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Nonlinear equations of classical fields

(975221, — Au + f(u) = ( Nonlinear Wave Equation (NLW)
u:RxR" >R wavefunction (neutral, massless field)
u:R xR" - C wavefunction (charged, massless field)

0t2u — Au+u-+ f(u) =0 Nonlinear Klein-Gordon Equation (NLKG)

u:RxR"—= R wavefunction (neutral, massive field)
u:R xR" - C wavefunction (charged, massive field)

10ru — Au + f(u) — 0 Nonlinear Schrédinger Equation (NLS)
u: R XxR" — C wavefunction (scalar field)

f:C—C (or R — R) nonlinearity (self-interaction)



Variational Formulation (Lagrange Formulation )

JV:C - R (or R —R): f(u) =0V/0u (or f(u)=V"(u))

1., — 1 _
NLW L(u) = —§8tu Oru + §Vu -Vu+V(u)

(o1 £(u) = —5(0)* + 5(Vu)® + V()

1 — 1 — 1
NLKG L(u) = —§8tu Oru + §VU - Vu + §uﬂ—|— Vi(u)

(or L(u) = —%((‘%U)Q + %(VU)Q + %uQ + V(u))

1 — 1 —
NLS L(u) = Z(u&gu — ulu) + §Vu -Vu+ V(u)

(2

Lo(u) = / L(u)dxdt, Q C R xR" Lagrangean (action)
Q
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NLW [NLKG]

Conformal group generator conserved invariant

of motion quantity Sobolev space
time-translations time-derivative energy H'(R™)
space-translations space-derivatives momentum

space-rotations angular-derivatives  angular-momentum

Lorentz transforms Lorentz derivatives  Lorentz angular momentum

space-dilations radial-derivative Morawetz’ identity
space-time dilations ~ generator of dilation identity H'nFHY
space-time dilations

inversions generator of conformal identity H! N rJr(Hl)
conformal transform



NLS
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Morawetz’ identity for NLW

multiplier : symmetric part of the radial derivative 0, = % S VAR
1/ x x x n—1
2\ |z| |z] || 2|z| .

n>4 iRe/&gu-m
dt

— ul? — u2ix—(n_1)(n_3) |u|2 x—n_l e (uf(u)) — ix
[ vl = o) 2 [ e P [(Re @f () - 2V (@)

d -
n =3 ERG/(‘%U-MU

= —/(|Vu|2 |0, u| )—d:L'— 2m|u(t, O)| /(Re (wf(u)) — 2V (u ))idx

] ||

u(t, x) |p—|-1

Applications : / / dzdt < Cllu(0); H'||*

||

Asymptotic completeness of wave operators in the energy space H'(R™) for large data
(Morawetz, Strauss, Lin, Ginibre, Velo, Nakanishi, Colliander, Keel, Staffilani, Takaoka,
TaO, . -)



Linear Case : smoothing estimates
| Au; L (R x R™)|| < Cllu(0); L*(R™)||, A = |2|7.

LW : / / u(t, ) |?da:dt < C(||Vu(0); L?||* + ||0u(0); L?||?), n > 4.
n T

Kato smoothing : Tosio Kato, Math. Annalen (1996), Studia Math. (1968).
H : Hilbert space, H : selfadjoint operator in J{, R(z) = (2 — H)_1,
A : densely defined closed operator in H with D(H) c D(A).

1o
sup = [ [ At g2t/ )
peFH\{0} —00
1 > . .

= sup —— [ ([AR(A+ ie)p||* + [ AR(X — ie))9[|*)dN/||8]*

peF\{0} *T J—o0

>0
1 > : :
= swp —5 [ [ARRO +ie) — R\ = i€)@l|*)dN/ |6
€30\ (0} T J oo

= sup [AEx(D)|*/|1]
ICR



Kato smoothing in the free Schrodinger case

H = L*(R"), H=—A,

A=(1+41z|»)"%?(=A)"* (s>1/2)  Ben-Artzi & Klainerman
A=|z|*"1(=A)*? (1-n/2<s<1/2) Kato& Yajima, Sugimoto
A=1+1z]>)"Y21-A)Y* (n>3) Kato& Yajima

Method of Proof depends on one of the following estimates :

* 2 < . 172112 Restriction theorem
| 1A ©)as < Cpllg: L7 Restieton

% % 12112 Resolvent estimate
IEEEO (1(2)A%¢, A79)| < Clj¢; L7 (Limiting absorption pinciple)

1
Infact: Im(R(p* + i0)¢p, ¢) = 1201, /|g Fo|2dS
=p

(Hoshiro, Sugimoto, Ruzhansky, =-*)
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Sharp Morawetz estimates for free solutions

»Schrodinger : 10;u — Au =0 (Simon, JFA (1992))

1
/IR o IU(t,a:)!?de;dt < - 7_r QHU(O);LQHQ, n> 3

‘Wave : 97u — Au=0 (Vega & Visciglia, JFA(2008))

1 4
Ut,ﬂf Q—dxdtg VUO;L2 2+ aUO;L22, n24
[ [ utt.)Pdndt < s (IVa(Os 2P + 0ru(0): 221

Goal

Sharp Morawetz estimates for LS, LW, LKG in fractional setting
Characterization of the maximisers
Elementary proof (without restriction theorem and resolvent estimates)
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Main Theorems (Related works by Bez & Sugimoto)

VT2 —s) T(s) .
C(n,s) := 5 F(é+5)r(5+%),0<8< 21

—1
Theorem 1. 97y — Au =0 in RxR", n>2, 0<s<n2 . Then

1 : :
[ [t )P —peedadt < Ol ) (u0)s 1P + 00u(0) F7 1),

Equality is attained if and only if %(0) and d;u(0) are radial.

Corollary 1. 9?4 — Au=0 in RxR", n>4. Then

—= AT 1 uw(0): L2112 u(0): T.2112
//n (t,2)] |x’3d dt < (n—l)(n—3)(Hv (0); L=||* + [|0¢u(0); L*[|7).

Equality is attained if and only if #(0) and O;u(0) are radial.
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L \/%F(n—_l—S) F(S) <S<n—1
C(n,s) := : F(é—ks)I’(s—k%)’o 5

Theorem 1 1

82u—Au+U—01n R xR" n>2, ——<8<——1 Then

2 2
1/4
//n (1-—A tx‘ |x|2+2 dxdt

< C(nys+ 5) (lu(0): Ho |12 + [ Vu(0); H||? + (| 0u(0); H||%).

Equality is attained if and only if %(0) and d;u(0) are radial.

Corollary 2. Ou—Au+u=0 in RxR", n>3. Then

1/4

2(Ilu( ) L?||* + [[Vu(0); L*||* + [|9¢u(0); L*||*).

Equality is attained if and only if %(0) and 9;u(0) are radial.
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\/EF(nT—l o S) F(S) n—1
92 F(”T_1+S)F(s+%) 9

1 1
Theorem 3. iu—Au=0 in RxR", n>2 —=<s< — 1. Then

2 2

1 .
// u(t, ) |2+2 drdt < C(n, s+ §)||u(0),[178||2

Equality is attained if and only if «(0) is radial.

Coro"ary 3. Wiu—Au=0 in RxR" n>3. Then

s
/R/ lu(t, )| Wda:dt<n_2||u(0);l)2||2.

Equality is attained if and only if «(0) is radial.
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Proof of Theorems 1 and 3
i = (—=A)%u, a >0, u(0,z) = f(z).

ult, ) = (exp(—it(=A)2)f)(x) = (2m) ™" [ e fe)ae,
f©) = [ et

1 — _
Lemmail1. n>2, a>0, T<s<n2a
1 o0 .
/ (= A) 7% Pu(t, )|* =gz dwdt < A(n, 5,q) / ( / |f (rw) |Pdw)?/Prn—1dr,
R |z| 0 Sn—1
. 2(n-1)
where p—n+a_2+28 , s
1 T(n—1)\ " T(s+%2%) I(22-s)
A(n,s,a) = = — =
a(2m)n—1(4m)st I(251) D(s+ 232 —1) T(5+5s)
Equality is attained if and only if / satisfies
. h(r
f(’l“(.d) — ( ) n+a -1
(1= () -w) "5

with h: Ry — Cand (: Ry — B" ={xz € R";|z| < 1}. 15



Proof of Lemma 1

(~8)Pulta) = (2m) " [ e g g

_ (271_)—77,/ / eirw-a:—itrarn—l—sf(rw)dwdr
0 Sn—l
1 00

. l/a S n—a—s
ezr w-x ztr,r

f(rl/aw)dwdr,

Sn—l

> 1 > - 1/a n—a—
—A —s/2 t th: / rt W a
/_ool( )7 ult, @)l 20T, 1] "

]. a+1

_ irw-xr, n—*S=—sp d 2d
a(27-‘-)2n—1/0 | Gn—1 € r f('rw) CU| T,

1
4/n|(—A)_3/2u(t :B)|2|x| 55 dxdt
_ ! //OO/ / 2’”‘“‘1‘25]"( )f( )= dodadr — g

a(2m)?n—1 gn-1 |z |at2s
1 ]
) n

5/ / / dwdar" 1d7“ a=n—a— 2s.
) gn—1 Jgn—1 |w—a| 1

6

- f(rl/aw)dw|2dr




The lemma follows by the sharp Hardy-Littlewood-Sobolev inequality
on the unit sphere due to Lieb :

/ / dwda
Sn 1 Sn 1 ‘w — O-’O"
1

a ( ) 1—=—=5 F(n—l—a) R R
<rt (L) po i le LS OIR: S

(n —

2

where — + nf 7= 2. Equality is attained if and only if
C1 C2
W) = = h, W) = =
eI A (R P

forsome c1, co € C  and [& < 1.
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Proof of Theorem 3

M (| F(r); LP(S™ Y| < 187 Y77 f(r): LA(S™ Y,

1
2 / / (=A)~2u(t, 2)]* —_dadt < B(n, s, a)| f; L°||*
R . |x|a—|—2s

2(n —1
where B(n, s, a) = (21)"/2A(n, s, a)|S’”_1|%_1, p= gn_ 5 _|)_ "
1
Taking a = 2 implies B(n,s,2) = C(n, s+ 5).

Equality is attained in (1) and therefore (2) if and only if f(r-) is constant almost

everywhere on s»—1_That is to say, equality is attained if and only if f is radial.
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Proof of Theorem 1

up(t) = AT w(0) = i+ o 0u(0) = i(—=A)VA(f — fo).

(Frus)(r) = (2m)" /

R

/ eia:-&:titlﬂ f:l: <£)d£ e—’it’l‘dt

= (m)in [ emeitla(r 5 6] fue)de,

! 1
: — 2
/R | Juto) |x‘1+28d:z:dt—§i:/R | fus(t @) oy dadt

< B(n, s, V)(|| f+; H?|> + | /s H°[|*)
1

= 5 B(n, s, 1)([[u(0); H*||* + [ 0u(0): H*7'|]?).
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