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Introduction

n ≥ 2. L2-decay estimates of solutions to

(N-S)


∂tu− ∆u+ (u · ∇)u+ ∇π = 0, in (0,∞) × Rn

div u = 0, in (0,∞) × Rn

div a = 0, u(0) = a in Rn.

Kato (’84), Giga-Miyakawa (’85); a ∈ Ln with small ‖a‖Ln and
a ∈ Lp, (1 < p < 2)

⇒ ‖u(t)‖L2 . t−γ with γ =
n
2

(
1
p
− 1

2

)
.

Wiegner (’87): a ∈ L2 with ‖et∆a‖L2 . t−θ, (θ ≥ 0), ⇐⇒ a ∈ Ḃ−2θ
2,∞

⇒ ‖u(t)‖L2 . t−γW with γW = min

(
θ,

n+ 2
4

)
.

γ <
n+ 2

4

(
⇐⇒ n

n+ 1
< p

)
.
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Introduction

u : sol. of (N-S) ⇐⇒

(I.E.) u(t) = et∆a−
∫ t

0
e(t−s)∆P(u · ∇)u(s)ds,

where

P =
(
δi, j + RiRj

)
1≤i, j≤n

: Helmholtz projection.

Convolution estimates (Theorem 1)⇒ et∆a.

Div-curl estimates (Theorems 2 and 3)⇒ (u · ∇)u.
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Muckenhoupt classes Ap, (1 ≤ p ≤ ∞)

w: weight ⇐⇒ 0 ≤ w ∈ L1
loc(R

n).

w(E) =
∫

E
wdx, (E ⊂ Rn).

B: ball in Rn.

w ∈ Ap (1 ≤ p < ∞) ⇐⇒ |B|−1
∫

B
| f |dx≤ c

(
w(B)−1

∫
B
| f |pwdx

)1/p

.

A∞ =
∪

1≤p<∞
Ap.

p < q⇒ (A1 ⊂) Ap ⊂ Aq (⊂ A∞).

|x|α, 〈x〉α ∈ Ap ⇐⇒
 −n < α < n(p− 1) if 1 < p ≤ ∞
−n < α ≤ 0 if p = 1
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Weighted Hardy spaces

With w ∈ A∞ and 0 < p < ∞,

Hp(w) =

{
f ∈ S′(Rn); sup

t>0

∣∣∣et∆ f
∣∣∣ ∈ Lp(w)

}
with

‖ f ‖Hp(w) =

∥∥∥∥∥∥sup
t>0

∣∣∣et∆ f
∣∣∣∥∥∥∥∥∥

Lp(w)

,where ‖g‖pLp(w) =

∫
|g|pwdx,

et∆ f = f ∗G√t, G(x) = (4π)−n/2 exp(−|x|2/4) and gt(x) = t−ng(x/t).

p ∈ (1,∞) and w ∈ Ap⇒ Hp(w) = Lp(w).

q > p ≥ 1⇒∃ w ∈ Aq s.t. δ ∈ Hp(w)

(from Strömberg-Torchinsky).
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Convolution estimates

Let 0 < p ≤ q < ∞.

.

Theorem 1

.

.

.

. ..

.

.

Let w, σ ∈ A∞. Assume that there exists K > 0 such that

[w, σ]XK
p,q
= sup

B
min

(
1, |B|K

) σ(B)1/q

w(B)1/p
< ∞. (1)

Then, for ϕ ∈ S(Rn),

‖ f ∗ ϕ‖Hq(σ) . [w, σ]XK
p,q
‖ f ‖Hp(w). (2)

The proof uses atomic decomposition and molecular characterization
theories for weighted Hardy spaces.
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Convolution estimates

Let 0 < p ≤ q < ∞, −n/q < β ≤ α < ∞, w(x) = |x|αp and σ(x) = |x|βq.

.

Lemma

.

.

.

. ..

.

.

There exists K > 0 so that [w, σ]XK
p,q
< ∞.

Homogeneity:
‖ f (λ·)‖Hp(w) = λ

−(α+n/p)‖ f ‖Hp(w).

.

Corollary

.

.

.

. ..

.

.

‖et∆ f ‖Hq(σ) . t−γ‖ f ‖Hp(w) (3)

with

γ =
n
2

(
1
p
− 1

q

)
+
α − β

2
.
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Convolution estimates

.

Remark

.

.

.

. ..

.

.

If
‖et∆ f ‖Lq(σ) . ‖ f ‖Lp(w),

then it have to fulfill that

−n/q < β ≤ α ≤ n(1− 1/p)

which almost implies w ∈ Ap and σ ∈ Aq.
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Sketch of the proof of Theorem 1

Let 1 < p ≤ q < ∞ and f ∈ Hp(w). From Strömberg-Torchinsky,

f =
∑

j

λ ja j with suppa j ⊂ Bj , ‖a j‖L∞ ≤ 1 and ∂γâ j(0) = 0, (|γ| ≤ N)

with for all s> 0 ∥∥∥∥∥∥∥∥
∑

j

λs
jχBj

∥∥∥∥∥∥∥∥
1/s

Lp/s(w)

. ‖ f ‖Hp(w).

‖ f ∗ ϕ‖Hq(σ) =

∥∥∥∥∥∥sup
t>0

∣∣∣et∆ ( f ∗ ϕ)
∣∣∣∥∥∥∥∥∥

Lq(σ)

.

∥∥∥∥∥∥∥∥
∑

j

λ j sup
t>0

∣∣∣et∆(a j ∗ ϕ)
∣∣∣ χ2Bj

∥∥∥∥∥∥∥∥
Lq(σ)

+

∥∥∥∥∥∥∥∥
∑

j

λ j sup
t>0

∣∣∣et∆(a j ∗ ϕ)
∣∣∣ χ(2Bj )c

∥∥∥∥∥∥∥∥
Lq(σ)

=: I + II .
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Sketch of the proof of Theorem 1; Estimate of I

I .
∞∑
j=1

λ j

∥∥∥∥∥∥sup
t>0

∣∣∣et∆(a j ∗ ϕ)
∣∣∣∥∥∥∥∥∥

L∞

∫
2Bj

|g|σdx,

with some ‖g‖Lq′ (σ) ≤ 1. For some r > 1 and any s> 0,∥∥∥∥∥∥sup
t>0

∣∣∣et∆(a j ∗ ϕ)
∣∣∣∥∥∥∥∥∥

L∞
. min

(
1, |Bj |1+(1+N)/n

)
.

∫
2Bj

|g|σdx.
σ(Bj)1/q

w(Bj)1/p

∫
2Bj

Mr;w

(
|g|wα−1/rσ1/q′

)s
dx

1/s

,

where Mr;wh(x) =

(
sup
B3x

w(Q)−1
∫

Q
|h|rwdx

)1/r

.

K < 1+ (1+ N)/n⇒ min
(
1, |Bj |1+(1+N)/n

) σ(Bj)1/q

w(Bj)1/p
. [w, σ]XK

p,q
.
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Div-Curl estimates

Coifman-Lions-Meyer-Semmes (’93):
n/(n+ 1) < p,q < ∞, 1/r = 1/p+ 1/q < 1+ 1/n and div u = 0,

⇒ ‖(u · ∇)v‖Hr . ‖u‖Hp‖∇v‖Hq.

Here u = (u1, · · · , un), v = (v1, · · · , vn) and

(u · ∇)v =

 n∑
j=1

u j∂ jv1, · · · ,
n∑

j=1

u j∂ jvn

 .
Aim:

‖(u · ∇)v‖Hr (µ) . ‖u‖Hp(w)‖∇v‖Hq(σ)

with 1/r = 1/p+ 1/q < 1+ 1/n, µ = wr/pσr/q and div u = 0.
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Div-Curl estimates; Non-endpoint cases p < ∞

.

Theorem 2

.

.

.

. ..

.

.

Let n/(n+ 1) < p, q < ∞ and 1/r = 1/p+ 1/q < 1+ 1/n. Suppose that there
exist p∗ ∈ (1, p(1+ 1/n)) and q∗ ∈ (1, q(1+ 1/n)) so that

w ∈ Ap∗ , σ ∈ Aq∗ and p∗/p+ q∗/q < 1+ 1/n.

Then,
‖(u · ∇)v‖Hr (µ) . ‖u‖Hp(w)‖∇v‖Hq(σ) (4)

with div u = 0 and µ = wr/pσr/q.

‖(u · ∇)v‖Hr (µ) .
∞∑

j,k=1

‖u jRj(|∇|vk) − (Rju j)|∇|vk‖Hr (µ)

The proof uses pointwise estimates for a maximal function due to Miyachi
(’00) and the boundedness of Riesz transforms Rk on Hp(w).
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Div-Curl estimates; Endpoint cases p = ∞

.

Theorem 3

.

.

.

. ..

.

.

Let n/(n+ 1) < q < ∞ and σ ∈ A∞. Then

‖(u · ∇)v‖Hq(σ) . ‖u‖L∞‖∇v‖Hq(σ) (5)

provided that div u = 0 and σ ∈ Aq(1+1/n) when q ≤ 1.

Auscher-Russ-Tchamitchian (’05):

sup
t>0

∣∣∣∣∣∣∣∣et∆

 ∞∑
j=1

u j∂ jvk

 (x)

∣∣∣∣∣∣∣∣ . ‖u‖L∞Nm(∇vk)(x),

with Nm(∇vk)(x) = sup
Ψ∈Λm(x)

|
∫
∇vk · Ψdy| where

Ψ ∈ Λm(x) ⇐⇒ ∃B 3 x s.t.Ψ ∈W1,m(B) and ‖Ψ‖Lm+|B|1/n‖∇Ψ‖Lm ≤ |B|−1/m′ .
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Application to N.-S.

Assumptions:

1 ≤ p ≤ 2, 0 ≤ α < n(1− 1/p)+1 and w(x) = |x|αp ∈ Ap(1+1/n).

.

Theorem 4

.

.

.

. ..

.

.

If a ∈ Ln(Rn) ∩ Hp(w), div a = 0 and ‖a‖Ln � 1, then we can find a global
solution u ∈ C((0,∞); Ln ∩ Hp(w)) to (N-S) satisfying

‖u(t)‖Hq(σ) . t−γ‖a‖Hp(w) with γ =
n
2

(
1
p
− 1

q

)
+
α − β

2
(6)

and σ(x) = |x|βq ∈ Aq(1+1/n) where p ≤ q < ∞ and −n/q < β ≤ α.
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Application to N.-S.; Comparison with Wiegner

(6) with (q, β) = (2,0)⇒

‖u(t)‖L2 . t−γ with γ =
n
2

(
1
p
− 1

2

)
+
α

2
.

Now, 1 ≤ p ≤ 2 and 0 ≤ α < n(1− 1/p) + 1 are assumed.

γ =
n
2

(
1
p
− 1

2

)
+
α

2
<

n+ 2
4

⇐⇒ α < n(1− 1/p) + 1.

α = n(1− 1/p) + 1 ⇐⇒ n
2

(
1
p
− 1

2

)
+
α

2
=

n+ 2
4
.

Y. Tsutsui (Waseda/OCAMI) Weighted Hardy spaces and N.-S. 8, January, 2013 16 / 16


