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Abstract

For the operator —A in L?*(R?), d > 1, a perturbation potential
V(z) > 0, and a coupling constant a > 0, the spectral shift function
E(\;—A + aV, —A) is considered. Assuming that V(x) decays as |z| 7/,
[ > d, for large x, we prove that the leading term of the asymptotics
of the spectral shift function as & — oo has the form Ca/!, where the
coefficient C' is explicitly computed. The asymptotics is in agreement
with the phase space volume considerations. A generalization of this
result is obtained by replacing —A by h(—A) for a class of functions h.



1 INTRODUCTION

1. Spectral Shift Function. Let H and H, be self-adjoint operators in a
Hilbert space. Suppose that

H— Hy e 6, (11)

where &, is the trace class. Then there exists a function ¢ € L'(R) such that
for all ¢ € C§°(R) the following Lifshits-Krein trace formula holds [13, 12]:

Te(o(H) — 6(Ho)) = / TeNE NN, e CE®). (1)

The function £(\) = &£(X\; H, Hy) is called the spectral shift function (SSF)
for the pair Hy, H. The SSF is related to the scattering matrix S(\) of the
pair Hy, H (see, e.g., [25] for the definition of the scattering matrix) by the
Birman-Krein formula [4]:

det S(\) = e~ 2N, (1.3)

which is valid for a.e. A\ in the absolutely continuous spectrum of Hy. Due to
(1.3), the SSF is often called the scattering phase. Formula (1.3) is sometimes
interpreted as the definition of £. For an exposition of the SSF theory and the
history of the subject, see [8] or [25, §8].

2. Schrédinger Operator. Let Hy = —A in the Hilbert space L*(RY),
d > 1, and let H be the Schrodinger operator, H = Hy + V', where V is the
operator of multiplication by a real valued potential function V'(x). Tt is well
known (see [26] or [19, Theorem XI.12]) that under the assumption

C
V <—— 1 >d, 1.4
V@I < G (1.4
for sufficiently large a > 0 and k& > 0 one has
(H + a)*k — (Ho + Cl)ik S 61. (15)

This inclusion allows one to define the SSF £(\; (H + a)~*, (Hy + a)~). The
SSF for the pair Hy, H is then defined via the ‘invariance principle’:

EONH, Hy) = —&((N+a) ™ (H +a)7%, (Hy + a)7%). (1.6)

Thus defined, the SSF &(\; H, Hy) still obeys the trace formula (1.2). The
definition (1.6) does not depend on the choice of k and a. See [25, §8.9] and
[18] for an analysis of the definition (1.6) from the operator theoretic point
of view. For A < 0, the SSF &(\; H, Hy) reduces to the eigenvalue counting
function for the Schrédinger operator H (see, e.g., [25, §8.2]).
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Various results about the high energy and semiclassical asymptotic be-
haviour of the SSF of the Schrodinger operator are known; see, e.g., the survey
[21] and references therein. In this paper we address the less studied problem
of the behaviour of the SSF in the large coupling constant limit. Namely,
let @ > 0 be a parameter (coupling constant); consider £(\; Hy + oV, Hy) as
a — oo. For the case of non-positive perturbations V' < 0, satisfying (1.4)
with [ > max{d, 2}, the following formula has been proven in [17]:

£\ Ho + aV, Hy) = —Cr7a"*(1+0(1)), a—o0, V<0, ae AER,
Cir= (27r)dwd/ \V(2)|Y?dz, wq=vol{r € R?||z| < 1}
Rd
(1.7)

(here and elsewhere a constant which first appears in formula (i.j) is denoted
by C; ;). For A <0, formula (1.7) reduces to the well-known Weyl law for the
eigenvalue counting function of Hy + oV (see, e.g., [20, Theorem XIII.79]).

3. Main Result. The purpose of this paper is to give an asymptotic
formula for the SSF {(\; Hy+aV, Hy) for the case of non-negative perturbations
V' > 0. Here we are forced to consider potentials V' with power asymptotics at
infinity. More precisely, we assume that for a function ¥ € C(S?!), one has

sup [V (2) = W@)a| | = o(le[ "), |z| =00, T=1o  (18)
pesd-1 ||
where [ > d. In the one-dimensional case, S° = {—1,1} and ¥ reduces to a
pair of numbers, W(—1), U(1). Note that (1.8) implies (1.4). Note also that
the conditions V' > 0 and (1.8) imply that ¥ > 0.
Our main result is

Theorem 1.1. Let Hy = —A in L*(RY), d > 1 and let V > 0 be a bounded
function which satisfies (1.8) with some ¥ € C(S¥1), ¥ > 0, and | > d.
Then, for all A > 0, one has

N Hy + oV, Hy) = Croa® (14 0(1)), a—o0, V>0, A>0,
Cro = (27)4d! / (O — Ip2)~dp / P (3)d5.

Ip|2<A Sd-1

(1.9)

In the one-dimensional case, [, U/ (Z)dz = W' (—1) + V(1)
4. Remarks. 1. Computing the integral over p in (1.9), one obtains

r(L-19)

—IAH/ U7 dz.
F(l + g - %) gd—1 ( )

1
Cl.g = 8(47'(')76[/2

2. The trace formula (1.2) defines £()\) as an element of L'(R). However,
under the hypothesis of Theorem 1.1, the spectral shift function £(\) is actually
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continuous in A > 0. This can be seen e.g., by employing (1.3) and using
the fact that the scattering matrix is a continuous function of the spectral
parameter in the trace class topology.

Under more restrictive conditions on V', one can obtain results on smooth-
ness of the SSF (see, e.g. [21] and references therein).

3. Formula (1.9) explains why for V' > 0 we are forced to consider the more
restrictive class (1.8) of potentials V' (as compared to (1.4)): the order d/I of «
in (1.9) is determined by the asymptotic behaviour of V. Note that the order
d/2 of o in (1.7) does not depend on V. In a certain sense, the order of the
asymptotics (1.7) is determined by the region of large momenta, whereas the
order of (1.9) is determined by the region of large coordinates.

4. Following the proof, one can check that the asymptotics (1.9) is uniform
in A on every compact subset of (0, co).

5. In the case of the potential V' of a variable sign, one would expect a

superposition of the terms of the type —C4 za%? and C} ga®/! in the asymptotics

of the SSF. If i d

3 > 7 (1.10)
then it is natural to expect the leading term of the asymptotics to have the
order d/2 and be ‘generated’ by the negative part of V. This is indeed the case;
it has been proven in [17] that for V' of a variable sign, under the assumption
(1.10) the asymptotic formula (1.7) holds (in the sense of L{ _ convergence)

with C}.7 replaced by
(277)dwd/ \V (x)|Y?dz.
V(xz)<0

More precise (in terms of the type of convergence) results can be obtained by
using the technique of [22].

Note that, since | > d, the inequality (1.10) always holds if d > 2.

6. In [24], the following bound for the SSF has been obtained:

1€(\; Ho + oV, Hy)| < CA2~ 1%,V > 0. (1.11)

Theorem 1.1 shows that this bound has a sharp order in a and A. Note that
the proof of (1.11) in [24] was based on a hypothesis (Assumption 4.3 in [24])
which has not been proven so far. In fact, the main technical result of the
present paper (Theorem 4.4) provides the proof of this hypothesis.

7. The asymptotic coefficient C' ¢ can be interpreted in terms of the phase
space volume. An elementary calculation shows that

Cro = (2m)~% lim o~ ¥ 'vol{(z,p) € R* | |p|* < X < |p|* + aV (z)}.

a—00



Another compact form for C g is

Co= [ (700 = 70 = ¥@)al ")) (112
R4
where 7 is the integrated density of states of —A,
7(\) = (2m) " Tvol{p € R? | |p|* < A} = (27) "wy(max{), 0})¥/2.

Without going into details, let us mention that the asymptotics (1.9) with
the coefficient C 9 expressed in the form (1.12) formally coincides with the
asymptotics of the eigenvalue counting function in the gaps of a perturbed
periodic Schrodinger operator [2, Theorem 2.1].

5. Generalization. In Theorem 1.1, one can replace the operator Hy =
—A by the operator Hy = h(—A), where h is a sufficiently regular function.
More precisely, we assume that

he C*R), h(0)=0, K(r)>0 ¥Yr>0o, (1.13)
h(r)>Cr?, C >0, >0 foralllarger > 0. (1.14)

Define Hy = h(—A) according to the spectral theorem, and let H = Hy + V,
where V' obeys (1.4). By (1.14), the relation (1.5) holds for large enough
a> 0and k > 0 (see [26]). Thus, the SSF &(\; H, Hy) is well defined via the
‘invariance principle’ (1.6).

Theorem 1.2. Let h satisfy (1.13) and (1.14), and let Hy = h(—A) in L*(RY),
d > 1. Let V > 0 be a bounded function which satisfies (1.8) with some
Ve S, U >0, andl >d. Then, for all X > 0, one has

5()\, H(] + O(‘/, Ho) = 01_1506d/l(1 + 0(1)), a — 00,

Cl 15 = (27r)—dd—1/ (A — h(|p|2))_d/ldp/ O (Z)dz.
h(lp|2) <X sd-1
(1.15)

The constant C 15 can be written in the form (1.12) with
7(\) = (27) ¢ vol{p € RY | h(|pl*) < AL

In order to prove Theorem 1.2, one needs to make only minor modifications
in the proof of Theorem 1.1. In Sections 2-8 we explicitly prove Theorem 1.1
and in the end of Section 7 we comment on these modifications. One can relax
the assumptions (1.13), (1.14) in various directions.

6. Notation. We denote D = —iV; in this notation, Hy = D?. We will
use the notation y(z? < a), x(z* > a), etc. for the characteristic function of
{x e RY| |z]? < a}, {x € R? | |2]*> > a}, etc. Then, x(D? < a), x(D? > a),
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etc. are the spectral projections of D? corresponding to the intervals (—oo, a),
(a,00), etc. We write (z) = (1+|z|?)"/2. For p € R?, we shall write p? instead
of |p|? for brevity. We do not distinguish between a function of z € R? and an
operator of multiplication by this function in L*(R?). We assume the following
convention about the signs +: if in any statement we use double indices ‘+’,
then this statement should be interpreted as a pair of statements, in one of
which all the indices take the value ‘+’, and in another one — the value ‘—’. For
a real-valued function u, we denote py = (|p| £ p)/2. Finally, by C' (possibly
with subscripts) we denote constants, whose value is of no importance for us;
these constants may depend on d, [, V', A and other auxiliary parameters, and
this dependence is suppressed in the notation.

7. Let us describe the technique and the structure of the paper. Our main
operator theoretic tool is a formula representation from [16] for the spectral
shift function. This representation reduces the proof of Theorem 1.1 to the
problem of computing the asymptotics of the spectrum of the sandwiched
resolvent v/V'(Hy — A —i0)~*v/V. This reduction is carried out in Section 2. In
Section 3 for the ease of further reference we collect the necessary information
about the weak Schatten classes of compact operators.

In the rest of the paper, Sections 4-8, we compute the asymptotics of
the spectrum of the operator vV (Hy — A — i0)~'v/V. The main difficulty
here is the singularity of the symbol of (Hy — A —i0)~!. In Section 4 we
consider the operator vV (Hy — A\)"'x(|Hy — A| > €)'V (¢ > 0 small) with
the singularity ‘removed’; for this operator the required asymptotics can be
obtained by employing the result of [6]. In Sections 5-8, we show that removing
the singularity as above does not affect the spectral asymptotics. In this part
of the paper, we find it convenient to use the language of variational quotients
(VQ); the translation of the problem into this language is given in Section 5.

2 REPRESENTATION FOR THE SSF

Let Hy and V' be as in Theorem 1.1. Here and in the rest of the paper we use
the notation W = +/V. For Im z > 0 introduce the compact operators

T(z) = W(Hy — z)"'W,
A(z) =ReT(2) = (T(2) + T(2)")/2, B(z)=ImT(z) = (T(2) —T(2)")/(29).
By (1.4), the limit T(\ + i0) exists in the operator norm for all X\ > 0 (see
[1] or [20, §XIII.8]); here one needs [ > 1 rather than [ > d. The operators

A(N) = A(A+1i0) and B(\) = B(A +10) are compact and self-adjoint.
For any compact self-adjoint operator M, we use the notation

ne(s, M) =t{n| N\, (M) > s}, s>0, (2.1)



where A, (M) are the eigenvalues of M, enumerated with the multiplicities
taken into account. Similarly,

n(s,M)=ny(s, M) +n_(s,M) =8{n| |\(M)| >s}, s>0. (2.2)

The following representation for the SSF is valid:

o0

1

€0\ Ho + aV, Hy) = ~ / (o=l A +BO) (A + 2)Ydt. (2.3)
™ —0o0

The representation (2.3) has been found in [16] in the framework of general

operator theory. Application to the Schrodinger operator has been discussed

in [17]. A similar formula is valid for negative perturbations:

(N Hy — aV, Hy) — —%/ (o A + tBO)(1 + ) \dt.
A more general formula representation is available now (see [10, 18]), which is
applicable to perturbations V' of a variable sign.

Formula (2.3) allows one to reduce the problem of computing the asymp-
totics of £(\; Hy + oV, Hy) as a« — oo to computing the asymptotics of the
spectra of compact self-adjoint operators A(\), B(A). This follows from the
simple lemma below, which has been proven in [17].

Lemma 2.1. [17, Lemma 4.4] Let A and B be compact self-adjoint operators
such that for some » > o >0, 0 < 1, one has

liH(l] s*n_(s,A) = Cyy, limsupsn(s, B) < 0. (2.4)

s—0

Then |
lim a”—/ n_(a ' A+ tB)(1 + %) tdt = Coy.

a—00 e 0o

The rest of the present paper is devoted to the proof of the following two
relations:

}j_{% Sd/ln—(S;A(/\)) = Ch, (2.5)
nn%s%n(s, B(\) < oo, d>2. (2.6)

From here Theorem 1.1 will follow. Indeed, for d > 2 one has ‘;%% < %, and
thus Lemma 2.1 (with s = d/l, 0 = (d —1)/(l — 1)) together with (2.5), (2.6)
gives the proof of Theorem 1.1. For d = 1 it is easy to see that rank B(\) = 2,
and therefore

limsup s?n(s, B(A\)) < oo forany o >0, d=1.

s—0

Thus Theorem 1.1 will follow from Lemma 2.1 (with » = 1/l and any o €
(0,1/1)) and (2.5).



3 CLASSES X,, OF COMPACT OPERATORS

In this section we collect the necessary information about the weak Schatten
classes ¥, of compact operators. We use the paper [5] as a main source of
reference; however, most of the material mentioned here (apart from Propo-
sition 3.3 and the inequalities (3.5), (3.6)) can be found, for example, in the
monograph [11] (see also [23]).

1. For a compact operator A in a Hilbert space, its singular numbers

are denoted by s,(A) = /A (A*A). For s > 0, the class X,, consists of all
compact operators A such that

|Al,, = supn'/*s,(A) < cc. (3.1)

n

The functional (3.1) defines a quasinorm in 3,,. With respect to this quasi-
norm, the space X, is non-separable (unless the underlying Hilbert space is
finite-dimensional) and complete. For s > 1 the space 3, can be equipped
with a norm, which is different from, but equivalent to the quasinorm | - |_; we
will not need the explicit formula for this norm. From the definition of s,,(A)
it follows that

AAeX,, & AcX,. (3.2)

2. Similarly to (2.1) and (2.2), for a compact (but not necessarily self-
adjoint) operator A one denotes

n(s,A) =t{n | s,(A) > s}, s>0.

Note that this notation is consistent with (2.2), as for a compact self-adjoint
operator A one has s,(A) = |\, (A4)].
For a compact operator A one can define the following functionals:

A, (A) = limsup s™n(s, A),
50 (3.3)
0,.(A) = lim iglf s*n(s, A).
For A € 3, one has
s*n(s, A) <|A|Z, s>0,

and so the functionals (3.3) are finite on X,,. Conversely, if A,,(A) < oo, then
AeX,,.

For a compact self-adjoint operator A, one can define also the following
functionals:

AF)(A) = limsup s*n (s, A),
50 (3.4)
0 (A) = liminf s”n (s, A),

s—0
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where ny is defined in (2.1). The functionals (3.4) are finite on X,. If
A(;)(A) < oo and AL_)(A) < o0, then A € ¥,. However, any one of the
conditions Aﬁj)(A) < 00, AL_)(A) < 0o alone does not imply that A € 3,,; in
fact, later we will deal with the case Aﬁ;)(A) <00, A¢ 3, — see Remark 4.6
below.

3. The functionals A( , O () are continuous in >,.. This follows from the
inequalities (see [5], eq. (4 ), (6))
(AL (Ag)) D — (AL (A)) 1Y)

(AL (Ay — Ap))VEFD <Ay — A7/, (3.5)
(057 (Aa)) VO — (659 (A)) V41
(AL (Ay — A)VEHD <4y — A /0D, (3.6)

| A

IN

Similarly, the functionals A,, and 9,, are continuous in 3,..
If Ais compact and By, By are bounded, then s, (B1ABs) < || B1]||| Bzl (A).
If follows that

AeX¥,, B, Byarebounded = B1AB, € ¥, (3.7)
|B1ABs,, < || Bull[| Baf[| AL (3-8)
Similarly, if A = A* is compact and B is bounded, then
AL (B*AB) < ||B|**A5(A), (3.9)
63 (B*AB) < || B||**6P(A). (3.10)

Write A1 > A if (A1f, f) > (Asf, f) for all vectors f. Due to the varia-

tional properties of eigenvalues, the functionals A(%i), 5 are monotone with

respect to the relation ‘>’. In particular, we will need the following statement:
A > Ay = AD(A4) < AD(A). (3.11)

4. The class XY C X,, consists of all operators A such that s,(A4) =
o(n™'/#). One can prove that X is closed in X,,. The space X', is separable
and coincides with the closure in X,, of the set of all finite rank operators. It
is easy to see that A € X if and only if A,,(4) = 0. One has

A'Aex), & Aex) (3.12)

If Ac X, then A € X% for any s > v.
The A. Horn’s inequality for singular numbers of a product of two operators
(see [14] or [11]) yields

Proposition 3.1. If A, € X,, and Ay € 3, then AjAy € 3, where i =
L+ 1 If, moreover, Ay € ), or Ay € £, then A A, € 22.
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The following statement (which first appeared in [7]) is a modification of
the well known result (due to H. Weyl and K. Fan) about the asymptotics of
the singular numbers of a sum of two operators (see, e.g., [11], Theorem 2.3).

Proposition 3.2. Let Ay, Ay be self-adjoint operators of the class 3,,. If
Ay — Ay € X% then

AP (A) = AP (Ay), 6P (A) =6 (Ay).

The proof can be obtained by a direct application of (3.5), (3.6).
5. Finally, we will need the following statement from [5].

Proposition 3.3. [5, Theorem 3] Let Ay, Ay be self-adjoint operators of the
class X,.. Suppose that A(ﬂi)(Al) = 6£,i)(A1), Ag{i)<A2) = 59)(%12), and
AiAy € Xy, AyAs € 20, Then

AF(A] + Ay) = 6 (AL + Ay) = AP (A) + AD(Ay).

»

4 PROOF OF (2.5) AND (2.6)

In this section we reduce the proof of (2.5) and (2.6) to several simpler state-
ments, which we will prove in the rest of the paper.
First, we state a result which is a ‘spherically symmetric version’ of (2.6).

Lemma 4.1. Let d > 2. For anyl > d and A > 0, one has

Im ((z) *(D* = X —i0) " Hz) /?) € B4

-1

(4.1)

-

We prove Lemma 4.1 in Sections 5, 6.

Proof of (2.6): Write W(z) = X (z)(z) "* with X bounded. Now (2.6)
follows from (3.7) and Lemma 4.1. B

Next, we state a result from [6] (Theorem 2 and following this theorem
Remarks 1-3).

Proposition 4.2. Let a,b € L*(RY), a,b have compact support. Let V >0 be
a bounded function which satisfies (1.8) with some ¥ € C(S*1), ¥ > 0, and
[ >0. Then
CL(D)Vb(D) - Ed/la (42)
Aapla(D)VH(D)) = dyn(a(D)VB(D))

= (2m) %! /R d(a(p)b(p))d/ldp /S 3z, (4.3)

d—1
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In fact, (4.2) and (4.3) have been proven in [6] for a much broader class of
a and b, but the above statement is sufficient for our purposes.
Note that, taking a(D) = b(D) in (4.2) and using (3.2), we get

&(D)W € 22d/l- (44)
We will need a slightly different version of Proposition 4.2:

Proposition 4.3. Let u € LY(R?), u have a compact support. Let V be as in
Theorem 1.1 and W =/ V. Then Wu(D)W € X4/ and

A (Wr(DYW) = 655 (W (D) W)
= Cn) [ o)y [ 9@ (49

gd-1

Proof. 1. First assume that g > 0. Then
A(Wp(DYW) = A (! (D)V (D)),

and the result follows from Proposition 4.2.
2. For p of a variable sign, write

Wu(D)W = Wy (D)W — W (D)W.
By the previous step and Proposition 3.3, it suffices to check that
(W (DYW)(W i (D)W) € =)0, (4.6)
3. Write the operator in (4.6) as

(W (D)) (1 2(DYV (D)) (12 (DYW).

B (4.4), the first and the third term in the above product belong to X4

y (4.3), the second term belongs to Eg/l (as pyp— = 0 and the integral in
(4 3) vamshes) Thus, applying Proposition 3.1 to the above product, we get
(4.6). m

Next, we state the main technical result of the paper.

Theorem 4.4. For anyl > d and A\ > 0, one has

Re ((z) "*(D? = X —i0) "' (D? < 2\){(z)?) € By, (4.7)
Agn(Re ((z)*(D* = X —i0) "'y (ID* = Al < e)(2)?) = 0 as e — (2 |
4.8
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We prove this theorem in Sections 5, 7-8. This theorem will allow us to
get rid of the singularity of the symbol of A(A). Note that (4.7) has been
conjectured in [24, Assumption 4.3].

Finally, we will need the following technical result.

Proposition 4.5. Let V' be as in Theorem 1.1 and W = \/V. Then, for any
A >0, one has
X(D* < WWx(D* > X) € £5,,. (4.9)

We postpone the proof of this proposition till the end of this section.
Proof of (2.5): 1. We will prove separately the following two inequalities:

AL (AD) < Cuy, (4.10)
03 (AN) = Cro. (4.11)

Clearly, (4.10) and (4.11) imply (2.5).
2. In order to prove (4.10), we first notice that

A(\) > Re (W(D? — X —i0) "t x(D? < 20)W).
By (3.11), this yields
AUAN) < AL (Re (W(D? — X —i0) "'y (D?* < 2\)W)).

Next, we factorize W(z) = (z) /?X(z) with bounded X and for any £ > 0
write

Re (W(D? — X —i0)"'x(D? < 2\)W)
=W(D? = \)"'x(D? < 2\)x(|D* = \| > &)W
+ XRe ((x) 3(D* = X = i0) '\ (|D? — A| < &){(z)*)X.

By (4.8) and (3.9),
Agn(XRe ((2) (D = X —i0) " (|D? = A < e)(z) "*)X) = 0 ase — 0.
By (3.5), it follows
ALJAN) = AL (W(D*=X)'x(D? < 20)x(ID*=A| > £)W)+o(1), & — 0.
Finally, by Proposition 4.3,

AW (D? = \)'x(D? < 20)x(|D? = A| > )W)

= (2m)~4d~! / (A —p?)~¥dp / O (Z)dzT.
p2<A—¢ Sd-1
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Letting € — 0, we get (4.10).
3. Let us prove (4.11). Denote for brevity £y = x(D?* < 2)), Ey = x(D? >
2). By (3.10),
051 (AN) = 05 (Br AN En). (4.12)
For any € > 0, write

EYANE, = E\W(D?* = \) " 'x(|D? = \| > e)WE,
+ EyRe (W(D?* — X —i0)'x(|D* = A\| < e)W)E,. (4.13)
By (4.4) with a(D) = x(D? < 2)), one has E;W € Xy;. Thus, by Propo-
sition 3.1, the first term in the r.h.s. of (4.13) belongs to 34/. The second

term belongs to 34, by Theorem 4.4. Thus, E1A(N)E; € 3y Next, as on
the previous step of the proof, using (4.8), (3.6) and (3.9), we get

05 (LA Ey) = 64 (B W(D? = \)7'x(|D* = A > &)W Ey) +0(1), & — 0.

(4.14)
4. Denote pu(D) = (D? — X\)~'x(]|D? — A\| > ¢). Let us check that

E\W (D)W Ey — W Eyu(D)E\W € Xy, (4.15)
One has

—(EW En) (D) (EAW Eqv) —(EAW E) (D) (EAW Ea)—(EsW Ey ) (D) (EA W E).
By Proposition 4.5 and Proposition 3.1, all the terms in the r.h.s. of the last

equation belong to X Nt
5. By (4.15), Proposition 3.2 and Proposition 4.3,

05 (EsW(D? = \)7X(ID? = A| > &)W E)
=8y, (WE(D* = \)'x(|1D? = \| > 2) V)
= (2m)~4d~! / (A —p?)~¥dp / U (Z)dz
p2<i—e¢

gd-1

This, together with (4.12) and (4.14), gives (4.11). B

Remark 4.6. Note that (see [17]) A()\) € Xg4/2 and A[(;/FQ)(A()\)) # 0. Thus,
A(X) does not belong to X4, unless d/l > d/2 (this can happen only for
d=1).

Proof of Proposition 4.5: 1. First, as above, denote for brevity F; =
X(D? < 2)), By = x(D? > 2)). Next, fix a function ¢,

¢ € C®RY, ((x) >0 forall z € R?,

C(z) =1for |z] >2, ((x)=0 for |z < 1. (4.16)
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Denote Wy(z) = WY2(7)|x|7Y2¢(z). By (1.8), for any ¢ > 0 one can write
W =Wy + W, + W,, where W, has a compact support and

(We(2)| < ela|™2¢(2). (4.17)
According to this decomposition, write
E\WE; = E\WyEs + E1W_ Ey + E1W5E2. (4.18)

First note that by Proposition 4.2, E1W§E1 € 22/1; thus, E{MZ € Egd/l and
so the first term in the r.h.s. of (4.18) belongs to Egd/l. Next, by (4.4) and
(4.17),

|ExWeEsloy) < |E1We|yy) — 0 as e — 0.

Thus, since ng/l is closed in Xy, it is sufficient to prove that
E\WoE, € 55, (4.19)
2. By (3.8),

|E1W0E2|2d/l < |E1|‘T|_l/2€<m)|2d/l||\111/2||L°°(S’1*1)-

Thus, approximating /2 in C'(S™!) by smooth functions, we approximate
the operator (4.19) in 3,4/;. Since Egd/l is closed in Xyqy, it is sufficient to

prove (4.19) for smooth W'/2 (in fact, we will need U'/2 € C1(S%1)).
3. By Proposition 4.2,

X(D* < \Wox(A < D* <A+ R) € 53,

as x(p* < A)x(A < p?> < A+ R) = 0 and the integral in (4.3) vanishes. Thus,
it suffices to prove that

X(D?* < W\Wox(D?* > A+ R) € 3, (4.20)

for all large enough R > 0.
4. The operator in (4.20) is unitarily equivalent to the operator

x(|z| < VA)Wo(D)x(|z| > VA + R). (4.21)

Take R > 4+4\/X, so that VA + R > vV A+2. Then the integral kernel K (x,y)
of the operator (4.21) vanishes for [z —y| < 2. Thus, multiplying the kernel
K(z,y) by ((z —y) (where ( is as in (4.16)) does not change the operator
(4.21).
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The last statement can be rephrased as follows. Let n(z) =1 — ((z), let
be the (unitary) Fourier transform of 7, and let W, * 7 be the convolution of
Wy and 7. Then

Xz < VOWo(D)x(|2] > VA +2)
= x(2] < VX)(Wo(D) — (2m) (W + 7)(D))x (2] > VA+2) (4.22)
Below we prove that

lim |z|/2|Wo(z) — (27)~*(Wy * ) (z)| = 0. (4.23)

|z|—o00
By Proposition 4.2, this implies
X[z < VA (Wo(D) = (2m) =2 (Wy + 7)(D)) € Sy

By (4.22), this yields (4.20).

5. To complete the proof, it remains to check (4.23). This is a straightfor-
ward computation. First note that 7 is in the Schwartz class. Next, n(0) = 1
and so

20 [ iy =1.
Thus,
2 2(Wo(w) — (2m) /2(Wo 5 7)(2))

= )l [ G(0) (Wala) = Walir = )

= (QW)‘d/Q/Rdﬁ(y)(‘I’”g(ff)C( ) = WVA(T =)l Pz -y (z — y))dy

Let us split the last integral into the sum of two integrals over |y| < /|z| and
ly| > +/|x| and check that both integrals tend to zero as |x| — oo. For the
first integral, one has

/ (- )dy| < (ll |92 e sup [|2)2 ]z —y[72¢(z = y) = ((2)]
\y|<\/ﬁ |y|<\/ﬁ
+ il sup [OA(T=y) = W(@)| = O(1/V]x]), x| = oo,
ly|<+/lz

In the last estimate we have used the fact that W/2 € C*(S?1).

Next,

(- )dy| < </ Iﬁ(y)!dy>
/y|>¢?| lvl>+/la]

xsup [UA@ =)l e —y| 7 (x - y) - VA@)((2)];
lyl>+/lz|
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here the first term decays faster than any power of |z|, and the second term is

O(J[2). u

5 VARIATIONAL QUOTIENTS

In the rest of the paper, we prove Lemma 4.1 and Theorem 4.4. In this section,
we translate Lemma 4.1 and Theorem 4.4 into the language of variational
quotients (VQ).

Let u € LY(R?) be a real-valued compactly supported function. Consider
the VQ
o 1) |u(p)Pdp
tu] = 5

[ull3/2

where | > d. Here the norm in the Sobolev space H/?(R?) is defined by

., u € Dom(t) = H/*RY), (5.1)

i = [ ') P, 52

where w is the Fourier transform of .

Consider the numerator of (5.1) as a quadratic form in the Hilbert space
Dom(t) with the metric given by the denominator of (5.1); denote this quadratic
form by t[u, u|. The form t[u, u] generates a self-adjoint operator T" (in the same
Hilbert space):

tiu, u] = (Tu,w) g2, uw € Dom(T),

where (-, ) zi/2 is the inner product, corresponding to the norm (5.2):

(o) = [ )T 53

The spectrum of the VQ (5.1) is the spectrum of the operator T. Below we
use the notation of the type

n(s, (5.1)) :=n(s,T), s>0,

where the r.h.s. is defined by (2.2). By the variational characterization of
eigenvalues, one has

n(s,(5.1)) = sup{dim £ | £ C Dom(t), [t[u]| > s Vu € L};

here L is a linear subspace with the stated properties.
It is easy to see that the operator T', generated by (5.1), is unitarily equiv-
alent to the operator (z) "/*u(D)(z)"? in the Hilbert space L%(R%). Thus,

n(s, (z) (D) (@) ) = n(s, (5.1)), s> 0.
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Fix A > 0 and € > 0. Taking u(p) = x(|p* — M| < &)Re (p* — XA — i)' and
letting 6 — +0, we see that the VQ

V- Jip_yee(0® = X) " ulp) Pdp
22 ’

Tl u e H'?(RY) (5.4)

determines the spectrum of the operator from (4.8):
n(s,Re ((z)*(D?* = X —i0)"'x(|D? = A| < e)(z) %)) = n(s, (5.4)). (5.5)
In the same way, the VQ

(x /2NN [ [u(V ) P

Tl u e HY?(RY) (5.6)

determines the spectrum of the operator from (4.1):
n (s, Tm ((z)"*(D* = X = i0) "L () "/%)) = n(s, (5.6)). (5.7)

In Section 6, we prove that

|Q.‘

1

tn(s, (5.6)) < oo. (5.8)

limsup s

s—0

By (5.7), this yields Lemma 4.1.
In Sections 7-8 we prove that

s—0

limsup s'n(s, (5.4)) < Cs9 = (27?)_dwd/ 1p? — A" dp. (5.9)
[p2—Al<e

By (5.5), this yields Theorem 4.4.
In dealing with variational quotients, we will use the following simple facts:
(i) Increasing the VQ leads to the increase of the counting function n:

t1lu] < tofu] Vu € Dom(t;) = Dom(ta) = n(s,T1) <n(s,Tn) Vs>0.

(ii) Extending the domain of the VQ leads to the increase of the counting
function n:

t1[u] = tolu] Vu € Dom(ty) C Dom(ta) = n(s,Th) < n(s,Tp) Vs>0.
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6 PROOF OF (5.8)

Throughout this section, d > 2. The key idea of the proof of (5.8) is to reduce
the VQ (5.6) to a VQ on a sphere in R%.

1. First, we need notation for some sets in R?; fix A > 0 and denote

Sx={z eR'|[a] =VA}, S{={reR’|[z|# V]},

Si={zeR!||z| <VA}, S5 ={zecR||z|>VA} (6.1)

[P (53] [4

(the superscripts ‘c’, 1’, ‘e’ stand for ‘complement’, ‘interior’, ‘exterior’). In
what follows, for d > 2 we use the Sobolev classes H?(S)), p € R. The
exact choice of the norm in H?(S)) will be of no importance for us; in all the
construction, this norm can be replaced by any equivalent norm. One of the
possible choices of the norm is

lullze(s,) = 11 = Ap)?ull s, (6.2)

where Ap is the Laplace-Beltrami operator on S).

Proposition 6.1. Fiz g € R and p > 0, p > q. Then, for the VQ

14 sy,
IS e R (Sy), (6.3)

||uH12LIP(S>\)
one has

d—1
lim sup s*n(s, (6.3)) < oo, = .
nst (s,(6.3)) =0

Proof: For the choice (6.2) of the metric, the spectrum of the VQ (6.3)
coincides with the spectrum of (I — Ag)??. Thus,

(6.4)

n(s, (6.3)) = n(s"/@9, (I = Ap)™h),
and (6.4) follows from the well-known asymptotics

lim sV 2n (s, (I — Ag)™') = C(d). u

s—0

In this section, we will only use Proposition 6.1 for p = (I — 1)/2, ¢ = 0, but
we will need the general version in Section 8.
2. Denote by ~ the following restriction operator:

v HPZ(RY) — HIZV2(S)), wulg, .
As it is well known, the operator v is bounded:
[yull re-nre < Cosllull e (6.5)
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This enables us to estimate the VQ (5.6) as follows:

HW‘?%WW < (-2 el gasy

||u||Hl/2(]Rd) -0 ||’yu||i[(lfl)/2(gd71)

. ue H2RY.

Thus, the spectrum of (6.3) with p = (I — 1)/2, ¢ = 0 gives the estimate for
the spectrum of (5.6) and so (5.8) follows from Proposition 6.1.

7 PROOF OF (5.9)

1. As above, we use the notation (6.1) (for d > 1) and consider H/2(R%) as
a Hilbert space with respect to the inner product (5.3). Let H(l]/Q(Sf\) be the
closure of C5°(S5) in H'/2(R?) and let Hi/Q(Rd) be the orthogonal complement

12/ qe
of Hy"(S%):
H'2(RY) = H*(S5) @ HY*(R?). (7.1)
According to (7.1), we shall write

U=1uy+u, U € Hé/2(Sf\), uy € HT(Rd).
2. We will need the following two statements.

Proposition 7.1. Let Hi/Z(Rd) be as defined above, and let 6 > 0, 6 < (I —
1)/2. Then, for the VQ

lucl? .,
T, uw € PR, (7.2)
||ui||Hl/2(Rd)
one has i1
lim s* 2)) = — .
lim s n(s,(7.2)) =0, V%>l—25—1 (7.3)

We prove Proposition 7.1 in Section 8.

Proposition 7.2. [9] Let, as above, | > d and let ju be a real valued compactly
supported function on R® such that

u(p)| < Cllpl = VA7, p < 1/d. (7.4)

Then for any vy € Hé/2(5§), the integral [gq p1(p)|uo(p)|*dp converges and for
the V@
Jra 1(p) |uo(p) *dp

2 . uo € Hy*(S5), (7.5)
HUO ”HZ/Q(]Rd)

one has

s—0

lim s¥'n(s, (7.5)) = (2r) " %wq /Rdm(p)]d/ldp. (7.6)
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For u € L*(R?), Proposition 7.2 is well known (see, e.g, [7]). In this case
(7.6) is also true (and is equivalent to Proposition 4.3 with V() = (z)7') if
HY(5%) is replaced by H'/2(R?) in (7.5).

In the form, stated above, Proposition 7.2 allows for a non-integrable sin-
gularity of u. This situation has been studied in [3] for d = 1 and in [9] for
d > 2. Here the space Hé/Z(Sf\) cannot be replaced by H'?(R?). The con-
struction of [3, 9] is based on the generalized Hardy inequality, which ensures
that the functions uy(p) of Hé/ ?(5%) tend to zero as p approaches S).

Finally, note that in [9], the VQ of the type (7.5) was studied for a cube
in RY, instead of the sphere S). However, Proposition 7.2 in the above stated
form follows by application of the standard technique of the local change of
coordinates.

3. We start proving (5.9). Let us estimate the numerator of (5.4). Fix
7> 0and 6y > 0, 6, > 0 so that 6y + 0, =1, 6y < [/(2d), 6, < 1/2. Then,
using the decomposition (7.1) on the first step and the Cauchy inequality on
the second step, we get

v [ NP = [ 08N )Py

[p2—A|<e [p2—\|<e
+ v.p. / (p* — A)"Hui (p)*dp + 2Re / (p* — A)"uy (p)uo(p)dp
[p2—A|<e |p2—X|<e
< /'uF—M*mamﬂm+up /'uﬂ—»*mum&m
Ip2—Al<e [p2—\|<e
_ 1 _
sr [ AP s [ WA @Rl (1)
[p2—A|<e [p2—\|<e

As it will follow from further reasoning, all the integrals in the r.h.s., apart
from the second one, converge absolutely.

Below we consider separately the four VQ, corresponding to the four terms
in the r.h.s. of (7.7).

4. Consider the VQ

Jipr—aj<el?® = A7 o (p)[Pdp

lellZ1/

. ue H2RY). (7.8)

First note that, according to (7.1), the compact self-adjoint operator in H/2(R%),
generated by (7.8), splits into the orthogonal sum of the operator, generated
by

Jrpseclt® = A~ uolp) Pdp

[uoll 72

.o € Hy*(S5) (7.9)
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in HY/?(55) and zero operator in HY*(R%). Thus,
n(s, (7.8)) = n(s,(7.9)).

The weight function u(p) = [p* — A|7*x(|p? — A| < €) in the numerator of (7.9)
satisfies (7.4) and thus, by Proposition 7.2,

lim s¥'n(s, (7.9)) = Cs.. (7.10)

s—0

5. Consider the VQ, generated by the third term in (7.7). By the same
reasoning as above, it reduces to the VQ in H(l]/ ?(5%):

T |p2_>\\<5|p2 - )\|7290|u0(p)|2dp

. . ug € HP(SY). (7.11)
||u0||Hl/2
Again, by Proposition 7.2,
lim s¥'n(s, (7.11)) = 77'(2m) " %wqy / [p* — A| 720 g, (7.12)
s—0 [p2—\|<e

6. Consider the VQ, generated by the fourth term in (7.7):

-1

T \p27,\\<5|p2 — A7 uy (p)[Pdp

ullF2

. u € H7RY. (7.13)

First note that, by the same reasoning as above, the VQ (7.13) reduces to a
VQ in Hi/Z(]Rd). Next, let us estimate the numerator. For r > 0, denote

uy (r) =r¢t /Sd—l luy (rw)|*dw. (7.14)

Then, separating the variables in the integral, we get

1 2 —201 2 ]‘ e 2 —201~
- Ip” = A" us (p)[dp = - e — A" (r)dr
T Jip2—xl<e T JVx=e
1 vV A+e
< _||UL||LW/ |7"2—)\|_291dr,
T A—e

where the norm of w, is taken in L®(V/A—e,v/A+¢). By the embedding
theorem (see, e.g., [15]),

HaLHLOO < CHULH%{UQ(RGZ) (715)
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(here the fact that u; belongs to the subspace HT(Rd) is, of course, irrelevant
to the validity of (7.15); the same estimate holds for any u € H/2(R%)). Thus,
we have arrived at the VQ (7.2) with § = 0; by Proposition 7.1,
. d—1
lll'I(l) S%Tl(S, (713)) = O, Ve > ﬁ (716)
7. Finally, consider the VQ, generated by the second integral in the r.h.s.
of (7.7):
V- [y (0 = N Hu (p)Pdp

- . ug € H2(RY). (7.17)
[ll3:/2

As above, it reduces to the same V(Q in the space Hi/2(Rd). Again using the

notation (7.14) and estimating the integral in the numerator of (7.17), we get

VA+e _ _
v.p./ (p2 — )\)_1|ul(p)|2dp = / (7’2 — A)_luL(r)dr < Clluy || ¢sos
[p2—X|<e VA—¢
(7.18)

where the norm of %, is taken in the Holder space C% (/A —¢&,v/A +¢), and
the exponent ¢y is any positive number. The following estimate holds true for
all 6 > (502

[ELlleso < Cllurl? (7.19)

346"
This estimate is well known to specialists in function theory; however, we could
not find it in textbooks on Sobolev spaces. Using the standard technique of
local change of coordinates, (7.19) can be reduced to a similar estimate with
a hyperplane instead of the sphere S); in the latter case, the proof of (7.19)
is a matter of a simple calculation (similar to the one used in the proof of
the embedding theorem (7.15)). The fact that u; belongs to the subspace
HYZ(Rd) is irrelevant to the validity of (7.19).

We use (7.19) and choose § and &y in such a way that -4~ < d/I. Thus,
we arrive at the VQ (7.2) and so by Proposition 7.1,
d—1

8. The relations (7.7), (7.10), (7.12), (7.16), (7.20) yield

lin% s¥n(s, (5.4)) < Cs9 + CTY,;
since 7 > 0 can be taken arbitrary small, we get (5.9). B
9. Remarks on the proof of Theorem 1.2. In order to prove Theo-
rem 1.2, one needs to make only minor modifications in the above construction.
Let us briefly comment on this point. The representation (2.3) is still valid due
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to the abstract result of [16, Theorem 1.2] (here the condition (1.14) is impor-
tant). Next, the proof again reduces to the verification of the relations (2.5)
(with C 15 instead of C9) and (2.6). Further, in the same way the above ques-
tion reduces to the consideration of variational quotients. A straightforward
calculation shows that

1
W (h=1(A))
Re (h(p?) — A —i0) "t = F\(p*)Re (p* — 1 (A\) —i0)7 1,

Tm (h(p®) — A — i0)! = Im (p* — h™'(N) —i0) 7",

where the function

is positive, C'*-smooth and bounded away from zero in the neighbourhood of
h='()\). Thus, we get extra factors in the numerators of the VQ (5.4) and
(5.6).

The extra factor in (5.6) does not affect further considerations in any way.
The extra factor in (5.4) results in extra factors in the integrands in the nu-
merators of (7.8), (7.11), (7.13), and (7.17). This will only affect constants in
the estimates. Most importantly, one has to use the Holder continuity of F)
when proving the analogue of (7.18).

8 PROOF OF PROPOSITION 7.1

The idea of the proof of Proposition 7.1 is to reduce the VQ (7.2) to a VQ on a
sphere similarly to the construction of Section 6. However, here the technical

details are more complicated.
1. Change of function in (7.2). The condition

uy L Hé/Q(Sf\) (orthogonality in HY/?) (8.1)
can be stated as
(1= Ay, (1= A)WiAp) e =0, Ve CP(SS).

Write [/2 = m — 6, where m € Z, m — 1 < /2 < m. Denote v = (1 —A) %u,
v € HU/2+20(R4). Then the above condition can be stated in terms of v as

(1= A)DH0, (1= A) )2 =0, Vi € CF(S5),
which is equivalent to the differential equation ((I/2) + 6 = m is integer!)

(I —-=A)"w(x)=0, x€S5.
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Thus, the spectrum of (7.2) coincides with the spectrum of the VQ

2

1ol g s5s20 g

, ve HUPFHRY) (1 —A)™u(z)=0, ze€S5 (82)

||U||§{(l/2)+29(Rd)

The implicit orthogonality condition (8.1) has been reduced to an elliptic dif-
ferential equation on v. Obviously, if [ happens to be an integer even number,
the above change of function becomes vacuous: in this case, 8 = 0, m = 1/2
and v =u, .

For d = 1, the solutions to the above differential equation form a finite
dimensional space, and Proposition 7.1 follows immediately. Thus, below we
consider the case d > 2.

2. Separation of the interior and exterior. Here our aim is to ‘split’ the
VQ (8.2) into two VQ’s: one in S§ and another in S§. Below we are dealing
with the Sobolev spaces H*(S%) and H*(S%), s > 0; the exact choice of one
of the possible equivalent norms in these spaces will not be important for our
construction. Denote by P; and P. the restriction operators

P : H*(RY) — H*(SY), wuwr u
P, : H*(RY) — H*(S5), uwr u

S;’ S>07

se, s> 0.

The operators P; and P, are bounded for any s > 0 and thus
HPz‘UH?{wmze(sg) + ||PeUH§{u/2>+2e(5§) < CllollFaszv20 gay (8.3)

for any v € HU/2+29(R9). This estimate will allow us to ‘split’ the denominator

of (8.2).

In order to ‘split’ the numerator, we will also need the bound of the opposite
sign:

Proposition 8.1. For any s > 1/2, s—(1/2) € Z, there ezists a constant Cs 4
such that for any v € H*(R?),

V][5 ray < CsalllPv|

?{5(53) + || Pev] %{s(si))- (8.4)

This statement is probably known to specialists, but we were unable to find
it in the standard monographs on Sobolev spaces, so below we give a naive
do-it-yourself proof. The assumption s > 1/2 is not necessary for the validity
of (8.4), but sufficient for our purposes.

Obviously, for an integer s, (8.4) becomes a trivial equality with Cg4 = 1
(for the standard choice of norm in the Sobolev spaces). Thus, if the order
1/24 4 260 in the numerator of the VQ (8.2) is integer, we do not need to use
the estimate (8.4). By using certain freedom of choice of the parameters m,
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and 0, we could make 1/2+ 4+ 26 equal to 1 when d is odd and to 0 when d is
even. However, because of various restrictions on the parameters ¢ and 6, this
route would only allow us to cover the case | > d + 1/2. We omit the details
of this calculation.

Proof. 1. Let . : H*(S$) — H*(R?) be a bounded extension operator, P,r, =
id. Take v, = m.P.v. Then

[vell s may < Cl| Pevl|ms(sg)- (8.5)

2. Consider the function w := Pjv — Pyv.. The function w satisfies the
following boundary conditions on Sj:

M w 1

— |5,=0, 0<7<s5—~.

op 9= 0 0=i<s—3
Thus (see [15], Chapter 1, Theorem 11.5), w belongs to H(S%). The exten-
sion by zero onto S§ is a bounded operator from Hj(S%) to H*(R?) (here the
condition s — (1/2) ¢ Z is important — see [15], Chapter 1, Theorem 11.4).
Thus, denoting by w the extension of w by zero, we get

10| 7+ (rety < Cllw

< C|| P

wo(si) < OB s sy + Chl[ Pvel

sty < Cll Pl

Hs(S%)
ms(st) + Csl| Py

HS(Sf\) + OQ||U6| H#(S5)s (86)

where we have used (8.5) on the last step.

3. Finally, note that v = w+w,. This is true on S} and S§ by the definition
of v, and w and thus is also true on Sy by the embedding theorem (recall that
s > 1/2). Combining (8.5) and (8.6), we get (8.4). N

Now without the loss of generality assume that 0 + 260 ¢ Z (otherwise we
can slightly increase §). Thus, by Proposition 8.1, for any v € H(}/2)+0+20(Rd),

||UH12H<1/2>+6+26 Rd) = O(HPZ'U||§{(1/2)+6+29 siy T HPeU|’?1<1/2>+6+26 5¢))- (8.7)
(R4) (5%) (5%)
By (8.3) and (8.7), Proposition 7.1 reduces to the consideration of the two VQ,

||U||§{(1/2)+5+29(5§\)

;v e HUDP(S), (1-A)"(z) =0,  (88)

||U||§{(z/2)+29(5§)

||U||§{(1/2)+5+29(5§)

, ve HYDH9(5e) (1 — A)y™y(z) = 0. (8.9)

||U||§{(z/2)+29(5§)

It remains to prove the bound of the type (7.3) for the VQ (8.8) and (8.9).
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3. Reduction of (8.8) to a VQ on Sy. For s > 0 denote
H@(S,) = &5 H 7/ (S)); (8.10)
let I'y be the restriction operator,

S( Qi s—1 m—1
Ty : H3(SY) — HE73)(S,), VU, @%v 5, @@ (3%)" v ls, -

||
(8.11)
For any s € (0,2m) and any v, (1 — A)™v = 0, one has'
cljv| Hs(S%) < HFAUHHwa(SA) < C|v| H(Si) (8.12)
see, e.g., [15], Chapter 2, Theorem 7.4. Thus,
||U||§{(1/2)+6+20(53) HFAUH%I(M%))(SA)
HUHJ%I(Z/?)*QG(SQ B HFAUHiI(%—lHG)(SA)’
and so it is sufficient to prove that for the VQ
2
Hw!m”%)(s*) Cwe HIFH(8)), (8.13)
[
one has J_1
lim s*n(s, (8.13)) < 00, s = ﬁ. (8.14)
Consider the VQ’s
||w||§16+26—j(sx) =199 .
5 , weE H™ (Sh), (8.15))
[,
for j =0,...,m — 1. One has
m—1
n(s, (8.13)) < n(s, (8.157)).
=0
Applying Proposition 6.1 to each of the VQ’s (8.15j), we see that
lim 5™n(s, (8.8)) < d—1 (8.16)
im s*n(s, (8. 00, H=-———. :
50 ’ ’ [—20—1

I'Note that the delicate feature of this estimate is the range of the exponent s. For s > 2m,
the estimate (8.12) is well known and can be found in a number of standard reference texts.
However, for s € (0,2m), the book [15] is the only source of reference we were able to find.
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4. Reduction of (8.9) to a VQ on S\USy,. It remains to prove the estimate
of the type (8.16) for the VQ (8.9). We proceed similarly to the proof of (8.16),
but the additional technical difficulty to overcome is that the domain S¥ is not
bounded. Because of this difficulty, we reduce the VQ (8.9) to a VQ on the
union of two spheres, Sy U Sy, (rather than on the sphere Sy, as it would seem
natural to do). The second sphere Sy, is the price we have to pay for getting
rid of the infinity. Our estimates below are by far not optimal, but they are
sufficient for our purposes.

Let H®)(Sy U Sy) = H®(S)) @ H®(S,,) and let us define the restriction
operator I' : H*(S§) — H(S_%)(SA USu) by I'=T) @ Ly,

We need an analogue of the estimate (8.12).

Proposition 8.2. For any s € (0,2m) and any v, (1 — A)™v =0, one has

< C|lv|

H(S_%)(SAUSAL/\) -

CHU| Hs(S%) < ||FU|| Hs(S5)- (817)
Using Proposition 8.2, we proceed exactly as for the VQ (8.8) and reduce
(8.9) to a ‘direct sum’ of VQQ’s on Sy U Syy. After that, using Proposition 6.1,
we get
lim 5%n (s, (8.9)) < o0, = —9—1
rar RSN SRR Y
which completes the proof of Proposition 7.1.
5. Proof of Proposition 8.2: 1. First note that the same arguments as

for (8.12), applied to the domain S§ N Sj,, lead to the estimate

cllv| He(ssnsi,) = HFUHH@—%)(SAUSM) < Clv] Hs(S¢NSE)
for any v € H*(S5 N S;,) such that (1 — A)™v = 0. Thus, we only need to

prove that for any v € H*(S%), (1 — A)™v = 0, one has

cllvflassg) < ollassensiy < Cllollmsess)- (8.18)

The second estimate in (8.18) is obviously true. Thus, we only need to prove
the first estimate in (8.18).

2. Fix a ‘cutoff function’ n € C§°(R?), suppn C Siy, n(x) =1 for z € Si,.
We will prove two estimates:

[mv] Hs(S5) < C|v| H#(S5NS%,) (8.19)

11 =)ol

where v € H*(S5), (1 — A)™v = 0.
3. Let us prove (8.19). Since nv vanishes near Sy, one has

me(sg) < Cll] Hs(S§NSL,) (8.20)

vl s(sg) < Clinvllgssensi,)s
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cf. [15, Chapter 1, Theorem 11.4]. Next, multiplication by 7 is a bounded
operator in H*(S§ N S5,):

7]l s sgnsiy) < Cllvllmsssnsi,)s

so we get (8.19). Note that we have not used the equation (1 — A)™v = 0.
4. Let us prove (8.20). Consider the function (1 — n)v, defined on S%.
Denote by ¥ the extension of (1 —n)v by zero onto S%. Clearly,

11 =)

A direct computation (which uses the equation (1 — A)™v = 0) shows that

wegss) < CllFll e, (8.21)

1-M"5= > 5D, (8.22)
0<lj|<2m—1
where 7 = (j1,J2,.-..,74) is a multi-index, [j| = 7 + - 4+ Ja,
. J J .
D’ = (6%1) L (%) d, and n; € C5°(S5, N S4,). Below we will check the
estimate ‘
H Z nijvl Hs—2m(Rd) < Cfv] Hs(S5nSi,) (8.23)
0<|j1<2m—1

Using (8.23) and (8.21), we get

Hs(Rd) = OH(]_ - A)_m Z T]ij’U’

0<lj|<2m—1

< Call

11 = m)vllmsss) < Clfv]

Hs(R4)

<Gl >, mDh|

0<|j|<2m—1

Hs—2m (Rd Hs(S¢nsSi,)»

which proves (8.20).
5. It remains to prove (8.23). To this end, fix another cutoff function
B € C(RY), supp 8 C SN Sey, B(z) =1 for z € S5, NSL,. One has

> omDiv= > gD (Bv).

0<|j|<2m—1 0<|jl<2m—1

Thus,

I > mDn|

HS—Qm(]Rd)SC Z HDj(ﬁv)HHs—Qm(Rd)

0<|j|<2m—1 0<|j|<2m—1
<G Z ||ﬁv||HS*2m+|j\(]Rd) < Gy Bo] Hs(R%)
0<[j|<2m—1
< Gsl|Boll s (sensiy) < Callvllassensiyy- ™
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