ZETA FORMS AND THE LOCAL FAMILY INDEX THEOREM

SIMON SCOTT

0. INTRODUCTION AND PRELIMINARIES

Let X be a C"° n-dimensional compact Riemannian manifold without boundary
and let £ = E* @® E~ be a Zy-graded (super) complex vector bundle over X. We
write I'(X, F) for the space of C™ sections of F and 7 for the involution defining
the induced Zs-grading. The super (or Zs-graded) trace of a trace class operator
a on I'(X, E) is defined by Str(a) = Tr(ra). Let A and F' be classical (one-step
polyhomogeneous) pseudodifferential operators (1)dos) acting on I'(X, E). Suppose
that A is of order v € R and that F is elliptic of positive integer order k and such that
there is an angle 6 for which the principal symbol o4 (F)(z, &) has no eigenvalues on
Ry = {re® | r > 0}. In this situation, Grubb-Seeley [GS1] show that as A — oo in
an open sub-sector of C around Ry there is an asymptotic expansion of the resolvent
supertrace for m > (n +v)/k

(0.1) Str(A(F — AI)™) Zaj )EET 3 (g log(—A) + ap) (= A) TE
k=0

On the other hand, for Re(s) > (n+v)/k the complex powers AF,° are trace class
and a generalized (super) zeta function can be defined by

(A, F,s) = Str(AF,®) .

When A is the identity we write (y(F, s) := (o(I, F, s). It is well known [GS1, GS2,
S] that the expansion (0.1) is essentially equivalent to the meromorphic extension
C(A, F,s)|™" of ((A, F, s) (omitting the # subscript) to all of C with the singularity
structure

mer - a; . Str(AHO(F)) - a;c CL;;
(02) D) CAF ™ ~ 3 e R N ATETE

where II(F) is the orthogonal projection onto the kernel Ker(#') of F'. The coeffi-
cients in (0.2) differ from those in (0.1) by universal multiplicative constants. The
are local, being determined by finitely many homogeneous terms of the local

a],a]
symbol expansions, while the a;-/ depend globally on A, F' and the bundle E.

Since I'(s)™! = s + o(s) around s = 0, (0.2) implies that (4(A, F, s)|™" is holo-
morphic at s = 0 provided aé) = 0. In particular, this holds for the zeta func-
0 P
Pt 0
PT:T(X,E") — T'(X,E7) is a classical elliptic ¢do of positive order, and P~
its formal adjoint. Since PTP~ and P~ P" have identical non-zero spectrum while

1

tion (p(P?,s)|™ associated to the odd parity operator P = , where
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P~2% vanishes on Ker(P) for Re(s) > 0, it follows that (s(P?, s)|™" = 0. Evaluating
at s = 0 gives the Atiyah-Bott-Seeley zeta function formula for the index

(0.3) Ge(P?,0)[™ =0 ;

for, Str(Ilo(P?)) = dim Ker(P*) — dim Ker(P~) := ind (P) and hence from (0.2)
(and (0.1)) equation (0.3) is the identity
(0.4) ind (P) = a, + ag = o, + @ -
When P is a differential operator, then a;, = 0 and (0.4) gives a formula for the
index as the integral over X of a locally determined density.

Since P? is positive, (0.3) and (0.4) are further equivalent for ¢ > 0 to the heat

trace formula ind (P) = Str(e*F*); — if F' is positive (0.1) and (0.2) are equivalent
[GS2] to a heat trace expansion as t — 0+ (with the same coefficients as (0.2))

(0.5) Str(Ae ) ~ Zajtjizin + (—aglogt + a; )tk .
=0 k=0

If a, = 0, the next term up in the Laurent expansion of (y(F,s)|™" around s = 0
of a classical ydo F' is the logarithm of the regularized (graded- or super-) zeta-
determinant det¢ g F'. Thus

d
(0.6) logdetc g F' = _%CQ(F, s)[ney = Co(log F, Fy s) |2

It is consistent to also write sdet ¢ gF" for the super zeta-determinant, but here we
prefer to retain the usual notation unless we need to emphasize the grading. Notice
that in the case of the trivial grading the supertrace reduces to the usual operator
trace and so det¢ g I then coincides with the usual ungraded zeta determinant, while,
for example, for even-parity F' = F* & F~ one has

detw Fr
detgg F-

with det¢ g F'* ungraded zeta determinants.

sdetggF =

In this paper we extend these constructions to geometric families of ¥dos. We
consider a C'* fibration m : M — B of finite-dimensional manifolds with closed
boundaryless fibre M, = 77!(2) equipped with a Riemannian metric gmyB on the
vertical tangent bundle T(M/B). Let | Ay | = | A (T*(M/B))| be the line bundle
of vertical densities, restricting on each fibre to the usual bundle of densities | Ay, |
along M,. Let £ =ET @ £ be a vertical Hermitian super bundle over M and let
() = m(ET) @ m(E7) the graded infinite-dimensional Frechet bundle with fibre
D(M.,&* @ | Ay, |V/?) at z € B, where £7 is the super bundle over M, obtained
by restriction of £. By definition, a C*° section of m,(€) over B is a C'*™ section of
E ® | Ax |Y? over M, and more generally the de-Rham complex of C*° forms on B
with values in 7,(€) is defined by

A(B,m,(6)) =T(M,n*(AT*B) ® £ | As |Y?)

with ® the graded tensor product. We write W(E) for the infinite-dimensional bundle
of algebras with fibre W(E?) the space of classical v¥dos on T'(M,,E* @ | A, |V?).
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A section F € A(B,V(£)) defines a smooth family of dos with differential form
coefficients parameterized by B. If the smooth family of vdos

(0.7) P .= F[o] € F(B, \IJ(E,'))

defined by the form degree zero component of F has positive order and admits a
spectral cut Ry then, for an auxiliary family of dos A € A(B,¥(£)), we use the
fibrewise supertrace to define for Re(s) >> 0 a mixed degree differential form

(0.8) Co(A,F,s) = Str(AF,*) € A(B).

When A = | is the vertical family of identity operators we write (y(F, s) := (y(I, F, s).
In a similar way to the single operator case, an analysis of the asymptotic behavior
of the corresponding resolvent trace differential form defined for sufficiently large m
and ||
Str(A(F = AD)™™) € A(B,¥(&)) ,

shows that if the kernels KerP, of the family (0.7) have constant dimension, then
the zeta trace form (0.8) extends meromorphically on C to a form (y(A, F, s)|[™".

For a family of strictly positive operators F one has additionally the heat trace
form

(0.9) Str(Ae") € A(B) ,

which, in the case when A = | and F is the curvature form of a superconnection, is the
object of interest in Bismut’s heat equation proof of the local Atiyah-Singer index
theorem for families of Dirac operators. However, it is the resolvent trace form, or
equivalently the zeta trace form, which is the more fundamental geometric invariant
in so far as the heat trace forms are computed from these by simple transition
formulae, and, moreover, the resolvent and zeta trace forms are defined for families
of non-positive operators; for example, the zeta form for a family of self-adjoint
first-order elliptic differential operators over an odd-dimensional manifold. This is
concordant with [GS1, GS2] where the resolvent trace and power operators were
shown to provide a considerably more powerful tool for ¢¥)do analysis, than heat
kernel methods alone — a principle which applies equally well to families of ydos.
These constructions are by no means restricted only to Dirac operators, the latter
are only really of interest if one is after explicit formulas for locally determined
coefficients in the trace expansions, such as in the case of the local index density,
for example.

It is of interest, then, to use these methods to compute higher geometric invariants
as generalized (-form invariants of special interest such as Wodzicki residue trace
forms (see [SP]) which extends the usual residue trace functional in so far as it
vanishes on super commutators of families of {dos, the Kontsevich-Vishik trace
form, eta-forms, analytic torsion forms, and the extension of the corresponding zeta
form invariants to families of singular manifolds. Here we illustrate the methods
with an alternative view point onto the Atiyah-Singer family index theorem.

The following formulas generalize the Atiyah-Bott-Seeley formula (0.3).

Theorem 0.1. Let A? € A(B,¥(E)) be the curvature form of a superconnection A
on 7.(E) adapted to a smooth family of elliptic dos P= (P, | z € B) € I'(B, V(E)).
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Suppose that the family of kernels KerP, = KerP;t @ KerP, have constant dimen-
sion as z varies in B, forming a super bundle KerP over B. Then (A% s)|™ is
canonically exact in A(B). There is a canonical transgression form 142 € A(B)
such that the following formula holds in A(B)

dim B

1
(0.10) > o Cr(A2 —k) ™ = drye
k=0

and implies the Family Index Theorem transgression formula for the Chern character
form. Precisely, replacing A by the t-rescaled superconnection A, the reqularized
limit as t — 0+ of (0.10) is the formula

ch(KerP,V°) = LIM;_ (ch(At) - d/ Str(AUe_A?f)dJ)
¢

(0.11) = /M y Str(A(z)) — d LIM,_q ( /t h Str(Age_Ag)dcr) ,

where A is a section of the bundle NT*M @ End(E) over M whose d-form component
Ajq) s the coefficient of \"m1=d/2 iy the asymptotic expansion of the kernel of the
resolvent (A2 — X)™™ € A(B,¥(£)) as X\ — oo in a subsector of C.

In (0.11), A; is defined by multiplying the form degree i component Ap; of A by
t'=%/2 The scaled super Chern character form is defined by ch(A;) = Str(e #7),
while for a finite rank super bundle V with connection V, ch(V, V) = Str(e~7") is
the classical graded Chern character form. If Il is the smooth family of smoothing
operator projections onto KerP, V° = Il -Apy)-IIj is the induced classical connection
on KerP. fM/B : AF(M) — AF7"(B) denotes integration over the fibre, while
the regularized limit LIM,_ picks out the t° term in the asymptotic expansion as
t — 0+.

Notice from (0.10) that it is now not just the value of the zeta function at zero
that determines the index, but also its meromorphically continued value at a finite
number of negative integers.

By standard index theory arguments Theorem 0.1 implies the following general
cohomological formula for any smooth family of elliptic ¥dos.

Corollary 0.2. For any elliptic family of ydos P € T'(B,¥>°(£)) there exists a
smooth family of smoothing operators K € I'(B, V=>°(E)) such that P+K has constant
kernel dimension and Ind (P + K) = Ind (P) in K(B). The following formula holds
in H*(B)

dimB
(0.12) > o Cr(A2 4+ K, —K)|™ =0

k=0
and implies the cohomological family index theorem in H*(B)

(0.13) ch(Ind P) = LIM;_,och(A;) = /M/B Str(A(z)) .
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Equivalently, this zeta form may be viewed as a map K(B) — H*(B) which van-
ishes identically — naturally generalizing (0.3). More generally, the meromorphically
continued zeta form for a smooth family of vdos is a K-theoretic invariant.

Following the single operator case, for a general smooth family of (-admissible
Ydos F € A(B,V(FE)) with spectral cut Ry the next term up in the Laurent expan-
sion around s = 0 of (y(F,s) defines the logarithm of the super zeta determinant
form

(0.14) dethF S .A(B) .

This is a non-local mixed-degree differential form invariant which extends the clas-
sical operator zeta determinant. We may on occasion write sdet ¢ oF for (0.14) to
emphasize the grading.

Lemma 0.3. Let P = Fy € I'(B, ¥”°(€)) be the degree zero component of F. Then
P is (-admissible and

(0.15) detg’gF: detc,gp—l- wcg(F) ,
where we o(F) € A”(B) = > k1 A*(B).

Hence the degree zero part of det¢ gF coincides with the classical zeta determinant
function z —— det¢ g P,. Lemma 0.3 is proved in Section 2.

We use these methods to give the following geometric application of the (-determinant
form. The total Chern class on the semi-group Vect(X) of finite rank complex vector
bundles defines a stable characteristic class and so descends to a ring homomorphism

c: K(X)— H*(B),
on the K-ring of virtual bundles, which is an isomorphism on the rational coefficient
ring. For an element [V ] — [V =] € K(B), represented by V* € Vect(X), one has
_ (V)
(Vo)
To construct a de-Rham representative for the cohomology identity (0.16) we may
use Quillen’s observation [Q] that just as form representatives for the characteristic

classes of a vector bundle can be computed from a connection, so the characteristic

class forms of a virtual bundle can be computed from a superconnection, extending
Chern-Weil theory from Vect(X) to K(X). This applies to the Chern class in the
infinite-dimensional setting in the following way.

(0.16) (V=[]

Theorem 0.4. Let A be a superconnection adapted to a family of self-adjoint Dirac
0 D
Dt 0
fibration of spin manifolds m : M — B. The zeta-Chern form defined by the super
zeta determinant form

(0.17) co(A) = sdete . (1+ A?) € A(B)

18 a closed differential form and a homotopy invariant of A representing the Chern
class c(Ind (D)) € H*(B) of the index bundle.

operators D = associated to a Clifford connection over a Riemannian



Fort > 0, let A be the scaled superconnection. If D has constant kernel dimension,
defining a super bundle Ker(D) — B, then there is a Chern-Simons generalized zeta
form wy oo (A) € A(B) such that for all t > 0 the transgression formula

(0.18) c(Ker(D),V°) = cc(Ar) + dw; oo(A)

holds in A(B), where V° is defined in Theorem 0.1. The left-side of (0.18) is the
classical (super) Chern form, defined for a finite-rank complex graded vector bundle
V' with connection V by c(V,V) = sdet(I + V?) := exp(Str(log(I + V?))). (A
precise formula for wy o (A) is given in Section 5.)

When Ay is the Bismut superconnection then the form c¢(A;) has a limit in A(B)
as t — 04 with

[dim B/2] 1 < - ~ !
(12 G1( 2mi) = [y, A01/B) ch'©))
1 — [24]
(0.19) tl_lgﬁr ce(Ay) | |1 e il
]:

where A(M/B) = det!/? (%) is the vertical A-genus form and ch'(€) is the

twisted Chern character form for €. Here 15 is the j-form component of T € A(B).

By standard index theory arguments the constant kernel condition can be dropped
for the cohomological formula for c(Ind (D)): Theorem 0.4 implies the following
Chern class Families Index Theorem.

Corollary 0.5. For any smooth family of Dirac operators D associated to a Clifford
connection one has in H*(B)

[dim B/2]
(0.20) cInd (D))= ] e

Jj=1

)j—l(j—l)!<(27r)_n iy 5 AM/B) ch/(g))

[25] |

Remarks.

[1] As a generalized zeta-determinant, the form c(A) is a highly non-local invariant.
That the identities (0.19), (0.20) hold is due to a localization of c(A;) when A; is
the scaled Bismut superconnection

cc(Ay) = Cocarc (A) + Clobal ¢ (A)(t) + dwy

into a local term plus a global term cgiopar,c (A)(t) which is O(¢*/2) and an exact global
term which is O(1) as ¢ — 0+. For a general superconnection the form c(4A;) does
not converge as t — 0+.

[2] The determinant line bundle £ — B of a family of elliptic ¢»dos P € I'(B, ¥(£)) of
odd parity is the complex line bundle with fibre A™**Ker(P)* @ A™*Ker(P,). The
Quillen-Bismut-Freed connection is defined on £ via a meromorphically continued
zeta trace [Q, BF| and one has:

Corollary 0.6. The curvature of the Quillen-Bismut-Freed connection on L is

R = LIM, o1 cc (A -



1. ASsYMPTOTIC EXPANSION OF THE RESOLVENT TRACE FORM

Let 1 : M — B be a smooth family of closed Riemannian manifolds with
Hermitian vector bundle & — M, as in the introduction. Let ¥(&) be the bundle
of subalgebras of End(7.(€)) of classical 1do s, and let U (&) (resp. U<¥(€)) be
the subbundle of operators of order v € I'(B) (resp. less than v). Thus the fibre of
U (€) at z € B is the algebra W) (M, £,) of classical 1dos on I'(M,, E,) of order
v(z) € R, and its sections are families of ¢)dos which in any local trivialization of
M and £ over an open subset U C B depend smoothly on the local coordinates.

The fibre product M x, M is the fibration over B with fibre M, x M, and vertical
bundle £ X & := pi(€) ® p5(E)*, where p1,ps : M X, M — M are the canonical
projection maps. For a smooth family of ¥dos with differential form coefficients
Q€ A(B,V(E)), if x € M is not in the support of ¢» € A(B,n(£)) then there is a
smooth family of smooth kernels on M x, M\A(M), where A(M) is the diagonal
{(z,z) |z € M} in M x M,

K(Q) € D(M xx M\A(M), 7" (AT"B) @ (£ ® [A+]'?) ® (€7 @ |A['/%)
with |A,|'/? the line bundle of half-densities along the fibres of M, such that

(1.1) (Qy)(x) = K(Q)(z,y)v(y) -

M/B

Restricted to the fibre M, (1.1) reduces to the usual pointwise kernel formula; for
x € M, not in the support of 1 € I'(M., E,)

(1.2) (@) (x) = y K(Q)(z, y)v(y) -

For a family Q € A(B,¥<"(&)) of order less than the fibre dimension K(Q)
extends continuously across A(M), and hence applying to Q the A(B) valued su-
pertrace

Str : A(B, U<(E)) — A(B) |

defined fibrewise for z € B by the operator supertrace on W<~"(£%), defines a
differential form Str(Q) € A(B). On the other hand, the restriction of K(Q) to the
diagonal M C M x, M defines a continuous section of 7*(AT*B) ® End(€) @ |A,|
depending smoothly on the base parameters, and so the End(&)-supertrace defines
a section Str(K(Q)(z,x)) in I'(M,7*(AT*B) ® |A;|) which can be integrated over
the fibres and we have

(1.3) Str(Q) = /M S (@) € AB).

For the general case, Q € A(B,¥(£)) means that in any local trivialization of
M and & the operator Q is represented by a vertical polyhomogeneous symbol. This
means the following. Assume a local trivialization My, = Up X M., over an open
subset Up C B with 2y € Up, and a trivialization &y,, = Uy X RY, where RV
inherits a grading from &,,, over an open subset Uy, C 7 1(Ug). Uy may be
identified as a product Uy, = Up x U,, & RI™B x R with U,, = Uy N M,,. A



8

vertical symbol may be written according to form degree as q = qo] + . . . + Q[dim B]
with

(1.4) ap(z,2,€) €D (Up x U,y x R\{0}, 7 (A*T*Up) @ RV x (RV)*) ,

where £ may be identified with an element of the vertical (or fibre) cotangent space
T¥(M/B). Each qp can be written (locally) as a finite sum of terms of the form
Z;-]:o w; ® qpy,; with w; € AF(Up) a basis of local k-forms and gy ; is a symbol (in
the usual single manifold sense) of form degree zero. For clarity of exposition we
shall assume for the moment that the vertical symbols are simple, meaning that they
have the local form qp = wi, ® g with just one term in each form degree (J = 0).
That qy) be a vertical (simple) symbol of order v € T'(B,R¥™5+1) is the growth

requirement in fibre direction that for £k = 0,...,dim B and for all multi-indices
a, B,y

(1.5) 02020, ay (2,2, €)| < C(1+ [¢))+B1

where © € U, z € Up, and v(2) = (11(2),. .., VaimB)+1(2)), while on the left-side

|.] is a choice of norm on 7*(AFT*Ug) @ RY x (RY)*. The estimate (1.5) holds
uniformly in &, and on compact subsets of Ug x U, uniformly in (z,z). A vertical
symbol q is classical (1-step polyhomogeneous) of order v € T'( B, R4™B+1) if there
is an asymptotic expansion

(1.6) auy(z,2,8) ~ Y au(z ,€)

J=0

as |{| — oo, meaning qp (2, x, f)—Zj.V;Ol qp,; (2, 2, ) is a symbol of order v, (2) — N,
and where qp (2, , &) is positively homogeneous of degree v (z) — j in £, meaning
that for t > 0
q[x],j (27 T, t&) = tyk(Z)ijq[ij(zv T, 5) .

Then Q : A(B,m.(€)) — A(B,7m.(€)) is a simple vertical classical family of ¥dos
parameterized by B and of order v € T'(B, R4 B+1) "and we write Q € A(B, m.(£)),
if in any local trivialization, as above, there is a simple vertical classical symbol
q = qjo] + ...+ im B of order v such that for ¢ with support in a compact subset

OfUM

where R is a smooth family of smoothing operators, meaning that it is defined by a
smooth vertical kernel K (R)(z,y).
In particular, if as before Q € A(B,V<""(£)), meaning that v;(z) < —n for

Qu(z) =

i =0,1,...,dim B + 1, then for the corresponding vertical volume form, (1.3) is
pointwise the differential form in A(B)
1
Str(Q)(z) :/ —n/ Str(q(z, z,€)) d& volyys -
M/B (2m)™ Jrn

Notice that writing q according to form degree corresponds to writing

Q=Qq+Qu+ .-+ Quimp
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where Qp € A*(B,¥(€)) raises form degree in A(B, m,(£)) by k. With respect to
a local (weak) trivialization of 7, (£) over U C B one has

AU, m(E)w) = AU) @ T'(M.,,, E*)

for zp € U and so a general Qp can be written locally as a sum of simple vertical
Ydos Qv = ijo wrj ® Q; , with wy,; € A¥(U) and Q; € T'(U, ¥¥i=0)(£,)).

Composition defines a canonical algebra structure on A(B, V(€)), coinciding with
the usual pointwise structure on W(£,), such that

(1.7) AY(B,U"(&)) x AI(B, V() — A™(B, " TH(&)) .

The multiplication (1.7) is defined locally at the symbol level; if A € AY(B, ¥”(£)),B €
A/ (B, U7 (£)) with simple local symbols given over Uy, by

a=wy®ael ((Un xxUy) x RN{0}, 7(AN'T*Up) @ RV x (RY)*) ,

b =0y ®beTl ((Un X Un) x RN\{0}, 7*(NT*Up) @ RN x (RV)*)
then AB € A™7 (B, ¥ (&) is defined by the vertical polyhomogeneous symbol
(1.8) aob=uwy Aoy ®(aob),

where, as elsewhere, ® means the graded tensor product, and a o b ~ Zj(a ob);
with

—1 «
(aob)y= Y ( a!) 0¢ (a)05 (b -
|| +k+1=5

The crucial property of a family of ¢¥dos in A(B,V(£)) is that ellipticity prop-
erties are determined by its form degree zero component. For a family of ¢dos
PeTI(BY(E) = A%B,¥(€)), with differential form degree zero, the principal
symbol, defined in any local trivialization to be the leading term pg in the asymp-
totic expansion (1.6), has an invariant realization as a smooth section

where ¢ : T(M/B) — M is the tangent bundle along the fibres.

Definition 1.1. A smooth family of dos Q € A(B, V(E)) with differential form co-
efficients is said to be elliptic with principal angle 0 if its form degree zero component
P:= Qu € I'(B,¥(E)) is elliptic with principal angle . This means that

Po — AT € I(T(M/B)\{0}, p*(End(£)))

is an invertible bundle map for X € Ry = {re?? | r > 0}, where T is the identity
bundle operator,

Proposition 1.2. If Q € A(B,V(&)) is elliptic with principal angle 0, then there is
an open sector 'y C C — {0} containing Ry such that on any compact codimension
zero submanifold B. of B for large A\ € Ty there is a smooth family of vertical
resolvent pdos

(1.9) (@— M)t e A(B.,¥(€£)) .
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Here | is the vertical identity, defined by the symbol 1 =1 ® I, coinciding pointwise
with the identity I, on I'(M,, V(E,)), while the form degree zero component of (1.9)
coincides pointwise with the usual 1do resolvent for P:= Q. Precisely, let

Qo= Q—Pe AY(B,¥(E)))
be the component of Q with non-zero form degree. Then for large A € T'y the following
identity holds in A(B., V(£))

dim B

(110)  (Q=A)""=(P=M)"1+ Y (=P - A (Qug(P— AN

k=1

Proof. The resolvent for P € A°(B,¥*(£)) can be constructed using a standard
procedure [S, Sh]. Locally, with respect to trivializations, for

ne ngm = {U € C\{O} ‘ v € Fg}

inductively define vertical symbols b;[u] € T' (U X Upr) x R™\{0}, RY x (RY)*)
homogeneous in (u,§) of degree —v — j by

bO[MKZ?x?g) = (p0(27x7£> - /jlm[)il )

(1.11) .
b i)z, 2.€) = (ool 2. 6) — ) S g bl 0.
|| +k+1=35
k<j

so that

(1.12) (Z pr(2, 2, &) — uml> o (Z bj[M]) ~1.

It follows that for A = ™ there exists a vertical polyhomogeneous symbol b[A] ~
> b;[u]. By a standard partition of unity construction, and using the local trivi-
alizations, we can patch together to define B = OP(b) € I'(B, V= (£)) and from
(1.12) (P — A)B = I — R with R € T'(B,¥~>°(£)). The L? operator norm of R(z)
is O(J]A|™1) uniformly on B, and so I — R is invertible in T'(B,, ¥(£)) for sufficiently
large |\| with
(1.13) (P—A)"'=B+B> R.
i>1

The extension to (1.10) is a consequence of the nilpotence of the differential form

coefficients of Q»q) = 223 Qpy- From (1.7) and (1.8), if

dim B

A€ ABU(E) =Y A(BUE)),

so A (strictly) raises form degree in A(B,,(£)), we have A¥ = 0 for k > dim B.
Hence the Neumann expansion exists, consisting of only finitely many terms giving

the identity in A(B, ¥ (E))
(I—=A)'=T4+A4.. . +AImE
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Since (Q—)\I)‘1 = (P—)\I)‘1 (I + Q[>0](P — )\I)‘l) and Q[>0}(P—)\I)_1 € .A>0(B, v(E))
we reach the conclusion. O

Remarks.

[1] Evidently, the proof can also be carried out directly by constructing a parametrix
for the full local symbol q € T' ((Uns X Unr) x R™N\{0}, 7*(AT*Up) @ RY x (RY)*)
from the vertical symbol parametrix b for p(z,z,£) — p™I, as above, and then
using the differential form nilpotence of (q — AI) — (p — AI) and the corresponding
Neumann expansion, defined for the symbol product (1.8), to construct a local
symbol parametrix for (q — AI) of the form (1.10).

[2] In the following we shall for brevity not distinguish between B, and B. In
particular, this distinction in Theorem 0.1 and Theorem 0.4 is not pertinent.

Theorem 1.3. Let F = S0P Fyy € A(B,W(E)) be a smooth simple family of
elliptic vdos of constant order (Uo,Ug,...,UdimB), so that P = Fy is an elliptic

family with parameter X € Ty of constant order r = vy > 0, and v; = ord(F;) € R,

Then with w = f:rriBH v, if \ €Ty and m > wT*” the resolvent derivative

(1.14) O F— ANt € A(B, U<(€))

is a smooth family of ¥dos with continuous kernel K,,(z,y, \) with asymptotic ex-
pansion on the diagonal M C M X, M, summing over differential form degree p,

dim M

Km(l‘,l‘, )‘) ~ Z Z A [pk] zZ, ZE )\)wk+" ’ —(m+k)

p=0 7>0, [p k

(1.15) + Z (A;7@7q](z’ z)log A + A;:[p7q](z’ x))(_)\)—l—(?’ﬂ-f-‘])
1>0, [¢,k]

where k,q € {0,1,...,dim M} and [p,k] = (piy, ..., pi,) an ordered multi-index of k
non-negative integers p;, < ... < p;, with

pkll =piy +...+pi,=p and wp=v; +...v; ,

and where the coefficients Aj;[PykbA;,[p,k] are locally determined and A;:[pyk] globally
determined sections of the bundle

(7*(AT*B) @ | Ax |) @ End(€) € APT*M @ End(€)

over M, depending smoothly on z = m(x).
Consequently, taking the supertrace one has an asymptotic expansion as X — 00
in Uy, summing over form degree d =p —n > 0,

dim B

S F- A7) ~ 3 [ e
d=0 \j20, [d4
(1.16) + Z sz i) ( 2)log A+ o g (# 2))(=A) e )

0, [d,q]
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where the coefficients ajax = fM/B Str(A;j (g4nk)), and similarly a; (d q],azi[d g are

elements of A%(B).
If v; € N, then (1.16) can be written more economically as

(1.17)
dim B

Str(0yH(F=A)~! Z <Zﬂyd w+n Jﬁm‘FZ 6[(1 IOg)\‘i‘ﬁld( (= )‘)lm>
d=0 \j>0 1>0

ﬁjvd’ﬁl,a[d7Q]’ﬁl/:[d7q] = ‘Ad(B)'
Proof. Let W=F — P € A>°(B,¥(£)). Then from (1.10) we have

(L18)  (F=A)" = i (=1)F(P = A" (W(P — A"
(1.19) = i( D(P = AI)” (iW[ZP Al ) .
Hence :
(F=Ag = (=D > (P=A) "Wy (P = A" Wy, (P — A~
p1+...+pr=d
And consequently,
(1.20) =) O (F = Ay

(mo — ). (my — 1)!

= > ( > (P=A)TOW, (P = AT W, (P - )\I)‘mk> .

p1+...+pr=d \mo+...+mr=m-+k
For clarity we have assumed that with respect to any local trivialization

(1.21) Wi, = wp,) @ @

with wy, ) a pj-form; for the general case take finite sums of the following expansions.
The task at hand, then, is to compute the asymptotic supertrace of the operator

ROLm) = (P — A= W, (P — A)™™ . W, (P — A~ .
First, R(A,m) is a smooth family of ¥ dos of order
(1.22) vt ...t —(mo+Dr—...— (mp+1)r =wp— (m+k)r
To satisfy (1.14) we hence need
wg — (m+k)r < —n, k=0,...,dimB

and so taking m > (w + n)/r will do.

For simplicity we will treat only the case where r is a positive integer, the general
case is obtained by a generalization explained in [GH]. The proof follows broadly
Theorem(2.7) of [GS1], and we use without comment the notation introduced there
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Sy (or Syt = SY(M.,)) for the symbol spaces (on M.) '. Let B = OP(b) be the
parametrix for P— Al constructed from (1.11). Then (P—Al)B = I —R with pointwise
R(z) € OP(S;°>~"), while for large A € 'y (1.13) implies

(P—A)™™ =B™ +B> R

j=21
in I'(B, ¥(£)) with R(;)(z) € OP(S=™ ~U+0") - Consequently
(1.23) (P — A0 Wi, (P — D)™™ . Wiy, (P — )™

= Bmow[pl]Bm1W[p2]Bm2 .. .W[pk]Bmk + Z T(B, Wi, o Wi R(j))
j>1
is a smooth family of weakly polyhomogeneous 1dos with differential form degree
d. The vertical operator coefficient of T'(B, Wy,,3, ..., Wp,], Ri;))(2) with respect to

(?72) is in OP(S2° YY) while by Theorem (1.12) of [GS1] the expansion of the
terms of local vertical symbol of T'(B, Wp,,j, ..., Wp,,],R(j)) are expansions in integer
powers A = u". By Theorem (2.1) of [GS]] the kernel

Kr@w,,), Wiy, Ry € LM Xo M, 7" (AT"B) ® (€ @ AV @ (£ @ |[A:]Y?))
has an expansion as A — oo in I'y

j—(m+k)—o
(1.24) Kr@®wy, ) Wy R (22,8, A) ~ > Co(z,2)(=A) 7m0

>0

with Cj, € T(M, (7*(AT*B) ® | Ax |) @ End(€)) and highest power (—X)~'=™*.

On the other hand, with the assumption (1.21), in a local trivialization let o(A)
denote the local vertical symbol of the ¢do family in I'(B, ¥(&)) coeflicient to A €
AYB,¥(£)), we have

U((P o “r)—mj)z c Sz—’rmj,() N Sg,—rmj ]
Hence with g = o((P — Al)7™0 W, (P — Al)™™ .. W, (P — Al)™™*), (1.22) and the
symbol calculus of [GS1] imply that
q, € ka r(m+k),0 N ka —r(m+k)

with an expansion

ngu Zkarm-Hc Zxé:u)

7>0

where qu, —r(m+k)—; € 92" ~Hm R From [GS1] Thm (1.12), a symbol p € S%¢ has
a Taylor expansion as u — oo

J
pl &) =3 p9 (@, )t + O((1+ [€2) 5/ =)
=0

LOptimally, the proof here can be given for the vertical analogues of those symbol spaces on a
fibration of manifolds 7w : M — B, but since a full presentation of that generalized calculus is quite
long we content ourselves here with a pointwise argument.
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with pU) € S¥+i. Consequently, locally since the kernel of B™OW,,1B™ W, B™* .. W, B
restricted to the diagonal is

1
KOP(Q)(Z>x7x7:u) = ( / q(z,x,f,u)df@w[d](2)®vz

27"
where v, is a local volume form on U, C M, and wy the local coefficient d-form on
the base B, and p = A" relative to Ry, then by splitting the integral into three
summands for |{] > |u|,[¢] < 1 and 1 < |£] < |u| we obtain by the proof of [GS]]
Theorem (2.1) a kernel expansion

(125) KBmOW[pllel...W[pk]Bmk‘ (27 "L" l’, /J’)
~ Z Bj(z,x)(—=A) S (mth) + Z(Bll(z, x)log A + Blﬁ(z, x))(_)\)—l—(m+q) :
Jj=0 1>0

where B;, By, B, € T(M, (7*(AT*B) ® | A; |) ® End(£)).
From (1.20), (1.23), (1.24) and (1.25) we obtain the expansion (1.15), from which
the remaining statements are immediate consequences. 0]

Remark.
[1] With obvious modifications to the powers of A, for an auxiliary A € A(B, V(E))
the resolvent supertrace expansion (1.16) extends to

(1.26) Str(ay ' (A(F =A™ .

Further, generalizations along the lines of [Gr1, L] yield expansions for log-polyhomogeneous
operators with higher powers of log \.

It is important to see how the asymptotic expansions transform with respect to
the rescaling by ¢ > 0 of [B, BGV]

8+ A(B,m.(E)) — A(B,m.(£)), Suwpy =t Pwy)

§; induces an automorphism of A(B, ¥(€)) given by 6(A) = §,-A-6,'. Let F €
A(B,V(€)) satisfying the assumptions of Theorem 1.3, and define

(1.27) Fi =t:(F) .
Then

Str(AY (Fy — A1) = 6,(Str(9y (tF — A1) = 77 15,(Str (O (F — Xt 'H) 1))
and from (1.16), since the coefficients are in A%(B), we obtain

dim B

wptn—j j—wp—n
S GESURDIEED Dl B DIEUTIES Vi L

d=0 \j>0,[d,k]

’ _ " _I—(m _q_d
(1.28) + Z (0 fa,q log (A 1)+041,[d,q]>(_)‘) () glra=l=g )
1>0, [d.q]
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while in the case v; € N, then (1.17) rescales to

dim B
Str(Oy M (Fr = AT~ Y (Zﬁjyd(—kf”r’”‘m RS

d=0 \j>0

(1.29) + D (Bralog At + B (=2 tl—l—‘§> .

>0

2. ZETA FORMS AND ZETA DETERMINANT FORMS

Let F € A(B,V(€)) be a smooth family of elliptic ¢’dos of constant order (r >
0,v1,V2,...,Vaim ) With parameter A € I'y. Then, with P = Fyg, for A € Ry suffi-
ciently large P — Al is a form degree zero family of invertible ¥)dos of positive order
r. If P — Al, and hence F — Al is invertible for all A in the spectral cut Ry = Ry\{0}
then the angle 6 is called an Agmon angle for F

We assume for the moment that

(2.1) v = ord(Fpy) <, kE=1,...,dimB .

With (2.1) and using the expansion (1.19) we obtain an operator norm estimate in
A(B) as A — oo in Iy

(2.2) I(F =AY, = O(AI ™
where for [ € R
(2.3) 1115« AM, BO(E)) — A(B)

is the vertical operator Sobolev norm associated to the vertical metric
(24) |- [myp : A(B,m(€)) — A(B) , 7 () @V @v|nyp = a/ WP o?
M/B

defined independently of the representation of a section as tensor product
YT () @v e TN(M, 7" (AT*B)@E Q| Al -

Pointwise for z € B the metric (2.4) reduces on the fibre I'(M,, € @ | Ay,
canonical metric [¢.> = [, |1 (2)]>.

On the right side of (2.2), for a : C — A(B) we write a(\) = O(f(\)) if for each
[ € N and relatively compact subset U of B, there is a constant C'(I,U) such that
la(N)[l; < C(1,U) f(N), where || . ||; is the C* norm. The proof of (2.2) follows that
of the classical result for a single operator [S, Sh| using the vertical parametrix B
in (1.13). As for Seeley’s analysis of the single operator case [S], it follows if F has
Agmon angle 6, that for Re(s) > 0 the complex powers can be defined by

) to the

(2.5) Foo=— [ A (F—A)"ldx,

:%C

where \g is the branch of A™* defined by A, * = |A\|~*e~*#8W) with § — 271 < arg(\) <
0, and where C' is the negatively oriented contour which is the boundary of a sector

Nps={2z€C||arg(z) —0] < or |z| <p}
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with 0 so chosen that Ags contains no eigenvalues of the operators P, and p such
that (F — Al)~! is defined and holomorphic for 0 < |\| < p + € for some ¢ > 0.

The estimate (2.2) shows that F~* converges in each vertical Sobolev norm and
hence defines an operator from A(B, 7.(€)) into A(B, m.(E)). From (1.19) we have
for Re(s) >0
(2.6)

Foo Z 27r/ E(P — AW (P — AL W, (P — AL d.
p1+t.. +Pm*k

Each of the summands in (2.6) is smooth family of i dos, of differential form degree
k, represented locally by a sum of vertical polyhomogeneous symbols
27) 5 /C A7 B N (2,2, €) 0 Wy 1, (5,2,€) . Wi (2, €) 0 by N (2,2, ) dA
with B = OP(>_ b;[A]) the parametrix for P — Al and W,, = OP(>__w,, ,) where
W, 0 (2, 2, €) is homogeneous in & of order v; — o and b;[A])(z, z, £) homogeneous in
(&, A\V/7) of degree r—i, i.e. by[t"\]))(z, z,t&) = t""b;[A\]) (2, 2, &) for t > 0, A\, "\ € Ay.
The degree of homogeneity of (2.7) is computed by replacing & by t£ and A by t"u in
the integrand of symbol products. In particular, setting m; = ... =m; =0, o0 =0,
we have that the principal symbol has degree v;, + ... +v;, — (s + k)r.
Proceeding in this way, applying the standard methods of [S, Sh] and the remark
following Proposition 1.2, we obtain the following fact.

Lemma 2.1. The vertical complex power defined for Re(s) > 0 by (2.5) (and gener-
ally without assumption (2.1) for Re(s) >> 0, see below,) is a smooth family of dos
of mized differential form degree F~* € A(B,¥(£)) such that if £[A] ~ > £[A]; is
a local vertical polyhomogeneous symbol representing (F— \)™1, then £57° ~ Zj £y
represents F°, where

£9(2,2,€) = 2%/)\ N (2, 2, €) dA

The zeta form for F can now be constructed as follows. Since (2.2) implies for
Re(s) > 0 the operator norm estimate in A(B)
m—s qm— - l _
A B8 (F = A) g, = ONTY)

as A — oo along C, we can integrate by parts in (2.5) to obtain

—s 1 i m—s
(2.8) F R )277/)\ OV (F—AD)"tdX .
Since
OV(F=AN)"1 = i (—1)’“6;"0((P—)\I)*1)W 8;”2((P—)\I)*1) L WOTE((P=ADTY) dA

mo+.. +mk m
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and 9y (P — A\l)~t € A(B, ¥~ "(£)), then by taking m > N for sufficiently large
N we may ensure an estimate [0y (F — /\I)*1||S\9/Z = O(|A]7!) without assuming
(2.1). For the general case, we hence define F~* for Re(s) > m > N by (2.8).

Moreover, (2.8) and Theorem 1.3, equation (1.14), show for Re(s) > ** that
F° € A(B,¥<"(€)) is a smooth family of trace class 1dos with kernel K (F™%)
continuous over the diagonal M C M X, M. In that half-plane F therefore has a
super-zeta form

(2.9) Co(F, s) := Str(F,°) = /M/B Str(K(F,%)(z,z)) € A(B) .

From (2.8) for Re(s) > m > (w + n)/r we have

1 ?

(2.10) Co(F,s) = (5—1)...(s—m) 2r

/Am S Str (97(F — A1) dA .

We can use (2.10) to write down the singularity structure of the meromorphic con-
tinuation of the zeta form to all s € C. To do so requires the assumption that
P = Fig is smooth family of tdos such that Ker(P,) has constant kernel dimen-
sion. Consequently the meromorphically continued zeta form (y(F,s)[™" is only
defined for families of ¢dos with Agmon angle in A(B, ¥(€)) modulo the regulariz-
ing subalgebra A(B, ¥~>°(£)). This is essentially equivalent to (y(F, s)|™" being a
characteristic class map on K-theory, taking values in H*(B).

Thus we assume that the family of ¢do projections onto the kernels define a
smooth family of smoothing operators II € A(B, U~>°(£)), defining a smooth finite-
rank superbundle Ker(P) over B. With this assumption, (1.18) implies that at A = 0
the resolvent trace form is meromorphic with Laurent expansion
(2.11)

Str (Oy(F— Al)7Y) = Z (—1)’“@(—»“7”% ((IT- W - ID*) + O(IA]™) .

The asymptotic expansion (1.16) as A — oo in Iy along with the expansion
(2.11) at A = 0 now imply by a standard transition argument, for example [GS2]
Proposition (2.9), that (y(F,s) extends meromorphically to C with the singularity
structure

T
2.12 F mer o
(2.12) SiIl(ﬂ'S)CO( 8)|
B i Str ((I-W -1~
j=—dim B—1 (s=7—1)
dim B "

j,[d,k] a [dq] 1,[d,q)
, + + ,
dg_% j>oz:[dk](s+k+]_n;wk 1 Z 5+l+q—1) (s+l+q—1)
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with coefficients a;qx, a;’[dvq}, a}t[d g€ A4(B) related to the coefficients of (1.16) by
universal multiplicative constants. Specifically,

don—w g =

w _
r b + k + m) 1 Oéj’[ng] (m)

(213) aj7[d7k] =TI + k:)F(
independently of m, with I'(s) the Gamma function. In the more general case where
we allow non-constant order v, € I'(B,R) then the factors are replaced by the
corresponding universal functions.

If v; € N, then (2.14) takes the simpler form

(2.14) sin?m)@(':’ s)[mer ~
—~ i Str ((IT- W - I1)=3-1)
L, -
dim B . b, b"
dZ:O <]§ (SJF&_D " zzzo (s+llvd— e (s+ll’d— 1)) ,
with coefficients b; 4, b;,da bxd € A4(B) related to the 3; 4, ﬁ}lw 52:(1 by constants, and
(2.15) b = PP ) (o)

The pole structure (2.12) can also be computed directly from the meromorphically
continued symbol representation of F~* in Lemma 2.1.

Definition 2.2. A family of ¢»dos F € A(B,V(£)) admitting an Agmon angle 6 is
said to be C-admissible if when l4+q—1 € {0,1,...,dim B} then a;’[dm =0 ford>1
in (2.12) (for d = 0 this is guaranteed by the ellipticity of P = Fyg). Similarly, for
(2.14) this requires b;d =0 forl—1€{0,1,...,dim B}.

This ensures that (y(F,s)|™" is holomorphic for s around 0,1,...,dim B. This
property is needed for the differential ( form, but when F is the curvature of a
superconnection is irrelevant at the cohomological level, since in that case the forms
are all exact.

The complex powers F~* defined by (2.5) for Re(s) > 0 if (2.1) holds, and in
general by (2.8) for Re(s) > m if it does not, are extended by Seeley’s method [S]
to all s € C by choosing any positive integer N with Re(s) + N > m and defining

(2.16) F o =F " VFY ¢ A(B,¥(E)) .

More precisely, the map s — K (F~%) assigning to F~* its (distributional) kernel is
a holomorphic map of {s | Re(s) > (w+n)/r} into (in a local trivialization) matrices
of continuous functions. Restricted to any compact subset V' of M x M\A(M) the
map s € C — K(F*)y is holomorphic map from C to smooth matrices, while
along the diagonal s — K(F°)(z,z) is a meromorphic function on all of C with
discrete poles at the points indicated in (2.12).
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We then define the logarithm of F to be the smooth vertical family of log-polyhomogeneous
dos
lOge F:.= —85]s:0F;5 S .A(B, \I’log(g)) .
Thus, omitting the § subscript, O;F* = —logFF™*, where for Re(s) > 0 if (2.1)
holds

log FF~* = i/ log AN (F — A) "L d\ |
2 C
and similarly using (2.8) for the general case.
Here A(B,V)og(£)) is the extension of A(B,¥(E)) to operators represented by
vertical log-polyhomogeneous symbols. This means that with respect to local co-

ordinates on &, an operator T € A(B, ¥,,(€)) is represented by a vertical symbol
t € T ((Un xx Un) x R\{0}, 7*(AT*Up) @ RY x (RY)*) of the form

(2.17) (z,2,§) ~ ZZLH, z,x,&) logh |€]

7>0 p=0

with t_; (2, 2, &) a vertical homogeneous symbol in the sense of (77).
It is readily verified that log, F is log-polyhomogeneous locally represented by the
vertical log-polyhomogeneous symbol logf ~ > >0 log; £ with

log; f(x,§) = / log Ab[A;(z, 2, &) dX
27
and 0,f7° = (log f) o £7° and furthermore (logF)jg = logP.

Definition 2.3. For (-admissible F € A(B,¥(E)) with Agmon angle 6, the zeta-
determinant form det¢ o F € A(B) is defined by

(2.18) logdet¢ oF € A(B) = —0s|5 Str(F*) = Str(log F. F %) -

Lemma 0.3 is an immediate corollary of the following.
Lemma 2.4. One has ((F,s)p = ((P, s).
To see this, notice from (2.8) and (1.18) that for Re(s) >> 0

Fr =P oy : (s =m) = / A" 0 (P = A)THW(P — A)THY) dA,

and hence that for m > (w+n)/r
C(F. )™ = (P, s)™

dim B :
1

A5 Str (O (P — ADTHW(P — A)TH*)) ax ™ .

> e TS R A R )

The second term on the right is meromorphic on C, and holomorphic at zero, and

of non-zero form degree, since W € A”(B, ¥(£)), with the pole structure of (2.12)
but with d > 1.

Replacing F by F; = t6,(F) in (2.12), we can use (1.28) to write down the ¢-

rescaled singularity structure. This means that the rescaled left side of (2.12) minus
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N—-—wp—n

the rescaled sums on the right-side for 7 < N terms is O(t~ + +k_g). Taking the
s derivative and evaluating at s = 0, this implies the following.

Proposition 2.5. There is an asymptotic expansion as t — 0+ in A(B)
(2.19)

dim B
Jo—wp—n 4 d / " _q_d
log det Fy ~ Z Z Cjildk) T R Z (CLag logt—l—cudﬁ])tl =3
d=0 j>0,[d,k] 1>0, [dq]

where the degree d differential forms c;a ), C;,[d, g are determined locally, while c;:[d’ d
are globally determined.

In the case where eigenvalues of the principal symbol py € I'(T'(M/B)\{0}, p*(End(£)))
of P lie pointwise for (z,£) € T(M/B)\{0} in a subsector of the right-half plane,
then, the zeta form and zeta determinant form can be equivalently formulated by a
vertical heat trace form

(2.20) Sm(eF)::—ll/?zASmiﬁT(F——AD1)dA.

2r Je
where m > (w 4+ n)/r and C is a contour coming in on a ray with argument in
(0,7/2), encircling the origin, and leaving on a ray with argument in (—7/2,0). We
hence obtain an asymptotic expansion, which for brevity we state only for the case
v; € N, that as t — 0+

dim B
(221)  Str(e™) ~ Y (Z bat " TR Y (Balogt +biy) tl_l_g>

d=0 720 >0

7!

with b; 4, by.g» gzid € A%(B) related to those in the expansion (2.14) by

J—n—wg

(222)  bja=T( )iy ba =T by =T1)"by

r

3. HOMOTOPY PROPERTIES
A superconnection [Q, B, BGV] on 7.(£) adapted to a smooth family of formally

PO+ PO } e A%(B,¥"(€)) of order r > 0 is a classical
Ydo A on A(B,m,(£)) = (M, 7*(ANT*B) @ £ @ | Ax |'/?) of odd-parity with respect
to the Zy-grading, such that

(3.1) Alwy) = dw+ (-1 wA(Y) ,
for w € A(B) and ¢ € A(B,7.(£)), and such that A = P, where A = 3™ 7 Ay

=0
and Ay : AYB, 7 (€)) — AT(B, m,.(£)) is the component which raises form degree
by 4. It follows from (3.1) that A is a connection in the classical (ungraded) sense,
while each remaining term is a smooth family of ¢dos Ay € A(B,¥(€)) if i # 1. In
a local weak trivialization A(U, 7. (€)jy) =2 A(U) ® I'(M,,,E*) for 2z € U, A takes
the local coordinate form Ay = dy + >y Prdzr, where dzp = dz;, ... dz;,, and P} a
classical ¢do on I'(M,,, £%).

self-adjoint elliptic ¢»dos P = [
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The curvature of A is the smooth family of {)dos with differential form coefficients
A? € A(B,m.(€)). Since Afy = P? = P"PT @ PP~ € A%(B,m.(€)) we have that A
is elliptic with Agmon angle 7.

Proposition 3.1. Let m € N with m > “ with w = -, ord((A*)y). Then for
A € Iy the resolvent trace form Str(0y ' (A% —M)~Y) € A(B) is a closed differential
form and a homotopy invariant of the superconnection A.

Proof. Let A, be a 1-parameter family of superconnections on m,(€) adapted to P.
Then using the identity

(3.2) (A2 — A)IA, = A, (A2 — A
we have formally
9,Str( (A2 — A7V = Ste(87 19, (A2 — A7)
— —Str (a;“ ((Ag )T AGA, + AJA) (A2 — AI)‘1>>

— _Sir <[AU, O (A2 — M)A, (A2 — )\I)”D
(3.3) = —d Str (a;”‘l ((Ai — A)TIAL (A7 - M)‘l))
(3.4) — _dStr (AU oy (A2 - A')_1)> :

where each step is easily justified rigourously using the kernel K (97" ' (A2 — Al)~1),
which depends smoothly on 0. The equality (3.3) follows by essentially the same
argument as that in [BGV] Lemma (9.15), using a parametrix for P = A to see the
supertrace vanishes on the supercommutators of vertical 1dos that arise in (3.3).
(Generally, if R € A(B,V(€)) has sufficiently negative ¢do order, then one has
d Str(R) = Str([A, R]), but in (3.3) no such subtleties enter.) Since the variation of
the resolvent trace form is exact, this proves the homotopy invariance.
Similarly, we obtain

(3.5) d Str(07H(A? — M)71) = Str([A, 97 1A% — M) 7Y

which, since the resolvent form has even parity, vanishes by (3.2), proving closure.

O

From here on we restrict our attention to the scaled superconnection A; :=
t1/25,(A) with curvature F, := A? = t6,(A2%) € A(B,¥(£)).

The small time asymptotics (1.28) of the resolvent trace form for the supercon-
nection curvature and equation (3.5) now yield the next result, given in terms of the
corresponding coefficient forms in the zeta-form singularity structure (2.12).

Proposition 3.2. For
4 rd
]%r+7+wk—k+n

the C* differential forms a; 4y are exact, for

d
[#1+ - —
Flt+g-4
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/ "
the forms W aq) Y dg OTE €TACL. The forms

! 1"

(36) ar+%d+wk—k+n,[d,k] ) a1+%—q,[d,q] ’ al—&-%—q,[d,q] ’
are closed in A(B).
Similarly, if v, € N, if

rd
j#r—l—?%—w—i-n

the C* differential forms b;q are ezact, for

d
[#1+

1

the forms bz’d,bhd are exact. The forms

/7 1

(3.7) br+%+w+n,d ’ bl+g,d ’ bl+%,d ’
are closed in A(B).

For the large time asymptotics we assume that P = Fjg satisfies the constant
kernel dimension condition, so that we have the finite-rank superbundle Ker(P)
over B with the induced connection Vo = Il - Ap) - Il (in the usual sense), as in
Theorem 0.1, and so we have the corresponding classical resolvent trace form

Str (Vg —A)7™') € A(B) .
Proposition 3.3. The following limit holds
(3.8) lim Str (93" (F — AM)™H) =0yt (Vg — A7)
in each C' norm on compact subsets of B. Fort > 0 one has in A(B)
(3.9)
oSt (V2 — AI)™1) = Str (97 (F, — M)™") —d /Oo Str (As o (A2 — )\I)’l)> ds .

t

Proof. We follow the method of [BGV], Corollary 9.32. to see that

(V2—-XD)™' 0 Ot=%) O(t1/?)
o o) 06 B |

as t — 0o, and hence that for m > (w + n)/r in each C' norm the kernel estimate
(O3 (Fy = AD)™) = K (95 (Vg — M) ™)l < Ct™/2

holds uniformly on compact subsets of M x, M, from which (3.8) follows. By
integrating (3.4) we have for 0 <t < T < o0
(3.11)

Str(9 " (Fr—A) ") =St (@5 (F, =AD" = —d /T Str (A, 35 (42 = A)™)) ds.

(3.10) (T {

On the other hand, the estimate (3.10) implies that
(3.12) IStr(As 85 (A2 = M)l = O~*?)

as t — oo in each C! norm on compact subsets of B, and so with (3.8) the identity
(3.9) follows. O
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Corollary 3.4. The following cohomology identity holds. For m > (w + n)/r in
H*(B)

(3.13) OVStr (Vg — A7) = LIM,_oStr (O (F — AD7Y)

dim B
(3.14) = Z (awk+n—rk+r+%,[d,k] + al—k+%,[d,k] log(A) +a
d,k=0

where (3.14) follows from (1.28), and, at the level of differential forms, the coeffi-
cients are closed, differing from the forms in (3.6) by constants.

"

—1-5-—m
1—k+g,[d,k]) (=) '

NI

Notice that (2.20) and (3.9) prove the Chern character transgression formula of
[B, BGV]. Indeed, the above formulas are the governing transgression formulas for
all characteristic class forms on 7, ().

4. ZETA FORMS AND THE FAMILY INDEX THEOREM
This Section consists of the proof of Theorem 0.1. Throughout
(4.1) A, = t25,(A) | Foo= A = t5,(A?) .
Evidently A = A, F = F;.

Proposition 4.1. The zeta form ((A%, s)|™ is canonically ezact. One has in A(B)
(42 (A%, 5)|mr = / gy )|

Proof. For simplicity we assume (2.1) holds, the modifications for the general case
are obvious.
For Re(s) > 0 we then have

0

F,° = 5 CA;S (F=A)"tax.
It follows that on Ker(P)
Fierpy =0 -
For, from (1.18)
dim B A
(4.3) (F= Aoy = = D A (Il - W-To)"

and 5= [, A;°"""d\ =0 for i > 0 and Re(s) > 0. Hence we have
(4.4) Str(Fepy) =0, Re(s) >0 .
On the other hand, (3.10) gives
-1 _ -1
Str ((FT - )\I)‘Ker(P)J —OT™Y) as T — 0.

Consequently from (3.11)

(45)  Su(@ N F - AL ) =d /1 St (A, a5 (2= A)7)) do
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From (4.4), (4.5) and (2.10) we find for Re(s) > m > (w+n)/r
CG(F7 S)

—d (/100 (3—1)..1.( ! /X" * Str (A O (A2 — A|)*1> d)\da>

—d/ C(A,.Fy,s)d
Hence in A(B)

(4.6) / C(Ay.Fy,5)do =0, Re(s) > (w +n)/r

Elsewhere in C, from (4.3) and [GS1] Proposition (2.9), we see that I'(s)Str(F i, p))
has no poles. (Less strong, but more general, and sufficient, the zeta form for any
family of finite rank operators extends without poles.) Hence Str(F i, p))|™ is a
holomorphic extension of zero to all of C, and consequently

(4.7) Str(F e ™ = 0.

Likewise
(4.8) / (b, Fy,5)do )™ = d / by Fy )™ do ) |

since from (3.4) and (2.12) both sides of (4.8) have the same pole structure. Hence
we find that (o(F, s)|™" —d [°¢ C(Ay.F,,s)|™" do is holomorphic on C and so from

(4.6) it is 1dentlcally zero. O
Evidently, then, (0.10) now follows with
dim B 1 dim B
(49) Z k' C (F k |mer - <Z k‘ / C A FO’7 - )|merd0-> :
k=0

For clarity, and as it applies to the case of the Bismut connection which is the
superconnection of primary geometric interest, we restrict our formulas from here
on to the case

(4.10) = ord(F;) € N.
The case for any real v; is the same but with more indices to track.

From (1.17) the t-rescaled singularity structure equation (2.14) is

(4.11) T Co(Fy, s)[™e ~

sin(7s)

L Str((IT-W, - I)~-!
S (( )7

_ 1)k+1

+
j=—dim B—1 (517

dim B b ., .
J,d u—l—— —-1-4¢
Z(Z%(sw——z—w—l) ey )

>0
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where
(4.12) W, = t6,(W) = F, — tP? .
For s in small neighborhood of —k there is a Laurent expansion

SINTS) _ (1) (s— k) + O((s — b)) |

m
and hence from (4.11)

(4.13)
dim B ) ,
(=1)* G (Fe, =k)™" = =St ((H W H)k) + Z (bn+w+r+rk,d + bk+1,d> th=s
d=0

On the other hand, (3.7) of Proposition 3.2 says that the forms b,y 44k .4 are exact
except possibly when

rd
n+w+r+rk:r+?+w—l—n.

That is, when d = 2k. Like wise for the by, 4, and so (4.13) can be written

Co(Fe, —k)|™" = —(—1)"Str ((H W, - H>k) + bnwtrtrk,2k + b2+1,2k + d’ﬁ%,w,r,k ;

where v}, , . » € A(B) such that dv}, . is the sum of exact forms in (4.13) minus
the two closed forms above. Hence

dim B 1 dim B (_1)k
D 5 GF =R = = 7 A Str (I W, - TT))
k=0 k=0
dim B dim B

1 " 1
+ Z E (bn+w+r+rk,2k + bk+1,2k) +d E E ’yfhwﬂ“,k
k=0 k=0

— which since Str (IL- W, - I1)¥) € A>%(B) for k > 0 —

= — Str <e’(H'Wt'H)k>

dim B dim B

1 " 1
(414) + Z g (bn+w+r+rk,2k + bk+1,2k) + d Z E ti,w,r,k .
k=0 k=0

Now from (4.13) we have LIM; .o dv;, ., = 0. On the other hand, the -independent

component of W, is the 2-form piece which is the curvature form Aﬁ}. Hence we

find LIM,;_,o Str ((H W, - H)k) = Str (V%k’), with Vo = II - Ay - I the induced

connection on the superbundle Ker(P). Consequently, since (2.21) and (2.22) give
dim B

1 1
LIM,_, Str(e’Ft) = Z T (bnpuwtrsrk2k + bk+1,2k) )

k=0
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taking the regularized limit as ¢ — 0+ of (4.14) we find

dim B
1
(415)  LIM,o Y o7 Gr(Fo =)™ = —ch(Ker(P), Vo) + LIM;q ch(Ay) .
k=0

Since, from (4.9), the left-side of (4.15) is equal to
dim B

> A —1 g —s|mer
(4.16) d LIM, o /t Str(h, > <k—|) F5™ ) do
k=0

=d LIMt_,O/ Str(AUe_F”) do
t
this completes the proof of Theorem 0.1.

5. ZETA-CHERN FORMS

In this Section we prove Theorem 0.4.

Definition 5.1. Let A be a superconnection on w,(E) adapted to a family of formally
self-adjoint ¢-admissible ypdos P € T'(B, V™)) of odd-parity. The zeta Chern
form of A s the differential form of mized order on B defined by the super zeta
determinant form

(5.1) cc(A) = sdete . (1+ A?) € A(B) .
Here | € A°(B,WY(&)) is the vertical identity operator and A* € A(B,V(E)) the
superconnection curvature.
Thus, with F = A? we have
(5.2) —logc((A) = 0,Str ((I + FQ)_S) aep = Str (log(l +F)(1+ F)_s) o -
Notice that since

(5.3) (I+F)g =1+ P

then | + F € A(B,¥7>°(&)) is elliptic and invertible with Agmon angle § = .
Further, since

sdete . (1+P?*) =1,

then by Lemma 0.3 we have logc¢(A)p = 0 and hence
(54) CC(A)[O} =1.

To write down the singularity structure of the zeta-form (. (I1+F, s) it is convenient
to use the function introduced in [GS2| defined for Re(—t) < Re(s) < 0 by

i —s—1 —t

= 1- d

5 /C p (=) dp

with C' a contour around R,. F;(s) extends meromorphically to all of C and satisfies
I'(s+1)
)T (s+1)

(5.5) Fi(s)

(5.6) Fi(s) =
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Since
Str (87 H((1+F) = A)™") =Str (7 "(F+ (1= )7

we have from (1.17) an asymptotic expansion of the resolvent trace as A — oo in A,

dimB /N-1 ’
Str(dy MF—(1-X) D)1 = Z (Z(— 1) Jﬁ]d(l — )

d=0 7=0

=z

-1

S (1) Tog(1 = A) + B — Awm)

l

Il
=)

w+n—N —m

(5.7) +O(1 =X 7 ).
Hence in A(B)

dimB /N-1
—5 \ |mer w+n ] mer
Str((1+ F)~*)|™ = Z ( " bja Fizwen (s — 1)

=0 7=0

N-1 N-1
+ Y (1)l OFi(s = 1™ + Y by Fils — 1)|mer>
=0

=0

(5.8) + hy(s)
where hy(s) € A(B) is holomorphic for

(5.9) 1- (m) <Re(s) < N+1,

r

and b; 4, bgw bgj g € AY(B).

Proposition 5.2. The differential form c¢(A) is closed.
Proof. For Re(s) >> 0 we have

Str (log(1 + F) (1 +F) ) = ! ' /log)\)\m *Str(O7 (FH(1=M)) 1) dA

(s—m)...(s—1)2r
and hence from Proposition 3.1

(5.10) d Str (log(l+F) (I+F)~®) =0, Re(s) >>0 .
Elsewhere from (5.8)

dimB /N-1
Str (log(I + F) (I + F)~*) [ = Z (Z er: b bj.d 83ijw%n(5 = e

Jj=0

1)t 2R — D Zblda%—mm)
0

=0

(5.11) + Oshn(s)

But from Proposition 3.2 the forms b, 4, b; ld,q]’ b;/[d g are all closed. Hence

(5.12) d Str (log(1 + F) (14 F) =) [ = d d,hu(s) .
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The right-side of (5.12) is independent of N and holomorphic. By (5.10) we obtain
that d Str (log(l+F) (1+F)~*) ™" is a holomorphic extension of zero and hence
vanishes identically on all of C, proving the assertion. O

The zeta-Chern form c (A) hence defines a mixed degree cohomology class in
H*(B). To see this is the Chern class of the index bundle we have the following
transgression results.

Proposition 5.3. If A, is a I-parameter family of superconnections adapted to
Pe A°(B,V(E)) with curvature F, = A2, then

(5.13) Orlog ce(Ag) = —d C((Fy + )" Ay, Fy + 1,0)[™ .
Here, C((Fy + )" Ay, Fy + 1, 5)|™ = Str((F, + )7 1A, ) [mer,
Proof. From (3.4) we have for sufficiently large m
(5.14) Dy Str(@T L (Fy + (1 = MDY = —d Str(d7(F, + (1 — M) 7LA,) .
Hence for Re(s) >> 0 we have integrating by parts
(5.15) 9y Str (log(l + F,) (1 + F,)~*)
= —d <(S g 1 T / log A ™~ Str(d7(F, + (1 — M)A, dA)

1 )

= —d <(8 e S P 1>%/ AT LSt (A7 Y (Fy + (1 — M) 7LA,) dA)

1 . m—s—1 m—1 —1 A
+ sd ((s—m) (5—1)27r/10g)\)\ Str(0y (Fo + (1 = A)D)A,) d)\>

= —d C((Fp+ 1) Ay, Fy +1,8) +5d 8,C((Fp + 1) " Ay, Fy) +1,5) .

Since (((Fy + 1)~ 1A, F ») + 1,8) is holomorphic around s = 0, as we consider (-
admissible vertical operators, then evaluating at zero (5.15) gives

8, Str (log(1 + F,) (1 + F,) ™) = = — (d C((Fy+ 1) YAy Fy 41, S)) mer

Since the singularity expansion (5.11) shows that the derivatives can be commuted
with [™¢*, this completes the proof. O

We now restrict attention to the rescaled superconnection and curvature (4.1).

Proposition 5.4. Let 7, 7(A) = —d ft lAa, F.+1,0)|™"de with 0 < t <
T < 4+o0. Then in A(B) one has
A
(5.16) CAr) _ )
cc(Ay)
Equivalently,

(517) Cg(AT) = CC(At) -+ dwt,T(A) ,
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where
(5.18) wor(A) = cc(b) A S %Tt,T(A) A (A7 (A)F
E>1

If Pe A°(B,V(E)) has constant kernel dimension, then the limit limy_ o wy 7 (A),
denoted wy o (A) exists in all C'-norms on compact subsets of B, and one has

(5.19) c(Ker(P), Vo) = cc(Ar) +d wioo(A) .
with notation as i Theorem 0.4.

Proof. From (5.4) the quotient on the left-side of (5.16) is well-defined in A(B). The
identity is immediate from integrating (5.13) and exponentiating both sides. Since
cc(Ay) is closed, (5.17) is immediate.

By Proposition 3.3 and (5.11) we find

: . 1 i m—s 1 m—1 —1 mer
Jim eclhr) = s /Clog)\)\ T Str(@F " (Fr + (1= X))~ dAl2

- QL/ log AStr((Vg + (1 = M) dA =log sdet(I + V)) -
T Jc

Since (3.12)implies the ¢-form C? estimate ||C((F. + 1)~ A, Fo+1,0)[™ ||, < c(1)t=3/2
we obtain the existence of the limit limy_, o 7 7(A) and hence the limit limy_, . w; 7(A).
O

We turn next to the proof of the local index density formula (0.19).

We suppose that the fibre bundle 7 : M — B has even-dimensional fibre and
that it is endowed with a connection

(5.20) TM = x*(TB) & T(M/B)

defined by a choice of bundle projection P : TM — T (M/B). Suppose also that 7'M
has a spin structure and that there are Riemannian metrics gas/p, 95 on T(M/B)
and T'B. The vertical bundle £ is assumed to be a bundle of Clifford modules
equipped with a connection which restricts to a Clifford connection on &,. Let
D be the associated family of compatible Dirac operators, let V™) be the canon-
ical Hermitian connection induced on m,(€) [B], [BGV] Proposition(9.13), and let
c(T) € A?(B,End(7.(£))) denote Clifford multiplication by the torsion tensor of
the fibration associated to the connection (5.20). For ¢t > 0 the scaled Bismut
superconnection on 7, (&) is then defined by [B, BGV]

- 1
(5.21) A =t"2D+ V™ 4 oD

Its crucial property [BGV] Proposition (10.28) is that the curvature 4-form
Fr = A? < A4(Ba \I’(‘g))
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in a small enough neighborhood U of x € M with local geodesic coordinates
(x1,...,2,) along the fibres takes the form as t — 0+

2
(5.22) Fo=—) (al- — iZ(RM/B&-, aj)xJ) + RS+ O(tY?)

( J

where the O(t'/2) term is of non-zero form degree. Let
. RM/B /2
A(M/B) = det*? | ————1——
(M/B) = det\ SR/ 2)
be the vertical A\-genus form for the connection VM/B = p. VM. P with VM
the Levi-Civita connection defined by the metric gy/p ® 7*(gp), and let ch' (&) =
Stre /S(e_Rg/S) be the relative Chern character of £ and the spin bundle S on M.

Proposition 5.5. With F; the Bismut superconnection curvature, the differential
form has a limit as t — 0 given by the formula

(5.23) Jlim Str (O (R —=ADTH)
(dim B/2]
= (m—1)! N R (o) A(M/B)ch' (€
=Y () (()/M/B</><>)[%]

Proof. Since the component terms (F;)y € AY(B,¥(E)), i = 0,...,4, are smooth
families of differential operators, with (F;);q = tD* so that r = 2, it follows from
[GS1] that there are no log terms in the resolvent supertrace and that all the coeffi-
cients are local, determined by only finitely many terms of the vertical symbol.; that
is, ﬁid =0, Bl/:d =0 in (1.29), so that as ¢ — 0+ there is an asymptotic expansion

dim B . o
(5.24) Str(0yH(F, — A7) ~ Z Zﬂj’d(_)\)“’*;‘*Lm g
d=0 j>0
On the other hand, it follows from (5.22) that
(5-25) Str(9y " (Fy — A )

dim B

=Y ot Qoo (w(RM/B,RS/S) O oo - ) +O(t?)
k=0 % i

with w(RM/B RE/%) € AF2%(B) a form of mixed degree 2 or greater, and hence that
the resolvent supertrace has a limit as ¢t — 0.
Consequently, the expansion (5.24) begins with the ¢ term, that is when
J—n—w d

5.26 =1+ =

(5.26) 5 +tg
and since from (5.25) the form degree is always even d = 2k, then as t — 0+

[dim B/2]

(5.27)  Str(@y ' (Fe= A7) = D Buvwraranas[m] (=X 4 O )
k=0
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We hence obtain from (4.11)

T
5.28 T o(Fp, )| =
( ) sin(ws)@( o)
im dim B/2
s S g,
o (s+1) L (st k) e

where G,1/2(s) = O(t'/?) and is meromorphic on C with no poles at the negative
integers, and according to (2.15) and (2.22)

(5-29) 5n+w+2+2k,2k[m] = (m - 1)! bn+w+2+2k,2k = (m - 1)! k! Bn+w+2+2k,2k .

Since 5n+w+2+2k72k = Str(e*Ft)[gk] the result can now be deduced by direct appeal to
the Bismut Local Family Index Theorem formula [BGV], Theorem(10.23), but let
us rather outline how one can deduce this from the local resolvent symbols. This
computation is part of joint work with Don Zagier [SZ].

For brevity we will consider the case where £ is trivial with zero curvature; the
general case follows easily from this one. Then from the local formula (5.22) it is
sufficient to compute Bn+w+2+2k,2k for the local operator

(5.30) Ho=-Y (ai L x)

since the vertical skew-adjoint matrix of 2-forms (R™/89;,0;) can be written with
respect to a particular vertical orthonormal basis as the direct sum of 2 x 2 blocks

of 2-forms {O i

0 } along the fibres. By definition one then has
j

1 7
(5.31) bnsws22k2k(2) = W/M/B/ %/c e Qi (2,7, &, A) dX dE
" 0

where q;(z,x,&, \) are 2j-forms which are the {-homogeneous terms of the symbol
of the resolvent operator (H, — A\I)~! and Cj is a contour coming in on a ray with
argument in (0,7/2), encircling the origin, and leaving on a ray with argument in
(—m/2,0). From (5.30) one easily sees using the product formula for symbols that
the q; are determined by the following recurrence relation: let A =37 | 97 , and
set q_1 =0, qo = (|¢|* — AI)~', then one has

k?

(5.32) dj+1 = o (A —az)qj—1 —qoai7; (7 >0).
where with & = (&1, ..., &)

n/2

_ T 1 75\ 2

ar(z,§) = ZZ (é) (2j-1 &5 — 25 &25-1), az(x,§) = — 1 Z (53) (31 +3;) -
=1

It is convenient to write q; explicitly as a polynomial in 7' = (]¢|* — A)~!

(5.33) G(T)= > q.,T"

pt2v=j
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where the polynomials q,,, are now given recursively by
1 if p=v=20,
—a1 -1, + (A — as) duu—1 Ootherwise,

with the convention that q. . is to be interpreted as 0 if either index is negative.
Then (5.34) implies that

n 1/2 n ~
Qoo (2,2:6) 1 o N~ tanh 1o o
(5:35) ()t HCOShf’i exp([6F =D = (G5 ) ).

w,v>0 i=1 ¢

(5.34) Ay =

where ’f’Agj_l = —TA'QJ' = i?”j. Hence

n/2

Z/n%/c N iz, €, 0) dX dE

= / q,w z, &, A) / e (J€]2 = )~ g\ g

Auw(T, ) i _ _

0

qw 76N ey
/ =, (tv)! :

-/ H o) exp( - 30 P 64 )

’L

= 27r"/2 A(M/B),
from which we have that

n

(536) bn+w+2+2k72k = k" ((27T)_2 / ;&(M/B)) .
M/B [2K]

Equations (5.27), (5.29), (5.36) thus combine to prove (5.23). O

Corollary 5.6. With F, the Bismut superconnection curvature, the resolvent trace
differential form log c.(A;) has a limit in A(B) ast — 0 given by the formula

[dim B/2]
(5.37) limlogcc(A) = > (=1)F(k - 1) ((2@3 / E(M/B)ch’(5)> :
=0 =0 M/B [24]
Proof. By the previous proof, we have
[dim B/2]
Str(Ay (1 +F) —A)™H) ~ Z (1) Bppwrasonan(l — A)
lefn B/2]

(5.38) + Z S Bl = N)TERm

7>1
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while (5.23) becomes

(5.39) lim Str(97 (1 4+ F,) = A7)
(dim B/2]
= (m —1)! —1)7R = AT R (2) A(M/B)ch'(€ ,
=3 (()/M/Bw)())w

and (5.11) becomes
Str (log(1+ F;) (I + F,)~%) ™

[dim B/2]
= 3 (-1 ((27r)"5 / A<M/B>ch’(8>) OsFrin(s — D)™
k=0 M/B [2K]
(5.40) + Oshokt3tntwi(s)

where hy.(s) is the remainder term hy/(s) for the ¢-rescaled Bismut superconnection
with N = 2k+3+n+w. The coefficients in the above formulas are precisely related
as explained in the previous proof. The powers in the expansion (5.38) have the
crucial consequence for the globally determined remainder term in (5.40) that

(5.41) Oshossinswi(s) = O(t'?)

as t — 0+. It remains then to compute the sum in (5.40). We have for —1—Re(«) <
Re(s) <0

i
Frials—1) = 0y— [ p*(1—p) ™ 'd
OsF11als — 1) a%/ou( 1) 1t
1 i

= ——— [ logup*9,(1 —p)™* du

06271' C
= - STl —p) ™ dp—=— [ 1 sTH 1 —p)™ d
o2 - (1 —p) " dp a%/cogw (1 —p) " dp
1 S
5.42 = ZF(s)— =0, Fy(s) .
(5.42) Sals) -~ (s)

Since I'(z)|™" is holomorphic for z # 0,—1,—2,..., then from (5.6) we have that
F,(s)|™" is holomorphic near s = 0 and hence that

(20, Fu(s) 25 =0

The meromorphic extension of the Gamma function is obtained by the identity
I'(s+ 1) = sI'(s) ,and hence from (5.6) we find that

Fe(s)|s=1.

Hence

1
OuFiin(s — 125 = 7 -

From (5.40) and (5.41) we obtain the asserted identity O
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Using Proposition 3.3, one has for the Bismut superconnection that the limit

1/e .
hn%/ G((T+F)HAL L+ Fo 0) ™" de
exists uniformly in all C* norms on compact subsets of B, and hence that

Toco(A) 1= lir% T e-1(A)
exists. With Proposition 5.4, this completes the proof of the local family index
formula for the zeta-Chern class:

[dim B/2]

log c(Ker(D), V") = Z (—1)%(k — 1)! ((27?)_3/ A\(M/B)ch,(é’)>

=0 M/B 2]
1/e .
+ d lim (14 FE)_IAE, I+ F.,0)[™" de |
or, exponentiating,
[dim B/2] X n . o !
(=Dk k=10 ( (2m)"2 [, 5 A(M/B)ch (&)
c(Ker(D), V°) = H e ( ne >[2k1 + dwp 0o -

k=0
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