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Abstract. We review some recent advances in understanding the zeta-determinant

of an elliptic boundary value problem for the Dirac operator. We discuss a recent

adiabatic pasting formula for the determinant with respect to a partition of the

underlying manifold, and outline some of the applications to geometric anomalies.

Introduction

The purpose of this exposition is to review recent results of the authors and collabo-

rators in understanding the nature of the ζ-determinant and some applications of these

ideas to Quantum Field Theory. This report covers some of the results in the works

[21, 25, 31, 32, 34, 35, 41]. We refer to those papers for proofs and precise statements.

Here we concentrate on ideas behind the results and we also discuss some examples.

The second author wants to express his deepest gratitutde to the organizers of the

Workshop on Noncommutative Differential Geometry and its Application to Physics in

Shonan-Kokusaimura for the extreme hospitality and for the creative atmosphere of the

meeting, which lead to this paper.

Zeta function regularization and determinant line bundles have come to represent

something of a Zeitgeist for the intense interchange of ideas in recent years between geo-

metric analysis, topology and theoretical physics. On the physical side, the ζ-regularized

determinant of an elliptic differential operator over a closed manifold M defines a putative

value for path integral computations in string theory and QFT, while on the mathemat-

ical side, it is a delicate highly non-local analytic object encoding fundamental spectral

and geometric information about the underlying manifold, bundle and elliptic operator.

In either view point, ζ-determinants are somewhat mysterious and their computation is

of great interest. Non-locality means that such computations are extremely hard on all

but the simplest symmetric spaces, and a general elliptic operator will not even have a

canonically defined ζ-determinant.

Quantum theory, on the other hand, tells us that anyway the meaningful quantity

to think about is rather the democratic ‘sum over all histories’. Mathematically one

considers a submersion of Riemannian spin manifolds π : Z → B with fibre diffeomorphic

to M , defining a family of twisted Dirac operators D = {Db : b ∈ B} : H+ → H−. Here
1
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H± are the infinite-dimensional Frechet bundles with fibre H±b = C∞(Mb; S±b ⊗ Eb),

with S the vertical spinor bundle and E a vertical Hermitian coefficient bundle with

compatible connection. The family D defines two families of finite-dimensional vector

spaces Ker D = ∪bKer Db and Cok D = ∪bCok Db associated to which one has an index

bundle element Ind D = Ker D − Cok D and determinant line bundle DET D over B

with fibre canonically isomorphic to the complex line DetIndDb := ∧max(Ker Db)∗ ⊗
∧maxCok Db.

The prototypical physical problem is for Yang-Mills theory with gauge fields associated

to some compact Lie group G coupled to Fermions over a compact even-dimensional

Riemannian spin manifold M . A gauge field is represented by a connection on a principal

G-bundle L over M , and a chiral Fermion as a section of a Hermitian bundle S± ⊗ E,

where E is an associated G-bundle to L. The aim is to evaluate the (heuristic) path

integral

(1) Z(A,ψ) =
∫

B

e−S(A,ψ) dAdψdψ,

with respect to the action S(A,ψ) =
∫

M
ψDAψ +

∫
M
‖FA‖2, where DA is the Dirac

operator, and the parameter space B is the space of connections cross the space B of

sections of S+⊗E. Anomalies arise due to the first term in the action coupling Fermions

to the gauge Bosons. Indeed, one is immediately faced with a number of difficulties. First

of all, the measure in (1) is entirely fictitious. Second the action S(A,ψ) is invariant under

the action of the group G of gauge transformations of P , and so the integral should really

be evaluated over the moduli space M = B/G, which with appropriate constraints may

be a respectable finite-dimensional manifold.

The initial method of dealing with the first problem is to ignore it entirely, and pretend

we are evaluating a finite-dimensional Gaussian integral. That is, we suppose the ψ

are Fermionic variables in a finite-dimensional vector space and evaluate according to

elementary formulae for finite-dimensional Fermionic integrals

(2) Z(A,ψ) =
∫

A
e
∫

M
‖FA‖2 · detDA dA.

To proceed we must understand the integrand as a function and that means we must

understand detDA as a function. However, a priori detDA arises as a section of the

complex line bundle DET D and to realize it as a function over B therefore requires

a trivialization of DET D. Using, for example, ζ-function regularization one defines a

metric and compatible connection on the bundle whose curvature, holonomy, and Chern

class represent respectively local, global and topological obstructions to the existence

of of a regularized determinant function on B. These quantities may be understood

as anomalies for an appropriate QFT, while mathematically they are local, global and

topological expressions for the degree 2 part of the family’s index [3, 13, 28].

The ζ-function metric is defined using the determinant of the Dirac-Laplacian ∆b =

D∗bDb. Since ∆b is a self-adjoint elliptic operator it has a discrete spectral resolution {λ ∈
R, φλ}, and so formally its determinant is the infinite product

∏
λ, which is undefined.
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To define a regularized product one uses a spectral ζ-function. This is based upon

a remarkable generalization of the method by which the classical Riemann ζ-function,

defined initially only in a half-plane, is extended meromorphically to the whole complex

plane, and the identity for a finite-rank operator A ∈ End(V )

(3) det A = e−ζ
′
A(0),

where s a complex number ζA(s) := tr A−s and ζ
′
A(0) := d

ds{Tr A−s}|s=0.

For a general Laplacian, detζ(∆) is defined in a similar way. In Seeley’s paper [36] it

was explained that by standard operator norm estimates ∆−s is trace-class for Re(s) >

dim(M)/2, and so in this half-plane ζ∆(s) := Tr (∆−s) is a well-defined holomorphic

function and, moreover, one has via the Mellin transform, the identity

(4) ζ∆(s) =
1

Γ(s)

∫ ∞

0

ts−1Tr e−t∆ dt,

where Γ is the gamma-function. Since ∆ is positive, the heat operator e−t∆ has a smooth

kernel Pt(x, y), and is of trace-class. As t → 0 there is an asymptotic expansion

(5) Tr [Pt(x, x)] =
k∑

j=−n/2

aj(x)tj + o(tk, x),

where aj(x) is a C∞ function depending only on the local symbol of D. In particular,

we can therefore use the right-side of (4) to define a meromorphic continuation of ζ∆(s)

to the whole complex plane with only simple poles. In particular s = 0 is not a pole.

Hence ζ ′∆(0) = d
ds{ζ∆(s)}|s=0 is well-defined and we may define the ζ-determinant by

detζ(∆) := e−ζ
′
∆(0). The metric on Det D over the region of B where the Db are invertible

is defined by

(6) ‖det Db‖2ζ = detζ∆.

Let us end this Section with some explicit examples

Dimension 1: Let us consider the simplest case of interest. Take

(7) D = i
d

dx
+ a : C∞(S1;C) → C∞(S1;C), a ∈ (0, 1).

Then ∆ = D2 has spectrum {λn = (n + a)2 : n = 0, 1, . . .} and so

(8) ζ∆(s) := Tr (∆−s) =
∞∑

n=0

1
(n + a)2s

which is precisely the classical Riemann-Hurwitz zeta-function ζ(2s, a). This is well-

defined for Re(s) > 1/2, and has a meromorphic continuation to the entire complex

plane with only simple poles. Around s = 0 the continuation is holomorphic with

(9) ζ
′
∆(0) = − log(4 sin2(πa)).

Hence we obtain

(10) detζ(∆) := e−ζ
′
∆(0) = 4 sin2(πa).
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More generally, in dimension one there is a canonical family of Dirac operators. Take

M = S1, and consider a rank n Hermitian bundle E over S1. Let B be the Banach

manifold of unitary connections on E, parameterizing the family D = {D = i∇d/dx : ∇ ∈
B}. The determinant line bundle is canonically trivial in this case, and from formulas

for the Riemann-Hurwitz ζ-function it is well-known how to compute that

(11) detζD = det(I + h∇),

where h∇ is the holonomy of ∇ around the circle. In particular, we see therefore that

detζD is a smooth function invariant under the action of the group G of unitary gauge

transformations acting on B, and hence passes to a function on the finite-dimensional

moduli space B/G = U(n)/conjugation. So no G anomaly arises, reflecting the fact that

∇(ζ) is G-invariant and the curvature of the ζ-connection is identically zero. In fact,

(12) detζ(D∗D) = |detζD|2,

means that ‖detD‖2ζ is the norm square of a holomorphic function, and so the metric is

flat.

Dimension 2: Consider first the case of an elliptic curve Στ = R2/(Z × τZ), where

τ = τ1 + iτ2 is in the upper-half plane τ2 > 0, parameterizing the Teichmuller space of

complex structures on the torus. Then for ∂̄τ acting on the space Ωm,0(Στ ) of differentials

of order m it is well-known that

(13) detζ(∂̄τ ) = q
6m2−6m+1

12

∞∏
n=1

(1− qn)2, detζ(∂̄∗τ ∂̄τ ) =
1
τ2
|detζ(∂̄τ )|2,

where q = e2πiτ . This was first computed in [29], as analytic Reidemeister Torsion, but

is popular in the String Theory literature since its explicit form allows one to construct

the Polyakov integral exactly. Notice that detζ(∂̄τ ) is a holomorphic function of τ , while,

unlike dimension one, the Laplacian fails to be an absolute function squared due to zero

mode.

For higher genus surfaces, no general closed formula for detζ(∂̄τ ) is known, though one

can say it will be a generalized theta-function. However, there is the relative ‘conformal

anomaly’ formula:

(14)
detζ(∂̄∗∂̄)g′

detζ(∂̄∗∂̄)g
= exp[

6m2 − 6m + 1
6πi

L(g, f)],

where L(g, f) =
∫
Σ
[∂̄f ∧ ∂̄f + fR]. Here (∂̄∗∂̄)g is the ∂̄-Laplacian defined by the

complex structure associated to a choice of metric g on Σ, with curvature R, and g
′

is

the conformally equivalent metric e2fg.

Higher dimensions: There is a straightforward generalization of (13) to operators of

the form D = d/du+A on higher dimensional cylinders Y ×S1, where A is a self-adjoint

elliptic operator of order 1, with discrete real spectrum {λk : k ∈ Z}. One finds, up to a

constant, detζD =
∏

k(1− e−σ(λk)), where σ(z) = sgn(Re z).
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0.1. Elliptic boundary Value Problems. Topological (or functorial) QFT tells that

in fact our theories must include not only histories defined by closed manifolds, but also

manifolds with boundary, and that axiomatically this should be realizable as a functor

from geometric fibrations to vector bundles (of Hilbert spaces) satisfying pasting laws

suggested by heuristic path integral formulae. Whatever the merits of such a theory may

be, it has presented the need for a mathematical theory of determinant lines bundles

for families of elliptic operators over manifolds with boundary and pasting laws for the

ζ-determinant with respect to a partition of the manifold. We return in Section 4 with

a discussion of the functorial quantum field theory (FQFT) description of determinant

anomalies, while in Section 3 we describe recent results on an adiabatic pasting law.

First, we need to review briefly some facts about elliptic boundary value problems

(EBVPs) for a Dirac-type operator over a compact Riemannian spin manifold X with

boundary ∂X = Y . Let D be the corresponding Dirac operator. We assume that that

the Riemannian metric on X and the Hermitian structure on the Clifford bundle S over

X are products in a collar neighborhood N = [0, 1] × Y of the boundary. In N the

operator D has the form

(15) D = G(∂u + B) ,

where G : S|Y → S|Y is a unitary bundle isomorphism and B : C∞(Y ; S|Y ) →
C∞(Y ;S|Y ) is the corresponding Dirac operator on Y .

In order to obtain an unbounded Fredholm operator with good elliptic regularity prop-

erties we have to impose a boundary condition on the operator D. The space L2(Y ;S|Y )

has a preferred orthogonal decomposition L2(Y ;S|Y ) = H+ ⊕H−, where subspace H±

are the subspaces spanned by the eigenvectors corresponding to the ± eigenvalues of B.

Let Π> denote the spectral projection onto the subspace H+, and Π< = I − Π> the

projection onto H−. It is well known that Π> is an elliptic boundary condition for the

operator D (see [1], [7]). More, generally, any pseudodifferential projection (self-adjoint

indempotent) operator P on L2(Y ; S|Y ) such that P −Π> is a pseudodifferential opera-

tor of order -1 defines a good boundary condition for D. This means that the unbounded

operator

(16) DP = D : dom(DP ) → L2(M ;S)

with domain

dom DP = {s ∈ H1(M ; S) : P (s|Y ) = 0} ,

with H1 the first Sobolev space, is a Fredholm operator with kernel and cokernel consist-

ing only of smooth sections. The parameter space of all such projections is an infinite-

dimensional Grassmannian Gr−1(D), which has the homotopy type Z×BU of the space

of Fredholm operators; two boundary conditions P1 and P2 belong to the same connected

component if and only if

index DP1 = index DP2 .
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For analytical reasons associated with the existence of the ζ-determinant, we shall restrict

our comments to the Smooth Grassmannian, defined by

(17) Gr∞(D) = {P ∈ Gr(D) : P −Π≥ has a smooth kernel} .

The crucial fact is that, as a consequence of the Unique Continuation Property for

the Dirac operators, there is a canonical identification between H(D) and the infinite-

dimensional solution space

{s ∈ C∞(M : S) ; Ds = 0 in M \ Y }.
The restriction of smooth sections to the boundary extends to a continuous map:

γ0 : Hs(M ;S) → Hs− 1
2 (Y ; S|Y ) ,

which is well-defined for s > 1/2 (see [7]). For any real s the Poisson operator of D is a

mapping

K : C∞(Y ; S|Y ) → C∞(M ; S)

which extends to a continuous map K : Hs−1/2(Y ;S|Y ) → Hs(M ;S), with range equal

to the space ker(D, s) = {f ∈ Hs(M ;S) : Df = 0 in M \ Y } and

(18) K : H(D, s) = Ran{P (D) : Hs−1/2(Y ; S|Y ) → Hs−1/2(Y ;S|Y )} → ker(D, s)

is an isomorphism (see [7]). The Poisson operator defines the Calderon projection:

(19) P (D) = γ0K
We refer to [7] for the details of the construction, which is originally due to Calderon

and Seeley. The Poisson operator K implies that constructing solutions for the boundary

operator

S(P ) = P ◦ P (D) : H(D) −→ range (P ),

is equivalent to constructing solutions to the elliptic boundary value problem DP (and

the same for the adjoints). The Fredholm alternative then gives us:

(20) index DP = index S(P ),

and the relative index formula

(21) index DP1 − index DP2 = index (P1, P2),

where (P1, P2) = P2 ◦ P1 : range (P1) −→ range (P2).

In particular DP is an invertible operator if and only if the operator S(P ) = PP (D) :

H(D) → Ran P is invertible. The crucial fact proved in [35] is the following exact relative

inverse formula giving a a far more delicate analytic realization of (21):
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Theorem 0.1. [35] Let P1, P2 ∈ Gr∞(D) such that the EBVPs DPi
are invertible. Then

one has the relative inverse formula

(22) D−1
P1

= D−1
P2
−KS(P1)

−1
P1γ0D−1

P2
.

In particular, D−1
P1
−D−1

P2
is a smoothing operator.

This tells us that if the ζ-determinants detζDPi
exist, that we can expect the relative

determinant detζDP1/detζDP2 to be a Fredholm determinant associated to the boundary

operators S(P1),S(P2).

Observe furthermore that in the examples outlined earlier for closed manifolds, in each

case where one has an explicitly computable zeta-determinant the problems are naturally

posed as elliptic boundary value problems on the appropriate cylinder (apart possibly

from the relative conformal anomaly). Furthermore, the regularized determinants are

expressed purely in terms of boundary Cauchy data, i.e. there is a canonical basis for

the solution space of the Dirac operator on the cylinder constructed from the spectral

resolution of the boundary operator. In summary:

• The ζ-determinant (and other spectral invariants) for preferred classes of elliptic

boundary value problems is a more computable invariant than for the Dirac

operator over a closed manifold. This is because of an isomorphism between

the (infinite-dimensional) solution space of the Dirac operator and the boundary

Cauchy data, defined by the Poisson operator.

• In general, one cannot hope to explicitly compute the ζ-determinant over topolog-

ically non-trivial manifolds. Nevertheless, it may be possible to compute relative

determinants, i.e. relative to a basepoint. cf equation (14).

These points are made concrete in a recent formula proved by the authors, which

explicitly computes the relative ζ-determinant for an elliptic boundary value problem

for the Dirac operator over an odd-dimensional manifold with boundary in terms of a

Fredholm determinant of a canonically defined operator over the boundary. The objective

is to compute the ζ-determinant on a manifold by computing it on ‘simpler’ codimension 0

submanifolds and then using pasting formulae. This is a process suggested by Topological

QFT. The precise formula is explained in Section 1. First, we make some brief remarks

on some global properties of determinants associated to families of EBVPs.

0.2. The Determinant Line Bundle. Since the boundary condition is something one

must choose from an appropriate parameter space of projections, the sum over histories

must therefore include a sum over boundary data (fermionic variables) in addition to

the sum over geometric (bosonic) data. The corresponding family parameterized by the

manifold B becomes a smooth family of elliptic boundary value problems (EBVPs). Thus

in addition to the family of Dirac operators D over a compact manifold with boundary X,

we define a smoothly varying family P of pseudodifferential projections, called a Grass-

mann section (these include the ‘spectral sections’ of [19]), assigning to each operator
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Db an elliptic boundary condition Pb. In particular, D defines canonically the Calderon

(Grassmann) section P (D) equal to the Calderon projection P (Db) at b ∈ B. We denote

the corresponding smooth family of EBVPs by (D,P). Associated to such a family one

has a well-defined determinant line bundle DET (D,P) and index bundle Ind(D,P). The

topological realization of the relative inverse formula, and relative index property are the

following global identifications for families of EBVPs:

Proposition 0.2. [31] Let P,P1,P2 be Grassmann sections for a family of Dirac opera-

tors D. There are canonical isomorphisms of determinant line bundles

(23) DET (D,P) ∼= DET (S(P)),

and

(24) DET (D,P0) ∼= DET (D,P1)⊗DET (P1,P0) .

If B is compact, as elements of K-theory K(B)

(25) Ind(D,P0) = Ind(D,P1) + Ind(P1,P0) .

Here (P1,P0) is the family of boundary Fredholm operators P1,b ◦P0,b : range (P0,b) →
range (P1,b) and S(P) := (P (D),P). We refer to [31] for details of these constructions.

Since the anomalies discussed earlier are statements about the local geometric and

global topological structure of the determinant bundle, we can see that the presence and

determination of anomalies depends explicitly on the choice of boundary conditions, that

is, on the Fermionic degrees of freedom. In particular, notice that one can always choose

P such that DET (D,P) is trivial, so in such a case no topological anomaly is present. In

practice, physical considerations in general prohibit such choices.

1. Odd-dimensions

We assume now that X is an odd-dimensional manifold. In this case G and B in (15)

satisfy the identities

(26) G2 = −Id and GB = −BG .

Since Y is even-dimensional the boundary spinor bundle S|Y decomposes into its positive

and negative chirality components S|Y = S+
⊕

S− leading to the orthogonal decompo-

sition F = F+ ⊕ F− of the boundary spinor fields. Equation (15) can then be rewritten

in the form

(27)

(
i 0

0 −i

)(
∂u +

(
0 B−

B+ 0

))
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where B+ is the chiral Dirac operator over the boundary. To simplify the exposition we

assume that B is invertible.

Consider first the case where X is closed. In this case, in odd-dimensions, since the

Dirac operator D is self-adjoint, the index theorem has nothing to say. However, new

more subtle secondary invariants arise. From the viewpoint of determinants and index

theory, the most important of these is the η-invariant, which measures the difference

between the positive and negative (real) spectrum of D, and may be regarded as the

analogue of the index in odd-dimensions. It is a holomorphic function for Re(s) >

dim(M) defined by

(28) ηD(s) = Tr [D(D2)(s+1)/2] =
∑

λ

sign(λ)
λs

.

¿From the heat kernel representation

(29) ηD(s) =
1

Γ( s+1
2 )

∫ ∞

0

t
s−1
2 Tr (De−tD2

)dt

one again sees that ηD(s) has a meromorphic continuation to C with isolated simple poles

along the real axis. The point s = 0 is not a pole and so the η-invariant ηD(0) is defined.

If D is a compatible (true) Dirac operator then ηD(s) is actually a holomorphic function

for Re(s) > −2 [4] and so then

(30) ηD(0) =
1√
π

∫ ∞

0

1√
t
Tr (De−tD2

)dt.

This leads to the following ζ-function regularization of the determinant of D:

(31) ζD(s) =
1
2
(1 + e±iπs)ζD2(

s

2
) +

1
2
(1− e±iπs)ηD(s),

and hence that

(32) detζD := e−ζ
′
D(0) = e±

iπ
2 (ζD2 (0)−ηD(0))·e− 1

2 ζ′D2 (0) = e±
iπ
2 (ζD2 (0)−ηD(0))|detζD|.

(see [35, 38] for more details). In particular, one has

(33) detζ∆ = |detζD|2,

and so the ζ-metric (see [3, 28] is the norm square of a function, and therefore is the flat

metric providing no curvature. This is precisely because D is self-adjoint. Though there

is therefore no geometric anomaly present, there is another more subtle parity anomaly

due to the ambiguity in the choice of the sign in equation (31) and hence in the definition

of detζD. We choose the ‘+’ sign.

Now return to the case where X has boundary. In the odd-dimensional case self-adjoint

realizations of the operator D are of particular interest. The involution G : S|Y → S|Y
equips L2(Y ;S|Y ) with a symplectic structure, and by Green’s formula (see [7]) we have
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that that the boundary condition P ∈ Gr(D) provides a self-adjoint realization DP of

the operator D if and only if

(34) −GPG = Id− P .

(See [5], [7], [12].) We therefore introduce the submanifold Gr∗∞(D) of Gr∞(D) parame-

terizing such projections.

For any P ∈ Gr∗∞(D) the operator DP has a discrete spectrum nicely distributed

along the real line (see [5], [12]) and the second author proved:

Theorem 1.1. [41] For any projections P, P1, P2 ∈ Gr∗∞(D):

(1) ηDP
(s) and ζD2

P
(s) are holomorphic functions of s in the neighborhood of s = 0 .

(2) The value of ζ-function at s = 0 is constant on Gr∗∞(D) i.e.

ζD2
P1

(0) = ζD2
P2

(0) .

(3) The function ηDP
(s) is a holomorphic function of s in the half-plane Re(s) > −1

.

(4) The function Γ(s)ζDP (s) =
∫∞
0

ts−1Tr e−tD2
P dt has a simple pole at s = 0.

Hence ζD2
P
(0) and, according to formula (32), ln detζ(DP )2) = −d/ds(ζD2

P
)|s=0

are well-defined.

Therefore detζDP is a well-defined, smooth function on Gr∗∞(D). The question now

is how to compute it. To see this, first observe that the grading F = F+⊕F− is defined

by the self-adjoint involution

(35) B−1|B| =
(

0 B−1
+ (B+B−)1/2

(B+B−)−1/2B+ 0

)
,

where |B| = +
√

B2 = BΠ> −BΠ<, then

(36) Π≥ =
1
2
(I + B−1|B|) =

1
2

(
I w−1

+

w+ I

)
,

where

(37) w+ = (B+B−)−1/2B+.

Equivalently,

(38) range (Π>) = graph(w+ : F+ → F−).

In particular, we see that Π> is a pseudodifferential operator of order 0, and inverting the

boundary value problem (16) is the same thing as inverting the boundary value problem

(39) (∂u − |B|)f = k, f ∈ graph(−w+ : F+ → F−).



DETERMINANTS OF ELLIPTIC BOUNDARY VALUE PROBLEMS AND QFT 11

Anyway, we have that H+ is the graph of w+ : F+ → F−. Moreover, as we have

assumed that ker B = {0}, then Π> is an element of Gr∗∞(D). A generalization [10, 30]

of this, extends the graph←→ self-adjoint boundary condition correspondence for H+ to

the whole Grassmannian Gr∗∞(D): There is a 1− to− 1 correspondence of Gr∗∞(D) with

unitary maps g : F+ → F−, such that the difference g−g+ is an operator with a smooth

kernel. The corresponding orthogonal projection P is given by the formula

P =
1
2

(
IdF+ g−1

g IF−

)
, g = w+ + S,

where S : F+ → F− is a smoothing operator. By choosing a basepoint, the correspon-

dence defined above allows us to establish an isomorphism between Gr∗∞(D) and the

group U∞(F−) of unitaries acting on F− = L2(Y ; S−) which differ from IdS− by an

operator with a smooth kernel. The Calderon projection defines a preferred basepoint,

and hence, letting K : C∞(Y ; S+) → C∞(Y ;S−) denote the unitary such that H(D) is

equal to the graph(K), we have a natural isomorphism Gr∗∞(D) ∼= U∞(F−) defined by

the map P → TK−1. This means that the determinant line bundle associated to the

family {DP : P ∈ Gr∗∞(D)} is canonically trivial. The following theorem asserts that up

to a natural constant this is precisely the trivialization defining the ζ-determinant:

Theorem 1.2. [34, 35] Let P1, P2 ∈ Gr∗∞(D) such that DP1 ,DP2 are invertible. If

range (Pi) = graph(Ti), then

(40)
detζDP1

detζDP1

=
detFr

1
2 (Id + KT−1

1 )
detFr

1
2 (Id + KT−1

2 )
.

Here detFr denotes the Fredholm determinant, defined for any operator of the form

Id plus trace-class. The determinants on the right-side are the Fredholm determinants

of the boundary operators S(Pi) computed in the above trivialization.

In particular, it is easy to see that Fredholm determinants are invariant under the

action of the gauge group G, and hence this regularization reduces to the moduli space

M, as required, corresponding to the fact that for families of self-adjoint EBVPs in

odd-dimensions there is no gauge anomaly.

2. Relative Determinant on the Infinite Cylinder

In this Section we consider the simplest non-compact case in which we can define

relative ζ-determinant. We discuss an explicit computation of formula (40) in the case

of the non-compact half-infinite cylinder [0,∞)× Y . This is possible because we have in

this case explicit knowledge of the Schwartz kernel and heat kernel for DP . Details will

appear elsewhere.

Again, let Y be a compact spin manifold of any dimension. We consider the operator

(41) D = G

(
∂

∂u
+ B

)
,
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on the half-infinite cylinder Y × [0,∞), where the Dirac operator B over Y we take to be

invertible, and with the usual identities (26). We assume that B is an invertible operator

to simplify the exposition. Associated to B we have the Grassmannian parameterising

’self-adjoint’ elliptic boundary conditions for D

Gr∗∞(D) = {P : P 2 = P, P ∗ = P, P −Π> = smoothing,−ΓPΓ = I − P}.

Let Pr be a path in Gr∗∞(D) connecting Π> and P . Then we can find a corresponding

path of unitaries Ur ∈ U∞(F ) = {U ∈ U(F ) : g = I + smoothing} with

(42) Pr = UrΠrU
−1
r .

We may assume that gr commutes with G, so that

(43) −Ur = GUrG.

Because we are working on a non-compact manifold the spectrum of DP will in general

be continuous. However, we can still define a relative ζ–determinant using the relative

ζ-function, which is determined by the couple of boundary conditions

(44) ζ(s;D; P, Π>) =
1

Γ(s)

∫ ∞

0

ts−1Tr (e−tDP − e−tDΠ> )dt,

The function ζ(s;D; P, Π>) exists and shares the standard properties of the ζ-function

on a closed manifold, since D−1
P and D−1

Π>
differ by only a smoothing operator. In the

case of the compact manifold M of Section 2 , ζ(s;D; P, Π>) reduces to the difference of

the individual ζ-functions. For spectral invariants on manifolds with cylindrical ends we

refer to [15] and [24].

The operators DPr have domains varying with r and so we again use a ‘unitary twist’

Urf(u) as in Section 2. Fix δ1 > δ0 > 0 and define a smooth non-decreasing function

f(u) such that

f(u) = 1 for u < δ0 and f(u) = 0 for u > δ1 .

For each r introduce the 2-parameter family

Ur,u = Urf(u), u ∈ [0,∞) − ε ≤ r ≤ ε.

The operators DPr and (U−1
rf(u)DUrf(u))Π> are unitary equivalent operators and hence

their ζ-determinants have the same variation. We write

Dr = U−1
rf(u)DUrf(u).

Again we have that Urf(u) commutes with G:

(45) Urf(u) = GUrf(u)G.

Then we may define the ζ-determinant of DPr as the relative ζ-determinant. We can

define both phase and the modulus of such a determinant. The phase is determined by
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the relative ζ-function defined above and by the value at s = 0 of the relative η-function,

which is defined similarly to the equation (44), with ζ-function replaced by the η-function

(46) η(s;D; P, Π>) =
1

Γ( s+1
2 )

∫ ∞

0

t
s−1
2 Tr (De−tDP −De−tDΠ> )dt,

It is not difficult to show that η(s;D; P, Π>) is well-defined (see [33] for related compu-

tations on the cylinder) and in particular that it is regular at s = 0 .

As usual the modulus of the determinant is more difficult to handle. Its value is given

by

(47) detζ(D2
Pr

; D2
Π>

) := e−d/ds(ζ(s;D2
Pr

;D2
Π>

))|s=0 .

When Y × [0,∞) is odd-dimensional the tangential operator splits into its positive

and negative parts B± according to the chiral splitting HY = F+ ⊕ F− and D has the

form (27) and P ∈ Gr∗∞ has the form

(48) P := PT =
1
2

(
I T−1

T I

)
,

where T = w+ + S : F+ −→ F− is unitary in the L2-metric, S is a smoothing operator.

The unitary twist has the form

(49) Urf(u) =

(
I 0

0 grf(u)

)

with grf(u) ∈ U∞(F−), so

(50) Urf(u)PT U−1
rf(u) = PgrT .

Now a path {Pr} between Π> and PT can be given by choosing a path {Tr} between w+

and T and we can set

(51) gr = Trw
−1
+

More general, for any pair {P1, P2} of elements of the self-adjoint smoothing Grass-

mannian, where Ran Pi = graph Ti we can find a path between those two projections of

the form {UrP1U
−1
r } with

(52) Ur =

(
I 0

0 hr

)

where hr ∈ U∞(F−) . Now we can follow the method of [35] (see also [34]) and prove

the following result, which is an analogue of Theorem 1.2.
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Theorem 2.1. Let Y × [0,∞) be odd-dimensional and let Pi = PTi
∈ Gr∗∞(D). Then

(53) detζ(D; P1, P2) = detFr

[
1
2
(Id + T2T

−1
1 )

]
.

One can also prove this Theorem by direct computation following the method pre-

sented in [6] using the fact that as in the one-dimensional case we know an explicit

formula for the kernel of the inverse operators D−1
Pi

and the heat kernel of the Atiyah-

Patodi-Singer problem.

3. An Adiabatic Pasting Formula

Given that we have a precise formula for a preferred class of self-adjoint elliptic bound-

ary value problems, it is natural to look for a pasting formula for the determinant on a

closed manifold endowed with a partition. In this Section we give a brief review of recent

formulas obtained by K.Wojciechowski and J.Park.

We consider the case of a closed odd-dimensional manifold M . Let D : C∞(M ; V ) →
C∞(M ;V ) be a compatible Dirac operator acting on sections of a bundle of Clifford

modules V over M . Assume that we have a partition of M as M0 ∪Y M1 , where M0

and M1 are compact manifolds with boundary such that

(54) M0 ∩M1 = Y = ∂M0 = ∂M1 .

We also assume that the Riemannian metric on X and the Hermitian product on V are

products in the bicollar neighborhood Ñ = [−1, 1]×Y of Y , where M0∩Ñ = [−1, 0]×Y .

The operator D is given by the formula (15) in Ñ . Let Di = D|M i (i = 0, 1) and

P0, P1 ∈ Gr∗∞(D) and let η(P0, P1) denote the η-invariant of the operator G(∂u + B)

on the manifold [−1, 1] × Y subject to the boundary condition P0 at u = −1 and the

boundary condition Id−P1 at u = 1 . The second author proved the following additivity

formula for the η-invariant (see also [12], [15], [17], [39] for partial results and related

topics).

Theorem 3.1. [40][41] For any P0, P1 ∈ Gr∗∞(D) one has the following formula

(55) ηD = ηD0
Id−P0

+ ηD2
P1

+ η(P0, P1) mod Z .

Results analogous to Theorem 3.1 of [40] were obtained and discussed by other authors.

We refer especially to the papers [9], [11], [14], [18], [22], [23]. Theorem 3.1 extends the

formula on the variation of the η-invariant under a change of boundary condition from

the work [17].

The crucial result from which the Theorem 3.1 follows is:
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Theorem 3.2. [41] Let P0, P1 ∈ Gr∗∞D , then

(56) ηD1P0
− ηD1P1

= − 1
π

∫ 1

0

dr

∫ 1

0

du Tr G(
˙

g−1
∂g

∂u
|r) mod Z ,

(57) η(P0, P1) = − 1
π

∫ 1

0

dr

∫ 1

0

du Tr G(
˙

g−1
∂g

∂u
|r) mod Z ,

where {gr,u} is any family connecting P0 with P1 in the way described above.

Thus, in this case we get an exact decomposition of the η-invariant ηD = ηD(0) of

the operator D into contributions coming from the different parts of the manifold. An

interesting consequence of Theorem 3.1 and Theorem 1.1(2) is that they imply:

Corollary 3.3. The phase of the ζ-determinant is additive of under the pasting of two

manifolds with the same boundary.

That might lead one to expect that the ζ-determinant might be multiplicative under

pasting of manifolds, but that is not true. The ζ-determinant on a closed manifold is

independent of the partition, and indeed any choice of boundary conditions. Hence we

should expect a formula which ‘averages away’ the choice of boundary condition. This is

suggested formally by path integral formulae (see Section 4), and in fact in the correct

analytic formula the boundary condition is scaled away adiabatically. The problem here

is with the modulus of the determinant

|detζD| = e−
1
2 ζ′D2 (0) .

This is not a local quantity and its variation is not local either. Assuming that dim M

is odd it is equal to (see [38, 41]

(58) ln detζ(D2) = −d/ds(ζD2)|s=0 = −
∫ ∞

0

1
t
Tr e−tD2

.

However, we can discuss the adiabatic splitting formula in this case. We replace the

bicollar Ñ by ÑR = [−R, R]×Y where R →∞ . In other words we stretch the manifold

M to MR by replacing Ñ by a cylinder of length 2R . Due to the construction of the

heat kernel the right side of (58) now splits into the contribution from the interior, the

cylinder contribution, and an error term. If we assume that tangential operator B is

invertible, then the error term disappears as R → ∞ . Therefore we can study the

decomposition of the contribution coming from the different part of the manifolds. The

first study of this type was made in [16]. The focus of the Klimek-Wojciechowski paper

was on the η-invariant of chiral boundary problems and on the analytic torsion, hence
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there was no direct reference to the ζ-determinant. However, the results of [16] allow

us to study the adiabatic decomposition of the modulus of the ζ-determinant of chiral

boundary problems.

This is explained in recent work of Park and Wojciechowski (see [25]). Park and Woj-

ciechowski study also a pasting law, which involves the Atiyah-Patodi-Singer conditions.

We describe the result and refer to [25] for more details and proofs. Let DR denote a

Dirac operator D on the manifold MR , which is the manifold M with the bicollar Ñ

replaced by ñR = [−R,R] × Y . Let Di,R denote the Dirac operator on the manifold

Mi,R (equal to Mi with a cylinder of length R attached). Now the ζ-determinant of the

Dirac Laplacian D2
R blows up as R → ∞ . The same happens with the determinant of

the operator (Di,R)2Π>
. The corresponding quotient however is well-defined and we have

the following formula

Theorem 3.4 (Park-Wojciechowski).

(59) lim
R→∞

detζD2
R

detζ((D0,R)2Π>
)·detζ((D0,R)2Π>

)
= 2−ζB2 (0) .

Remark 3.5. (1) Of course formula (59) works only if the operators DR and (Di,R)Π>

are invertible (say for large R). We have already assumed that the tangential operator B

is invertible, hence the sufficient condition here is that operators Di,∞ (= the operator

D on the manifold Mi with an infinite cylinder attached) do not have L2 solutions (see

for instance the discussion in [39]).

(2) Besides the techniques introduced and used in [12] (see also [16]) the proof of the

Theorem 3.4 employs technical results of the beautiful work [8].

We end this Section with the discussion of the simplest possible pasting situation.

Let us recompute the determinant of the ∂̄-operator over a mapping cylinder, using the

canonical regularization above.

Let M = M0 ∪Y M1 be a partitioned manifold. And suppose that that H(D0) =

graph(K0 : H+
Y → H−

Y ) and H(D1) = graph(K1 : H−
Y → H+

Y ), where the Ki are

at least Hilbert-Schmidt operators. From the above identifications we have a canonical

isomorphism

Det(D) ∼= Det(P (D0), I − P (D1)).

Hence, as before, we obtain a canonical regularization of the determinant of D as the

regularized determinant of the operator S(D) = (I −P (D1))P (D0) : H(D0) → H(D1)⊥

which we denote detC(D). This yields [30]
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(60) detC(D) = detFr(I −K1K0).

We consider the cylinder M = S1×Y with the operator D = ∂/∂u+B, where B is an

invertible first-order elliptic self-adjoint operator over Y acting on sections of a bundle E.

Now decompose M as the sum of two cylinders MR = [0, R]× Y and M ′
R = [R, 2π]× Y

with restricted operators DR and DR′ . Let {λn, φn} be a spectral resolution of B. Then

Ker DR = span{e−uλnφλn
(y) : n ∈ Z},

so that

(61) H(D) = span{(φλn , e−Rλnφλn) : n ∈ Z}.
The cylinder has boundary ∂MR = Y t Y , where the second component is Y with

orientation reversed. Relative to this HY = H0 ⊕HR and the tangential component of

DR is BR = B0 ⊕ BR, where B0 = B and BR = −B. Hence the energy grading of HY

defined by BR is

(62) H+ = H+
0 ⊕H−

R H− = H−
0 ⊕H+

R ,

where H±
i are the positive and negative gradings associated to the Bi. From (61) and

(62) we have that H(DR) is the graph of

K : H+
0 ⊕H−

R −→ H−
0 ⊕H+

R , K(f+
0 , f−R ) = (e−RBf+

0 , eRBf−R ).

That is,

(63) H(DR) = graph(K = e−R|B| : H+ −→ H−).

Applying the same argument to DR′ , we obtain from (60) and (63)

(64) detC(D) = detFr(I − e−2π|B|) =
∏

n∈Z
(1− e−2πλn).

If we apply this to the case of the ∂̄-operator ∂̄τ = d
du + 1

τ
d
dy over an elliptic curve,

defined by τ in the upper-half plane, we obtain

(65) detC(∂̄τ ) = c·detFr(I − e−2π|B|) = c·
∞∏

n=1

(1− qn)2,

where q = e2πiτ . The operator ∂̄τ is not invertible, so we choose an isomorphism between

the kernel and cokernel of S(∂̄τ ), the constant c is the determinant of this isomorphism.

Notice that the choice of a decomposition of M ∼= S1 ×S1 defines a homology 1-cycle

on M and hence an element γ of H1(M,Z). Because Det(∂̄τ ) is the dual line to the
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holomorphic differentials on M , we obtain a canonical element ξγ ∈ Det(∂̄τ ). In [37],

Segal showed that

det∂̄τ =
∞∏

n=1

(1− qn)2·ξγ .

Thus we see the canonical trivialization is essentially the trivialization ξγ .

From (13)

detζ(∂̄τ ) =
q

1
12

c
detC(∂̄τ ).

Similarly one can compute the canonical determinant of ∂̄τ acting on holomorphic dif-

ferentials of degree m, which introduces an additional factor of q(m2−m)/2, and the case

where ∂̄τ is coupled to a flat connection on a coefficient bundle. Details of these compu-

tations will appear elsewhere.

4. Functorial QFT and Gauge Anomalies

Functorial quantum field theory (FQFT) is an attempt to abstract the algebraic

framework that a path integral would create if it existed as a rigorous mathematical

object. Thus one begins with a myth, and aims to work towards some kind of tech-

nology. Roughly speaking, a FQFT is kind of generalized cohomology theory defined

by a functor from manifolds with boundary to vector (Hilbert) spaces satisfying axioms

formally satisfied by the path integral.

More precisely, a d+1-dimensional FQFT assigns to a closed manifold Y of dimension d

a vector space Z(Y ), while to a manifold of dimension d+1 it assigns a vector ZX ∈ Z(Y ),

where Y = ∂X is the boundary of X. By fiat Z(∅) = C, so that if X is closed then ZX

is a complex number. In practice, the class of manifolds being considered needs to be

specified and usually additional data, such as geometric data and boundary conditions.

For (d + 1)-dimensional manifolds X, X0, X1 and d-dimensional manifolds Y, Y0, Y1,

the ‘functor’ Z is required to satisfy certain axioms; notably, that

ZX0tX1 = ZX0 ⊗ ZX1 , Z(Y0 t Y1) = Z(Y0)⊗ Z(Y1),

while if Y denotes Y with reversed orientation then

Z(Y ) = Z(Y )∗.

This means that a cobordism X induces a linear transformation ZX : Z(Y0) → Z(Y1)

through the identifications

ZX ∈ Z(Y0 t Y1) = Z(Y0)⊗ Z(Y1) = Z(Y0)∗ ⊗ Z(Y1) = Hom(Z(Y0), Z(Y1)).

One further requires that if M = X0 ∪Y X1 with ∂X0 = Y0 t Y and ∂X1 = Y t Y1,

then

ZM = ZX1 ◦ ZX0 .
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This in turn induces a canonical pairing Z(Y0)⊗Z(Y )⊗Z(Y )⊗Z(Y1) −→ Z(Y0)⊗Z(Y1),

and in the case when Y0 = Y1 = ∅, so M is a closed manifold , this becomes a pairing

(66) ( , ) : Z(Y )⊗ Z(Y ) −→ C,

with the sewing property

(67) ZM = (ZX0 , ZX1).

Thus the number ZM can be computed by evaluating over the submanifolds and then

sewing together the results via the bilinear pairing. These axioms are ‘idealized’, and in

for each case modifications are needed.

In the case where X0 has connected boundary equal to Y0, so Y = ∅, then ZX ∈
Hom(Z(Y0),C). Formally setting Ef (X) to be a space of fields on X with boundary

value f ∈ E(Y0) := Z(Y0), the vector ZX corresponds to a partition function given by a

path integral

(68) ZX : E(Y ) −→ C, ZX(f) =
∫

Ef (X)

e−S(ψ) dψ,

where dψ is a formal measure and S : Ef (X) → C an action functional. The path integral

version of the algebraic sewing formula (67) then takes the form
∫

E(M)

e−S(ψ) dψ =
∫

E(Y )

df

∫

Ef (X0)

e−S(ψ0) dψ0

∫

Ef (X1)

e−S(ψ1) dψ1

=
∫

E(Y )

ZX0(f)ZX1(f) df.(69)

To see how to describe the chiral anomaly in this framework, consider first the closed

manifold M which we assume to be even-dimensional and spin. The chiral Dirac operator

acts between positive and negative chirality fields, D = D+
A : C∞(M ; E ⊗ S+) −→

C∞(M ;E ⊗ S−) coupled to a coefficient bundle E with connection A. Evaluating the

Euclidean path integral (1), we seek a regularized determinant of DA considered as a

function on the affine space B of gauge potentials on E. To do that we must choose an

operator TA : C∞(M ; E⊗S−) −→ C∞(M ; E⊗S+), and then try to regularize detTAD.

However, there is no reason to expect detrD := detrTAD to transform equivariantly

under gauge transformations, and indeed in general it does not. One finds

detrD+
Ag = detrD+

A ω(g, A),

where log ω is an integral over M of a local differential polynomial in g, A and the metric

on M . ω defines a one-cocycle on the gauge transformation group G, the transgression of

ω to a 2-form on the moduli spaceM is the first Chern class of the determinant line bundle

pushed-down to M. The non-triviality of this class is the topological obstruction to the
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existence of G-invariant determinant regularization [2]. It is called the chiral anomaly.

From the gauge transformation group view point, the 1-form ω defines a representation

of an abelian extension Ĝ of G for which ω is the extension cocycle [20].

This description of the chiral anomaly corresponds to the left-side of equation (69).

Let us turn then to the right-side of that formula. (For a detailed presentation of the

following constructions we refer to [21].) Let Di, i = 0, 1, denote the restrictions of D
to the two halves Xi of M . We assume the geometric set-up of previous sections. For

analytic reasons, we must now replace the local boundary condition f for D0 by a global

condition W = range (P ) with P is a restricted Grassmannian of the boundary fields,

and we shall choose Gr∞(D0). The path integral (1) now becomes, ignoring the pure

gauge component,

(70) ZX(P ) := det(D0
P ) =

∫

EP

e
∫

X
ψ∗D0ψ dm dψdψ∗,

where EP = dom(DP ), while the sewing formula becomes

(71) det(D) =
∫

GrY

detD0
P ·detD1

I−P dP .

This is entirely formal, but it asserts that det(D) is obtained by integrating away the

boundary data. Indeed, the determinant over the closed manifold clearly does not depend

on boundary conditions, and so this is formally what we would expect. In practice, to

tell the ζ-function over the closed manifold where the partition lies we have to send it an

‘impulse function’, the rigorous formulation of this idea is the adiabatic pasting formula

of the previous section.

However, (71) can be given a precise formulation in terms of a FQFT. Notice first

that there is no regularization involved in the formula, it is a relation between sections

of appropriate determinant line bundles. Hence the corresponding FQFT pairing (67)

should be a pairing on spaces of sections of those determinant line bundles.

To see what those spaces are, return for a moment to the action of the gauge group.

For a manifold with boundary the essential data needed to detect the chiral anomaly

can be seen from the action of the boundary gauge transformation group. To begin

with, consider the case of a Riemann surface with connected boundary diffeomorphic

to S1. The boundary gauge group in this case is the loop group LG where G is the

(compact) structure group of the (necessarily trivial) complex bundle over the circle. It

was explained in the text [27] that a LG has a fundamental projective representation

in the Fock space of holomorphic sections of the dual of the determinant line bundle

DETH+ over the Grassmannian. Here DETH+ is the bundle based at H+ with fibre at

P equal to the complex line Det(H+,W ) := Det(PΠ> : H+ → W ), W = range (P ).

This suggests the general construction for the Dirac operator D0 over the manifold X0

with boundary. First, for each P ∈ Gr∞(D0) one has a determinant line bundle DETW
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based at W = range (P ) with fibre at W ′ = range (P
′
) equal to Det(W,W

′
). The Fock

space based at W is defined by

FW = Γhol(Gr∞(D0); DET ∗W ),

where Γhol denotes holomorphic sections. (Here we can replace Gr∞(D0) by the Hilbert-

Schmidt Grassmannian, but we ignore this point.) Under a change of base point one has

from (23) a canonical isomorphism

(72) FW1
∼= FW2 ⊗DET (W1, W2),

where the second factor on the right-side is the trivial bundle with fibre Det(W1,W2).

Moreover, under the Plucker embedding

DETW −→ FW

the determinant section of DETW is identified with the ‘vacuum vector’ νW ∈ FW . The

basic fact is the following Theorem:

Theorem 4.1. [21] There are functorial bilinear pairings

(73) ( , ) : FK(D0)(HY )×FW⊥(HY ) −→ Det(D0
P ),

(W = range (P )) with

(74) (νK(D0), νW⊥) = det(D0
P ),

and

(75) ( , ) : FK(D0)(HY )×FK(D1)(HY ) −→ Det(D),

with

(76) (νK(D0), νK(D1)) = det(D).

These pairings are of course naturally the bilinear pairing needed to define the FQFT

we are seeking. This requires that to each closed d-dimensional manifold Y we associate

an admissible (W an element of the Grassmannian) polarization HY = W+ ⊕W− and

then to the pair (Y, W ) we assign the Fock space Z(Y,W ) := FW . While to a d + 1-

dimensional cobordism X with boundary Y0 t Y1 with assigned polarizations W0,W1

one obtains a canonical vector space homomorphism ZX ∈ Hom(FW0 ,FW1) via the

Plucker embedding. In the case that X is a closed manifold one defines ZX = detDX ∈
Det(DX). Comparing (73) with (67) we see this defines the required FQFT. In particular,
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in the graph trivialization the pairing (76) coincides with the canonical determinant

regularization (60).

All of these constructions have obvious generalizations to families of Dirac operators.

For a smooth family of EBVPs (D,P) parameterized by a manifold B one has associated

Fock bundles FK(D) and FP and the pairing (73), for example, becomes a pairing from

Fock bundles to the determinant line bundle DET (D,P). Now return to the action of

the gauge group where B is as before the parameter space of gauge potentials. We

have the gauge transformation group G acting on the base B and using ideas of [20]

it is not hard to see how to lift the action to an induced projective action of G in the

Fock bundle intertwining with the family of of quantized Dirac Hamiltonians in the

fibres. The essential difference here to [20] is that the action is not a true projective

representation of G, but rather a linear isometric action between the different fibres of

the Fock bundle. This leads to a new description of the chiral anomaly for a family

of EBVPs and, when applied to (75), for a family of Dirac operators over a closed

manifold (see [21]). However, rather than pursue that here we shall finish by mentioning

a differential geometric description of gauge anomalies via the ζ-function geometry of the

determinant bundle.

The essential point is that for a family (D,P) of EBVPs there are two natural ways to

put a metric and connection on the determinant line bundle DET (D,P). First, by pull-

back through the isomorphism (23) the determinant bundle DET (S(P)) has a canonical

metric defined over the open subset U where the operators are invertible by

(77) ‖det(DP )‖2C = detC(∆P ) := detFr(S(P )∗S(P )),

where ∆P = (DP )∗DP and, recall, S(P ) := PP (D) : K(D) → range (P ) with P (D) the

Calderon projection of the operator D. On the other hand, DET (D,P) has a Quillen

metric, defined over U by

(78) ‖det(DP )‖2ζ = detζ(∆P ) := e−ζ
′
∆P

(0)

where ζ∆P (s) = Tr (∆−s
P ) is defined around 0 by analytic continuation.

Furthermore, in each case there are natural connections ∇C ,∇ζ defined on DET (D,P)

compatible with these metrics, whose curvatures may represent geometric anomalies, as

described in the Introduction. Naturally, we would like to know the relation between the

quite simple construction of the metric and connection ‖ . ‖C ,∇C and their delicate and

complicated ζ-function partners.

Theorem 4.2. [32] Let P1,P2 be Grassmann sections for the family of Dirac operators

D. Then over the subset of B where the operators DPi are invertible one has

(79)
‖det(DP1)‖ζ

‖det(DP2)‖ζ
=
‖det(DP1)‖C
‖det(DP2)‖C

.
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Let Ri
ζ ,R

i
C ∈ Ω2(B) denote the respective curvature 2-forms of the ζ and C-connections

on DET (D,Pi). Then:

(80) R1
ζ −R2

ζ = R1
C −R2

C .

Thus (80) is a relative geometric anomaly formula. This immediately, for example, leads

to an identification between the G cocycle and ζ-function curvature description of gauge

anomalies.

Finally, we point out that a corresponding adiabatic pasting formula will hold for the

curvatures with respect to a partition of a closed manifold along the lines of the Park-

Wojciechowski formula of Theorem 3.4. That will be explained in a future publication,

for the b-calculus analogue of this see [26].
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