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1 Introduction

Particle Physics is the study of matter at the smallest scales that can be accessed
by experiment. Currently energy scales are as high as 100GeV which corresponds to
distances of 107'%¢m (recall that the atomic scale is about 10~?c¢m and the nucleus is
about 10713¢m). Our understanding of Nature up to this scale is excellent!. Indeed it
must be one of the most successful and accurate scientific theories and goes by the least
impressive name “The Standard Model of Elementary Particle Physics”. This theory
is a relativistic quantum theory which postulates that matter is made up of point-sized
particles (in so far as it makes sense to talk about particles as opposed to waves). The
mathematical framework for such a theory is quantum field theory. There are an infinite
list of possible quantum field theories and the Standard Model is one of these, much like
a needle in a haystack.

There is currently a great deal of interest focused on the LHC (Large Hadron Col-
lider) in CERN. In a year or two these experiments will probe higher energy scalars and
therefore shorter distances. The great hope is that new physics, beyond that predicted
by the Standard Model, will be observed. One of the main ideas, in fact probably the
most popular, is that supersymmetry will be observed. There are a few reasons for this:

e The Hierarchy problem: The natural scale of the Standard Model is the electro-
weak scale which is at about 17¢V (hence the excitement about the LHC). In a
quantum field theory physical parameters, such as the mass of the Higg’s Boson,
get renormalized by quantum effects. Why then is the Higg’s mass not renor-
malized up to the Planck scale? To prevent this requires and enormous amount
of fine-tuning (parameters in the Standard Model must be fixed to an incredible
order or magnitude). However in a supersymmetric model these renormalizations
are less severe and fine-tuning is not required (or at least is not as bad).

e Unification: Another key idea about beyond the Standard Model is that all the
gauge fields are unified into a single, simple gauge group at some high scale,
roughly 10GeV. There is some evidence for this idea. For example the particle
content is just right and also grand unification gives an accurate prediction for
the Weinberg angle. Another piece of evidence is the observation that, although
the electromagnetic, strong and weak coupling constants differ at low energy, they
‘run’ with energy and meet at about 10'°GeV. That any two of them should meet
is trivial but that all three meet at the same scale is striking. In fact they don’t
quite meet in the Standard Model but they do in a supersymmetric version.

e Dark Matter: It would appear that most, roughly 70%, of the matter floating
around in the universe is not the stuff that makes up the Standard Model. Super-
symmetry predicts many other particles other than those observed in the Standard

IThis ignores important issues that arise in large and complex systems such as those that are studied
in condensed matter physics.



Model, the so so-called superpartners, and the lightest superpartner (LSP) is con-
sidered a serious candidate for dark matter.

e Sting Theory: Although there is no empirical evidence for String Theory it is a
very compelling framework to consider fundamental interactions. Its not clear that
String Theory predicts supersymmetry but it is certainly a central ingredient and,
symbiotically, supersymmetry has played a central role in String Theory and its
successes. Indeed there is no clear boundary between supersymmetry and String
Theory and virtually all research in fundamental particle physics involves both of
them (not that this is necessarily a good thing).

If supersymmetry is observed in Nature it will be a great triumph of theoretical
physics. Indeed the origin of supersymmetry is in string theory and the two fields have
been closely linked since their inception. If not one can always claim that supersym-
metry is broken at a higher energy (although in so doing the arguments in favour of
supersymmetry listed above will cease to be valid). Nevertheless supersymmetry has
been a very fruitful subject of research and has taught us a great deal about mathe-
matics and quantum field theory. For example supersymmetric quantum field theories,
especially those with extended supersymmetry, can be exactly solved for at the petur-
bative and non-perturbative levels. Hopefully this course will convince the student that
supersymmetry is a beautiful and interesting subject.

2 Symmetries, A No-go Theorem and How to Avoid
It

Quantum field theories are essentially what you get from the marriage of quantum
mechanics with special relativity (assuming locality). A central concept of these ideas is
the notion of symmetry. And indeed quantum field theories are thought of and classified
according to their symmetries.

The most important symmetry is of course the Poincare group of special relativity.
This consists of translations along with the Lorentz transformations (which in turn con-
tain rotations and boosts). In particular the theory is invariant under the infinitessimal
transformations

ot — ot 4 at +wha” i.e. ozt = a! + Wt ¥ (2.1)

Here a* generates translations and w*, generates Lorentz transformations. The principle
of Special relativity requires that the spacetime proper distance As? = 7, AztAz”
between two points is invariant under these transformations. Expanding to first order
in w”, tells us that

As? = (Azt + W\ At (AzY + WY, AxP)
Nuw AT ALY + 1w Arr Az? + Nuw”, Azt Az’
= A+ (W + wy) Azt Ax” (2.2)
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where we have lowered the index on w*,. Thus we see that the Lorentz symmetry
requires Wy, = —Wwy,.

Next we consider the algebra associated to such generators. To this end we want to
know what happens if we make two Poincare transformations and compare the difference,
1.e. we consider d;0.2% — d20,2%. First we calculate

I

Salyat = Wi ay + Wl \wy 2" (2.3)

from which we see that
(0105 — 0ab1) " = (W yay — wi \a3) + (Wh \wi , — Wi \wi ,)2” (2.4)

This corresponds to a new Poincare transformation with

o H A BmoooA L A iz A
A" = Wy £\G1 — Wy \Qy W, = Wy \Wp y — Wy \Wy (2-5)

note that w,,) = %(W;w + wy,) = 0 so this is indeed a Poincare transformation.
More abstractly we think of these transformations as being generated by linear op-

erators PP, and M, so that
Szt = ia" P, (z") + %w”AMM(ﬂ) (2.6)

The factor of % arises because of the anti-symmetry (one doesn’t want to count the same
generator twice). The factors of i are chosen for later convenience to ensure that the
generators are Hermitian. These generators can then also be though of as applying on
different objects, e.g. spacetime fields rather than spacetime points. In other words we
have an abstract algebra and its action on x* is merely one representation.

This abstract object is the Poincare algebra and it defined by the commutators

[Pw Pl/] =0
[P;n M) = N Px — inua by
(M, My, = imuaMy — inu My, + inu, Moy — i1y, M,

(2.7)
which generalizes (2.4).
Problem: Using (2.6) and(2.7) show that (2.4) is indeed reproduced.

To say that the Poincare algebra is fundamental in particle physics means that
everything is assumed fall into some representation of this algebra. The principle of
relativity then asserts that the laws of physics are covariant with respect to this algebra.

The Poincare group has two clear pieces: translations and Lorentz transformations.
It is not quite a direct product because of the non-trivial commutator [P,, M,,]. It
is a so-called a semi-direct product. Translations by themselves form an Abelian and



non-compact subgroup. On physical grounds one always takes P, = —id,. This seems
obvious from the physical interpretation of spacetime. Mathematically the reason for
this is simply Taylor’s theorem for a function f(z*):

flata) = f@)+auf)at +. .
= f(x)+id"P,f(x)+... (2.8)

Thus acting by P, will generate a infinitessimal translation. Furthermore Taylor’s the-
orem is the statement that finite translations are obtained from exponentiating P,:

flata) = e f(x)

1
= f(x)+a"0.f(z) + 5@“@”8#&,]”(1’) +... (2.9)
However the other part, the Lorentz group, is non-Abelian and admits interesting
finite-dimensional representations. For example the Standard Model contains a scalar
field H(z) (the Higg’s Boson) which carries a trivial representation and also vector fields
A, (z) (e.g. photons) and spinor fields ¢, (x) (e.g. electrons). A non-trivial representation
of the Lorentz group implies that the field carries some kind of index. In the two cases
above these are p and « respectively. The Lorentz generators then act as matrices
with two such indices (one lowered and one raised). Different representations mean that
there are different choices for these matrices which still satisfies (2.7). For example in
the vector representation one can take
U W

(MMV) p = 277;1,051/ - Zéunyp (210)
Notice the dual role of i, v indices as labeling both the particular Lorentz generator as

well as it’s matrix components. Whereas in the spinor representation we have

?

4(7/1'711 - 7u7u>aﬂ (2.11)

7
(Mul/)aﬁ = §<'VuV)aﬁ

Here (v,),” are the Dirac y-matrices (more about these soon). However in either case
it is important to realize that the defining algebraic relations (2.7) are reproduced.

Problem: Verify that these two representation of M, do indeed satisfy the Lorentz
subalgebra of (2.7).

The Standard Model and other quantum field theories also have other important
symmetries. Most notably gauge symmetries. These symmetries imply that there is an
additional Lie-algebra with a commutation relation of the form

(To, Ty) = if ;T (2.12)

where the T}, are Hermitian generators and f,,© are the structure constants. This means
that every field in the Standard model Lagrangian also carries a representation of this



algebra. If this is a non-trivial representation then there is another ‘internal’ index
on the field. For example the quarks are in the fundamental (i.e. three-dimensional)
representation of SU(3) and hence, since they are spacetime spinors, the field carries
the indices 1% (x).

Finally we recall Noether’s theorem which asserts that for every continuous symmetry
of a Lagrangian one can construct a conserved charge. Suppose that a Lagrangian
L(P4,0,P4), where we denoted the fields by @4, has a symmetry: L(P4) = L(DP4 +
d®,4). This implies that

oL oL
—00 ——00,P4 = 2.1
50,2041 5,0, 04 =0 (2.13)
This allows us to construct a current:
oL
Y= —— 5P 2.14
/ D(0.D4) (2.14)
which is, by the equations of motion,
oL oL
¢ = —— | 0D —0,0P
OuJ O, (8(60}13,4))6 A—l—a(aaq)A)aa(S A
oL oL
= Oy| =—=———]0P4 — =—0
(a(a@A)) 4700,

=0
(2.15)

conserved. This means that the integral over space of J is a constant defines a charge

Q= J° (2.16)

space

which is conserved

aQ 0
E N /space aOJ

= — ;"

space

= 0

Thus one can think of symmetries and conservations laws as being more or less the same
thing.

So the Standard Model of Particle Physics has several symmetries built into it and
this means that the various fields carry representations of various algebras. These alge-
bras split up into those associated to spacetime (Poincare) and those which one might
call internal (such as the gauge symmetry algebra). In fact the split is a direct product
in that

[PW Ta] - [M,uzu Ta] =0 (217)



where T, refers to any internal generator. Physically this means the conserved charges
of these symmetries are Lorentz scalars.

Since the Poincare algebra is so central to our understanding of spacetime it is natural
to ask if this direct product is necessarily the case or if there is, in principle, some deeper
symmetry that has a non-trivial commutation relation with the Poincare algebra. This
question was answered by Coleman and Mandula:

Theorem: In any spacetime dimension greater than two the only interacting quantum
field theories have Lie algebra symmetries which are a direct product of the Poincare
algebra with an internal symmetry.

In other words the Poincare algebra is apparently as deep as it gets. There are no
interacting theories which have conserved charges that are not Lorentz scalars. Intu-
itively the reasons is that tensor-like charge must be conserved in any interaction and
this is simply too restrictive as the charges end up being proportional to (products of)
the momenta. Thus one finds that the individual momenta are conserved, rather than
the total momentum.

But one shouldn’t stop here. A no-go theorem is only as good as its assumptions.
This theorem has several assumptions, for example that there are a finite number of
massive particles and no massless ones. However the key assumption of the Coleman-
Mandula theorem is that the symmetry algebra should be a Lie-algebra. We recall that
a Lie-algebra can be thought of as the tangent space at the identity of a continuous
group, so that, an infinitessimal group transformation has the form

g=1+1eA (2.18)

where A is an element of the Lie-algebra and e is an infinitessimal parameter. The
Lie-algebra is closed under a bilinear operation, the Lie-bracket,

[A, Bl = —[B, A (2.19)
subject to the Jacobi identity
[A,[B,C]]|+ [B,[C, A]] + [C,[A,B]] =0 (2.20)

If we relax this assumption then there is something deeper - Supersymmetry. So how
do we relax it since Lie-algebras are inevitable whenever you have continuous symmetries
and because of Noether’s theorem we need a continuous symmetry to give a conserved
charge?

The way to proceed is to note that quantum field theories such as the Standard
Model contain two types of fields: Fermions and Bosons. These are distinguished by
the representation of the field under the Lorentz group. In particular a fundamental
theorem in quantum field theory - the spin-statistics theorem - asserts that Bosons must
carry representations of the Lorentz group with integer spins and their field operators



must commute outside of the light-cone whereas Fermions carry half-odd-integer spins
and their field operators are anti-commuting. This means that the fields associated
to Fermions are not ordinary (so-called c-number) valued field but rather Grassmann
variables that satisfy

Un(@)2(x) = —tha(2)in () (2.21)

So a way out of this no-go theorem is to find a symmetry that relates Bosons to
Fermions. Such a symmetry will require that the ‘infinitessimal’ generating parameter
is a Grassmann variable and hence will not lead to a Lie-algebra. More precisely the
idea is to consider a Grassmann generator (with also carries a spinor index) and which
requires a Grassmann valued spinorial parameter. One then is lead to something called
a superalgebra, or a Zs-graded Lie-algebra. This means that the generators can be
labeled as either even and odd. The even generators behave just as the generators of a
Lie-algebra and obey commutation relations. An even and an odd generator will also
obey a commutator relation. However two odd generators will obey an anti-commutation
relation. The even-ness or odd-ness of this generalized Lie-bracket is additive modulo
two: the commutator of two even generators is even, the anti-commutator of two odd
generators is also even, whereas the commutator of an even and an odd generator is
odd. Schematically, the structure of a superalgebra takes the form

leven, even] ~ even
[even,odd] ~ odd
{odd,odd} ~ even (2.22)

In particular one does not consider things that are the sum of an even and an odd
generator (at least physicists don’t but some Mathematicians might), nor does the com-
mutator of two odd generators, or anti-commutator of two even generators, play any
role. Just as in Lie-algebras there is a Jacobi identity. It is a little messy as whether or
not one takes a commutator or anti-commutator depends on the even/odd character of
the generator. It can be written as

(1[4, [B,Clels + (=1)™[B, [C, Ale]s + (-1)?[C, [A, Ble]+ = 0 (2.23)

where a, b, c € Zs are the gradings of the generators A, B, C respectively and [, |+ is a
commutator or anti-commutator according to the rule (2.22).

There is a large mathematical literature on superalgebras as abstract objects. How-
ever we will simply focus on the case most relevant for particle physics. In particular
the even elements will be the Poincare generators P,, M, and the odd elements su-
persymmetries @,. The important point here is that the last line in (2.22) takes the
form

(Q.Q}~P+ M (2.24)

(in fact one typically finds only P or M on the right hand side, and in this course just
P). Thus supersymmetries are the square-root of Poincare transformations. Thus there



is a sensible algebraic structure that is “deeper” that the Poincare group. Surely this is
worth of study.

One final comment is in order. Although we have found a symmetry that underlies
the Poincare algebra one generally still finds that supersymmetries commute with the
other internal symmetries. Thus a refined version of the Coleman-Mandula theorem still
seems to apply and states that the symmetry algebra of a non-trivial theory is at most
the direct product of the superalgebra and an internal Lie-algebra.?

3 Preliminaries: Clifford Algebras and Spinors

Before proceeding it is necessary to review in detail the formalism that is needed to
describe spinors and Fermions. These first appeared with Dirac who thought that the
equation of motion for an electron should be first order in derivatives. Hence, for a free
electron, where the equation should be linear, it must take the form

(48, — M)y = 0 (31)
Acting on the left with (4#0, + M) one finds
(V7" 0,0y — M?)ip = 0 (3.2)

This should be equivalent to the Klein Gordon equation (which is simply the mass-shell
condition E? — p? —m? = 0)
(0 —m*)p =0 (3.3)
Thus we see that we can take m = M to be the mass and, since 9,0,¢ = 0,0,1, we
also require that
{Vw W} = %W + 1V = 20w (3.4)

This seemingly innocent condition is in fact quite deep. It first appeared in Mathematics
in the geometrical work of Clifford (who was a student at King’s). The next step is to find
representations of this relation which reveals an ‘internal’” spin structure to Fermions.

3.1 Clifford Algebras

Introducing Fermions requires that we introduce a set of y-matrices. These furnish a
representation of the Clifford algebra, which is generically taken to be over the complex
numbers, whose generators satisfy the relation

{/Y,UJ '71/} = 277,uu (35)

Note that we have suppressed the spinor indices «, 5. In particular the right hand side is
proportional to the identity matrix in spinor space. We denote spinor indices by «;, f3....

2Note that one should be careful here, while this statement is true in spirit it is imprecise and in
some sense counter examples can be found (e.g. in gauged supergavity).
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One consequence of this relation is that the y-matrices are traceless (at least for
D > 1). To see this we evaluate

200 Tr(1) = Tr({ 7 1w })

Tr(r}/u'yuly)\ + 71/’7#’7)\)

Tr(vu % a + YY)

= Tr(vu{v, m})

= QUVATT('VM) (3'6)

Choosing p = v # X immediately implies that Tr(v,) =0

Theorem: In even dimensions there is only one non-trivial irreducible representation
of the Clifford algebra, up to conjugacy, ¢.e. up to a transformation of the form v, —
U~, U™t In particular the (complex) dimension of this representation is 2°/2, i.e. the
y-matrices will be 2°/2 x 2P/2 complex valued matrices.

Without loss of generality one can choose a representation such that

B=-%, A= (3.7)

which can be written as
’YL = 70VuY0 (3.8)

An even-dimensional Clifford algebra naturally lifts to a Clifford algebra in one
dimension higher. In particular one can show that

YD+1 = CY0V1--VD-1 (3.9)

anti-commutes with all the ~,’s. Here c is a constant which we can fix, up to sign, by
taking 5., = 1. In particular a little calculation shows that

Va1 = —(=1)PPI22 (3.10)

Here the first minus sign comes from ~2 whereas the others come from anti-commuting
the different «,’s through each other. In this way we find that

¢ = +i(—1)PP-D/A (3.11)

Thus we construct a Clifford Algebra in (D + 1)-dimensions. It follows that the
dimension (meaning the range of the spinor indices a, 3...) of a Clifford algebra in
(D + 1)-dimensions is the same as the dimension of a Clifford algebra in D-dimensions
when D is even.

In odd dimensions there are two inequivalent representations. To see this one first
truncates down one dimension. This leads to a Clifford algebra in a even dimension
which is therefore unique. We can then construct the final y-matrix using the above
procedure. This leads to two choices depending on the choice of sign above. Next

11



we observe that in odd-dimensions vp.1, defined as the product of all the y-matrices,
commutes with all the 7,’s. Hence by Shur’s lemma it must be proportional to the
identity. Under conjugacy one therefore has ypy1 — Uvpi1U ! = vpi1. The constant
of proportionality is determined by the choice of sign we made to construct the final -
matrix. Since this is unaffected by conjugation we find two representation we constructed
are inequivalent.

We can also construct a Clifford algebra in D 4 2 dimensions using the Clifford
algebra in D dimensions. Let

0 1 0 —1 1 0
0'1—(1 0) s 0'2—<i 0) s 0'3—<O _1> (312)
be the ubiquitous Pauli matrices. If we have the Clifford algebra in D-dimensions given
by v, 0 =0,1,2,..., D — 1 then let

', = 1@,
I'p = 01®vp41
I'py1 = 03@7vp41

(3.13)

where we have used I', for (D + 2)-dimensional y-matrices. One readily sees that
this gives a Clifford algebra in (D + 2)-dimensions. Note that this gives two algebras
corresponding to the two choices of sign for vp,;. However these two algebras are
equivalent under conjugation by U = 05 ® 1. This is to be expected from the uniqueness
of an even-dimensional Clifford algebra representation.

Having constructed essentially unique ~-matrices for a given dimension there are
two special things that can happen. We have already seen that in even dimensions one
finds an “extra” Hermitian y-matrix, ypy; (so in four dimensions this is the familiar
7v5). Since this is Hermitian it has a basis of eigenvectors with eigenvalues +1 which are
called the chirality. Indeed since the v-matrices are traceless half of the eigenvalues are
+1 and the other half —1. We can therefore write any spinor ) uniquely as

Y=ty + 1 (3.14)

where ¥4 has vp, eigenvalue +1. A spinor with a definite vp, eigenvalue is called a
Weyl spinor.

The second special case occurs when the y-matrices can be chosen to be purely real.
In which case it is possible to chose the spinors to also be real. A real spinor is called a
Majorana spinor.

Either of these two restrictions will cut the number of independent spinor components
in half. In some dimensions it is possible to have both Weyl and Majorana spinors
simultaneously. These are called Majorana-Weyl spinors. This reduces the number
of independent spinor components to a quarter of the original size. Spinors without
any such restrictions are called Dirac spinors. Which restrictions are possible in which
dimensions comes in a pattern which repeats itself for dimensions D modulo 8.

12



Let us illustrate this by starting in low dimensions and work our way up. We will
give concrete example of y-matrices but it is important to bare in mind that these are
just choices - there are other choices.

3.1.1 D=1

If there is only one dimension, time, then the Clifford algebra is the simple relation
(70)? = —1. In other words 7y = i or one could also have 7y = —i. It is clear that there
is no Majorana representation.

3.1.2 D=2

Here the y-matrices can be taken to be

(3.15)
One can easily check that 72 = —% = —1 and Y971 = —710-

Here we have a real representation so that we can choose the spinors to also be real.
We can also construct 3 = ¢ypy; and it is also real:

1 0
V3= TN = <O _1> (3.16)
Thus we can have Weyl spinors, Majorana spinors and Majorana-Weyl spinors. These

will have 2, 2 and 1 real independent components respectively whereas a Dirac spinor
will have 2 complex, i.e. 4 real, components.

3.1.3 D=3

Here the ~v-matrices can be constructed from D = 2 and hence a natural choice is

Yo = (_01 (1)>
Y= ((1) (1))
= (5 ) (3.17)

(we could also have taken the opposite sign for v2). These are just the Pauli matrices
(up to a factor of i for 7). Since we are in an odd dimension there are no Weyl spinors
but we can choose the spinors to be Majorana with only 2 real independent components.

13



3.1.4 D=4

Following our discussion above a natural choice is

0 1 0 0
. -1 0 0 0
0 0 -1 0
01 0 0
1 00 0
0 01 0
0 0 1 0
0 0 0 -1
0 -1 0 0
1 0 0 0
0 -1 0 0
1Bo= w®o=10 o 1 g (3.18)
0 0 0 1

By construction this is a real basis of ~-matrices. Therefore we can chose to have
Majorana, 7.e. real, spinors.

Since we are in an even dimension we can construct the chirality operator v; =
i7071727v3. Note the factor of i which is required to ensure that v2 = 1. Thus in our
basis 75 is purely imaginary and, since it is Hermitian, it must be anti-symmetric. This
means that it cannot be diagonalized over the reals. Of course since it is Hermitian it
can be diagonalized over the complex numbers, i.e. there is another choice of y-matrices
for which ~; is real and diagonal but in this basis the 7, cannot all be real.

Thus in four dimensions we can have Majorana spinors or Weyl spinors but not both
simultaneously. In many books, especially those that focus on four-dimensions, a Weyl
basis of spinors is used. Complex conjugation then acts to flip the chirality. However
we prefer to use a Majorana basis whenever possible (in part because it applies to more
dimensions).

3.2 Spinors

Having defined Clifford algebras we next need to discuss the properties of spinors in
greater detail. As we saw in a problem above, M, = %'Yw/ gives a representation of the
Lorentz algebra, known as the spinor representation. A spinor is simply an object that
transforms in the spinor representation of the Lorentz group (it is a section of the spinor
bundle over spacetime). Hence it carries a spinor index «. From our definitions this

means that under a Lorentz transformation generated by w*”, a spinor v, transforms

14



as
1
Sthe = _Zw"(m)a%ﬂ (3.19)

Note that we gives spinors a lower spinor index. As such the y-matrices naturally come
with one upper and one lower index, so that matrix multiplication requires contraction
on one upper and one lower index.

Let us pause for a moment to consider a finite Lorentz transformation. To begin
with consider an infinitesimal rotation by an angle 6 in the (2!, z%)-plane,

z° z°
ol 2
z3 z3
i.€.
0 0 00
0 0 10
w12 = —Wo1 = 0 M12 == 0 -1 0 0 (321)
0 0 00
A finite rotation is obtained by exponentiating M;s:
ah — (e M) (3.22)
Since M7, = —1 one finds that, using the same proof as the famous relation e =
cosf + isiné,
™12 = cos @) + Mg sin 6 (3.23)

In particular we see that if §# = 27 then e*™12 = 1 as expected.
How does a spinor transform under such a rotation? The infinitesimal transformation
generated by w!? is, by definition,

1 1
0 = —Zw’“”y,“ﬂﬂ = —597121# (3.24)
If we exponentiate this we find
¥ — e 3M21h = cos(6/2) — 12 sin(6/2) (3.25)

We see that now, if 8 = 27, then ¢ — —1). Thus we recover the well known result that
under a rotation by 27 a spinor (such as an electron) picks up a minus sign.

Let us now try to contract spinor indices to obtain Lorentz scalars. It follows that
the Hermitian conjugate transforms as

1 , 1 y 1 v
oyt = =l oyl = 29T 0mm0 = = T 1070 (3.26)

Here we have ignored the spinor index. Note that the index structure is (y0,,70),” and
therefore it is most natural to write (¢7)® = ¥*® with an upstairs index.

15



However we would like to contract two spinors to obtain a scalar. One can see that
the naive choice
Ap = N, (3.27)

will not be a Lorentz scalar due to the extra factors of v, that appear in AT as compared
to d1. To remedy this one defines the Dirac conjugate

A=Ay (3.28)

In which case on finds that, under a Lorentz transformation,
N
0N = Z)W o (3.29)

and hence

SOW) = b+ A
1< v 1< v
= 1/\("}“ %u@/} - Z/\CUM ’Y/ﬂ/qu)

= 0 (3.30)

Thus we have found a Lorentz invariant way to contract spinor indices.
Note that from two spinors we can construct other Lorentz covariant objects such
as vectors and anti-symmetric tensors:

SO I (3.31)

Problem: Show that V,, = S\”yuw is a Lorentz vector, i.e. show that 0V, = —w "V, under
the transformation (3.19).

So far our discussion applied to general Dirac spinors. In much of this course we
will be interested in Majorana spinors where the 7, are real. The above discussion
is then valid if we replace the Hermitian conjugate 7 with the transpose T so that

73 = —YVuYo 1. More generally such a relationship always exists because if {7} is a
representation of the Clifford algebra then so is {—75}. Therefore, since there is a unique

representation up to conjugacy, there must exist a matrix C' such that —’yg = Cv,C -1
C' is called the charge conjugation matrix. The point here is that in the Majorana case it
is possible to find a representation in which C' coincides with Dirac conjugation matrix

7Yo-

Problem: Show that, for a general Dirac spinor in any dimension, ATC4 is Lorentz
invariant, where C' is the charge conjugation matrix.

One way to think about charge conjugation is to view the matrix C*’ as a metric
on the spinor indices with inverse C;[}. In which case 1 = ¢zCPe.
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Finally we note that spinor quantum fields are Fermions in quantum field theory
(this is the content of the spin-statistics theorem). This means that spinor components
are anti-commuting Grassmann variables

¢awﬁ = _¢ﬁwa (332)

We also need to define how complex conjugation acts. Since ultimately in the quantum
field theory the fields are elevated to operators we take the following convention for
complex conjugation

(Yaths)" = ¥5vy, (3.33)
which is analogous to the Hermitian conjugate. This leads to the curious result that,
even for Majorana spinors, one has that

(WX)" = (WaCxp)" = xpC 0 = —0aCx5 = —x (3.34)

is pure imaginary!

3.3 The Fierz Transformation

The y-matrices have several nice properties. Out of them one can construct the addi-
tional matrices

L, Vs Yu VD415 Yuvs Yuv YD+15 -+ (3-35)

where 7,,... is the anti-symmetric product over the given indices with weight one, e.g.
1

VY = 5(7/1711 - 71/7#) (336)

Because of the relation ~vyv;...yp_1 & vps1 not all of these matrices are independent.
The list stops when the number of indices is bigger than D/2. It is easy to convince
yourself that the remaining ones are linearly independent.

Problem: Using the fact that < My, My >= Tr(MfMQ) defines a complex inner prod-
uct, convince yourself that the set (3.35), where the number of spacetime indices is no
bigger than D/2, is a basis for the space of 21P1/2 x 2IP1/2 matrices ([D/2] is the integer
part of D/2).

Thus any matrix can be written in terms of v-matrices. In particular one can express

0205 = err(r), () (3.37)
rr
for some constants crr.. Here I' and IV are used as a indices that range over all inde-
pendent y-matrix products in (3.35).
To proceed one must determine the coefficients crr. To do this we simply multiply
(3.37) by (yrv)s" which gives

(rr)d = > err Tr(yeyee) () (3.38)

T
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Now we have observed that Tr(yryr») = 0 unless I' = I'” so we find

(v = > crm Tr () () o (3.39)
1"//1"/

From here we see that cprrp = 0 unless IV = I'” and hence

11
L(hf) 2P

Here the #r arises because 72 = 41 and 2P/2 = Tr(1) is the dimension of the repre-
sentation of the Clifford algebra.

The point of doing all this is that the index contractions have been swapped and
hence one can write

rr =

(3.40)

A)Ya = N5x5008°
= —> e N () xs(m)a v
I

1 —
= 5o 2t (M) (e, (341)
r

here the minus sign out in front arises because we must interchange the order of ¢ and
x which are anti-commuting. This is called a Fierz rearrangement and it has allowed us
to move the free spinor index from x to . Its draw back is that it becomes increasingly
complicated as the spacetime dimension D increases, but generally speaking there isn’t
an alternative so you just have to slog it out. This may seem somewhat abstract now
but we will need to use it in a concrete example soon enough.

Problem: Show that in three dimensions the Fierz rearrangement is

(e = =5 (e — 5 () () (3.42)

Using this, show that in the special case that A = y one simply has

(A)Aa = =5 (Ao (3.43)

for Majorana spinors. Convince yourself that this is true by considering the explicit 3D
~v-matrices above and letting

() o)

What is the Fierz rearrangement in two dimensions (Hint: this last part should take
you very little time)?
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4 Elementary Consequences of Supersymmetry

The exact details of the supersymmetry algebra vary from dimension to dimension,
depending on the details of Clifford algebras, however the results below are essentially
unchanged. If there are Majorana spinors then the algebra is, in addition to the Poincare
algebra relations (2.7),3

{Qu,Qs} = —2(+"C7")asPy
[Qm P/J = O
[Qom Mm/} %(VMV)aﬂQﬁ

(4.45)

The primary relation is the first line. The second line simply states that the @,’s are
invariant under translations and the third line simply states that they are spacetime
spinors.

At first sight one might wonder why there is a C~! on the right hand side. The
point is that this is used to lower the second spinor index. Furthermore it is clear that
the left hand side is symmetric in « and (# and therefore the right hand side must also
be symmetric. To see that this is the case we observe that, since we have assumed a
Majorana basis where C' = —C7T = ~,,

(1C™H = (CH, = —(CH)T Oy, 07 =7,071 (4.46)

is indeed symmetric.
Let us take the trace of the primary supersymmetry relation

Z{Qa, Qo) = 2P py (4.47)

Here we have used the fact that C~! = %, Tr(y,,) = 0 and Tr(1) = 2[P/2. We can
identify Py = FE with the energy and hence we see that

1 2
B = s & @ (4.48)

Since @), is Hermitian it follows that the energy is positive definite. Furthermore the only
states with ' = 0 must have Q,|0 >= 0, i.e. they must preserve the supersymmetry.

Supersymmetry, like other symmetries in quantum field theory, can be spontaneously
broken. This means that the vacuum state |[vacuum >, i.e. the state of lowest energy,
does not satisfy Q,|vacuum >= 0. We see that in a supersymmetric theory this will be
the case if and only if the vacuum energy is positive.

3More precisely this is the minimal N = 1 super-Poincare algebra. One can have N-extended
supersymmetry algebras and centrally extended supersymmetry algebras, which we will come to later.
There are also superalgebras based on other Bosonic algebras than the Poincare algebra, e.g., the
anti-de-Sitter algebra.
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Next let us consider the representations of supersymmetry. First we observe that
since [P,, Qa] = 0 we have [P? Q,] = 0. Thus P? is a Casmir, that is to say irreducible
representations of supersymmetry (i.e. of the Q’s) all carry the same value of P? = —m?.
Thus all the particles in a supermultiplet (i.e. in a irreducible representation) have the
same mass.

Let us first consider a massive supermultiplet. We can therefore go to the rest frame

where P, = (m, 0,0, ...,0). In this case the algebra becomes

{Qaa QB} = Qméa/@ (449)
We can of course assume that m > 0 and rescale Q, = m~2Q, which gives
{Qom Q/B} = 25046 (450)

This is just a Clifford algebra in 2[°/2 Euclidean dimensions! As such we know that it
has 2277772 = 22°/%7! gtates. We can construct the analogue of vp.1:

(—1)F = Q1Q2Qs5..Q /211 (4.51)

Since we are in 22”7 Buclidean dimensions we have that ((—1)F)2 = 14, Again (—1)F
is traceless and Hermitian. Therefore it has 227/%7'~1 eigenvalues equal to +1 and
227471 gqual to —1. What is the significance of these eigenvalues? Well if |+ > is a
state with (—1) eigenvalue +1 then Q|+ > will satisfy

(_1)FQ0¢|:|: >= _Qa(_l)FH: >= :FQa|:t > (452)

Thus acting by ), will change the sign of the eigenvalue. However since @, is a
Fermionic operator it will map Fermions to Bosons and vise-versa. Thus (—1) measures
whether or not a state is Fermionic or Bosonic. Since it is traceless we see that a
supermutliplet contains an equal number of Bosonic and Fermionic states. This is only
true on-shell since we have assumed that we are in the rest frame.

Next let us consider massless particles. Here we can go to a frame where P, =

(E,E,0,0,...,0) so that the supersymmetry algebra becomes

{Qas Qs = 2E(0ap + (01)ap) (4.53)

We observe that 72, = 1 and also that Tr(vp;) = 0. Therefore the matrix 1 — 7y has
half its eigenvalues equal to 0 and the others equal to 2. It follows the algebra splits
into two pieces:

{Qa’7 QB/} = 4E(5a//3/ {Qa//, QI@N} = 0 (454)
where the primed and doubled primed indices only take on 20721 yalues each. Again
by rescaling, this time Qu = (2E)~Y2Q, we recover a Clifford algebra but in 2[P/2~1

dimensions. Thus there are just 2271 gtates. Again we find that half are Fermions
and the other half Bosons.

4Actually this fails for D < 2. We will ignore various curiosities that can occur in low dimensions.
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Finally we note that the condition [Qa, M| = %(7u).°Qs implies that states in a
supermultiplet will have spins that differ in steps of 1/2. In an irreducible mutliplet
there is a unique state |jnq: > with maximal spin (actually helicity). The remaining
states therefore have spins jmae — 1/2, Jmaz — 1, -

It should be noted that often these multiplets will not be CPT complete. For example
if they are constructed by acting with lowering operators on a highest helicity state then
the tend to have more positive helicity states than negative ones. Therefore in order to
obtain a CPT invariant theory, as is required by Lorentz invariance, one has to add in a
CPT mirror multiplet (for example based on using raising operators on a lowest helicity
state).

The number of states in a supermultiplet grows exponentially quickly. This is essen-
tially because the number of degrees of freedom of a spinor grow exponentially quickly.
However the number of degrees of freedom of Bosonic fields (such as scalars and vectors)
do not grow so quickly, if at all, when the spacetime dimension is increase. Although
one can always keep adding in extra scalar modes to keep the Bose-Fermi degeneracy
this becomes increasingly unnatural. In fact one finds that if we only wish to consider
theories with spins less than two (i.e. do not include gravity) then the highest spacetime
dimension for which there exists supersymmetric theories is D = 10. If we do allow for
gravity then this pushes the limit up to D = 11.

We can also consider the Witten index:

W = Try(—1)F (4.55)

where the trace is over all states in the Hilbert space of the theory. This is not necessarily
zero. What we have shown above is that there is a Bose-Fermi degeneracy among
states with a non-zero energy. However there need not be such a degeneracy between
supersymmetric, i.e. zero energy, vacuum state and hence

W = # of Bosonic vacua — # of Fermionic vacua (4.56)

By definition this is an integer. Therefore, since it cannot be continuously varied, it
cannot receive corrections as the coupling constants are varied (so for example it is
unaffected by perturbation theory).

Problem: Show that in four-dimensions, where @), is a Majorna spinor, the first line
of the supersymmetry algebra (4.45) can be written as

{Qwa,Qws} = 0
{Q;Von Q*WB} =0
{Qwa, Q;Vﬁ} = —((1+ 75)7#071)11513#
{QWa Qwst = —((1=75)7%C "asPu

(4.57)

where Qw, is a Weyl spinor and Q7 is its complex conjugate. (Hint: Weyl spinors
are chiral and are obtained from Majorana spinors )y, through Qu = %(1 + v5) Qs

Qi = (1 —5)Qun.)
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In a Weyl basis for the four-dimensional Clifford algebra one chooses to write, in
terms of block 2 x 2 matrices,

1 0 0 1 0 o;

where g; are the Pauli matrices. Note that the charge conjugation matrix is still C' = ~,.
Since Weyl spinors only have two independent components one usually introduces a new
notation: a,a = 1,2 so that a general 4-component Dirac spinor is decomposed in terms
of two complex Weyl spinors as
Aa
Yp = <Xa) (4.59)
i.e. the first two indices are denoted by a and the second two by a. One then defines

ot = 5((1 =) C ™) 4y 0 = 5((1 4+ 75)7*C~)ap. In this case the algebra is

{Qa; Qv = 0
{sz QZ} =0
{Qa, @3} = _2‘755]3#
{QZ> Qb} = _26ngM
(4.60)

Here we have dropped the subscript W since the use of a and a indices implies that we
are talking about Weyl spinors. This form for the algebra appears in many text books
and is also known as the two-component formalism.

Problem: Show that

CARE RN
Tn)ab = (0 —07;) (4.61)

5 The Four-dimensional Wess-Zumino Model

So far we have discussed the supersymmetry algebra and some of its consequences but
we have not yet provided an example of an interacting theory, or even a free one, which is
supersymmetric! This would be a rather short course if it weren’t for the fact that there
are many interesting examples. In fact there are supersymmetric versions of just about
every theory you could consider. We have already seen that supersymmetry requires a
balance of the number of Bosonic and Fermionic degrees of freedom. We will also see
that it requires that the various parameters in the interaction Lagrangian are related to
each other.

For example in a gauge theory one has gauge Bosons that are always in the adjoint
representation of the gauge group and have spin one. Since supersymmetries commute
with internal symmetries such as gauge symmetries, it follows that a supersymmetric
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gauge theory must have Fermions with spin 1/2 in the adjoint representation (non
gravitational theories that contain particles with spins greater than 1 are inconsistent).
These are generically called gauginos. The gauge theory that underlies the standard
model also contains Fermions with spin 1/2 in the fundamental representation of the
gauge group, e.g. quarks and leptons. Therefore supersymmetric versions of these gauge
theories must also have Bosonic spin 0 fields which are in the fundamental representation
of the gauge group (if they were spin 1, i.e. vector Bosons, renormalizability would
require them to be gauge bosons and hence in the adjoint representation). These are
called squarks and sleptrons. Finally the standard model contains a Higgs Boson in
the fundamental representation of the gauge group. This must therefore come with
two Fermionic spin 1/2 Higginos. In addition the Higg’s field itself must be complex
(rather than a real scalar as is the case in the standard model). Thus a supersymmetric
standard model more than doubles the number of particles of the standard model. If
such a theory is correct then it must be that these superpartners are too massive to
have been detected yet. Thus supersymmetry must be broken. It is these particles the
people hope to detect at the LHC.

In this course we will not study supersymmetric gauge theories. It is a beautiful sub-
ject and there has been much progress made, especially at the quantum level. However
gauge symmetries require more technical details which would detract from the technical
details that we wish to deal with. In this course we will content ourselves with models
that only incorporate scalar fields and spin 1/2 Fermionic fields (with standard kinetic
terms). All of the key points of supersymmetry can be studied in such models.

5.1 The Free Theory

The simplest field content of a four-dimensional supersymmetric model contains a single
Majorana Fermion ¢ (z) along with some scalar fields. Off-shell a Majorana Fermion
has 4 real components (as opposed to a Dirac Fermion with 4 complex components) but
these are reduced to 2 on-shell. Thus the field content must also have two real scalars
A(z) and B(z). Why are the Fermionic degrees of Freedom reduced on-shell? Consider
a free massive Fermion. The equation of motion is

Dy — it = 0 (5.62)

If we go to the rest frame then this becomes

(PE—mpp=0 (i”yo - g) b =0 (5.63)

Since i7° is Hermitian with eigenvalues &1 we see that F = £m. Furthermore since i°
is traceless this equation projects out precisely half of the components of v, leaving two
independent on-shell degrees of freedom.

We start by considering the free theory. The Lagrangian is

Lo = —;@A@“A - ;auBa“B - %Wa,ﬂp (5.64)
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The Bosonic part should require no explanation and leads to the equation of motion
0’A = 0°B = 0. Let us review the Fermionic part. First why the factor of i? You
should think of it as associated to P, = —i0,. In particular if we take the complex
conjugate we find

(GI0) = (balCr) 00,55

= —50us(C ")

]

— Va0V 0

-
= Lo (5.65)
An alternative is to note that C'y, is real and symmetric and hence we have, continuing
from the second line,

(GO00) = —s0us(Cr) e
= LR a) + (O D,
= ;&vw%w (5.66)
where we have dropped a total derivative, which actually vanishes since 1,103 = —151q.

Thus the Lagrangian is real.
Next let us calculate the equation of motion. Varying with respect to ¥ gives

i i
opLly = —§5¢a(0%)aﬁ3“?/fﬁ - 5%((7%)6“%“5%

= = SOOI s + SO 00 — SO (O 0
= —i00a(C) 0"y — 50" (Va(C7,)005)

(5.67)

Here we have used the fact that Cy, is symmetric. Assuming boundary conditions that
allow us to drop the total derivative (as one always does) leads to equation of motion

VO =0 (5.68)

Thus everything is as it should be.
This action is supersymmetric. The supersymmetry variation is
0A = ey
0B = —éepy
0 = ~"0,Ae + iy y50,Be
(5.69)
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Problem: Show that these variations preserve the reality of A, B and 1.

To establish the invariance of the action we calculate, using the last line of (5.67),
and dropping a total derivative,

0Ly = —0,A0"0A —0,B0"0B — z‘é%(cw)aﬁauwﬂ — %@“(@baC%é@D)
= —i€d, A" + €0,By50"p —i(0" Aye + i@”B’yl/yg)e)a(C'y“)aﬁ@ng
(5.70)
To proceed we need to deal with
(0" Aywe +i0" By ys€)a = (0" Aey) +i0"Beyiv))a
= (=0"AeC,C7 ! +i0"BeysCy,C 1Y),
= —&0"Ay,C' +i0"Bysv,C 7Y, (5.71)
Thus we find
0Ly = —i€0, Aed" ) + €0, By50") + i€(0” A +i0” Bvs) v, 0t (5.72)
Finally we observe that v,7* = 0¥ 4+ v, and hence
0Ly = 1€(0,A+10,Bvy5)y" 0,0
— 0, (i#(d,A + 10, Brs)" ) (5.73)

which is a total derivative. Therefore we see that we indeed have a symmetry of the
action.

However it is important to check the algebra of this symmetry to see that we really
have a supersymmetry. To this end we must evaluate [d1, d2] acting on the fields. Note
that although we are talking about a supersymmetry, the total variation does not change
the spin of the the field and can be written in terms of é€Q = Qe which is Bosonic operator
and hence obeys commutation relations. The anti-commutators arise because

01,8)] = [68Qu ,EQg]
= §6{Qa, Qs}

(5.74)
i.e. due to the anti-commutation of €; and e;. We find, for the Bosons,
[51, 52]A = iEQ(WOMAel + Z.’)/M’}/58MB€1) — (1 — 2)
= i(E27u€1 — @Yu€2) 0 A — (€27, V561 — €17 Y5€2) 0, B
[(51, 52]3 = —62’)/5(’}/M6MA61 + ’i’}/u”)/5auB€1) — (1 — 2)
= (EQ’}/M’)/5€1 - El’)/u’}%ﬁg)aMA + z'(égvuel - El'yueQ)@MB
(5.75)
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Next we recall that

(Cr)" = Cy (5.76)
and hence
(Cr15)" =5 (C1)T = =75(C) = —Cs (5.77)
Since €; and €y are anti-commuting we see that
E2Vu Y561 — E1YuYs€2 = 0 (5.78)
and hence
[51, (52]14 = v,ﬁ“A
[(51, (52]B = vua”B
(5.79)
with
Uy = 1€Yu€1 — 1€1YE2
= —22?1’}%62
(5.80)

Thus we see that indeed the anti-commutator of two supersymmetries, acting on the
Bosons, gives a translation.
We are left with the Fermion. We find

[01, 62]tp = " (€10, ) €2 — iV y5(E1750,%) €2 — (1 = 2) (5.81)

So here’s the rub, we need to move spinors around so that the free index rests on .
This is why we developed the Fierz transformation. In four dimensions the independent
~v-matrix products are

]-7 ) V5, Y V5, Yuv (582)

together these provide 1 4+4 4+ 1 +4 + 6 = 16 = 4% matrices as required. Therefore the
Fierz identity is

< 1 < 1 /< 1 /<
- - _Z A
Ao)xa = —7(A)pa =7 (Mx) (7 p)e 1 (Msx) (150)a
1 /< 1, ,
+7 (Misx) (P 350)a + 5 (M) (3 p)a (5.83)
Note the extra factor of % in the last term. This compensates for the over counting the
arises from the fact that v,, = —v,,. In our case we need
_ 1, 1, i 1
(@1p)eza = (1 = 2) = —7(Ge)pa = (Ene2) (V'P)a =  (E175€2) (350)a
1, L v
+7 @rsez) (V50)a + 3 (Evwe2) (Vp)a — (1 < 2)

(5.84)
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where p = 9,7 in one case and p = 50,7 in the other. Things simplify because the
anti-commutivity of €; and €, implies that we need only keep terms in the expansion for
which (Cyr)? = Cyr and only yr = 7,7, satisfies this. Thus we find

_ 1. 1,
(Elp)EQa - (1 = 2) = _5(61’7;162)(7Mp)a + 1(61%1/62)(7”

v

P)a

Z’ v 1 v
= =¥ Pat+ ("

4 4 p)Ol

(5.85)

where w,, = €7v,,€2. Substituting this back leads to

1 7
[517 52W = Z’Y”quyyauw - 17ﬂwvA7uAauw

1 ) i ,
—Z’Y“%UV’V YVsOutp + Z’Y“%wuw A’Yf@ﬂ/f

1
= U0

1 v v
= w2 =)0
1
= v,0") — iv,,'y”’y"auw
(5.86)
The second term is not correct, i.e. it does not correspond to a term in the supersym-
metry algebra. However this term vanishes on-shell. Indeed the supersymmetry algebra

couldn’t have worked off-shell as there is no longer a Bose-Fermi degeneracy.
Thus we see that, on-shell, [, 5] = v"0, or, writing ¢ = €Q,

& {Qa Qs = 2617,6P"
= 26(116%(7#)0?]3“
= 25?@@‘5 (VM)aBPM
= _Qagg('yuo_l)aﬁpu
(5.87)

since C7 = —(C. Thus we have recovered the formal supersymmetry algebra.

5.2 Interactions

Let us now consider an interacting model. We can start by postulating the Lagrangian
E == Eo + Emt with

Lt = ~V(A,B) = 2U(A, BY3u + SUs(A, B)isy (55%)
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and the supersymmetry transformations
0A = ey
0B = —éy1)
oY = MOAe+ intys0,Be + Wi(A, B)e + iysWa(A, B)e
(5.89)

It should be clear that the reality of v is preserved provided that Uy, Uy and W7y, W, are
real functions. If Uy, U; are linear and V' quartic polynomials in A and B then our ansatz
is the most general one that is compatible with renormalizability. In particular ¢ has
mass dimension 3/2 and A, B have mass dimension 1. Therefore € has mass dimension
—1/2 and it is clear that, without introducing constants with a negative mass dimension,
i.e. non-renormalizable terms, there can be no modification to §A and 0 B. However we
will not need to assume this to construct an interacting model.

To continue we calculate, ignoring total derivatives and using the last line of (5.67),

5£0 == §'£0
=~y 0, (Wie + 5 Wae)
= —izﬁy“ﬁAWﬁuAe — Z'l/_J’)/#anlaﬂBG + 1/_1’)/#’75(9AW2(9#A6 + 1;’7”’7583W28#B€

(5.90)

where 0"p = Wi (A, B)e + i5Wo(A, B)e corresponds to the additional terms in 07 that
we didn’t take into account in the free theory.
Next we consider the variation of £;,;. Up to terms that are linear in the Fermions
we find
61Line = —104Vipe + OpVipyze
— iUy (V'O A + i 750, B + Wie + s Wae)
+pUsvs (0, A + i 950, B + Wie + iy Wae)
(5.91)

where in the first line we have used the fact that, for Majorana spinors, € = e and
€YY = Yyse.

Let us start with the linear terms. Note that we must have 8Ly + 0;L;,: = 0 since
the remaining terms are cubic in ¥ and these must vanish separately. We can simply
arrange for the various linear terms to cancel which leads to the equations

0 = —04V —U Wy + U W5
- 8BV + U1W2 + U2W1
=~ - Uy
—0pWq — Us
0aAWs — Uy
= OgWa+ Uy

o o o o o
I

(5.92)
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The middle two equations tell us that

Uy = —0,4W; Uy = —0W; (5.93)
whereas the last two equations imply Uy = —0dgWs, Uy = 0,W5. This is only consistent
' 0AW1 = 0pWs W1 = —04Ws (5.94)

This should be familiar as the Cauchy-Riemann equations. If we write Z = A+iB then
we see that W = W; + W5 is a holomorphic function of Z.
The first two equations now become

8AV = 8AW1W1 + 8AW2W2 8BV = 8BW2W2 + 8BW1W1 (595)

which integrates to give

1
V= §(Wf + W3) (5.96)

where we have, without loss of generality, set the integration constant to zero.
Lastly we must consider the cubic terms

03Lint = (¢¢)3AU16¢+ (¢¢)3BU1€751/)+ (¢V5¢)3AU26¢— *(¢75¢)3BU2€751/)
(5.97)

Again we need to use the Fierz rearrangement (5.83) but this time with we require that

(Cyr)T = —(Cyr)T and so

By = — B8 — )t + Byt sy
Gy = — Bl — ) - fwmw) 2
st = ~3 s — 10N + 7 sy

@rsw)ist = —3 @) — 3G — 3 sy rs

(5.98)
Substituting the fourth line into the first leads to
W)y = —*(Wsw)wb + (2/%751#)7 59
= ; < (W) + - wmww ’W) (%w#)v"%w (5.99)
hence ) .
W) = 7 (Wrsy)y* 159 (5.100)
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Substituting this into the fourth equation gives

(py50)v50 = —i(lﬁ%%wh“%w (5.101)

So in particular (1575¢)7§1Z) = —(y¢)9. Similarly (the calculation is formally the same)
one finds (Vy51)Y = —(Y¥) 59

So all this, once substituted into the condition d3L;,; = 0, implies
8AU1 == —83U2 8AU2 == (9BU1 (5102)

but these equations are automatically true as a consequence of the previous constraint
that W is a holomorphic function of Z. Well that was a lot of work for nothing! Except
that we have now completely established the supersymmetry of the following action

1 1 -
L = —50,A0"A—0,BYB — %mﬂa,ﬂ/;

1 i - 1-
—§(W12 +W5) + §¢3AW11/) - §¢7533W1@/)

(5.103)
under the transformations (5.89), provided that W; + iW; is a holomorphic function of
A+ iB. It is remarkable that a holomorphic structure has emerged, seemingly out of
nowhere. This fact is at the heart of why supersymmetry is so powerful in quantum
field theory. The holomorphic function W defined, up to an irrelevant constant, by

ow

57 = w (5.104)
is called the superpotential and plays very important role in four-dimensional super-
symmetric theories. We see that each choice of W determines all the interactions in the
supersymmetric Wess-Zumino model.

Note that since W is holomorphic its image is the entire complex plane, with the
exception of some isolated points. Therefore, even if W never vanishes it must come arbi-
trarily close to zero. Thus although it is possible to spontaneously break supersymmetry,
for example by takeing W = 1/Z, there will always be, in some sense, a supersymmetric
vacuum at infinity which the system will eventually roll towards (perhaps by tunneling
out of a non-supersymmetric vacuum with positive energy).

Problem: Examine the closure of (5.89) to reproduce the supersymmetry algebra on-
shell. In so doing deduce the Fermion equation of motion as well as the conditions

8AW1 = 83W2 8BW1 = —GAWQ (5105)
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6 Extended Supersymmetry

6.1 The Extended Superalgebra and it’s Representation

Up to this point we have been considering the so-called N = 1 supersymmetry algebra.
This means that there is a single supersymmetry generator (),. However it is possible
to have multiple supersymmetry generators QY where I = 1,..., N. The superalgebra
now takes the form

{Qr, Q3} = =207 (v*C)apP, (6.106)

in addition to all the terms involving the Poincare generators. This is just N direct
copies of the minimal N = 1 superalgebra and is called the N-extended super-Poincare
algebra. Again, technically this form for the algebra is specific to Majorana Spinors but
in spirit it applies more generally.

Let us repeat the analysis above to determine the representations of extended super-
symmetry. We start with the massive case with no central charges. Going to the rest
frame we find

{QL, Q3} = 20" 5,5m (6.107)

Rescaling by m2 will lead to a Clifford algebra in 2/PY/2N dimensions. Thus the repre-
sentations have the same structure as in the N = 1 case only much larger and are called
long representations.

Similarly for the massless case one finds

{QL, Q3 = 20" E(1 + 701)ap (6.108)

which will give a Clifford algebra in %2[[)]/ 2N dimensions.

For example in four dimensions and N = 2 supersymmetry for massive states one
finds a Clifford algebra in 8 dimensions and hence 2* = 16 states, 8 of which are Bosons
and the other 8 Fermions (again this is on shell). In the massless case one finds a Clifford
algebra in 4 dimensions and hence 22 = 4 states. Again these states may have to be
supplemented by their CPT conjugates.

6.2 The Wess-Zumino Model in Two-Dimensions

Extended supersymmetry and central charges can occur in all spacetime dimensions up
to ten. However since we wish to keep things simple in this course and only consider
supersymmetric theories with scalars and Fermions (and cannonical kinetic terms) we
must go to lower dimensions. Why? Well it turns out that demanding that the Wess-
Zumino model in four dimensions admits N = 2 supersymmetry implies that there are
no interactions, at most one can add a mass term. There are however interesting and
important theories, so-called o-models, where the kinetic terms are non-standard and
interactions can be introduced. The study of these beautiful models would make for a
course in itself.
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To start we can simply dimensionally reduce the four-dimensional Wess-Zumino
model to a lower dimension, say D = 2 (this is the most popular dimension that is less
than four). What do we mean by this? It is clear that the four-dimensional Poincare
algebra also contains a two-dimesional Poincare subalgebra. By restricting states that
carry no momentum along x2and z2® one breaks the four-dimensional Poincare algebra
to such a two-dimesional Poincare subalgebra. In other words we simply assume that
A, B and 1) are functions of 2% and ! but not 2% and 3. This is dimensional reduction.
Clearly this will not affect supersymmetry. However Majorana spinors in four dimen-
sions have four degrees of freedom whereas those in two dimensions have two. Thus
a single spinor in four dimensions reduces to two spinors in two dimensions. In other
words if we dimensionally reduce our Wess-Zumino Lagrangian to two-dimensions it will
be invariant under two supersymmetries.

The reduced Lagrangian is simply

1 1 7 -
L= — 0,A0" A~ J0,BO"B — 'O,
1 7 - 1-
—§(W12 +W3) + ii/faAWW - §¢W583W1¢

(6.109)

where now p = 1,2 only, i.e. all we have done is set d; = 03 = 0! However this is not
the best way to write things because the spinor indices are o, 3 = 1, 2, 3,4 whereas in
two dimensions spinor indicies should be «, (3 = 1,2, in other words we do not have
irreducible representations of the Clifford algebra. To this end we write (c¢f (3.18))

Y = 1@
V5 = 0203
€ = N Q €l
v o= ey

(6.110)

Note that we have also denoted the two-dimensional y-matrices by v, i.e. 7o = i0?,

v1 = o1. It should be clear from the context what we mean. In addition n;, I = 1,2 are
a basis of (commuting) spinors in two Euclidean dimensions. Explicitly we will take

nm = ((1)) N2 = <(1)> (6.111)

We now have
V=@ W) =n] 09" Uy =njo@ W) peos=njor @7y (6.112)

where on the right hand side of these equations we have take a bar to denote the Dirac
conjugate in two dimensions and replaced o3 with the two-dimensional chirality operator
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v3 (again not to be confused with 73 of the four-dimensional Clifford algebra. Thus we
find

v = (pna)Pte’

= Oy’
Yy = (U?UQUJ)¢173wJ
= —igrgp s’
(6.113)
so that the Lagrangian can be written in terms of two-dimensional spinors as
1 " 1 " 1 I J
L = _iﬁuAa A— §3MBa B — iéjjw Y H¢
1 A i -
_§(W12 +W3) + 551J¢13AW1¢J + 551J¢17383W1¢J
(6.114)
Problem: Show that the four-dimensional supersymmetries
0A = ey
0B = —eyv
0 = A"0,Ae + iv'y50,Be + Wie + 5 Wae (6.115)
become
SA = i e’
§B = ierse s’
syl = fy“efauA + 51J7“736J8MB + Whel + EIJWQ'ygeJ
(6.116)

in two dimensions, where now the y-matices are those of two dimensions. Note that we
freely raise and lower I, J indices according to convenience.

From the two dimensional point of view this Lagrangian has N = 2 supersymmetry.
By construction the supersymmetry algebra of this Lagrangian is the same the four-
dimensional one

[51, (52] = 2617H62PM (6117)
Noting that, in terms of two-dimensional spinors,
(61,85 = €11€3,{Q4, Q3} (6.118)
and
2617, €2 P = 2(n1 1) yey P = 26" &l e P (6.119)
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we see that

E?lg%{QéaQé} = 26"7&~,e5 P
= 2(5”%?162]5(%)&613“

= 251J€?1€%ch_ﬁl (”Yu)aﬁpu

= —20"e}1,(7,C 7 )ap P
(6.120)

which is indeed the N = 2 superalgebra.

Note that we find two Bosons and two Fermions in agreement with the counting of
states above 2(%/22 = 4. This is not the most minimal supersymmetric model in two
dimensions. Since Majorana spinors have two real components in two dimension the
minimal N = 1 representation would just have 2[%/2 = 2 states: a Fermion and a Boson.

Problem: Construct a minimal N = 1 supersymmetric model in two dimensions by
truncating the N = 2 two-dimensional Wess-Zumino model. In particular show that it
is consistent to set Wy = B = ? = 0 and still preserve the supersymmetry generated
by €' (don’t worry about the condition that W is holomorphic, this condition arises by
demanding N = 2 supersymmetry in two dimensions).

7 Central Extensions and BPS Soliton States

7.1 Central Charges

Extended (and in some cases just N = 1) superalgebras naturally admit additional
generators Z[% such that

{QL, Q%) = 26" (YC V) apPu + 225 (7.121)

As always, technically this form for the algebra is specific to Majorana Spinors but in
spirit it applies more generally. The second term is known as a central charge. It must
be symmetric under the simultaneous transformation o <= 3 and I < J. The central
charges are also traceless. Therefore it splits up into a piece that is symmetric in both
indices and a piece that is anti-symmetric in both indices:
1y _ ) | sy0J]

Zap = Ul T 1V o] (7.122)
The word ‘central’ refers to the fact that the (Bosonic) generators UJ} and VJ{ commute
with all other generators

[0} [0

Uy, anything] =0 [V7, anything] = 0 (7.123)

Actually this too can be generalized, for example in ten and eleven-dimensional super-
gravity one finds ‘central’ charges that break some of the Poincare symmetry. These are
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carried by p-branes which are extended objects in spacetime with p spatial dimensions.
They preserve half of the supersymmetry and a subalgebra of the full Poincare algebra
that generates Poincare symmetries in the (p 4+ 1) dimensions of their worldvolumes.

Without central charges a massive state cannot preserve any of the supersymmetries.
To see this suppose that €¢Q? |susy >= 0 for some €, (which is commuting) then from
the algebra we see that, in the rest frame,

0=¢€} < susyl{QL, Q}}|susy >= IME) < susy|susy > (7.124)

where we have used the fact that e2Q! will either annihilate |susy > from the left or from
the right. In the massless case we see that this is possible provided that € (1 + ;) = 0
1.€. Yo1€ = €.
However central charges offer a way out of this. Since Zég is Hermitian we can find
=] J =1

a commuting spinor €5 such that € JZé/B = 2€3. Then we see that, in the rest frame,

{Q.Q) = 2QQ% = 2M[ef* + 2|cP (7.125)

where Q = &Q! and |¢2 = 6,450"7€3e]. Note that we take € to be an ordinary
commuting spinor so that |€]2 > 0. Now take the expectation value of this expression

1
< state|Q?|state >= (M + 52)|€|2 < state|state > (7.126)

The left hand side is positive definite and vanishes iff Q|state >= e¢Q! |state >= 0.
Therefore we see that M > —1z. Since Z[} is traceless there are equal number of
positive and negative eigenvalues z hence we learn that

1
M > 32| (7.127)

with equality iff Q|state >= €¢Q! |state >= 0, i.e. iff the state preserves some of the
supersyminetries.

Let us now consider the effect of turning on central charges on the representations of
extended supersymmetry. Generically there is no effect, one will still find an algebra that
is isomorphic to the appropriate Clifford algebra in 2(°/2N dimensions with 222"7/4N
states. However there are special cases where the eigenvalues of the central charges
agree with the mass eigenvalues. In this case there is cancelation when one goes to the
rest frame and {Q?, Qé } will have zero eigenvalues. This is effectively the same as what
happened in the case of massless representations. The result is a Clifford algebra in a
lower dimension and hence a smaller representation. In particular if n of the central
charge eigenvalues Z are degenerate and equal to the mass m then one finds a Clifford
algebra in 2[P)/2 N —n dimensions. The massless case then corresponds to n = 2!P/2N/2,
The central charge terms are traceless so that at most 2/P1/2N/2 of the eigenvalues can
be degenerate (and non-vanishing). Therefore the massless case is the smallest possible
short representation.
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Representations for which the mass is equal to one or more eigenvalues of the the
central charge are called short representations and the states are known as BPS states.
The important point about them is that since the dimension of the representation is
an integer it cannot be altered by varying the parameters of the theory in a continuous
fashion. In particular it cannot pick up any quantum corrections. Thus a relation of
the form m = Z (that the mass is degenerate with the central charge) is not corrected
by quantum effects (although m and hence Z too may well pick up corrections). This
turns out to be a very powerful technique in understanding non-perturbative features
of supersymmetric quantum theories and M-theory in particular. For example this
property is what allows one to calculate the Beckenstein-Hawking entropy of a black
hole by counting the number of microstates in string theory. At weak coupling some D-
brane states are described by a gauge theory and the degeneracy can be easily counted,
whereas at strong coupling such states appear as black hole solutions. If the D-brane is
superymmetric then the various states are in short multiplets and hence their counting
is unaffected by going to strong coupling.

7.2 BPS States

There is in fact another way to construct such states (which historically came first). Let
us look for static Bosonic solutions of the four-dimensional Wess-Zumino model. For
the simplest such solutions A and B will only depend on one spatial dimension, say z3.
This is called a domain wall solution because there will be a translational invariance
along two spatial dimensions, ! and 22, as well as in time 2V, 4.e. the solution will look
like a wall in spacetime. Thus these solutions will also trivially be solutions of the two
dimensional N = 2 Wess-Zumino model as well.
In this case we wish to minimize the energy per unit area

1
£=3 / A3 (A2 + B? + W2 + W2) (7.128)

where a prime denotes differentiation with respect to z3. It is clear from this expression
that the lowest energy solution is obtained by taking A and B to be constant such that
Wy, = Wy = 0. This of course is the vacuum (provided that it exists). Note that it
preserves all the supersymmetry since

SA=06B=05p=0 (7.129)

for any e.
More interesting solutions can be found through a simple and famous trick due to
Bogomoln’yi. We rewrite the energy density as

1
£ = 3 / dx3<(A’ — cos OW, + sin OW,)? + (B’ + sin W, + cos 0W,)?
+2A'(cos OW; — sin OWy) — 2B’ (sin 6W; + cos 0W2))

36



1
= 3 / da:3<(A' — cos OW, + sin OWs)? + (B’ + sin OW; + cos OW,)?
+2Re((cos 0 + isin 0)(Wy + iWa)(A' +iB')))
1
= 3 / da:3<(A' — cos OW + sin OWs)? + (B’ + sin W, + cos OW5)?

+2Re(c"OWZ'))
(7.130)

Here 6 is a constant angle and we have introduced the holomorphic superpotential W
such that OW = W, + iW,. We see that the last term is a total derivative

/d:cSRe(ewaWZ') = /dxi)’Re(ewW)/ = Re(eW) |, (7.131)
Therefore we can write the energy density as

1
E = 5 /d:):((A' — cos W, + sin OWs)? + (B’ + sin W, + cos 0W2)2>
+Re(e®W) |, (7.132)

which is of the form of a sum of squares plus a boundary term. Since the squared terms
are always positive we have the Bogomoln’yi bound

£ > Re(e®W) |, (7.133)

Furthermore the last term only depends on the boundary conditions it is independent
of the behaviour of the fields in the bulk of spacetime. Therefore the minimum energy
configuration must come from setting

A" = cosOW; — sin OW,
B = —sinW; — cos W, (7.134)

These are a pair of first order differential equations. We can rewrite them as

(A+iB)" = cosOW; — sin Wy — i(sin OW; + cos OWs)
= (cos@ —isinf)(Wy — iWs)
i.e. 7' = e oW
(7.135)
the bound on the energy is then saturated

£ = Re(eW) | (7.136)

What we have shown is that these equations correspond to the lowest energy state
with fixed boundary conditions. Therefore a solution to these equations must be a so-
lution to the equations of motion. However, while a static solution to the equations
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of motion implies that the energy is a local extremum, these first order, Bogomoln’yi
equations imply that, for a fixed boundary condition, the solution is the absolute mini-
mum energy configuration and is therefore totally stable. In general there will be higher
energy solutions to the equations of motion with the same boundary conditions and
these can be thought of as excited states of the domain wall.

To obtain a finite energy solution it is necessary for the fields to become constant
as ® — 4o00. This implies that the superpotential YW must interpolate between two
critical points. In the trivial case where one finds the same vacuum on both sides the
boundary term contribution to the energy vanishes and we recover the vacuum solution
where Z is constant everywhere. However if there are multiple vacua then there will be
domain wall solutions where Z interpolates between two distinct vacua.

Problem: Show that these first order equations imply a solution to the full second order
equations of motion.

Problem: Consider the case where W = 173 — m?Z, where m is real. What are the
minima of the potential? Explicitly construct the BPS domain wall solution for case

6 = 0, describe its basic features and calculate its energy density. What happens if
0 =7

It is no accident that we were able to use Bogomoln'yi’s argument in our super-
symmetric theory. Recall that it was supersymmetry that told us that the potential
could be written as the absolute value squared of a holomorphic function, which was
required for the Bogomoln'yi argument. But there is a deeper reason. Let us look at
the supersymmetry variations about this domain wall solution. The Bosonic variations
automatically vanish as ¢» = 0. Thus we are left with

oY = (’7314/ + iv3ysB" + Wi + i%Wz)E
= (’)/3((308 OW, — sin OWs) + iy37y5(— sin OW; — cos 0Ws) + Wy + i’75W2)6
= W (73 cos ) — i35 sinf + 1)6 + W2< — iy37Y5 cos ) — y3sin 6 + i’Y5)€
= Wiy ( cos ) — iy5sinf + 73)6 — iWays7s ( cos ) — iyssinf + ’}/3)6
= (ng - Z'Wﬂg%) (cos 0 — iy5sinf + ’73)6 (7.137)
Thus we see that 1) = 0 for supersymmetries such that
(cos 0 — iy5sinf + ’73)6 =0 — yge 50 = —¢ (7.138)

Since (y3e715%)2 = 37500~ = 1 and 3¢~ is traceless we see that half of the
four supersymmetries are preserved by the domain wall.

7.3 The Domain Wall Effective Action

Thus we have indeed found a supersymmetric domain wall solution. In fact there is have
a multiplet of domain walls which will fill out a representation the the three-dimensional
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supersymmetry algebra. It is easy, in principle, to construct these solutions, one simply
acts on the solution with the broken supersymmetry generators i.e. consider a spinor 7
such that v3e=% = 1.

Explicitly, acting with such a spinor on the Domain wall solution gives (note that
we include a factor of % for later convenience)

Py = ;(Wﬂ% - iWﬂ:ﬂs) (COS 0 — iy5sin 6 + 73)77

= (Wm - in%)%n
= <W1 + ’L'WQ%)??
(7.139)

To lowest order in 7 the Bosonic fields are unchanged. This is called a Fermion zero-
mode because it carries no energy. When quantizing the Fermion field in the background
this zero-mode leads to a degenerate spectrum of domain walls. By construction this
solves the Fermion equation of motion in the domain wall background.

Problem: Explicitly show that 1y solves the Fermion equation of motion in the domain
wall background.

There is another zero-mode, this time Bosonic. Since the theory we start with is
Lorentz invariant it follows that if A(z3) and B(z?®) are solutions to the Bogomol'nyi
equation then so are A(a® —a) and B(z® — a) for any a. In other words we can translate
the domain wall along the 2% direction and furthermore this clearly won’t change the
total energy, i.e. the tension, of the domain wall. In general a soliton can have several
zero-modes which arise as integration constants when solving the Bogomol'nyi equation.
This leads to a moduli space of solutions.

Since the energy of a soliton is unaffected by the value of the moduli it is clear
that by adding in an arbitrarily small amount of energy the moduli can be allowed to
change slowly in time. Thus they represent massless degrees of freedom of the soliton.
In contrast a massive mode always requires that you put in a minimum of energy, equal
to the mass, before you can cause the mode to change.

We can calculate the effective action of these moduli by allowing them to depend
on the remaining coordinates (z°, 2!, 2?) of the domain wall and substituting this back
into the effective action. For example consider the Bosonic modulus a. Let us suppose
that d,a # 0 where now p = 0,1,2. It follows that d,A(z* — a) = —A'd,a and
0,B(2* — a) = —B'd,a and hence the Bosonic part of the action is

1 1 1
s = — / Pada® S (A% + B)0,00"a + 5 (A + B?) + S(W + W) (7.140)

where now = 0,1,2 and we have used the Bogomoln'yi equation to set A + B? =
W2+ W2. Next we note that

1

1
: (A2 + B?) = Z(A’2 + B” + Wi+ W5) (7.141)
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and hence
1 1
5 /dx3(A’2 +B%) = 3 /d:cS(A’2 + B?+ W2 4+ W2)
1
= 55
(7.142)

Thus we have derived a three-dimensional effective action for the position a of the
domain wall:

1
Sp=—& / a5 0,00 a + 1 (7.143)
Next we consider the the Fermion zero mode:
Yo = (Wi +iWays)n (7.144)
and allow 7 to vary slowly as a function of 2°, x!, 2. Now we see that, for © = 0,1,2,
alﬂ/io = (W1 + ZWQ'VE,)@MT] + (aqu + ’L@MWQ’%)U
vy = (Wi+iWgs)n
(7.145)

where, for example, 9,W; = —04W1A'0,a — 0pW1B'0,,a.
We note that since Cy, is symmetric 777,17 = 0 and also, for © = 0,1, 2, and using
the supersymmetry condition vse =% = n
s = o s 0
= —n"y3e" " 07 ysm

= 1" 07 sn

= (1370 oy ysm
= =iy ysn
= 0 (7.146)

Next we write B
dor™ =0t (W = ipsWa)yon® = iy (Wh — iy Wa) (7.147)

Thus looking at the terms involving derivatives 9, p = 0,1,2 we simply find
o upo = (Wi + W3)iy"dm (7.148)

Thus the Fermion kinetic term is
1 )
Sp = —i/d?’xdxd(Wf +W22)77”y’“‘8u77
- —%5 / Crin 9, (7.149)
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It remains to calculate 1y, Yovs5t0 and yy3thh. These terms must vanish since we
have seen that 1y is a solution to the equations of motion if n is constant. But it is good
to check.

Problem: Explicitly calculate ¢y, &0751/10 and @Eovgw{), where g = (W1 + iWays)n
and show that

P D
—51/)073% + iaAWWolbo - §3AW2¢075¢0 =0 (7.150)

(HINT: use the property v3n = (cos 8 — iy5sin0)n to deduce that cos 8n = i sin 07jysn.)
If this problem seems too hard try just doing it for 8 = 0.

The total effective action is therefore
1 )
Sets = Sp+ Sp = - [ d' (2@@8% iy Oy + 1> (7.151)

This is just a free theory. Note that 7 is a 4-dimensional Marjorana spinor that satisfies
a constraint: y3e~"5%) = 5. Thus it actually only has 2-independent components. This
is the right number for a minimal Majorana spinor in three-dimension. Therefore one
can easily see that this action is supersymmetric with two supercharges.

7.4 A Central Charge in the Wess-Zumino Model

Thus we have a solution which preserves a fraction, half, of the supersymmetries. How
could this happen? Don’t all representations of the four-dimensional supersymmetry
algebra have four, no more and no less, generators? Well yes but the point here is
that the Poincare symmetry has also been broken, we've lost translational invariance
along x3, as well as boosts and rotations involving x®. What has been preserved is a
superalgebra in three spacetime dimensions. In a sense this algebra lives on the domain
wall itself. Since Majorana spinors in three dimensions have only two components there
is no contradiction. this is known as the paritial breaking of rigid supersymmetry.

More troubling is the apparent fact that the N = 1 algebra does not have any central
charges and hence no state can be invariant under a fraction of the supersymmetries
(at least in the quantum theory). Well actually there is a central charge but it is rather
subtle to construct it. We will do so below for completeness but some details may be
a little tricky. To see the subtlety we first observe that the Lagrangian isn’t exactly
invariant under supersymmetry but rather

Soll = 9, A" (7.152)

i.e. it is invariant up to a total derivative. This means that the conserved current is
slightly shifted from the usual Noether expression

Jao= ga— AL
oL M u
= W(Sad) AL

(7.153)
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Here we are using ™ as a general symbol to denote all fields. The reason for this is
that invariance of the Lagrangian implies

oL oL

55 ¢Ma 0™ 5 ¢M5 WM = 0,AF (7.154)
12

so that, on-shell,

d " = 0, <M> 5.0 + O —_0,8.0™ — O, A"

50,0M (58“¢M
= 0, (58M¢M> 00 6¢M5a¢
= 0

(7.155)

Thus the conserved charges are modified. This means that the calculation of the com-
mutator of two transformations acting on the fields is not quite the same as calculating
the algebra of conserved charges. To date we have passively been assume the two to be
the same.

The main reason we haven’t noticed this yet is because so far we could avoid this
problem by choosing boundary conditions which ensure that the total derivative does
not contribute. In the language of differential forms A = %euyprpdx“ Adx? A dx? is
a closed three form. However if there are topologically non-trivial boundary conditions
then A is not exact and its integral over space will not vanish.

To proceed we need to use the Poisson bracket formalism of classical mechanics that
is suitable generalized to field theory (an infinite dimensional system) and Fermions. We
will not be too detailed here and simply proceed in analogy with the finite dimensional
Bosonic case. The main relation is that for any function f on the phase space one has,
on-shell,

3“]; ={f,H}ps. (7.156)

where { , }pp. is Poisson bracket (which has the same properties as the commutator,
such as anti-symmetry and the Jacobi identity). A ‘conserved charge’ @ is just a constant
of motion and hence

dQ

o {Q,H}pp =0 (7.157)

where H is the Hamiltonian. The symmetry transformation on a function f is generated
from the conserved charge by

of ={Q, f}rB. (7.158)
so that 6H = 0. Two conserved charges always produce a third:
d
a{Qb Q2}tpp. = {{Q1,Q2}rn,HiprB

_{{Q27 H}P.B7 Ql}P.B. - {{Ha QI}P.B.7 Q2}P.B.
= 0
(7.159)
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Thus there is an algebra of conserved charges

{Qma Qn}P.B. - Cmanp (7160)

where we have used m, n,p to label the conserved charges. In the quantum theory the

Poisson bracket is replaced by i times the commutator (or just the anti-commutator for

Fermi fields) so that the algebra of charges becomes a familiar (super) Lie-algebra.
Therefore if we shift Qm =Qmn— A, we find

{@mv Qn}P.B. = {Qm, Qn}rs —{Qm An}re — {Am, Qnlre + {An, Avtrs.
= Cod Qp —{Qm, An}pp. +{Qn, An}rp. +{An, An}tprs.
= il Qp — 0mAn + 0,0 + ¢, P A, + {Ar, A} B,
(7.161)

where 6,4, = {Qm,A,}pp.. Returning to the Wess-Zumino model we need to gener-
alize the previous discussion. There are now infinitely many degrees of freeom (one for
each point in space), the charge Q,, is replaced by the charge density jO (¢, 2") and the
m index is an anti-commuting spinor index corresponding to supersymmetry. Since

{Qa: Qp} = —2(¥*C™)apPy (7.162)

we have
Cop| =0 Cop” = =2(7"C g (7.163)

From the calculations on the invariance of the Wess-Zumino Lagrangian we see that
i -
0L = —iﬁu(z/w”(w) (7.164)

and hence ‘
AF = EAF = —%zw(w (7.165)
We also find that translational invariance is only preserved up to a boundary term. In
particular under z*# — z* + v* we find 6A = vY0, A, 0B = v”0,B and §y = v”0,¢ so
that
Al =" Al =0"TH, (7.166)

where T}, is the energy momentum tensor.

This is a rather intricate calculation and we will proceed by only considering terms
that are independent of the Fermions, in particular we drop the {A,,, A,}pp. term.
Thus putting these pieces together we find

{Ja(t, ), js(t.a")}pp. = —20°(a" = 2") (7" C Naps’, — 20° (2" — 2") (7" C7)ap T,
—i6% (2" — 2") (0aAF + 65A7)
(7.167)
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Note the factor of i that arise because of our conventions for the generators (e.g. trans-
lations are generated by d¢pM = v P ¢M ).
So we must calculate ¢ Aﬂ + (55A0 to this end we observe that, writing 4, = €0,

8y = €05 and Af = — Ly,

AL = &AL
= —626155A“

= —f52¢7“51@/) - *lﬂ d201%)

(7.168)
Therefore
S AL — 1A = —&eH(dsAk + 5,A))
= —iBl O — S [0, 10 (7.169)
and in particular
e e (05A2 + 6 AO) 0007 519 (7.170)
where we’ve dropped the last term since it contains Fermions.
Problem: Show that, if the Fermions vanish, then
0ot 019 = 2(7"C™)apTS, = 20T )ap (7.171)
where
T = ReW + iysImW (7.172)
Thus it follows that
—i0gAY — 6, A% = 2(v'C™ ) agT", — 2(8,T7')ag (7.173)

Here we see that the first term cancels the T contribution in (7.167). Therefore we
find

{0t %), 350t )} pp. = —20% (2" — &) (1" C Naps®, — 20° (2" — &) (0T )ap (7.174)

If we had considered terms involving the Fermions then one simply finds that the
UyH[6,, 61]1p and {AL, A%}pp. terms that we dropped cancel the free and interacting
Fermionic terms in 7, respectively.

To find the charge algebra we now integrate this over dz an d®z’ to find

{Qas Qs = —2(vC~Y)sP, — 2 / B10,(T s (7.175)
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We finally find the elusive central charge
Loy = —2 / &P20,(T ) g (7.176)

This is a topological charge - i.e. it is only non-vanishing if the fields interpolate between
distinct vacuum states. Note that it is not quite central as it does not commute with
the Lorentz generators, but this is common. This non-Lorentz invariance is reflected in
the fact that the states that carry this charge, e.g. our domain wall, necessarily break
some of the Lorentz symmetry.

If we consider our domain walls in the rest frame then the existence of a supersym-
metry implies

€(€ —yReW |2 —ivsysImW |2) = 0

(€ — ysReW | +iysysImW |= )07 ¢
(€ +1ReW |2, +iyaysImW |2 )e = 0

I
o

(7.177)
We note that

2 2
(5ReW |, +insrsmW [2,)7 = (ReW %)% + (ImW [%,)2 = W [= | (7.178)

and since y3ReW | +iy3y5ImW |*°_ is Hermitian its eigenvalues are + ‘W ]i"oo‘. Since
£ is real and positive we must have

E=WI=, (7.179)

Finally if we write W |, = ‘W |‘i°w’ e~ then we recover the energy density (7.136) and
(7.177) becomes
(14 ~v3co80 — iy3y5sinf)e = 0 (7.180)

which agrees with (7.138).

8 Off-shell Supersymmetry, Auxiliary Fields and Su-
perspace

8.1 Off-Shell Supersymmetry and Auxiliary Fields

Let us make some comments on on-shell versus off-shell supersymmetry. In this course
we are primarily interested in classical field theory. In this case there is little difference
since everything is always on-shell. Of course the action must be invariant off-shell
(by definition the action is invariant under arbitrary variations on-shell). However in
a quantum theory it is important for the algebra to close off-shell. In some cases this
can be made to happen by introducing additional Bosonic fields which have no on-shell
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degrees of freedom but which restore the Bose-Fermi degeneracy off-shell. These are
called auxiliary fields. However this is not always possible. These days supersymmetric
theories are often viewed as the low energy limits of string theory and as such one does
not require them to have algebra’s that close off-shell. The quantization of the theory
is not achieved by the usual field theory methods. Rather one uses string world sheet
techniques. The supersymmetric field theory then arises as a low energy effective theory
that reproduces the quantum calculations of the underlying string theory.

To see how auxiliary fields work we can again consider the Wess-Zumino model
and introduce two new real scalars F' and G. So now there are four Bosonic and four
Fermionic degrees of freedom off-shell. F' and G must have no on-shell degrees of freedom
and so one postulates the action

1 1 1 1 i -
Lopp—shen = —§3MA8“A — §8MBa“B + §F2 + 5(;2 _ idwu X

~LUL(A, BY3 + LUs(A, Bt — Wi(A, B)F — Wa(A, B)G
(8.181)

Here we see that the Fermionic part of the action is unchanged. However the Bosonic
part includes quadratic terms in F' and GG. The point about quadratic terms is that their
equation of motion is linear (and in the quantum theory the path-integral is a Gaussian
and hence can be performed exactly). In particular the equations of motion for F' and
G are

F=Wi(A,B) G=WA B) (8.182)

This implies that they do not carry any degrees of freedom. Once one knows the behavior
of A and B the solutions for F' and G are fixed with no ambiguity. We can now substitute
these expressions for F' and G directly into the equations of motion for A and B. This
will lead to equations of motion that involve only A, B and . In fact these equations
of motion will come from a Lagrangian which is obtained by substituting (8.182) into
(8.181):

1 1 i - i -
Lon—shen = —§8MA8“A - 50MB8”B — §¢7uau¢ _ §U1¢¢
1 - 1
+§Um5w - §(VV12 + W3
(8.183)

This has a similar form to the Wess-Zumino action that we found above. The fact that
we have found such a form without yet imposing supersymmetry is because this whole
structure can be placed in a manifestly supersymmetric formalism called superspace.

Problem: Show that the equations of motion arising from L, s,y are precisely what
one gets by substituting (8.182) into the equations of motion obtained from L,f_ghen.
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Our last step is to establish a supersymmetry for (8.181). Since F' and G have mass
dimension 2 the supersymmetry transformations take the form

0A
0B
oF
0G

0y

=0
—EY5Y
i€y Ot
57”753u¢
V0, Ae + iv'y50,Be + Fe + iv5Ge
(8.184)

The last line follows from our discussion above since, on-shell, we find (8.182) and hence

d1) agrees with (5.89).

So let us verify that these transformations generate a supersymmetry algebra that
closes off-shell. Proceeding as before we find

[01,00]A = i€&(1"0,Aer + 1 y50,Ber + Fe+ivsGer) — (1 = 2)
= i(é&7"er — @17t er)0,A

[01,00]B = —€v5(1"0,Aer + i y50,Ber + Fe+iv:Ger) — (1 > 2)
= i(éy'er — €17"'€2)0,B

(8.185)

where we dropped the €xv*vs5€1, €261 and €yy5€; terms since these are symmetric under

(1 — 2).

Next we consider the auxiliary fields

[(51, (52]F = iEw“ﬁu(W”@,,Ael —+ iv”%&,Bel + F€1 + i’75G€1) — (1 < 2)
= i€26182A — 627561823 -+ i€2’y“elaﬂF - Eg")/u’}/g,ﬁlauG) — (1 — 2)

01, 02)G

i(€27“61 - Ew“g)@uF
€7"750,(7 0, A€y + i7" v50,Ber + Feg + iv:Ger) — (1 = 2)
—52")/5618214 — i€2€182B + EQ’}/M")/5618#F + ZEQ")/M’}/{,ElauG) — (1 — 2)

= i(EQ’YHEl — En“@)ﬁuG

(8.186)

where, as always, we've dropped the év*vs€1, €261 and €ys€; terms since these are
) ) 5€1, 5

symmetric under (1 < 2).

Lastly we have

[01,00]00 = ~P0,(i€1))ea — iy 50, (€1750)€a + (161770 1) €2 + iy5 (617 V50,1 ) €r

—(1 < 2)

(8.187)

and again we’ll need our good friend Fierz.

1 1
(glapw>€2 - (1 A 2) = _5(517u€2)7uapw + 1(617“”62)7“,,(%1#
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1 1
(E1750,0)€a — (1 = 2) = —5(517“62)%753,;%0 + Z(Ewwez)vw%apl/)

— 1 = 1 c v
(e 0 )ea — (1 = 2) = —5(617“62)%7” oy + Z(ew” €2) VY Opt)
) 1 1
(e 50,9)ez — (1 = 2) = —(@ e) 17”1509 + 3 (@7 €)1 15959
(8.188)
Putting these all together leads to
1, (A
[01,02t) = —5(617”62)7p7u3p¢+1(617“ €2)7 Y Ot
i i
—5(617“62)7’)%3p¢ — 1(617“ €)Y Y 0p¥
i i
—5(617“62)7w”3pw + 1(617“ €2) VY Opt)
7 (A
—5(617“62)7u7p0pw - 1(617“ €)Yy’ Opt)
—2i(€17"€2)0,0
= (e — a7'e)0, 0
(8.189)

which completes the proof.

Problem: Show that L,fs_shey is invariant under the supersymmetry transformations
(8.184).

8.2 Superspace in Two Dimensions

Since the Poincare algebra has a clear geometrical origin in terms of the symmetries
of spacetime, it is natural to seek such a geometrical interpretation of supersymmetry.
This can be done as follows. In addition to the usual coordinates x* of spacetime we
suppose that there are additional anti-commuting spinorial coordinates 6%. Superspace
is then described by coordinates z™ = (2#,6%). x* and 6, are called the even and
odd coordinates of superspace. A superfield is a function on superspace with suitable
covariance properties. Any such function can be expanded in a polynomial about § = 0

A(ZM) = A(z) + 0o + ... + 0 F (8.190)

The key point is that this Taylor expansion eventually stops as a consequence of the
anti-commuting nature of 6,.

We will illustrate how this works in the simplest case relevant to us, namely two-
dimensions. Here 6, has two components which we take to be real thus we can write

0,05 = ;eaﬁee (8.191)
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where

9 = (91792>(_01 (1)> (Z;)

0105 — 0,0,
= 20,0,
(8.192)
Thus a real superfield can be written in terms of components as
A(z) = A(z) +ify + %%F (8.193)

This is already suggestive of the correct field content that was required for off-shell
supersymmetry, namely we have two real Bosons A and F' and one two-component
Fermion .

If we perform a translation along the odd coordinates of superspace § — 6 + € then
in order to generate a translation in the even part of spacetime we take x# — x* —iey"6.
Why shift z# too? Well we want to reproduce supersymmetries which are the ‘square
root’ of translations. As such we see that

[51, (52]9 — O
[51, 52][23'“ = —Z.Eg’)/uél — (1 — 2) (8194)
= U‘u'
where v = —2i€y7"€; generates a simple translation in x*.
Under such a transformation we see that
0A =eQA (8.195)
where 9
Q=155" "0, (8.196)

Thus we see that we can define a superfield more generally to be any function S of
superspace such that, under the transformation § — 6 + ¢, x# — x* — iey*0, transforms

as 0S = eQ)S.

It will prove useful to introduce superderivatives. To this end consider the operator

D = 880_ + 100, (8.197)

One can see that

(DaQs} - {awwe)aa g wem}

o0 mo08
S0, s,
= —Z@(V 9)5&/%—2%(7"9)&%

(8.198)
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where we used the fact that {30, 525} = 0 and

{(4%0)a0,, (170)0,} = {(70)a, (770) 5} 0u0y = 0 (8.199)
Continuing the calculation we have

O vy _ 08, 0

55a 108 = 5 507 (V5 °05) = Caryry” (8:200)
vy

We recognize this as (v/(C71)) a5 = —(77C™1)4s. Since this is symmetric in o < 3 we
find

{Da,Qst =0 (8.201)
It also follows, by a simple change in sign, that
_ 0 (A~ 9 (~Y
(@u s} = { g~ 104000, 5~ 670150,
= 2 C s
— —2("CasP,
(8.202)

Thus €@ does indeed generate supersymmetry when acting on superfields.

Problem: Show that if A = A +ify + %«%’F then the supersymmetry variations of the
component fields are

0A = ey
0y = ~"0,Ae+ Fe
OF = iey'o

(8.203)

Next it is important to observe that if §; and Sp are two superfields then so are
DS, DS; and §;S;. We also see that under supersymmetry 0S = éQS the highest
component of S always transforms into a total derivative

€QS [gy= E1"00,(S |5 (8.204)
Therefore we can construct an invariant Lagrangian, up to a total derivative, by taking
L=3S8 g (8.205)

for any choice of superfield S. A natural choice therefore is to take
S = —;DADA + 2iW(A) (8.206)

where W is an arbitrary function of A
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Problem: Show that the Lagrangian constructed from this choice of S is

1 _ 1 _
L = —50,AD" A — S0y Qi+ SF? + SU0PWip — FOW (8.207)

Here we see that F' plays the role of an auxiliary field with no on-shell degrees of
freedom. To proceed we simply integrate out F’ through its equation of motion, F' = oW,
to find

1 = 1 | -
L= —50,A0"A - %mu o = S(OW) + %zpa?ww (8.208)
This is precisely the two-dimensional N = 1 supersymmetric Lagrangian that we found
in one of the problems, with ¥V an arbitrary real function of A.
One can also define a notion of integration over a Grassmann coordinate 6,. We

take the integration to be a linear functional that takes real values. It is then defined
in general by the condition

/ df, = 0 / 0o, = 1 (8.209)

where there is no sum on « in the second equation. It follows that if we define

1 - 1
20 — _Z = —
/d 0= 1 /d@d@ 5 /d92d91 (8.210)
then
/dQGS =S g (8.211)

Thus taking the highest component of the superfield can also be thought of (and usually
is) as integration over the odd coordinates of superspace.

One can also consider superfields in other dimensions, most notably four. In four
dimensions it is useful to use two-component Weyl spinor notation (recall that we briefly
discussed this before in a problem). The general idea remains the same however one
finds that the most general superfield contains many more component fields. This leads
to a reducible representation of supersymmetry. Thus one usually imposes some kind of
constraint on the superfield. For example there are so-called chiral superfields (such that
D;S = 0) which contain two real scalars, a Weyl spinor and two auxiliary fields. This
describes the field content required for the four-dimensional off-shell supersymmetric
Wess-Zumino model and a similar superspace construction leads directly to the off-
shell Lagrangian (8.181). In these cases the superpotential term is actually expressed
as an integral only over a chiral half of superspace. This leads to various quantum
properties such as non-renormalization theorems that have been so useful in the study
of supersymmetric quantum field theories.
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9 The Super-Point Particle

As a final application of supersymmetry let us supersymmetrise the following one-
dimensional action:

1 ..
Sow =5 / dt e X1 X"n,, — m2e (9.212)

where X*#(t) are D scalar fields p = 0,1...,D — 1, a dot denotes differentiation with
respect to ¢ and 7, is the Minkowski Metric in D-dimensions. You may recognize this
as the worldline action of a point particle (with v;; = —e?). By eliminating e by its
equation of motion one finds the more familiar worldline action

Spp = —m / dt\/— X X1, (9.213)

If you haven’t done this calculation in Point Particles and Strings course do it now! In
that course we also saw how the quantization of this action lead to the Klein-Gordon
equation arising as the constraint equation for the wavefunction W(X*). Therefore the
point particle that is described by Sy, is a spacetime Boson. So how could we consider
a spacetime Fermion such as an electron from a worldline action? Well the answer is
supersymmetry (on the worldline).

In one-dimension the spinor indices can only take one value a, 3... = 1 and the ~-
matrices are just numbers. So we can more or less forget about them®. We also take our
Fermions to a real Grassmann variable. We need to introduce Fermionic superpartners,
A for X# as well as a superpartner y for e (even though e is not a dynamical field).

For simplicity we will take the particle mass m = 0. The most general Lagrangian
that contains these fields, ensures that x is non-dynamical and preserves spacetime
translations 6 X* = a* is

1 . . .
Sen = 5 / dt e X1 X1, — NN + 2ie N X 0 x (9.214)

This Lagrangian has the supersymmetry

IXH = delr
N = et XPe+ie M\ ye
oy = ¢€
de = 2iex (9.215)

Notice that we have allowed € to become t-dependent. Thus the supersymmetry is now
local and we are in fact considering one-dimensional supergravity. Indeed the Lagrangian
is invariant under the local reparameterization t — #'(t) provided that we take

Cdt Cdt

€ = —¢€ = —

a’ N T aw

5Strickly speaking we have v = C' = i and there is no Majorana condition but we will proceed

by dropping these factors of i and take our spinors to be real. This is essentially a pseudo-Majorana
representation.

X,  XP=XH,  NE= ) (9.216)
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To see this symmetry we simply calculate, dropping total derivatives,

. _ : 1 .. .
5L = e M(X, +i\x)oX" — @(X”XH + 20\ X, x)de
—idN Ny — X,x) +ie M X 0

= ie (X, F A (EM + €M) — — (XX, + 2iM X, )ey

i
2
—i(e ' X e +ie T Mye) (A, — X,x) +ie I AMX ¢
= ie_lXMé/\“ + ie_lXue}\“ — 6_1/\MX€/I\“ — ie_QX“XMeX
—ie ' X, e +ie T XPX ex + e TN, e AR X ¢

=0
(9.217)
Next we construct the conjugate momenta:
Pt o= e XH e My
1
" = —=\
2
(9.218)
and the Hamiltonian
H = PX'+I,\-L
P, (eP" —i\tx) + T, \*
1 . 2%
5 <(6P“ —iM'x)(eP, — i\, x) + 21T, " + EZ/\“(BPM — i)\ux))
= gPMP“ — NP,y (9.219)

where we have used the fact that \*\, = 0.
To quantize this system we consider wavefunctions W(X*#) and promote X* and P,
to operators

Xt - Xt XM= XM
. - 0T
P, — P,: PM\I/:—ZaXM

(9.220)

which satisfy [X*, P,] = i6". Next we must promote the Fermions M to (non-dynamical)
operators \* which satisfy o

w117 = i (9.221)
However this is equivalent to {\*, A} = —2p which is just the Clifford algebra in D

dimensions. Thus we can take
A = gyt (9.222)
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As we have seen this requires introducing a 2°/? dimensional vector space, the spinor
space, in order to realise 7, as a matrix. Therefore ¥ must also have a spinor index o
and

MO = ih T (9.223)

Next we impose the constraints. In the quantum theory this is done by restricting
the physical wavefunctions to be those that are annihilated by the constraints. We have
two constraints coming from the e and y equations of motion:

PP=0 MP,=0 (9.224)
In the quantum theory these therefore lead to the constraints

52 O
v _ M
" axeaxe 0

=0 9.225
oxXw ( )
Note that, as a consequence of the Clifford relation, the second equation implies the
first. We see that the superalgebra in one dimension is just H = ()? and hence the
condition ) = 0 implies H = 0.

The second equation is nothing but the massless Dirac equation in spacetime. Thus
the particle we have quantized is a Fermion. Finally we solve the Schrodinger equation
which, on the physical Hilbert space, is just

ov .
1—=HUV =0 9.226
Fr (9.226)
and hence we learn that ¥ is independent of t. Since Fermions exist in spacetime (they
come pouring out of your tv sets) we see that supersymmetry, indeed supergravity, is
indeed realised on their worldvolumes.

Appendix: Conventions

In these notes we will in general be in D-spacetime dimensions labeled by x*, u =
0,1,2,...,D — 1. When we only want to talk about the spatial components we use z°
with ¢ =1,..., D — 1. We use the the “mostly plus” convention for the metric:

-1
Ny = 1 (9.1)
1

Spinor indices will in general be denoted by a, 3, ... and their range will depend on
the dimension of spacetime, ¢.e. on the dimension of the representation of the Clifford
algebra. When we talk about four-dimensional Weyl spinors we will use the spinor
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indices a,a = 1,2. A capitol index I,J = 1,..., N will be used to denote extended
supersymmetries and a capitol index M is used to describe superspace.

We also assume, according to the spin-statistics theorem, that spinorial quantities
and fields are Grassmann variables, i.e. anti-commuting. We will typically use Greek
symbols for Fermionic Grassmann fields, ¥, A, ... and Roman symbols for Bosonic c-
number fields.
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