A SYMBOL PROOF OF THE LOCAL INDEX THEOREM
SCOTT, ZAGIER

ABSTRACT. The local index theorem is proved by computing the generating function for
the symbol of the resolvent of the Dirac Laplacian. This is accomplished without use of

Mehler’s formula.

Let M be a compact Riemannian manifold of even dimension n and let

0 D-
D= [D+ O] (M, &) — T(M, &)

be a first-order differential operator of Dirac-type acting on the space of sections of a
bundle of graded Clifford modules £ = £t @ £~. It is a fact that has been well-known
since the early days of index theory that the index of D can be computed as the supertrace

D or, equivalently, via the meromorphically continued value at

of the heat operator e~
s = 0 of the supertrace of the complex power D™, It is, though, a fact which is surprising.
It is surprising because the supertrace of a trace-class pseudodifferential operator (VDO)
acting on I'(M, ) is prima facia a global spectral invariant, while the index of D is a
local invariant. It follows that a (potentially complicated) cancellation mechanism of the
global part, and non-contributing local parts, of the heat kernel must take place inside
the supertrace of k(e_tDQ)(a:), or, equivalently, inside the supertrace of the power kernel
k(D™**)(z)|™*". An insightful analysis of that process led to Getzler’s proof [Ge] of the
local index theorem

(0.1) lim str(k(e™®")(x)) = (27) "*A(R) ch(€/S)p) ,

utilizing the property that the heat kernel for a general harmonic oscillator can be written
in closed form (Mehler’s formula).

The subscript on the right-side of (1.6) indicates the n-form component of the differ-
ential form written there, composed of the A\—form, built from the Riemannian curvature
form R, and the relative Chern character form ch(€/S). A formula identifying all form
components of the index density E(R) ch(£/5) with corresponding local contributions of
the heat kernel was subsequently given in the monograph [BeGeVel; it is that formula
which we shall be concerned with here.

Getzler’s proof and the subsequent ‘short’ proofs by Bismut [Bi], Atiyah [At], Witten
[Wi] were driven by ideas of QFT and supersymmetry from physics. However, the first

analytic proof of a local index theorem had been given 15 years earlier by Patodi [Pa] for
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the Riemann-Roch theorem on Kahler manifold by constructing an explicit parametrix
for k(e~*)(z). In Atiyah-Bott-Patodi [AtBoPa] a (rather indirect) heat kernel proof for
general Dirac-type operators was subsequently obtained by using Gilkey’s [Gi2] theory
of O(n) invariants to check enough special cases to conclude that the heat kernel had to
converge to the E—genus form.

The approach we have taken in this paper may perhaps be seen to be rather closer
to that of Patodi than to the later physics inspired proofs. The method we adopt is
to explicitly compute from a generating function the relevant terms in the symbol of the
resolvent of the Dirac Laplacian. In this way, an explicit identity is established between the
classical generating function for the characteristic numbers (the A and Todd polynomials)
and the generating function determining the polynomial functions of YDO symbols which

arise when computing the operator index.

1. STATEMENT OF THE THEOREM

In this Section we formulate the local index theorem at the level of ¥DO symbols; since
it appears not to be available in the literature, we do so initially for the complex power

operators, before recalling the equivalence with the usual heat kernel statements.

For Re(s) > n/2 the complex power D™** is a classical ¥DO of order —2s with abso-
lutely integrable kernel K (D™%,z,y) continuous in (x,y) € M x M (C* away from the
diagonal). The restriction of K(D™** x,%) to the diagonal considered as a defined on M
defines a smooth global section

(1.1) k[D"*](z) := K(D™*,z,) j,(x)* € ['(M,End(€)) Re(s) > n/2,

where j,(x) = y/det(g(z)), g the Riemannian metric. From [Se|, the ‘kernel’ (1.1) extends
meromorphically k[D~2*](x)|™" to all of C with pole structure

(12 () KD 2@ ~ 3 ) o))

where I'(s) is the Gamma function, ky;(z) € I'(M,End(€)), and IIy(D)(z) = Ker(z, z)
for Ker(z,y) the smooth kernel of the orthogonal projection onto the finite-dimensional
kernel Ker(D) = Ker(D?). The coefficients ko(z), ko(z), . . ., kn_a(x) correspond to simple
poles of k[D~**](z)|™ located at s = 2,2 —1,...,1. These coefficients along with the
coefficient k,(z), which does not correspond to a pole but is equal to the regular value

k[D™**](x)|™ + TIo(D)(x), will determine the index density A(R)ch(£/S). The above
coefficients can be expressed in the following uniform manner using the ¥YDO symbol

r(z,&,\) of the resolvent (D* — Al)~!. The latter is a classical elliptic ¥DO of order -2
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with parameter A € C\R and local asymptotic expansion of r over open U € M

(13) I'(l’,f,)\) NZ I’j(l’,f,)\) )

Jj=0
meaning that r(xz,& \) — Zj:_ol r;(z,& \) is an element of the space S™277(U) of ¥DO
symbols of order —2 — J, and r;(z, £, t"\) = t" I r;(x, &, \) for t > 1, (€] > 1.

Proposition 1.1. For j =0,1,...,5 one has

(1.4) b () = _% /|£ y /C log(A) 95 7 1 (, €, ) dA dS(€) ,

where d\ = 5= dX, and dS(&) = (2m)™™ dS(€) with dS(€) the surface measure on the n— 1
sphere S™™1 (indicated by |£| = 1 in the integral).

Proof. For j = 0,1,...,% — 1 this is immediate by integration by parts of [Se] eqn(),
7] eqn(), using 9% log A = (—=1)%(k — 1)! A™*. For j = % equation (1.4) follows from a
micro-local identification of the kernel k[D™?*](z)[™ with the Wodzicki residue density
associated to the logarithmic WDO log D. This is carried out in [Sc]. O

Using the isomorphism End(£) =2 C(M) ® Enden(€), where C(M) is the bundle
of Clifford algebras associated to T*M, and the isomorphism o : C(M) — AT*M
(the ‘symbol’ map), there is an identification by o of I'(M,End(£)) with the space
A(M, Enden (€)) of forms with values in Ende(ar(€). The filtration C(M) = U;C*(M)
with C*(M) = Y2t _ o~ (A*T* M) leads to the symbol map of degree i o; : C*(M) —
NT*M, 0;(a) = o(a)};). Hence, because

(15) k?gj S F(M, C2J(M> &® Endc(M)(S)) ,
it follows that o9;(ksj) € A¥ (M, Enden(€))
The local Atiyah-Singer index theorem is the following.

Theorem 1.2. As elements of A(M,Endcn(€))

n/2
(1.6) Zazj(/@j) = (4m)"? A(R) exp(—F°/%)

where R € A*(M,End(£)) is the Riemannian curvature endomorphism-valued 2-form and

A\(R) = det!/? (sinf(/;ﬂ) ) is the E—Qenus characteristic class.

From Proposition 1.1, (1.6) is the assertion that

n/2
570 7 — 9. n/2 ] _E/S
(1.7) jzo Af . /C 108(3) 05 o (12, 0) A dS(E) = 2171 AR) xp(—FF1S).
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The proof we shall give here of the local index formula proceeds by evaluating the left-side
of (1.7) through by computing the symbols ry;(z, &, A) via a generating function.

The relative supertrace stre,s : A(M,Endecay(€)) — A(M) is the Berezin map
picking out the top form component. On the other hand, there is a canonical identification
of I'(M,End(€)) with I'(M,End(€) ® | Ay |) € A*(M,End(€)) via multiplication by the
Riemannian measure j,(x)dr and as elements of A"(M)

(1.8) stre(k(x)) = (—2i)"?stres(o(k)) .

Since strp/g vanishes on C*(T; M) for i < n the supertrace of the residues (1.4) for j < 2
vanish. Thus, though the kernel k[D~2*](x)|™" has poles at the points indicated in (1.2),
the pointwise supertrace strz(k[D™2*]|™)(z) is holomorphic on all of C, the remaining
poles in (1.2) due solely to the Gamma function.

By integrating stryz(k[D™>*]|™)(z) over M with respect to the Riemannian measure
we obtain the (super) zeta-function ((D? s)[™ := [, stre(K (D%, z,z)|™")dz. Since
D*D™ and D" D™ have the same non-zero eigenvalues, while D~* vanishes on Ker(D), then
¢(D?, 5)|™" vanishes identically for all s. Evaluating at s = 0 we obtain the (Atiyah-Bott-
Seeley) index formula ¢(D?, 0)|™" = 0 which by (1.2), and ind (D) = [}, stre(Ilo(D)(x))dz,
is the formula [, str(k,(z))dz, = ind (D), while from the vanishing of ((D?, s)|™ else-
where [, str(ky;(z))dzy, = 0 for j # n/2.

From (1.8) the volume form strp(k,(2)) dz, is equal to the n-form (—2i)"/strp/s (0 (k)
and so (1.6) implies the topological Atiyah-Singer Index Theorem

(1.9) ind (D) = (2mi)"? /M A(R) h(€/S) .

On the other hand, the Mellin transform
(1.10) ['(s) k(D™ *)(z) = / ts_lk(e_tDz)(x) dt , Re(s) > n/2,
0

shows this to be equivalent to the heat equation formulation of the local index theo-
rem [BeGeVe]. Here, k(e ™®*)(z) := K(e " z,z)j ()", where K(e ®° x,y) is the
(smoothing) heat kernel. By a standard transition (see [?] for example) the pole structure

(1.2) is equivalent to the existence of an asymptotic expansion as t — 0+

(1.11) k(e ™) () ~ Y t7E y(a) .

Jj=0

Proposition 1.3. One has
(1.12) ko;(x) :/ / e ry(x, €, N) dA dE
n CO

The coefficients in (1.11) are the same as those in (1.2); in particular, for j =0,1,...

3

the expressions on the right side of (1.4) and on the right-side of (1.12) are equal.
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Proof. The existence of the expansion (1.11) and the formula (1.12) are well known, see
[?7]. The equality of the expressions (1.4) and (1.12), follows from the general transition
formulae already referenced, but this will be shown explicitly below on the way to proving
Theorem 1.2. U

From (1.7) it follows that the theorem to be proved can be restated as

n/2

(1.13) Z / / 0a; (v (2, €, V) dA dE = —277/2 A(R) exp(—FE/5).
Co

Note that the holomorphicity of the pointwise supertrace strz(k[D™>*]|™)(z) on C is
equivalent to the statement that the pointwise supertrace strg(k(e ™’ (x)) has a limit as
t— 0+.

2. A RECURSION FORMULA FOR THE r;(z,§, )

In a local trivialization of £, D* has the form > 0<lal<2 Ga(®) Dy, where the sum is over

multi-indices o = (o, ..., a,), with D¢ = (—z’)‘“'&'ﬁl, and so, replacing D¢ by £, it has

a matrix valued polynomial local symbol a(z,§) in * = &, ..., &%

(21) a(x7§) - ao(l',§>+ a1<l’,§)+ a2(‘r7€) )

with a;(z,£) = 37, —s_; @a(){* homogeneous of degree 2 — j. As D? is of Laplace type
(2.2) Zg” 0)&& 1= € 1

where ¢ (z) =< dzxy,dx; >, is the metric in the cotangent bundle. Hence the local
symbol r(z,&,A\) ~ > . o 1j(2, & A) of Q\ = (D* — M)~ (the object of interest in (1.7)
or (1.13)) is defined for A € C\R™ and is constructed by solving

(2.3) (a(z,§) = AD)or(x,&,N) =1,

with I = (7,0,0,...) the identity symbol, and where o is the usual symbol product.
Solving (2.3) recursively yields *

(24) r0($a£7 >‘) = (a0($7£) - AI)_l
(25) I'j(l',g,/\) = _rO(x7§7)‘) Z l' 8gak(x7€7A)Dgrl<x§7)‘> ;
lul+hti=5 "
I<j

for A ¢ R;. The r;(z,§, \) are C* at £ = 0 provided A # 0, and can be made C* also at
A = 0 by multiplication by an excision function x((|¢|> + |A|?)'/?), where x(t) € C*®(R?),
x(t)=1fort>1, x(t) =0 fort <1/2.

IThe sum is over g = (g1, ..., pn), kL with p! = gyl o) = g + -+ fin.



Since the principal symbol ag(z, §) is scalar valued the factors ro(x, &, A) can be grouped
together in (2.5) to see that it has the form

(2.6) (60 = > (€ =N pale,€)

i<k<2j
where p; x(x,&) is a finite product of derivatives of ag, aj, as, and therefore polynomial
in £ and independent of .

The first formula for the r; we shall give is deduced without further precision in the
aj,. By observing that in the sum (?7) k can take values 0,1 or 2, while 9 ay.(z,§) = 0 if
|| > 2, and ay is independent of &; so that O as(z, ) = 0 if [u| > 0, and 5’?}:' a; =0 for
|| > 1, and also using (2.2), the following is easily established.

Lemma 2.1. With the convention that rj := 0 for k <0, one has for j > 0

_ "1
rgir; = (Z 59“(3’7)3%% - a2> rjo + airj

k=1

—1 (Z 8§k aj 8% rj_o + Z 2 gkl<l’>£l 8% I'j1> .
k=1

k=1

For the Dirac Laplacian, the a;, and hence the r;, can be computed using the Lich-
nerowicz formula which states that in local geodesic coordinates

(2.7) D? = Zgij (vaivaj + Z Ffjvak> + Z Fg/s(ei, ej)cicj + }LTM )
i k i<j

Here, the first sum on the right is the metric Laplacian, with Ffj the Levi-Civita coeffi-
cients, r); the scalar curvature, and ¢ the Clifford action of the orthonormal frame e’. In
geodesic coordinates one has

1 )
(2.8) Vai = & -+ Z_l Z Rijklx]ckcl + Z fijkl(x)ckcl + gl(x) s
Jik<l k<l
where R = (R(0;,0;)ex, ;) is the Riemannian curvature at zo in M and fiju(zr) =

O(|z]*), gi(x) = Fija? + O(|z]?).

Getzler rescaling [Ge, BeGeVe] reduces these local expressions reduce the recursion to
the following form. Let

A=) 3, =) ¢8I,
k=1 i
Proposition 2.2. At xy € M, r;(z,&,\) is computed by setting x = 0 in rj(x, &, N)
defined for j > 2 by the recursion

(29) r-1= 0 ) ro = (’£|2 - /\I)_l )
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(2.10) rjiv1 =710 (A —ag)rj_1 —roayr; (j>0).

where
n/2 9.

(2.11) ao(w,€) = €% ai(z,§) = ZZ <§J) (21825 — @25 2j-1)
j=1

n/2

(2.12) as(z,€) = — i; (%)2 (23,1 +a3;) -

3. THE POLYNOMIALS r;

We begin by restating the problem in a more convenient form, simplifying and stream-

lining the notations a little, and looking at the first few polynomials r;,

We consider three multi-variables a = (v, ..., ), . = (21,...,2,) and & = (&1, ..., &);
here n is to be thought of as large, and the final results will be stable in n in a suitable
sense. We consider a supplementary variable 7" and define polynomials r; = r;(o, z,£,T)
recursively by the equations

(31) r_1 = 0, o = T, T’j+1 = —alTTj + T(A — CLQ) Tj—l (] Z 0),

where a1 = a1 (o, z,€) and ay = ay(«, x) are the polynomials

n 1 n
(3.2) a = ;O@xz‘fi, az = 7 ;043%2

In the notations of the index problem, "= (|£|* — \)~! and the «; are given by ag;_; =
—a; =i for 1 < j < n/2, with n always assumed to be even, but there is no need to
make these restrictions on the form of the variables, and dropping them simplifies both

the formulation and the proof of the desired result.
First, it is convenient to write r;(7") explicitly as a polynomial in 7". Clearly (3.1)
implies
(3.3) ri(T) = Y o, T
p2v=j
where the polynomials r,, = r,,(a,z,§) (u,v > 0) are now given recursively by

1 if u=v=
(3.4) ey — { itu=v=0,

—a17ry—1, + (A —ag)r,,—1 otherwise,

with the convention that r, , is to be interpreted as 0 if either index is negative.
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The first key remark is that all the r,, are polynomials (with coefficients independent
of n) in the variables

(3.5)

n n
2 2 2p—1 2
= Zaip, Zap 2, 0, = Z%‘p z&, D, = Zozipff (p>1).
i=1 i=1 i=1

Indeed, in view of the recursive formula for the r,,, to prove this it is sufficient to prove
that the ring R = Q[A1, As, ..., By, Ba,...,C1,Cy, ..., Dy, Dy, ...] contains a; and ay and
is closed under A. The first assertion is obvious since a; = C7 and ay = iBl, and the

latter follows from the easily checked formula

o0

P 920 920
§: Wﬂ3+_§:(ﬂ%ﬂaBaB +4%ﬂa@ﬁqg+D”*‘m%m%)

p=1 p,q=1

for ® € R. Using this formula and the recursion (3.4), we easily compute the first values:

where the values are given corresponding to 7 < 6. Giving the full formulas for further
polynomials 7; would take up too much space, but the specializations to = 0 (corre-
sponding to setting all B’s and C’s equal to 0), which are all we need for the local index
theorem, are relatively simple and we give them here up to r5:

ro = T, rg = —iAT% + 2D, T,
rs = (3A24 A)T® — (104,Dy + 16D,) T® + 40D 77,
re = —(RAT+ BA A +8A5) T + (1BAID; + 1684, D5 + T0A, Dy + 272D5) T°

— (560A,D? 4+ 1792D, D,) T° + 2240D3 T

It is amusing to check (1.7) for the first few values using these explicit formulas for the
r; and the identities

(k+h—1)!

h!
8

3.6 — log(A AT d\ = , (h, k>0, h+k>1),
A
Co

v=0 1 2 3

p=0|T  —ip —3A1 + 5B sAB— 5 B+ 3B
1 ~-C, iBG 8AC — f’GB%Cl +2C,

2 C?  —3B,C}+2D —3A,C} + $B}C} — 2B, D, — 8C,Cs

3 ~C}  B,C} - 80D,

4 Ct  —=3BC{+20C%Dy

5 (5

6 s



2 r2m

(3.7) /S4m—1 ds(§) = 2m— 1) /Sm_lgi2 d5(§) = (2m)!”

When j = 0, since E(R)[O] = 1 the right-side of (1.7) is —27?™ zzl\(R)[O] = —271?™ while
the left-side is then

/ / log(\) O¥™T dX dS(€) = / ds(€) / log(\) 93T d\ = —27°™
S4m—1 Co S4m—1 Co

When j = 1, the right-side of (1.7) is —27w*™ E(R)M = — (“M) S22 02 while we

12 i=1"7
computed above that

; 2m ek 2 | 2m Hk 2 ) )
r(0,§,A) = T Z (5) - 2T Z <§) (§ar—1 + &)
k=1

k=1
so that the left-side is then

(3.8)
2m 2
m— 7 _ m— 7 e_k
/S /C log(3) 2y X aS(E) = /S s ( /C log(3) 35" dA) Z( 2)

k=1

om—2md j 9 ) 2m Q_k 2
.y (/C log()) 922T dA) (/S_ 2 ds(e) +/S4m_1 & dS(g)) 3 ( 2)

k=1

which using (3.6) and (3.7) is easily seen to be equal to — (”12—;) S22
The computability of the local index theorem makes the theorem widely useful.

4. THE AVERAGING OPERATOR A,, AND THE RESIDUE OPERATOR R

For the general case we proceed as follows. We introduce an averaging operator A, on
polynomials in &, defined by

1 1
4.1) AJF] = — F = —— fF "l CR”
(@1) AlF] = oo /I5 |, FOAS(E) = g7 (average of P(E) on 57 CB)
and a residue operator R, on polynomials in T" without constant term, defined by
1 .
(4.2) R(P(T)] = — / log(\) 94 P(—) dA (k> 0).
Co -

Since Ry can be described explicitly by its values on monomials given in equation (3.6)
we may simply take that as our definition of the operator R.
The identity which has to be proved can then be formulated as

~

(43) AnR%(n—j)[Tj (a7 07 57 T)] = A(a)[]/Q] ’

~ 1/2 N N
where A(a) =[], < = > and A(a)jj/9) denotes the component of A(a) of degree

sinh a;
j/2. For the application to the index theorem, only the case whenn >j >0, n=j=0
9



(mod 4), and g1 = —ay; is needed, but we will prove (4.3) without any of these
restrictions. (We can even allow odd n if we interpret (h + k& — 1)! in (3.6) as I'(h + k).
Of course, j must always be 0 mod 4 since otherwise both sides of (4.3) are 0.)

The basic observation is that each polynomial r,, is homogeneous in the { variables (of
degree 1), and that for homogeneous polynomials P(&) there is an easy way to compute
the average A,[P]. Namely, for any polynomial P(£) in R™ we define the “radial Laplace
transform” L,[P](z) by

LIPO)E) = [ PO .

This is a priori much easier to compute than A,, since the domain of integral is FEuclidean
space, which is a product, rather than the unit sphere, which is not. Thus for monomials
with even exponents (monomials having at least one odd exponent clearly give 0) we find

immediately

& r Lo .T(s, +1
wy oufgrege)e) = [[ulee) = Dt
=1

On the other hand, if P is homogeneous of degree u, then its integral over the sphere of
radius r in R" equals 27"/2A,[P] r"t~1 so we have
(4.5)

La[P(€)](2) = 27"A,[P] /O L Wn/2r<”§“)An[p] )2

Note that by comparing formulas (4.4) and (4.5) we immediately obtain the evaluation
I(si+2)-D(sp+3)
/2 (s1 + -+ + 8, +1/2)

of the averaging operator on arbitrary monomials (and hence on arbitrary polynomials),

(4.6) An| 251 .. ] =

going well beyond the special evaluations (3.7). However, we will only use the relation
(4.5) , since we are going to end up applying the operators A, and L, to Gaussian (heat)
generating functions rather than to functions which are expressed explicitly as linear
combinations of monomials.

If we apply the general formula (4.5) to the polynomial r, ,(a, z,§), which is homoge-
neous of degree 1 in £ (as one sees immediately from (3.4) by induction, since A and as
do not involve &), and combine the result with the definition (3.6) of the operator Ry, we
find

—n/2

™
(u+v)!
for p, v > 0 with p + 2v = 5 and for any z. The main point here, and the reason why
nt V) in (4.5) has cancelled the

factor (h + k — 1)! from (3.6), leaving only a factorial independent of n in (4.7).
10

(47) AnR%(n—j)[ru,V(aa xz, 5) TH+V+1] = Z(n+u)/2 Ln [Tu,u(aa xz, 5)] (Z) )

the whole proof will work, is that the gamma-factor F(



In particular, (4.7) yields the identification of the right side of (1.4) and (1.12) asserted

in Proposition 1.3.

5. THE GENERATING FUNCTION

Comparing the left-hand side of the desired identity (4.3) with the equation (4.7) just

obtained, we see that we need to apply L,, to expressions of the form Z“HV:]. ruw(o, @, £)2 (At

v)! for each j. This suggests that we should introduce the generating function

= X1y
(5.1) R(o,z,&X)Y) = Z ruw (e, z,§) Tk

w,v=0
The first few terms of this power series are given by

B C? B.C
Rla,z,&X,Y) = 1—01X—IlY+7X2 141

2
XY + (%—%)Y2+”',

which looks very much like the exponential of something much simpler, and this impression
is reinforced by the observation that the right-hand side of the identity (4.3) which we want
to prove is a product over i = 1,...,n, whereas the expressions (3.2) or (3.5) are sums
over the same set. This suggests that we should look at the logarithm of the generating
function R. When we do this for the first few terms, using the values calculated in §3, we
discover that indeed there is a huge simplification: while R itself contains all monomials
in the infinitely many variables (3.5), its logarithm is simply a linear combination of these

variables, and what’s more, of a very special form. Explicitly, the expansion of log R

begins
lOg R<aax7£;X7 Y) = _(iB1Y+ClX+ lAIYQ)
+3 (3B2Y? + O XY? 4+ D1 X?Y + £ A7)
—2 (1BsY° + C5XY* + Do X?Y? + L AY°)
ot (3BY T+ CuXY® + Dy XY + LAY +
The numerical coefficients 5; = 1, #5 = ;), By = 15, By = 315, ... are easily recognized

as the coefficients of the generating functions ) 37, 3, x 2?71 = tanhx and > B 5 2p =
log(cosh z). Based on computer calculations we are therefore led to guess the following
result.

Proposition 5.1. The generating function (5.1) is given by
(5.2)

X2

X 2
;T + ?fz) + —5

Rlo 2.6 X.Y) tanh(c;Y) (1

H \/cosh (oY) b [_ Q; 2

11




Proof. To prove equation (5.2), we observe that the initial conditions and recursion given

in equation (3.4) are equivalent to the partial differential equation

OR OR
(53) Xa_X+Y8_Y:_Xa1R+Y<A_a2)R

for the generating function (5.1) together with the boundary condition R(«, z,&;0,0) = 1.
If we write R = ef’, then (5.3) is transformed into a non-linear partial differential equation
for the logarithm F':

OF oF “[9*F  [(OF\?

Now we try choosing for I’ a function of the form

. ; i&iX 2X?
(5.5) Flo,z,&X,)Y) = ;(mam +B(aiY)% + C(aiy)xi +D(oé,-y)£y )

(note that this is a function of the variables oY, Y ~/2 and ¢XY /2 in accordance
with the remark at the end of §5), where A(t), B(t), C(t) and D(t) are power series in

one variable satisfying
(5.6)  A(t) =0O(t), B(t) = O(t*), C(t) = O(), D(t) = O(t*)
in order to ensure that ' = O(X) +O(Y) as X and Y go to 0. The differential equation
(5.4) is satisfied if and only if the four functions A, B, C' and D satisfy
1

tA'(t) = 2B(t), tB'(t) — B(t) = -1 t2 + 4B(t)?,
(5.7) tC'(t) = —t+ 4B)C(), tD'(t) + D(t) = C(t)*.
A solution of the system of equations (5.7), and in fact the unique power series solution
subject to the growth conditions (5.6), is given by

tanht
o

At) = —% log(cosht), B(t)= —it tanht, C(t) = —tanht, D(t)=1

Substituting these formulas into (5.5) and exponentiating, we obtain precisely the formula

given in equation (5.2). This completes the proof of Proposition 5.1. O

6. PROOF OF THE MAIN IDENTITY

In Proposition 5.1, the variables X and Y can be absorbed into the other variables and
have only been included to keep track of the degrees. Specifically, one checks by induction

from (3.4) that if 7, , contains a monomial of (total) degree @ in the a’s, b in the z’s, and ¢
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in the £’s, then pp = cand v = a—(b+c)/2, 50 R(a, ,&;, X, Y) = R(aY, Y 12 ¢XY~1/2),
Hence (5.2) can be stated equivalently in the simpler form

n

_HVAT 1 2 - h o 1
o1 Y A0S (] ) ew(lef - 3 I (6 o))
i=1 v

w,v>0 i=1 ¢

With the specializations to the index problem, T' = (][> — A\)7!, agj_1 = —agj = ib;
for 1 < j < n/2, and using the formula [, e~ d¢ = (7/)\)/2, we use this to compute

n/2

Z/ /C o (To;(x, &, X)) dX dE
= [ e / X (Jgf? = 2D de

w,v>0

=[50 B E iy de
n Co

ot (n+v)!

_ T (2,6 A) e
a /R"M;O E “

tanh oy 1 5
_ ~1/2 i
/n | | (cosh ;) exp< E - (& + 5% i) ) dé¢

1

= —27r”/2 A(R) )
Interestingly, note that this formula holds independently of x.

7. GENERALIZATIONS

The above calculations can be performed without making any of the specializations to
X=Y=1,2=0o0r z=1. Indeed, from (4.7) we find

XHryv
/) LR & X)) = Y S Ll €] (2)
7=0 p+2v=j (M+V)
= Z Z AnR%(n_j)[Tu,u(Oé,fE,ﬁ) T;H—u—i—l] XHYV 512
J=0 pt+2v=j

X¢ 4
= A,R1 i A ) T YJ/Q
;:0 §(nf])[rj (Oé z /_YZ )]

(7.1) = jZOAnRé(n_j)[rj(aY,\/—x?,\/Y_z,Tﬂ,
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while (5.2) gives

" /Y X2
(7.2) (2/m)"* L [R(a, 2, & X, V)] (2) = EA(aiy, 0“”2‘/_, =)
with A(«, §,t) defined by
2
(7.3) Ala, B,t) = m/ exp(—— +ou? — tanho‘(um)?) du .

For (4.3) we needed only the double specialization of A(«, 3,t) to 8 =0, t = 1. Making
only one of these specializations leads to equally simple formulae, namely

tanh a

(u+p)? du =

1
(7.4) Ala, B,1) = m/ sinh o

(independent of !) and
(7.5)

Aa,0,t) =

(1_14tanha sinh o\ ~1/?
SR gy = <(1—t) cosha + ¢ ) ,
a

vt cosh «Q /

but we can just as easily calculate the general case, using the standard identity ffooo e
(m/A)/2eB* /44 obtaining

(7.6) A, B,1) = ((1—25) cosh o +tsmjo‘>_1/2 exp(—( (1-1)F sinha )

1 —t)a cosha + tanh «

This in turn has two further nice special cases:

1 sinh «
(7.7) Ala, 3,0) = Jeona eXp<—52 o )

and

(7.8) A(0,8,t) = exp(—(1—1)5%).

By comparing (7.1) and (7.2) and using (7.6), we now obtain the following generalization
of the original identity (4.3) .

Theorem 7.1. For any (even) integer j > 0 and any h, the quantity AnR%(n_j)[Tj(Oz, x, hE, T)]
is equal to the homogeneous part of degree j of [, Ao, %aixi, h?), where A(a, 3,t) is
given by (7.6) and where the variables o, x; and h have degrees 2, —1 and 0, respectively.

It would be interesting to check whether this result, or any of its special cases corre-
sponding to equations (7.3), (7.5), (7.7) or (7.8), has an interpretation in the context of
the Atiyah-Singer index theorem. In particular, (7.3) is a possible candidate for this since
the corresponding version of the theorem is that AnR%(nfj)[rj(a, 2,§,T)] equals E(a)[j /2]

for any x, not just for x = 0.
14

—AC+Bt gy



APPENDIX A. THE RECURRENCE RELATION

We have
(Al) — I'al r; = asr; o + a3 r1— Z a’%k r o
k=1
+ Z 8§k aj ka r,_o -+ Z 25]9 ka r,_1.
k=1 k=1
Let
(A.2) Ty =Y 0 (a) D, , Ty =Y 24D, .
k=1 k=1

We have to prove that
(A.3) Ty rjo + Iorjy = 0, J=2.

It is easily verified that

(A4) T1 Ay — 0.
(A5) T2 a; — 0.
(AG) T1 a; + T2 Ay — 0.

The proof of (A.3) now proceeds by induction. From (77?)
r, = —rg a,
and so, since rq is independent of the z;, by (A.5)
(A.7) Thory = —r2Tha; =0.

Since clearly T} ro = 0 then (A.3) holds for j = 2. Assume, then, (A.3) holds for j < m.
Then, in particular, it holds for j = m — 1 and j = m, so that from (A.1)

(A.8) - 1'61 Ip—1 = A2Tp-3+ A1 Ty — Z agk T'm-3
k=1
(A.9) —ryt T, = AT, ot AT, — Z 2 Toms -
k=1
Hence
(A.10) —r, (Ty vy + Tory,) =

Ti(agry—3) +Ti(airy,_o) + To(asr, o) +Ir(a ry_1)
15



— Tl Z 832% ry_3 + T2 Z 892% rm—o
k=1 k=1

Since the coefficients of D,, in 13,7, are at most linear in z; then
[T17a§k]207 [T27a§k]207

and hence the final (bracketed) term on the right-side of (A.10) is equal to
(Al].) — Z 8§k (Tl ry,—s + T2 I'm_g)
k=1

and this is zero by the inductive hypothesis for j = m — 1.
Since T4, T5 are are first-order linear differential operators

(A.12) Ti(asry,—3) = Ti(az) rm_3+ as T1(rp_s) ,
(A.13) To(asr,, o) = To(ag) ryo+ asTo(r, o),
(A.14) Ti(air, o) =T(a)) o+ arTi(rm_2) ,
(A.15) To(ajr,_1) =T(ay) rpm1 + a3 To(rm,—1) .

The sum of the second terms on the right-side of (A.12) and (A.13) is zero by the inductive
hypothesis for j = m — 1, and likewise the second terms of (A.14) and (A.15) sum to zero
by the inductive hypothesis for 5 = m. Finally, from Lemma ?? the first terms on the
right-side of each equation sum to zero.

Hence (A.10) vanishes, establishing the proposition.
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