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—
Introduction

n > 2. L?-decay estimates of solutions to
ou—Adu+ (Uu-V)u+Vr =0, in  (0,00) X R"
(N-S) § divu=0, in (0,00) xR"
diva=0, u@=a in R"

@ Kato ('84), Giga-Miyakawa ('85); a € L" with small ||al|_» and
aelP,(1<p<?2
nf1 1
= u@lle ST with =3 (5 _ E)'
o Wiegner ('87): a € L? with [|¢a]l,> s t™, (0 2 0), < ac B,
+2

= lu)llz ST with yw = mln(e T)

n+2 n
Y < — < pJ.
4 n+1
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—
Introduction

u:sol. of (N-S)

t
(LE) u(t) = e*a— f e=94p(yu. V)u(s)ds
0

where
(6, j+ R.RJ)1< i<n : Helmholtz projection.
°
Convolution estimates (Theorem 1) = e“a.
°

Div-curl estimates (Theorems 2 and 3) = (u- V)u.
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Contents

@ Muckenhoupt classes A, and Weighted Hardy spaces HP(w)
@ Linear Estimate: Convolution estimates on weighted Hardy spaces
@ Non Linear Estimate: Div - Curl estimates

@ Their application to decay estimates of solutions to the Navier-Stokes
equations
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Muckenhoupt classes A,, (1< p < )

w: weight &= 0<we L} (R").

w(E) = fwdx (EcR").
E
B: ball in R".

1/p
oWeA(1<p<x) |B|‘1f|f|dxs C(W(B)_lflflpwdx) .
B B

o A, = U Ap.

1<p<co
@ p<g=(A1C) ApCcAg (CA).
°

-n np-1) ifl <
X, (0 € Ay e <a< (p- ) ifl<p<o
-n<a<0 ifp=1
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-
Weighted Hardy spaces

Withw e A, and 0 < p < oo,

HP(w) = { f e S'(R"); sup|e” f| Lp(w)}
t>0

with
Il = [suple 1| where gy, = [ IgPwdx
>0 LP(w)
e f = f+G g G(X) = (4n) "2 exp(-|x1?/4) and gi(X) = t™"g(x/1).
o
pe(l,oo) and we A, = HP(w) = LP(w).
o

g>p=21=TweA; st &eHPW)
(from Stromberg-Torchinsky).
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—
Convolution estimates

LetO< p<q<oco.

Theorem 1
Let w, o € A,. Assume that there exists K > 0 such that
_ : Ky o(B)Y4

[w, o, = sgpmln(l, |B| )W(B)l/P < 1)

Then, for ¢ € S(R"),
I+ @llHagr) < (W, o]y Il FllHpw)- (2
The proof uses atomic decomposition and molecular characterization
theories for weighted Hardy spaces.
7116
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—
Convolution estimates

LetO< p<(g<oo, —N/g<B<a< oo, WX) = [x]?P and o (X) = |x}.

Lemma
There exists K > 0 so that [w, (T]xgq < 00.

@ Homogeneity:
1 ()l lHPw) = /1_(Q+n/p)||f|||-|p(w).

Corollary
€ fllHagey < U711 Fllpw)
with
_n(l_ 1) a-p
Y=3 P q 2

©)
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Convolution estimates

Remark

If
1€ FllLaoy S 11 FllLogw),

then it have to fulfill that

-n/g<B<a<nl-1/p)

which almost implies w € Ap and o € Aq.
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-
Sketch of the proof of Theorem 1

Letl< p<g<ocoand f € HP(w). From Strémberg-Torchinsky,
f = > Ajaj with suppa;j  Bj, |lajll= < 1and 9”8;(0) = 0, (Iyl < N)
i
with for all s> 0

HZ Ay, < [Ifllkogw).
LP/s(w)
I * @liHagr) = ||sup|e” (f = ¢)| j sup|e™(aj * ¢)| x2g,
t>0 L9(o) j >0 La(o)

=1 +1I.

+ Z /lj SUp'etA(aj * (p)|)((2|3j)c
j >0 Lq(o')
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-
Sketch of the proof of Theorem 1; Estimate of |

I < Aj f |glod x,
; L J2Bj

with some 9l e () < 1. Forsomer > landany s> 0,

sup|e”(aj * ¢)|
t>0

o
SUp|etA(aj * <p)| < min(l, |Bj|l+(l+N)/”)_
t>0 Lo
o )
o(B;)Ya i N S
f |g|0’dX$ J 7 f MI’;W (lglvva 1/r0_1/q) dX ’
2B wW(B;))Y/PJzs

1/r
where M;wh(x) = (supw(Q)‘l |h|rwdx) .
Bsx Q
°

B:)1/d
K <1+ (1+N)/n= min(1,|BjH /) %
j
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Div-Curl estimates

Coifman-Lions-Meyer-Semmes ('93):
n/(n+1)<p,g<oo, 1/r=1/p+1/g< 1+ 1/nanddivu=0,
= [|(u- V)V < lIUllkelVVIHa.

Here u= (Ug, - ,Un), V= (v, -, V) and

n n
(u-vyv= Z ujojvy, - - - Z UjdjVn |-
=1 i=1
Aim:
(U~ V)VIIHr ) S Ullie)l [V VlHae)
with 1/r =1/p+1/g<1+1/n, u =w/Ps"/9and divu = 0.
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Div-Curl estimates; Non-endpoint cases p < oo
Theorem 2

Letn/(n+1) < p,q<ecand 1/r =1/p+1/q< 1+ 1/n. Suppose that there
exist p* € (1, p(1 + 1/n)) and g* € (1,g(1 + 1/n)) so that

weAy, ceAy and p/p+Qq/q<1l+1/n
Then,

(U~ V)VIIHr ) S Ulle)l [V VIlHae)

(4)
with div u = 0 and u = w'/Pg'/9,

U VMg S IUR{(1VIV) = (Rity)I VIVl Ie
k=1

The proof uses pointwise estimates for a maximal function due to Miyachi

('00) and the boundedness of Riesz transforms R on HP(w).
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N
Div-Curl estimates; Endpoint cases p = oo

Theorem 3
Letn/(n+1) < g< o and o € A,. Then

lI(u- V)Ml < Ul lIVVIlHage) ()

provided that divu= 0and o € Ag1+1/n) When g < 1.

Auscher-Russ-Tchamitchian ('05):
et [Z ujajvk] (x)
=1

with Nm(Vvi)(X) = sup | | Vv - Pdy where
YeAm(X)

sup

< Ul Nem(VVid) (%),
t>0

¥eAn(X) & B3 xs.t.¥eW(B)and ||¥||Lm+BY"|VY|lLn < 1BY™.
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-
Application to N.-S.

Assumptions:

1<p<2, 0<a<nl-1/p+1 and w(x) = |X"P € Ayri1/m).-

Theorem 4

Ifae L"(R™) N HP(w), diva = 0 and ||alj.n < 1, then we can find a global
solution u € C((0, ); L" N HP(w)) to (N-S) satisfying

1 1

_ . n o —
lU®)lIHa@) S 7 l[@llHpwy) Withy = ( - ) + F

2

6
AR (6)

and o(X) = [XPP9 € Aq1+1/n) Where p< g < co and —n/q < g < .

Y. Tsutsui (Waseda/OCAMI) Weighted Hardy spaces and N.-S. 8, January, 2013 15/16



-
Application to N.-S.; Comparison with Wiegner

(6) with (g,8) = (2,0) =

nfl1 1
lullz <t™7 with y= 5 (B _ E) + %.
Now, 1< p<2and0<a<n(l-1/p)+1areassumed.

<— & a<n(l-1/p+1L

nfl 1\ a n+2
a—n(l—l/p)+1(=>§(6—§)+§——.
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