Extensions of a theorem of Van Aubel

1 Introduction and preliminaries

A theorem of Van Aubel, which first appeared in [2], concerns the figure obtained by
erecting squares on the sides of a quadrilateral, and considering various line-segments
such as the joins of the centres of opposite squares. In [1], parts of the theorem are
extended to the case of (i) four similar rhombi, and (ii) four similar rectangles erected
on the sides of a quadrilateral. Further, these two results are described as in some sense
“dual” to each other. Here we show that they are in fact both special cases of a further
extension of the original theorem (see Proposition 6, and the remarks that follow it), and
we also find several extra squares in the original Van Aubel figure (Theorem 11).

We shall adopt the general convention that points A;, Bs, ... are represented as
complex numbers by the corresponding lower case letters aq, bo, . ...

In a number of places we shall make use of the following well-known technical device:

EQUAL FrRACTIONS LEMMA. If several fractions are equal, then each of them is equal
to any linear combination of their numerators divided by the corresponding linear com-
bination of their denominators (provided this is not zero).

PROOF. If u = 2 for j=1,2,..., then for any A, Ay, ... (with 35; A\jy; # 0),
Yj
> A . > Aji(uy;) _ w5 Ajyj

= = =u. 1
2ANY XA 225 Ajlj

Is this well-known? I've mentioned it once or twice in company recently, and got blank
looks all round. In my youth, it featured regularly in school examinations, and I had the
impression that most people were familiar with it. Thirty years ago, I remember using
it to solve a newspaper brain-twister, and saying to a very eminent colleague (who shall
remain nameless) that any reasonably intelligent non-mathematician ought to be able to
follow the argument. “If they were reasonably intelligent,” he remarked mildly, “they
wouldn’t be non-mathematicians!”—but I digress.

2 The diagonal ratio of a quadrilateral

Let A1 Ay A3 A, be a quadrilateral, which might possibly be non-convex, or might even have
two opposite sides crossing internally. The diagonals of A1 A3A3A, are the line segments
A Az and As Ay, and we define the diagonal ratio (A1 A3A3A4) to be the complex number

given by the formula
a; — as

(A1AsA3Ay) =

as — ay
We shall say that the quadrilateral A;A;A3Ay is equidiagonal if the lengths A As,
Ay Ay are equal, that is, if |(A1A2A3A4)| = 1, and orthodiagonal if AjAs 1 As Ay, that



is, if (A3 AyA3Ay) is pure imaginary. So, for example, every rectangle is equidiagonal and
every thombus is orthodiagonal.

If the quadrilateral I' has diagonal ratio z, then a cyclic permutation, or a reversal
(or both) of the vertex order of I" will produce a quadrilateral with diagonal ratio z,
Vor —271, and it would make some sense to regard these complex numbers as
equivalent, and then work with equivalence classes. However, we choose not to do this,
and instead are careful at various steps to name vertices in the order that produces the
“correct” (i.e., desired) value of the diagonal ratio. Notice, however, that if z has modulus
1 (respectively, if z is pure imaginary), then the same can be said of —z, 27!, and —z7!.

Now let A;AyA3A4 be a quadrilateral, and let B;ByB3B, be the mid-point quadri-
lateral: specifically, let By, By, Bs, By be the mid-points of Ay Ay, A1 Ay, A4As, A3zA,
respectively (note the order). It is a well-known theorem of Varignon that By B,BsBy is
always a parallelogram; but a parallelogram can have any diagonal ratio. However, it is
easy to show that the diagonal ratios z = (A1 A2A3A4) and w = (B B2 B3 By) are related:

—Z, 2~

1
ProprosITION 1. With 2z, w as above, we have w = et T
Z —
PROOF.
w— by —by 5(az + a1) — 3(as + as) _(a—ag)+(az—ay) _z+1 .
bo—bs  (ar+as) —3(az+a) (o —ag) —(ag—ay) z—1

COROLLARY 2. Let A;A3;A3A4 have mid-point parallelogram BBy B3B4. Then
(i) A1AA3A, is equidiagonal iff By By B3 B, is orthodiagonal, and

(i) A;AA3Ay is orthodiagonal iff By By B3 By is equidiagonal.
z+1

PROOF. The Mobius transformation f : z — is an involution, that is, f2 = 1, and

it interchanges 0 with —1, ¢ with —¢, and 1 with co. Consequently, it interchanges the
unit circle |z| = 1 with the imaginary axis, and the result follows.

Of course, this corollary has a much easier geometric proof (not using complex num-
bers), which we leave to the reader.

ProprosiTioN 3. Let f : C — C be a transformation, and for each point A write
f(A) = A’. Then, for any quadrilateral A; A;A3Ay,

(i) if f is a direct (that is, orientation-preserving) similarity, then (A;A3A3A44) =
(A1 Ap Az AY);
(ii) if f is a translation, then (A1 A2A3Ay) = (A1 A2ALA,) = (A1 ALASAL).

PROOF. There exist u,v € C, with u # 0, such that, for all z € C, (i) f(z) = uz + v;
(ii) f(2) = z + v. The result is immediate. B

ay — aq
a9 — A

lelogram A;A;AsAy4, though we shall simply regard this as the diagonal ratio of the

degenerate quadrilateral A;As A Aq:

The next corollary is about what we might call the side ratio of a paral-



Figure 1: Proposition 5

COROLLARY 4. Let A;AsA3A, be a parallelogram, and let By, By, B3, By be the mid-
pOil’ltS of A1A2, A2A3, A3A4, A4A1 respectively. Then <A4A2A1A1) = (BngBlB4>.

PRrROOF. Immediate from Proposition 3(ii) (or by direct calculation). N

3 A theorem about four parallelograms

PROPOSITION 5. Given a quadrilateral A;A;A3Ay4, erect parallelograms A;AsCy Dy,
AsA3C3Dy, AsALCL D5, AyA1C1 Dy on the sides, and let the parallelograms have centres
By, By, Bs, B, respectively. Let the mid-point of Cy Dy be Ey, k= 1,2,3,4. Then

(i) B1ByB3Bj is equidiagonal iff Fy FyE3E, is orthodiagonal, and
(ii) ByByB3By is orthodiagonal iff Ey EyFE3E, is equidiagonal.

(See Figure 1, which shows the second case, where BjBy;B3B, is orthodiagonal. For
clarity, a case where all four of the parallelograms are external to A;A3A3zA, is shown,
though in fact each one (separately) can be erected either externally or internally.)

PROOF. B; is the mid-point of A;C5, so by = %(al + ¢2), whence ¢ = 2b; — ay; similarly
dy = 2by—as, and so 9 = %(02+d2) = b1+b2—%(a1+(l3). Likewise e = b2+b3—%(a2+a4),
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C1 D,
Figure 2: Four similar parallelograms
es = by +by— %(al +asz), and e; = by+b; — %(ag +ay4). By two applications of Proposition
3(ii) and one application of Proposition 3(i), it follows that E)F;E3F, has the same

diagonal ratio as the mid-point parallelogram of By B, B3 By, and the result follows from
Corollary 2. B

4 Theorems about four similar parallelograms

For the rest of this paper, we shall be concerned with a special case of Figure 1, where the
four parallelograms are directly similar; but the vertices do not correspond in perhaps the
most obvious order. We write P, P, P3P, ~ (Q1Q02Q3Q4 to mean that P, P, P3P, is directly
similar to Q1Q2Q3Q4 with P, corresponding to ()i, for each k. We shall assume that

A1AsCo Dy ~ A3C35Dy Ay ~ A3ALCy D3 ~ A1C1D4A,. (1)
The points Ej are defined as before, throughout. See Figure 2.
PROPOSITION 6. Given (1), we have (ByByB3By) = (D1AsA1Ay).
PROOF. By Proposition 3(i), we have
(D1A2ALA) = (AyC5A3A3) = (D3 A AsAs) = (A4C1ALA)) = u (say),
that is,

2b1—a2—a1 a9 — a3 2b3—a4—a3 as — aq

a9 — A 2[)2—@2—&3 as — as 254—&4—&1.



Using the equal fractions lemma,

. (2b1 — a9 — CL1> + (CLQ - a3) - (2b3 — Q4 — CL3) — (CL4 — al)
(ag—ay)  +(2bp—ay—a3z)— (ag—az) —(2by—as—aq)

which is just (B;B2B3By). B

BB AD
In particular, 18 _ 21 1, and also, if the lines B; B3 and ByB, meet at O, then
BB, AA;
E\E AsD
(B10OBy = /D1 A1 As. From Proposition 5, with the F}, defined as before, 13 21
EyEy  ACy

and also, if the lines F1 E3 and FyE, meet at (), then /E1QFE, = /Ay B A;.

As special cases, if A1A,CsDq is a rectangle, then B;B,B3B, is orthodiagonal and
FE, EsEsEy is equidiagonal; and if A; A;Cs D4 is a rhombus, then By B, B3 By is equidiagonal
and ) FEyE3Ey is orthodiagonal. This shows that [1, Theorems 5 & 6], rather than being
in some sense “dual” to each other, are in fact two special cases of the same theorem.
Van Aubel’s theorem itself is the case where A A>Cy D4 is a square, so that B;ByBs3B,
is both equidiagonal and orthodiagonal, likewise Fy FEsE3FE),.

We now turn to the question of when the four lines B1B3, BBy, F1E3, EyE, are
concurrent, that is, when the points O and @) coincide. First, an easy special case:

PROPOSITION 7. Given (1), if A;AsA3A, is a parallelogram, then the six lines A; Aj,
A2A4, BlBg, BQB4, ElEg, E2E4 are concurrent.

PROOF. One does not need complex numbers for this: if A; A3 and A; A4 meet at P, then
the entire diagram is symmetrical by a half-turn about P; see Figure 3. (Nonetheless,
the reader might like to check that, if a1 + a3 = as + ay = 2p, then also by + b3 = by + by =
€1+€3:62+€4:2p.) [ |

In the general case, let us take O as the origin; so now B;, By and O are collinear,
by — b3

b b
and thus b_l € R ; likewise b_2 € R. Now u = , by Proposition 6, and it follows

3 4 2_b4

b
that u is a real multiple of b_l’ likewise of —. So there exist A, 1 € R with b—l = Au and

2 4 2
b3
b L.
Next,
ez 2by +2by —ay —ag
€4 2b3+2by —ay —az’
From (2),
2y —ax—ar  ag—az  (2by —ag—a1)+ (ag —as) 20y —a; —as
 ay—ay  2by—ay—as (ay—ay) + (20 —ay —as)  2by —a; —as’
whence a1 + a3 = w, and similarly a; +as = w. So, substituting back,

es  (L=u)(by+by) = (by —uby) by—ubi  (by\ (1=’
€4 N (]_ — U)(bg + b4) — (bg — Ub4) N b4 — Ubg N b4 1-— ,uu2 ’
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Figure 3: Proposition 7, and Proposition 8, case (ii).

It follows that

S—jER — (11— ?)(1—pw®) eR
< 1+ M\u(ua)® — \® — pu* € R
= (u—Nu*+ (1 + M(uw)? — p(u? +H2)> eR
— (u—Nu*€eR.

But p — A € R, and so e € R iff either A = p or v? € R. This leads to:
€4

PROPOSITION 8. Given (1), the four lines By Bs, ByBy, E1Es, ExE, are concurrent iff
(i) A1A2Cy Dy is a rectangle, or
(i) A;AA3Ay is a parallelogram.

(See Figures 3 and 4. The sufficiency of (i) is part of [1, Theorem 5].)

PROOF. If (i) holds, then (A;A45,C5D;) = u is pure imaginary, so that u> € R, and by

the above calculation it follows that -2 € R and thus EyE, passes through O; similarly,
€4

a € R, and E; E5 passes through O also. If (ii) holds, use Proposition 7.
€3



\ g BZ
A3 ................... ° B3
B]_ @ -t T ‘; ................
a1, T |
E, i d
.
B,

Figure 4: Proposition 8, case (i).

So now suppose we are not in case (i). We shall assume that u is not real, for if it is,
then we are in a degenerate case in which the parallelograms collapse, and Cy, D; lie on
the line A;As. The reader might like to show that when this happens the four lines B, Bs,
ByBy, E1FEs3, EsEy are all parallel, so that they are concurrent at a point at infinity.

If we are not in case (i) and u is not real, then u? is not real either: so, by the above,

EsE, passes through O — A =pu

b by
b b

b by bi—by
T b by ba—by "
— bl—ubQZO:bg—Ub4
— a1+a3:O.

Similarly, if FFs3 passes through O, then ay + a4 = 0. So if the four lines By B3, By By,
E\E3, EsE, are concurrent and we are not in case (i), then a; + a3 = 0 = as + a4, and
we are in case (ii). il

PROPOSITION 9. In the rectangular case (Proposition 8, case (i)), By B3 and ByBy are
the bisectors of the angles between E)F3 and EsFEy at O. (This also appears in [1].)

Proor. We need to show that /E,OBy = /ByOFs3, and for this we just need % € R.
2
As before, we have
b1 — ub2 . bg — ub1

l—u  1—u

1
62:b1+bz—§(a1+a3):b1+b2—



and, by a similar calculation,

ub2 + b3 . b2 + Ubg
1+u  14u

€963 1 by b3
©2% _ 1—ut) (1+u2).
B3 1—u2< “@)( +“@>

ese
Since each of — and -2 is a real multiple of u, and u? € R, we see that % € R, and
2 2 2
the result follows. i

Y

1
63:b2+b3—§(a2+a4):bz+b3—

so that

We now return to the general case (1), where the four similar parallelograms are not
necessarily rectangles. We are going to find two more parallelograms similar to these
four. To this end, let F}, I3 be the mid-points of By B3, By By respectively; let Gy, G5 be
the mid-points of FyFE3, E,E, respectively; and let Hy, Hy be the mid-points of A;As,
Ao Ay respectively. Of course, if A;AyA3A, is a parallelogram, then the six points we have
just defined will all coincide; so let us assume that A; Ay A3Ay is not a parallelogram. We
have

2fi = by +0bs,
2fa = by + by,
21 = eg+e3="0 +by+b3+by— (ag+ ay),
299 = ey +eg=0b+by+bs+by— (a1 + as),
2hy = aq + agz,
2hy = a9+ ay.
It is immediate that f; + fo = g1 + ho = g2 + hq, so that the mid-points of FiF,, G1H,

and G9H; coincide. Thus the quadrilaterals F1G1FyHy, GoFyH  Fy, and G1GoHoHy are
parallelograms.

ProproSITION 10. Given (1), and assuming A;A;A3A, is not a parallelogram, then
AlAQCQDl ~ F1G1F2H2 ~ GQFlHlFQ.

Proor. We have

hg—f1:a2+a4—b1—b3
g1 — f by +by—ay —ay’
fa— 92 :a1+a3—b1—bg
fi—g2 ar+az—by—by

and

(HoGiFFy) =

(FQFlGQGQ) -

Let u = (D1 A3A1Ay), as in (2). From (2), and the lemma on equal fractions,

—(2b1 — a9 — CL1) :l: (CLQ — CL3) — (2b3 — Q4 — CL3) :i: (CL4 — al)
— (ag—a1) £(2by—ag—az)— (ag—a3z) £ (2by—ag—ay)

u =

Taking the four upper signs, we have u = (HyG1 F1F}), and taking the four lower signs,
we have u = (FpF1G2Gs).



5 Van Aubel revisited

THEOREM 11. Suppose the four parallelograms of condition (1) are squares. Then (using
the above notation)

(i) B1ByB3Bj is equidiagonal and orthodiagonal;
(ii) EyEsE3E), is equidiagonal and orthodiagonal;
(iii) the four lines By B3, ByBy, E1E3, EyE, are concurrent and equally inclined;

)
)
)
(iv) the mid-point parallelogram of By By B3 By is a square;
(v) the mid-point parallelogram of E) FyFE3FE), is a square;
) G

= Hy, Gy = Hy, and (provided A; A3 A3A, is not a parallelogram) FyG1FyGy is
a square; and finally

(vi

(vii) the square in (iv) is the mid-point parallelogram of the square in (v).

See Figure 5, where for clarity we have taken A; A; A3 A, convex and the squares external;
we invite the reader to draw the corresponding diagram for some other cases, e.g., a case
where the four original squares are erected internally on the sides of A1 Ay A3Ay, or a case
where two opposite sides of A; A3 A3A, cross internally.

PROOF. Most of this is done already: (i) follows from Proposition 6, as previously
remarked, and then (ii) follows from (i) and Proposition 5. Then (iii) is Proposition 8,
case (i), together with Proposition 9. This far, the theorem is Van Aubel’s theorem, as
stated in [1].

Next, (iv) and (v) follow from (i) and (ii) together with Corollary 2.

Finally, we prove (vi) and (vii). From Proposition 10, F1G1FyHs and GoFyHy Fy are
directly similar, and are squares. Since they share the opposite vertices F; and Fy, they
coincide, so G; = Hy and Gy = Hy, which completes (vi). (The reader is invited to check
that G; = H; and Gy = Hs even if AjAyA3A, is a parallelogram.) From ¢g; = h; we
deduce that

b1+b2+bg+b4:a1—|—a2+a3+a4. (3)

There is an amusing alternative way to derive (3): we have

by —ay by — ay bz — a3 by — ay ( )
bl—a2 b2—a3 b3-6L4 b4—(11 ! e

But here the numerators and denominators both add up to by +bs+bs+bs—a1 —as—as—ay,
so if this is not zero, the lemma on equal fractions gives us 1 =i (or —i), a contradiction,
and so (3) follows, again.

We now have

as + a a1 + a as + a
e1+2es+e3 = <b4+bl— 22 4)+2(b1+b2— 12 3)+<b2+b3— 2 4)

2
= 301 +3by + b3 + by — (a1 + az + az + ay)
= 2(by + by),



Figure 5: Theorem 11

or

L/er+ex ext+ez b+ b
2 < 2 2 > o2

which says that the mid-point of the line joining the mid-points of Fy Fy and FyFj is the
same as the mid-point of B;B,. A similar calculation for the other three vertices finishes

(vii). N

As a parting shot, we invite the reader to draw the diagram in the special case where
Az = Ay, so that in fact A3 = Ay = B3 = Cy = D3. We then obtain a theorem about
three squares erected on the sides of AA;AyAs, considered as a degenerate quadrilateral
A1A3A3As, so we can add to this the corresponding theorems about the degenerate
quadrilaterals A;AsAsAs and A; A1 AsAs. Part of what results is a familiar theorem
about the concurrency of the lines joining A;, A, Az to the centres of the opposite
squares (at the orthocentre of the triangle formed by these centres), but Theorem 11 also
gives us nine other squares to be drawn within the figure. The author’s recommended
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method for drawing this is to use a dynamic geometry program to produce figure 5, and
then move A, to coincide with Az. A macro can be used to reproduce this figure so as
to superimpose the three degenerate quadrilaterals, and judicious use of colouring helps
make sense of the resulting collection of lines and squares.

Reference

1. M. de Villiers, Dual generalisations of Van Aubel’s theorem, Math. Gaz. 82 (Novem-
ber 1998) pp. 405-412.

2. M. H. Van Aubel, Note concernant les centres de carrés construits sur les cotés d'un
polygone quelconque, Nouwvelles Corresp. Math. 4 (1878) pp. 40-44.

John R. Silvester 28 July 2004
Department of Mathematics

King’s College

Strand

London WC2R 2LS

(Email: jrs@kcl.ac.uk)

11



