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Abstract

We consider the spectral shift function &(\; Hy — oV, Hy), where
Hy is a Schrodinger operator with a variable Riemannian metric and
an electromagnetic field and V' is a perturbation by a multiplication
operator. We prove the Weyl type asymptotic formula for £(\; Hy —
aV'; Hy) in the large coupling constant limit o — oo.

0 Introduction

0.1 Let Hy = —A\ in Ly(R?). Below in the introduction for the sake of sim-
plicity of exposition we assume d > 3; in the main text of the paper we treat
the general case d > 1. Let V = V(z), x € RY, be a perturbation potential
which decays rapidly enough as |z| — co. For a coupling constant a@ > 0 and
a spectral parameter A < 0 denote

N\ o) = #{n € N | \(Hy — aV) < A}, (0.1)



where \,(Hy — aV') are the eigenvalues of Hy — oV, enumerated with the

multiplicities taken into account. The following Weyl type asymptotic formula
holds:
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lim o~ Y2N()\, a) = (27T)_dwd/Vf/2(x)dx, A <0, (0.2)

where wy is the volume of a unit ball in R? and V,(z) = max{0,V(x)}. The
following condition is necessary and sufficient (see, e.g., [9, 5]) for the validity
of (0.2):

V € Lypa(RY). (0.3)

0.2 Next, let Hy be the Schrodinger operator of a more general form:

d
.0 .0
o= oA ) = 5 (i = ) ) o) (=i = Asa) ) + Vo)
(0.4)
where g = {gkj}ﬁ,jzl is a symmetric d X d-matrix-valued function with real
entries (metric of the space),

9-1<g(x) <g4l, 0<g- <gy <oo, (0.5)
A = {A;}9_, is a real magnetic vector potential,
A € Ly.(RY), (0.6)
U is a scalar real electric potential,
Ué€ Li(RY, U>0. (0.7)

Under the above assumptions the operator Hy can be correctly defined via
the corresponding quadratic form (see §1.2 below). Next, let the potential V'
satisfy (0.3); denote

Cos(V, ) = (2m) wq / V2 ()(det g(2)) "M dx. (0.8)

Clearly, Cyps(V,g) is finite under the assumptions (0.3), (0.5). Suppose in
addition that
|A|2 +U € Ld/2,loc(Rd>~ (()9)

Then, for any A < 0, the function (0.1) obeys the following asymptotic formula,
which extends (0.2):

lim a~Y2N(\, a) = Cys(V, g). (0.10)
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In §1.2 we give a precise statement of this result and references to the literature.

The spectrum o(Hy) of the operator (0.4) may have gaps (apart from the
semi-infinite gap (—oo,inf o(Hy))). One can study the behaviour of the dis-
crete spectrum of Hy — oV in these gaps for a — oo. Below we discuss two
consecutive generalisations of (0.10) known in this situation.

0.3 Suppose that the perturbation potential V' is nonnegative: V > 0.
In order to keep our notation coherent with those of [4, 30|, we write the
perturbation in a factorised form: V = G*G; for example, one can take G :=
VV. The eigenvalues of Hy F oV are monotone functions of a. For o > 0
denote

Ni(\;Ho, Gsa) :=#{t € (0,a) | \i(Ho FtV) = A}, AeR\o(Hy). (0.11)

In other words, N.(\; Hy, G; «) is the number of eigenvalues (counting multi-
plicities) of Hy F tV, which pass the point A as ¢ grows monotonically from 0
to a. Clearly,

N\, a) = Ny (X Hy, Gy ), X <info(Hy) (0.12)

(remind that N (), «) is defined by (0.1)). Obviously, the definition (0.11) is
of an abstract character. In [4] there has been proved an abstract theorem on
the stability (i.e., independence of A and of some weak perturbations of Hy)
of the leading term of the asymptotics of Ny (\; Hy, G;a) as o — 0o. As an
application of this theorem to the Schrodinger operator, it has been proved
(see [4, §2] and [8]) that the limits

limsup a~Y2N_(\; Hy, G; ), liolzriior.}f o~ 2N, (X Hy, G; a)
do not depend on A € R\ o(Hy). This fact, together with (0.10), results in
the formula
lim. a 2N, (\; Hy,G;a) = Cos(V,g9), XER\ o(Hy), (0.13)
which is valid under the assumptions (0.3), (0.5), (0.7), (0.9) on V, g, U, A.
Under more restrictive assumptions on V', g, U, A, the formula (0.13) has
been first proved (by using a method different from the one described above)
in [15, 16] (see also the survey [5] and references therein). Note also that in the
papers [4, 8], cited above, V| g, U, A were subject to slightly more restrictive
conditions than (0.3), (0.5), (0.7), (0.9); nevertheless, the general case can be
considered in the same way. However, in this paper there is no need to justify
formula (0.13) in its full generality ((0.10) is sufficient for our purposes).
If Hy is a periodic operator, then, under some additional assumptions on
V' and on the structure of the spectrum of Hy, formula (0.13) is valid also for
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the points A on the boundary of the continuous spectrum of Hy — see, e.g.,
the survey [5].

Note that the right hand side of (0.13) does not depend on A € R\ o(H)).
Allowing for a somewhat free interpretation of (0.13), one can consider this
formula as an expression of a certain asymptotic “conservation law” for the
eigenvalues of Hy — aV: as a grows, the eigenvalues which “disappear” at the
left edge of a gap, eventually reappear at the right edge of the next gap (located
to the left from the first one). Thus, we deal with a “flow of eigenvalues”
leftwards, which “seeps” through the continuous spectrum.

0.4 Now suppose that the potential V' is not necessarily nonnegative: V' =
Vi —V_, Vo = GLGy > 0. The eigenvalues of Hy — tV are real analytic
functions of t. As ¢ grows, these eigenvalues can cross the point A € R\
o(Hp) leftwards or rightwards or “turn” at the point A\. For o > 0 denote by
N® (X a) and N (), «) the numbers of eigenvalues (counting multiplicities)
of Hy—tV', which cross A respectively leftwards and rightwards as ¢ grows from
0 to a. Following [30], we define

N\ Hy,Go,G_;0) == NP (X, a) = N\ a), XeR\o(Hy). (0.14)

The eigenvalues which “turn” at A, do not enter the expression (0.14) — see
(30, 31]. Obviously, for the perturbations of a definite sign (0.14) coincides
with £N4:

N(\; Hy,G1,0;a) = Ny (X Hy, Gy ), A€ R\ o(Hy), (0.15)
N(X\; Hp,0,G_; ) = =N_(\; Hy, G_; ), A€ R\ o(Hy).

Next, for A < inf o(H))
N(\;Hy,G+,G_;a) = N(\,a), X <info(Hy), (0.16)

where N (A, ) is defined by (0.1). Note also that, as it has been found in [30],
the function (0.14) admits a representation which corresponds to the consecu-
tive “switching on” of the negative and positive parts of the perturbation:

N\ Hy,G1,G_;a) = —N_(\;Ho,G_;a) + No (N Hy + oV, Gy ). (0.17)

In [30] there has been proved an abstract theorem on the stability of the
leading term of the asymptotics of N(\; Hy, G4, G_;a) as o — oo. Applying
this theorem to the Schrédinger operator and taking into account (0.10), one
obtains the following fact (see [30, §6]). Under the same conditions (0.3), (0.5),
(0.7), (0.9) on V, g, U, A one has

lim o~ Y2N(\; Hy, Gy, G_;a) = Cos(V,g), X€R\ o(Hp). (0.18)
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Note that in [30] formula (0.18) was obtained under more restrictive conditions
than those assumed above; nevertheless, the generalisation is almost obvious
(though we do not need this). Concerning the behaviour of N () a), see
also [14, 31] and references therein.

0.5 The purpose of the present paper is to give a certain analogue of the
relations (0.10), (0.13), (0.18) for the points A lying on the continuous spec-
trum of the unperturbed operator Hy. In this case the natural generalisation
of the counting functions (0.1), (0.11), (0.14) is given by the I. M. Lifshits—
M. G. Krein spectral shift function (SSF). Below we remind some basic facts
of the SSF theory and give references to the literature.

Let Hy and H be selfadjoint operators in a Hilbert space H and let their
difference V' be a trace class operator:

V:=H—-Hy¢€e Sl(H> (019)

Then the following Lifshits—Krein trace formula holds [20, 18]:
T (o)~ 6(Hy) = | 605 H. H)gf()ar (0.20)

Here ¢ is any function of some appropriate functional class and £(\; H, Hy) is
the SSF for the pair Hy, H. The SSF is given by the Krein formula [18]

1
(N H, Hy) = = lim argdet(I + V(Hy— (A +ig)I)™"), a. e. A€ R. (0.21)

T e—40

The branch of the argument in (0.21) is fixed by the condition
argdet(I +V(Hy —2I)™") -0 as Imz— +oo.

A detailed exposition of the SSF theory can be found in [12, 38]. If operators
H,y, Hy, H, in 'H are such that the differences Hy — H; and H; — Hy belong to
the trace class, then, obviously,

E(\; Ho, Hy) = (X Hoy Hy) + E(N; Hy, Hp). (0.22)

The SSF is monotone in V' [18]:
+tV >0 = +££(\H, Hy) >0. (0.23)
In applications, instead of (0.19), it is usually possible to check the inclusion

f(H) — f(Ho) € Si(H). (0.24)



Here f : (a,b) — R is some smooth enough, monotone function and (a,b) C R
is an interval which contains o(H) U o(Hy). Then the SSF for the pair Hy, H
is defined by the natural formula

§(A\ H, Ho) == sign - S(f(A); f(H), f(Ho)), ae AeR. (0.25)

Obviously, in this case the trace formula (0.20) is still valid (only the class of
admissible functions ¢ may have to be changed). The relation (0.23) for such
a definition of SSF has been proved in [17] (see also [38, §8.10]) for f(\) =
(A = Xog)™™ with any m > 0 and A\g < inf(c(H) U o(Hy)). Finally, note that
if the operators Hy, Hy, Hy in H are such that the differences f(Hs) — f(H,)
and f(H,) — f(Hy) are trace class operators, then (0.22) is still valid.

Let us discuss the behaviour of the SSF away from the continuous spectrum
of Hy. First suppose that Hy is semibounded from below. Then, taking an
appropriate ¢ in (0.20), one finds:

E(N\;Hy—aV,Hy) = —=N(\, ), X <info(Hy), (0.26)

where N (A, «) is defined by (0.1). Next, if Hy is an arbitrary selfadjoint
operator and V = G*G > 0, then

E(\;Ho F aV, Hy) = FN.L(\; Hy, G;a), X € R\ o(Hy), (0.27)

where Ni(\; Hy, G; ) is defined by (0.11). The relation (0.27) have been
proved in [36]. Finally, if V = GG — G* G_, then in concrete problems (see,
e.g., Remark 5.4 below) one can often justify the formula

E(A\;Hy—aV,Hy) = —N(\; Hy, Gy, G_; ), A€ R\ o(Hy), (0.28)

where N(\; Hy, G4, G_;a) is defined by (0.14).

0.6 Let, as above, Hy be the Schrodinger operator (0.4) with g, U, A satis-
fying the conditions (0.5), (0.7), (0.9). Next, let V"= V() be the perturbation
potential which decays sufficiently fast as |z| — oo. We prove the following
asymptotic formula for the SSF:

lim o~ *2¢(X; Hy — aV, Hy) = —Cos(V,g), A€R, (0.29)

(the precise result is formulated in §1.3).
From (0.26), (0.27), (0.28) it follows that (0.29) can be considered as a
natural generalisation of (0.10), (0.13), (0.18). Note, however, that the fact of
existence of the SSF imposes strong restrictions on the rate of decay of V' at

infinity. For this reason, (0.29) makes sense for a poorer class of potentials V|
than the relations (0.10), (0.13), (0.18).
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Formula (0.29) adds a new feature to our picture of the “flow of eigenval-
ues”. It shows that this flow can be noticed and controlled not only in the gaps,
but also on the spectrum of Hy, where it obeys the same asymptotic “conser-
vation law”. This point of view on the movement of eigenvalues of Hy — tV
and the idea to interpret it in terms of the SSF is due to M. Sh. Birman.

The relation (0.29) shows that the functions (of A) in the left hand side,
which depend on a parameter «, converge to a constant —Cyg(V, g) as @ — 0.
Let us specify the type of convergence. In fact, we prove two main results.
Theorem 1.5 gives a pointwise convergence in (0.29) for a.e. A\ € R (see Remark
1.6). The hypothesis of this theorem includes the requirement V' > 0. Next,
Theorem 1.7 gives convergence in the weighted space L;(R;du())) with some
power weight du(A). We have managed to prove this theorem only for d > 3.
Thus, neither of these two theorems is exhaustive, but together they provide
a fairly complete picture. As a by-product of the proof of these theorems, we
obtain some information on the asymptotic behaviour of £(\; Hy + oV, Hy) as
a — oo (for V"> 0) — see Theorem 1.8.

0.7 The paper is organised as follows. In §1 we give some necessary def-
initions and present the main results. In §2 we formulate some basic results
of [24, 25] concerning a new representation for the SSF for the case of pertur-
bations of a definite sign. This representation plays a crucial role in the proof
of the main results of the paper. In §3 we formulate some known estimates
for the Schrodinger operator and discuss the existence of the SSF. Theorem
1.5 (on the pointwise convergence in (0.29)) is proved in §4 and Theorem 1.7
(on the weighted integral convergence in (0.29)) — in §5. In §6 for the sake
of completeness of the exposition we give the proof of formula (0.10), since
earlier it was proved under somewhat more restrictive assumptions.

1 Main results

1.1 Notation. 1) The standard inner product in C¢ is denoted by (-,-); 1
is a unit d x d-matrix. Integral without the domain of integration explicitly
specified implies integration over R?. By measd we denote the Lebesgue mea-
sure of a Borel set § C R. By wy we denote the volume of a unit ball in R%.
Formulae and statements with double indices (+ and F) should be read as
pairs of statements, in one of which all the indices take upper values and in
another — the lower ones. A constant which first appears in formula (i.j) is
denoted by C; ;.

2) Functions. The spaces L,(R?) and L, 1o(R?) are defined in a usual way.
The space I, (Z% L,(Q%)), T > 0, o > 1, consists of the functions u € L, 1oc(R?)



such that the following functional is finite:

T/o
lullf 2,y = Z (/Qd \u|0dx) ;. Q'=(0,1)! c R (1.1)
+i

JEZ?

For a real-valued function F we put F. := (|F|4F)/2. For an open set ) C R?,
H'(Q) is a usual Sobolev space with the norm ||ul|3, = [,,(|Vu|>+|u|*)dz and
H}(Q) is the closure of C§°(2) in H'(Q).

3) Operators. Below H, Hi, H, are separable Hilbert spaces. For a
linear operator A, the notations Dom A, Ran A, Ker A, A* o(A), p(A) are
standard; A is the closure of A, I is the identity operator. For a selfadjoint
operator A the symbol F4(d) denotes the spectral measure of a Borel set 6 C R;
Ay = (|A] £ A)/2. Resolvent of an “unperturbed” selfadjoint operator Hy is
denoted by Ry(z) = (Hy — 2I)~'. By B(H1,Hz) and So.(H1, Hz) we denote
respectively the spaces of bounded and compact operators acting from H; into
Ho; B(H) := B(H,H), Seoc(H) := Seo(H,H). For T = T* € S(H) and
s > 0 we denote ny(s,T) := rank Er, ((s,+00)), and for T € S, (H1, Hs) let
n(s,T) :==n, (s*,T*T).

4) Classes of compact operators. For 0 < p < oo the Neumann-Schatten
class S,(H1, Ha) C Seo(Hi, H2) is a set of operators T such that the following
functional is finite:

T, == s5(T) ZP/ s""'n(s, T)ds,
, 0
J

where s;(T") are the singular numbers of 7". The functional || - [|s, is a norm
for p > 1 and a quasinorm for p < 1. For 0 < p < oo the class X,(H1, Ha) C
Soo(H1, Hs) is a set of all compact operators 7" such that the following func-
tional is finite:

s>0

1/p
T, = (supsruts. 1))

The functional ||-||s, is a quasinorm. The classes 3,(H1, Hs) are not separable
(if dim H; = dim H, = 00); a separable subspace Eg C X, is defined by

¥ ={Tex%,| sliIEo sPn(s,T) = 0}.

Note that S, C 9. For T' = T* € S, the following functionals are introduced:

A](,i)(T) = limsup s"n4 (s, T), (1.2)
53T = lim inf 5"t (s, T), (1.3)
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so that 0 < 6°(T) < ASP(T) < co. The functionals ASY | 65 are continuous
in 3, and
AB(T) = AB(Ty) i T —Tp € 30, (1.4)

P P
The last statement is essentially due to H. Weyl. More information on the
classes ¥, can be found in [10].

1.2 Schrodinger operator. In R?, d > 1, we fix a real-valued function
U, satisfying (0.7) and measurable functions g = {gi; }{ ;_;, A = {A;}}_, with
real entries, satisfying (0.5), (0.6). In H = Lo(R?) define a quadratic form

d
(0) _ Ou Ou
hg,A,U[uau] - Z /gk](«r) <_28—x,€ - AkU> (—Z% — AJU> dz + / U|U‘2dl’

k=1 j
(1.5)

on the domain
dh) ;] = {u € Ly(RY) | iVu + Au € Ly(RY), UYu € Ly(R?)}.  (1.6)
It is easy to see that the form hgg’U is closed.

Proposition 1.1 Under the assumptions (0.5)~(0.7) the set C3°(RY) is dense
in d[h;?LU] with the metric hé?j)w[u, u] + |ull®.

Proposition 1.1 follows from the estimate

0 0 0
g-hi ol u] < gy ol u] < g4y plu, (1.7)
and the fact that C5°(R?) is dense in d[h(l?A’U] = d[hgg’U] with the metric

WO, olu,u] + [Ju])> — see [32].
Denote by Hy = Hy(g,A,U) the selfadjoint operator in H generated by

the form A’y ;. By (1.7),

g-Ho(1,A,U) < Ho(g,A,U). (1.8)
The last relation implies
Proposition 1.2 Let V' be an operator of multiplication by a function V =
V(z) >0, z € REL IfV is (—=A)—form compact, then V is Hy(g, A, U)—form

compact.

Proof By (1.8), the problem reduces to the case of a flat metric g = 1.
Now, following the proof of Theorems 2.5 and 2.6 of [3], one gets the required
statement. B



Let V be an operator of multiplication by a function V = V(x), z € R%
such that |V is (—A)—form compact. Due to Proposition 1.2, the operators

H (o) =Ho+aV_, H_ (a)=Hy—aV,, H(a)=Hy—aV, a>0, (1.9)
are well-defined via the sums of quadratic forms. Let (as in Introduction)
N(X ) :=rank Eq)((—00,A)), A<0, a>0. (1.10)

Proposition 1.3 Assume the conditions (0.5), (0.7) and let

V € Lyja(RY) for d>3;

Ve l(Z% Ly,(Q?), 0 >1 for d=2; (1.11)

Ve ll/Q(Zl; Ll(Ql)) fOT d=1.
|1A|2 +U € Ld/gyloC(Rd) fOT d > 3;
|A]2log(1+ |A|)+ Ulog(1+ U) € L110c(R?)  for d=2; (1.12)
A=0,Uc¢ Ll,locaR) Jor =L

Then, for any X\ < 0 the asymptotic formula (0.10) holds.

Proposition 1.3 was proved in [11] for A = 0 and under somewhat more
restrictive conditions on U, in [8] for g = 1, d > 3, in [29] for g = 1, d = 2, and
also in many other particular cases. The precise in the order of a bounds of
N(A, a) are well-known — see (3.1)—(3.3) below. Once these bounds are estab-
lished, the proof of the asymptotics (0.10) by means of the local compactness
technique of [8] becomes a routine procedure. Nevertheless, to the best of the
author’s knowledge, the proof of (0.10) under the assumptions (1.11), (0.5),
(0.7), (1.12) has not been published. In order to make the exposition complete,
we give this proof in Appendix (§6).

Note that the condition A = 0 for d = 1 is motivated by the fact that in
the one dimensional case one can always gauge away the magnetic field. For
d > 3 one can take A = 0 in (0.10); for d = 1,2 formula (0.10) is valid for
A = 0 only under some additional assumptions on V' — see, e.g., [9, 5].

The conditions imposed by the hypothesis of Proposition 1.3 on the nega-
tive part of V' can be considerably relaxed. It is sufficient to assume

V_e Ld/gJoc(Rd) for d > 3,
V_log(1+V_) € Ly 0c(R?) for d = 2,
V_ € L11oc(R) for d = 1.

Moreover, if there exists an open set  C R? such that V(x) > 0 for z € Q
and V(z) < 0 for x € R\ Q, then it is sufficient to assume that V_ € Lj1o.(R?)
for all dimensions d > 1 (see, e.g., [11, Appendix 6]). If U has a negative part
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which is (—A)—form bounded with the relative bound zero, then (0.10) is still
valid (for A < inf o(Hy)) — see [4].

1.3 SSF of the Schrodinger operator. Main results. Below H, =
Hy(g,A,U) is the Schrédinger operator, defined in the previous subsection,
and H(a), Hy (o) are the operators (1.9). Let us first discuss the existence of
the SSF.

Proposition 1.4 Assume (0.5)—(0.7) and let the perturbation potential V =
V(z), x € R, be such that |V| is (=A)~form compact and

V € 1,(Z% Ly(QY)) for d > 4, (1.13)
V € Li(RY) ford < 3. (1.14)

Then for d > 4 the inclusion
(H(a) — NI) ™% — (Hy — NI)F €S, (1.15)

holds with any integer k > (d—1)/2 and any Ao < 0 with large enough absolute
value, and for d <3 — with k =1 and any Ny € p(Hy) N p(H(v)).

The proof (given in §3.3) follows the pattern of [3, Theorem 2.11, Corollary
2.13], where the case g = 1 has been considered. The inclusion (1.15) allows
one to define the SSF for the pair Hy, H(«) according to (0.25) with f(\) =
()\ — Ao)_k.

Theorem 1.5 Assume the conditions (0.5), (0.7), (1.12) and let the pertur-
bation potential V =V (x) > 0, x € R?, satisfy the conditions

V S Ld/Q(Rd> N ll(Zd, LQ(Qd)) fOT d Z 4, (1 16)
Ve L3/2(R3) N L1<R3> fOT d= 3, .
Vel (2L, (Q%), 7<1,0>1 ford=2; (1.17)
VE ll/Q(Zl,Ll(Ql)) ford: 1 '
Then for a.e. A € R:
lim o~ ?¢(\; H(a), Hy) = —=Cos(V, 9)- (1.18)

a—00

Remark 1.6 One might ask, what do we mean by a.e. A € R in Theorem 1.5:
the set of \’s, where {(\; H(«), Hy) is defined, may depend on a! Let us explain
this. For every a > 0 formulae (0.21), (0.25) define the SSF &(\; H(«), Hp)
as an equivalence class of functions which differ from each other on a set of a
zero measure. In the proof of Theorem 1.5 we shall specify a set M C R of a
full measure and construct functions Ny (A, a) > 0, A € M, a > 0, such that
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(i) for any o > 0 the function —N, (-, ) belongs to the equivalence class
of (-5 H(a), Ho);
(ii) for all A € M:

lim o~ 2N, (), a) = Cos(V, g).
In the following theorem the potential V' is not supposed to be of a definite
sign.

Theorem 1.7 Let d > 3; assume the conditions (0.5), (0.7), (1.12), and sup-
pose that the perturbation potential V' satisfies the inclusion (1.16). Then, for
all E>0 and p > d/2:

[e.9]

lim [ |a~?¢(\; H(a), Ho) + Cos(V.g)|(A\+ E)PdA =0, E> E. (1.19)

a—oco [ @

1.4 Comments. 1) The natural question, which arises in connection with
Theorem 1.5, is that about the behaviour of {(\; Hy (), Hy) for @« — oo. The
asymptotic behaviour of N_(\; Hy, G_; ) has been studied in [14, 2]. The
approach of the present paper does not allow us to obtain asymptotics of
¢(\; Hy (), Hy). However, some bounds for this function can be proved. As a
by-product of the proof of Theorem 1.5, we obtain the following proposition.

Theorem 1.8 Let d > 1; assume the conditions (0.5)—(0.7). Neat, let the
perturbation potential V =V (z) <0, x € RY, be (—=A)—form compact, satisfy
the inclusion

Vel (2% L1(Q%Y), 1/2<7<1, (1.20)
and, if d > 4, satisfy an additional assumption (1.13). Then for a.e. A € R
lim o P¢(\; Hi (o), Hy) = 0, (1.21)

where p =71, if 7 <1 and p > 1 — any number, if T = 1.

Formula (1.21) should be understood in the same sense as (1.18) — see Remark
1.6. The proof of Theorem 1.8 is given in §4.

Besides, in [25] there have been obtained integral estimates for the SSF
&(\; Hy (), Hy) (see also the inequality (2.24) below).

2) Note that the spectrum of the operator Hy(g, A, U) may have extremely
“unregular” structure; for example, the absolutely continuous spectrum may
be empty. At the same time, our results are formulated in the terms which are
“not sensitive” to the quality of the spectrum of Hy.

On the other hand, one can consider the operators Hy with absolutely
continuous spectrum and operators V' which are smooth with respect to Hy in
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some proper sense. In the framework of this approach it is possible to obtain
the estimates of the SSF which are locally uniform in A; see [36].

3) There is extensive literature devoted to the large energy and semiclassical
asymptotics of the SSF; we do not touch this subject here.

4) Theorems 1.5, 1.7, 1.8 can be generalised to the case of some differential
operators Hy of the order [ # 2 — see Remarks 4.8, 5.5 below.

2 Representation for the SSF

In this section we collect necessary statements from [24, 25] concerning some
new representation for the SSF.

2.1 Definition of N.. Let H be a basic and K — an auxiliary Hilbert
space, Hy be a selfadjoint operator in ‘H and G : H — K be a closed linear
operator. For simplicity we assume from the very beginning that

Hy >0, (2.1)

since further on the assumption that Hy be semibounded from below will
become essential. Next, suppose that

GRY*(=1) € Swo(H, K). (2.2)

For z € p(Hy) define the operators
T(z; Hy, G) := GRo(2)G* = (GRY*(=1))(Hy + I)Ro(2)(GRY*(=1))*, (2.3)
A(z; Hy, G) :=ReT(2; Hy,G), K(z;Hy,G) :=1ImT(z; Hy,G), (2.4)

which are compact in K. We shall write T'(2) instead of T'(z; Hy, G), etc., if
the choice of Hy, G is clear from the context. Suppose that for some A € R
the pair Hy, G satisfies the following condition.

Condition 2.1 The limit

liIEOT()\ +ie; Hy, G) =: T(A+1i0; Hy, G), (2.5)

exists in the operator norm and
Then define

1 [ dt
NﬂMH@Qay:;/}1+ﬁmﬁyHMA+mH¢KM+w» a > 0.
- (2.7)

It is easy to see that the conditions (2.2), (2.5), (2.6) imply the convergence
of the integral (2.7).

13



Proposition 2.2 [25, Corollary 3.8] Assume that for some open interval 6 C
R the following inclusion holds:

GEHO<5) c SQ(H,’C) (28)

Then for a.e. A € § the pair Hy, G satisfies the Condition 2.1 and for any
a>0
N:I:('; HOa Ga OZ) € LL]OC((S)'

In particular, if (2.8) holds for any bounded interval § C R, then
Ni(3Ho, Gya) € Ly joc(R).

Define the operators

Hi(()é> = Hy+ aV, V= G*G, a >0, (29)

via the form sums and let the counting function N.(X; Hy, G; «) be as defined
by (0.11). The following relation is known as the Birman—Schwinger principle:

Ni(\ Hy,Gia) =ne(a™t, T\ Hy, G)), A€R\ o(Hp). (2.10)

Comparing (2.10) and (2.7) and observing that for A € R\ o(H,) one has
K(A+1i0) =0 and A(A+i0) = T(A+1i0) = T'()), we arrive at the formula

Ni(\; Hy, G;a) = Ne(X\; Hy, G;a), A€ R\ o(H,p). (2.11)
In particular, by (0.12),
Ni(\ Hp, G;a) = N(\, ), A <O. (2.12)

2.2 Connection between N, and SSF.

1) Trace class perturbations. Let Hy be a selfadjoint operator in H and
G € Sy(H,K). Tt is well-known that under these conditions' for a.e. A € R
the limits (2.5) exist in the Hilbert-Schmidt norm and (2.6) holds — see [6] or
[38]. More precise results (on the limit values in S, for p > 1) can be found in
22, 23] — see Proposition 4.3 below.

Proposition 2.3 [24, Theorem 1.1] Let Hy be a selfadjoint operator in H
and G € So(H, K); then for any a > 0

E(\; Ho £ aG*G, Hy) = £N=(\; Hy, G; ),  a.e. X €R, (2.13)

!The condition (2.1) in this case can be omitted
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Note that, by (2.11), for A € R\ o(Hy) the relation (2.13) turns into the
formula (0.27), which has been proved earlier in [36].

2) Relatively trace class perturbations. Let Hy, G satisfy the con-
ditions (2.1), (2.2) and for some m > 0:

GRI(—1) € Sy(H, K). (2.14)

Then, by Proposition 2.2, for a.e. A € R the pair Hy, G satisfies Condition
2.1. Let us fix some a > 0 and define the operators (2.9) via the form sums.
In order to define the SSF for the pair Hy, Hi(«), assume that for some k& > 0
and \g < inf(o(Hy) Uo(Hy())) the following inclusion holds:

(Hi(a) = XMI)™% = (Hy — NI) ™% € S1(H). (2.15)

The inclusion (2.15) enables one to define the SSF by (0.25) with f(\) =
()\ — Ao)_k.

Proposition 2.4 [24, Theorem 1.2] Assume the conditions (2.1), (2.2), (2.14),
(2.15). Then,

E\ He(a), Hy) = N=(\; Ho, Gy ), a.e. A€ R. (2.16)
2.3 Pointwise estimates for AV;. For the operators
A=A"eS(K), K=K"eS,(K), ¢<1, (2.17)

introduce the functions which “simulate” the integral (2.7):

L[> dt
n+(s; A, K) ::;/w1+t2ni(8’A+tK)7 s> 0. (2.18)

One easily checks that the conditions (2.17) (for ¢ = 1) are sufficient for the
convergence of the integral (2.18).

Proposition 2.5 [24, Lemma 2.1] For the functions (2.18) the following esti-
mates hold:

nx(s; A, K) < inf (ne(s(1—7), A) + (s7) g (s, K[| KTls, ), (2.19)

n+(s; A, K) = sup(ns(s(1 +7), A) = (s7) pq(s7, K)[[K|ls,),  (2.20)

7>0

where p, (7, K) > 0 are some functions satisfying

po(m, K) — 0 as 7 — +0. (2.21)
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2.4 Integral estimates for N..

Proposition 2.6 [25] Let the operators Hy, G satisfy the conditions (2.1),
(2.2) and (2.14) for some m > 1/2. Then, for any E > 0 and o > 0 the
following estimates hold:

/OO(/\/'+(>\ Hy, G5a) — N (—E; Ho, G (1 — 6)72)) 1 (A + 2E)~2md\

< al™ "|GRY(-E)s,, VO € (0,1); (2.22)

/OO(M(A Ho,G;a) — Ny (—2E; Ho, G; (14 0) 7)) _ (A + 2E)2md)

<ab ' (4+2/(2m —1))|GRy(—2E)|§,, V6> 0; (2.23)
/ N_(X; Ho, Gy ) (A + 2E)7*™d) < o |GRF(—2E) |3, (2.24)
0

The estimates (2.22)—(2.24) are immediate consequences of Lemmas 4.3,
4.4 and 3.3 respectively of [25].

3 Schrodinger operator: auxiliary statements

In this section we collect some auxiliary statements concerning the Schrodinger
operator Hy = Hy(g, A, U) and prove Proposition 1.4. In §3.2-3.3 our reason-
ing follows almost literally the pattern of [3, §2]. Below we always suppose
that (0.5)—(0.7) hold.

3.1 Spectral bounds.

Proposition 3.1 Assume the conditions (0.5)—(0.7) and (1.11). Then the
function N (X, «), defined by (1.10), obeys the following estimates:

N\, a) < Csq(d)a®?g~? / VP (x)de, A<0, d>3, (3.1)

N\ a) < Cs2(\0)ag” Villui,), o>1, A<0, d=2, (3.2)
N\, ) < Cs3(\)al? —1/2||v+|\1/2 A<0, d=1. (3.3)

l1/2(L1)?

The estimate (3.1) follows from (1.8) and the magnetic variant of the
Cwikel-Lieb-Rozenblum bound — see [19, 33] and also [21]. The estimate
(3.2) follows from (1.8) and the corresponding estimate for Hy(1, A, U), which
has been recently proved in [29]. For d = 1, using (1.8) and gauging away the
magnetic field, the problem is reduced to the case Hy = —/\; in this case, the
bound (3.3) is well known (see, e.g., [9]).

Obviously, the estimates (3.1)—(3.3) do not, in fact, require any assumptions
on V_, apart from the inclusion V_ € L j,.(R?); the latter is assumed in order
to ensure that Cg°(R?) is a form core for H (o).
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Remark 3.2 Denote
Zi(N) == RPOOVVARY?(N), A<O. (3.4)
Let us write the Birman—Schwinger principle as (compare with (2.10))
NN a)=n (a2 (\)—Z_(N\), A<0,a>0. (3.5)
For V' > 0 the relation (3.5) takes the form
N\ a)=n (a5 ZL(N), A<0, a>0.

It follows from the last relation that the estimates (3.1)—(3.3) can be written
as

12012, < Cudg™ [ViP@s, a3 (36)
17Nz, < Csa0 g Vil d = (3.7)
12 NI, < CosNgZ PIVly2 0y d=

Obviously, in these estimates one can replace Z, — Z_, V, — V_.
3.2 Trace class estimates.

Proposition 3.3 For some constants M > 0 and § > 0, which depend only
on g, the following estimate holds:

e Hoyp] < Me2[y], Vit >0, ¢ € Ly(RY). (3.9)

For a flat metric, Proposition 3.3 is a well known diamagnetic inequality
(see [32] and references therein); in this case M = = 1. With an additional
assumption U € L (R?), Proposition 3.3 for the case of a general metric is
contained in [13]. Similarly to [32], it is easy to get rid of this assumption. This
is explained in detail in [25, §7]; an alternative scheme of proof of Proposition
3.3, which does not use the results of [13], is also presented there.

Proposition 3.4 Let F' be the operator of multiplication by the function F €
lag(Z% Lo(Q%)), 1/2 < q < 1. Then

”FRSn(_l)HSQq < 03.10(q’m7d7 g)HFHqu(Lz)v m > d/<4q> (310)
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Proof The desired result has been proved for Hy = Hy(1,A,0) in [3,
Theorems 2.11, 2.12] and for Hy = Hy(1,0,U) in [34, Theorem B.9.2] (in [34]
the background potential U was allowed to have some nonzero negative part).
Our proof follows the same pattern.

1. Let ¢ = 1. Due to the representation

oo

(Ho+E)™" = (F(m))_l/ e Hote=Etym=1qy
0

(3.9) implies
R (—1)%] < M(B(=A) + D)™, ¥m >0, € Ly(RY).  (3.11)
From here one obtains
IFRy(=1)]ls, < MIF(B(=A) + 1) ™[ls, < Clm, d. )| Fllz,,  m > d/4.

2. Let ¢ = 1/2. Similarly to [3, Theorem 2.12], take F' € Ly(R?) with a
support in a cube Q? + j, Q¥ = (0,1)¢, j € Z%, and write

FRy(=1) = [FRZ(=1)(1+ [2)™)[(1 + [2) ™R (<1)],  m > df2.
(3.12)

By (3.11), each of the two factors in the right hand side of (3.12) is pointwise
dominated by the same object with M (5(—A) + I)~™ instead of R{'(—1), in
which case they are Hilbert—Schmidt operators (see, e.g, [34] or [35] for the
first factor). Summing over j € Z¢, we get (3.10) with ¢ = 1/2.

3. Interpolating between the cases ¢ = 1/2 and g = 1, we obtain the desired
result.

3.3 Proof of Proposition 1.4. 1. Let d < 3. Then, by (1.14) and
Proposition 3.4 (with ¢ = 1), for any \g € p(Hp) one has |[V[/2Ry(\g) € Ss.
Thus, in the identity (see, e.g., [38, §1.9])

(H(Oé) — )\0])_1 — Ro()\o) = —(sign V|V|1/2Ro(>\0))*
X (I 4+ |V[Y2Ro(No)|V[Y2sign V) LIV V2 Ro(No)), (3.13)

which is valid for all Ay € p(Hy) N p(H («)), the right hand side is a trace class
operator. This proves (1.15) for k = 1.

2. Let d > 4. By (1.13) and Proposition 3.4 (with ¢ = 1/2), one has
VR (Xo) € Sy for all \g € p(Hp) and m > d/2. From here, by [26, Theorem
XI1.12], (1.15) follows for any integer k¥ > m — % and any Ay < 0 with large

2
enough absolute value. i
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4 Pointwise asymptotics

The aim of this section is to prove Theorems 1.5 and 1.8. First we state and
prove two abstract results (Theorems 4.1 and 4.2) on the asymptotics of the
functions N, (\; Ho, G; ) and N_(\; Hy, G; ) for @« — oo. Next, applying
Proposition 2.4, we obtain the desired results for the SSF of the Schrodinger
operator.

4.1 Statement of abstract results

Let 'H be a basic and K — an auxiliary Hilbert space, Hy > 0 be a selfad-
joint operator in ‘H and G : ' H — K be a closed operator such that

GRY?(~1) € 20..(H,K), >0, (4.1)
GEp,([0,R)) € Syy(H,K), ¢<1, VYR>0. (4.2)

By Proposition 2.2, for a.e. A € R the pair Hy, G satisfies Condition 2.1 and
thus the functions Ni(\; Hy, G; a) are well-defined.

Theorem 4.1 Let the conditions (2.1), (4.1), (4.2) be satisfied with » > q if
q <1 and with »x > 1 if g =1. Then for a.e. A € R the limits
limsup a””N, (\; Hy, G; ), liminf a *N, (\; Hy, G; ) (4.3)

a—00 a—00

are finite and do not depend on .

Note that in [4] in the framework of a similar abstract scheme, but under
broader conditions on G, Hy (without the trace class type hypotheses) it was
proved that the functions (4.3) do not depend on A € R\ o(Hj) (and also on
some weak perturbations of Hy). Our construction uses some ideas of [4].

Passing to the discussion of N_(\; Hy, G; «), we relax the condition (4.1);
it is sufficient to assume (2.2). For the exponent 0 < ¢ < 1 from (4.2), we
introduce ¢, by

¢ =q if ¢ < 1;
¢~ > 1 — any number if ¢ = 1.

Theorem 4.2 Assume the conditions (2.1), (2.2), (4.2). Then for a.e. A € R:

lim o~ *N_(\; Hy, G; ) = 0. (4.4)

4.2 Preliminary results
Below we use the notations (2.3), (2.4).

Proposition 4.3 [6, 22] Let Hy be a selfadjoint operator in 'H and G €
Soy(H,K), ¢ < 1. Then for a.e. A € R the operator T'(\ + ic; Hy,G) has
limit values for e — +0 in S, (K) and K (X +i0; Hy, G) € S,(K).
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Proposition 4.3 for ¢ = 1, g. = 2 has been proved in [6]; the general case
was considered in [22]. Further results in this direction can be found in [23].

Lemma 4.4 Let A, K be as specified in (2.17). Then for any p > q the
functions (2.18) obey

limsup s"ny(s; A, K) = Al()i)(A), (4.5)
s—+0
limJir%f sPne(s; A K) = (519[)(/1). (4.6)

Proof Let us fix 0 < 7 < 1 and use (2.19):
s"n+(s; A, K) < s"ns(s(1 = 7), A) + 8”797 g (7s, K[| K], -

Passing to the upper limits as s — +0 and taking into account (2.21), one
finds
limsup sPny (s; A, K) < (1 — T)*pAJ(Di)(A).
s—+0
Since 7 is arbitrary, the last estimate implies

limsup s"n4(s; A, K) < A]()i)(A).
s—+0

Similarly, using (2.20) instead of (2.19), one obtains

lim sup s"n.(s; A, K) > A;()i)(A)a
s——+0

which gives (4.5). In a similar way one proves (4.6). B
Lemma 4.5 Conditions (4.1) and (4.2) with q¢ < > imply the inclusion
GRy(—1) € 25 _(H,K). (4.7)
Proof By (4.2), for any R > 0
GRo(—=1)Ew, ([0, R)) € Soy(H,K) C X5_(H,K).
Next,

IGRy(~1) — GRy(~1)Eny ([0, R)) |5, = G Ro(—1) Epgy ([R, 0))]|s2,..
< |GRY*(-1)|[5, (R+ 1) -0, R— cc.

Since 39 is closed in 3y,,, this implies (4.7). &
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Lemma 4.6 Assume the hypothesis of Theorem 4.1. For a.e. A € R:
(i) the operator T (X + ic; Hy, G) has limit values as € — +0 in 3,,(K);
(i) K (X +1i0; Hy, G) € S,(K).
For a.e. A\, upeR:
(iii) A\ +10; Hy, G) — A(u +140; Hy, G) € 32(K).

Proof Fix an open bounded interval § C R. Below we check (i), (ii) for
a.e. A € 0 and (iii) for a.e. A\, p € 9.
1. One has:

T(z;Hy,G) =T(z; Hy, GEy,(9)) + T(z; Hy, GEg, (R \ 9)). (4.8)

By (4.2), GEp,(9) € S94(H, K). Thus, by Proposition 4.3, the operator T'(\ +
ie; Hy, GEy,(0)) for a.e. A € R has limit values as ¢ — +01in S, (K) C X,.(K)
and K(\ + i0; Hy, GEg,(5)) € S,(K). On the other hand, the limit 7°(\ +
i0; Hy, GEp, (R\ 0)) exists in 3,,(K) for all A € § and K(A+i0; Hy, GEg, (R\
d)) = 0. From here follow (i), (ii).

2. Let us check (iii). For A, u € 6 and € > 0 we have

A(/\ + ’Lf; H(), G) — A(,u + i&; fv{()7 G)
= A(A +ig; Ho, GEny (6)) — A(p + ie; Ho, GEp, (6))
+(A = p)Re (GRo(A + ie) By (R \ 0)(GRo (1 — i€))"). (4.9)

The first two summands in the right hand side of (4.9) for a.e. A\, u € 9
have limit values in S, (K) C X%(K) as ¢ — +0 (see Proposition 4.3). The
third summand for all A\, 4 € ¢ has a limit as ¢ — 40, which can be written
as (GRo(—1))M(GRy(—1))* with some M € B(H). From here, taking into
account (4.7), we see that the limit of the third summand belongs to XY, and
we get the required statement (iii). B

Lemma 4.7 Assume the hypothesis of Theorem 4.2. Then, for a.e. X € R:
(i) The operator T(\ + ic; Hy, G) has a limit> as € — +0 in Sy (K);
(il) K(X+1i0; Hy, G) € S,(K);
(iii) (AN +1i0; Hy, G))- € S,.(K).

Proof Fix arbitrary R > 0 and an interval § = [0, R). It is sufficient to
check (i)—(iii) for a.e. A € §. As in the proof of Lemma 4.6, we write the
representation (4.8) and see that for a.e. A € R the first summand in the right
hand side has a limit in S,, (K) and for all A € ¢ the second summand has a limit
in So(KC), which is a nonnegative selfadjoint operator. This proves (i), (iii).

2In fact, this statement follows already from Proposition 2.2
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The assertion (ii) follows from the inclusion K (A + i0; Hy, GEy,(9)) € S,(K),
which holds for a.e. A € R. B

4.3 Proof of Theorems 4.1, 4.2.

Proof of Theorem 4.1 By Lemmas 4.4, 4.6(ii), for a.e. A € R

limsup N, (\; Hy, G; ) = AL (A(X +40)),

lim inf a N, (\; Hy, G; a) = 6$7 (A(X +40)).
By Lemma 4.6(i), the right hand sides are finite. By Lemma 4.6(iii) and (1.4),
they do not depend on \. B
Proof of Theorem 4.2 By Lemmas 4.4, 4.7(ii), for a.e. A € R:

limsup a”*N_(\; Hy, G; ) = AEI:)(A()\ +140)).

By Lemma 4.7(iii), (A(A+i0))_ € S, (K) € 20 (K) and thus AL (A(A+i0)) =
0.1

4.4 Proof of Theorems 1.5, 1.8.

Proof of Theorem 1.5 1. Let us check the hypothesis of Theorem 4.1 for
H =K = Ly(RY), Hy = Hy(g,A,U), G =+/V, 3¢ =d/2. We choose ¢ in (4.2)
as follows: ¢ = 1/2 if d = 1; ¢ = max{1/2,7} if d = 2 (remind that 7 is an
exponent in (1.17)); ¢ = 1 if d > 3. Next, by Proposition 3.4,

GRI'(—1) € Syy(H.K) (4.10)

for large enough m, where ¢ is as specified above. Obviously, (4.10) implies
(4.2). Finally, (4.1) holds by (3.6)-(3.8). Thus, the hypothesis of Theorem 4.1
holds.

2. For A < 0, by Proposition 1.3 and (2.12), the limits (4.3) coincide and
are equal to Cys(V, g). From here and Theorem 4.1 it follows that there exists
a set M C R, meas (R\ M) = 0, such that

(111_)1110 o~ PN (N Hy, G; ) = Cos(V,g), VAe M. (4.11)
3. By (4.1), (4.10) and Proposition 1.4, for any a > 0 the hypothesis of the
Proposition 2.4 holds for the operators Hy, G. Thus, the equality (2.16) holds.
More precisely, the function —N (- ; Hy, G; ) belongs to the equivalence class
defined by the function &(-; H(«), Hy) (see Remark 1.6). From here and (4.11)
follows the desired statement. B
Proof of Theorem 1.8 1. Let us check the hypothesis of Theorem 4.2 for
H =K = Ly(RY), Hy = Hy(9,A,U), G =+/]V] and ¢ = 7. Indeed, (2.1) and
(2.2) hold by hypothesis. By Proposition 3.4,

GR™(—1) € Sy, (1, K) (4.12)
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for large enough m > 0; (4.12) implies (4.2).
2. Theorem 4.2 asserts that there exists a set M C R of a full measure
such that
lim o ?N_(\; Hy,G;a) =0, VX e M,

a— 00

where the exponent p is as specified in the statement of Theorem 1.8.
3. Finally, as in the part 3 of the proof of Theorem 1.5, taking into account
Proposition 2.4, we arrive at (1.21). B

Remark 4.8 Theorems 4.1 and 4.2 allow one to consider other types of op-
erators Hy as long as it is possible to establish some analogues of Propositions
3.1 and 3.4. In particular, one can take Hy = (—A)!, [ > 0. In this case
the estimates of the type (3.1)—(3.3) and (3.10) are well known — see, e.g.,
9, 11, 35]. Here one can also consider perturbations V' by differential operators
of an order lower than [ with decaying coefficients.
Another possibility is to consider the pseudo-relativistic magnetic Schro-
dinger operator
Hy = (Ho(1,A,0) + D2 + Ul(x). (4.13)

In this case the bound similar to (3.1)—(3.3) can be obtained by using the Heinz
inequality. In order to obtain the bounds similar to (3.10), one can exploit the
pointwise inequality

|e_“%w| < e—t(—A+I)1/2‘w|’ t >0, € Ly(RY),

in the spirit of §3.2. In connection with this, see also [28, 7].

5 Integral asymptotics

The aim of this section is to prove Theorem 1.7. First we prove an abstract
result (Theorem 5.2) and then apply it to the Schrédinger operator.

5.1 Statement of an abstract result. Let Hy > 0 be a selfadjoint
operator in the basic Hilbert space H. Next, let £, and K_ be auxiliary
Hilbert spaces, G, : H — K, and G_ : H — K_ be closed operators and

G_Ry*(-1) € Swe(H, K_), (5.1)
GLRY*(—1) € So(H,Ky), > 0. (5.2)

Let Vi = G1.G4, Vo = G*G_ and define the operators (1.9) via the form
sums; denote

Ry(Na) = (Hy(a) =AY R(Na) = (H(e) = M)~
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Before stating the result on the SSF, we discuss the asymptotics of the spec-
trum below the point A = 0. We introduce the notation (1.10) and for A < 0
denote

Q. (N :=limsupa *N(A\;a), w,(A) :=liminfa *N(\; a). (5.3)

a—00 a—00

Proposition 5.1 Assume the conditions (2.1), (5.1), (5.2) and suppose that
for any R >0
G+ Emy ([0, R)) € 3,.(H, K.). (5.4)

Then the limits §2,,, w,, do not depend on A < 0.

The proof is given in the next subsection. Note that the condition (5.1) in
the hypothesis of Proposition 5.1 can be relaxed. In [30], in the framework of
a similar abstract scheme but under slightly different assumptions on Hy, G,
G_, the stability of the leading term of the asymptotics of N(\; Hy, G+, G_; @)
(see (0.14)) has been established for A € R\ o(Hp). In contrast to Proposition
5.1, the proof of the main result of [30] requires the use of a fairly complicated
technique.

The main result of this section (Theorem 5.2) deals with the SSF for the
pair Hy, H(«). Its proof uses also the SSF for the pairs Hy, H, () and H(«),
H(a). In order to define these SSF, suppose that for all « > 0 and some k > 0,
Ao < inf(o(Hy) Uo(H())), the following inclusions hold:

R (Ao, @) = R§(Xo) € Si(H), (5.5)
RE(\o, @) — RE(N\g) € S1(H). (5.6)

The numbers k, Ay may depend on «, but must be the same in (5.5) and (5.6).
From (5.5) and (5.6) it follows that

RE(Ng, @) — RF (o, @) € S1(H). (5.7)

Theorem 5.2 Assume the conditions (2.1), (5.1), (5.2) for » > 1, (5.5),
(5.6). Next, suppose that for some m > 1/2:

G_Ry'(—1) € So(H, K_), (5.8)
sup 1G4 RE (=1 0)ls, =: Cs.9 < 00. (5.9)

Then for any E > 0:
Tlim o;(of"f()\; H(a),Hy)) + Q) (A\+E)™2™d\=0, E>E, (5.10)
(1113010 :(a_}‘f()\; H(a),Hy) +w,)+(\+ E)d\=0, E>E, (5.11)
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where Q,., w,, are defined by (5.3) (and do not depend on X by® Proposition
5.1). In particular, if Q,, = w,,, then

o0

lim la~ 26\ H(q), H) + Q. |(A+ E)™™dx =0, E>E. (512)
E

a—oo |

5.2 Proof of Proposition 5.1. 1. Clearly, N(A;,a) < N(Ag, ) if Ay <
Ay < 0. It follows that

(A1) <.(N2),  wi(M) Sw, (), A <A <.
Thus, it suffices to check the opposite inequalities
(A1) > D(N2),  wi(M) > we(Ae), A <A <O.
2. Denote
Xo(N) =GR\, Zi(\) = XE(V)X()), A<O. (5.13)
Clearly, Z+ (A1) < Z1(Xg) for Ay < Ay < 0. Besides, below we will show that
Zi(\) = Zi(Ng) = M € IV (H). (5.14)
From here by (3.5) it follows that

N, a) =ni(a™, Zy (M) = Z-(\1) 2 ni (@7 Z () = Z-(M2))
=ni (@™ Z1(N) = Z-(No) + M),

and thus, using (1.4),

QM) = AP(Z1 (M) = Z- (M) 2 AT(Z0 (V) — Z- (M) + M)
= AD(Z1(Xa) = Z-(A9)) = (M)
Similarly, it follows that w,. (A1) > w,.(A2).
3. Now it remains to check (5.14). Clearly, (5.14) will be established if we

prove
Xi(M) = Xo (o) € B0,,(H, K1), (5.15)

One can write the operator from (5.15) as
Xi(A1) = Xy (A) = GLRo(-1)B, B e B(H). (5.16)

As in Lemma 4.5, we find that (5.4) and (5.2) imply G Ro(—1) € X9 _(H, K,).
From here and (5.16) follows (5.15). B
5.3 Proof of Theorem 5.2.

3Condition (5.4) of Proposition 5.1 follows from (5.9): (5.9) = GLRJ'(-1) € Sy C
9, = (5.4).
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Lemma 5.3 Assume the hypothesis of Proposition 5.1. Denote
L\ a,a):=a Ny (N Hi(o),Gyaa), A<0,a>0,a>0. (5.17)
Then the limaits

B(a) :=limsup L(\, o, a), b(a) := liminf L(\, o, @) (5.18)

a—00 Qa—00

do not depend on A < 0 and depend continuously on a > 0. In particular,

lim B(a) = €, lirr% bla) = w,,. (5.19)

a—1

Proof For a > 0 and 8 > 0 define the operators H(«a, ) = Hy+aV_ — [V,
via the corresponding form sums. Clearly,

Ny (A Hy(a), G4 B) = rank Ega,5)((—00,A)), A <0.
Introducing the notations (5.13) and using (3.5), we find
Ny (A Hi(a), Gy aa) = ny (o™ aZy (N) — Z-(N),
and thus
B(a) = AP (aZr(\) = Z-(V),  bla) = 8 (aZ+(N) = Z-(N)).

) =
Now the continuity of B(a), b(a) follows from the continuity of AP 50 in
3.,.. The fact that B(a), b(a) do not depend on A, follows from Proposition
5.1 (after the substitution G, — v/aG,). B

Proof of Theorem 5.2 1. First note that, by (0.22) and (5.5)—(5.7),
§(\ H(a), Ho) = §(A H(a), Hi(a)) +§(A; Hy (), Ho). (5.20)
Next, by Proposition 2.4,

§A H(a), Hy () = =Ny (A Hi (@), Gy a), (5.21)
EN\; Hi(a), Hy) = N_(\; Hy,G_; ). (5.22)

Denote

F(\ a) = —a "¢\ H(a), Hy),
Q(/\7 a) = a_%N-i-(/\; H—i—(a)v G-H a)a
J(\, ) :=a *N_(\; Hy, G_; ).
Write (5.20) as
FAa)=QW\ a)—J\ ). (5.23)
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Finally, denote for brevity du(\) := (A+2E)~?"d\ for A > —F and du(\) =0
for A < —FE. In these notations, we need to prove that

ah_{go (F(\, ) — Q) 1du(N) =0, (5.24)
Jim (F(\, ) —w,)—du(X) = 0. (5.25)

2. Let prove (5.24). In (2.22), let us take H,(«) for Hy and G4 for G and
multiply the whole inequality by a~*. Using the notation (5.17), we obtain:

J(@00) — L-E.a. (1= 0))du(y) < ot

<|GLRY(—E, a)ll§, < o707 " max{L, E*" |G RT (=1, a5,
S Oél_%e_l_m maX{l, E_2m}05.9.

Next, taking into account (5.23) and the inequality J(A, a) > 0,

QA a) = L~ B, o, (1 0))s > (F(\,a) - L(~E,a, (1 - 6)72),
> (F(\a) — Q)4 — (L(-F,a,(1-0)2) — 2,)-.

From here we find
/ (FO\ a) — 0 dp()) < a0 max{1, E->"}Cs

HL(-E, a,(1—0)72) — Q%)Jr/dp()\).

Passing to the limit as a — oo, we find (using the notation (5.18)):

lim sup / (F(\a) — )1 du(N) < (B((1—6)2) — Q,); / ap(n).

a—00

Note that at this point the condition s > 1 is crucial. By (5.19), the right
hand side of the last inequality goes to zero as  — +0, and we arrive at (5.24).

3. Let us prove (5.25). In (2.23), let us take H (a) for Hy and G for G
and multiply the whole inequality by o~ *. Using the notation (5.17), we find:

/ QN a) — L(—2E. o, (11 6)™"))_du(N)

< a0 4+ 2/(2m — 1))||GL R (—2E, o) |I2,
< a0 (4 +2/(2m — 1) max{1, (2E) " |G RY (<1, )5,
<o 074+ 2/(2m — 1)) max{1, (2E) " ?"}Cs..
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Next, taking into account (5.23),

(Q(\, o) — L(—2E,a, (1 4+ 6)71))_
= (F(\ @) —w,, +J(\ ) + (w,, — L(=2E,a, (1 4+ 6)71)))_
> (F(\ @) —wy) — J(\ @) = (wse — L(=2E, o, (14 6)7Y)),.

Wie

From here we find:

/(F(/\7 Q) — w,)_du(\) < o074+ 2/(2m — 1)) max{1, (2E) *"}Cs.

+ / JO0 @)dp(N) + (wr — L(—2, a, (1 +0)71), / ). (5.26)
By (2.24),

limsup/J(/\,a)d,u()\) < limsupa' *||G_R{(—2E)||3, = 0.
Passing to the limit in (5.26) as @ — oo and taking into account the last
relation, we find:

lim sup / (F(h @) — w,)_dp(A) < (s — b((1+0)"))s / ap(n).

a—00

By (5.19), the right hand side of the last inequality goes to zero as § — +0
and we obtain (5.25). B

Remark 5.4 In the hypothesis of Theorem 5.2, the formula (0.28) holds true.
Indeed, using (0.17), (5.20)—(5.22), for A € R\ o(Hy) we obtain:

E(N H(a), Hy) = =Ny (A Hi(@), Gysa) + No(A; Ho, G5 )
=Ny (N Hi(a),G;0) + No(A Hy, G a) = =N(A Ho, Gy, G ).

5.4 Proof of Theorem 1.7. 1. Let us check the hypothesis of Theorem
5.2 for Hy = Ho(g,A,U), G = /Vi, H=K; = K_ = Ly(R?) and s = d/2.
Inclusions (5.1), (5.2) follow from (3.6). Conditions (5.8), (5.9) follow from
(3.10) (with ¢ = 1); while checking (5.9) we include the term +aV_ into the
background potential U and use the fact that the constant C319 does not
depend on U > 0. Conditions (5.5), (5.6) follow from Proposition 1.4.

2. By Proposition 1.3, Q,, = w,, = Cys(V, g). Thus, (5.12) becomes (1.19)
with p =2m.

Remark 5.5 Let us comment on the possibility of applying Theorem 5.2 to
other differential operators Hy. Here the main difficulty is in the check of the
condition (5.9), which in our case required the use of rather specific technique
of pointwise estimates for the Gaussian kernels. This technique is applicable
to the elliptic differential operators of the order [ < 2. Thus, one can apply
Theorem 5.2 to the pseudo-relativistic magnetic Schrodinger operator (4.13).
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6 Appendix. Proof of Proposition 1.3

6.1 Preliminary statements.

Proposition 6.1 Let Q be an open ball in RY, d > 1, and let

F e Lypn(Q), d>3;
Flog(1+|F|) € Li(2), d=2; (6.1)
F e Li(Q), d=1.

Then the quadratic form [, Flul*dz, v e H'(Q), is compact in H' ().

For d = 1 Proposition 6.1 follows immediately from the Holder inequality
and the compactness of the embedding H*(2) C Lo (R2), d = 1.

For d > 2, let us first observe that:

(i) for a bounded F', the form [, F|u|* is compact in H'(€);

(ii) (6.1) implies boundedness of the form [, F|u|* in H'(Q2).
The statement (i) follows by Holder inequality from the compactness of the
embedding H'(Q2) C Lo(Q). For (ii), see, e.g., [1]. Approximating F by a
sequence of bounded functions F), and taking into account (i), (ii), we get the
required statement.

Lemma 6.2 Let Q be an open ball in RY, d > 1; suppose that (0.5), (0.7),
(1.12) hold. Then the form

hgavlu,u] — hgoolu,u), w€ H(Q), (6.2)
is compact in H'(2).
Proof Expand formula (6.2):

(gAu, Au)dr+2Re /

hy aulw, u]—hgoolu, u] = /
Q

(gAu,iVu>dx+/ Ulu|*dz.
Q Q

By Proposition 6.1 and (0.5), (1.12), the first and the last summands in the
right hand side are compact in H'(Q). The second summand is also compact
due to the estimate

/Q (Au, iVu)dz| < go || Aulloyllullm @

and to the compactness of the form [|Aul|7,q, in H'(2).

Let © be an open ball in RY d > 1, V € C°(Q) and let g satisfy the
condition (0.5). Consider the the quotient

/QV\Ulzdx/(hg,o,o[MU] —Mully) weH(Q), (6.3)
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where A < 0. Denote by ni(s,(6.3)), s > 0, the distribution function of
the consecutive maxima (minima) of (6.3). In other words, ni(s,(6.3)) =
n+(s, X), where X is a compact operator generated by the form in the nu-
merator of (6.3) in the Hilbert space H'(Q) with the metric hygo[u, u] —

>\|]uH%2(Q). In what follows, we use the notations A ((6.3)), 657((6.3)) in-

stead of A;i) (X), (51(,i)(X). Along with (6.3), consider the same quotient in
H}(Q):

/Q ViuPdz/(hypolu, u] — ul, ). u € H(Q). (6.4)
Proposition 6.3 (see, e.g., [11]) For any A <0,
A((6.3)) = 857)((6.3)) = AL ((6.4) = 85)((6.4)) = Cos(Vi g).

Lemma 6.4 Let Q be an open ball in R, d > 1, V € C(Q) and A < 0;
assume (0.5), (0.7), (1.12). For the quotients

/Q Vil (hy aplu,u] — Ml o). u € H(Q), (6.5)
/Q ViulPde/(hy a ol u] — Mul?, o), ue HQ), (6.6)
one has
AU((6.5)) = 647)((6.5)) = AY)((6.6)) = 85,)((6.6)) = Cos(V. g).

Proof By Lemma 6.2, the form in the denominators of (6.5), (6.6) differs
from that in the denominators of (6.3), (6.4) by a compact term. Relatively
compact perturbations of the metric in the Hilbert space do not affect the
leading term in asymptotics — see, e.g., [11, Lemma 1.16]. Thus, the statement
follows from Proposition 6.3. B

6.2 Proof of Proposition 1.3 By (3.5), the desired formula (0.10) is
equivalent to

A Ze(N) = Z-(N) = 0(3(Z: (V) = Z-(V) = Cos(Veg).  (6.7)
By (3.6)—(3.8) and the continuity of A((i;, (50(!72) in X4/, it suffices to prove
(6.7) for V € C°(RY). Let 2 C R? be an open ball and supp V' C Q. Due to
the variational principle (Dirichlet-Neumann bracketing), the upper and lower
bounds for the spectrum of Z,(\) — Z_(A) are given by the spectra of (6.5),
(6.6):

ni(s,(6.6)) <ny(s, Z(A) —Z_(N)) <ny(s,(6.5), s>0.

30



From here and Lemma 6.4 follows (6.7). B
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