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Scaling limit of the Ising
statistical model: CFT

[} == e_ﬁc z:(jk) POk

Scaling limit:
CFT correlation functions
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Scaling limit of the Ising
statistical model: CLE
s :Elcength

Scaling limit:
conformal loop ensembles




More general: O(n)-models

U= T, (n)lengthn#loops

CFT: central charge
c=c(n) € [0,1]

CLE: almost-sure fractal dimension of loops
5= 6(n) € [4/3,7/4
Relation:
(7 — 48)(36 — 4)
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CFT

@ scaling limit of local variables

@ powerful algebraic structures giving critical
exponents and correlation functions

@ conjectures only: no proofs of existence of
the scaling limit
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CLE

@ scaling limit of domain boundaries

@ probabilistic description giving some
exponents

@ direct link with lattice models, proofs of
scaling limit for percolation and Ising models
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Since CFT and CLE describe the same
scaling limits, can we connect them?

CLE

Aim: constructing the CFT algebraic structures
from CLE concepts




The Virasoro
vertex operator algebra
Virasoro algebra

C
[Lm, Ln] = (m P TL)Lm+n | 19 (m3 i m)5m+n,0

Identity module: a particular Verma module V'
L1 = 00 (=i

V:Span(LmjlszO, T <8 (k:L-"»j))
Lmj :Lmj...Lm

Vertex operator map
Y(., z) V¥ End(V il o&
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Recursive definition of the vertex operator map

Y (15—
1 ) e 1) 2
V(L1 e Lon "% £
Lml, @) Sl s A ;E:Z % m < =2)

Y (L, 1,2) = i ¥y, 1, 2)Y (B, 1.8 ¢

involving the normal-ordered product
YL, p)fe s w1, o)

YT (v, ) = regular part

Y (v, )= singularpart
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Satisfies the main relations of vertex operator algebras

Commutativity

VU, o) S

(x — y)°Y (0, 2) X0, 1) =y Gl ¥ (oo )
Associativity

Vgt Sale Vo

(x4 9)'Y (u,z + )Y (v, y)w = (¢ + 9)'Y (Y (u, z)v, y)w
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The VOA can be generated by elements
Y(L(m)1,x)

if they satisfy (mainly) commutativity
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Relation to CFT correlation functions: inner product

(-, ) . o (il it b L

(v1(x1) - - Un(Zn))c :1, Yo ) - Y (U, xn)1)

=

convergent series in this region:
change to complex variables
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Axioms of
conformal loop ensembles

® Mesures (14 for configurations of countably
many disjoint, self-avoiding simple loops in
simply connected hyperbolic domains A of
the plane

@ The number of loops of «radius» greater
then any given positive number is finite
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Axioms of
conformal loop ensembles

® Conformal invariance
LA = :ug(A) ©Jd

@ Nesting: inside a loop,
the configuration is
determined by a CLE

bounded by this loop.

® Probabilistic conformal
restriction:
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CLE and

conformal restrictions systems

Random variables and expectation-value functionals

Supported unital algebra

X € X : du

Hp(X) = set of closed subsets of C

xA) . suba

gebra supported in A

Set of linear functionals
E[]4: X4 5C; Efl] =1

Linear representation of groupoid of conformal maps
2 (A) TEAS (G

X' g g-(g-X)=(gog) X
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Assumed properties

Tubular-neighborhood variables

N = tubular neighborhood : I(INV) € X
N € Supp(I(N)), g-I(N)=1I(g(N)), E[I(N)s1#0, ADN

I(N
E(Ng= V)
E[I(N)]¢
Weak-local limits: the «configuration-separating» variables
Fla)2= lim" EfE a = Jordan curve

N —«
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Assumed properties

Conformal invariance
Elg- Xlgap=EXlas vV X & x| g conformal on A

Restriction

E[E(a)X]a
E[F(a)|a

= E[X]|4\a

X : product of factors supported on components of A \ «
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Assumed properties

Smoothness
g — BE|g  Xgie g — 0| 4 skare smootill at g'— 1d

where

A =0N;A; :in general multiply connected

g : conformal on neighborhood of 0A; for all € J
g - A; : domain bounded by g(0A4;)

g-A=Neplg  Ag TERI &
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Assumed properties

Local covering
lim VE[X]a\x, =(VE[X]4

e—0
\deriva‘rive under smooth conformal
if deformations

lin% K. =1{z} (in the sense of smallest covering disks)
€—

X supported in A\ {z}
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Theorem 1:
relative partition function

Relative partition function (simply connected Jordan domains)
1

EOC) |5

Z(0C..dDd = =

Theorem:
There exists a complex number c € C such that

Alh_2.]log Z(9C,dD) = —{s,w})) s:C — D conformally

T Schwartzian derivative
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Theorem 2:
(partial) VOA structure

Hypotrochoids:
Cr(w,€,0,b) = {w Lee?(he"® 4 JE el Ry Sl o, 277)}

k=0 3 S0 g > (k— 1)/F




Proposition:
Weakly locally,

E(Cy(w,€,0,b)) ~

1+ o0 +Z > (Them (w) + o((u@)?)) + c.c.

=]

Equivalently, we may define

m! % o
T o (00 =000 / doe """ E(Cy(w,e€,0,b))
0

e—0 2rekm
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Some Virasoro descendents

Vk,m = Z B)\(]{? i 1)m_|>\|L_k)\|>\| e lgmpne 1

AeD(m) T

For instance,
Vi1 =SS
vgo = (L2 + (b —1)E_ 2z )1
vk.3 = (L2, + 3(h AUl Bat Bl et - 2. ) 1
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Theorem:

The variables 1} ,, have the Vertex operator algebra
substructure of the descendents vy ,,,, with the
identification Ty ,,, = vi.m,
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That is: Laurent expansions of expectation values are
reproduced by products of vertex opertors,

E\T, mifss Ty s =
| |

expansion |wi|>:--|wy|

YR(Vky,mi> W1) ** * YR(UK, m,» Wp)E[X ] 4

with the domain-dependent Virasoro representation I?
Lo V5 Z(0A,v) ' Alhe o] Z(BA, v)

AThEo1e) = a%f({z s ettt

v : Jordan curve in A surrounding 0

acting on the function g— E(g-X),.4
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Conclusion, outlook

@ Part of the Virasoro vertex operator algebra
recovered.

@ Full VOA? What variables are involved?

@ Other symmetries? What replaces conformal
transformations?

@ Proving the axioms of Conformal Restricition
Systems from Conformal Loop Ensembles?
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