6 The Spectral analysis of compact operators.
In this section K will always denote a compact operator.
Theorem 6.1 If \ # 0 then either X\ is an eigenvalue of K or A € p(K).

Proof. Suppose that A # 0 is not an eigenvalue of K. We show that A € p(K). The
proof of this is in several stages.

(a)  For some ¢ > 0, we have that that |[(AM — K)z|| > c||z|| for all z € H.
Suppose this is false. Then the inequality fails for ¢ = % for kK = 1,2,---. Therefore
there is a sequence of unit vectors such that

1
I = K] <

that is, (M — K)xy) — 0. Applying the condition that K is compact, there is a
subsequence (zy,) such that (Kxy,) is convergent. Call its limit y. Then
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and so (zx,) — . Since (xy,) is a sequence of unit vectors, y # 0. But then,

Yy
G

M — K)y = lim(M — Ky, =AY —y=0.
( £

1—00 A
This contradicts the fact that A is not an eigenvalue, so (a) is established.

(b) ran(AM — K)="H.
Let H,, = ran(A] — K)™ and write Hy = H. It follows from (a) using Lemma 5.1/ that
(H,) is a sequence of closed subspaces. Also

(M — K)H, = Hy iy
Hoy 2> H DHyDH3z2---.
Note that, if y € H,, then Ky = (K — Al)y + \y) € H,, so that K(H,,) C H,.

We now use the compactness of K to show that the inclusion H,, C H,.; is not
always proper. Suppose, on the contrary that

Hy>oDH DHyDH;D---.

Using Lemma (1.7, for each n we can find a unit vector z,, such that z,, € H, and
x, L H,y1. We show that (Kx,) cannot have a Cauchy subsequence. Indeed, if
m>n

Kz, — Kz,, = (K— M)z, + Az, — Kz,
Az, + (K — ANz, — Kz,
= Az, + =z



where z € H, 4y [Kx,, € H,, C H, 41 follows from m > n]. Thus
| Ky — Kaml” = AP+ ||2[] > [AP

and so (Kx,) has no convergent Cauchy subsequence. Therefore, the inclusion is not
always proper. Let k be the smallest integer such that Hy = Hp.1. If k& # 0 then
choose x € Hy_1 \ Hy. Then (M — K)x € Hy = Hy41 and so, for some v,

M - K)x = (M — K)"y = (M - K)z
where z = (A — K)ky € Hy,. Now 2 & Hy, so x — z # 0 and
(M—-K)(x—2)=0

contradicting the fact that A is not an eigenvalue. Therefore k = 0, that is ran(Al —
K) — H1 - HO - H

(c)  Completing the proof. This is done exactly as in Theorem [5.5 (i). For any
y € H, there is a unique x € H such that y = (A — K)x. Define (\[ — K) 'y = z.
Then [ly[| = c[|z|| so

1A = K) "yl = =]l < <yl

showing that (Al — K)~! € B(H) (i.e. it is continuous). Thus A € o(K). ®

Lemma 6.2 If {z,} are eigenvectors of K corresponding to different eigenvalues
{x,}, then {x,} is a linearly independent set.

Proof. This is exactly as in an elementary linear algebra course. Suppose the state-

ment is false and k is the first integer such that xq,xs,- - -,z is linearly dependent.
Then Y% | a;z; = 0 and a # 0. Also, by hypothesis Kz; = \iz; with the \;’s all
different. Now 2, = SF! B;z; (where 3; = —a;/ay;) and so

k—1

i=1

showing that xq, xo,---,xr_1 is linearly dependent, contradicting the definition of k.
|

Theorem 6.3 o(K)\{0} consists of eigenvalues with finite-dimensional eigenspaces.
The only possible point of accumulation of o(K) is 0.

Proof. Let A be any non-zero eigenvalue and let N = {x : Kx = Az} be the
eigenspace of A. If V is not finite-dimensional, we can find an orthonormal sequence
(x,,) of elements of N [apply the Gram-Schmidt process (Theorem 3.4) to any linearly
independent sequence]. Then

K2y — Kp|? = [[Az, — Az |* = 2|A]?

which is impossible, since K is compact.



To show that o(K’) has no points of accumulation other than (possibly) 0, we show
that {\ € C: |A\| > 0} No(K) is finite for any ¢ > 0. Suppose this is false and there
is a sequence of distinct eigenvalues (\;) with |\;] > d for all . Then we have vectors

Let H, = span{zi,xy,---,x,}. Then, since {z,} is a linearly independent set, we
have the proper inclusions

HiCH,CHs;CH,C---.

It is easy to see that K(H,) C H, and (A, — K)H, C H,_1. Choose, as in The-
orem 1.1/ a sequence of unit vectors (y,) with y, € H, and vy, L H, 1. Then, for

n>m,
Ky, — Kym = A\Yn — [()‘nl - K)yn - Kym]'

Since (A, — K)y,, € H,_1 and Ky,, € H,, C H,,_1, the vector in square brackets is
in H, 1. Therefore, since y, 1. H, 1,

HKyn _KymH > ’)‘nl >0

showing that (Ky,) has no convergent subsequence. W

Corollary 6.4 The eigenvalues of K are countable and whenever they are put into
a sequence (A\;) we have that lim_,. A\; = 0.

Proof. [The set of all eigenvalues is (possibly) 0 together with the countable union
of the finite sets of eigenvalues > %, (n=1,2--+).

If € > 0 is given then, since A : \ an eigenvalue of K |\| > € is finite, we have that
|Ai] < € for all but a finite number of values of i. Hence (A;) — 0. ] ®

Corollary 6.5 If A is a compact selfadjoint operator then || Al equals its eigenvalue
of largest modulus.

Proof. This is immediate from Theorem 5.5 (ii). W

The Fredholm alternative. For any scalar yu, either
(I — uK)™" exists

or the equation
(I —uK)x=0
has a finite number of linearly independent solutions.

(Fredholm formulated this result for the specific operator (K f)(z) = [ k(z,t)f(t)dt .
In fact, he said : EITHER the integral equation

$@) = p [ W 0f @t = g(a)



has a unique solution, OR the associated homogeneous equation

£y = [ kw00 de =0

has a finite number of linearly independent solutions.)

We now turn to compact selfadjoint operators. For the rest of this section A will
denote a compact selfadjoint operator.

Note that every eigenvalue of of A is real. This is immediate from Theorem 5.5, but
can be proved much more simply since if Az = Ax, where z is a unit eigenvector,

A= (Az,z) = (x, Ax) = (A*z,2) = (Az,2) = \.
Lemma 6.6 Distinct eigenspaces of A are mutually orthogonal.

Proof. Let x and y be eigenvectors corresponding to distinct eigenvalues A and pu.
Then,

Mz, y) = (Az,y) = (z, Ay) = (2, Ay) = 1z, y) = p(z,y)
(since p is real) and so (z,y) =0. A

Theorem 6.7 If A is a compact selfadjoint operator on a Hilbert space H then H
has an orthonormal basis consisting of eigenvectors of A.

Proof. Let ();)i=1,2.. be the sequence of all the non-zero eigenvalues of A and let N;
be the eigenspace of ;. Take an orthonormal basis of each /N; and an orthonormal
basis of Ny = ker A. Let (z,) be the union of all these, put into a sequence. It follows
from Lemma (1.6 that this sequence is orthonormal.

Let M = {z:z L x, for all n}. Then, if y € M we have that (z,, Ay) = (Az,,y) =
MTn,y) = 0 and so A(M) C M. Therefore A with its domain restricted to M
is a compact selfadjoint operator on the Hilbert space M. Clearly this operator is
selfadjoint [(Az,y) = (x, Ay) for all z,y € H so certainly for all x,y € M]. Also
it cannot be have a no-zero eigenvector [for then M N N, # (0) for some k& > 0].
Therefore, by Corollary 1.5, it is zero. But then M C Ny. But also M L Ny and so
M = (0). Therefore (x,) is a basis.

Corollary 6.8 Then there is an orthonormal basis {x,} of H such that, for all h,

Ah =Y N(h, zp)z, .

n=1

Proof. Let (x,) be the basis found in the Theorem and let A\, = (Ax,,x,) (this is
merely re-labeling the eigenvalues. The from Theorem 3.3 (iii), for any h € H,

h = i(h,xnﬂn.

n=1



Acting on this by A, since A is continuous and Ax,, = \,z, we have that

Ah = Z A, ),

n=1

Theorem 6.9 If A is a compact selfadjoint operator on a Hilbert space H then there
is an orthonormal basis {x,} of H such that

Z (xn ® xy)

where the series is convergent in norm.
Proof. Let {x,} be the basis found as above so that Ax, = \,x, and

Ah = Z An by xp) T,

n=1

Note that (A,) — 0. Let
k
A, = Z An(Tn @ x3) .

n=1

We need to show that ||A — Ag|| — 0 as k — oo.

Now

(A— Ap)h = i An(h, )T

n=k+1
and, using Theorem 3.3 (v)
(A =ADRI? = > Palh,a)f

n=k+1

< sup |)‘n|2 Z |<hvxn>|2
n>k+1 n=k+1

< sup Ml Zrhxn
n>k+1

= sup |A)? ||h||2-
n>k+1

Thus ||(A— Ax)|| < sup,>j.1|Anl, and so since (A,) — 0, we have that [[A— Ag|| — 0
as k —oo. W

Alternatively, Theorem 4.4/ may be used to prove the above result. Let {z,} and Ay

and A be as above and let .

P, = Z(mn ® Ty) -

n=1
Then, since {z,} is a basis, Theorem 3.3/ (iii) shows that (P;) converges pointwise to
the identity operator I. Since Ay = APy, Theorem 4.4/ shows that (Ag) converges to
A in norm.



Exercises 6

. Let K be a compact operator on a Hilbert space H and let A # 0 be an eigenvalue
of K. Show that A\I — K has closed range. [Hint : let N = ker(A] — K) and let

M = N+, If y € ran(A] — K), show that y = lim,, (A — K)z, with 2, € M. Now
imitate the proof for the case when X is not an eigenvalue.]

. Find the norm of the compact operator V defined on L?[0, 1] by

(Vi) = [ f)d

Hints: Use Corollary /5.4 and the fact that the norm of the compact selfadjoint opera-
tor V*V is given by its largest eigenvalue. Now use the result of Exercises 2 Question
6 to show that if f satisfies V*V f = Af then it satisfies

{/\f”+f =0
fy=o0,  f(O)=0.

[You may assume that any vector in the range of V*V (being in the range of two
integrations) is twice differentiable (almost everywhere).]

Note that a direct approach to evaluating || V' || seems to be very difficult (try it !).
. Let {z,} be an orthonormal basis of H and suppose that 7" € B(H) is such that the

series 0% | ||Tx,||* converges. Prove that

(i) T is compact,

(i) 30, || Tya]|* converges for every orthonormal basis {y, } of H and for the sum
is the same for every orthonormal basis.

Note : an operator satisfying the above is called a Hilbert-Schmidt operator.

Hints: (i) write h € H as a Fourier series, h = >2°; ayx; where «; = (h, z;). Define
T,h =371, oyTx; and show that

(T — T)n|* < (i \%\-HT%H) < |l (i Hchin) :

n+1 n+1

(ii) Take an orthonormal basis ¢, of H consisting of eigenvectors of the compact
operator T*T. Observe that if T*T'¢y, = updr then uyp = (T* Ty, dr) = | Tdw||*> > 0.
Now use the spectral theorem for T*T to prove that if for any orthonormal basis
{zn}, 2, || Tz,]|* converges then

N Tznl* = D AT Twn, @n) = D -
n=1 n=1 k=1

Note that for a double infinite series with all terms positive, the order of summation
may be interchanged.



