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4. Properties of d-manifolds

4.1. Virtual vector bundles
Vector bundle and cotangent bun-
dles have good 2-category general-
izations. Let X be a C°°-scheme.
Define a 2-category vgcoh(X) of
virtual quasicoherent sheaves to have
objects morphisms ¢ : £l — £2 in
qcoh(X). If ¢ : €Y — &2 and o :
Fl1 - F2 are objects, a 1-morphism
(f1. %) : & — ¢ is morphisms fJ :
£l — FJ in gcoh(X) for j = 1,2
with ¢ofl = f20¢. If (f1, f2), (g, 9°)
are 1-morphisms ¢ — 1, a 2-morphism
nt (fYf%) = (gt,9%) is a mor-
phism 7 : £2 — F1 in gcoh(X) with
gt =ft4+nopand g = f2+yon.



Call ¢ : €Y — &2 a virtual vector
bundle on X of rank k € Z if X may
be covered by open U C X such
that ¢y : EYy — £2|py is equiva-
lent in the 2-category vgcoh(U) to
v F1— F2 where F1, F2 are vec-
tor bundles on U with rank F2 —
rank F1 = k. Write vvect(X) for
the full 2-subcategory of virtual vec-
tor bundles on vgcoh(X).

If X is a d-manifold, it has a natu-
ral virtual cotangent bundle T*X in
vvect(X), of rank vdim X.

If f: X — Y is a 1-morphism in
dMan, there is a natural 1-morphism
Qe f*(T7Y) — T*X in vvect(X).
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Then fis étale (a local equivalence)
If and only if Qf IS an equivalence in
vvect(X). Similarly, f is an immer-
sion or submersion if Qf IS surjec-
tive or injective in a suitable sense.
If ¢ : EL — £2 lies in vvect(X) we
can define a line bundle £¢ on X
analogous to the ‘top exterior power’
of ¢ : E1 — £2. So for a d-manifold
X, Lpr«x 1S a line bundle on X which
we think of as AMPT*x. An ori-
entation on X is an orientation on
the line bundle Lp«x. Orientations
have the properties one would ex-
pect from the manifold case.



4.2 ‘Standard model’ d-manifolds
Let V be a manifold, £ — V a vec-
tor bundle, and s : V — E a smooth
section. Then we can define an ex-
plicit principal d-manifold Sy g in a
2-Cartesian diagram in dMan:

SV,E,S T V
0 n 0
V S E.

We call Sygs a ‘standard model’
d-manifold. It is similar to Kuran-
Ishi neighbourhoods in Fukaya—Oh—
Ohta-Ono's Kuranishi spaces. It
has dimension vdim Sy gs =dimV —
rank E. Every principal d-manifold
IS equivalent to some Sy g ;.



4.3 ‘Standard model’ 1-morphisms
Let V, W be manifolds, £ —- V, F —
W wvector bundles, and s : V — E,
t . W — F smooth sections, so we
have d-manifolds Sy gs, Swr:.
Suppose f : V. — W is a smooth,
and f : E — f*(F) is a morphism
of vector bundles on V satisfying
fos= f*(t) + O(s?) in C®(f*(F)).
Then we define a ‘standard model’
1-morphism S¢7: Sves — Swr:.
Two 1-morphisms S¢ 7, S, 5 are equal
iff g= f 4+ O(s?) and g = f + O(s).
Theorem 3. Every 1-morphism g
Sves — Swri iIs of the form St 7,
possibly after making V_smaller.
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Theorem 4. A ‘standard model’
1-morphism S¢7 : Sves — Swre IS
étale (a local equivalence) in dMan
iff for each v € V with s(v) = 0
and w = f(v) € W, the following

sequence is exact:
ds(v)®df(v) f(v)® —dt(w)
OHT’UV Ev @TwW Fwﬂo-

St 7 is an equivalence iff also f|8_1(0) :

s~1(0)—t—1(0) is a bijection.
Example: in Kuranishi spaces, a
‘coordinate change’ (f,f) : (V,E.,s)
— (W, F,t) is embeddings f : V —
W and f : E — f*(F) with fo
s = f*(), [F(AW)/TV = f*(F)/E.
Theorem 4 shows Sy 7 Is e€tale, or
an equivalence.



4.4°‘Standard model’ 2-morphisms
Let SvEes, Swr: be ‘'standard model’
d-manifolds, and S¢ 7, S5 @ SveEs —
Sw.r+ ‘Standard model’ 1-morphisms.
Suppose A E — f*(TW) is a mor-
phism of vector bundles on V, with
g=f+N-s+0(s?) and g = f+
N\- f*(dt) + O(s). Then we can de-
fine a ‘'standard model’ 2-morphism
SA 1 Srf= Sy5. Every 2-morphism
n:Srf= S451S San for some A. Also
Sh = Sy iff NN = A+ O(s).

These ‘standard models’ give a very
explicit picture of objects, 1- and 2-
morphisms in dMan. The O(s), O(s?)
notation tells you how much infor-
mation about V, E, s the d-manifolds
and morphisms remember.



4.5 When iIs a d-manifold

a principal d-manifold?
Theorem 4. A d-manifold X is
principal (that is, X is equivalent in
dMan to some Sy ) iff dimT;X is
bounded above for all x € X.

This holds if X is compact, giving:

Corollary. All compact d-manifolds
are principal.

Essentially this means that all in-
teresting d-manifolds are principal
d-manifolds. The analogue is not
true for d-orbifolds.

Example X = J[,>oR" xggng * is
a d-manifold of dimension O, but is
not principal, as X = Hn>OK”.



T heorem 4 follows from the follow-
INg two theorems:

Theorem 5. Suppose X is a d-
manifold and n > 2dimT;X 4+ 1 for
all x € X. Then generic 1-mor-
phisms f : X —-R"™ are embeddings.

Theorem 6. Suppose f:. X —Y is
an embedding, for X a d-manifold
andY a manifold. Then there exist
open V CY with f(X) C VvV, a vec-
tor bundle E — V, and a smooth
section s .V — E of E fitting into
a 2-Cartesian diagram in dMan :

X 7 V
IR
Vv E.

Hence X ~ Sy g s In dMan.
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4.6. Gluing by equivalences

A 1-morphism f : X — Y In dMan
IS an equivalence if there exist a 1-
morphism g:Y — X and 2-morphisms
n.:gof=idx and ¢ : fog = idy.
Theorem7(. Let X,Y be d-manifolds,
D U C X, ) #Vv CY open d-
submanifolds, and f : U — V an
equivalence. Suppose the topolog-
ical space Z = X Uy—=y Y made by
gluing X,Y using f is Hausdorff.
Then there exists a d-manifold Z,
unique up to equivalence, open X,Y
C Z with Z = X UY, equivalences
g. X - Xand h:Y — Y, and a
2-morphism n : glyy = ho f.
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Equivalence is the natural notion
of when two objects in dMan are
‘the same’. In Theorem 7, Z Is a
pushout X1lq,, 7Y In dMan. Theo-
rem 7 generalizes to gluing families
of d-manifolds X, : 2 € I by equiva-
lences on double overlaps X; N X,
with (weak) conditions on triple
overlaps X; NX,;NXy.

We can take the X; to be ‘standard
model’ d-manifolds Sy, g.s., and the
equivalences on overlaps X;NX; to
be 1-morphisms Sez.j,gij.

This is very useful for proving ex-
istence of d-manifold structures on

moduli spaces.

12



4.7. D-manifold bordism

Let Y be a manifold. Define the
bordism group Bi(Y) to have ele-
ments ~-equivalence classes [X, f]
of pairs (X, f), where X is a com-
pact oriented k-manifold and f
X — Y is smooth, and (X, f) ~
(X', ) if there exists a compact
oriented (k+1)-manifold with bound-
ary W and a smooth map e : W —
Y with oW £ X II — X’ and e|gy =
f1II f/. It is an abelian group, with
[X, 1+ X ] = [X T X', f1T f].
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Similarly, define the derived bordism
group dBi.(Y) to have elements =-
equivalence classes [X, f] of pairs
(X, f), where X is a compact ori-
ented d-manifold with vdimX = k
and f : X — v = pgMan(y) s a3
1-morphism in dMan, and (X, f) ~
(X', ) if there exists a compact
oriented d-manifold with boundary
w with vdimw = k+ 1 and a 1-
morphism e : W — Y in dManP with
OW ~ X II —Xx’ and €|8W = fo/
It is an abelian group, with
(X, f]+ X, fl=[x1TX rIIf].
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There is a natural morphism MNgRo :
Br(Y) — dBi(Y) mapping [X, f] —
[FRe™ (X)), Fpaa™ ()],

Theorem 8. NdR°: B, (V) —dB,(Y)
Is an isomorphism for all k, with
dB,.(Y) =0 for k < 0.

T his holds because every d-manifold
X can be perturbed to a manifold.
O see this, write X =~ Sygs by
"heorem 4, and perturb s to a
generic, transverse s € C°(FE).
Composing (M@R)=1 with the pro-
jection Br(Y) — Hp(Y,7Z) gives a
morphism MM dB,(Y) — H(Y,Z).
We can interpret this as a virtual
class map for compact oriented
d-manifolds.
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5. D-orbifolds

Orbifolds are dgeneralizations of
manifolds locally modelled on R" /@G,
for G a finite group. In algebraic
geometry, Deligne—Mumford stacks
(which form a 2-category) are
locally modelled on [X/G] for X a
scheme and G a finite group.

We define orbifold versions of the
whole story so far. C°°-schemes, d-
spaces and d-manifolds generalize
to Deligne—Mumford C°°-stacks, d-
stacks, and d-orbifolds, locally mod-
elled on [X /@], [X/G] for G a fi-
nite group. Orbifolds are special
examples of Deligne—Mumford C°°-
stacks (i.e. we have an inclusion of
2-categories Orb C DMC®°Sta).
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5.1. The 2-category of d-stacks
Definition. A d-stack X is a quin-
tuple x = (X, 0%, Ex,1x,7x), Where
X 1S a where X Is a separated, sec-
ond countable, locally fair Delighe—
Mumford C*°-stack, O’y a sheaf of
C*°°-rings on X, and £y a quasico-
herent sheaf on X, in an exact se-
quence of sheaves on X':

5)( O/ X OXHO,

D-stacks form a strict 2-category
dSta. 1- and 2-morphisms are de-
fined as for d-spaces in 3.3, except
2-morphisms of d-stacks n = (n,7n")
also include a 2-morphism n of the
Deligne—Mumford C°°-stacks X', ).
All fibre products exist in dSta.
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5.2. The 2-subcategory

of d-orbifolds
There is a full and faithful 2-functor
F&>ta : Orb — dSta, so we regard
orbifolds as examples of d-stacks.
It preserves transverse fibre prod-
ucts in Orb.
Definition. A d-stack w is a prin-
cipal d-orbifold if it is a fibre prod-
uct X X z Yy in dSta, with x,y, Z orb-
ifolds. The virtual dimension is
vdimw=dmx+dmyYy—-dim Z.
A d-stack X is a d-orbifold of di-
mension n € 7Z if X may be cov-
ered by open d-substacks W C X
which are principal d-orbifolds with
vdimw =n. Write dOrb for the full
2-subcategory of d-orbifolds in dSta.
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Many properties of d-manifolds ex-
tend to d-orbifolds. For example:
e All fibre products X x zy with X,y
d-orbifolds and Z an orbifold exist
INn dOrb, as in T heorem 2.

e If V is an orbifold, £ a vector bun-
dle on &, and s € C*°(£) a smooth
section, we define explicit ‘standard
model’ d-orbifold Sy ¢ fitting into
a 2-Cartesian diagram in dOrb:

Sves = V
T N 0
% 5 E.
Every principal d-orbifold is equiv-

alent to some Sy ¢ . We also define
‘standard model’ 1- and 2-morphisms.
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e \We can glue d-orbifolds by equiv-
alences, as in Theorem 7. For glu-
ing a family of d-orbifolds x;, © &€
I by equivalences on overlaps &x; N
X;, the conditions are stronger In
the d-manifold case (we need 2-

morphisms n;i, = (nwkvmgk) on triple
overlaps &x; N X; N X, whose

('°“-stack 2-morphisms n;;k Satisfy

an identity on quadruple overlaps

XiﬂXjﬂXkﬂXl).

e Virtual classes exist for compact

oriented d-orbifolds, but usually in

homology over QQ, not Z.
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5.3. Differences between

d-manifolds and d-orbifolds
Other properties of d-manifolds do
not extend well to d-orbifolds. For
example: in contrast to Theorem
4. we do not have good criteria
for when a d-orbifold X is princi-
pal. This is because the analogue
of Theorem 5 is false for d-orbifolds:
many d-orbifolds X do not admit
embeddings f: x - R or f: x —
[R"™/G]. The analogue of Theorem
6 holds: if an embedding f: X — Y
exists for y an orbifold, then x ~
Syes. But we do not know when
d-orbifolds can be embedded in an
orbifold. Similar questions arise for
Kuranishi spaces.
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As for manifolds and d-manifolds,
for any orbifold Y we can define
orbifold bordism groups B (Y) with
elements [X, f] for X a compact
oriented k-orbifold and f : X — Y
a l-morphism, and d-orbifold bor-
dism groups dB™(Y) with elements
[x, f] for x a compact oriented d-
orbifold with vdimx = k£ and f :
X — Y= F§UP(Y) a 1-morphism.
There is a natural functor FSObO :
BY™®(Y) — dBY™(Y). But it is not
an isomorphism. Generally dBY™P())
is much bigger than BP™(Y), and

dBP™()) may be nonzero for all k€ Z.
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Now FJobo . porb(yy — dBP™P(Y)
IS not an iIsomorphism as some d-
orbifolds cannot be deformed to orb-
ifolds. In a ‘standard model’ Sy ¢,
at a point v € V with s(v) = 0,
the orbifold group G = Isoy,(v) acts
on the tangent space T,V and ob-
struction space £|y. If the nontrivial
part of the G-representation on &|y
IS not a subrepresentation of T,V,
small deformations s of s are not
transverse near v, SO Sygs IS not
an orbifold. We can express this in
terms of orbifold strata of orbifolds
and d-orbifolds.
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6. Things with corners

I also define categories Man®P, Man®
of manifolds with boundary and with
corners, and 2-categories dManP,
dMan€, OrbP, Orb®, dOrb?, dOrb¢ of d-
manifolds, orbifolds, and d-orbifolds
with boundary and with corners.
Doing ‘things with corners’ prop-
erly, to get (2-)categories with good
properties such as functoriality of
boundaries, and existence of fibre
products under good conditions,
turns out to be almost unexplored,
and surprisingly complex. Even for
manifolds with corners, the ‘right’
notion of smooth map f: X — Y is
new, with extra discrete and con-
tinuous conditions over 95X, 9'Y".
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A few highlights:

e A d-manifold (or d-orbifold) with
corners X has a boundary 0X, of
dimension vdim X—1, with inclusion
1-morphism ix : 0X — X.

e 'simple’ 1-morphisms f: X — Y
lift uniquely to boundaries, giving
f_ 10X — 0Y with foix =iy of_.
e T he symmetric group S;. acts freely
on 9¥X. Define the k-corners Cr.(X)
= 9kx /S, and the corners C(X) =
>0 C(X). The map X — C(X)
extends to a strict 2-functor
C : dMan® — dMan® which commutes
with boundaries, products, many
fibre products, etc.

e Need d-orbifolds with corners for
symplectic geometry applications.
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