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1 Introduction: Whats Up in Modern High Energy
Physics Theory?

Why are you taking this course? Why am I, or anyone else in the Theoretical Physics
Group, paid? Well here are some reasons. Particle physics, using the machinery of rel-
ativistic quantum field theory, has in some sense produced the most successful scientific
theory ever known: the so-called Standard Model of Particle Physics. It is the most
successful in the sense that no other theory can claim to describe Nature, to such a
high level of accuracy over such a complete range of physical phenomena using such a
modest number of assumptions and parameters. It is unreasonably good and was never
intended to be so successful. Since its formulation around 1970 there has not been a
single experimental result that has produced even the slightest disagreement. Nothing,
despite an enormous amount of effort. But there are skeletons in the closet. Let me
mention just three.

The first is the following: Where does the Standard Model come from? For example it
has quite a few parameters which are only fixed by experimental observation. What fixes
these? It postulates a certain spectrum of fundamental particle states but why these? In
particular these particle states form three families, each of which is a copy of the others,
differing only in their masses. Furthermore only the lightest family seems to have much
to do with life in the universe as we know it, so why the repetition? It is somewhat
analogous to Mendelev’s periodic table of the elements. There is clearly a discernible
structure but this wasn’t understood until the discovery of quantum mechanics. We are
looking for the underlying principle that gives the somewhat bizarre and apparently ad
hoc structure of the Standard Model.

The second problem is that, for all its strengths, the Standard Model does not include
gravity. For that we must use General Relativity which is a classical theory and as such
is incompatible with the rules of quantum mechanics. Observationally this is not a
problem since the effect of gravity, at the energy scales which we probe, is smaller by
a factor of 107%° than the effects of the subnuclear forces which the Standard Model
describes. You can experimentally test this assertion by lifting up a piece of paper with
your little finger. You will see that the electromagnetic forces at work in your little
finger can easily overcome the gravitational force of the entire earth which acts to pull
the paper to the floor.

However this is clearly a problem theoretically. We can’t claim to understand the
universe physically until we can provide one theory which consistently describes gravity
and the subnuclear forces. If we do try to include gravity into QFT then we encounter
two problems. The first is that the result is non-renormalizable. This means that we
cannot use the methods of QFT as a fundamental principle for gravity. Another problem
is that the Standard Model makes a prediction for the vacuum energy density. Once
gravity is included this will warp spacetime in the form of the so-called cosmological con-
stant. The problem is that the QFT prediction is off by some 10'?° orders of magnitude



11 This is undoubtably the worst prediction of any scientific theory.

The third problem I want to mention is more technical. Quantum field theories
generically only make mathematical sense if they are viewed as a low energy theory.
Due to the effects of renormalization the Standard Model cannot be valid up to all
energy scales, even if gravity was not a problem. Mathematically we know that there
must be something else which will manifest itself at some higher energy scale. All we
can say is that such new physics must arise before we reach the quantum gravity scale,
which is some 10'7 orders of magnitude above the energy scales that we have tested to
date. To the physicists who developed the Standard Model the surprise is that we have
not already seen such new physics many years ago.

With these comments in mind this course will introduce string theory, which, for good
or bad, has become the dominant, and arguably only, framework for a complete theory
of all known physical phenomena. As such it is in some sense a course to introduce the
modern view of particle physics at its most fundamental level. Whether or not String
Theory is ultimately relevant to our physical universe is unknown, and indeed may never
be known. However it has provided many deep and powerful ideas. Certainly it has had
a profound effect upon pure mathematics. But an important feature of String Theory
is that it naturally includes gravitational and subnuclear-type forces consistently in a
manner consistent with quantum mechanics and relativity (as far as anyone knows).
Thus it seems fair to say that there is a mathematical framework which is capable of
describing all of the physics that we know to be true. This is no small achievement.

However it is also fair to say that no one actually knows what String Theory really
is. In any event this course can only attempt to be a modest introduction. There will
be much that we will not have time to discuss.

2 Classical and Quantum Dynamics of Point Parti-
cles

2.1 Classical Action

We want to describe a single particle moving in spacetime. For now we simply consider
flat D-dimensional Minkowski space

ds® = —(dz°)* 4 (dz')? + (dz*)? + ... + (daP™1)? (2.1)

A particle has no spatial extent but it does trace out a curve - its worldline - in spacetime.
Furthermore in the absence of external forces this will be a straight line (geodesic if you
know GR). In other words the equation of motion should be that the length of the

! This is not quite the correct way to think about it. QFT does not predict the vacuum energy
since in the process of renormalization one can add an arbitrary bare vacuum energy to arrange for any
physical value of the vacuum energy that we like. The point is that to arrange for the observed value
requires an absurd amount of fine-tuning.



worldline is extremized. Thus we take

Spp = —m/ds

(2.2)

where 7 parameterizes the points along the worldline and X*(7) gives the location of the
particle in spacetime, i.e. the embedding coordinates of the worldline into spacetime.

Let us note some features of this action. Firstly it is manifestly invariant under
spacetime Lorentz transformations X# — A* X" where ATnA = 5. Secondly it is
reparameterization invariant under 7 — 7/(7) for any invertible change of worldline
coordinate

dr . dX*  dr'dXH
dr = —d7r’ Xt = = — 2.
T dr’ T dr dr dr’ (2.3)
thus
dXrdXv
Sop = —m/ M dr dr ’
B _m/ o (dr QdX”qudldT'
N T dr dr!’ dr’ dr’
dXrdXv
= [\
(2.4)

Thirdly we can see why the m appears in front and with a minus sign by looking at the
non-relativistic limit. In this case we choose a gauge for the worldline reparameterization
invariance such that 7 = X i.e. worldline 'time’ is the same as spacetime ’time’. This
is known as static gauge. It is a gauge choice since, as we have seen, we are free to take
any parameterization we like. The nonrelativistic limit corresponds to assuming that
X? << 1. In this case we can expand

Spp — —m\/ﬁ/l _ 5Z.jX1XJd7' = /—m + Qm(sinlX]dT + ... (25)

where the ellipses denotes terms with higher powers of the velocities X The second
term is just the familiar kinetic energy %mvz. The first term is simply a constant and
doesn’t affect the equations of motion. However it can be interpreted as a constant
potential energy equal to the rest mass of the particle. Thus we see that the m and
minus signs are correct.

Moving on let us consider the equations of motion and conservation laws that fol-
low from this action. The equations of motion follow from the usual Euler-Lagrange
equations applied to S,:

i L =0 (2.6)
dr \ [y, XA X '

bt



These equations can be understood as conservations laws since the Lagrangian is invari-
ant under constant shifts X* — X* + b*. The associated charge is

. mX*H

so that indeed the equation of motion is just p* = 0. Note that I have called this a charge
and not a current. In this case it doesn’t matter because the Lagrangian theory we are
talking about, the worldline theory of the point particle, is in zero spatial dimensions.
So I could just as well called p* a conserved current with the conserved charge being
obtained by integrating the temporal component of p* over space. Here there is no space
p* only has temporal components.

(2.7)

Warning: We are thinking in terms of the worldline theory where the index u labels
the different scalar fields X*, it does not label the coordinates of the worldline. In par-
ticular p¥ is not the temporal component of p* from the worldline point of view. This
confusion between worldvolume coordinates and spacetime coordinates arises through-
out string theory

If we go to static gauge again, where 7 = X° and write v/ = X* then we have the
equations of motion

d v

———==0 2.8

dr /1 — 02 (2:8)
and conserved charge '

p = I — (2.9)

V1—12
which is simply the spatial momentum. These are the standard relativistic expressions.
We can solve the equation of motion in terms of the constant of motion p* by writing

% ’1)2 2

= e = V=g (2.10)

hence

(2.11)

and we see that v is constant with v? < 1.

2.2 Electromagnetic field

Next we can consider a particle interacting with an external electromagnetic field. An
electromagnetic field is described by a vector potential A, and its field strength F),, =
0,A, — 0,A,. The natural action of a point particle of mass m and charge ¢ in the
presence of such an electromagnetic field is

Spp = = [ V= XrXrdr + g [ 4,00 X0dr (2.12)
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For those who know differential geometry the vector potential is a connection one-form
on spacetime and A, X*d7 is simply the pull-back of A, to the worldline of the particle.
The equation of motion is now

d N XV d :
-m— | —— | —¢—A, +q0,A X" =0 (2.13)
dr ( /_me,\Xp) dr " #
which we rewrite as ‘
d N X" .
m— | ————— | = ¢F X" (2.14)
ar ( V _TD\pXAXp> '
To be more concrete we could choose static gauge again and we find
d(_v Fio + qF0 (2.15)
m— | —= | = qF; I .
ar \vi—e2z) T

Here we see the Lorentz force magnetic law arising as it should from the second term
on the right hand side. The first term on the right hand side shows that an electric field
provides a driving force.

At this point we should pause to mention a subtlety. In addition to (2.15) there is also
the equation of motion for X° = 7. However the reparameterization gauge symmetry
implies that this equation is automatically satisfied. In particular the X° equation of
motion is

d 1 .
m— | ———— | = gF " 2.1
i (m) 2o 219
Problem: Show that if (2.15) is satisfied then so is (2.16)

Problem: Show that, in static gauge X° = 7, the Hamiltonian for a charged particle is

H= \/m2 + (p' — gAY (p* — qA?) — qAy (2.17)

2.3 Quantization

Next we’d like to quantize the point particle. This is made difficult by the highly non-
linear form of the action. To this end we will consider a new action which is classically
equivalent to the old one. In particular consider

1 1 . .
Sy = —§/d76 (—GQX“X”UW + m2) (2.18)

Here we have introduced a new field e(7) which is non-dynamical, i.e. has no kinetic
term. This action is now just quadratic in the fields X*. The point of it is that it
reproduces the same equations of motion as before. To see this consider the e equation
of motion:

1 . .
EXHXVTI/U/ +Tm2=0 (2.19)
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we can solve this to find e = mfly/—X“XVnW. We now compute the X* equation of
motion
d (1.
0 = —(-X “)
dr (e

d X
m— | ——— (2.20)
dr /XA Xy,
This is exactly what we want. Thus we conclude that Syr is classically equivalent to
Spp-
One way to think about this action is that we have introduced a worldline metric
V.- = —e? and its inverse 47" = —1/¢? so that infinitesimal distances along the worldline

have length
ds* = ~y,,d7? (2.21)

Note that previously we never said that dr represented the physical length of a piece of
worldline, just that 7 labeled points along the worldline.

There is another advantage to this form of the action; we can smoothly set m? = 0
and describe massless particles, which was impossible with the original form of the
action.

Now the action is quadratic in the fields X* we calculate the Hamiltonian and
quantize more easily. The first step here is to obtain the momentum conjugate to each
of the X*

oL
oxn
1 v
e Ty

bu =

(2.22)

There is no conjugate momentum to e, it acts as a constraint and we will deal with it
later. The Hamiltonian is

H = p,X'—L

g (mwp“p” + m2> (2.23)

To quantize this system we consider wavefunctions (X, 7) and promote X* and p,
to the operators

. ov
By — YU 5 -
XM = XHp PV = I (2.24)
We then arrive at the Schrodinger equation
ov e o}
uial [T S — e 2.2
“or T 2 ( T oxwoxy ™" ) (2:25)



Lastly we must deal with e which we saw has no conjugate momentum. Classically its
equation of motion imposes the constraint

P'p.+m?=0 (2.26)

which is the mass-shell condition for the particle. Quantum mechanically we realize
this by restricting our physical wavefunctions to those that satisfy the corresponding

constraint )

Y224
T axrOXY

However this is just the condition that HU = 0 so that the wavefunctions are 7 indepen-
dent. If you trace back the origin of this time-independence it arises as a consequence
of the reparameterization invariance of the worldline theory. It simply states that wave-
functions must also be reparameterization invariant, ¢.e. they can’t depend on 7. This
is deep issue in quantum gravity. In effect it says that there is no such thing as time in
the quantum theory.

This equation should be familiar if you have learnt quantum field theory. In partic-
ular if we consider a free scalar field ¥ in D-dimensional spacetime the action is

+m?¥ =0 (2.27)

1 1
s=- [ <Zauqf*aﬂxp + 2m2\D*\If> (2.28)
and the corresponding equation of motion is
0PV —m*¥ =0 (2.29)

which is the same as our Schrodinger equation (when restricted to the physical Hilbert
space).

Thus we see that there is a natural identification of a free scalar field with a quantum
point particle. In particular the quantum states of the point particle are in a one-to-
one correspondence with the classical solutions of the free spacetime effective action.
However one important difference should be stressed. The quantum point particle gave
a Schrodinger equation which could be identified with the classical equation of motion
for the scalar field. In quantum field theory one performs a second quantization whereby
particles are allowed to be created and destroyed. This is beyond the quantization of the
point particle that we considered since by default we studied the effective action on the
worldline of a single particle: it would have made no sense to create or destroy particles.
Thus the second quantized spacetime action provides a more complete physical theory.

Here we also can see that the quantum description of a point particle in one dimen-
sion leads to a classical spacetime effective action in D-dimensions. This is an important
concept in String theory where the quantum dynamics of the two-dimensional worldvol-
ume theory, with interactions included, leads to interesting and non-trivial spacetime
effective actions.



Problem: Find the Schodinger equation, constraint and effective action for a quantized
particle in the background of a classical electromagnetic field using the action

e2

1 1 . . )
Spp = — / 3€ ( XFXY 1 + m2) — A X" (2.30)

3 Classical and Quantum Dynamics of Strings

3.1 Classical Action

Having studied point particles from their worldline perspective we now turn to our main
subject: strings. Our starting point will be the action the worldvolume of a string, which
is two-dimensional. The natural starting point is to consider the action

1

Sstring = %

/ P\ /= det (0, X105 X ) (3.1)
which is simply the area of the two-dimensional worldvolume that the string sweeps out.
Here 0%, a = 0,1 labels the spatial and temporal coordinates of the string: 7,0. Here
V' is a length scale that determines the size of the string.

Again we don’t want to work directly with such a highly non-linear action. We saw
above that we could change this by coupling to an auxiliary worldvolume metric v,4.

Problem: Show that by solving the equation of motion for the metric 7,3 on a d-
dimensional worldsheet the action

1
Sur = =5 [ AoV (3P 0a X" 0o X 1y + m?(d - 2)) (3.2)

one finds the action

Sne = m2™ / d'o\ /= det (0, X105 X ") (3.3)

for the remaining fields X#, i.e. calculate and solve the ~,5 equation of motion and then
substitute the solution back into Sy to obtain Syg. Note that the action Syt is often
referred to as the Howe-Tucker form for the action whereas Syg is the Nambu-Goto
form. (Hint: You will need to use the fact that /=7/67* = —37,3v/—7). If you have
not yet learnt much about metrics just consider the case of d = 1 where 7,3 just has a
single component 7.

So we might instead start with

1
Ve

/dQU\/—’y’yaﬁaaX"agX”nW (3.4)

Sstm'ng = -

where we have taken d = 2 in (3.2).
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Problem: What transformation law must 7,3 have to ensure that Sg;.ing is reparame-
terization invariant? (Hint: Use the fact that
do"’ 0o 5

do o @

(3.5)
why?)

However this case is very special. If we evaluate the 7,4 equation of motion we find
1
Top = 0u X 05X "Ny — 5%577587)(“85)(”77”” =0 (3.6)

Once again we see that v,3 = b0, X"03X"n,, for some b. However in this case nothing
fixes b, it is arbitrary. This occurs because there is an addition symmetry of the action
that is unique to two-dimensions: it is conformally invariant. That means that under a
worldvolume conformal transformation

Yap — ew%vﬁ (3.7)

(here ¢ is any function of the worldvolume coordinates) the action is invariant.

There are other features that are unique to two-dimensions. The first is that, up
to a reparameterization, we can always choose the metric 7,5 = €*1,45. To see this we
note that under a reparameterization we have

, o7 do?

70‘13 = 780-/06 ‘80_/6776 (38)
Thus we simply choose our new coordinates to fix vy, = 0 and 7(, = —v1;. This requires
that o 5
o7 do
90 Do 1 = (39)
and 907 9o’ do7 Oo®
o7 do o7 do
9ot 9ot 1° * 9o 90 110 = 0 (3.10)

These are two (complicated) differential equation for two functions ¢°(¢”,0"') and
ol(c",0"). Hence there will be a solution (at least locally).
The second feature is that in two-dimensions the Einstein equation

1
Rag — 5’7agR =0 (3.11)

vanishes identically. The reason for this is that in two-dimensions there is only one
independent component for the Riemann tensor: Rgig1 = —Roii0 = —Ri001 = Rioto-
Therefore Roy = Roio1v*, Ri1 = Roion7™ and Ry = —Rp1017°t. Thus we see that

R = 2Run(y"y" ="
= 2R0101 det(’y_l)
2

) Roi01 (3.12)

11



Now we note that

00 01 1 _
(’701 ’Yll) (711 701) (3.13)

YL AT det(y) \ =1 700
and the result follows.
Thus Einstein’s equation

1
Rag — i’ya@R = Taﬁ (3.14)

will imply that 7,3 = 0. Hence even if we include two-dimensional gravity the 7,3
equation of motion imposes the constraint that the energy-momentum tensor vanishes

oL
OB
These facts together imply that the worldvolume metric 7,4 actually decouples from
the fields X*. This conformal invariance of two-dimensional gravity coupled to the
embedding coordinates (viewed as scalar fields) will be our fundamental principle. It
allows us to simply set vo3 = 7,3. Thus to consider strings propagating in flat spacetime
we use the action (known as the Polyakov action)
1
A/

Top = (3.15)

/ om0, X 95 X" Ny (3.16)

Sstring = -

subject to the constraint (3.15) which becomes

1
Oa X 05X 1y — inaﬁn%av)(“agx'fnw =0 (3.17)

3.2 Spacetime Symmetries and Conserved Charges

We should also pause to outline how the spacetime symmetries lead to conserved currents
and hence conserved charges in the worldsheet theory.

First we summarize Noether’s theorem. Suppose that a Lagrangian £(®4,0,P4),
where we denoted the fields by ®,4, has a symmetry: L£(®4) = L(P4 + 6P4). This

implies that
oL oL
—00 ——00,P4 =0 3.18
TR TR PR (3.18)
This allows us to construct a current:
oL

o= 250 1
! a(aacDA)é . (3 9)

which is conserved
oL oL

0, J* = Oy | =—=—= | 0D ——— 0,00

(a(aacpA)> R TER PR

oL oL
— = b, — 2= 5D
Oe (a(aach)>5 A aq>,45 A
— 0
(3.20)

12



by the equation of motion. This means that the integral over space of J° is a constant
defines a charge

Q= aJ' (3.21)
space
which is conserved
d@
— = 9o J°
dt /space 0
space
=0
Let us now consider the action
1 on®Po, X ;X"
Sstring - _47TO/ / an ocX ﬁX Nuv (322)

This has the spacetime Poincare symmetries: translations 6 X* = a* and Lorentz trans-
formations 0. X* = A* X". In the first case the conserved current is

1

PS =
@ 2w’

X ,a" (3.23)

The associated conserved charge is just the total momentum along the direction a* and
in particular there are D independent choices

1 )
Pu = / do X, (3.24)

2o

We can also consider the spacetime Lorentz transformations which lead to the conserved

currents 1
Jy = GO‘XMA"VX” (3.25)

2mal

The independent conserved charges are therefore given by
1 ) )
ME = / doX"X, — X"X, (3.26)
4ol

The Poisson brackets of these worldsheet charges will, at least at the classical level,
satisfy the algebra Poincare algebra. In the quantum theory they are lifted to operators
that commute with the Hamiltonian.

3.3 Quantization

Next we wish to quantize this action. Unlike the point particle this action is a field
theory in (1 + 1)-dimensions. As such we must use the quantization techniques of
quantum field theory rather than simply constructing a Schrodinger equation. There
are several ways to do this. The most modern way is the path integral formulation.

13



However this requires some techniques that are presumably unfamiliar. So here we will

use the method of canonical quantization.

Canonical quantization is essentially the Heisenberg picture of quantum mechanics
where the fields X* and their conjugate momenta P, are promoted to operators which

satisfy the equal time commutation relations

[(X*(r,0),P,(1,0")] = id(c —o')o"
[X“(T 0), X"(r,0")] = 0
[Pu(,0), By (,0")] = 0
(3.27)
as well as the Heisenberg equation
axe dP -
=[H, X" — " —4[H,P 3.28
dT Z[ ) ] dT Z[ ) /J ( )
In the case at hand we have
L= / donwX X —nuXX" (3.29)
hence ] ,
W= 271'0/7]/“/ (330)
and
N I A
H = doP,X —L
v 1 VD D 1 TRl
= /d027ra n"P,PB, — dom(%mz) ' P,P, + mnw,X'“X’
VD D 1 IV
= /dUWO[/nM PMPV + mn;meX/
(3.31)
We can now calculate
L .
X (o) = ilH,X"(0)]
= Waz/da’ MIPy(a")P, (o), X"(0)]
— 2mdli / da’nA”PA(a )[B,(0"), X ()]
= 27704’/da'77A”p,\(0’)555(U — o)
= 2na'n"P,(0)
(3.32)

14



which we already knew. But also we can now calculate
Pulo) = '[ﬁ P(0)]

= 47ra /dffmu (X" (o) X" (0 ), Pu(o)]

- gm/ [ 4o/ XK (). Bulo)
0

X (0") 51X (o), Pulo)]

/ )\Z,X”)‘(J/)[XV(UI),p#(O')]

HX( I\ SV /
= ool /dO' 77)\VX ( )5u5(0 _0-)

1 v
= A

(3.33)

or equivalently
LM N
-X + X" =0 (3.34)

Of course this is just the classical equation of motion reinterpreted in the quantum
theory as an operator equation. In two-dimensions the solution to this is simply that

Xt = Xt (14 0)+ X4(r —0) (3.35)
i.e. we can split X* into a left and right moving part.
To proceed we expand the string in a Fourier series
A at .
XM =t + who + o/'phr + —z Z ( ne—in(rto) 4 "e””“‘”) (3.36)
n#0 n

The various factors of n and o will turn out to be useful later on. We have also included
linear terms since X* need not be periodic (more on this later). Or if you prefer

. 1

Xt = o + = (ap" +w) (T + o) + —ZZ O e~ n(r+o)
2 n#0
. 1
Xllé = x’]‘%+§<a’pu_wﬂ)(7-_o. 722 n —’L’I’L’T o)
n;éO

(3.37)

Note that we have dropped the hat on the operators a* and a* since they will appear
frequently. But don’t forget that they are operators! Note also that we haven’t yet
said what n is, e.g. whether or not it is an integer, we will be more specific later.
The a# and a% have the interpretation as left and right moving oscillators. Just as in

15



quantum mechanics and quantum field theory these will be related to particle creation
and annihilation operators.

Since X* is an observable we require that it is Hermitian in the quantum theory.
This in turn implies that

(et =a",, | (@t =a", (3.38)
and ()" = z#, (w*)" = w*, (p"*)! = p*. In this basis
A 1 wu
Pt = X
2ma/
1
— Z a,u —in(t+0) Z a,u —in(t—o (339)
2ma! ( —n#0 n;éO )
We can work out the commutator. First we take z# = wt = p* =0
[XM(T, 0'), p,/(T, O_/)] _ Z Z —i(n+m)T —z(n0'+m0' )[GZ> afn]
ZZ 1 —i(n+m)T zna—&-ma)[au’al/]
7’L ny “m
Zzl zn+m)r i(no— ma)[a,u’au]
n ny “m
1
—i(n+m)T 77,(110’ mo')[ u ~v
+1- Z 2 [af, @)

(3.40)

In order for the 7-dependent terms to cancel we see that we need the commutators to
vanish if n # —m. The sum now reduces to

. . i 1
XH P’ / _ = _—in(o—o')[,u Vv
X(r0). P(ro] = Y el
? 1, /
v = in(o—o)[xp ~v
+47T zn: ne [an7 a—n]
_|_i Z lein(ow’)[&u a’
At S~ n e
_|_i Z le—m(aw’)[au av. |
At S~ n e
(3.41)
Next translational invariance implies that the o + ¢’ terms vanish and hence
[a}, 4y, ] = 0 (3.42)
A slight rearrangement of indices shows that we are left with
N . ] 1 _. /
K4(r.0), P(r.0)) = 1= 3 e (alhal, |+ (@) (3.43)
TSN
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In a Fourier basis 1
0o —0o')=— E —in{o=c’) 3.44

Note that there is a contribution from n = 0 here that doesn’t come from the oscillators,
we’ll deal with it in a moment. Therefore we see that we must take

[ak ar an,] = nnt on —m (3.45)

] = nnuyé’n,—m Y [dg7 am

Next it remains to consider the zero-modes (including the n = 0 contribution in (3.44)).
Problem: Show that if z#, w", p* # 0 then we also have
[, p"] = in*” (3.46)
with the other commutators vanishing. )
We also have to consider the constraint 7,3 = 0. Its components are

N 1 am v | TN
Too = §X X 77,ul/+§X/ X' Nuv

~ 1 ~ ~ UV 1 N4
T11 = §X/ X/ nuy+§X X T],uy

. Koy
Tn = X X/ Nuv
(3.47)
It is helpful to change coordinates to
+ — of+to”
=T T . (3.48)
oT=T—0 o=25%
Problem: Show that in these coordinates
T++ = 8+X“6’+X”nm,
T = 0_XrO X"
T.. = T_,=0
(3.49)

Let us now calculate T', , in terms of oscillators. We have

A , © .
8+X“:,/% S glemmto) (3.50)

n=—oo

o 1
=y =p" —wh 3.51
Qo =\ 5" T\ 5 (3.51)
17
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thus
7. - 7Zaua gmitnmrio),
= « ZLne’m(T*”)
' (3.52)
with

L, = 5 Z Ay O My (3.53)

where again we’ve dropped a hat on L,, even though it is an operator. Similarly we
find ) A
T__=a'Y Lye ™2 (3.54)

with
Zan G Ny (3.55)

al = \f - ﬁ (3.56)

We can rewrite the commutators (3.45) using (3.38)

and

[a”, a”T T] = nnt” (3.57)

n»'n

] = nn™” [agv a;;

. . ~ e T
with n > 0. Thus we can think of a* and @ annihilation operators and a*' and a},
as creation operators. Following the standard practice of QFT we consider the ground
state |0 > to be annihilated by a,, and a,:

a,|0 >=0, a,|0 >=0, n>0 (3.58)

The zero modes also act on the ground state. Since z* and p* don’t commute we can
only chose |0 > to be an eigenstate of one, we take

pH|0 >= p"|0 > wH|0 >= wH|0 > (3.59)

when we want to be precise we label the ground state |0; p, w >. You will have to excuse
the clumsy notion where I have reintroduce a hat on an operator to distinguish it from
its eigenvalue acting on a state. We can now construct a Fock space of multi-particle
states by acting on the ground state with the creation operators a", and a”,. For
example

a“ia” 10>, a"ata’ 0>, et (3.60)

These elements should be familiar from the study of the harmonic oscillator. In a
string theory each classical vibrational mode is mapped in the quantum theory to an
individual harmonic oscillator with the same frequency.
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Note that we really should considering normal ordered operators, where the annihi-
lation operators always appear to the right of the creation operators. For L, and L,
with n # 0 there is no ambiguity as a” and a?_, . will commute. However for L, and

I~/0 one finds ) )
Lo = Sabagnu + D aZ a1 — B >l an ) (3.61)

2 m>0 m>0
The last term is an infinite divergent sum This can be thought of as sum over the
zero-point energies of the infinite number of harmonic oscillators. We must renormalize.
Clearly Ly has the same problem and this introduces the same sum. Since this is just a
number the end result is that we define the normal ordered Ly and fjo to be

1
. . I nov ! 173 v
Ly = 5% 0w +a Z A, G s
m>0
N - 1~M~V + ’Z~M ~v
-0 - = 2a0a077,u1/ Q Ay Ny
m>0

(3.62)

In string theory : L, : and : L, : play a central role.

How do we deal with constraints in the quantum theory? We should proceed by
reducing to the so-called physical Hilbert space of states which are those states that are
animated by : Tag .. However this turns out to be too strong a condition and would
remove all states. Instead we impose that the positive frequency components of : T, aB
annihilates any physical state

. L, : |phys >=: L, : |phys >=0,n > 0 (: Lo : —a)|phys >= (: Ly : —a)|phys >=0
(3.63)
Here we have introduced a parameter a since : Lg : differs from Lg by an infinite constant
that we must regularize to the finite value a. For historical reasons the parameter a is
called the intercept (and o/ the slope). However it is not a parameter but rather is fixed
by consistency conditions. Indeed it can be calculated by a variety of methods (such as
(-function regularization or by using the modern BRST approach to quantization). We
will see that the correct value is a = 1.
This is then sufficient to show that the expectation value of : Tag : vanishes

< phys| : L, : |phys >=< phys| : L, : |[phys >=0  Yn #0 (3.64)

since the state on the right is annihilated by the postiche frequency parts where as by
taking the Hermitian conjugates one sees that the state on the left is annihilated by the
negative frequency part.

It is helpful to calculate the commutator [: L,, :,: L, :]. There will be a similar
expression for [: Ly, :,: Ly, @] and clearly one has [: L, :,: Ly :] = 0. To do this we first
consider the case without worrying about normal orderings

1 v
[Lma Ln] - Z Z[aumfpapa &7)\1—qa5]77,u1/77)\p
prq
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= Znuyn)\p( Am—p p7 2 q}ap_l_an q[am Pap’ag])

= Z Z Nuvp (alrln—p [aga ai\hq}ag + [a/;l—P’ ai‘b*q]a;afl)

+ap_ ab,_,las, al] + a;)

q pr g n— q[am p,a'g]a )

1
= 4 Z Nup (paﬁz—pafw—p + (m - p)aﬁafl+m_p
p

+paz+paumfp + (m p) Aptm— pal;)

= ;Ep: M (P = P)lh 1yt + (M0 = D)ty )
(3.65)
Here we have used the identities
[A, BC] = [A, B]C + B[A, (], [AB,C| = A[B,C]+ [A,C]B (3.66)
and shifted the p=variable in the sum. Thus we find
[Lim, L) = (m —n)Lpin (3.67)

This is called the classical Virasoro algebra and is of crucial importance in string theory
and conformal field theory in general. Recall that it is the algebra of constraints that
arose from the condition Tag = (0 which is the statement of conformal invariance.

In the quantum theory we must consider the issues associated with normal ordering.
We saw that this only affected : Ly :. It follows that the only effect this can have on
the Virasoro algebra is in terms with an : Ly :. Since the effect on : L : is a shift by
an infinite constant it won’t appear in the commutator on the left hand side. Thus any
new terms can only appear with : Ly : on the right hand side. Thus the general form is

[ Lyt Ly:l=(m—n): Ly +C(1n)0m —n (3.68)

The easiest way to determine the C'(n) is to note the following (one can also perform a
direct calculation but it is notoriously complicated and messy). First one imposes the
Jacobi identity

Lk o[ Lo ty: L 2]l 4+ [ Lo 5y [ Ly 5y s L )]+ [ Lo 5y [ L 2y L 2]] =0 (3.69)

If we impose that k +m +n = 0 with k,m,n # 0 (so that no pair of them adds up to
zero) then this reduces to

(m —n)C(k) + (n—k)C(m) + (k—m)C(n) =0 (3.70)
If we pick £k =1 and m = —n — 1 one finds

20+ 1)C(1) + (n— 1)C(=n — 1) + (n +2)C(n) = 0 (3.71)
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Now we note that C'(—n) = —C(n) by definition. Hence we learn that C'(0) = 0 and

(n+2)C(n) — (2n+ 1)C(1)
n—1

Cln+1) = (3.72)

This is just a difference equation and given C(2) it will determine C(n) for n > 1
(note that it can’t determine C(2) given C(1)). We can look for a solution to this by
considering polynomials. Since it must be odd in n the simplest guess is

c(n) = en® + can 3.73
(n)

In this case the right hand side becomes

(n+1)(ein® +con) — 2n+1)(c1 +¢2)  an® + 260’ + en?® — 2en — (¢ + )
n—1 B n—1
 (n—=1)(en® 4+ 3e1in® + (3¢ + co)n 4 ¢ + )
B n—1
(3.74)

Expanding out the left hand side gives
ci(n+ 172 4+ ca(n+1) = ein® + 3ein® + (3ey + ea)n +c1 + ¢ (3.75)

and hence they agree.

Note that if we shift Ly by a constant [ then C(n) is shifted by 2nl (note that in
so doing we’d have to shift a as well). This means that we can change the value of
¢o. Therefore we will fix it to be ¢; = —cy. Finally we must calculate ¢;. To do this
we consider the ground state with no momentum |0;0,0 > This state is annihilated by
: L, : for all n > 0. Thus we have

<0,0;0]: Ly :: L_5:0;0,0> = <0,0;0[[: Ly :,: L_5:]|0;0,0 >
= 4<0,0;0|: Lo :10;0,0 > +6¢; < 0,0;0[0;0,0 >
— 6, (3.76)

where we assume that the ground state has unit norm.

Problem: Show that

D
<0,0;0]: Ly:: L_5:10;0,0 >= 5 (3.77)
So we deduce that
D 3
[ Ly ty: Lyt = (m—n) : Ly +E(m —M)0m —n (3.78)
Of course there is a similar expression for [: Ly, :,: Ly, :]. This is called the central

extension of the Virasoro algebra and D is the central charge which has arisen as a
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quantum effect. From now on we will always take operators to be normal ordered and
we will drop the :: symbol, unless otherwise stated.

Let us return to our Fock space of states. It is built up out of the ground state which
we take to have unit norm < 0|0 >= 1. One sees that the one-particle state a" |0 >
has norm

< 0lafa,|0 >=< 0][a}, a",]|0 >= ni* (3.79)

where we do not sum over y. Thus the state a”,|0 > has negative norm!
Problem: Show that the state (a”; + a!)|0 > has zero norm.

Thus the natural innerproduct on the Fock space is not positive definite because
the time-like oscillators come with the wrong sign. This also occurs in other quantum
theories such as QED and doesn’t necessarily represent any kind of sickness.

There are stranger states still. A physical state |y > that satisfies < x|phys >= 0 for
all physical states is called null (or spurious if it only satisfies the n = 0 physical state
condition). It then follows that a null state has zero norm (as it must be orthogonal to
itself).

There are many such states. To construct an example just consider

Ix >= L_1|0;p > with p* =0 (3.80)

Note that the zero-momentum ground state satisfies L,|0;0 >= 0 and for all n > 0 and
this remains true if for [0;p > if p? = 0. First we verify that |y > is physical. We have
For m > 0

Lnlx> = LnL_1]0;p>
= [Lin, L1]|0;p >
= (m+1)Ly-1[0;p > +g(m3 — M) 01 |0; p >
(3.81)

The last term will vanish automatically whereas the first term can only be non-zero for
m = 0 (since L,|0;p >= 0 for all n > 0). Here we find Lg|x >= |x > which is the
physical state condition for a = 1 which will turn out to be the case. Next we see that
< x|phys >=< 0|L{|phys >= 0. Note that we could have used any state instead of
|0; p > that was annihilated by L, for all n > 0 to construct a null state.

Thus if we calculate some amplitude between two physical states < phys'|phys >
we can shift [phys >— |phys > +|x > where |x > is a null state. The new state
|phys > +|x > is still physical but the amplitude will remain the same - for any other
choice of physical state |phys’ >. Thus we have a stringy gauge symmetry whereby
two physical states are equivalent if their difference is a null state. This will turn out
to be the origin of Yang-Mills and other gauge symmetries within string theory. And
furthermore one can prove a no-ghost theorem which asserts that there are no physical
states with negative norm (at least for a = 1 and D = 26).
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3.4 Open Strings

Strings come in two varieties: open and closed. To date we have tried to develop as
many formulae and results as possible which apply to both. However now we must make
a decision and proceed along slightly different but analogous roots. Open strings have
two end points which traditionally arise at ¢ = 0 and ¢ = 7. We must be careful to
ensure that the correct boundary conditions are imposed. In particular we must choose
boundary conditions so that the boundary value problem is well defined. This requires
that

NuwdX"0, X" =0 (3.82)

at o =0, .
Problem: Show this!

There are essentially two boundary conditions that one can impose. The first is
Dirichlet: we hold X* fixed at the end points so that 6 X* = 0. The second is Neumann:
we set 0, X" = 0 at the end points. The first condition implies that somehow the end
points of the string are fixed in spacetime, like a flag to a flag pole. At first glance
this seems unphysical and we will ignore it for now, although such boundary conditions
turn out to be profoundly important. So we will start by considering second boundary
condition, which states that no momentum leaks off the ends of the string.

The condition that 9,X*(r,0) = 0 implies that

wh =0, akt =ak (3.83)

i.e. the left and right oscillators are not independent. If we look at the boundary
condition at ¢ = w then we determine that

> ake™ sin(nm) = 0 (3.84)
n#0

Thus n is indeed an integer. The mode expansion is therefore
e
XM =gt +2d/p"T + V21 Y In gint cos(no) (3.85)
n#0 n

(Note the slightly redefined value of p* as compared to before.)
For the open string the physical states are constrained to satisfy

L,|phys >=0,n>0 and (Lo — 1)|phys >=0 (3.86)

in particular there is only one copy of the constraints required since the L,, constraints
will automatically be satisfied. The second condition is the most illuminating as it gives
the spacetime mass shell condition. To see this we note that translational invariance
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XH* — XH 4 xt gives rise to the conserved current P = 27r1a, X*#. This is a worldsheet

current and hence the conserved charge (from the worldsheet point of view) is

1 ™ .
woo_ do XM
p 2ma /0 “
1 /W .
= do2p! + V2! > ale™ cos(no)
2ma’ Jo 20
= p'u'

(3.87)

where again we have abused notation and confused the operator p* that appears in the
mode expansion of X* with its eigenvalue p* which we have now identified with the
conserved charge. In any case we do this because we have shown that p* is indeed the
spacetime momentum of the string. Note that this also explains why we put in the extra
factor of 2 in front of p#7 in the mode expansion.
Next we let
N =Y nuad,a; (3.88)
n>0

Which is the analogue of the number operator that appears in the Harmonic oscillator.
Again this is an operator even though we are being lazy and dropping the hat. It is
easy to see that for m > 0

[Na a’ = Z nuvaﬁn[aza a’im}

n>0

= ma’ (3.89)

—m

m]

Thus if |n > is a state with N|n >= n|n > then

Na’lm|n> = ([N,a’lm]—l—aimN)|n>
= (ma*,, +a*, n)n >

= (m+n)at,, |n> (3.90)

Therefore a*, |n > is a state with N-eigenvalue n +m. You can think of N as counting
the number of oscillator modes in a given state.
With this definition we can write the physical state condition (Lo — 1)|phys >= 0 as

1
(pup" + E(N —1))|phys >=0 (3.91)

Thus we can identify the spacetime mass-squared of a physical state to be the eigenvalue

of |
M? = a(N —1) (3.92)
We call the eigenvalue of N the level of the state. In other words the higher oscillator

modes give more and more massive states in spacetime. In practice one takes a=/? to

24



be a very high mass scale so that only the massless modes are physically relevant. Note
that the number of states at level n grows exponentially in n as the number of possible
oscillations will be of order of the number of partitions of n into smaller integers. This
exponentially growing tower of massive modes a unique feature of strings as opposed to
point particles.

Of course we must not forget the other physical state condition L, |phys >= 0 for
n > 0. This constraint will take the form of a gauge fixing condition . Let us consider
the lowest lying states.

At level zero we have the vacuum |0;p >. We see that the mass-shell condition is

pPP—a =0 (3.93)

The other constraint, L,|0;p >= 0 with n > 0, is automatically satisfied. This has a
negative mass-squared! Such a mode is called a Tachyon. Tachyons arise in field theory
if rather than expanding a scalar field about a minimum of the potential one expands
about a maximum. Thus they are interpreted as instabilities. The problem is that
no one knows in general whether or not the instability associated to this open string
tachyon is ever stabilized. We will simply ignore the tachyon. Our reason for doing this
is that it naturally disappears once one includes worldsheet Fermions and considers the
superstring theories. However the rest of the physics of Bosonic strings remains useful
in the superstring. Hence we continue to study it.
Next consider level 1. Here we have

| Ay >= Au(p)aly|0;p > (3.94)

Since these modes have N = 1 it follows from the mass shell condition that they are
massless (for a = 1!), i.e. the Ly constraint implies that p?A, = 0. Note that this
depends crucially on the fact that « = 1. If @ > 1 then |A, > would be tachyonic
whereas if a < 1 |A,, > would be massive. In either case there is no known constituent
theory of a massive (or tachyonic) vector field.

But we must also check that L,|A >= 0 for n > 0. Thus

1
LA, > = §A#Z77,,Aa,”hma;a’il|0;p >

1
= 514#% > al_ana|0;p >
m<1

1 A
= EAW”’\ Soooah_ana|0;p >
n—1<m<1

(3.95)

In the second line we’ve noted that if m > 1 we can safely commute @), past a"; where
it annihilates the vacuum. In the third line we’ve observed that if n—m > 1 then we can
safely commute a?_, through the other two oscillators to annihilate the vacuum (recall
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that for n > 0 a”_,, always commutes through a) ). Thus for n > 1 we automatically
have L,|A, >=0. For n = 1 we find just two terms

1
Li|A> = iAunM(a‘fa{)\a’il + afaray)|0;p >
= A,ab|0;p >

= V2a'p'A,0;p >
(3.96)

Thus we see that |4, > is represent a massless vector mode with p*A,, = 0. In position
space this is just 0"#A, = 0 and this looks like the Lorentz gauge condition for an
electromagnetic potential.

Indeed recall that before we found the null state, with p? = 0,

IA > = iA(p)L_1]0;p >
= inwAaya”,|0;p >
= iV2a'p,Aa",|0;p >
(3.97)

provided that p* = 0. Thus we must identify A, = A, + i\/Q_O/pMA which in position
space is the electromagnetic gauge symmetry A, = A, + \/2_0/6?“/\. Again this occurs
precisely when a = 1, otherwise L_1|0;p > is not a null state and their would not be a
gauge symmetry.

There is one more thing that can be done. Since and open string has two preferred
points, its end points, we can attach discrete labels to the end points so that the ground
state, of the open string carries two indices

0;p, ab > (3.98)

where a = 1, .., N refers the 0 =0 end and b =1, ..., N refers to the ¢ = 7 end. It then
follows that all the Fock space elements built out of |0; p, ab > will carry these indices.
These are called Chan-Paton indices. The level one states now have the form

| A% >= A%a",10;p, ab > (3.99)
The null states take the form
A >= AL _1|0;p,ab > (3.100)
and the gauge symmetry is
Ah = A% +20/0, A" (3.101)

These are the gauge symmetries of a non-Abelian Yang-Mills field with gauge group
U(N) (at lowest order in the fields). Thus we see that we can obtain non-Abelian gauge
field dynamics from open strings.
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3.5 Closed Strings

Let us now consider a closed string, so that ¢ ~ o + 27. The resulting “boundary
condition” is more simple: we simply demand that X#(r,o + 2r) = X#(r,0). This is
achieved by again taking n to be an integer and w* = 0. However we now have two
independent sets of left and right moving oscillators. Thus the mode expansion is given
by
ak
Xt =gt +o'p'r + —z Z ( nein(rto) 4 ;e*m“ “>) (3.102)
n#0

note the absence of the factor of 2 in front of p*7. The total momentum of such a string
is calculated as before to give

" 1 27 d X,u
pe= 2mal Jo 7
1 2 w,—in(t+o) ~ [ 77,77,(7’ o)
= = /0 dopt + gﬁ%}a e + a,
= p’u'
(3.103)
so again p* is the spacetime momentum of the string.
We now have double the constraints:
(Lo — Dlphys > = (Lo —1)[phys >=0
Ly|phys = Ly|phys >=0
(3.104)
with n > 0. If we introduce the right-moving number operator N
N =Y n,a",a" (3.105)
n>0
then the first conditions can be rewritten as
4 .
(pup" + J(N —1))|phys >=0 (N — N)|phys >=0 (3.106)

where we have recalled that, if w* = 0, afj = aff = \/gp“ and Ly = inuabay + N,
Ly = %UW&’({ ag + N. The second condition is called level matching. It simply says that
any physical state must be made up out of an equal number of left and right moving
oscillators. Again the remaining constraints will give gauge fixing conditions.

Let us consider the lowest modes of the closed string. At level 0 (which means level 0
on both the left and right moving sectors by level matching) we simply have the ground
state |0;p >. This is automatically annihilated by both L, and L, with n > 0. For

n =0 we find 1
pPP——=0 (3.107)
«
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Thus we again find a tachyonic ground state. No one knows what to do with this
instability. It turns out to be much more serious than the open string tachyon that we
saw, which can sometimes be dealt with. Most people today would say that the Bosonic
string is inconsistent although this hasn’t been demonstrated. However for us the cure
is the same as for the open string: in the superstring this mode is projected out. So we
continuing by simply ignoring it, as our discussion of the other modes still holds in the
superstring.
ext we have level 1. Here the states are of the form

|G >= Gaa” 1105 p > (3.108)

Just as for the open string these will be massless, i.e. p? = 0 (again only if a = 1). Next
we consider the constraints L,,|G,, >= L,,|G,, >= 0 with m > 0.

Problem: Show that these constraints imply that p*G, = p"G, =0

The matrix G, is a spacetime tensor. Under the Lorentz group SO(1, D —1) it will
decompose into a symmetric traceless, anti-symmetric and trace part. What this means
is that under spacetime Lorentz transformations the tensors

1
Guv = G(uu)_ﬁnApGApnuu
b = Gl

o = "Gy, (3.109)

will transform into themselves
Problem: Show this.

Thus from the spacetime point of view there are three independent modes labeled
by g.v, by and ¢. Just as for the open string there is a gauge symmetry

Gy >— |Gl > i€, L_1a@"1|0;p > +i¢, L_1a"4]0;p > (3.110)

where we have used the fact that &,L_,a",]|0;p > and (,L_1a"]0;p > are null states,
provided that p? = 0. The proof of this is essentially the same as it was for the open
string. We need only ensure that the level matching condition is satisfied, which is clear,
and that L,L_,a_ 110;p >= L, L qa_ 1/0;p >= 0 for n > 0. Thus we need only check
that

- 1~
L,L_1a"4]0;p > = §L_1 > @y @ mat|0;p >=0
(3.111)
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Just as before the n > 1 terms will vanish automatically. So we need only check

Lli,laﬁllo;p > = 1277,\pa1+m a?,ay|0;p >

1~
2
= L_ 1n paoala “110;p >
L_ 1mpa0[a1,a 1105p >
L_1a4|0;p >

Ja -

= L_1p"0:p >
5 17"10;p

(3.112)
Similarly for L,L_,a" 1/0;p >. Thus we also find that p*¢, = p*(, = 0. This of course

is required to preserve the condition p*G,, = p"G,, = 0.
In terms of G, this implies that

o o
GMV - Gp,l/ + i Epugl/ +1 ? VC/L (3113)

or, switching to coordinate space representations and the individual tensor modes, we

find
1 /o 1 /o
9w — Gu + 5 58#(51/ + (1/) + 5 gau(é,u + C,u)

1 /o 1 /o
5 58#(511 - Cu) - 5 5&/(5# - C,u)

¢ — ¢+2\/§ 9u(&" +¢%)

If we let v, = %\/g(fu + () and A, = %\/g(ﬁﬂ — () and use 0*¢, = p*(, = 0 then we
find

b — DB+

(3.114)

G —  Gu + 0uv, +0v,
by — bu +0,N —0A,
o — ¢
(3.115)

The first term line gives the infinitesimal form of a diffeomorphism, z* — z# — v#
and thus we can identify g, to be a metric tensor. The second line gives a generalization
of and electromagnetic gauge transformation. The analogue of the gauge invariant field
strength is

H/\/W = 8)\5,“, + 8Mb,,>\ + &,b,\u (3.116)
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Thus the massless field content at level 1 consists of a graviton mode g,,, an anti-
symmetric tensor field b,, and a scalar ¢, subject to the gauge transformations (3.114).
Finally the massless condition p?G,, = 0 leads to

0’y
b, =
Py = 0
(3.117)
The conditions p*G),, = p"G ), = 0 now reduce to the linearized equations
Mg = 0
0"b, = 0
oo = 0
(3.118)

The first two equations can be viewed as gauge fixing conditions whereas the second
states that ¢ is a constant. The fields g,,, b,, and ¢ are known as the graviton (metric),
Kalb-Ramond (b-field) and dilaton respectively.

3.6 Light-cone gauge and D = 26!

So far we have quantized a string in flat D-dimensional spacetime. Apart from D we
have the parameters a and o'. In fact o/ is not a parameter, it is a dimensional quantity
- it has the dimensions of length-squared - and simply sets the scale. What is important
are unitless quantities such as p?a’. For example small momentum means p?a’ << 1.

We are left with D and a but actually these are fixed: quantum consistency demands
that D = 26 and a = 1. We have seen that things would go horribly wrong if a # 1.

The easiest way to see this is to introduce light-cone gauge. Recall that the action we
started with had diffeomorphism symmetry. We used this symmetry to fix ya5 = €*1qs-
However there is still a residual symmetry. In particular in terms of the coordinates o*
then under a transformation

o't =0o""(c") o =0d"(07) (3.119)

we see that 7, = €% 1,5 with

1 dot do~

i.e. this preserves the conformal gauge. In terms of the worldsheet coordinates o, 7 we
see that

1 -
=" o) (3.121)

30



and since o' are arbitrary functions of o* we see that any 7 that solves the two-
dimensional wave equation can be obtained by such a diffeomorphism. Therefore, with-
out loss of generality, we can choose the worldsheet 'time’ coordinate 7 to be any of the
spacetime coordinates (since these solve the two-dimensional wave-equation). Of course
there are many choices but the usual one is to define

. 1 1
Xt = 5(XO +XPh X = 5(XO - XP (3.122)
and then take )
Xt =at+dptr (3.123)

This is called light cone gauge.
Next we evaluate the conformal symmetry constraints (3.15). We observe that in
these coordinates the spacetime 7, is

Nt = N = —2 i = 0ij (3.124)
Thus we find that
Too=Tyn = —2ap"X~ + ;X@'Xﬂ'aij + ;X”’X’jcsij =0
Ton =T = —2p" X" +X'X"6; =0
(3.125)

where 7,7 = 1,2,3,..., D — 2. This allows one to explicitly solve for X~ in term of the
mode expansions for X°.

Problem: Show that with our conventions

X =2 +dp1+i (Z aje_i"‘ﬁ + d;z e ) (3.126)
where
a, 2p+ > al_.aldi (3.127)
and the massshell constraint is
—4a'ptpT + a'p'p 6+ 2(N + N) =0 (3.128)
with
N+N = 2513 S dld, +akal, (3.129)

n#0
To continue we note that in the quantum theory there is a normal ordering ambiguity
in the definition of a; and we must include our constant a again into the definition.
Hence we must take

(Z at a6 a) Ly (Z al a0 a) (3.130)

m>0 m>0
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This will also show up in the mass shell constraint as
—4d/pTp” 4+ o'p'plé; +2(N + N —2a) =0 (3.131)

Note that —4pTp~ +p'p?d;; = 1, p"p” so this really just tells us that the mass of a state
is

2 ~
N + N — 2a) (3.132)

2

We still have a level matching condition for closed strings
N=N (3.133)

This arises because we only have one spacetime momentum p# (not separate ones for
left and right moving modes) and hence afj = af,. This implies that a; = a; and hence
N =N.

Note that this breaks the SO(1, D — 1) symmetry of our flat target space since we
choose X and XP~! whereas any pair will do (so long as one is timelike). Thus we
will not see a manifest SO(1, D — 1) symmetry but just an SO(D — 2) symmetry from
rotations of the X?. However it is important to realize that the S O(1, D — 1) symmetry
is not really broken, we have merely performed a kind of gauge fixing (recall there was
this underlying gauge symmetry of the string spectrum). It is just no longer manifest.

On the other hand the benefit of this procedure is that the physical Hilbert space is
manifestly postive definite because we remove the oscillators a2, a2, a?=1 aP=1. This is
often a helpful way to determine the physical spectrum of the theory.

For example we can reconsider the low lying states that we constructed above. The
ground states are unchanged as they do not involve any oscillators. For the open string
we find the D — 2 states at level one

|A; >=a" ,]0;p > (3.134)

These are the transverse components of a massless gauge field. For the closed string we

find, at level one, o
|Gij >= Gya’,a’,]0;p > (3.135)

These correspond to the physical components, in a certain gauge, of the metric, Kalb-
Ramond field and dilaton Note however that there is no remnant at all of gauge sym-
metry which is a crucial feature of dynamics

Now formally a is given by

(3.136)
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This is divergent however it can be regularized in the following manner. We note that

D -2

a:—T

¢(=1) (3.137)

where ((s) is the Riemann (-function

() =3

m=1

1
— 3.138
= (3138)
This is analytic for complex s with Re(s) > 1. Thus it can be extended to a holomorphic
function of the complex plane, with poles at a discrete number of points. Analytically
continuing to s = —1 one finds {(—1) = —1/12 and hence

D -2
24

a= (3.139)
We have seen that in order to have a sensible theory we must take a = 1. Hence we
must take D = 26.

This is not a very satisfactory derivation of the dimension of spacetime but it is
rather useful in other circumstances. In light cone gauge it can be summarized by the
statement that a periodic scalar field has a zero point energy of —1/24. Sometimes one
is interested in anti-periodic scalars X*(o + 27) = —X*(o). The difference is that the
n which appear in the mode expansion are half-odd-integers. Following the same logic
one finds the ground state energy of such a scalar field is

1 & m
@« = - 2
2 m=1,odd 2
(3.140)
Now we could write
Z m = Z m —+ Z m
m=1 m odd m even
= Z m+ 2 Z m
m odd m=1
(3.141)
hence - .
Yoom==> m=— (3.142)
m odd m=1 12
and we see that for an anti-periodic scalar
11 1
- - 3.143
IR T TR (3.143)



So the zero-point energy of anti-periodic scalar is 1/48.

A more convincing argument is the following. Light cone gauge is just a gauge.
Therefore although the manifest spacetime Lorentz symmetry is no longer present there
is still an SO(1, D — 1) Lorentz symmetry, even though only an SO(D — 2) subgroup
is manifest in light cone gauge. It is too lengthy a calculation to do here, but one can
show that the full SO(1, D — 1) Lorentz symmetry, generated by the charges (3.26) is
preserved in the quantum theory, i.e. once normal ordering is taken into account, if and
only if a = 1 and D = 26. You are urged to read the section 2.3 of Green Schwarz and
Witten or section 12.5 of Zwiebach where this is shown more detail.

4 Curved Spacetime and an Effective Action

4.1 Strings in Curved Spacetime

We have considered quantized strings propagating in flat spacetime. This lead to a
spectrum of states that included the graviton as well as other modes. More generally
a string should be allowed to propagate in a curved background with non-trivial val-
ues for the metric and other fields. Our ansatz will be to consider the most general
two-dimensional action for the embedding coordinates X* coupled to two-dimensional
gravity subject to the constraint of conformal invariance. This later condition is required
so that the two-dimensional worldvolume metric decouples from the other fields. We
will consider only closed strings in this section. We will return to open strings in the
next section. The reason for this is that these days one views open strings as description
soliton like objects, called Dp-branes, that naturally sit inside the closed string theory.
Before proceeding we note that

_1 2 / —

is a topological invariant called the Euler number, i.e. the integrand is locally a total
derivative. Thus we could add the term Sgy to the action and not change the equations
of motion.

With this in mind the most general action we can write down for a closed string is

1 1
Sclosed = _47_(_&, /dQUV - <¢<X)R + /yaﬁaaX'uaﬁXyg#V(X) + eaﬂaaXuaﬁXbeV(X)>

V=
(4.2)

where ¢ is a scalar, g,,, symmetric and b,,, antisymmetric. These are precisely the correct
degrees of freedom to be identified with the massless modes of the string. One can think
of this worldsheet theory as two-dimensional quantum gravity coupled to some matter
in the form of scalar fields. More generally one can think of and conformal field theory
(with central charge equal to 26) as defining the action for a string.

Furthermore this action has the diffeomorphism symmetry X* — X*(X)

oX"™ ,  0X* oXr 09X 0Xr

o v /
X = 5w 0aX" G = O = X g

[l aX/lu 8X/1/g)‘p (b = (b (43)

34



automatically built in. It also incorporates the b-field gauge symmetry

B, = b + Ouh — O\, (4.4)

1%

however to see this we note that

1
2ma!

1
_ : / 200, (e5 X7 \,)

21

-0 (4.5)

5Sclosed = - /d20‘€aﬁaaX“8ﬂXyau/\y

where we used the fact that eaﬁaaaﬁx ¥ = 0 in the second to last line and the fact that
the worldsheet is a closed manifold in the last line, i.e. the periodic boundary conditions.

Notice something important. If the dilaton ¢ is constant then the first term in the
action is a topological invariant, the Euler number. In the path integral formulation the
partition function for the full theory is defined by summing over all worldsheet topologies

zZ=3 / DyDXe™S (4.6)
g=0

Here the path integral is over the worldsheet fields 7,3 and X*. Now each genus g
worldsheet will appear suppressed by the factor e=®s = ¢=2¢9=1 _ Thus ¢, = €? can
be thought of as the string coupling constant which counts which genus surface is con-
tributing to a calculation. In particular for g, — 0 one can just consider the leading
order term where the worldsheet is a sphere.

However if one wants to consider the splitting and joining of strings then one must
take g; > 0 and include higher genus surfaces. In particular the first non-trivial string
interactions arise when the worldsheet is a torus. To see the analogy with quantum
field theory note that a torus can be thought of as the worldvolume of a closed string
that has gone around in a loop. Thus it is analogous to 1-loop processes in quantum
field theory. Similarly higher genus surfaces incorporate higher loop processes. One of
the great features of string theory is that each of these contributions is finite. So this
defines a finite perturbative expansion of a quantum theory which includes gravity!

As stated above our general principle is the conformal invariance of the worldsheet
theory, which ensures that the worldsheet metric v,5 decouples. The action we just
wrote down is conformal as a classical action. However this will not generically be the
case in the quantum theory. Divergences in the quantum theory require regularization
and renormalization and these effects will break conformal invariance by introducing an
explicit scale: the renormalization group scale. It turns out that conformal invariance
is more or less equivalent to finiteness of the quantum field theory. This restriction
leads to equations of motions for the spacetime fields ¢, g,, and b,, (which from the
worldvolume point of view are just fancy coupling constants). It is beyond the scope
of this course to show this but the constraints of conformal invariance at the one loop
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level give equations of motion

1

R, = —ZHM,)H,}PHD“DVQ&
D Hy,, = 2D“¢H,,,
1
4D*¢ — 4(Do)* = R+EH2 (4.7)

where H,,» = 30,b,y. In general there will be corrections to these equations coming
from all orders in perturbation theory, i.e. higher powers of o/. However such terms will
be higher order spacetime derivatives and can typically be safely ignored.

4.2 A Spacetime Effective Action

A string propagating in spacetime has an infinite tower of massive excitations. However
all but the lightest (massless) modes will be too heavy to observe in any experiment that
we do. Thus in many cases one really just wants to consider the dynamics of the massless
modes. This introduces the concept of an effective action. This is a very general concept
(ubiquitous in quantum field theory) whereby we introduce an action for the light modes
that we are interested in (below some scale M). The action is constructed so that it
has all the correct symmetries of the full theory and its equations of motion reproduce
the correct scattering amplitudes of the light modes that the full theory predicts. In
general effective actions need not be renormalizable and they are not expected to be
valid at energy scales above the scale M where the massive modes we’ve ignored can
be excited and can no longer be ignored. Often one says that the massive modes have
been integrated out. Meaning that one has performed the path integral over modes with
momenta larger than M and is just left with a path integral over the low momentum
modes.

In our case we have considered a string propagating in a curved spacetime that can
be thought of as a background coming from a non-trivial configuration of its massless
modes. In particular in our discussion we implicitly assumed that the massive modes
were set to zero. The result was that quantum conformal invariance predicted the
equations of motion (4.7). These are the on-shell conditions for a string to propagate
in spacetime as derived in the full quantum theory. Note that they pick up an infinite
series of o/ corrections and also an infinite series of g5 corrections (where we allow the
splitting an joining of strings). In other words, at lowest order in « and g5 these are
the equations of motion for the spacetime fields. Furthermore these equations of motion
can be derived from the spacetime action

1

- 2012

1
Seffective = /dQG-T V —967% (R - 4(8¢)2 + 12HMV)\H'[W)\> —+ ... (48)

Problem: Show that the equations of motion of (4.8) are indeed (4.7). You may need
to recall that 6v/=¢ = —3v/—99,u,09"" and ¢**6R,, = D, D,6g"" — g,, D*6g"" .
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This is therefore the effective action for the massless modes of a closed string. The
ellipsis denotes contributions from higher loops which will contain higher numbers of
derivatives and which are suppressed by higher powers of o’. Note that string theory also
predicts corrections to the effective action from string loops, that is from higher genus
Riemann surfaces. These terms will come with factors of e=29 where g = 0, —1, —2, ...
and can be ignored if the string coupling g, = e? is small.

Thus we have derived a gravitational theory from the low energy dynamics of closed
strings. As such we expect to see such features as black holes and cosmology. Next we
return to the discussion of open strings.

5 D-branes

5.1 D-branes from Dirichlet Boundary Conditions

So far we have primarily considered the effective action of closed strings. We note that
once we consider string interactions, where two strings can join or split, then one can
no longer consider just open strings. Indeed it is geometrically obvious that two open
strings can join up and form a closed string. From the physical point of view closed
strings give gravitational modes and since everything gravitates, in particular Yang-
Mills fields, this statement is simply the fact that turning on a Yang-Mills field will lead
to a non-vanishing energy-momentum tensor and hence warp spacetime.

However it has become clear that even a theory of closed string fields should naturally
contain sectors with open strings. In particular it is natural to consider a Dp-brane in
closed string theory. This will turn out to have the interpretation as a solitonic state
within the closed string theory.

By definition a Dp-brane is a (p + 1)-dimensional worldvolume in spacetime upon
which open strings can end. In practice this means that within closed string theory
we include objects where open strings can end, i.e. we allow for Dirichlet boundary
conditions X' =0at o =0, 7

To be precise consider a Dp-brane parallel to the 2°, 2, ..., P dimensions. This means
that it sits at a specific location in the zP*! ... 2% dimensions, say (2P, ... 2%°) =
(aP™1, ..., a*®). Thus one imposes Dirichlet boundary conditions on the fields X7+ ..., X2,
However the X, ..., X? coordinates are freely allowed to move and hence and are sub-
jected to Neumann boundary conditions, i.e. 9,X* = 0 at ¢ = 0,7 and p = 0, ..., p.
Thus the mode expansion for these fields is as before:

Ho
Xt =zt 4 2d/p"1 + V21 In ginr cos(no) (5.1)
n#0 n

On the other hand for the transverse coordinates to the Dp-brane we have the boundary
condition that X* = a’ at ¢ = 0, 7. Starting from the expansion

A . . . . , Z‘ . ~i .
Xt =2 +wio + O{/pZT + ,%Z Z (a’rLe—zn(T+a) + ane—zn(T—a)> (52)
n n

n#0
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and setting o = 0 we see that ' = o' and p' = 0. We also find a, = —a’,. Next we
consider the o = 7w end. Here we find w’ = 0 and

ale”™ 4 gl e =0 (5.3)
Using the fact that a! = —a’, we see that we need sinnm = 0. Thus once again we see

that the n are integers. In summary we find

X'=d+V2i) n ginT sin(no) (5.4)
n#0 n

The main difference with the X* coordinates are the lack of a momentum zero mode
p. This means that the states of these open strings cannot move away from ' = a’,
but they can move parallel to the Dp-brane. We denote the ground state of this open
string by |D;p > to distinguish it from the ground state of other open strings or closed
strings.

What are the low lying states? Well they are very similar to before. Only now the
SO(1,25) symmetry is broken to SO(1,p) x SO(25 —p). There is still a tachyon |D;p >
at level 0 with mass-squared —1/a’. At level 1 there are two types of massless states:

|A, >=A,d",|D;p > |Y; >=Y;a' ,|D;p > (5.5)

where we now have p =0,1,...,pand i =p+ 1, ..., 25.
Note that the gauge symmetry that we saw above is also suitably reduced. In
particular the null state that we used above is now

iNL_4]0;p > = %Aznw,a’il+ma'im]0;p>

= iV2a/'p,Na"4]0;p >
(5.6)

The point to note here is that p* is only nonvanishing for ¢ = 0,1,2,...,p. Hence the
modes |Y; > are not subject to a gauge symmetry, however |4, > still plays the role of
a gauge Boson. The states |Y; > have the interpretation as 25 — p massless scalar fields.
They parameterize fluctuations of the Dp-brane in the transverse coordinates.

The importance of D-branes was not appreciated until 1994. Dp-branes should be
thought of as solitonic-like states that appear in the closed string theory. As such they
are like p-dimensional hypersurfaces in space, which are constant in time. In general
we can consider configurations made up of several types of Dp-branes lying in different
planes and intersecting with each other. The rules of string theory tell us that for each
pair of brane (or for a brane and itself) we must consider the open string that stretches
between the two. Each such string leads to additional particle like degrees of freedom.

We can also consider situations with N Dp-branes all parallel to each other. In
this case we must label the end points of the open strings by an index a = 1,..., N to
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indicate which Dp-brane they end on. Indeed one sees that this is a geometric origin for
the Chan-Paton factors that we discussed about and leads to a U(N) gauge symmetry.
The D-brane ground state can therefore be denote by |D;p, ab >, with one Chan-Paton
index for each end point. It follows that all the states in the Fock space created using
the string oscillators will carry ab indices and hence can be thought of as matrix valued.

The modern view on string theory is that one thinks of the bulk, 26-dimensional,
dynamics are governed by closed strings, whose massless modes are a graviton, Kalb-
Ramond field and dilaton. However in addition there are these soliton like D-brane
state. On the worldvolume of these D-branes one finds U(N) gauge vector fields, as
well as scalars. It may happen that in some cases the D-branes are spacetime filling,
meaning that they

For example a DO-brane is essentially a point particle. The open strings are confined
to end at a particular point in space (but not time). One also has D1-branes which are
much like strings themselves. A D25-brane is simply the original notion of open strings,
but now these are viewed as a state within the closed string theory.

Problem: Determine the mode expansion for an open string that stretches between a
D1-brane located at 22 = ... = 22> = 0 and a D25-brane, which fills all of spacetime. By
considering light cone gauge (along the direction X X') describe the lightest physical
states, what are their masses?

5.2 The D-brane Effective action

How can we include the open string massless modes in an effective action? Well if
we consider a 25-brane, that is a space-filling D-brane then this is essentially just the
original definition of open strings and there is a massless vector A,,. Given the Neumann
boundary condition there is a natural coupling of A, to the worldsheet of a string through
its boundary:

Sopen = Dclosed —|—/ dTAuX'u (57)
endpoints

where Sgpseq 1S the closed string o-model that we discussed above.
For D-branes one finds a vector field A,, living on a (p + 1) dimensional subspace,
plus the scalars Y;. The corresponding worldvolume action is

Sop=Saosea + [ drA X" VX" (5.8)
endpoints

Just as for the closed string modes one must impose that this defines a conformal
field theory. However rather than being defined on a compact 2-dimensional surface,
it is now defined on a 2-dimensional surface with boundary. In other words we have a
boundary conformal field theory.

The requirement of conformal invariance will give an infinite series of o/ perturbation
expansion in general. At lowest order in o the effective action is given by

1
Spp = _Tp/dpﬂxeﬂle"(l + 1<F‘“j + (27a") " ) (F™ + (27a/) "To™)
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1 1 o
+5 DYDY = 2SIV YY", y9))
(2]

(5.9)
where T}, ~ o ~"3 is the tension of a Dp-brane i.e. the energy per unit p-volume. Here
F.=0,A,—0,A,+iA, A (5.10)

is the Yang-Mills field strength and
D,Y; =0,Y: +i[A,, Y]] (5.11)

is the gauge covariant derivative. Note that due to the Chan-Paton factors the gauge
field A, and scalars Y; carry ab indices and as such are best viewed as matrix-valued,
i.e. we really mean that A, = A%’ and

N
[Ay, A = AWAT — AsC A (5.12)

k=1

and similarly for Y; = Y%

Note that the b-field enters here (multiplied by the identity matrix in the Lie-algebra,
i.e. b, 0%%). The reason for this is that although we saw that there was a gauge symmetry
of the closed strings

b;w = by + 0N — O, (5.13)

This symmetry is broken in the presence of Dp-branes. The point is that if the worldsheet
has a boundary then

1 N 5
OSpen =~ | EOPOX DX DN,

1 9 5

= - 09, X"
27To//d 00, (€705 X" \))
1

= [ araxea,

ndpoints

2o Je

(5.14)

This no longer vanishes. However one sees that it can be canceled by a shift

1
2ma!

A 0% (5.15)

ab ab
Au — Au -
so that
27TO/FW + b (5.16)

is gauge invariant. Note that this only affects the part of F},, proportional to the identity
element in U(N).
This action has a generalization of the usual electromagnetic gauge symmetry:

40



Problem: Show that Sp, is invariant under the gauge transformation
Ay — —ig 70+ 97 Ay Yi— g 'Yig (5.17)
where ¢ is an element of U(N).

This is called a Yang-Mills of non-Abelian gauge symmetry A very special case is
to consider 1 x 1 matrices, i.e. just numbers. Now U(1) is the space of number g such
that g~! = ¢g* so that g = ¢ for a real (and periodic) § . Here we simply recover the
electromagnetic gauge transformation A, = A, + 0,0 i.e. electromagnetism is a U(1)
gauge theory.

So far we have just taken A, and Y; to be matrix valued. Matrix multiplication
arises naturally from the joining of two open strings to form a third. Consider a string
starts on the first D-brane and ends on a second one. Its described by a non-vanishing
matrix entry M2, Next consider an open string that starts on the second D-brane and
ends on a third D-brane. Its matrix entry will be M?3. Combing these to open strings
produces a longer open string that starts on the first D-brane and ends on the third one,
the corresponding matrix is M1'2M?3. Following the usual rules of quantum mechanics
we should sum over all possible choices of the second, intermediate D-brane. Thus the
natural product of two open strings that start on the first D-brane and end on the third
is 3, M'@M*. This is just matrix multiplication.

However we shouldn’t just let the open strings be described by any matrices. Open
strings are oriented so that the string that goes from the ath D-brane to the bth D-brane
is described by M whereas the open string that goes from the bth D-brane to the ath
D-brane is described by M. These two strings are different so we do not want to say
that M = M, j.e. M = M?T. However we would like a string that starts on the
ath D-brane and ends on the bth D-brane to join up with an open string that starts of
the bth D-brane and ends on the ath D-brane to create a closed string. This would be
described by M®M?®®