze€Cq. (2.1)

The boundary values L(A + i0) belong to LP(R) for any p € (1,2) (by the Holder continuity of
F). Thus, L belongs to the Hardy class HP(C), p € (1,2) and therefore can be represented as a
Cauchy type integral

1 [ Im L(\ + i0)
L(z) == —_—SRLY Y 2.2
@=7 [ =52 (2.2)
From here we get
1 oo
L(z) = —— Im L(\ +i0)d\ 4+ o(|]z|™!), Imz — 400, z€C,. (2.3)
TZ J_oo

Comparing this to (2.1), one obtains

Q_1 = 1 /Oo Im L(\ + 40)d\ = /OO Im <ih(/\) + if(Ai\_/Xh(o) — i§(0)> dX

TNk, [ e —£0)
o v e Y M Y R

2. Proof of (1.23). Consider an auxiliary function

T J—c0 —00

n—1

e iQk
L(z) = iz"" 'z (F(z) - ) .
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The function L is analytic in C4; the asymptotic expansion of Theorem 1.2 yields

L(z) = —% +0(]2]72), |2| =00, z€C,. (2.4)

The boundary values L(A + i0) belong to LP(R) for any p > 1 if n > 0 and for any p € (1,2) if
n = 0. Thus, L belongs to the Hardy class HP(C.. ), the integral representation (2.2) holds true
and we get (2.3). Comparing (2.3) and (2.4), one obtains

> iy P ) 0 \
Qn = %/_ Im liz"‘lx/E (F(z)— > X;;)] _/0 h()\))\”‘id)\Jr(—l)"/_ EN)[A""2dA.

k=—1

3. Proof of (1.24). Consider an auxiliary function

L(z) = =" (F(z) =S 21%2> .

k=—1

The function L is analytic in C4; the asymptotic expansion of Theorem 1.2 yields
L(z) = O(|z[7*?), |2] 500, z€Cy. (2.5)

The function L belongs to the Hardy class HP(C,) for any p € [1,2). As above, the integral
representation (2.2) and the asymptotic formula (2.3) hold true; comparing (2.3) and (2.5), we
get

n n

0= % /_ " Im (A”F(A) iy ;}f%) d\ = /_ h <£(A) —% > A,?%H(A)) A™dA.

k=-—1 k=-—1

This completes the proof. B

3 Proof of the expansion (1.10)

In this section we prove that the expansion (1.10) holds true with some coefficients Q; € C.
Formulae (1.11) for these coefficients will be proven in the next section.
1. Notation Throughout the rest of the paper we use the following notation. For the vector 3
from the definition of Hy, we denote 3 = |B3|. For a vector x € R?, we denote by zll € R and
x € R? the components of x parallel and orthogonal to the direction of 3.

We factorize the potential V' as follows:

V:W1W2, W1 = \/|V|, W2 :sign(V)\/\ | (3.1)
Our main objects in this section are the free resolvent Rg(z) = (Ho — z)~! and the sandwiched

resolvent T'(z) = Wi Ro(z)Wa.
2. Strategy Our reasoning is similar to that of [7] and is based on the representation

log Ap/m,(2) = log Ag/p, (4) +/i Tr <%T(w)) dw + ; Il T T (2), (3.2)



which holds true for all z € C far enough from the origin. The representation (3.2) is essentially
well known (see e.g. [7]), but for completeness we give a proof below. In order to derive (1.10)
from (3.2), we will need (i) estimates for the remainder of the series in the r.h.s. of (3.2); (ii)
asymptotic expansion for large |z| of every term in the r.h.s. of (3.2).

3. Estimates for 7'(z) We will need estimates of the operator norm ||7'(z)|| and the Hilbert-
Schmidt norm ||7'(z)||s, of T'(z).

Lemma 3.1. [11] For any € € (0,1/4),
IT()] < C+l2)73%,  zeCs,
where the constant C depends on V', 3, and €, but not on z.

Lemma 3.2. For any z € C4, the sandwiched resolvent T'(z) belongs to the Hilbert-Schmidt class

and )
T(2)|%, < 2/3 / :
e <o [ [ Bl + e ([ [viaiix) (33)

where C7 and Cy are absolute constants.

(The actual expression in the r.h.s. of (3.3) is of no importance to our construction; it is
essential that this expression does not depend on z).

Proof. For the resolvent Ry(z) one has
S . .
Ry(z) = z/ etemitHo gy,
0

Using the Avron-Herbst formula for e~#H0 (see [1]), one finds the integral kernel Rg(z)[x,y] of

Ry(2):

e—i?T/4

8/
By the same pattern, for any 1 € C, one has the following representation for the integral kernel
of the resolvent (—A — 7))~ in L(R3):

Ro(2)[x,y] = - +3/2,—i626% )12 gzt —i(zl 4yl BE/2 ilx—y[? /4t gy (3.4)

etVilx—y] e im/4
drlx —y|  8my/m

Denoting 1 := z — (z!l + y!)3/2 and subtracting (3.5) from (3.4), we obtain:

” £3/2gint iy /4t gy (3.5)

eVilx—yl  p—im/4

t_3/2 —iB2t3/12 1)l i|x—y|2/4tdt‘
4drlx —y| * 8m\/T (e Jee

Ro(2)[x,y] =

Thus,

1 1 e 3243
Ro ¥l < e b e [ 17l |
1

1 & 43
4r|x —y]| +F 871’ﬁ/0 e |

Now a direct estimate of the Hilbert-Schmidt norm of 7'(z) yields (3.3). B




4. Asymptotics for T(z). Below we use the notation 7"(z) := LT(z) = W1 R3(2)Ws. It is easy
to show (see, e.g., the proof of Theorem 4.2 in [1]) that

Wi(Hy—2)"t €6y, VzeCy. (3.6)
From here it follows that the operator T"(z) belongs to the trace class.

Lemma 3.3. The following asymptotic expansion holds true:

oo
TrT' (2 Nk |z] = 00, z€Cy, (3.7)
with some coefficients ay, € C.
Lemma 3.4. For any n = 2,3,..., the following asymptotic expansion holds true:
> ia(n)
Tr(T ()" ~ kZQ i koo, seCy (3.8)
=n—

(n)

with some coefficients a,,” € C.

We postpone the proof of Lemmas 3.3 and 3.4 till the end of this section.
5. Proof of the expansion (1.10) First note that a simple computation (see formula (6.1) in
the Appendix) yields
Apyny(2) = det(I + T(2))(I +T(=i)) ™.

Next, by Lemma 3.1, one can choose R > 0 big enough so that
IT(2)]| <1/2 VzeCi, |z|>R. (3.9)

For such z, differentiating log Ag/p,(2) and expanding the result, we get

d d N
108 Ay (2) = 2-logdet(I + T(2)) (I + (i)

= Te(T'(:)(I +T(2)) ) = Y (~)" T(T'(:)T"(2)), (3.10)

n=0
where the series converge absolutely by (3.9):
ITe T ()T (2)| < IT'(2)lle, - 27"

Integrating (3.10), one obtains (3.2). Note that by Lemma 3.1, Lemma 3.2 and (3.9), one has the
following bound on the remainder of the series in the r.h.s. of (3.2):

| Z T T ()| < T2, Z 1T < 2T EIEIT ()Y

n= N+1 n=N+1
= O(lz]7G=9N), Ve (0,1/4), N=0,12,...



Due to the last estimate, the required asymptotic expansion (1.10) follows from the convergent
series expansion (3.2) and the asymptotic expansions given by Lemma 3.3 and Lemma 3.4. i

6. Proof of Lemma 3.3.

1. Integral representation for Tr7"(z) Differentiating (3.4) over z, we obtain the formula for the

integral kernel of R3(2):
eiﬂ/4
87Tﬁ 0

Now Tr7’(z) can be explicitly computed:

R(Q) (Z)[X, Y] _ > t—1/2€—i,82t3/126izte—i(a2“+y“)ﬁt/2€i\x—y|2/4tdt

im/4 S ] ] )
TrT'(2) = /R3 V(x)R3(2)[x, x]dx = 8€7rﬁ - dx V(X)/O dt t71/2ei8% 12 izt o—icl Bt
iw/4 oo ) )
= ZW O V(tB)e 01 12zt =1/2gy. (3.11)

where V is the (unitary) Fourier transform of V.

2. Stationary phase expansion Denote g(t) = V(t3)e Due to our assumption V €
Cg° (R?), the function g belongs to the Schwartz class on R. The standard stationary phase
technique gives the expansion

—iB2t3/12

> izty—1/2 z7r/4 = k)
/0 gD 12 ~ Z k'zkf (0), |z| o0, zeCs. (3.12)

By (3.11), this yields the required expansion (3.7). i

7. Proof of Lemma 3.4

1. Strategy The strategy of the proof is the same as that of the proof of Lemma 3.3, but the
technical details are more complicated. We are going to prove the following integral representation:

TeT"(2) = /OOO U2yt g(t) = 1" (1), (3.13)

where f is a Schwartz class function on R. The stationary phase method gives the expansion
(3.12). As gtk (0) =0 for £ =0,1,...,n — 3, the expansion actually starts from the term with
k=mn—2, so we get (3.8).

2. The kernel of ®Ry(z)VP* First note that by (3.6), (Ro(2)V)™ is a trace class operator for
n > 2, and so Tr7T"(z) = Tr(Ro(2)V)". Next, Tr(Ro(2)V)" = Tr(®PRo(z)V®*)", where ® is
the (unitary) Fourier transform in L?(R3). Let us compute the integral kernel of the operator
PRy (z)V®*. For the resolvent Ry(z) one has (see [1]):

Ry(z) = @*ei(xu)g/w( |/ — 0 +|at|? —2)” Le=i(z!)*/38

oxll

The integral kernel of the resolvent of zﬂ 7 can be easily computed. This gives the following
expression for the integral kernel of ®Ry(z )V@*

(®Ry(2)VO*)[x,y] = i(2m) 32 /OO V(x —y+ ft)ei#te %, (3.14)
0
do = %(;p“ _ Bty — %(xl)?’ F il 2 = t)x)? + 8% + 8% /3. (3.15)

10



Iterating the above kernel and computing trace, one obtains:

Tr(®Ry(z)VO*)" :i"(27r)_3n/2/ dx; [/ dtl.../ dtn/ dXQ.../ dx,
R3 0 0 R3 R3

(3.16)

x ettty (x) —x9 +118) ... V(x, — X1 + tnﬁ)eid’} ,

o= tilx;>+ 8 3l +(5%/3) Y ¢ (3.17)
j=1 j=1 j=1

It is easy to see that the integral in the square brackets in (3.16) converges absolutely. The integral
over x; also converges absolutely (as (PRy(z)V ®*)™ belongs to the trace class), but we may not
be able to legitimately interchange the order of integration. As we still would like to do this, we
use the following regularization:

where [...] stands for the integral in the square brackets in (3.16).
3. Change of variables Let us perform the following changes of variables in the integral (3.16).
First, instead of t4,...,t,, we introduce the variables tg, w1, wo,...,wWn_1,

to=t1+-+1tn, Wj:tj/to, 17=12,....n—1.

We also use the notation w, := 1 —w; — -+ — wp_1, but w, is treated as a function of the
variables wy,ws,...,wy—1, rather than as an independent variable. We denote by w the vector
w = (wi,...,wp_1) € R"7L. The integral over dti ...dt, then becomes

[e'e) 00 [e'e) 1 1—wq 1—wi—wso l—wi——wnp—2
/ dtl.../ dty, :/ dtotgl/ dwl/ dm/ dw;),.../ dwn—1;
0 0 0 0 0 0 0

we will use the shorthand notation fQ dw for the above integral over dws .. .dw,_1.
Next, instead of x1,...,X,, we introduce the variables

X0 = X1+ -+ Xp, yj:xj—xj+1+towj,8, j=1....n—1.

We also use the notation yll = (yy,yg,...,yl_l) c R yb = (yi 8.,y ) € RA-D,
y=(yiy2. Y1) € RIL.
Expressing x1,...,x, in terms of the new variables, we get

I

xr. =

1 .
j Ewg‘FlL‘(yll—ﬁtow); .]:17"'7”7

1
1
L

:Exé+lj(yL)7 j:17"‘7n7

where ly : R"! — R and le . R2=1 _, R? are some linear functions. The integral over
dxy ...dx, can be transformed as

1
/ dxl/ de.../ dxn:—g/ dyl.../ dyn_l/ dxo,
[*R,RP R3 R3 n R3 R3 Qr

11



where Qg = [-nR,nR]? — (nly(y” — Btow),nli (y*)). Thus, we get

Tr(®Ro(2)VO*)" = i"(2m) 3/?n~3 lim dto tg_lemo/dw
0 Q

R—o0

></ dYI---/ A1V (y1) ... V(¥u-1)V(toB — y1 —"'—yn—l)/ e "dxy.
R3 R3 o

4. Computing ¢ Expressing the phase function ¢ in terms of the new variables gives:

0=t Y wji(tay + Uyl - Btow))? + 10 Y wjl et + iy
j=1

j*l

—l—BtOZw a:” —i—l” — fBtow)) —to Zw
Expanding and completing squares, we get

t
¢ = —3lx0+ P(Bto,w.9)* + (o, w.y),

where P and 1 are polynomials.
5. Integrating over xg Using the formula

R
) i »
lim e ds = e /A /r
R—oo J_p

and the expression (3.19) for the phase function ¢, we obtain

3
lim e Pdxy = e 13T/4 <M> o~ W(tow,y)
=00 JQp Vo

(3.18)

(3.19)

Due to the fast decay of the integrand in (3.18) in the variables tg,y1,...,yn—1, One can pass to

the limit as R — oo, which gives the required integral representation (3.13) with

— " —3n 1)/22—3n/2 —137r/4f0()

/ dw / dy.. / Ay VY1) - V(yam) V(0B = y1 = = yua)e V00,
R

(3.20)

AsV belongs to the Schwartz class on R3, the function fy belongs to the Schwartz class on R.

4 Formulae (1.11) for the coefficients @y

1. Notation. For ¢ > 0, denote C, = {z € C | ¢ < argz < m —e}. Choose N > 0 big enough
so that the ball {x € R? | |x| < N} contains the support of V. Let Gy € C§°(R3) be a function
such that Go(x) = (3,x) for all x, |x| < N. Denote G(x) = (8,x) — Go(x). By this definition,

supp V Nsupp G = (.
2. Strategy.
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Consider the operators
I:’O:—A—I—Go, I:’:—A—I—Go—l—‘/.

Similarly to (1.2), we define the perturbation determinants Az o/To (z) and AH/T (z) (recall that

we have denoted T) = —A). The logarithms of these determinants admit asymptotic expansions of
the type (1.7), (1.8) (with Go and Go+V respectively instead of V'). Subtracting these expansions
one from another, we get

. o iQ
IOgAH/T (z) —log Ap /To (2) ~ ZQ—l\/E+C+kZOZk—an |z =00, z€Cq, (4.1)

where the coefficients Q) are the same as in (1.11):

Q= [ (AlGalo0) + V)] = FulGo(ix = [ (Fl(B.x) + V(0] = Fl(B.xi])dx
In this section, our aim is to prove that for any € > 0, any n > 0 and some constant C € C,
log A1y (2) — (log Ay . (=) —log Ay (2)) = C+O(|sl ™), |sl =00, z€Ce.  (42)

From (4.1) and (4.2) we get the expansion (1.10) with the coefficients (1.11) in the sector C..
By the uniqueness of the coefficients of an asymptotic expansion, get formulae (1.11) for the
coefficients @y, of the expansion (1.10).

3. Proof of (4.2). Using (1.5), we see that the derivative of the L.h.s. of (4.2) with respect

to z equals to B B
Tr[((H — z)_1 — (Hp — z)_l) — ((H — z)_l — (Hp — z)_l)].

Instead of proving (4.2), we shall prove a stronger statement:
Lemma 4.1. For any € > 0 and any n > 0,
[((H—=2)" = (Hy—2)"Y) = (H=2)" = (Ho—2) Y&, = O(2]™), |2| = o0, z€C.. (4.3)
Before proving Lemma 4.1, let us prove an auxiliary statement. Denote
Ro(z) = (Hy—2)".

Lemma 4.2. Let p1,p9 € CSO(R?’) and suppose that p1po = 0. Then for any € > 0 and any
n >0, B
lp1Ro(2)¢2lle, = O(2| ™), [2] =00, z€Ce. (4.4)

Proof. Throughout the proof, € > 0 is an arbitrary fixed number and z € C.. It is straightforward
to see that ¢1(Tp — 2) lys € Gy and therefore @1 Ro(2)ps € So. From here one easily obtains
that

l1Ro(2)@2lle, = O(1),  |z| — oc.

Next, we will prove (4.4) by induction in n (more precisely, by induction in 2n). Assume that
(4.4) holds true for some value of n. One has:

p1Ro(2)p2 = p1(Ro(2)p2 — w2Ro(2)) = p1Ro(2) (w2 Ho — ﬁom)%( )

= 1 Ro(2)(Ap2) Ro( +2801R0 (%) DjRo(2), (4.5)
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where D; = 6 . It is easy to see that

ID;Ro(2)]l = O(212), | Ro(2)ll = O(2™), s |2 — o (4.6)

and so (4.5) gives:

le1Ro(2)p2lle, < lle1Ro(2)(Apa)le,0(l2] ™)
~ _ 7nfl
+ lerRo(2) (522 )lexO(12171%) = 0121 774), 2] = oo

This completes the proof. B

Proof of Lemma 4.1. Throughout the proof, € > 0 is an arbitrary fixed number and z € C.. As
above, we use the notation Ro(z) = (Hy — z) ™%
1. First recall that (cf. (3.6))

©Ro(2) € Gy, @Ry(z) € &y, Vo e CF(RY). (4.7)

By a standard argument, it follows that the Hilbert-Schmidt norms of the above operators tend
to zero as |z| — oco. Thus, one can choose M > 0 big enough so that

IVRo(2)le, <1/2, [VRo(2)lls, <1/2, Vz€C., |2 > M. (4.8)

2. By (4.8), for |z| > M the operator on lLh.s. of (4.3) can be presented as the sum of
convergent series:

(H =)™ — (Ho—2)™") — (H — =)™ — (Hy— )7")
=Y (D Ro(2)(VRo(2))* = (—=1)" Ro(2) (V Ro(2))*.  (4.9)
k=1
First let us estimate the norm of the remainder term in (4.9):

[e.9]

> IRo(2)(VRo(2)"le, < Z [Ro(2) [V Ro(2)|[8, 1V Ro(2) 7% = O(l2| ™), |2] — o0
k=n+1 k=n+1

In the same way,

Z IRo(2)(V Ro(2))"[le, = O(l2] "), |2 — oo.
k=n+1

Thus, it suffices to prove that for any £ € N and any n > 0,
IRo(2)(V Ro(2))" = Ro(2)(VRo(2))*le, = O(l2l ™), |2] — oc. (4.10)

3. One has

Ro(2)(VRo(2))" — Ro(2)(VRo(2))* = (Ro(2) — Ro(2))(VRo(2))"
+ Ro(2)V(Ro(2) — Ro(2))(VRo(2)))* ' + - + Ro(2)(VRo(2))* 'V (Ro(2) — Ro(2)).
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Thus, for k > 2 the relation (4.10) will follow if we prove that
IV (Ro(2) = Ro(2)ls, = O(21™"),  |z] = o0, ¥n>0. (4.11)
For k = 1, we use the following simple trick: find ¢ € C§°(R?) such that ¢V = V. Then
Ro(2)V Ro(2) = Ro(2)V Ro(2) = (Ro(2) — Ro(2))VpRo(2)
+ Ro(2)@V (Ro(2) — Ro(2)) + Ro(2)pV (Ro(2) — Ro(2))-

By (4.7), we see that for k = 1 the relation (4.10) will also follow from (4.11).
4. Let us prove (4.11). One has

V(Ro(2) = Ro(2)) = =V Ro(2)GRo(2).

Performing the computation analogous to (4.5) twice, one obtains:
VRo(2)G = VRo(2)(AG)Ro(2) + ZVRO (%AG) D, Ro(2)

3
+ 3 VR(2) (az = G) D;Ro(2) Dy Ro(2).
4i=1

Note that the functions AG, %AG, and %ZHG belong to the class C$°(R?) and the support of

either of them is disjoint with the support of V. Recalling (4.4) and (4.6), we obtain that for any
n >0, ||VRy(2)G|ls, = O(|z|7"). This proves (4.11). B

5 The scattering matrix

In this section we recall the connection between the spectral shift function and the scattering
matrix and, using this connection, prove Lemma 1.3.

1. The spectral representation for Hy. We will need some facts concerning the spectral
decomposition of Hy, which we denote by FEy(\) = 0(A — Hp). First we recall formulae for
Eo()\) due to [1]. Let f +— f be the unitary transformation in L?(R?), which can be defined on
LY(R3) N L?(R?) by the explicit formula

f(p) = (2m)! / e g Al al — pl)) f(x)dx,
R3
where Ai is the Airy function. This unitary transformation carries over Hy into multiplication by

Bpll + [p* | in L*(R?, dp): _
(HofY () = (80! + [P ") f (P). (5.1)

Thus, for any f € L?(R?), the quadratic form of Ey()\) can be presented as
~ N A=lpt13)/8 .
(EaN1.5) = [ fo)dp = [ a* [ Pl 62
Bpl+|p2<x R2 —oco
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Differentiation with respect to \ gives
(BN, 1) = TN IN), € ') 0 I(ED)
where J()\) : LY (R?) N L?(R3) — L?(R?) is given by
(TNHEH) = 2m)™ /]R e e g B A B R = N fdx. (5.3)
Recall (see (3.1)) that Wy = /|V].

Lemma 5.1. For any A € R, the operator
JNW; : LA(R3) — L*(R?)

belongs to the Hilbert-Schmidt class Go and is continuous and differentiable in the Go norm. One
has

[T Wille, = O(IAY), A — —o0, VYN >0. (5.4)
Proof. The proof is a direct estimate of the Hilbert-Schmidt norm:

ITOWilE, =em) [ ax [ dp 5= 01ai(e el + 52t = B BV (o)

d . _ _
I 5T Nlls, =<27T>‘2/ de/ Lyt BT (Bl 4 52 p P = RN PV ()
R R

Due to the superexponential decay of Ai(t) and Ai'(¢) as t — +o0, the integrals converge and the
estimate (5.4) holds true.

2. The scattering matrix. The wave operators Wy = W4 (H, Hyp) for the pair (1.1) exist
and are complete (see [1, 9]) and thus the scattering operator S = WiW_ is well defined and
unitary. The operators Hy and S commute and thus are simultaneously diagonalizable:

7] 5] @D
LQ(R?’):/R H(N)dA, Ho:/]R AL, S:/R S(\)dA;

here I is the identity in the fiber space H(\) and S()) is the scattering matrix for the pair (1.1).
According to the diagonalization formulae (5.1), (5.2), all the fiber spaces H(A) coincide with
L?(R?). The stationary representation for the scattering matrix reads (see e.g. [17]):

S(\) = I —27i(J(NWa)(I +T(A+140))"LJTNW)*, AeR; (5.5)

note that the operator I + T'(\ + i0) is invertible for all A € R (see the proof of Lemma 1.1(iv)).
By a standard argument (cf. the proof of Lemma 1.1(iii) in the Appendix), Lemma 5.1 implies
that T'(X +40) is continuous in A € R in the operator norm. Therefore, we obtain that S(\) — I
is continuous in A in the trace norm. Thus, the function det S(\) is continuous in A.
3. The Birman-Krein formula. According to the Birman-Krein formula [2],

det S(A) = e 27N X eR. (5.6)

As both £(X) and det S(\) are continuous in A, formula (5.6) determines £(A\) up to a constant
integer term.
From Lemma 3.1, Lemma 5.1 and the stationary representation (5.5) we immediately obtain
the estimate
IS = Tills, = O(AI™Y), A —o0, ¥N >0,

Thus, by (5.6), the spectral shift function {(\) satisfies (1.15). This proves Lemma 1.3.
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6 Appendix: Proof of Lemma 1.1

The proof is a combination of standard results and techniques of scattering theory for trace class
and smooth perturbations.

1. Let us prove the statement (i). The equality in (1.3) is a matter of direct calculation. In
order to check that the operator in (1.3) belongs to the trace class, first recall the inclusion (3.6).
Applying the resolvent identity yields

Wi(H —2)"te&,, VzeCy,

which gives the required result.
2. Let us prove the statements (ii), (iii). For z € C one has

T(Z) — T(—i) = (Z + i)WlRo(z)Ro(—i)Wz € 6,
by (3.6). Denote for brevity R(z) = (H — z)~!. A straightforward computation yields

Ay (2) = det(I — (2 + ) R(—=i))(I + (2 + ) Ro(2))

=det[I + (2 +14)(Ro(z) — R(—i) — (z + i) R(—i)Ro(2))]
=det[I + (z +i)R(—i)VRo(z)] (using det(l + AB) =det(I + BA))
=det[I + (z + 1)W1 Ro(z)R(—i)Wa] = det[I + W1 (Ro(z) — R(—i) — Ro(2)V R(—1))W>]

= det(I + Wi Ro(2)Wa)(I — Wi R(—i)Wa) = det(I + T(2))(I + T(—i))~"
= det[I + (T(z) — T(=i))(I +T(—i))" 4. (6.1)

The operator T'(z) — T'(—i) is analytic in 2z € C4, which proves that Ay, (z) is analytic in Cy.
In order to prove the rest of the statements, below we to check that for any finite open interval
9 C R and any A € 9, the limit T'(\ +i0) — T'(—i) exists in the trace norm and is locally Holder
continuous in A € 4§ in the trace norm.

Let Ep(R \ 0) be the spectral projection of Hy, associated to the complement of ¢ in R. One
has

T(2) = T(=i) = (2 + ) / TOWITNW) 3y 4w Ro(2) Bo(R \ 8) Bo(—i)Wa,  (6.2)

5 (t+13)(t—2)

where J()\) is defined by (5.3). By Lemma 5.1, the integral in (6.2) has a limit as z — A + 0,
A € 0, and this limit is Holder continuous (with any Holder exponent v € (0, 1)). The second term
in the r.h.s. of (6.2) is smooth in z € 6.

3. Let us prove the statement (iv). Recall (6.1):

Ay, (2) = det(I + T(2))(1 +T(—i)) "

As (I +T(—1i)) is bounded and invertible, it is sufficient to check that (—1) is not an eigenvalue
of T(z) for z € Cy or for z = A +i0, A € R. If T(2)y = —1 for v € L2(R?) and 2z € C, then
H¢ = z¢, where ¢ = Ro(2)Watp € L?(R3). This contradicts the self-adjointness of H.

4. Finally, let us check that (—1) is not an eigenvalue of T'(A + i0) for A € R. Suppose that

T\ +i0)p = —tp for ¢ € L*(R?) and A € R. (6.3)
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Let us use a standard argument (due to S. Agmon) to show that X is an eigenvalue of H. It is
sufficient to prove that
Ro(\ +i0)Wayp € L*(R?), (6.4)

because (6.3) and (6.4) yield H(Ry(X + i0)Watp) = A(Ro(A + i0)War)).

In order to prove (6.4), first take the inner product of (6.3) with WaRo(A 4 :0)Wa) and then
take the imaginary part of the resulting equation. This gives J(A)Wa1) = 0 (where J()\) is defined
by (5.3)). Next, let 6 = (A —1, A+ 1). The norm of Ry(\ + i0)Wa1) can be computed as follows:

()W ||?

. ) J
[Ro( -+ i0)Wau? = [ Eaf\ 8)Ra(+ o)+ [ 1ZOTE g,

The first term in the r.h.s. is finite. The second term can be estimated by using Lemma 5.1:
ITOW2p|? = [(J(t) = JA)Waro|* < CE= AP,

so the integral converges, the norm is finite, and we get (6.4).
Thus, A is an eigenvalue of H. But, by a result of [1], the operator H has no eigenvalues.
Therefore, (6.3) is impossible. N
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