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Through a general theory for relative spectral invariants, we study the (-
determinant of global boundary problems of APS-type. In particular, we compute
the (-determinant ratio for Dirac-Laplacian boundary problems in terms of a
scattering Fredholm determinant over the boundary. © 2002 Elsevier Science (USA)

1. INTRODUCTION

The purpose of this paper is to study the (-function regularized
determinant for the Dirac Laplacian of an Atiyah—Patodi-Singer (APS)-
type boundary problem. We do so within a general framework for studying
relative global spectral invariants on manifolds with boundary. Despite the
primacy of the determinant of the Dirac Laplacian over closed manifolds,
relatively little has been known in the case of global boundary problems of
APS-type. Geometric index theory of such boundary value problems began
with the index formula [1]

n(Zy) + dim Ker(Zy)

> (1.1)

indDyp. ) = / w(D) —
X

Here D : C*(X,E") - C™(X, E?) is a first-order elliptic differential operator
of Dirac-type acting over a compact manifold X with boundary 0X =Y.
Near the boundary, D is assumed to act in the tangential direction via a first-
order self-adjoint elliptic operator Zy over Y. A boundary problem Dg = D
is defined by restricting the domain of D to those sections whose boundary
values lie in the kernel of a suitable order zero pseudodifferential operator B
on the space of boundary fields. APS-type boundary problems refer to the
case where B is, in a suitable sense, ‘comparable’ to the projection I1> onto
the eigenspaces of &y with non-negative eigenvalue. The other ingredients in
(1.1) are the index density wm(D) restricted from the closed double, and the
eta-invariant n(2y), defined as the meromorphically continued value at
s =0 of (@y,s) = Te(Dy|Zy| 7).
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A striking consequence of (1.1) is that, in contrast to the case of closed
manifolds, the index of APS-type boundary problems is not a homotopy
invariant. If, however, we restrict the class of boundary conditions to a
suitable classifying space for even K-theory, then the index does become a
homotopy invariant of the boundary condition. An appropriate parameter
space is a restricted Grassmannian Gr(D) of pseudodifferential operator
(do) projections P on the L?> boundary fields which are comparable to IT- .
Such a Grassmannian has homotopy type Z x BU and its connected
components Gr')(D) are labeled by the index r = ind(Dp). One moves
between the different components according to the relative-index formula

ind(Dp,) — ind(Dp,) = ind(P>, P}), (1.2)

where (P, Py) .= P o P, : ran(P,) — ran(P}) acts between the ranges of the
projections Py, P, € Gr(D).

Identity (1.2) depends on two decisive properties of global boundary
problems over Gr(D). The first is analytic: the restriction to the boundary of
the infinite-dimensional solution space Ker(D), to the subspace H(D) =
(Ker(D))y of boundary sections, is a continuous bijection, with canonical
left inverse defined by the Poisson operator of D. The resulting isomorphism
between the finite-dimensional kernel of Dp and the kernel of the boundary
operator S(P) = PoP(D): H(D) - ran(P), where P(D) is the Calderon
projection, and similarly, between the kernels of the adjoint operators,
means that

ind(Dp) = ind(S(P)). (1.3)

The second property is geometric: Gr(D) is a homogeneous manifold, acted
on transitively by an infinite-dimensional restricted general linear group on
the space of boundary fields, resulting in the identity ind(P;,Ps)+
ind(P,, P;) = ind(P,P;) for any Py,P»,,P; e Gr(D). Then (1.2) follows
trivially from (1.3).

Although the relative index formula is quite classical, these two properties
resonate more powerfully when one turns to the harder problem of
computing for APS-type boundary problems the spectral and differential
geometric invariants familiar from closed manifolds. A precise under-
standing of these invariants is crucial for a direct approach to a geometric
index theory of global boundary problems of APS-type parallel to that for
closed manifolds [2, 3]. An important but rather different perspective is
provided by the b-calculus developed by Melrose [17].

One spectral invariant that certainly is well understood is the n-invariant
n(Dp) for self-adjoint global boundary problems over odd-dimensional
manifolds. As a result of its semi-local character the y-invariant obeys a
strikingly simple (to state) additivity property with respect to a partition of a
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closed manifold [5, 14, 19, 33]. In this case, the homogeneous structure of
the ‘self-adjoint’ Grassmannian takes a much simpler form: the range of any
such P occurs as the graph of a unitary isomorphism 7 : F* — F~, where
F* denote the spaces of boundary chiral spinor fields [23].

The next invariant in the spectral hierarchy remains far more mysterious.
The spectral {-function of the Laplacian boundary problem Ap = (Dp)* Dp
is defined for Re(s) > 0 by the operator trace

{(4p,s) = Tr(4,%),

where we assume that Dp is invertible. Recent results of Grubb, following
earlier joint work with Seeley [10-12], show that for P in the ‘smooth’
Grassmannian Gr(D) (see Section 3), {(4p,s) has a meromorphic
continuation to C which is regular at s = 0. This means there is a well-
defined regularized {-determinant of the Laplacian

det;(4p) = exp <_di C(Ap,s)>. (1.4)
S1s=0

Owing to its highly non-local nature det;/(4p) is a hopelessly difficult

invariant to compute. There is, on the other hand, a quite different but also

completely canonical regularization of the determinant of Ap as the

Fredholm determinant of the boundary ‘Laplacian’

S(P)*S(P) : H(D) — H(D).

The Fredholm determinant detg is defined for operators on a Hilbert space
differing from the identity by an operator of trace class and is the natural
extension to infinite-dimensional spaces of the usual determinant in finite
dimensions. Its analytical status, however, is essentially opposite to that of
(1.4). More precisely, the {-determinant is not an extension of the Fredholm
determinant—operators with Fredholm determinants do not have
{-determinants, operators with (-determinants do not have Fredholm
determinants." A more subtle fact is nevertheless true: the relative
{-determinant is a true extension of the Fredholm determinant. Here a
relative regularized determinant means a regularization of the ratio det 4,/
det A, for ‘comparable’ operators 4,4, (see Section 2). Thus, any pair of
determinant class (= Id 4+ Trace Class) operators have a well-defined
relative {-determinant. Moreover, there is a, roughly converse, ‘relativity
principle for determinants’ which states that ratios of {-determinants for
certain preferred classes of unbounded operators can be written canonically
in terms of Fredholm determinants.

'"We consider here infinite-dimensional Hilbert spaces.
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Applied to global boundary problems the relativity principle for
determinants is a restatement of the fact that in order to define a
topologically meaningful Grassmannian one must do so relative to a
basepoint projection. (Dimension one is an exception since we are reduced
in this case to the usual finite-dimensional Grassmannian, no basepoint is
needed and for this reason explicit formulas for the (-determinant of
ordinary differential operators are possible. See Section 5.) This is familiar
in physics in the quantization of Fermions where the basepoint corresponds
to the Dirac sea splitting into positive and negative energy modes (the APS
splitting). The application to the determinant is a well known, if imprecise,
idea in physics folklore used extensively in defining path integrals in QFT
and String Theory.

In Section 2 we prove a precise formulation of the relativity principle for
determinants adequate for our purposes here. The main result in this paper
is Theorem A in Table I. Table I summarizes relative formulas for the key
spectral invariants.

The third formula in Table I is Theorem (0.1) of [27] for self-adjoint
global boundary problems Dp,Dp, over a compact odd-dimensional
manifold. The operators 7;,,K :F* — F~ are the boundary unitary
isomorphisms discussed earlier, with H(D) = graph(K). Because, in this
case, the y-invariant is essentially the phase of the determinant, the second
formula, which holds mod 2Z, is an easy corollary when the operators are
invertible [14]. Theorem A holds for general Dirac-type operators and in all
dimensions. Notice, furthermore, that it is stated invariantly, independently
of the choice of ‘coordinates’ 7;—in Section 3.4 we explain how the second
and third formulas in Table I are derived from the invariant general
formulas for the relative #-invariant and {-determinant proved in Section 2.

The relative determinant formulas in Table I encode a certain spectral
duality between the rapidly diverging eigenvalues of the global boundary
problems and the eigenvalues of the boundary Laplacians, which converge

TABLE I
Invariant Relative formula
Index ind(Dp,) — ind(Dp,) = ind(P>, )
. . . . 1
Eta-invariant: Odd-dimensions n(Dp,,0) — n(Dp,,0) = Elog deto(7,'T1)

: detr(A(/ + T7'K
Zeta-determinant: Odd-dimensions det;Dpy _ de F(f( + 1 K)
det;Dpz det]:(j([ + TzflK))
det(4p) _ detp(S(P)*S(P1))

dety(4p,)  detr(S(P2)* S(P2))

Laplacian Zeta-determinant THEOREM A.
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rapidly to 1. The point being that, for comparable global boundary
problems, taking quotients produces arithmetically similar behavior.

This extends to a differential geometric duality between smooth families
of global boundary problems (D,P) = {Df,b | b e B} parameterized by a
manifold B and the corresponding family of boundary operators
S(P) = {S(Py) = P,oP(D")| b e B}. Each family has an associated index
bundle and determinant line bundle. Geometrically, the regularized
determinants det;4p and detg(S(P)* S(P)) define the so-called Quillen metric
[2, 3] and canonical metric [24] on the respective determinant line bundles.
For example, if D is held fixed and P allowed to vary in the parameter
manifold B = Gry (D) the canonical metric is just the ‘Fubini-Study’ metric
of [21] over the restricted Grassmannian. From this view point, Theorem A
expresses the relative equality of these metrics with respect to the obvious
determinant line bundle isomorphism DET(D, P) =~ DET(S(P)). Table 11
lists the relative geometric index theory formulas for families of APS-type
boundary problems:

The relative index bundle formula is taking place in K°(B). For a
functional analytic proof see [6]. The determinant line bundle isomorphism
is explained in [24], where, essentially, the definition is given of the
canonical curvature form Q% on DET(S(P)). For the construction of the (-
connection on DET(ID, P) with curvature form Q° and proofs of all three
identities, see [26].

Notice that by setting P, = P(D), the relative formulas in Tables I and II
may be re-expressed as an interior term and a boundary correction term.

There is an essentially immediate application of the methods here to non-
compact manifolds. For a closely related detailed study of the Laplacian, we
refer to the seminal paper of Muller [20]. For an account of how
determinants of global boundary problems fit into the framework of TQFT
we refer to [18]. The results of this paper were announced in [25].

The paper is organized as follows.

In Section 2 we prove a precise form of the relativity principle for
determinants using regularized limits of Fredholm scattering determinants
(Theorem 2.5). In Section 2.1 we explain how this is related to the heat
operator regularization of the determinant—the more usual scenario for
studying scattering determinants. The relative eta invariant for comparable

TABLE II
Invariant Relative formula
Index bundle Ind(D, P;) — Ind(D, P,) = Ind(P,, P))
Determinant line bundle D]ET(D, P,) ® DET(D,P,)* ~ DET(P,,P)

Zeta curvature Qﬁ - QE = QT - Q;
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self-adjoint operators requires a somewhat different treatment. In Section
2.2 we prove a general formula for the relative eta invariant as the difference
of two scattering determinant limits. Section 2.3 is concerned with a general
multiplicativity property for the zeta determinant.

In Section 3 we first review some analytic facts about first-order global
boundary problems which will be needed as we proceed. We explain how the
scattering determinant arises canonically in terms of natural isomorphisms
between the various determinant lines. In Theorem 3.13 we prove an explicit
formula for the relative zeta determinant of first-order global boundary
problems. As an example, we use this formula to give a new derivation of
Theorem (0.1) of [27].

In Section 4 we use Theorem 2.5 to prove a formula for the relative zeta
determinant of the Dirac Laplacian in terms of an equivalent first-
order system. Methods from Section 3 then reduce this to the equality in
Theorem A.

In Section 5 we give a new proof using our methods of the results in [15]
for differential operators in dimension one. In this sense, the results of this
paper may be regarded as the extension of [15] to all dimensions.

2. REGULARIZED LIMITS AND THE RELATIVE ZETA
DETERMINANT

Let 41,4, be invertible closed operators on a Hilbert space H with a
common spectral cut Ry = {re’’ |r>0}, 0 €[0,2r). This supposes J,0 >0
such that the resolvents (4; — 2)~! are holomorphic in the sector

Ag=1{zeC|larg(z) — 0|<0 or |z|<g} 2.1

and such that the operator norms ||(4; — 2)~!|| are O(|A|~") as 2 — oo in A,.
For Re(s) > 0 one then has the complex powers first studied by Seeley [29]:

A= / 275 — )V, (2.2)
27'5 C
where

AT =12 D g — 2n<arg(2) <0 (2.3)

is the branch of 17° defined by the spectral cut Ry, and C = Cy is the
negatively oriented contour Cy| U C,g9-2x U Cp_2r 1, With

Cy = {1 = re'® | 0o >r=pl, Cﬂ,dhd)’ _ {pem/ |¢>9/>¢/}’
Cpr = (A =re? | p<r<oo}, (2.4)
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and p <g. We assume there is a real o such that the operators
A — ) =mia; — !

are trace class for m > —oq, with asymptotic expansions as /. — 00 in Ay

00 1

Tr@ (A =27 ~ Y Y alm(=2" " log (=), (2.5

=0 k=0

where 0<m 4 o< --- <m+a; / 4+00. Here, log = log, is the branch of
the logarithm spe(nﬁed by (2.3); changing 0 may change the coefficients
(’) ) (m). Since 2814, — 2)"' - 0 as 2 — oo along C for Re(s) >0, we
can integrate by parts in (2.2) to obtain

1

A7 :mzn/xm (A — ) do. (2.6)

From (2.5) and (2.6), the operators 4;° are trace class in the half-plane
Re(s) > 1+ m and we can define there the spectral zeta functions of 4;, 4,

{o(di,8) =Tr 4, Re(s)>1+m.

Substituting the asymptotic expansion (2.5) in
1
(s=1---(s—m)2n

yields the meromorphic continuation of {y(4;,s) to all of C with singularity
structure

oAy, s) = ! / STHENA; — ) Ydi (27)

00 1
sm(ns) Coldirs) ~ ,Z_: Z (S_ij 1)k+1’ (2.8)

where, independently of m,
a, ~ o)+ m) ' afym), 29)
t;, = (14 i(0 — n))* and I'(s) is the Gamma function (see [[12, Proposition

2.9, 28], here generalized to arbitrary 0]).
Notation: In Eq. (2.9) ~ indicates that

L) (o +m) ' aly(m) LTIy + m)~" ) (m)
s+o;—1 (s—&—ocj—l)2
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gives the full pole structure at s = 1 — o;. A function defined in the sector Ay
has an asymptotic expansion

o0 1
FO) ~ 373 eju=a P logh(=i) + e(=7)"
=0 k=0

as A — oo with ; /" 400, v >0 means that for any ¢ > 0 and N with fy > v,

N-1 1

SO =03 il Pog" (=) + e(=A) " + 012 F¥+)
=0 k=0

for A sufficiently large, while a function g on C has singularity structure

00 1 d:
g(s) ~ Z Z(s—s—/jik—l)k

=0 k=0

means that

N-l 1
dik
g(s) = —— 4+ hy(s)
_/Z:; ; (s+7,— 1"

with 4y holomorphic for 1 — yy <Re(s)<N + 1. .

At any rate, (2.8) implies that the term with coefficient aﬂ(m) in the
resolvent trace expansion (2.5) corresponds to a pole of %CO(/L-,S)
at s =1 —o; of order k4 1. In particular, since @ =5+ O(s’) around
s=0,if

dy=0=4a", w=1 (2.10)
then (2.8) implies the {y(4;,s) have no pole at s = 0 and
()

(i aJ,O(m)
{p(4;,0) = aj,)o = m!

. (2.11)

The regularity at s = 0 means we can define the {-determinants
detg’gz‘l] = E_C;)(AI’O), detg,g Ay = e—C;,(Az,O),

where {j = d/ds({y). If (2.10) holds we refer to each of 4y, 4, as {-admissible.
Thus, for example, if 41,4, are elliptic differential operators of order d > 0
over a closed manifold of dimension n, then they are (-admissible with
a3 (m) locally determined, a; = (j — n)/d, so J = n+d, and a}(m) = 0 (no
log terms). In the following, we do not assume that the operators 4; are (-
admissible unless explicitly stated.
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DErFINITION 2.1.  We refer to a pair (4, 4,) of invertible closed operators
on H with spectral cut Ry as {-comparable if for 4 € Ay:
(I) The relative resolvent (4, — ) "' — (4, — )~ ! is trace class and

0
Tr((4, =)' — U =) ) = —7; log det 7. (2.12)
Here the ‘scattering’ operator &, = (4,,4;) is an operator of the form
Id + W, on a Hilbert space #, — H with W, of trace class, so that &, has a
Fredholm determinant dety .%;, =1 + Zk>1 Tr( A*W;) taken on ;.
(IT) There is an asymptotic expansion as A — 00

00 1

Tr((dr = D)7 == ~ D > (=) logh(—2)
j=0 k=0
J#J

+bs0(=2)", (2.13)

where 0 <oy < --- <a; /400 and ay = 1.

Remark 2.2. (1) If # =, #, forms a (trivializable) vector bundle,
then the right-hand side of (2.12) can be written —Tr(y;1 d;,¥;), where d) is
a covariant derivative on Hom(s#, H). There is a canonical choice for d;
induced from the covariant derivative Vg5, = P(4)-(0/04) - P(A) on A,
with P(1) the projection on H with range ;.

(2) If an expansion (2.13) exists, then o; > 0 since 47! — 45! is trace class.

If 4,,4, are {-comparable, then A7° — 45* is trace class for Re(s) > 1.
Hence we define the relative spectral {-function by

Co(A1,42,5) = Tr(47* — 45°), Re(s) > 1. (2.14)
In view of (2.12) we have
ol zes) =5 [ 270 T = 27— - )
2n C
= i//l"*al det, 9 d/ (2.15)
= ") 5; logdety S dJ. .
{p(41,A4,,s) thus extends holomorphically to Re(s)>1— oy while the

asymptotic expansion (2.13) defines the meromorphic continuation to C
with singularity structure

00 1 r r
bjx bro
() (A1, 42,5) ~ — 4 (2.16)
j; ; (s 4o — l)/‘ s
J#ES
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where
bix = w () 'bix,  bro=bro=e(41,42,0). (2.17)

Since b;; = 01in (2.13) then {y(4;, 42, s) is regular at s = 0 and we can define
the relative {-determinant by

det; g(4y, 4y) = e 01420, (2.18)

No assumption is made on the existence or regularity of {y(4;,s). If 41,4,
are {-admissible and (I) of Definition (2.1) holds, then (2.5), (2.10) imply as
A — 00 in Ay

AT =) = (=D

0 1
~ D0 D e m) — agim)(=A) " log (<)

p=0 k=0
p#J
+ (@ m) — dZy (=2 (2.19)

with, by {-comparability, «, > 0—for, the relative resolvent trace is then
O(JA]™%) as A — o0, some ¢ >0, and hence aﬁ.}k)(m) - a;zk)(m) =0 in (2.5) for
o; <0, while in (2.19) p = j — max{j|«; <0} + 1, resulting in the regularity
of {y(A41,42,s) for Re(s) > 1 —¢. With o, >0, we can integrate (2.19) to
obtain for 4 — oo an asymptotic expansion of form (2.13).

The b are related to the coefficients in (2.19) via universal constants; in
(2.16)

by ~ dl) -} (2.20)
and, in particular,
(o(A1,42,0) = byo = affy — a0 = (p(41,0) — {y(42,0).  (2.21)
More generally:

LEMMA 2.3.  If Ay, Ay are {-admissible operators such that (1) of Definition
(2.1) holds, then Ay, A, are {-comparable and as meromorphic functions on C

(o(A1,42,5) = (p(41,5) — {o(42, 5). (2.22)

Proof. The first statement is proved above. For Re(s) > 1 — o, (2.22) is
obvious. Elsewhere, from (2.17), or (2.19), (2.13), the left- and right-hand
side of (2.22) have the same singularity structure, hence (y(4;,A4>,s)—
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Co(A41,5) + (9(42,s) is a holomorphic continuation of zero from Re(s) >
1 — o to all of C, and is therefore identically zero. |

To compute det;g(4;,4,) in terms of the scattering matrix we need to
know more about the asymptotic behavior of & ;.

LEMMA 2.4. Let f be a differentiable function in the sector Ay with an
asymptotic expansion as A — o0

00 1
D I e R N O N s S C R )

with ; /" 400 and B;#1. Then

k
Cj()) = (i) ]Z Z 1_ (( /L) B; +110gk( A) l_ﬁj (_/'L)—/f,-+1>

— ¢ log(—4), (2.24)

where r = max{k|p, <1}, converges uniformly as i — oco. Denoting this
limit by

ey = 1imY_ _c(2)

(the 0 indicating the limit is taken in the sector Ay), there is an asymptotic
expansion as A — o0 in Ay

fG) ~ Z > lc”‘ ((—A)—ﬁﬁ‘ logh(~7) — — fﬁ’(_ ;,)—/:,H)
J

+ colog(—2) + c;. (2.25)

> T
T
[}
\.

Proof. Let Ay € R, with ¢ = arg(4) and |/| <|4¢|. Choosing || sufficiently
large so that (2.23) holds, then

lcr (A) — cr(o)l
< /|)v| aCf
120! ou
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0
Ty S (10 og () + ol

//1
ol | Ot =0 k=0
2]
:/ O(/,t_ﬁ’“) dugcurﬁrﬂﬂ_
\

ol

Since f,,; > 1, then (c;(4)) is convergent by the Cauchy criterion.
Integrating (2.23) between A and Ay, we obtain for large |4, |49 and any
e>0

-1 1

N
1) = Zlcf" (( 2P logh (=2) - 5 ﬂ( ) "“)
J

=0 k=0 B;

+ colog(—2) + O ) + ¢ 1 (Ag) + O\ Ao VT,
Letting 49 — 0o we reach the conclusion. |

Applying Lemma 2.4 to (1) = log det, %, and from (2.12), (2.13), we see
that as 4 — o0 in Ay there is an asymptotic expansion

1
S~ Mogh(<2) + by log(—2) + crrs (226)
k=0

logdet, &%) ~

7

<o

j#

~os

where by = bjo(1 — o)~ = by(1 — o) %, b =by(1 =)~ (j#J), and
the constant term is
J=1 1
cror = lim)_,  |logdety &, — byolog(=2) = Y Y b (=) logh(=2)|.
=0 k=0
(2.27)
The regularized limit of a function in the sector Ay with an asymptotic
expansion  f(1) ~ Z] 0 Zk 0 Cik(=24)" Bilog(=7) + colog(—2) + ¢ as
4 — 00, where f; /' +00 and f;7#0, picks out the constant term in the
expansion
LIM!__f() =c.
We have (with & = %):

THEOREM 2.5.  For {-comparable operators Ay, A>

det:,()(A1 ,Az) — detF <¢e7LlMgao@ log det 9’,1. (228)
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With {,0/(0) := {4(41,42,0), one has

LIMY | logdet, &, 7hmi_,OC [logdety &; — {,(0)log(—2)
1
- ZZ (=27 M ogh (=) |. (2.29)
j=0 k=0

If A\, A, are {-admissible

detg,g Ay

detC’Q(Al ,Az) == m

(2.30)

Proof. Identity (2.30) is immediate from Lemma 2.3, while (2.29) follows
from (2.26), (2.27), and (2.17), (2.21).

To prove (2.28), since A °logdety ¥, — 0 at the ends of C for
Re(s) > 1 — o, we can integrate by parts in (2.15) to obtain

Co(A1, 42, 5) = sg(s) (2.31)
and hence that

{p(41,42,0) = dl (sg()I"™"), (2.32)

where, with f(2) = gdete 72 ?f‘f) 75

9(s) :é /C 275 F() d) (2.33)

has a simple pole at s = 0 with residue b,. The notation A(s)|"* indicates
the meromorphically continued function.

We carry out the meromorphic continuation of {y(4;, 4>, s) along the lines
of [12, Proposition 2.9]. First, log det; &; is regular near 4 = 0 and so f(4)
is meromorphic there with Laurent expansion

1) = lmg(ci%t;y + i bi(—2Y. (2.34)
j=0

Since [ 27175 dj = 0 for Re(s) > 0, then

log det, &

o0 = 3= [ AL )= 1) —2E

(2.35)
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For 1 — o9 <Re(s) <1, the circular part C, 9>, of the contour C can now
be shrunk to the origin, which reduces g(s) to

sin . o .
g(s) = ﬂe’("_g)(s_l)/ ¥ fo(re?y dr (2.36)
n 0
using e #0-20 _ =150 — 2i sin(ns)e® ™. On the other hand, from (2.26)
there is an asymptotic expansion as 4 — oo along Ry

log(—2) — logdety &
(=2) (=4)

00 1
fo(A) ~ ¢o + Z > B (=) logh (= 4), (2.37)
=0 k=0
Jj#J

where ¢y = by = {,e/(0), ¢| = ¢,or. Hence, since —4 = —re? = re'®™ with
respect to Ry, for any ¢ > 0,N >J + 1 we have as r - o0

log(re®™) ¢ — logdet, &
el 0-7) el 07

fo(re) =co

-1 1
+ YD B log (re ) + 00 (2.38)

o
Therefore,
—1((-) 7z) —is(n—0)
sm(ns) sin(ms) 1)
LN-1 o
= / Z bje’(()_”)fr’_s + 50| dr
0 j=0
+ / [e"(e_“)cor_s_l log(r) + e =P (¢; + i(6 — m)cy — log det, 7)1
1
N-1 1
+ Z Cijpr V° logh(r) + r0G— *8)} dr
=0 k=0
i
Ryl N e~ i0-m¢, N e~ 0= (¢; 4 i(0 — )y — log det F)
B s—J—1 52 s
N-1 Cino
+ Z PEE— o hn(s),

C(s+a;— D

~ .
k‘O
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where Ay is holomorphic for 1 — ay + e<Re(s)<N + 1. Here we use the
meromorphic extension to C of

1
A 1
/ PWdr=——— Re(s)<j4+ 1, (2.39)
0 s—j—1

B~ o (N dp = — k=0,1, Re()>p+1. (240
P log"(r) dr ) > L, Rels SRS
/1 g0 dr = (©)>B+1. (240)

This implies the singularity structure

—i(n—0)s () C] + (0 — n)cy — logdet, & X, b;
0 gls) ~ £~y ——
sm(ns) s =i A 1
21: e (2.41)

= (s +o— l)k

_|_
?LT Mg

Around s = 0 one has %2 “S) =5+ O(s*) and hence

s9(s) = (s + O(s") (j—‘; +

+ s% p(s), (2.42)

c1 +i(0 — w)co — log det, 5”)
s

where p is meromorphic on C and holomorphic around s = 0, giving the
pole structure in (2.41) away from the origin. We, therefore, have near s = 0

d .
= (sg(s)) = i(n — 0)e" ™D (co + s(c) + i(0 — m)cy — log det F))
+ O(?) + & %(c; + i(0 — m)co — log det &) + O(s).

And hence from (2.32)

{)(Ay,42,0) = ¢ — log det, & (2.43)

and this is Eq. (2.28). 1

Remark 2.6. There is freedom in specifying logdet, ¥, up to the
addition of a constant, and hence in specifying %, up to composition with
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an element of Gl(#;) ={§ € Gl(H))| & — 1€ L(H))}, where L|(H)) is
the ideal of trace-class operators; that is, ;& is also a scattering operator
for any & € Glj(#;). However, since detg: Glj(#,;) > C* is a group
homomorphism and the regularized limit is linear

LIMY__(g(2) +c. f(2) = LIMY__(g(2) + cLIMY_ __(f(2), (2.44)

any constant ¢, then (2.28) and (2.43) are unambiguous.

With the regularized limit LIM,_,¢(A(z)) denoting the constant term in the
Laurent expansion of a function /4(z) around z = 0, we can recast (2.28) as
follows:

PROPOSITION 2.7. If Ay, A, are {-comparable, then

log detC,G(AlaAz) = - LIMs—>0 [ﬁ/ lis*l lOg detF <¢)L d}.
C

mer:l

= — [1/ 2 ogdet, &, di — Qrel,ﬁ(o):| (2.45)
27 C N

s=0
Equivalently,
log det; (41, 42) = — LIMyo[I'(s){p(A1, A2, )" ] + PLrer0(0)

= - [F(S)CO(AlaAZsS) - w} +9Crer0(0).  (2.46)

s=0

Proof. From (2.33), (2.42), around s = 0 one has
i —s—1 _in—0)s (€0 ;
i / 77 Vogdety & i =™ (Lt 4 i(0 — mcy — log det, 7 + 0(s))
21 Jc s
=D 4 ¢~ logdet, & + O(s),
s

and hence (2.45) follows from (2.43).
On the other hand, I'(s) = s~! + ys + O(s) near s = 0, so from (2.31)

I(s)Cp(A1,A42,5) = I'(s)s9(s)
— im0 (@ +c1 +i(0 — )y — logdety & + coy + O(s)),
s
and so (2.46) follows similarly. 1

We also have:
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PrOPOSITION 2.8. Let Ay, Ay be {-comparable and {-admissible, then there
is an asymptotic expansion as u — o0 in Ay

log det; o(4; — ) — log det, o(42 — )

00 1

~ D> B ogh (=) + byo log(—2).
j=0 k=0
Jj#S

detgo(i—p) _
In particular, the constant term is zero: LIMM_)OO log (m) =0.

Proof. For ue Ay the operators 4; — u are {-comparable, and hence by
Theorem 2.5

log det; o(4; — u, A2 — ) = logdetp &, — LIM!

joo logdety Sy

Since LIM!

A—00

reached from (2.26) and (2.37). 1

logdety 4 = LIM!

i logdety % the conclusion is

Finally, it is useful to note that a similar proof allows Theorem 2.5 to be
abstracted and generalized slightly:

PROPOSITION 2.9. Let @ be a function on C which is meromorphic at 0
with Laurent expansion ®(1) = Z/——m bi(— Y, and holomorphic in a sector
Ag with for some r € Z a uniform asymptotic expansion of 0® /0. as . — oo
in Ag

Z Z a;x(2) "% log (= 2), (2.47)

J==r k=0

where —co<o_, < - <o_1<0<op< - - <o; / 00. Then
Z(s) = ——/}_°—di

is holomorphic for Re(s) > 1 — a_, and has a meromorphic continuation to all
of C with poles determined by the coefficients of (2.47). In particular, if aj) =
0 (with oy = 1) then Z(s) is holomorphic around s = 0 with Z(0) = a; o, and

—7'(0) = ®(0) — LIM!

A—00

(), (2.48)

where ®(0) .= LIM;_o ®(1) = by
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2.1. Relative heat kernel regularization

In this section we derive Theorem 2.5 using the heat operator trace for
operators 41, A, with spectrum contained in a sector of the right half-plane.
This applies, for example, to the Dirac Laplacian on a manifold with
boundary.

We assume that R, is a spectral cut for 4;,4,, so that ||(4; — i)flll =
0(/™Y) for large A in A, with 0>mn/2 in (2.1). Let ¥ be a contour
surrounding sp(41), sp(42), coming in on a ray with argument in (0, 7/2),
encircling the origin, and leaving on a ray with argument in (—7/2,0). For
t >0, one then has the heat operators

eti= et -2 di= - / e A — 2) di.
21 @ 21 @ ’

tA4;

If we assume 07'(4; — 2)~"is trace class for some m, then e~ is trace class

with
Tr(e ) = - / e A THE (A — 2) V) di
2 @ :

The resolvent trace expansions (2.5) thus imply heat trace expansions as
t—>0

1

Tr(e ) ~ zw: Z " oght (2.49)

j=0 k=0

with coefficients differing from those in (2.5) by universal constants, while
Tr(e ) = O(e™"), some ¢ >0, as t — oo. The heat representation of the
power operators

1 p—tdi
A -5 / £ d,  Re(s)>0 (2.50)

then implies ((4;,5) = I'(s)"! fooo £~ Tr(e i) dt for Re(s)>1 — o, with
(2.49) giving the pole structure of the meromorphic extension to C.

For positive (-admissible operators the heat cut-off regularization,
defined by

x ]
log det,,,,(4;) == LIM,_,g - Tr(e ") dt (2.51)

&
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picks out the constant term in the asymptotic expansion as ¢ — 0 of

fle) = /QO —% Tr(e ) dt ~ —{(4;,0)loge + LIM,_f(e)

Since 8f/0e = ¢! Tr(e~*4), the existence of such an expansion follows from
(2.49) and the small time asymptotics analogue of Lemma 2.4.

The definition in (2.51) is motivated by detj.,;(4) = detp(4) in finite
dimensions. However, if H is infinite dimensional and 4 is determinant class,
then e~ is not trace class and (2.51) is undefined. There is, nevertheless, for
any pair of {-comparable operators A1, A, a well-defined relative heat cut-off
determinant

o0
logdet,, (41, 4,) = LIM,_ % Tr(e ™ — e ) dr.  (2.52)

This includes both when 4,4, are determinant class or {-admissible. In
the former case, e —e 2 is now trace class, logdet,,,(41,42) =
Joo —ATr(e™ — e “2)dr  and  detjeu(d1,4>) = detp(4)/detp(4).  This
is the r-integrated version of

. © d
Tr(4,'4,) = / —tlTr(ae’A’>dt (4, det class),  (2.53)
0

where A;<A4,<A4, is a smooth l-parameter family of non-negative
determinant class operators (to see (2.53), set s =1 in (2.50) and use
Duhamel’s principle).

On the other hand, when the 4; are {-admissible

detheat(A I)

dethear(dr, 42) = m
eat

(2.54)

By (2.57), below, (2.54) is a restatement of (2.30) and (2.21).

The relative heat and {-function {(41,45,5) =T (s)’1 fooo £ Tr(e ™ —
e “2)dt regularizations are related to the scattering determinant is as
follows.

THEOREM 2.10. Let Ay, A, be positive {-comparable operators with 0 = m,
as above. Then as ¢ — 0 there is an asymptotic expansion

o0
1
/ - Tr(e ™ — e7™) dt ~ logdet, & — LIM,_, logdet, &,
&

P ¢ 1 L
~ GO (1) = L@ loge+ Y7 " e Hogte.  (2.55)
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Hence,
log det,,,(41,42) = logdety & — LIM;_, « logdety & _; — {,,(0)"(1).
(2.56)
One has
dety(A1, 42) = detyea(Ay, Ap)e™= O D). (2.57)

Remark 2.11. I'(1) = —.

Proof. Equation (2.57) follows from (2.56) and (2.28). Alternatively, it is
proved directly, without reference to Theorem 2.5, by an obvious
modification of the following proof of (2.55).

From (2.12) and (2.1) we have

P[0
7 %e ! alogdetpyidi

- L / e *logdet, &, d. (2.58)
27'C 14

Tr(e ™ — 2y = —

Hence
w

00 1 ” i ) eft/l
/s —;Tr(e” U ety gy =5 [ghmm_>OC —7 _ logdet, &, dA

e *logdety &

= [ limyon 1o g
j “Plogdet, S,
! eg—FP/dp (2.59)

2n Je —-p

using 4 = wA, p = ¢4 and homotopy invariance to shift the contours w%, ¢
to %.

Since lim,, . logdetz &, = logdet, ¥ and since the contour in the
first term in (2.59) can be closed at oo, we have

j “HFlogdety &/,
L / limy e B CCE T g Jog dety . (2.60)
2n Jo —H

Now from (2.26) and (2.37), for any 6 >0, as ¢ —» 0

logdet, &,
—p

=c1(—p)"" + co(—p) " log (—p) + co(—p) ' log (¢)

S S k) e o (—p) + log ()

j=J+1
+ O(|pg| ™ +9). (2.61)
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Hence, as ¢ - 0,

j ~Plogdet, & j
o [ SRS gy — e [ erentap
T @ —p 27'[ 7

i B i _ _
+crf/ewﬂ»H%emmwmw%@ﬂjlﬂemlw
3

Z Z cjut! “fin [ge*”(—p)l’“f(log(—p)+1Og(8))k+0(|glmv+5).

J=J+1 k=0
(2.62)
From the contour integral formula for the Gamma function
o =5 [ eren e,
2n %

we have

L / eP(—p) Ydp=T()" =1 (2.63)

2n 7
and

—/ Pp) os-pydp =5 (=T .64

dsjs—
From (2.59), (2.60), (2.62)—~(2.64), we reach the conclusion. 1

For closely related formulae see Section 3 of [20].

2.2. Relative eta invariants

The dependence of the relative {-determinant on the choice of spectral cut
Ry is measured by the regularized limit in (2.28):

LEMMA 2.12. Let Ay, A be {-comparable operators for spectral cuts 0, ¢ €
[0,27) with scattering matrices 9”9 7"7’ chosen so that detp F/g = detp H’g’
Then

detc,e(Al,Az):eXp “LIM,. log detp & gm
dety y(41,42) e detp &

ity

where LIM = LIM?, o e R,.

By Remark 2.6 the requirement detg yg:det}? 96’5 can always be
fulfilled, and so (2.12) follows from Theorem 2.5 and (2.44). Notice that
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the exponent is defined only mod(27iZ) due to the ambiguity in defining log,
and that the Fredholm determinants are taken on H,u,, H,i,, respectively.

We consider this for self-adjoint 41,4, with sp(4;) N R #0; for example,
for operators of Dirac type. There are, then, up to homotopy, two choices
for 0:

s 3n b :
= < 1 it 1) — pims
0=5 S sarg) <5, (=) =e
or
3 3 .
0= 771, —%Sarg(i)<?n, (=1)° =™,
which we may indicate by 6 = +, 0 = —, respectively. We assume that 4, 4,
are {-comparable so that for ue A4
0
Tr((A — ) = — ) ) = g logdetr st (2.65)
00 1
~ > ab(—w P log" () as p—o00in Ay
j=0 k=0

(2.66)

We may omit the =+ superscripts in the following, u indicating the
appropriate scattering operator. Taking conjugates switches between
spectral cuts and so, since the A4; are self-adjoint, it is enough to assume -
comparability for just one of 0 = n/2 or 3n/2. Considering u = +ix € +iR,
gives

ayy = aj"o (2.67)

and
0y logdet, & _;, = 0, logdet, ;. (2.68)

We then have two relative {-functions (4 (4;,4>,s), corresponding to the
contours C;, = Cy )y and C_ = Csy 5. Their disparity at s = 0 is measured to
first order by {(4%,43,0) and the relative n-invariant, defined by

n(41,42) = LIM0 5(41, 42, 9",

where for Re(s) > 0,
(A1, Ar,s) = Tr(4; 14,7 — As)4o| 77
:é / ;vi(s+l)/2 Tr(A](A% —_ i)il 7A2(A% _ /f\h)—l)di’ (269)

i

and C; is a contour of type (2.4) with 0 = n. (Here A4? = A4, 4; have (dense)
domains dom(Al.z) ={¢eH|¢A;¢Eedom(d))}.)
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The existence of {;(42,43,s) and n(4,,4,s) for Re(s) > 0, the justifica-
tion of (2.69), and their meromorphic continuation to C follow from the
{-comparability of 41,4, via the identities

A2 =7 = - 2T 4+ 2T (2.70)

1

2 -1 _
(Ai _l) _211/2

[(4; — 25—+ 217 2.71)

Here 272 is uniquely specified by R,. It is important to observe that the
transformation 4 — A2 opens C, out into a vertical contour

C,— C]/z = Cn/Z,l ) C_n/z’T ) Cp,n/2,—n/2~ (272)

From (2.70), |l4:(42 =)'l =02 ")), so Ajd)|~¢*V/? is defined
for Re(s) > 0. Since 4,4, are {-comparable, (2.70) implies 4(47 — =
Ax(43 — 2)~is trace class, and, from (2.66), (41, 4>, s) is defined for Re(s) >
1 — o (see Proposition 2.15).

If Ay, 4> are individually {-admissible then n(4;,s) = Tr(4;|4;|~“*Y/?) are
defined, and since #n(4;,4,,s) and n(4;,s) — 1n(4,,s) have the same pole
structure

(A1, 4z,5) = n(di,s) — n(da, s) (4; {-admissible). (2.73)

Likewise, from (2.71), [[(42 — )| = 0(2~"|) and {(43,43,s) is defined
for Re(s) > 1 — . More precisely, setting log = log, from here on, we have:

PRrROPOSITION 2.13. For A€ A,

0 d
Tr(( 43— A ' =5 —- = ~5 logdety & 12 — 5 logdety & _,1p.(2.74)

With —7. = 0 € Ry
- _ 0
Tr(A} +9)7' = (U3 +2) ") = logdety(F20) " Z2ip): (275)

[This means either (& _; )" S _ 5 00 (¥ 415)" S 4iyz] As A — 00 in Ay there
is an asymptotic expansion

THU 07— B 7 ~ 30 D e g (),

1
=0 k=0
(2.76)
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In particular,

+
a/J,O = #’ a/J,1 =0 (oy = 1). (2.77)

Proof. The first equation is a consequence of (2.65), (2.71) and
Tr(A2 — )7 = (2 — )7 = PO+ w(=a, (2.78)

where ¥(p) = (2p) ! Tr((4; — p)~ ' — (4> — p)~"). Here, one uses (2.72) in
order to track which sector 4'/? is in, and hence whether & i 18 y’: orY,.
The change of branch of log between (2.65) and (2.71) is unimportant.

If —A=0eRy, so Ae Cyy, then AN = —i /o with respect to_R;. Since
¥(p) = ¥(p), the right-hand side of (2.78) becomes 'P(—i\/&) + ‘I’(—i\/&),
or, equivalently, V(i \/&) + Y@ \/&), resulting in the + alternatives in (2.75),
which now follows similarly to (2.74) using 0,logdety, % 10 =
Oy logdetp (S | 10)*.

The asymptotic expansion as 2 — o0 in A, follows from (2.66) and (2.78).
Notice, that the expansion is built from both of the asymptotic expansions
(2.66) as A2 5 o0 in each of the sectors A4, but that the coefficients in
(2.76) will not, in general, be of the simple form (2.77) due to the change in
spectral cut. However, A~ is unambiguously defined and so (2.77) follows
by comparing (2.66), (2.74) and (2.76). 1

The content of Proposition 2.13 is that AZ,A% are {-comparable:

THEOREM 2.14. Let Ay,A> be self-adjoint (-comparable operators, as
above. Then {(A43,43,5) is regular around s = 0, and (with 0 = n, & = %)

detC(AZ,Ag) _ detp(y % y)eleMq_,mlog detr (L +in)* S +in)

= |detr ylze*LIMaﬁm log IdetF(eV’iza)Iz. (2.79)

If Ai,A, are individually (-admissible, then so are A%,A% and, then,
det;(Az,A%) = detg(A%)/detg(Ag).

Proof. The first statement is Eq. (2.77). From Proposition 2.9 with
D(/) = logdety S ;12 + logdety S 12 we obtain

det (43, 42) = detp(¥* F)e H™Mian PP, (2.80)

Notice, though logdet, #* may differ by a constant, (2.80) is unambig-
uous. The regularized limit averages the limits in the sectors A4 and is
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therefore well defined and unambiguous in A,. Eq. (2.79) now follows from
(2.75) and (2.80) by computing the limit along R = —R,, and noting
LIM,_ [ (\/&) = LIM,,« f(x). The final statement follows on applying o7
to (2.71) for large m. |

The analogue of Proposition 2.13 for the eta-function is proved similarly:

PROPOSITION 2.15. Ay, A, are y-comparable, in so far as, for A€ Ay,

Tr(d (4> — ) —Ax( 42— ) = — il/zglog dety S 12

+)tl/2a)logdetp e (28D

and as ). — o0 in Ay there is an asymptotic expansion

o0 1
Tr(d (A7 = )7 = a3 = D)7 ~ Y Y dl(=2) T log!(—-2).
j=0 k=0
(2.82)
From (2.82) we obtain the singularity structure
s+1 e 2k4 4 2450 44,
r A1, 42,5 - +—=+—,
( )17(1 2,8) ~ ;;(S+ajil)k+l B 2
J#T
(2.83)

where the 4, differ from the o Tk by umversal constants. Since Ay, A, are (-
comparable, from (2.81) we find that a7 ; = 0, and 4;; = 0. Hence, as I'(s) is
regular at s = 1/2, n(4;,4,,s) can have at most a simple pole at s = 0.
Though Propositions 2.13 and 2.15 are ostensibly similar, the n-invariant
has a quite different character. In particular, it is not necessary for 4; to be
invertible in order to define n(4;),n(4,,4,)—we require only that at 1 =0
the resolvents (4; — )~ are meromorphic.” It is then convenient to consider

n(Ay,4>) + dim Ker(4,) — dim Ker(4>)

ii(Ad1,42) = >

since #(A1,A4>) mod (Z) varies smoothly with 1-parameter families [5, 14,
16, 19].

The topological nature of 5(4) originates in the following difference of
regularized limits in the sectors A4 :
2This has consequences topologically: concretely, the eta-invariant provides a canonical

generator for n;(#,), where Z, is the space of self-adjoint Fredholm operators, and a
transgression form in the relative family’s index [17, 26].
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THEOREM 2.16. If Ay,A> are self-adjoint (-comparable operators, as
above, then

1
fi(A1,42) = i LIM, .« (logdet, & _;, — logdety Siy)

2 42
+ w mod (Z). (2.84)

Proof. With u = 2'/? we have from (2.81) and (2.72) that

mmAwﬁi%A WO — 1) — (o — )
1)2

+ Tr((4) + )~ — (A2 + )l du
- u(0, logdet, &_, — 8, logdet, #,)dp,  (2.85)
2n Re(s)=c

where ¢ is positive and less than the smallest positive spectral value of 4,
or A,.
Since u~* logdet; %, — 0 for Re(s) > 1 — ap as u — oo, integrating (2.85)
gives
(A1, 42) = LIM;_,0(sG(s)), (2.86)
where G(s) = 5= fRe(y):c u'F(p) dp, and
F(n) = logdet, &¥_, —logdet; ¥, mod (2miZ). (2.87)

Here, since
/ pSldu =0, Re(s) >0 (2.88)
Re(w)=c

the mod (2%iZ) ambiguity in (2.87) is not seen in G(s).

At u = 0: though r(u) = Tr((4; — )~ — (42 — )~ ') is meromorphic with
residue —dim Ker(4;) + dim Ker(4,), r(u) + r(—p) = 0,F(u) is regular, and
hence (—p) 'F(u) is meromorphic with a Laurent expansion
(=) 'F(u) = 327 bi(—py. Let Fo(p) = (—p)~ (F(u) — b_y).

From (2.88) and since Fy(u) is regular at u =0

i i
szi/ M%@W=—/M%@m
21 JRe(=c 2n Jim
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We have u = re*™? on +iR and since the orientation goes from +ico to
—100,
e*ins/Z 0 ) eins/Z 00 )
G(s) = — / rSFy(re™?) dr + / S Fyre ™Y dr. (2.89)
2 Joo 2z Jo

By the argument in Theorem 2.5, if 4 is holomorphic in Ay with
an asymptotlc expansion R ~ hy(=2) " 4 ho(—2) " log(— )+
> S0 hi(—=2) " log"(—=4), with 0<o; /00, as 4 - oo, then
h(s) = [, r*f(re”)dr defined for Re(s) > 0 extends meromorphically to
C with singularity structure around s = 0

O R (290)

where p(s) is meromorphic on C with poles at s = 1 — a; #0.
Since A;,A, are {-comparable, as in (2.37) we obtain asymptotic
expansions

Fo(w) ~ af (—)" + ai (—p)~" log(— u)+Z Z cfi(=2) " logh(—2)

J=

2.91)

as u — tioo, where 0 <a; " 00. From (2.87) we compute
ai = LIM,, s in(logdety &, —logdet, & _,) —b_; F inaj, mod (2niZ)
(2.92)

and B
a(;—r = i(a;—r’o + ajo), (2.93)

cf. (2.37) (note: the term ina;—fo in (2.92) arises from log(n) = log(—pu) + in).
From (2.89)—(2.91)

—ins/2 /g4 : ems/Z as 37
sG(s) = — & <O+aT—Eaa“>+ <T°+a;—7a0>+0(s)

2ni \ s 2 2mi
(o —ag)2mi (e —ap) (@ —ap) g (2.94)
s 2 2mi

Hence from (2.86), (2.92) and (2.93)

(ag —ag) , (a —ap)
2 2mi

N4, 4>) =

1 ajo+ay,
=—LIM,_(logdet, &¥_;, —logdet, ¥;,) + f mod (2Z)
T
1
=—LIM,_~(logdet, &_; — logdety &) + a;, mod (2Z),
i s
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the final equality using (2.77). Since ((4},43,0) = d), — dim Ker(47)+
dim Ker(4?), and, by self-adjointness, dim Ker(4?) = dim Ker(4;) we reach
the conclusion. |

Remark 2.17. (1) Methods similar to Section 2.1 can be used to obtain
(2.84) from the heat formula

N
77(141,142,S)—F(S; > / A2 Tr(41e7 1 — Aye42) d.
0

(2) From (2.68), the regularized limit in (2.84) is pure imaginary, while
from (2.67) and (2.77) {(43,43,0) is real. When 4,4, are invertible this
corresponds to the role of these invariants in defining the phase of the
determinant

det: (4, Ap) = T @ALAN-LELAN det. (14,1, |4a]). (2.95)

2.3. A multiplicativity property

We refer to {-comparable operators Ay,4, as strongly (-comparable if
ajr =0 for j<J in (2.13); in particular, {,,(0) = 0.

Thus for self-adjoint strongly (-comparable operators, n(4;,A4s,s) is
holomorphic for Re(s) > 1 — oy, 1, and (2.84) follows easily in this case on
setting s = 0 in (2.85).

Similarly, from (2.29) we have:

LeEMMA 2.18.  Let Ay, Ay be strongly {-comparable. Then LIM = lim, and
detg (A1, 4>) = det Fe M 08 40t 7 (2.96)

More precisely, {y(41, A3, s) is then holomorphic for Re(s) > 1 — o;,; and
so at s = 0, without continuation, and (2.96) follows from

. ‘ N 5
Co(41,42,s) = _L(Trs) o0 / r—* —logdetp (S i) dr.
i 0 or

This applies to the following multiplicativity property:

THEOREM 2.19. Let A: H — H be closed and invertible with spectral cut
Ry with ||A—2)""=0(A"Y as A — ocoin Ag and let Q=1+ W:H — H
with W of trace class. If the operator AW is trace class, then (AQ,A) are
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strongly {-comparable and
det: y(40,A4) = detr Q. (2.97)
If A is (-admissible, then so is AQ and

det; 9(4Q) = det; g(4) detr Q. (2.98)

Let us point out some immediate consequences. First, we have:

PrOPOSITION 2.20. Let M be a closed n-manifold and D: H*(M,E) —
H*~4(M, E) an elliptic ydo of order d > 0 acting on sections of a vector bundle
E over M. Let Q=1+ W where W is a ydo on L*(M,E) of order
ord(W)< —n—d. Then

det o(DQ) = det; (D) detr Q.
In particular, this holds if W is a smoothing operator.

Proof. 1t is well known that in this case D is {-admissible. On the other
hand, ord(DW)< — n and hence DW is trace class. |

This generalizes Lemma(2.1) of [13]. On the other hand, using the
multiplicativity of the Fredholm determinant, setting 4 = Q> and

0 = 0,'0: we have:

ProPOSITION 2.21.  Theorem 2.19, (2.97), applies to any bounded operator
A on H. In particular, (Q,I) are strongly {-comparable, with I the identity
operator, and

det;p(Q,I) = dety O. (2.99)

Equivalently, if O, 0, are determinant class, they are strongly {-comparable
and

detr Oy

det;o(01, 02) = detr(0'01) = g7

(2.100)

Thus, although {y(Q;, s) is undefined if Q; is of determinant class for any s
(with H infinite dimensional), {y(Q;, 02,s) is defined and holomorphic for
Re(s) > —1 (see below). Since the contour can be closed at oo this extends to
all s-equivalently, (2.99) is independent of 6, providing one perspective on
the following:
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PrOPOSITION 2.22.  Let Oy, O, be self-adjoint and determinant class. Then
(01, 02,s) defined for Re(s) > —2 extends to an entire function and

7(Q1,02) € Z.

Proof. The first statement follows from (2.102). The identity is
immediate from (2.84) and (2.103). 1

An equivalent way to view this is to observe that since Q; are determinant
class, then det; o(Q), O») is real by (2.100), and so the phase in (2.95) must be
real. Matters are quite different for differential operators (Section 3.4).

The proof Theorem 2.19 is as follows.

Proof. We have AQ0—A=A4—71+S, where S =AW is trace class.
Hence (40 — 2)"' — (4 — 2)"! is trace class, and for 4 large

MO-N"'=U-D"+DY A-D'SU-HH @101

k=1

From the trace norm estimate
14 = 7S = D™l <l = 7 AUSlg) < !
as A — 0o, we have ||(40 — 2)~' — (4 — 2)7l; = O(A72) and hence that
Tr((A0 — )~ — (4 = )~ = 04 ?). (2.102)

Therefore, {y(AQ,A4,s) = Tr((AQ)° — A™*) is holomorphic for Re(s) > —1
and {4(40,4,0) = 0. Using the symmetry of the trace we find

TrH(AQ =)' = -2 = —a%log dety (4 = 2)"(4Q = A)),

so the scattering matrix is &%, = (4 — 1)~ '(40 — ). Hence from Lemma
2.18

s 0 7
det;9(40, 4) = dety Q"™ 108 detr 77

Finally, it is easy to see that dety &, = 1 + O(|2|™!) for large /1 and hence
that

lim}_  logdet, ¥, =0 mod (2niZ), (2.103)

proving (2.97).
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If 4 is {-admissible, then applying 07 to (2.101) for large enough m, we
find 07(40 — A~ is trace class with’ an expansion (2.5) with no term
(=2)~ f log(—/). Hence (2.98) follows from (2.30). 1

Remark 2.23. In fact, det;y(40,4) = detr QeiLIMg—m log detr 75 for any
determinant class O—though expected, the vanishing of the regularized limit
is unresolved.

3. AN APPLICATION TO GLOBAL BOUNDARY PROBLEMS OF
DIRAC TYPE

We turn now to the application of Theorem 2.5 to elliptic differential
operators on manifolds with boundary.

3.1. Analytic preliminaries

Let X be a compact Riemannian manifold with (closed) boundary
manifold 8X = Y. Let E', E*> be Hermitian vector bundles over X and let
A: CP(X,E") - C*(X, E?) be a first-order elliptic differential operator. We
assume a collar neighborhood U = [0, 1) x Y of the boundary such that

A|U—G<E+%+R), (3.1)
ou

where .o/ is a first-order self—ad]omt elllptlc operator on C®(Y, E‘y) R is an
operator of order 0, and o: E‘ - E‘U a unitary bundle isomorphism
constant in . When (3.1) holds, then 4 is of Dirac type. The case when
R =0 is called the product case.

We define the space of interior solutions of 4

Ker(4,s) = {y e H*(X,E") |4y =0 in X\ Y}
and its restriction to Y
H(As S) =% Ker(A’ S),

where, for each real s> 1/2, y,: H*(X,E") - H*"'/2(Y, Ely) is the contin-
uous operator restricting sections of E! in the sth Sobolev completlon to the
boundary. Because of the Unique Continuation Property y,: Ker(4,s) —
H(A,s) is a bijection, while the Poisson operator

Ha=rd 5o H (Y, E)) - Ker(d,s) « H'X,E")  (3.2)
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defines a canonical left inverse to y,. Here, using the doubling construction
[4] for example, we consider X as embedded in a closed manifold X with
Hermitian bundles E; such that (E )‘X =E;, and such that A extends
to an 1nvert1ble elliptic operator A:HX,E) > H (X, E ), and where
5 HNX,E") > B2y, EY), r.HS(X,E2) — H'(X, E?) are the continuous
restriction operators.

ProrosiTION 3.1 (BooB-Bavnbek [4], Grubb [9, 10], Seeley [28, 30]).
The restriction

P(A) = A 4 (3.3)

of #y to Y is a ydo projection of order 0 (the Calderon projection) on the
space of boundary sections H*~'/*(Y, E\y) with range H(A,s).

For (y,&) e T*Y\{0}, the principal symbol o[P(A)|(y,&):E), — E,, is the
orthogonal projection with range N.(y,&) equal to the dlrect sum of
eigenspaces of the principal symbol of .o/ with positive eigenvalue. Therefore,
a(P(A)) is independent of the operator R.

In general, P(A) is only a projector (an indempotent), but

P(A)yy; = PA)* PANPAPA)* + (I = PA)* ) = PA)" (3.4)

ort

is the ydo projection (unique self-adjoint indempotent) with range
ran(P(4),,,) = ran(P(4)) = ran(P(4)*). (3.5)

and principal symbol o[P(A)] = d[P(4),,].

The Calderon projection provides a natural basepoint with which to
define global boundary problems:

DErFINITION 3.2 (Grubb [10], Seeley [30]). A classical ydo B of order 0
acting in H*(Y, E\ly) with principal symbol ¢[B] defines a boundary condition
for 4 which is well-posed if:

(1) B has closed range for each real s;
(i) for (y,&) e T*Y\ {0}, o[B](y, &) maps N, (y, &) injectively onto the
range of o[B](y, &) in C".

DEerFINITION 3.3. A well-posed boundary condition B for 4 is admissible
if the ydo B — P(A4) is a ydo of order < — n.

Remark 3.4. In the following, we shall for clarity and brevity assume
that if B is admissible then B — P(4) is a smoothing operator. The
modifications needed for the general case are straightforward.
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For each well-posed boundary condition B for 4 the global boundary
problem

Ag = A: dom(4p) —» L*(X,E?) (3.6)

with domain

dom(dp) = {y € H'(X,E") | Bygyy = 0}

is a closed operator from L?>(X,E') to L*(X,E?). An equivalent global
boundary problem is obtained by replacing B by the ydo projection
P[B] := Pyyp)- so that

Ap = Apia), (3.7

where for any closed subspace W < Hy, Py denotes the (orthogonal)
projection with range W.

The following preferred sub-class of well-posed boundary conditions is of
special interest. By an APS-type boundary condition we mean a ydo
projection P of order 0 on Hy such that P(4) — P is a yydo of order —1. The
pseudodifferential Grassmannian Gr(A4) is the infinite-dimensional manifold
parameterizing such projections, each such P e Gri(4) defines a global
boundary problem Ap: dom(dp) — L>(X,E?). In particular, Gr(4) con-
tains the APS projection II-. This property is quite crude in so far as it
follows trivially from the equality o[P(4)] = o[II+]. If R = 0, the flow over
the collar leads to the following harder result:

ProrosITION 3.5 (Grubb [10], Scott [23]). In the product case
P(A)—II> and PA)* — 1

are Yydos of order —oo (smoothing operators).

Tailored to the product case we therefore also consider the dense
submanifold Gr.(4) of Gr(4) parameterizing those P such that P — P(A4) is
a smoothing operator.

Clearly, any P € Gr(4) is admissible. The following facts will be useful
later:

LeEmMwMA 3.6. Let By,B; be admissible boundary conditions for A. Then
each of By — B,, P[B1] — P[B], B\P[B,]* are smoothing operators, where P+ :
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=1 — P, any projection P. In particular, if B is admissible, then

P[B] € Gry(4).

Proof. See Remark 3.4. The first statement is obvious from Definition
3.3. The second follows easily from P[B;] = (i/2n) fr (B B; — )~ Vd), with T
a contour surrounding the origin and not enclosing any eigenvalues of B, B;.
For the third, one has BiP[B,]" = Bi(P[B2]* — Pxes,)) = B1(P[B2]*—
PBTH). 1

The existence of the Poisson operator reduces the construction of a
parametrix for 4z to the construction of a parametrix for the operator on
boundary sections

S4(B) =BoP(A): HA) - W = ran(B). (3.8)
S(B) = S4(B) is a Fredholm operator with kernel and cokernel consisting of
smooth sections. The corresponding properties for Ag follow from canonical
isomorphisms
Ker(S(B)) =~ Ker(4p), Coker(S(B)) =~ Coker(4p). (3.9)
The first is defined by the Poisson operator. The second follows in the same
way from Coker(4z) = Ker(4,) and Coker(S(B)) = Ker(Sy+ (B¥)). Here, the
operator
Ay = (4p)* = A4, : dom(4,,) —» L*(X,E")
is the adjoint realization of A4 with dom(4y) = {¢ € H'(X,E?) | B*py¢p = 0}.
A* is the formal adjoint of 4 and the adjoint boundary condition on
L(Y, EfY) is
B* = oP[B]‘o . (3.10)

This follows from Green’s formula

<Alpa ¢>2 - <w9A*¢>l = —<O"y0lp,'))0¢>y, (311)
which takes the distributional form on H*(X, EY)

ApltpA =1— A 4y,. (3.12)
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In the collar neighborhood U of Y

. /[0 _ _
Ay =0 1<a+mszfo '+ 6Ro l). (3.13)

Hence A* is of Dirac type with the Poisson operator % 4 :H*'/?
(Y,E}) - H'(X,E?) and Calderon projection P(4*) = y,# 4+ having range
H(4*) =7y, Ker(4*). There is an obvious diffeomorphism Gr,(4*) =
Gr(4), P* < P, which, in view of

P(4*) = 6P(A) o ' = P(4)*, H(4*) = a(H(A)") (3.14)

is base point preserving. As in (3.8), 4y is modeled by the boundary
operator

S+ (B*) = B*oP(4*) = 6B*P(A) o 1 cH(A)" - oW,  (3.15)
where Wt = ran(P[B]").

Remark 3.7. With identifications (3.9) at hand, elementary arguments
[4] yield the identities (1.2) and (1.3). For an alternative proof using
functorial methods see [26]. Details on the above facts can be accessed in
[4, 9, 10, 27, 28, 30].

3.1.1. Construction of a relative inverse from S(B)!

From (3.9), if 43 is invertible then so is S(B) and we can define the Poisson
operator of the global boundary problem Ag by

H 4(B) = A 4SB)' Py : H*"'*(Y,E},) - H'(X,E"),
where W = ran(B). This restricts to an isomorphism
H 4By - W — Ker(4) (3.16)
with inverse

(<%/A(B)\W)71 = (BY0) Ker(4)- (3.17)

ProrosITION 3.8.  Let B, By, By be well-posed for A such that the global
boundary problems Ap,Ap,,Ap, are invertible. Then one has

Az'A =1 — A 4(B)By,, (3.18)
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and hence

Ap! = Ap) — A 4(B1)B1y4y, . (3.19)

Proof. From (3.12)
Aply = AplyAdy' = Uply DAy = I — Ay Ap" = Ag" — A o', (3.20)
And so
Byodplyy = =By ayody' = —S(BYP(A)pedy '

Applying # 4(B) to both sides, we have % 4(B)Byodply = —H 47045".
Substituting in (3.20) yields

Ap' = Aply — A 4(B)Byodiply: (3.21)
Hence, since (A 4(B)Byo)# 470 = H 470
Ag'd = (I = A apo) — H a(B)ByoI — A a70) = 1 — A 4(B)By,.
Hence

A;j = A§11A32A§2' = (AEIIA)Agzl = A§21 — J/A(BI)BWAE;. |

Remark 3.9. The relative-inverse formula appears in various forms in
the literature. We refer in particular to [8, 10, 27].

3.2. The relative abstract determinant

The scattering determinant for {-comparable global boundary problems
arises canonically at the level of determinant lines.

3.2.1. Determinant lines

The determinant of a Fredholm operator E: H' — H? exists abstractly
not as a number but as an element det £ of a complex line Det(£). Elements
of the determinant line Det(E) are equivalence classes [&, 1] of pairs (&, 1),
where ¢:H' — H? such that & — E is trace class’ and relative to the
equivalence relation (¢, 2) ~ (&,detz(¢q)A) for g: H' — H' of determinant

3A bounded operator T:H' — H? is trace class if ||T||; = Tr(T* T)"/> <00, where here Tr
means the sum of the eigenvalues, but T does not have a trace unless H' = H>.
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class. Complex multiplication on Det(E) is defined by
ué, 2] = &, ual. (3.22)

The abstract determinant det E = [E, 1] is non-zero if and only if E is
invertible, and there is a canonical isomorphism

Det(E) = A" Ker(E)* ® A" Coker(E). (3.23)

(Clearly, any two complex lines are isomorphic, the issue, here and below, is
whether there is a canonical choice of isomorphism.)

Taking quotients of abstract determinants in Det(E) coincides with the
(relative) Fredholm determinant:

LemMA 3.10. Let E;: H' — H?, E,:H' — H? be Fredholm operators
such that E; — E are trace class. Then provided E, is invertible

det(E])
det(E>)

= detp(E, 'Ey), (3.24)

where the quotient on the left-hand side is taken in Det(E).
Proof. The left-hand side of (3.24) is the ratio

[Ev 1] [Ex(E; 'EN), 1] _ [E>, detp(E5 'EY)]
[E>, 1] [E2, 1] [£2,1] ’

which from (3.22) is equal to the asserted determinant. N

For example, in Proposition 2.20, one has det;g(DQ)/det: (D) =
det(DQ)/det(D).
3.2.2. Relative determinant lines for global boundary problems

For well-posed boundary conditions By, B, for 4, the global boundary
problems Ap,,Ap, have different domains and hence the abstract determi-
nants live in different complex lines

det(4p,) € Det(43,), det(4p,) € Det(43,).

(We assume here that the 4, are invertible.) This means that the relative
abstract determinant

det(ABl 7ABz) = det(ABl)/det(ABZ)
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is undefined as a complex number. (Equivalently, although of the form
identity plus a smoothing operator, the operators DI;IDB2 and DBngzl do
not have Fredholm determinants.) Rather det(4p,,4p,) is a canonical
element of the

relative determinant line := Det(B3, By)
of the boundary Fredholm operator®
(B2,B1) = By P[By] : ran(B,) — ran(B).
More precisely, there is a canonical isomorphism
Det(4p,) = Det(4p,) ® Det(B, B1) (3.25)
and a canonical isomorphism
Det(4p) = Det(S(B)), det(4p) <> det(S(B)). (3.26)

Formally, these follow from (3.9) and (3.23) and are the determinant line
analogues of (1.2) and (1.3), for precise constructions see [24, 20].
Isomorphism (3.25) says that to define det(4p,,45,) as a complex number
requires a non-zero element of Det(B,,B)). By an auxiliary operator for
Ap,,Ap, we mean an invertible operator & : ran(B,) — ran(B;) such that
& — (B,, By) is trace-class. Such an operator defines the non-zero element
det(&) € Det(B,, B)) and we hence obtain a regularized relative determinant,
defined as the quotient taken in Det(4p,) via (3.25)

detABl

dete (s A5) = 357, ® detd)

In particular, if (B;, By) is invertible then we obtain the Relative Canonical
Determinant detg(Ap,,Ap,) = det, 5,)(4p,,45,)

ProrosiTION 3.11.  Let & = &(By,Ba) be an auxiliary operator for the
global boundary problems Ap ,Ap,. If Bi,By are admissible boundary
conditions, then

(3.27)

dety (A, Ap,) = detp< S8 )

&S(B2)

where the Fredholm determinant is taken on H(A), and the operator
quotient means (ES(B2))"'S(B) : H(A) — H(A). For two choices of auxiliary

“This is the origin of gauge anomalies on manifolds with boundary, for related ideas see [18].
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operator &,&', one has
det(gr(AB] ’ABZ) = detp(éﬂiléﬂ/)detgl(/lgl ’ABZ)' (328)

If (B2, By) is invertible, one has

de'[cg(ABI,ABZ) = detF( S(Bl) >

B1S(By) (3.29)

Proof. Identities (3.28) and (3.29) are obvious from (3.27). From
S(B1) = 6BP(4) + (B1P(4) — £B2P(4)),

and since B; — P(A) have smooth kernels and & — (B,, B) is trace-class, it is
readily verified that (£S(B,)) " 'S(B)) is of determinant class on H(A4).

From (3.25) and (3.26) we obtain a commutative diagram of canonical
isomorphisms

Det (Ap,) ——— Det (Ap,) ® Det (B, By)

Det (S(B;)) —— Det (S(B,)) ® Det (B, By)
in which the vertical maps take the abstract determinant elements to each

other, while in the bottom map det(&'S(B,)) < det(S(B;)) ® det &. (See [24].)
We therefore, have

det 4p, _det(S(B)))
det Ap, @ det(&)  det(£S(Ba))

and by (3.24) this is the right-hand side of (3.27). 1

3.3. Relative {-determinant of first-order global boundary problems

To see that dets((4 — A)g,, (4 — 4)p,) is a scattering determinant for 4p,,
A4p, and to compute the regularized limit, we study the zeta determinant
under variation of the operator and the boundary conditions.

First, we study the operator variation, with fixed boundary conditions:

PROPOSITION 3.12. Let A.: C°(X,E") - C*(X,E?) be a l-parameter
family of Dirac-type operators depending smoothly on a complex parameter z
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such that in the collar U

AZ\U = 6<3+M2+Rz>a (330)
ou

where ¢ and the principal symbol a(.</,) of of . are independent of z.

Let A, = (d/dz)A. and let By, B, be admissible for A. such that A.p, Az,
are invertible for each z. Then AZ(A; }31 — A 132) is a trace class operator on
L*(X, E,) with

Tr(AAA, — A23,)) = Tr(S.(B1) ' d:S.(B)) — SABo) ' d:S.(By),  (3.31)
where S, = S4. and d. is defined by the covariant derivative P(AZ)%P(AZ) on

H = U, H(A,) (see Remark 2.2). Relative to a choice of auxiliary operator
& : ran(B;) — ran(B)) one has

(3.32)

ol gty d S.(B
Tr(A:dz, — A.3,) = log detF( 3) >

&S:(B2)
Tr and detg on the right-hand side of (3.31), (3.32) are taken on H(A,)
Proof. From (3.19) and (3.17) we compute that on dom(4.3,)

BiyoA Az, = Biyo(Ap, — A (B2)yoA.p )4z 5,
= — Biyg A B2y
= — A (B1) ' A (B2)Bay,
= — 5:(B1)S-(B2)”'Bay,. (3.33)

The vector bundle structure on U,H(4.;) = u,Ker(4,) follows from the
smooth dependence of the operators on z [26]. Let d, be the induced
operator covariant derivative. Since #".(B)) has range in Ker(4;) then
A, # (B1) =0, and hence A.% .(By) = —A,X.(By). Since Biy,# .(B)) =
Biyy, then By, d(# (B1)) = d.(B1yy) = 0 so that
d . .
E(Az)%/z(Bl) = _Az,Bldr%/z(Bl)' (334)
We shall also need the identity
d
Badzyg A (Br) = (B2 A (B1))
d _
= (B2P(4:)S(B1) ' B)
Z

= (5.25.81) '), (3.35)
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From Lemma 3.6 and (3.19) we have that
Aoy = Azpy = —H2BOB1A 5, = — A (BOBIPIB od,  (336)
has a smooth kernel. Hence 1<'IZ(A;J§1 — Azp) is trace class and

Tr2(A-(Azp, — A2p,) = — Tra(A- 4 -(B1)B1P[Ba]“P[Bo) 7042 3,)
= — Try, (PIBa] oA, A: 4 (B1)BI P[Ba])  (3.37)

using the fact that P[B2]yoA; 5 3, =0 for the first equahty and that
A.A .(B))BP[B>]* has a smooth kernel and P[B,]* VoAz 5, is bounded for
the second. Since the operator BiyoA;} A A .(B1)B is a 1//do of order 0, and
thus bounded, and B, P[B>]* is smoothlng (Lemma 3.6), trace (3.37) is equal
to

Tr, (Bl oAb (A (Bl)Bl>
= Try (Bi7oA. 3,4-5, d-# (B1)B)) by (3.34)
= — Ty (S:B1)S-(B2) ' Byyy d-A -(B1)By) by (3.33)
= ~ Ty, (SZ(BI)SZ(Bz)“%(Sz(Bz)SZ(BI)—‘BI)) by (3.35)
= Trp,)(S:(B1) "' d:S.(B)) — S-(B2) ™' d.S.(Bo)). (3.38)

Here we use the fact that the expression inside the trace in the final equality
has a smooth kernel, and so is trace class, in order to swap the order of the
operators from the previous line. For R #0 in (3.1) it is only the difference in
(3.38) that is smoothing. In the product case, though, each term is
individually trace class.

On the other hand, the right-hand side of (3.32) is equal to

% log det((S-(B1)(£S.(B2)) ")

Trn ((ESG)S.B) ' & S.EEs: B )
= Trw, <5sz(Bz)Sz(Bl)1 %(SZ(BI)SZ(Bz)I)(fI)

and this is clearly equal to (3.38) by symmetry of the trace. 1
We now have:

THEOREM 3.13. Let A be a first-order elliptic operator of Dirac type and
let E' = E?. Let By, B, be admissible boundary conditions for A and such that
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Ap,,Ap, are invertible with common spectral cut Ry, and such that (2.13) holds.
Then Ap,,As, are {-comparable and, relative to a choice of auxiliary operator
&, have scattering operator determinant detg(Ap, — A, Ap, — /). One has

detg,H(ABI,ABz) _ detg’(ABI,ABZ)eiLIM?'”‘X’Iog detg(4p, —).,ABZ—J.). (3.39)

If Ap,,Ap, are (-admissible, then (in terms of (3.27))

det;o(45,) _ detp( S(B1) )e_LIMgwlog detp((£S;(B2) ' S,(B1)) (3.40)
detC,O(ABz) gS(Bz)

Proof. From Proposition 3.1 we have that By, B, are well-posed and
admissible for 4, = 4 — A, while (3.32) becomes

S,(By)
&8;(B2)

_ o d
Tr((4p, — 2) ' — (g, — A) ") = —=log detF<

= ) (3.41)

Hence, with the stated assumptions, Ap,, 4, are {-comparable and (3.39) is
immediate from Theorem 2.5 and (3.27). Finally, (3.40) follows from
Lemma 2.3 and (2.30). 1

That the right-hand side of (3.39),(3.40) are independent of the choice of
& is clear from (3.28) and (2.44). More precise knowledge of the dependence
of the regularized limit on the operators 4 and B; is obtained as follows.

ProPoOSITION 3.14.  With the conditions of Proposition 3.12,
d d
e log det; y(A:3,,4-8,) = e logdet,(4.5,,4:35,), (3.42)

and hence is independent of 0. Moreover, with (,./(0) = {y(4.5,,A:5,,0)

d
i Cz,rel(o) =0. (343)

The regularized limit term in Theorem 3.13 is independent of the operator A,
and depends only on the pseudodifferential boundary conditions By, B,, P(A).

Proof. (4.3, - )L)*l — (4.8, — )v)*1 has a smooth kernel, and hence the
operator J(4) = A-((4-5, — )= (4.5, — 2)~1) is trace class. A well-known
argument [8] gives (d/dz)(Tr((A.5, — 2) " — (425, — 2)™")) = —0,D(4), where
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&(2) = Tr(J(1)). Hence
d i s ,
g Ags) = - / 27 0,(2) d (3.44)
dZ 27'[ C

and " so from  Proposition 2.9, "CH(AZ,gl, 25, 0) = Tr(J(()))_
LIM;” Tr(J(4)). By (3.32), then, (3.42) is equivalent to LIMMXTr

(J(2)) =0. To see that, for Re(s)>1— oy we can integrate by parts in
(3.44) to obtain

d A —s— A5
— o Cozp, Azpy,8) = s Tr(A:(d - — b—A ). (3.45)

But A5 ' — 4 has a smooth kernel for Re(s) > —1 and hence (3.45) holds
in that larger half-plane. Setting s = 0 in (3.45) therefore proves (3.43), while
differentiating and setting s = 0 we obtain

d -
o (e Any, 0) = TS, — AZ3), (3.46)

which is Eq. (3.42).

For the final statement, let 4,, —e<r<¢ be a smooth path of Dirac-type
operators, as in Proposition 3.12, with 4y = 4. Since the variation near 0X is
at most order 0 we have from Proposition 3.1 that B;, B, are admissible for
each 4,. Hence for small enough ¢ we can apply (3.42) and comparing with
(3.39) we reach the conclusion. 1

If 4,, 0<r<t¢, is a smooth 1-parameter family satisfying (3.30) with 4, 3,
invertible, then the final statement of Proposition 3.14 can equivalently be
expressed by the integrated version of (3.42):

detgo(A15,,418,) S(By) So(B1)
—— U 22— detp | — detg | — .
det o(4o,5,,40.3,) &S(B>) &So(B>)
Next, we compute the variation of the {-determinant with respect to the

boundary condition. The following formula gives a general direct
variational formula.’

PrOPOSITION 3.15.  Let {B,| — e<r<ze} be a smooth 1-parameter family
of ydos on L*(Y, E y) such that B, — P(A) has a smooth kernel and such that
Ap, is mverttblefor each r and {-admissible. Then setting S;(B,) = Su-1(B:),

>The usual approach to computing the boundary variation is to try to ‘gauge transform’ the
variation into an equivalent operator variation, see [7, 19, 27] and also Section 4.1.
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one has
d _
o logdet 4(45,) =Tr (S(Br) S(Br))
— LIMY, _ Tr <S,1(B,) =5, (B,)) (3.47)
Proof. Each B, is an admissible boundary condition for the Dirac-type

operator 4; .= A4 — J and B =d /dr (B,) is a smoothing operator on
L*(Y,E)y). We have

d o Sy(B,) o _
== logdet ( éSA(BO)> aiTrH(A)(S 8" S(B,)) (3.48)

Hence from (3.41)
d d
_E CH(AB,-:S) = - ECQ(ABNAB()JS)

— 2; / Ve ;Tr(S;(Br)l S(Br)>

and so the result follows from (2.48). 1

3.4. Local coordinates and an odd-dimensional example

Identity (3.40) can be given a more familiar form if we work in local
coordinates on Gry (D).
3.4.1. The relative zeta determinant in Stiefel coordinates

To be concrete, let X be a compact Riemannian spin manifold and
consider a compatible Dirac operator 4 =D : C®(X,E') - C®(X, E?)
acting between Clifford bundles in the product case (R = 0). First, observe
that to each ‘basepoint’ IT eGr(g)(D) there is a dense open subset of
Grg%)(D). Setting

E =ran(Il), W =ran(P), W;=ran(F), (3.49)
it is defined by
Ug = {Pe Gr'O(D)|(I,P) = Po I : E — W invertible}.  (3.50)
Equivalently,

P e Up < ran(P) = graph(T : E —» E*) T e Homy(E,EY),  (3.51)
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where Homy(E,E*Y) = {ITI*ZI1 : E — E*|Z e ¥Y;(Hy)} and ¥;(Hy) is the
space of ydos on Hy = L*(Y,E}y) of order —k € Ry U {oo}. Equivalently,

o' or'T*

PeUp - P=Pr= _ _
(TQT1 T0;'T*

>, Or=1+T*T, (3.52)

T € Homy(E, E*). In this way a atlas for Grg%)(D) can be constructed with
respect to a countable set of basepoint spectral projections in a similar way
to [21].

It is always possible to arrange for P(D), P, P; to lie in a single coordinate
patch Ug < Grg%)(D), so that,

H(D) = graph(K : E — E*), W; = graph(7; : E — E*), (3.53)

where K, T; € Hom.(E, EY). Since the operators S(P) = P,P(D) are inver-
tible, one such choice is £ = H(D), in which case K = 0. We may further
assume, by perturbing 0 slightly if necessary, that the global boundary
problem Dy has no eigenvalue along Ry, and hence that I[I-P(D — 1) :
H(D — 1) — ran(I]) is invertible. This means that

H(D — 2) = graph(K, : E —» E*), P(D— )= Pk, (3.54)

for some unique K; € Hom(E, E') (the space of restrictions of ydos of
order —1). Recall that P(D — Z) is an element of Gr;(D), though not of
Gry(D) if 2#£0.

We then have:

ProOPOSITION 3.16.

S,(Py) 1+ T'K;
det =detp | ———— |detp(P(&, T1, T: 3.55
ot (i) = et (Pl e @e. n . 659

where the Fredholm determinants are taken on E. The operator ®(&,T,T>) :
E — E is invertible and independent of K,. If (P, Py) is invertible, then

S,(Pr) 1+ 1K, ol
det =detp | ——— | det I+ 1T . (3.56
ot (cpyy) — dete (gl Jdets @+ T/ ) (356)

Proof. Let P, P e Gr(D) with ran(P) = graph(T), ran(P) = graph(T),
where T, T € Hom/(E,E"). Then any linear operator R : ran(P) — ran(P)
acts by

(& TE) = (PR)E, TR(R)E),
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for some @(R) € End(E). ® respects operator composition: if R : ran(P) —
ran(P)

®(RR) = D(R)D(R). (3.57)

Moreover, if RR : ran(P) — ran(P) is determinant class, then so is ®(RR)
and

detz(RR) = detz(P(RR)), (3.58)

where the left-hand side is taken on ran(P) and the right-hand side on E.
In particular, the auxiliary operator & acts via @(&) € End(E). Similarly,
(P2, P1) acts via @(P3, P) € End(F) and with Q; = Qr, one has using (3.52)

& O\ + T »)¢
P, P) =P P =
(P, Pr) | 2<T2§> <T1Q1_1(1+T1*T2)5>

and so
O(P,P) = O U+ T ). (3.59)

Hence (P, Py) is invertible when —1¢ sp(7," T»). On the other hand, since &
is invertible so is @(&), and because & — (P», Py) is trace-class then @(&) —
O7'(I+ T, 1) is also trace-class. Hence @(&) is of determinant class and
detp(P(&)) #0. It is easy to compute that

O(S;(P)) = 07U + T, Ky), D(ES;(Py)) = D(6)Q05 (I + T, K;).

From (3.57), (3.58), and the symmetry and multiplicativity of detg, then by
setting &(&, T1, T») = 0 (&) ' 07! we reach the conclusion.

Alternatively, since (£S;(P>))"'S;(P1)) = S)(P,) '&~1S,(P)), the computa-
tion can be carried through by observing that for any invertible operator R
as above, one has (relative to graph coordinates)

—1 —1Ar*
Rl ( O(R) oR)'T )

TOR)"" ToR)'T” (3.60)

We can now restate Theorem 3.13 as follows:

THEOREM 3.17. Let D be a first-order Dirac-type operator in the product
case and let E' = E*>. Let Pi, P> € Groo(D) such that Dp,,Dp, are invertible
with common spectral cut Rg, and such that (2.13) holds. Then Dp,Dp, are
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{-comparable and in local Stiefel (graph) coordinates, as above, one has

dety o(D. detr(I + T, K 1+ T'K;
de woPp) _dete 1, K) LIMﬁ’%ologdetF<+ L ﬂ (3.61)
eteo(Dp)  detr(I + 7, K) 1 +T,K;

Proof. This is immediate from (3.40), (2.44) and (3.55). Because
P(D) € Groo(D) we have replaced the determinant of the quotient by the
quotient of the determinants in the first term on the right-hand side of

3.61). 1

Remark 3.18. More generally, Stiefel coordinates on Grgg)(D) refer to an
operator [M N] e Hom(E @ E*, E), where M is Fredholm with ind(M) = 0,
and N € Homy,(E*, E). This defines a point in the principal Stiefel frame
bundle STz — Grgg)(D) (based at E), with bundle projection map

(3.62)

M*~'M M*#"'N
[M Nl— P = ,

N*#4~'M N*#"'N

where .# = MM * + NN*. In particular, graph coordinates correspond to
the canonical section Pyt [[ T*] of STz over Ug. Stiefel coordinates
[M; Nj] for P, modify (3.61) by replacing 7 + T K; by M; + NK; : E — E.

3.4.2. Example: odd-dimensions revisited

To illustrate these formulae, we explain how they work for a Dirac
operator with X odd-dimensional. In this case (3.1) takes the form

i 0 0 D,
) e

with respect to the decomposition Hy = F™ @ F~ into chiral spinor fields,
where D; is the chiral Dirac operator, which, for brevity, we shall assume
invertible. The projection Pr+ onto F* is not an element of Gr(D). It does,
however, define a true (local) elliptic boundary condition and is related to
IT- in the following precise way.
The involution defining the grading of Hy into positive and negative
energy (the APS condition) is the operator
O 0 (D})"'(Dy Dy)'/?
77| @y| = .
(DyDy)"*Dy 0
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Hence, defining g, to be the unitary isomorphism (DjDy) '/?D; :
F* — F~, we have

11>

1 1({ 1 g"
- o—1 _ +
2(I+jY |9Y|)_2<g+ 7 )

The global boundary problem Dy is self-adjoint and, more generally, a
boundary condition P € Gr.(D) such that Dp is self-adjoint is characterized
by having range equal to the graph of an L’-unitary isomorphism T : F™ —
F~ such that 7 — g, has a smooth kernel [23]. Thus each self-adjoint
boundary condition P = Py defines a point det(7) of the determinant line

Det(T) = Det(g,) = Det((D;D;) '/?) ® Det(D}) = Det(D})  (3.64)

of the boundary chiral Dirac operator Dy. The first isomorphism in (3.64) is
a general functorial property of determinant lines under composition of
Fredholm operators [25], while the second is defined through the
{-determinant

det; : Det(D}Dy) — C.
That this map is a /inear isomorphism is a consequence of Proposition 2.20.

A consequence of (3.64) and Theorem 2.16 is that the n-invariant defines a
canonical linear isomorphism

&™1P) : Det(DY) — C (3.65)

via (3.64) and the assignment 7 — &™) That is,°

*™1P) e Det(D))* . (3.66)

To see this, first observe since T is unitary that (3.52) becomes

P_1 I 77!
=a\r 1 [

In particular, this holds for P(D) for some unique unitary K : F* — F~. It
does not quite hold for D — 4 since the operator is not of product type, but it

Generally, if we consider a smooth family of (-admissible operators then det; defines a section
of the dual determinant line bundle, that is, an element of Fock space. The original observation
that the exponentiated eta-invariant lives naturally in the dual determinant line of the boundary
Dirac operator is due to Segal [32]. See also [18].
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is still true that H(D — A) is the graph of a ydo operator K; : F©~ — F~ of
order 0, though not that K is an isometry or that K, — g is smoothing.

Consider two ‘self-adjoint” boundary conditions P = P, P, =Pp, €
Gr(D). The spectrum of the operators Dp, is real and unbounded and, as
in Section 2.2, we denote the two choices for 0 by +.

THEOREM 3.19 (Scott and Wojciechowski [27]). For self-adjoint global
boundary problems Dp,, Dp, for the Dirac operator over an odd-dimensional
spin manifold

det; +(Dp)  detp(3U + (I7'K)T"))

— _ 3.67
det; +(Dp,)  detr(4(7 + (T5'K)*1) (3.67)
Equivalently, if P = Pr
1 _
det + (Dp) = det; + (Dpp))detr [5 I+ (T7'K)* ‘)} . (3.68)
Proof. Equality (3.61) becomes
v ~1 -
61t 00) _ g, (1T enp it oty (1 TSN
{+ P, + 2 + T2 K}.
_derGUATTK) {hnﬁ log det (ﬂﬂ . (3.69)
detr (3 + 75 'K)) s "+ 17K,

The only extra subtlety introduced by Pr+ & Gr(D) is that it is only the
quotient of operators (I + 77 'K)/(I + T; 'K) which has a Fredholm
determinant. But since 7, 'K is of determinant class then so is
(1/2)(I + T;'K). From [33] we have that Dp, Dp, are strongly {-comparable
and hence LIM becomes the usual lim (Section 2.4).

Finally, either directly, using g;'(D — A)yg, = Dy with g; = e"* @ ™
in the collar U, or using the symmetry argument of [27], one has

K, >0as A—>o00onR_,, K;1—>0asi—>ooonR+n. (3.70)
2 2

The conclusion then follows from (3.69). 1

From (3.67), switching the spectral cut conjugates the relative zeta-
determinant. This corresponds to the equivalent descriptions of ran(Pr) as
graph(T : F* — F~) or graph(T~' : F~ — F*).” More generally, allowing

7Like the {-determinant, the ‘canonical determinant’ of [23, 27] is therefore not quite canonical.
The only completely canonical boundary determinant is quotient (3.29), which, like the relative
(-determinant, has no ‘parity anomaly’.
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Dp, to be non-invertible, this disparity derives from the relative eta-invariant:

THEOREM 3.20.

- . 1 _
i(Dp,) — i{(Dp,) = %log detp(7,'T1) mod (Z). (3.71)

Proof. From [33], Dp,Dp, are strongly {-comparable and
{(D},, Dp,,0) = 0. Hence from (2.84) and (3.55) we have mod (27iZ)

2nifi(Dp,, Dp,) = lim,_, 1« (logdetp &_;, — logdety F4y)
, I+ T7'K g I+ T 'Ky
= llmxﬁJroo |:10g detF (m — log detF m
=logdets(7, 'T) mod (2niZ),

where the final equality follows from (3.70). Since Dp,, Dp, are {-admissible,
then (2.73) completes the proof. |

Identity (3.71) is deduced in [14] from (3.67).

Remark 3.21.  The extension to the case where D} is non-invertible is
easily done by augmenting D; by a unitary isomorphism
o : Ker(D}) — Ker(Dy). In particular, Theorem (2.21) of [19], Theorem
(3.1) of [16], are special cases of (3.71).

Notice that (3.71) is independent of K : F* — F~. More precisely, from
(3.24), Eq. (3.71) is the assertion that (3.65) is linear. Further, since
ran(Pf) = graph(—T': F~ - F"), if M =X u X’ is a closed manifold
with Dirac operator 4 with Ay = D and Ay := D', then an easy corollary of
(3.71) is the

Weak Splitting Theorem: n(Dp,) + n(D),,) is constant as Pr varies.
T

The hard splitting Theorem [5, 14, 19, 33] asserts this constant is precisely
n(4).

Another way of viewing the conjugation of the relative zeta-determinant
on taking the conjugate spectral cut is through the following formula for the
relative Laplacian:

ProroSITION 3.22.

2

det@',n(Dj%l) o ‘ det‘:,i(Dpl)

detr (U + T 'K))|]
detg’n(Dl%z) B det; + (Dp,) '

detr(3(I + T5'K))
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Proof. Immediate from (2.79), (3.55) and (3.71). 1

This formula is a special case of Theorem A to which we turn next (see
also Remark 4.3(2)).

4. AN APPLICATION TO THE LAPLACIAN ON A MANIFOLD
WITH BOUNDARY

Let X be an n-dimensional C* compact Riemannian manifold with
boundary Y and let D : C®(X,E') - C®(X,E?) be a Dirac-type operator
with product case geometry, so that

Dy = G(aﬁﬁ-@y) 4.1)
u

in a collar U =[0,1) x Y of the boundary, with notation as in (3.1).
For each well-posed boundary condition B for D the associated Dirac
Laplacian

Ag = DyDy = D*D : dom(4p) — L*(X,E")
with domain
dom(4p) = {y € H*(X,E"): By =0, B*y,Dy = 0}

is a closed self-adjoint and positive operator on L*(X,E') with discrete
non-negative real spectrum.

The following result of Grubb allows us to define the zeta-determinant
of AB.

ProrosITION 4.1 (Grubb [10, 11]). If B is an admissible well-posed
boundary condition for D, then Ag is {-admissible with spectral cut R,.

More precisely, Grubb proves that there is a resolvent trace expansion for

m>n/2 as . — oo in closed subsectors of C\R,

-1
THE (s~ 27 ~ Y (=

J=—n
+ Y (@log(=2) + (=7 (@42
Jj=0

and hence that the (-function {(4p,s) defined by the standard trace
Tr(45°) for Re(s)>n/2 extends meromorphically to all of C with the
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singularity structure

—1

i dimker(dz) & a Cj
TOAps) ~ 3 st Y ((S+,§/2)z+s+2/z>’

Jj=—n Jj=0

(4.3)

where 0 = and the coefficients in (4.3) differ from those in (4.2) by
universal constants. If B — P(4) is a ydo of order < — n then the coefficient
dy vanishes and so {(4g,s) is then regular at s = 0 and

detg Ap = CXP(_C,(ABa 0))

is well-defined. In particular, det; 4p exists for all P € Gro(D).
On the other hand, setting S(P) := Sp(P), we have from Proposition 3.5
that the boundary ‘Laplacian’

S(P)*S(P) = P(D)* - P- P(D) : H(D) — H(D)

is of determinant class for all P € Gry (D).
The main purpose of this section is to prove the following theorem.

THEOREM 4.2. Let By, B, be admissible well-posed boundary conditions
for a Dirac-type operator D : C*(X,E'Y » C*(X, E?). Then, with P, = P[Bj],
one has

dety(4p,)  detp(S(P)*S(P))

dety(dg,)  detr(S(Py)* S(Py)) (4-4)
Or, from (2.100),
dety(Adp,, A5,) = det(S(P)* S(P}), S(P)* S(Py)). (4.5)
Equivalently, since S(P(D)) = Id,
dety(4p) = det:(4pp))detr(S(P[B])* S(P[B)). (4.6)

Remark 4.3. (1) Because of Lemma 3.6 and (3.7) it is sufficient to
assume that B; = P, € Gro(D), and from here on that is what we shall do.
(2) In Stiefel graph coordinates (4.4) has the form

_ ® 2
dete(dn) _ detp(Q'(+ T KO +K*T0) oy asyiorton

det;(4p,)  detp(Q; (I + T, K)YI +K*Th))

detr(I + T, K)
detr(I + T, K)
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(3) The simple form of (4.4) depends on the homogeneous structure of
Gry (D), it does not persist to more general classes of well-posed boundary
conditions.

(4) We may replace P(D) by P(D),,, (cf. (3.4) in Theorem 4.2). This
follows from the invertibility of P(D)(P(D)P(D)* + (I — P(D)*))(I — P(D)))""
P(D)*P(D) on H(D), which is therefore not detected in the quotient on the
right-hand side of (4.4).

(5) Implicit in Theorem 4.2 is the invertibility of Dg,. We assume
invertibility when obviously required without further mention. Identity (4.6)
is globally defined.

(6) The identifications hold for P, — P, differing just by a ydo of order
< —n

4.1. Proof of theorem 4.2

To identify the scattering operator we used a canonical identification of
the solution space of 4p with that of an associated first-order elliptic system.

4.1.1. An equivalent first-order elliptic system

We analyze 4p = D, Dp through the first-order elliptic operator acting on
sections of E! @ E?

y 0 D~ 1 1 2 2 1 2
4= D 1 H'X;E @FE) > L (X;E ®E).

A(s1,52) = (D*52,Dsy — 52).

From (3.1) and (3.13) we find that 4 is of Dirac type with

A 0 ~ N
A|U=6'(—+=S2fy+R),
ou

(0 —! . Dy 0 .
o — . J?fy = _ N R
g 0 0 —69yc!

6?=—1, 6*=-6, 6Ady+Ay6=0, 6R+R6=—-1. (4.8)

I
N
o O

|
OQI
~
~

&

N

N’
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Green’s Theorem for the formally self-adjoint operator 4 now states that
(Asy,50) — (51, 452> = (—67451, 7052 (4.9)

where here y,(, §) = (yo¥, 70¢0)-
Setting 4 = 4 in our discussion in Section 4, we have a Poisson operator

for A
H o=y H VY, (E' @ E?)y) > Ker(d,s) « H'(X,E' @ E?)  (4.10)
and Calderon projector
P(A) = yofif .
We can compute P(4) quite explicitly:

LEmMma 4.4.

. (PD) DA
mm(o oy ) @.11)

where A", is the Poisson operator for D*.

We postpone the proof for the moment. Notice, however, since R0, that
P(4) — P(D) @ P(D*) is only a ydo of order —1 and not smoothing due to
the off-diagonal term. Further, it is a projector but not a projection (cf.
Remark 4.3(4)).

Since 4 is of Dirac-type, we have a ydo Grassmannian Gr;(4) of global
boundary conditions for 4, and for each Qe Gr(4) a first-order global
boundary problem

Ao = A :dom(dy) - L*(X,E' @ E?).

We recover the resolvent (4p — 4)~! in the following way. First, we have a
canonical map

Gr2(D) - Grl”(4),

P— P=P@P*

To see that P is in the index zero component Gr(lo)(ﬁ), observe that the
identity [:Hy — Hy acting between the block decompositions
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H(D) @ H(D)*, W @ W+, where W = ran(P), of Hy = L*(Y,(E' ® E?)y) is

(s sHP)
1= (S(Pl) SL(PL)>' (4.12)

For any yydo B on Hy set
S+(B) = Bo P(D)* : H(D)* — ran(B),
and for P € Grq(D) note that
S*X(P*) := P*o P(D*) = 6S*(P)o~ " : cH(D)* — oW, (4.13)
and let
S(P)= P-P(A): H(A) > ran(P)y =W @ W+,

where we use (3.15). Then from (4.11) and (4.12)
ind(S(P)) = ind(S(P)) + ind(S"(P")) = ind [ 1 0 SHP
in =in + ind( —in - ) !

which is zero, since the matrix operator is a ydo of order —1 and hence
compact. Alternatively, this fact follows from ind(S(P)) = ind(4) and the
identity

O’PLO'71 = 13,

which along with (4.8) and (4.9) implies that 4 p 1s self-adjoint considered as
a closed operator on L>(X,E' @ E?).
Next, we have a canonical inclusion defined by D

iH'(X,E") » X(X;E' @ EY, i) = (b, D).

Setting for A e C

1 —4 Dr 1 1 2 2 1 2
4, = D J H (XGE @E) - L(XGE @FEY)
the inclusion 7 restricts to an isomorphism

Iker : Ker(4 — 1) 3Ker(4;) € H(X,E") ® H'(X,E?)

with  inverse  (sy,s2) sy, where A4—/, A, are acting  in
H*(X,E"),H'(X,E' ® E?), respectively. That ik is injective with range Ker
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(4;) follows from the identity

4, <‘/’ ) (M DW) (4.14)
Dy 0

On the other hand, if (s, s;) € Ker(AA;,), then D*s, = As; and s, = Ds; and
hence s; € Ker(4 — A). In particular, setting s; = i(;) we can extract Green’s
formula for 4 from (4.9) and (4.14) (with 4 = 0):

A1 2> = g, Ay = <6V°<1;pwl] >y0<Dw;2>>

The operator 7 also restricts to a canonical inclusion
i: dom(4p) — dom(4). (4.15)

From (4.14) and (4.15) we have for 4 € C\R,
(4p = 2" = [4; play L E) = dom(dp — 2), (4.16)

where for an operator C = <S T> on L*(X,E' ® E?), we define
. u v
[Cl1.1) = S- Equivalently,

a1 [ 1
Up—2)" = 0)d,; <0> 4.17)
A precise formula for j;} is given in (4.36).

4.1.2. The scattering determinant
Let P, P, € Gro(D) and for pu e C\R, set
Su(P;) = PioP(4,): H(4,) — ran(P)).
Let &: ran(P,) — ran(P,), &: ran P¥) — ran(PY) be auxiliary operators for

Dp,, Dy, respectively. Then

i— (% %), rancp p 4.18
=y 2 : ran(P,) — ran(Py) (4.18)

is an auxiliary operator for 45,45 and we have:

PROPOSITION 4.5.  (4p,, 4p,) are {-comparable with scattering determinant
dety(d, p, 4, p) = dete((ES,(P2) " Su(P1))
taken on H(Zlu). With 0 = and A € Ry, one has

dete(dn) _ . ( F(P }) )eLIM,:%xlog deto((ES_1(P2)"'S_;(P1)) (4.19)
det;(4p,) &S(P,)
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If (P>, Py) is invertible

det;(4p) _ de F( AS(PL) )eLIM;._,erlog detp(PiS_,(P) 'S PD)(420)
det;(4p,) P1S(P>)

Proof.  From [10, Corollary (9.5); 11 Theorem (1)], the coefficients a4, a;
in the asymptotic expansion (4.2) are locally determined by the symbols of 4
and B, while, provided P, — P, e ¥,(Hy) with [/>=n, the expansion
coefficients differ only in the ¢;. Integrating we hence obtain a resolvent
trace expansion in closed subsectors of C\R..

Tr(dp =~ = p =)

[0.¢]

1
~ DD Cul=w P og(—p) + U(dpy, 4p,, 0)(—p) !, (4.21)
k=0

J=1

where the coefficients Cjr = C;x(4, Py, P») differ from the ¢; by universal
constants.

PSlince A}? — P, has a smooth kernel we know from (3.36) that so does
4, p, — 4, p,» and from (4.16) also A;ll — A;,zl. From (4.16) and (4.17) we have

— _ A—1 ~A—1
Tr((dp, — )~ = Up, =) ) =Tr( 4,5, — 4, )11

Al ~—1 1
=Tr <([ 0)(A[L,P1 - A.UaPZ)(O))
I 0\ .- il

Tr 0 0 (A;L,i’] - A/hi’2)

0 ~ Al A
—Tr (@ (AM)(AH,IS1 — Au,p2)>

|
|
2|
<}
(¢)}
o
a
—+
~
S
>
%)
£2
|
=
v

where we use (3.32) for the final equality, since the variation in U is of
order 0.

Hence (4p,, 4p,) are {-comparable. Since they are also {-admissible, (4.19)
is a consequence of Theorem 2.5. |

4.1.3. Relation to the right-hand side of (4.4)

PROPOSITION 4.6. Let S,(P;) be the boundary integrals defined by a smooth
1-parameter family of Dirac-type operators D,. Then

. (&(E)) _d 4ot (SAP)" S (P)
= dr "2 detp (S{(Py)* S, (o))

(4.22)
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If (P, Py): ran(P,) — ran(Py) is invertible, one has

det ( S(Py) > :detF(S(Pl)*S(Pl)) 1
F\B\S(Py)) ~ detr(S(Py)* S(Py)) detr(PyPiPy)

(4.23)

the determinant in the denominator being taken on ran(P,).
Proof. Equation (4.23) is a consequence of the following identity.

LEmMa 4.7.

St(Pt S(P,
der (25sers) = 9o (i) 429

where the left-hand determinant is taken on H(D)™ .
Proof. As in Proposition 3.16, we may choose graph Stiefel coordinates
H(D) = graph(K : E —» E*Y), W, = graph(7; : E - E*).  (4.25)
Using the property
detp A = detp A* (4.26)

for 4: E — E of determinant class and letting det(z(4) mean the Fredholm
determinant taken on E, we have from (3.56)

det < S(P) ) . det[E](I +K*T])d€'[[E](1 + Tz* T»)
g P S(P) th[E](]+K*T2)dC'[[E](I + TZ* Tl)'

From (4.25) we have
H(D)* = graph(—K* : E* — E), W' = graph(~T," : E* - E)
and so in Stiefel coordinates

Al Al A . A
K*Qp K —K*Qy [T o T T
~] Al > i

P(D)" = )
-0 K O -0, I, 0,

4.27)

where Oy =1+ KK*, O, =1+ T;T,". Using these local representations we
compute in a similar fashion to (3.56)

SL(Pll) det[EL]([ + TlK*)det[EL](l + TZT;)
detr Plsiph) = " ~
1 (P2 ) det[EL]([ + TlK )det[EL](I + T1 T2 )
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Since detyg (I + ST*) = detyg(I + T*S) forany S, T: E — E* of trace class,
we reach the conclusion. 1

From Lemma 4.4

sy (PO P(D) 70Dpipy .\ _ (SP) PpoDppy A
0 P’ 0 P(D*) 0 oSt P! )

where we use (4.13). Computing P;S(P,) in a similar way, and using (4.24),
(4.26) and the multiplicativity of the Fredholm determinant, we obtain

S(P) \ S(P) SH(P)
detr (f’d(f’z)) =detr <Pl S(Pz)) detr (PfSL(le)>

_ SP) \* SP)
= detr ( (PIS(P2)> PIS(P2)>

_ S(P)"S(P1)
=detr <S(P2) PP PzS(P2)>

_ detp(S(P) " S(P)) 1
~ detp(S(P)* S(P2) detr(IS(P)* S(P)] ™' S(P)* PP P,S(Py)
_ detp(S(P)*S(P1)) 1

 detp(S(P2)* S(P2)) detp(PPiPy)

(4.28)

which proves (4.23).
To see (4.22), first note that in the same way as (4.28) we have

SAPD Y _ oy, (5P ) g (51P)
dor (S0 = e (N ae (). am

where &1 := ¢&c~!. Thus we have to show that

2 2
ST (S#(&i)“%sf(aﬂ) _3 T (s,m)-l%sr(a)),
i=1 i=1

where the right-hand side means complex conjugate. This follows by the
same method used in Lemma 4.7, via the Stiefel coordinate representation
for S(P)~! (use (3.60) with T =K, T = T}) and its analogue for SL(PI.L)*1
(use (4.27)). Or, these coordinate matrices may be used to prove directly, in a
similar way to Proposition 3.16, that (4.29) differs from the right-hand side
of (4.4) by a function independent of P(D). 1

ProroSITION 4.8.  Let D,, —e<r<g, be a 1-parameter family of Dirac—

type operators with product case geometry such that A(r) = (?) l_)r1>
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satisfies (3.30). Then Py, P, € Groo(Dy) are global boundary conditions for D,.
If the D, p. are invertible, then, with

S/(P) = P°P(D,) : H(D;) — ran(P)
one has

d dete(drp) _d ., detr(S(P)*S(P)
dr % det(d.p) ~ dr to detr(S,(P2)* Sy (P2)) (4.30)

Proof. Let S.(P)= PoP(A(r)) : H(A(r)) > ran P. Then from Proposi-
tion 3.32 we have

Tr (jrd(r))(zi(r)p} - ﬁ(r)P;)) % 1og detF< 5/(P1) ) (431

In view of (4.22), we need to prove that left-hand side (4.30) = left-hand side
(4.31). We show each expression is equal to

Tr2(D(Dy' — D)) + Tr2(D* (D) — (D)), (4.32)

where D = (d/dr)D,. We omit r from the operator notation throughout.
First, for any P, Py, P, € Gro(D) we record the following identities:

A=D"D+D*D, (4.33)

DA =43y, DAy =Dy (4.34)
.o ~l e

(DPI) IAle :APz (DPI) 1’ (4.35)

(4.36)

il (4p—2"" Dpdp— 2"
Y \Dpap -7 Mdp- )

where 4 = D*D, Ap = DpD;. To see (4.34), since D*DA;I =17 on L*(X,E),
and D4," has range in dom(D}), one has (using (3.18) for Dj)
(Dp) ' =((D;) 'D*)DAL' = DAL — A, (P*)poDAR' = DAL

The other identities can be checked in a similar fashion. For brevity let
Ai:Api,D,‘:Dpi,Di* = ;ZZD;*
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Setting 4 = 0 in (4.36) we have
% 0 D el A[_I Di_l
4=1 . , dp = e ,
D 0 ' (D; )™ 0

i (D@D oy o
Ay, ~ 4p)) = ( bt - 43 DDy —Dm)’

and hence

from which the equality of the left-hand side of (4.31) with (4.32) is clear.
Next, let {,.;(0) = {(41, 45,0). The resolvent trace (4.21) implies a heat
trace expansion as ¢t — 0

0 1 ~ i
Tr(e ™ — e ) ~ 37 > CutPlogh (0 + La(0)  (4.37)

while from (2.46) we have

logdet; (41, 42) = [/ £ Tr(e ™ — e 2) drf — £ (0) — 9C,1(0).
” 0 § ls=0

Since Al_l — 45 ! has a smooth kernel, precisely the same argument as that
leading to (3.43) yields (d/dr){,.;(0) = 0. So the r-variation ‘kills’ the pole at
s = 0. From (4.37) we therefore have (d/dr)Tr(e "1 — e~'42) = 0(t'/?), and
hence

d
—logdet; y(41, 42)

> 1 d t4 tA
— R —HTy - —tA2
» /0 t r[ [r(e ) — Tr(e )] dt

o0
:/ Tr(die™ " — Are™2) dt
0
00 .
= / Tr(D* D(e™ — e742))
0
+ Tr(D* D(e™ — e7"2)) dt, (4.38)

where in the second equality we use Duhamel’s formula and the symmetry
of the trace. The heat operator

et = L / e Ay — )V di L*(X,E) - dom(4,)
271' Cx

has range in dom(4;), and hence it follows that D* De~"4 = D; Dje 4, since
Pyoy = 0, PXyoDy = 0 implies the domain Py,y = 0, P*y,Dy = 0 for D* D.
Thus, using also (4.35) and the contour integral definition of e "4, which
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imply e 4D = D ¢4, we have
Tr(D* De™"4") = Tr(D; Die™"*") = Tr(D; Die™ "D (D;])™")
=Tr(D; D:D; e 4(D})™") = Te(DD*e~"¥).  (4.39)

Hence Eq. (4.38) equals
00 . . - -
/ Tr(D"D(e ™1 — e ")) + Tre(DD* (e ™1 — ")) dt
0
0 - -y —1_—t4
=— =Tr(D D4} e ™" — 45 e "7?))
o Ot
* 0 : 51— 1 i
- ——Tr(DD*(4, e " — 4, e ")) dt
o Ot
— lim, Tr(D*D(Al_le—tAl _ Az—le—mz)) |;/£
— lim,_o Tr(I'JD*(jl’le*"‘~l - Z;le*”b)) K&

— TH(D" DA — 4,1) + Te(DD* (4, — 4, )
= Tr(D*((D})™" — (D)) + Tr(D(D; ' — DyY)),

where we use (4.34) for the final equality, and this completes the proof.

Remark 4.9. The variational equality (4.30) also follows from (3.31)
applied to (4.32), along with an analogue of Proposition 4.6.

Corollary 4.10.  For P; € Gro(D) with Dp, invertible

det(Ap) _ detr(S(P)"S(P))
det:(Ap,)  detp(S(P2)*S(P>))

N(Py, Py), (4.40)

where N(Py, P») depends only the boundary data. One has

NP1, PN (P, P5) = N(P1, P3). (4.41)

Integrating (4.30) over [0,¢] < (—e¢,¢), (4.40) can be restated

dety (A, p,) dety(Ag p,) _ detp(S,(P1)" Si(P1)) detr(So(Py)” So(P2))
det;(Ap,) det:(Agp)  detp(Si(P)*Si(Py)) detp(So(Pr)* So(Pr))

(4.42)

Next, we make use of the homogeneous structure of the Grassmannian to
prove

NP,L,P) =1
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We use a variational argument generalizing [29]. Let
Ux(Hy) = U(Hy) 0 (I + ¥oo(Hy))

be the group of unitary operators on Hy = L*(Y, (E1))y) differing from the
identity by a smoothing operator, and let Gr.,(D) be the dense open subset
of the index zero component of Gr.(D)

Groo(D) = {P € Groo(D) | Dp invertible}
={P e Gr(D) | S(P) : H(D) — ran(P) invertible}
= Unw), (4.43)

where the final equality refers to (3.50).

Lemma 4.11. For any P, P, € C_}roo(D) there exists a smooth path
I=go<g,<g1 =9, 0<r<l, (4.44)

in Ux(Hy), defining smooth paths of projections Py, = g,Pig, U and b, =
grPrg, ! in Groo(D) with gPig~" = Py,

PP ,<h, (4.45)
and
gPlg_1 <P, < ngg_l . (4.46)

We hence obtain a real-valued strictly positive function g, — N(Pi,, P>,).
The decisive fact is the following:

Lemma 4.12.

d

—logN(Py,,Py,) =0 . (4.47)

dr
The proof will be given in a moment. Integrating (4.47) we have

N(Pi1, Poi) = N(Pro, Pog) - (4.43)
From (4.45), (4.46), (4.48) we obtain
N(Py,gPg™") = N(Pr.gPig™")

and hence that N(P,gPg~') depends only on ge U, and not on the
basepoint P. We define

N(g) = N(P,gPg")
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where P,gPg~' € Gro(D). Then for gy, g € Uy (Hy), from (4.41) we have
with P,g2Pg5 ", 9192Pg5 ' 97" € Groo(D),

N(g192) =N(P, g192Pd>"g1")
= N(P,g2Pg5 IN(92Pg> ' 91(92Pg5 Ngi )
=N(g1)N(g2).

Thus g — N(g) extends to a (Banach) character on U, (Hy). It is a well-
known and elementary fact that the only such characters on Uy (Hy) are
g > detr(g), g — detg(g~") or the trivial character g — 1. But N is real-
valued positive, while detr on U, (Hy) takes values in U(1). Hence N(g) = 1.

This completes the proof of Theorem 4.2. It remains to prove the above
lemmas.

Proof of Lemma 4.11. First, we have from (4.43) that Gr, (D) is path
connected, and in fact contractible. To show that a path of the asserted form
exists we prove that U, (Hy) acts transitively on the index zero component of
Gr (D), with non-contractible stabilizer subgroup U..(W) x Uo(W*)atP e
Gr(og)(D), ran(P) = W. (The global homogeneous structure on Gr(D) is
usually studied via the action of a restricted linear group [22], with
contractible stabilizer U(W) x U(W>), but our purposes on Grgl)(D) are
better suited to the U, (Hy) subgroup action.)

It is enough to give path (4.44) in GL(Hy) = GL(Hy) n (I + ¥ (Hy)),
the group of invertibles congruent to the identity. For U, (Hy) is a retraction
of GL(Hy) via the phase map

GLo(Hy) = Ux(Hy), g+ uy=glgl™",

1/2

where |g| = (g*g) /. Here

(9 g) = '/umg W d, (4.49)

with 9y a contour surrounding sp(g*g), 1s a smooth map
C x GL(Hy) —» GLy(Hy) [24, Lemma 7.10]. It follows that if g, is a path
in GL,(Hy) satisfying the properties of Lemma 4.11 apart from unitarity,
then u, will be the path required. To see this, if P, =gPig~' with
g€ GLOC(HY) then, since ugPlu is a self-adjoint indempotent, to show P, =
ugPiu,' we need only show rdn(ugPlu ) = ran(gPyg~"). This is equlvalent to
showing ran(|g|P1 lg~") = ran(P)), but gPig~' =P, =P, = PP, imply ran
(91*Pi(1g*)~") = ran(P,), and the identity then follows from (4.49).
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To define the operators g, € GL(Hy) we modify an argument of [4, Sect.
15]. To begin with, choose ¢ € (0, 1) and suppose ||| — P»|]|<e<1. Let

g =1+5(P— PPy - P), 0<r<e
&

Clearly, P»g. = ¢g.P, and since ||g, — I||<1 then g, is invertible. Moreover,
since P| — P> is smoothing, so is g, — I and hence g, € GL(Hy). Since Dp,,
is invertible and invertibility is an open condition for continuous families of
Fredholm operators, then by taking ¢ smaller if necessary, Dp, will be
invertible for 0 <t <e. Hence g, defines locally a path of the type required.
Now Gr(o(?(D) is path connected and hence for arbitrary P, P’ € Gr(O%)(D) we
can find a finite sequence P, =P,...,P, =P, in Grgl)(D) with
|P; — Pyl <é&ie1 €(0,1), for i=1,...,m—1, and a finite sequence of
paths g,, in GL,(Hy) with

P,<g,Pg,,' <Pis1 € Gr(D).

Finally, rescaling so that 0<r; <1 for each path, then g, =g, , - - - g, is
a path in GL,,(Hy) of the required form. This completes the proof.

Proof of Lemma 4.12. Since we consider the simultaneous action of U,
on P, P,, we can ‘gauge’ transform the boundary variation to an order 0
variation of 4, and then appeal to Proposition 4.8. First, notice that the action

(9, P) — g,Pg, ' =P,

induces a dual action on the adjoint boundary condition

@, BY) = §,P*3, " = (9:Pg, > = P2,
where §, = 6g,6~'. Moreover, with §j, = (g’ g ) we have
6,P; =P, @ PL =P,
and
g,6 = aég,. (4.50)

We can now transform the self-adjoint global boundary problem 45 p, toa
unltary equivalent operator A(r) 5 with constant domain by the method of [27,

33]. Let f:[0,1] — [0, 1] be a non-decreasing function with f(u) =1 for u<
1/4 and f(u) =0 for u>3/4. Then we extend g, and §, to unitary
transformations

U grfw on {uy xY = U, & Grpw on{u} xY=U,
"l on X\U, "l on X\U
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on L>(X,E") and L*(X, E?), respectively, and hence to a unitary transforma-
tion

. G, rqy ON {ul xY < U .
Ur: gf() {} :Ur®Ur
Id on X\U
on L>(X,E' @ E?). Then
dp, and A, = (040,

are unitarily equivalent. Moreover, it is easy to check that
A(r)p, = (41)p,, (4.51)

where A, =U'AU, = DD, and D, is the Dirac-type operator D, =
U, DU
Next since P(A(r),) =g, 'p(4 w)4,, from the multiplicativity of detr we

obtain
detp M = detp M ,
gS,u(PLr) éarSr,,u(P2)

where S,,(P) = P-P(4(r),) and &, =§,'&4,. Hence from (4.19) and
(4.50)

(d/dr)logdet(4p,,, 4p,,) = (d/dr)log det ((4,)p,, (4,)p,).

Fmally, since (4.49) holds, then A(r)lU has the form (3.30) with
o, —g,l,szfg, , and since ¢, differs from the identity by a smoothing
operator then o(sZ,) is independent of . Hence we can apply Proposition
4.8 and the identity

detp(S(P,)" S(P)) = detp(S(P) " S, (),
which is a consequence of P(D,) = g, 'P(D)g,, to complete the proof. |
Proof of Lemma 4.4. We have P(4,) = yA4",, where (3.2)
H =i, 576 H (Y, Ely @ E}) - Ker(d,,s) « H(X,E' @ E),
and 4 4.4 18 an invertible operator over the double manifold X with

(A)d)\x *AA’ F=7 @ F=r @ with 3, HY(X,E) » HV(Y, Efy),
- H(X,E') > H*(X, E') the restriction operators, and ¢ is defined in (4.7).
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Let Dy be the double operator of D, see for example [4]. Then Dy is
invertible on the closed double manifold X with (D,)y = D, and hence

. —i Dj
Apa =
D; -1

is invertible on X with (4 Ly = A;,. We compute
i Wa=AT Dida =i
MU \Dada - MAa-nT )
where 4, = DDy, Aq = D4D;, and hence that

jf _ ﬁD;(Z‘d—/ﬂL)il'Vl*O' rl(Ad_/l)ilng-*
Ir(da— 27y rD(Aq — )y o

with o* :== —¢~!. Setting A = 0 we obtain
Py — o[ P T P D o
0 r(D)) tyg o*
_ (mDg'yie  yDy'Kp:
0 D) g 0% )
and since Dy' = Dy, we reach the conclusion. 1

5. AN APPLICATION TO ORDINARY DIFFERENTIAL
OPERATORS

In dimension one we can do better. Because no basepoint is needed to
define the Grassmannian it is possible to apply the method of Theorem 2.5
to obtain formulas for the {-determinant of individual boundary problems,
rather than just relative formulas.

5.1. First-order operators

We consider, as in Section 4, a first-order elliptic differential operator
D:C®(X;E) - C®(X;F), but where now X =[0,f], >0, and E,F are
Hermitian bundles of rank n. Relative to trivializations of E,F one has
D = A(x)d /dx + B(x), where A(x), B(x) are complex n X n matrices and A(x) is
invertible. The restriction map to the boundary ¥ = {0} Ll {#} is the map
7:H'(X;E) > Ey @ Eg, with y() = (¥(0),¥(B)), and so global boundary
conditions for D are parameterized by the Grassmannian Gr(£y @ Ep) of
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the 2n-dimensional space of boundary “fields’. For each P € Gr(Ey @ Ejp) we
have a boundary problem Dp: dom(Dp) — L*(X; E), where

dom(Dp) = {yy € H'(X;E) | Pyyy = 0}
= {y e H'(X; E)| My(0) + Ny(B) = 0}

and [M N] e Hom(Ey @ Ejp, Ey) are Stiefel coordinates for P, see (3.62).

In dimension one, any element of Ker(D) has the form K(x)v for some
v € Ey, where K(x) e Hom(E, E,) is the parallel transport operator uniquely
solving DK (x) = 0 subject to K(0) = I. The isomorphism y: Ker(D) - H(D)
is clear, while H(D) = graph(K : Ey — Ep) < Ey @ Ep, where K = K(f).

Notice that P(D) € Gr,(Ey @ Ep) and hence the component Gri(Ey @ Ep)
of the Grassmannian with tr(P) = & is the component with operator index
indDp =ind #¥(P) =n—k. The Poisson operator X 'p:Ey @ Ep —
C®(X,E) is the operator A p(u)(x) = K(x)poP(D)u, where py is the
projection map Ey @ Eg — Ey. It is easy to check that D;(ID)D =1—Apy
and hence that for invertible global boundary problems (3.19) holds:

Dp! —Dp! = —Ap(P)P1yDy) (5.1

On the other hand, it is well known from elementary considerations that in
Stiefel coordinates D' has kernel

—K@)((M + NK) 'NK)K(») '40) ", x<p,

(5.2)
Kx)(I — (M 4+ NK)'NK)K(y)"'4(») 7!, x> .

kP(x’ y) = {

Hence, if Py, P, are represented by Stiefel coordinates [M; Ni],[M> N],
then the relative inverse D' — D! has the smooth kernel

—K@)((My + NiK) "Ny — (Ma + N2K) 'NDK K(») 4™, (5.3)

which can also be computed directly from (5.1) by using (3.60) with
®(R) = II(S(P)).

We assume that Dp is invertible with spectral cut Ry. For Re(s) > 0 we can
then define Dy =4 [ 4,°(Dp — A 'di. Let kpy(x,y) be the kernel of
(Dp—2)"'. From (5.2) one has lim,_ o(kp;(x,x + &) — kp(x + &,x)) =
—A(x)"!, and hence for Re(s) > 1 the kernel py(x,y) = 3= g kpi(x, y) d,
of Dp*® is continuous, and Dy is trace class. Moreover, if P(0) is the
projection onto Ey, with Stiefel graph coordinates [/ 0], then from (5.2) we
have Tr(D;(SO)) = 0. For Re(s) > 1, {y(Dp,s) = {o(Dp, Dp(),s) is therefore a
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relative {-function. Hence

0Drs) =5 [ 2 TH D = 27 = Do~ 27

i s 0 S;(P)
= Zn/ A 2 log det(PiSA(P(O))>d)L

) S—logdet(M+NK )d2.,
27r oA

where K;(x) is the solution operator for D — A. The second equality is a
restatement of (3.41), note detr becomes the usual determinant here, and the
third equality follows from (3.56) and Remark 3.18 (with
[M; Ni]=[M N],[M> N>] =[I 0]). Alternatively, with .#, = M + NK,, one
can compute directly from (5.3)

Tr((Dp — 2)" = (Dpoy — A7)

B
_ / tr{K; ()4 NK K () A) ] e
0
B
— / tr Ls_i (D — A)Ki(x)//;INK;_Ki(x)—lA(x)—l] dx
0
B
- _ / tr [(D—)v)aai(K;l(x)),%ilNKAKi(x)IA(x)l} dx
0

= —/ﬁ tr i([((x)_li(K (x)).#7'NK;) | dx
Ty e R ot 4 T

0
=3 logdet .,

using  K;(x) 'A(x)"'(D — DK;(x) =d/dx and the J derivative of
(D — 1)K ;(x) = 0.

We now assume Dp defines an elliptic boundary problem in the sense of
[28]. Then there is an asymptotic expansion as A — 00 in a sector Ay

Tr(Dp — D)~ = Dpoy = A7) ~ D b= (5.4)
=1

More precisely, (Dp, — 2)~% is trace class and by ellipticity Tr((Dp, — N7 ~
Zfil aj(—i)_j_l as 4 — 0o, and so applying (2.4) to the relative trace and
observing that the trace class condition on the relative resolvent implies
terms (—4)~* log(—A4) with «; <0 vanish, then (5.4) follows.

Thus {y(Dp, Dp(),s) defines the meromorphic continuation of {y(Dp,s) to
C via the resolvent trace expansion (5.4), and this is regular at s = 0. Hence



ZETA DETERMINANTS 181

we can define det; y(Dp). In dimension one the following stronger variant of
Theorem 3.17 (Section 4.4) holds:

THEOREM 5.1.  Let Dp be a first-order elliptic boundary problem over [0, ff]
and let [M N] be Stiefel coordinates for P. Then

det;o(Dp) = det(M + NK)e Mo loz detMNK), (5.5)

Invariantly, one has

B S(P) 7LIM?ﬁ\X log det (P—Sf}(gz%)))
det; ¢(Dp) = det (PS 7 0))> e . (5.6)

Proof. Immediate from Proposition 2.9 with @(1) = log det.#,, or from
Theorem 2.5 with %, replaced by .#;. 1

o Operators of order>2. There is a straightforward generalization of
these formulas to differential operators D: C*(X, E) - C®(X,F) of order
r=2. With respect to trivializations of E, F

D=
k

- dk o n 00 n
=0

with complex matrix coefficients and det B,(x) #0. The restriction map is
Vo tH(XGE) > C" @ C™ y, (D) = (OB, (5.7)
where Y(x) = (Y(x),...,y" Y(x)). The form of y, , means that one can

study boundary problems for D through the first-order system on
C®(X;C™)

I 0 I 0 T
0 0
. d . . . .
925— : : : : . (5.8)
0 0 I
| —B,(x) 'Bo(x) —B,(x) 'Bi(x) ... —B.(x) 'B._i(x)]

This is well known [8, 15]. & extends to a continuous map
H'(X;C™) - L*(X;C™), and with respect to the inclusion
i:H'X;C") - H'(X;C"), Y — 1, we have 7y, | = yoi. More precisely,
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there is an isomorphism Ker(D) =~ Ker(2), for from
IW, ..., 0" =(0,...,0,B ' Dy), (5.9)

a basis {Y,..., ¥} for Ker(D) defines a basis {1/;1, . ..,1/;k} for Ker(D). A
solution of D is characterized by its parallel transport operator K(x), as
before, the columns of which are a preferred basis for Ker(D). One has

ran(P(D)) = graph(K : C™ — C™)

and D has Poisson operator # : C" @ C" — C™(X;C™) defined by

A (v)(x) = Kx) poP(A)v.

A global boundary condition Afor D is defined by a global boundary
condition P € Gr(C™" @ C™) for D. That is

dom(Dp) = {y € H'(X; E) | Py,_y) = 0}
= {y e H'(X; E) | My(0) + N(B) = 0},

where [M, N] are Stiefel coordinates for P.

The boundary problem Dp is modeled by the finite-rank operator on
boundary data S(P) := P P(D) : K(D) — ran(P). From (5.9) we have that
Dp is invertible if and only if Dp is invertible, and in that case

Dy' =D, 11,8 : IX(X;C") - dom(Dp).

Here [Q la,) means thf: integral operator fo [k(x Ma¥(»)dy where
k(x ) is the kernel of Dy, and, as in [15], [T}, is the n X n matrix in the
(1,7)th position in an r xr block matrix T € End(C™). For Dp,Dp,
invertible, this leads to the formula

_ _ oG - Al -
Dp! = Dp! = [#'S(P) ' PryDp, 11,8, (5.10)
In Stiefel coordinates D! has kernel

R0 NEORD) 0pB0) s x<p,

kP(xay): N P 1 1
(KU — A NKK(y) o pB(y)5 x>y,

(5.11)

where ./ = M + NK.
Since we are in dimension one, the resolvent of a differential operator of
order »>2 is trace class (as is evident from (5.11)). Let Ry is a spectral cut for



ZETA DETERMINANTS 183

Dp and let P now be a local elliptic boundary condition for D [28]. Then
Seeley proved [31] that as 4 — o0 in Ay the resolvent trace has an asymptotic
expansion

Tr(Dp — A7) ~ f: b(—2)~ It (5.12)

j=1

On the other hand, (D — );' = [D; )8, with D; = (D — A), with K;(x)
the parallel transport operator for D; and .#, = M + NK,

Bro . . Nl aa A
Tr(Dp — 1)) = / tr [a(D;V)K,«V(x),/%iINKAKA(x)l} dx
0
= —ﬁlo det 4
= a0k 2

This follows by the same argument as before, using the device
0
(T = 50T ) = e D)1

where J is the n x n block matrix with the identity in the (7, 1)th position and
zeroes elsewhere.

By Proposition 2.9 we therefore obtain the extension of Theorem 5.1 to
higher order operators:

THEOREM 5.2.  Let Dp be a local elliptic boundary problem of order r=2
over [0, f] and let [M N] be Stiefel coordinates for P e Gr(C™ @ C™). Then

det; ¢(Dp) = det(M + N]A()eiLlMgﬂw log det(M+1\7K,;)' (5.13)

Invariantly, one has

>

S LM $;(P)
detr o(Dp) = det :9(71'0 o MM log det(5 5 0y
PS(P(0))

where P(0) is the projection to the first factor in C" @ C™.

Formulas (5.5) and (5.13) were first proved in [15].
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