ANALYSIS OF ELLIPTIC FAMILIES IN
DIMENSION ONE

S.G. SCOTT

ABSTRACT. We investigate the spectral zeta metric and and connection on the determi-
nant line bundle of a family of elliptic boundary value problems over an interval.

1. INTRODUCTION

The purpose of this paper is to study the spectral zeta function on a parameter space
of global boundary value problems over an interval. In the case of closed manifolds the
meromorphic continuation of a zeta-function on families of elliptic operators trace leads
to the construction of a natural Hermitian geometry on a complex line bundle over the
parameter space, called the determinant line bundle, which has provided a crucial mech-
anism for detecting gauge and gravitational anomalies in quantum field theory [7, 2]. In
the case of elliptic boundary problems we find that the analysis is reduced to a boundary
integral problem. The essential feature is that the relative (-function geometry coincides
with the standard differential geometry defined by the boundary integral.

1.1. Relative Zeta-Determinants. Let A be an operator on a Hilbert space H. If A
is bounded of the form I 4+ « with « of trace class, then it has a Fredholm determinant
detp A = 3" Tr (A*a), equal by Lidskii’s Theorem to the product of its eigenvalues, and
satisfying the characteristic properties of the determinant in finite-dimensions. If A is
an unbounded operator, then to make sense of its determinant a choice of regularization
procedure is needed. To define the zeta-determinant regularization we assume that A has
principal angle 6, meaning there is a neighbourhood of the ray Ry = {re? | » > 0} disjoint
from spec(A), and that the operator norm of (A — \)~! decays like 1/|\| as A — oo along
Ry. For Re(s) > 0 one then has the convergent integral
i
Ayt =5 /rg Ay (A=At a,
where \;* = [\|"*e~#88N) | 9 < arg A\ < 6 + 2, is the branch of A~* defined by Ry, and
T'g is the contour beginning at oo, traversing Ry to a small circle around the origin, and
then back along Ry to oo.
We assume (A — A\)~™ is trace class for m > —ag > 0 and that as A — oo along Ry

there is an asymptotic expansion of the form

oo k;
(1.1) Tr(A—=X)""~ ) aph ™ % logh ),

i=0 k=0
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where —0o < ap < @1 < ... and «; — oco. This means that the spectral zeta function
Co(s, A) =TrA,”°

defined in the standard way for Re(s) > —ag extends meromorphically to all of C. If
furthermore for ay = 1 one has aj; = 0 for £ > 0, A is said to be admissible. (y(s, A) is
then holomorphic near s = 0, and the {-determinant is defined by

d
(1.2) det¢ g A :=exp <ds|s—0<6(8’ A)> .

Seeley [11] showed that any elliptic (pseudo-)differential operator D of positive order
over a closed manifold is admissible, and (y(0, D) is then a local invariant depending only
on the leading symbol of D which can be read off from (1.1). In contrast logdets g D =
—¢,(0, D) is highly non-local (its first variation is also non-local) and this makes it a hard
invariant to compute, except on certain symmetric spaces where an exact identification of
the eigenvalues is possible. As a simple example of the latter, the Laplacian A, = D} D,
on the circle St, where D, = id/dz +a and 0 < a < 1, has eigenvalues {(n+a)? | n € Z}
and so in terms of the classical Riemann-Hurwitz zeta function {(s,a) = > 7 1/(n+a)®,
one has ((A,s) = ((2s,a) +((2s,1—a) for Re(s) > 1/2. The meromorphically continued
value ¢'(0,a) = log(I'(a)/+/27) then yields det¢A, = 4sin? ra. On the other hand, one
can completely ignore zeta functions and formally compute

det g = [Jontap = | T w* |0 I 0= 5

nez n€Z\0 neZ\0

2

9 | sin“ma
- Hn 2
T

Hence for aj,as € (0,1)

(1.3) det¢Ag, sin? 7ay _det Ay,
' detcAg, sin’mag  detAg,’

identifying the ratio of the rigorous (-function regularized determinant for A, with the
ratio of the ‘ad-hoc’ determinant det A,.

Equation (1.3) portrays a certain ‘relativity principle’ for determinants of admissible
operators, which asserts that for comparable operators Ay, Ay the relative (-determinant
det¢ g(A1, A2) can be computed as a Fredholm determinant of an operator canonically
determined by the relative resolvent. By ‘comparable’ we mean that A;, A have the same
principal angle § and that the relative resolvent (A; —A) ™! — (Ay — \) ™! is trace class with

(1.4) Tr ((A1 — )\)_1 — (AQ — )\)_1) = —0) logdetpSy,
where the scattering matriz Sy = Sx(A1, A2) is an operator with a Fredholm determinant
det pSy. For large enough real s one has the relative zeta function

1

C(s, Ar, Ag) = o~ /F AT (A —A)7h = (Aa = N7 dA
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Further, we assume the relative resolvent trace has an expansion as A — oo

oo 1
(1.5) Tr((A1=A)7" = (A2 =27~ Y0 bik(=A) " log" (=),

j=1 k=0
where o /' 4+00. This defines the meromorphic continuation of ((s, A1, A) to all of C.

For a function with an asymptotic expansion f(\) ~ 3272, S ko Cik(=A) % logh (=) +

colog(—A) +¢1 as A — oo in Ag., where 3; /" +oo and 3; # 0, its regularized limit is
defined to be the constant term in the expansion: LIM{___f()\) = ¢1. Then (with S := Sp)

A—00
there is the following precise form of the relativity principle for determinants:

Theorem [9] For operators Ay, As which are (-comparable and (-admissible, one has
detggAl

_ detFS'efLIM‘inlogdetpSA )
dethAg

(1.6)

Here, we show that for a family of boundary problems over an interval this principle is also
central in understanding the Hermitian structure on the determinant line bundle defined
by zeta-function.

1.2. Families of Global Boundary Problems. Let X = [0, 3] where [ is a positive
real number and let ¥ be a complex Hermitian vector bundle over X of rank n. Relative
to a choice of trivialization of E, a first-order elliptic differential operator D acting on
C*°(X; E) has the form A(x)d/dx + B(z), where A, B are complex n X n matrices and
det A(z) # 0. The space Ell; ,, of all first-order elliptic operators on E is therefore identified
with C*° (X, Gl,,(C)) x C*°(X, End(C™)). The operator D extends to a continuous map D :
HY(X;E) — L*(X; E) on the first Sobolev completion. The bundle over the boundary for
the Cauchy data is the 2n-dimensional graded vector space C°(0X, (Ey® Ej)) & Ey® Eg,
and we have the restriction map to the boundary

v: H'(X;E) — Ey & Eg, v(¥) = ((0),%(83)).

A global boundary condition for D € Elly,, is specified by a projection P on Fy @ Ejg,
where by projection we mean self-adjoint indempotent. The pair (D, P) combine to define
the elliptic boundary value problem:

Dp =D : dom(Dp) — L*(X; E),
where
dom(Dp) = {¢p € HY(X; E) | Py = 0} .

The parameter space of global boundary conditions for D is therefore the complex

Grassmannian Gr(Ey @ Eg), consisting of one component
Gr(Eo ® Eg) = {P € End(Ey @ Ep) | P* =P, P* =P, tr(P) = k},

for each integer k = 0,...,2n. A point P of the k(2n — k)-dimensional complex manifold
Gri(Eo @ Eg) is equivalently specified by W = range (P) C Ey @ Eg. In particular, the
Calderon projection P(D) onto the Cauchy data subspace K(D) = {v € Ey® Eg | 3¢ €

C®(X;E), DY = 0,7¢ = v} defines a distinguished element of Gr,(Ey & Eg). More
precisely, any element of Ker(D) is of the form h(z)v for some v € Ey, where h(z) €



4 S.G. SCOTT

End(Ey, E,) is the fundamental solution matrix uniquely solving Dh(x) = 0 subject to
h(0) = I. Hence there is a canonical isomorphism ~ : Ker(D) — K (D) and

(1.7) K (D) = graph(h := h(B) : Ey — Eg) C Ey @ Eg.
For any two Py, P, € Gr(Ey @ Eg) we have a finite-rank operator
(P1,P2) = PQ (¢] Pl . W1 — WQ,

where W; = range (P;), and index (Py, P») = dim W; — dim W5. The pivotal fact is that
the unbounded operator Dp is modeled by the finite-rank operator on boundary data

S(P) = (P(D),P): K(D) —» W .

The operator Dp is a Fredholm operator with kernel and cokernel consisting of smooth
sections, and Gri(Eo ® Eg) parameterizes EBVPs of index

(1.8) indDp =indS(P) =n — k.

This implies the relative index formula ind Dp, — ind Dp, = ind (P», P1) (see [3, 8] for the
general dimensional case.)

Definition 1.1. By a smooth family of first-order elliptic differential operators over [0, (]
parameterized a manifold B we shall mean an element D € C*(B,Ell; ;). A Grassmann
section means an element P € C°(B, Gry(Ey @ Ep)) := Gr(B, E, k). A smooth family of
elliptic boundary value problems means a pair (D, P).

For each b € B, (D, P) parameterizes Dy, € Ell; ,, and P, € Gry(Eo @ E) and hence the
EBVP Dp, = D}, : dom(Dp,) — L*(X; E). Equivalently [8] one may think of (D,P) as a
bundle homomorphism

(D, P) :Hp — H7
where H is the trivial bundle H = B x C*°(X;C") and Hp is the weak vector bundle with
fibre domy(Dp,) = {tp € C*(X; E) | Pyyy = 0}.

Proposition 1.2. A Grassmann section P € Gr(B, E, k) is equivalent to a smooth rank
k complex bundle W — B with fibre W}, := range (Py). The bundle VW is endowed with a
natural Hermitian metric gV and compatible connection VY =P -d - P with curvature 2-
form RY = PdPdP € Q?(B; End(W)). The induced connection on the complex line bundle
Det (W) has curvature tr (R"Y) = tr (PdPdP) € Q?(B).

We omit the straightforward proof.
Therefore to each pair of Grassmann sections P, P! there is the smooth finite-rank
family

(P, PY) € C(B; Hom(W°, Wh)), (P°,PY), = P/ PY : Wop — Wiy,

where W? are the bundles of Proposition 1.2. In particular, associated to D € C*°(B, Ell; )
is a preferred Calderon section P(D) € Gr(B, E,n), defined by b — P(D;) and constructed
from global data. The bundle (D) — B associated to P(ID) is canonically trivial by (1.7).

Abstractly, the determinant associated to a smooth family of Fredholm operators A =
{4, : Hf — M2 |b € B} arises as a canonical section b — det(4,) of the determinant
line bundle DET A = UpcpDet Ap. the fibre Det A, of the complex line bundle DET A
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is canonically isomorphic to Det Ker(A4p)* ® Det Coker(Ap), where Det V' := A"V See
[7, 2, 8] for details.

For each smooth family of EBVPs (D, P) we have a determinant line bundle DET (D, P)
equipped with its determinant section b — det(Dp,), and for (P1,P?) : W, — Ws, we
have a determinant bundle DET (PY, P!). In particular, associated to (D,P) is the finite
rank family S(P) = (P(D),P) with determinant bundle DET (S(IP)) and canonical section
b — det(S(F)). From [8] there is a canonical line bundle isomorphism

(1.9) DET (D, P) = DET (S(P)) = Det K(D)* ® Det W,

preserving the determinant sections det(Dp,) «— det(S(P)). DET (D,P) is therefore
classified by the isomorphism class of the complex line bundle Det W: in terms of Chern
classes, ¢1(DET (D, P)) = c¢1(Det W).

1.3. Statement of Results. The identification (1.9) means that by pull-back DET (D, P)
inherits a metric || . ||c and compatible connection V¢ from DET (S(P)). We recall from

[8] that over the open subset U of B where the operators Dp, are invertible the canonical
metric on DET (D, P) is defined by

H det DPbH% - detC(APb)

where Ap = (Dp)*Dp, and the canonical regularization of det(Ap) is the finite-rank
determinant on K (D), det¢(Ap) := det(S(P)*S(P)).

On the other hand, DET (D, P) has a Quillen metric defined over U by the zeta deter-
minant || det DPH% = det¢(2p).

Theorem 1 Let P, P? be Grassmann sections for D and let Dp, € (D,P'), Dp, € (D, P?)
be invertible at b € B. Then

[[det(Dp,)[lc  |ldet(Dp,)llc

(1.10) = .
[det(Dp,)ll¢  [ldet(Dp,)lle
That s,
detf(ilﬁ) detc(iPQ)
Equivalently, since S(P(D)) = Id,
(1.12) detg(ip) = detg(ip(p))detc(ip).

Example: Consider the simplest case: n = 1, D = id/dx over [0, 27|, with Laplacian 2 =
—d?/dz?. Boundary conditions for D are parameterized by CP! 2 S2. In this case Ugraph
is the dense open subset of CP! parameterizing complex lines given by the homogeneous

z

1 =
coordinates [1, z] for z € C. Hence P, = ﬁ <z |z]2> defines the boundary condition

2 —z / /
P(0) = —z¢(27), and P} = HTZ‘Q <|j|z _i) the condition —z% (0) = ¢ (27). Then 2 p,



6 S.G. SCOTT

has discrete spectrum consisting of the eigenvalues {(n + )%, (n — «)? : n € Z}, where
u = e2™ satisfies
u?(1+ |2?) + 2u(z +2) + (1 + |2|*) = 0.
Hence, using the (-function ((s,a), we compute
R
1+ 2)?
= 2Q;'|dete _/2D:* if 2> 0.

det¢Zp, = 4sin’ ra = (u — 1)

Note that det¢zp, is globally defined, while det ./ Dp, is defined only for z > 0,
corresponding to the non-triviality of the canonical line bundle over CP! (note Dp, has
empty spectrum). On the other hand (see (2.18))

11+z?

detcipz = 51 T |z|2.

Hence det¢zp, and detcz p, differ by a factor of 4; as we expect from (1.12), since here
detg ip(p) = detc ipl =4,

The canonical metric is the natural metric on DET (D, P) induced from the Hermitian
metrics on the bundles (D) and W. We therefore obtain by functoriality a canonical
connection on DET (D, P) compatible with ||. ||c, defined over U by

VOF det(Dp) = Trc(Dp' VDp) det(Dp),
where! Tr¢(Dp'VDp) = tr i (S(P)"VEWS(P)) . Here VAW is the induced connection
on Hom(K(D), W),
(1.13) VE(B)(€) = VV(B(6)) — BVXE,

for B € Hom(K(D), W), where VX, V" are the connections of Proposition 1.2.

On the other hand, we can use P to define a modified Bismut connection VF on
Hom(H, Hp). A (-function connection on DET (ID,P) can then be defined over U analo-
gously to [2, 7] by setting

VeFdetDp

(1.14) ————— =Tr(Dp'VDp) :=

3ot Dy (stp(s))

d
ds |s=0
where, with %p = DpDp.,

Op(s) = —Tr (2°DV D),
is defined around zero by analytic continuation? .

Theorem 2 Let P!, P? be choices of Grassmann sections. Let QF‘gl,Q?1 be the curvature

2-forms of the canonical and zeta connection on DET (D, P), and let Qgg, QIEQ be curvature
forms on DET (D, P2). Then one has

1 2 1 2
(1.15) QO —QF =Q¢ —Q¢ .

1Throughout, tr = tr v denotes the trace on a finite-dimensional vector space V', Tr an operator trace,
and Tre¢, Tr¢ the canonical and zeta regularized traces
2We differ from [2] by a sign since we use the form on the dual bundle
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Equivalently,
(1.16) of = o/®40f
(1.17) = of® L u(RY) -t (RFO),

The second identity (1.16), which says that Q[g consists of an interior part plus a bound-
ary correction term, follows from (1.15) because V¢¥'(®) is the trivial connection. (1.17)
then follows from Proposition 1.2 and the definition of VOF.

As an example, consider the case of the ‘universal’ family of EBVPs

(]D,]P)) = {Dp :Pe GT(EO D Eﬁ)}
relative to a fixed operator D. Let € be the ¢ curvature of the corresponding determinant
bundle. Then the first and third terms in (1.17) vanish, and we obtain:
Corollary 1.3.
Q¢ =iwer,

where wg, s the Kahler form on the Grassmannian.

In this paper for brevity we restrict our attention to the open subset of B where the
operators are invertible. The patching methods required to extend the results globally are
well-known [2, 7, 8].

2. RELATIVE ZETA-FUNCTION METRIC: PROOF OF THEOREM 1
For smooth sections 1, ¢ of E one has the Green’s form

(21) < D%ZJ’ ¢ >x — < ¢7D*¢ >x=< 07¢77¢ >,

where, if A(x) is the leading coefficient of D, ¢ = —A(0) ® A(B) € GI(Ey @ Eg). By
definition, (2.1) vanishes for all ) € dom (Dp) if and only if ¢ € dom (D}.), where P*
denotes the adjoint boundary problem. If A(x) is unitary then

(2.2) P*=o(I — P)o!

(cf.[3]). In order to simplify some of the formulas, we will assume this to be the case, so
that (2.2) holds, but this assumption is easily removed.
To study the Laplacian boundary problem

Zzp = D*D:dom(zp) — L*(X;E)

dom(zp) = {¢ € H*(X;E) | P*yDy =0, Py =0},
observe that dom(z p) is a subspace of the domain of the first-order EBVP

#V)

p= i : dom(%p) - L*X;E®E).
Here

> = (10) ;) HYX;E®F) — L*(X;E®E),
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with dom(i ) = {(¢,0) € H'(X;E & E) | PA(s),¢) = 0}, where P := P & P* and
Y, 9) = (y,v¢). The map ¢ — ¢ (v, DY) defines a canonical embedding
HQ(X,E) HY(X;E® (X;E) and we have

(2.3) 5= (; w) ,

identifying the solution spaces of the operators z and 2 A: if {¢1,...,9Yx} is a basis for
Ker(z) then {wl, e ,wk} is a basis for Ker(z2). Moreover, there is a preferred such basis
formed by the columns of the fundamental solution matrix h(z): Ey® Ey — E, ® E, for
2, solving uniquely ih( ) =0, h( ) = I. We define

(2.4) S(P):=PoP(2): K(3) — W = range (P) ,

where K(%) = graph(ﬁ = /ﬁ(ﬁ) : Eqg ® Ey — Eg @ Eg) is the Cauchy space for 2.

For a linear operator A : Eg® E1 — Fy @ F; considered as a block 2 x 2 matrix relative
to the direct sums, [A](;2) : E1 — Fp refers to the top-right entry in the (1,2) position.
From (2.3)

(2.5) (zp-N7"=[25)

D I

where ig)\ = ;)\ = (_)\ D*

> , with domain dom (:% p). Indeed, we compute

(2:6) A(é SN Dpze oA

HV)
)/'_l
VR
™)
l
H\/*

N (zp N )

where 2 = D*D, Zp = DpDj.
The Poisson operator of z is the operator

(2.7) K:(Ey® Ey) @ (Eg @ Eg) — C®(X, E),
K()(z) = h(z)poP(Z)v,

where JLRE the projection map (Eo ® Ey) ® (Eg® Eg) — (Eg ® Ep). The restriction of K
to K( ) is an isomorphism K : K( ) — Kerz = Kerz while

(2.8) FoK = P(2)
as operators on (Ey @ Ey) @ (Eg @ Ej).

The invertibility of the operators Dp,Zp,2p,S (13) are equivalent statements and in

~

this case we can define the Poisson operator of Zp by

~

(2.9) R(P) = KS(P)"\P: (Ey & Eo) & (Ey & Eg) — C=(X, E).

The restriction ’E(ﬁ ) : tange (13) — Ker(%) is an isomorphism with left-inverse ﬁ’Y|Ker Sy
for *
(2.10) PyK(P) = PAKS(P)'P = P(2)S(P)"'P=P .

The following relative inverse formula holds:
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Proposition 2.1. If Zp,, 2p, are invertible, then

-1 -1 SrpASS -1
(2.11) ipl = EPQ - [K(Plhipg](l,z)-
In particular, 2;11 — 2;21 s a smoothing operator.
Proof. We have

(2.12)

~

'2=1-K(P)y

#V)
ol
#\V)

and hence
2h = Zrla2 = Er 2R 0y = [T -KP)N2R 102 = 25, — [K(PDIZR 02 -
To see (2.12), one can either check it directly using (2.24), or invariantly as in [10, 9]. O

For later use, note that there is a similar relative inverse for the EBVP Dp. D has

Poisson operator
K: By ® By — C¥(X,E),  K(u)(x) = hz)poP(D)u,

with pg the projection map Ey @ Eg — Ep, which restricts to an isomorphism K : K (D) —
Ker(D). If Dp is invertible
(2.13) DD =1 - K(P)y,
where K(P) = KS(P)™'P : Ey & Eg — C*(X,E), and by a similar argument to
Proposition 2.1
(2.14) Dy =Dy — K(P1)yDp, .

2.1. Stiefel coordinates. An element of Hom(Ey® Eg, Fy) can be written M = [My Mg]
where My € Hom(Ey, Ey) and Mg € Hom(Eg, Ey). The complex Stiefel manifold St
parameterizes elements of Hom(Ey @ Eg, Ey) of rank k (at least one invertible k x k
minor), and the projection map

MgMy sMy Mg M, 5 Mg
(2.15) 7 : Sty — Grg(Eo @ Eg), M+ Pogoarg = | 0 24 004 ,

Mo Mal =\ M5 My AMo - MjM, 3 My

where My g := MM* = MoMj + MﬂME’ defines St;, as a principal GI(C*) bundle over
Gri(Eo @ Eg), the Stiefel frame bundle. Over the index zero component of the Grass-
mannian dom (Dp) has the following description in Stiefel coordinates [Mg, Mpgl:

Lemma 2.2. For P = Py, v, € Gro(Eo ® Eg) one has

(2.16) dom(Dp) = {¢ € H'(X; E) | Mot(0) + Mp(8) = 0}
Proof. The Lemma states that

P(0)) _ _
(2.17) P (T/)(ﬁ)> =0 and Myy(0)+ M/gl/)(ﬂ) =0

are the same statement. But from (2.15) the first equality gives
Mg My (Mo (0) + Mpp(8)) = 0
MMy (Mo (0) + Mpp(B)) =0,

while multiplying these equations respectively by My and Mg and summing them is the
second equation in (2.17). The reverse implication is obvious. g
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Note that (2.16) has a GI(C™)’s worth of ambiguity in describing dom(Dp) correspond-
ing to a choice of generator [My Mjg] in the fibre of St, over P.
We have the following Stiefel coordinate formula for the canonical metric:

Proposition 2.3. Let P = Py, v, € Gr,(Eo® Eg) and let M = My+ Mgh € End(Ej).
Then

(2.18) detcAp = det @, 'det My} |det M|?.

Proof. We have S(P)*S(P) = P(D)PP(D) : K(D) — K(D) and K(D) = {(§,h€) : € €
Ey} C Ey @ Eg. End(E)y) acts on K (D) by q.(&, h&) = (g€, hg€). So, using (2.15),

— —17% * —1
P(D)PP(D) (’5) = <Qh1 Q,h > (MﬂMovﬂM£> = QMM s M <5> :

hé hQy' hQ Tt ) \ MM s M hé&
Hence detcA = det(Q;, ' My ﬁlM*M), and we reach the conclusion. O

We also need a Stiefel coordinate formula for i;l. First:

Lemma 2.4. Let P = Py v,)- Then

(2.19) dom (2p) = {w € HA(X;E) | Mo (ﬁ%) +Ms <7;bz£(ﬂﬁ))> B 0} ’

where

(2.20)

7, = Mg;M(;%MO MgMaquAgl—;élgl i, = MgM(;%Mg :Mg{MO—’é]\/{gAgl
MMy 3 Mo MM 3 Mo Ay MMy sMg Azt — MjMg s MgAj

are canonically defined by P. Here Ay = A(0), Ag := A(B). With respect to the decompo-
sition (Eo @ Ey) @ (Eg @ Eg) of the space of boundary data, one has
(2.21) P =Py 5

Proof. From (2.2) we have Py = 0, P*yD1 = 0 is equivalent to

¢(0)> 1 p (DMO))

2.22 P +o0 P =0.

222 (o6 Du()

But ¢ = —Ag ® Ag, and from (2.15) we obtain (2.20) by substituting in (2.22). The
identity (2.21) follows as in Lemma 2.2. O

Let h A(z): Eg® Ey — E, @ E, be the fundamental solution matrix for % A

#Vv)

(2.23) Min(@) =0, Ty (0) = I

Then we have:

Proposition 2.5. Let P = Py, p,)- Then 2 p\ is invertible if and only if
My = Mo + Mghs,

is 1nvertible, and in that case i;l)\ has kernel

)
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= [a@) (M M) i) A) 7 z<y
(224)  kpa(zy) = ,

@I = M Mh i) AW e,

where A\( ) = A(x) ® —A*(z). In particular, if P| = Pty pig): P2 = Ping,n,) then ;;117)\ -

i& has smooth kernel

= [Pa @) (M3 My = N M) A) ] -

kp(0,y)v
kp(B,y)v
Lemma 2.4 this is equivalent to ]\/ZOEP(O,y) + ]\/ngp(ﬁ,y) = 0. On the other hand, from
(2.23) we have %]31/\ = BA(x) (%);fl ﬁx(x)_lg(x)_l, where P is the gauge transformed
boundary condition with respect to E;l Since the derivative of the Heaviside function is
the Dirac delta distribution (2.24) now follows.
For the first statement, note that 2 p  is invertible if and only if Sy(P ) Po P(i ) is

invertible, while by a direct computation

Proof. For each fixed y, k:p(x y) must satisfy P( > =0, for all v € E,. By

(2.25) S\(P)~ = My My M*lMﬁ
WM My hM My

Note that the Stiefel coordinate formula (2.24) also follows from (2.11) by a direct
substitution using (2.25).

2.2. Proof of Theorem 1. We know that (Zp — \)~! is trace class. In fact, there is the
following precise formula:

Proposition 2.6.

0
log det MA,

(2.26) Tr(Zp—N)"'= X
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~

Proof. For C(z) : C" & C" — C" & C" we have tr [C(z)], 5 = —tr(a%(i)\)C(x)), while
from (2.23), a%i)ﬁ,\(x) = —%Aa%/fb\(x). We therefore have

=
HV
hv/
|
>
i
I

B
/0 tr {kpa(z,2)} do

B O ~ ~ e~ ~
= /0 tr mikhk(l‘)/\/l)\lMﬁhAh/\(l')_lA(l‘)_l} dx
~ 8 ~ 4TS S 1 _
21y (o) T3 Tl ) ) |

0 —
= "o log det M.

If 2p,, 2p, are invertible, with P1 = Py ), 2 = Pin,,n,)» then from (2.26) we have
0 1 det M\A

T Tt L
(2.27) Tr (2 =N —(FrR—N7") =5y log det Ny’

so the scattering matrix is Sy = N, N 1./\7 A- Because the boundary problems 2 p, are elliptic
in the classical sense of Seeley [11], they have asymptotic expansions as A — oo in Ay .

(2.28) Tr (Zp, — AL~ Cg)l(_)\)l/Z n ch)(_/\)—kﬂ .
k>1

Hence we find that 2 p,, 2 p, are (-comparable and (-admissible, and so by equation (1.6)
(or by [5]) we have

(2.29)

Proposition 2.7.
(2.30) det M = det(Ag) ™" det(h*) ™! det My } |det M|?
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Proof. We compute that

0= (" seynieyrast)

()
where h(x) is the parallel transport for D, and J(x) is the unique solution to
DJ(x) = A@)(h(x)") 145", J(0)=0.
Hence since h = h(B), and setting J := J(3), we have from Lemma 2.4

o (MM, M 3 M M({M‘lMgJ + MgM—l(M0 — Mg(h*) A — At
MM M Mg Mg 5 MgJ + MjM 5(Mo — Mg(h*)~') + (%) "1 Ag
(2.31)
_ ( 0 I ) I Mg 5(MgJ + Mo — Mg(h*)~1) MygM 0 '
(h)7PMe —(h*) 7t ) \ Mg Mg My j(MpJ + Mo — Mg(h*) ™) — 1 0 At

Since a 2 x 2 block matrix <é g) :Ey® Ey — Ey® Ey where A : By — Ey, B :

E1 — Ej etc, has determinant det(A).det(D —CA~!B) if A is invertible, and determinant
det(D).det(A — BD71C) if D is invertible, we find that the determinant of the second
matrix in (2.31) reduces to det(—I), in particular the J term disappears, and term by
term we obtain

det M = det(—(h*) "2 M*). det(—1I). (det(M(;gM)det(Ao)—l) :
and this is (2.30). O

In view of (2.18) and (2.30), we can rewrite (2.29) as

det¢(2p) _ detc(iPl)
detg(ipg) detC(iPz)

(2.32)

—LIM)_ o log det Lj\/l’\
det N_A

It remains to show that the LIM term vanishes. Consider first the case where D is self-
adjoint. Then h(z) € U(n) and we can gauge transform Zp to 2¥_, ,;, where 2" is a flat
Laplacian and U = vh(x) = I @ h. By continuity it is enough to work over the dense open
subset Ug; C Gron(Eo ® Eg), parameterizing graphs of invertible 7' : Ey — Eg, defining
Stiefel coordinates My = I and Mg := T*. Set P, := Pr. Then det ]\/Zg = det(Q;lT*)
and so ]/\Zg is invertible, and we have

log det M, = log det ]\//Tg + logdet(ﬁﬁ_lﬂfi\o +ﬁ>\).

A similar computation to [5], Prop. 3.4, yields for A — oo

.
\/X’

and hence that log det My = nBVA+ log 27" +O(1/+/A). Repeating the argument for N
we therefore have

log det(]/\/f\[;l]/\io + BA) = nBvVA+log2™" — log det ]/\4\5 +O(

log det M O(L
det./\/,)\ VA

as A — oo, and hence (2.32) reduces to (1.11).
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We extend this to general D through a variational method:

Proposition 2.8. Let D" be a one parameter family of Dirac operators. Let Py, Py €
Grn(Eo @ Eg) with D, invertible. Then the 2 p, = 25 are invertible and

d dete(En) o dete(zn)

2. = :
(2.33) dar 8 dete(zp,) dr 08 dete(2p,)

Proof. Let h,, h denote the respectlve paths of parallel transport operators of the first-
order elliptic operators D", 2". Let M, = My + Mgh,, N; = Ny + Ngh,, and let ./\/l
Mo + Mghy, N = Ny + Nghr. Then, from (2.30),

d dete(zp,) d det(MIM,)
2.34 2 og S8 En) _ @0 O
(2:34) dr S dete(Zp,)  dr ° det(NFAL)

On the other hand, a straightforward application of Duhamel’s Principle yields

tow SSERS v {5 (D3 - (D)) } 4 v (B {25! - 2z}

while from (2.6) and % =D @® D* we find

d -1 -1 -1 -1
;<g 1 g_>_ D<DP1 _DP2> P~ Zp,
F\x=p — =P Sk * \=1 _ (px \=1Y) ]’
0 D" ((Dp) ! = (D))
and hence that
d . dete(zp) S(3S-1_ 31
9.35 L og S2CEN) _p ><> S ) .
( ) dr 0og detc(zpz) r F= \FP FP

We have %;1 = i;l - K, (Pl)’y:,:P2 where K, (Pl)’y = HrpoP(A)S (]31)_1]317, and

(Hyv)(z) = lALT( Ju, and since >TH = 0, then >H = —>H Therefore using (2.12) we
have

{2 (3 -2} = - {2 (B Pz}
= T {2Hp08,(P) " Prr2;! |
= Tr {Aw%};j%ﬁrposr(i)*l]%}
= T { Py (1 Ko(P1)7) HypoS, () P}
= T {PiyHopoSi(P) P = T { Pk (PR oS (P~ Py}
— Tr {ST(Pl)_lPliP(i)}—Tr {ST(Pl)S (P) " 'P,—-P(2)S (Pl)_l}
S {&( ) s By - {s (Pt s (P
dr dr

o
@,
=
[0}
ot
=
l¢)
wn
<
E
=
D
—
]
<
o
o,
-+
=
@
o+
—
aV)
(@)
CD
oV
=
Q_.
&
2
fas))
N—
I
3
S
T
Iy
N—
oV
)
o,
D
Q0
o
oV
[y
o
=
~
x
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Now choose Stiefel coordinates for P = Py, a7, The finite-rank operator Sr(ﬁ) :
K(%”) — W @& W*, where W = range (P), W* = range (P*), has derivative

L8P} = L5 (P} - 8P .

An element v, € K (i”) has the form (& ,ﬁ,{), ¢ € Ey® Ey, and so using Stiefel coordinate

representation for P = , we have

P[J\A/fmﬁﬁ}

d . d (M:MIM,¢ - [0
—{ST(P)}UT: L0060 ) s () | <
dr dr \ MM, M€ It

Mg My (M - M, Q') ho
MM s (M5 — M50 ot

and so (2.25) implies Sr(ﬁ)_ld%sr(ﬁ)vr = {M\;l (]\/4\/3 - /(/I\TQ;B*> ET} vp. Therefore

T {sr(ﬁ)—lisr(ﬁ)} - {ﬂ;lﬁgﬁr}—tr {Q;ﬁ*ﬁ}}

_ diilogdet M, —tr {leﬁ*ﬁr}

p -
= - logdet (MyM,) +a(2"),

where a(ir) = —tr {(hfAp) " L (hE AR} — tr {Qﬁ_l/ﬁ*/ﬁr}, and we use (2.30). The term

a(%‘) depends only on the operator %’", not on ]3, and therefore

soad o5 514 o ny | d, det(MiM,)
T {s. (Pt s P | - T {Si Py (P} = 4o .

T

which completes the proof. O

Next, let D" be a path of operators in Elly, connecting D := D! with a self-adjoint
first-order elliptic operator D° with D?Di invertible. The path can always be chosen such
that D}, is invertible for each 7; equivalently, such that M, is invertible for each r. If
it occurs that an A, is not invertible at some point along the path, then the path can
be perturbed slightly to remove the singularity without affecting the invertibility of M.,
since that is an open condition. Hence we can integrate (2.33) along this path to obtain

where 20 = (D%)*DP. Since D is self-adjoint and we know that (1.10) holds for such
operators, this completes the proof of Theorem 1.
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3. RELATIVE ZETA FUNCTION CURVATURE: PROOF OF THEOREM 2

We define a (-function connection on DET (D, P) following a modified version of the
prescription of Quillen-Bismut-Freed. The (-function connection form (1.14) is defined
over U C B by

d
3.1 = 0
(31) o= G (el
where 6p(s) = —Tr (;;SDﬁle_gl) is defined around zero by analytic continuation. Here

V¥ is a connection on the infinite-dimensional smooth bundle Hom(H, Hp) induced (1.13)
from connections on H and Hp. Since H is the trivial bundle we can choose the trivial
de-Rham connection ‘d’. The bundle Hp, however, with fibre dom o (Dp,) is non-trivial
whenever the finite-rank bundle W defined by the Grassmann section P is non-trivial.
Indeed, a section of H is the same thing as a C'°° section of the trivial finite-rank vertical
bundle £ — B x X equal to F along the fibres of the trivial fibration B x X — B.
A section of Hp, on the other hand, is a C°° section of a non-trivial finite-rank vertical

bundle Fp — B x X; a section of Ey is required to satisfy P, (j((ll))’g))) at each b € B.

Consequently, the trivial connection d on H does not descend to a connection on the

subbundle Hp due to the variation of P,. Hence a modified connection V¥ is needed

which takes sections of Hp to sections of Hp. Defining V¥ is the same thing as defining

an ‘honest’ connection on the finite-rank bundle Ef and one can work entirely in that

framework. Here we shall work directly with the bundle Hp and define VF as follows.
First, we define the bundle restriction map

0)
3.2 :H — C™, Sp = (Sb( >
(32) g 75 = { (9)
for s, € H = C®(X, E), where C?" is the trivial complex bundle over B of rank 2n (with
fibre = Ey @ Ej3). Next, fix a smooth non-decreasing function ¢ : X = [0, 5] — [0, 1] with
¢(z) =0 in [0,5/4], ¢(z) =1 in [35/4,0],
and define the extension operator my : C*" — C*°(X,C") by (myv)(z) = ¢(x)v. Let
Po, pg be the projection maps C™ = FEy® Eg to Ey = C", Eg = C", respectively. Then
we define My : C*" — H, v — Myv by (Mgv)(z) = mi_gpov + mepgv. We then have
(1= (0))pov + ¢(0)pﬁv> <pov>
3.3 M v) = = =V
& 100 = (2 s o)~ (o

The bundle maps v, Mg induce the corresponding maps between the spaces C*°(B;H)
and C*°(B; C?"), and we also denote these by v and M.
We now define a connection on Hp by

(3.4) VF = d 4+ MyPdPy,
or pointwise on B, V¥ = d + My PydPyy. We may drop the b subscript in the following.

Proposition 3.1. VF defines a connection on the bundle HY. Let P',P? be Grassmann
sections, then

(3.5) V' = VP = My (P'dP! — P2dP?)y .
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Proof. We have V' : Q%(B, Hp) — Q(B,H), and one easily checks that V¥ satisfies
the Leibnitz rule VP(fs) = df.s + fVFs, for f € C®(B),s € Q°(B,Hp), noting that
f: B — C is not affected by the restriction map . We need to see that V¥ has range in
QY B, Hp). But if s € Q°(B, Hp), then Pyys(b) = 0 and hence dP,.ys(b) = —Pyyds(b), so
that

(3.6) PydPy.vs(b) = —Pyyds(b) .
Therefore using (3.3) and (3.6)
beyvps = Pyvyds + Pb’}//\/tqspbdpb’ys = —PydPyys + P,dPyys = 0,

and hence V¥s € Q'(B,Hp). Finally, the identity (3.5) is immediate from the definition
of VF. 4

With the connections V¥, V¥ = d on Hp, H at hand we have an induced connection
VP (pointwise VI := V) on Hom(H,Hp). For large Re(s) > 0, Zp°DpVIDyt =
§}5D6P Dy is trace class, and for small ¢

du(s) =Tt (I + (DVEDR)Z5),
where X € Vect(B), has a meromorphic continuation to C which is regular at s = 0.
Hence (by [1], Prop 2.9)
d - ~ i~
i) = —sTr (2T VDVEDRZ) = s6p(s)(X)
has a meromorphic continuation to C with a simple pole at s = 0.

Proposition 3.2. Let P',P? be Grassmann sections and for i =1,2 let
6i(s) = Tr (ZpiDV'DLY),
where Vi := V', Then
(3.7)
01(s) — Os(s) = Tr {;;fp%l(/cuﬂ)fm;;)} Ty {;;fDM¢(P1dP1 - P2dP2)7D];21}

~Tr {(Gp1 - 2:)DVDR) | -

Proof. The relative connection form is the 1-form
01(s) — Os(s) = Tr (25 DV DY) — Tr (2 55DVDLY)
We have from (2.14) that

(38) Dpl —Dps = —K(P)VDpay  Zpi — Zps

p2 — /\_s[ﬁ/\(ﬁl)’y;;;,\](lz) dA

= g Fﬂ'
are smoothing operators, where the terms IE,\ and so on, are the operators for % corre-
sponding to those in (2.11) for 2.

For a section A of Hom(H, Hp) one has V¥ (A)(s) = VP (A(s)) — Ads, s € C®(B,H),
and we can extend this to Hom(H, H) by the same formula. Then

V! (Dpa)(s) = V! (Dpa(s)) — Dpads,

V(Dpi)(s) = VA(Dpi(s) — Dpads.
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Hence from (3.5)

VN Dp)(s) = VA(Dpi)(s) = (V' = V3)(Dpi(s))
= (My(P'dP' — P2 dP*)yDp;)(s) .

And so
1 2 1 1 2 2 -1
(3.9) DV'D,} — DV2D,} = DMy (P dP' — P2dP?)y D5}
We have
f1(s) = —Tr {;;fzﬁlp—}}
= —Tr {ZDV! (DR} - K(PDR) }
(3.10) - T {IPlDV D, }+Tr {IPlDV (K(P )w;;)}

since the terms are trace class. From (3.9) we have that the first term of (3.10) is

—Tr{iplDVQD }—Tr{IPlDM¢(P dpP' — PQdPQ)yD;,%}
= -Tx {2DV?D5t ) - T {251 - 255 DVAD5L )

(3.11) Ty {i SDMy(PdP! — P2dP2)yD;,21} ,

recalling that = Zp1 — Zpo I8 trace class. Substituting (3.11) into (3.10) completes the
proof. O

Proposition 3.3. Let w%,wg be the (-function connection forms associated to the Grass-
mann sections PY,P2. Then

(312)  w!—wi=Tr {D%%/C(Pl)w;;)} + Tr {DMy(P*dP? — P'dP')yDp;

Proof. For the first term on the right-side of (3.7) we have

(313)  ©1(s) =T {ZHEDVHK(PYYDRY) | = Tr {257 2n DV (K(P)YDRD) } -
But %I;f_l is norm continuous for Re(s) > —1 and %plDel(lC(Pl)'yD;Zl) is a smoothing
and so trace class operator. ©1(s) is therefore holomorphic for Re(s) > —1 and this allows
us to go down to s = 0 in (3.13). Thus, O1(s) is regular at at s = 0 and is given there by

(3.14) 01(0) = Tr {D%l(/qpl)w;;)} .
Similarly, O2(s) := —Tr {¢P1DM¢(P1dP1 P2dP2)fyD1;;:} is regular at s = 0 and given
there by
©2(0) = —Tr {DMy(P'dP' — P*dP*)yD,;
(3.15) = Tr {DMy(P*dP? — P'dP")yD,,

For Re(s) >> 0 the remaining term is (s©3(s)) |1, where

Os(s) = ~Tr { (Zi — Z) DV’ Dl |

which vanishes by a similar argument using (3.8).
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Thus 01(s) — 02(s) = O1(s) + ©1(s) + O1(s) is holomorphic for Re(s) > 0 with a
meromorphic continuation to all of C, and we have

d d
(316) wp—wf= g0 {(s(01(s) = 02())} = ©1(0) + ©2(0) + o (s@a(s)™) -
By (3.14),(3.15), the Proposition is proved. O

Since P'dP! — P?dP? is finite-rank and wDI_DQI is bounded we have using (2.13)
Tr {DMy(P*dP? — P'dP')yDy,y} = Tr {yDp DMy (P?dP? — P'dP')}
= Tr {v(I — K(P?*)y)My(P*dP? — P*dP")}
= tr {(Isn — PkS(P?)"'P*)yMy(P?dP? — P'dP")}
= tr {(Isn — PkS(P?)~'P*)(P?dP* — P'dP")}
= tr(P?dP?) — tr (P'dP")
(3.17) —tr { PxS(P?)~'P?(P*dP? — P'dP") P}

where Pg := P(D), Iy, denotes the identity on C?" and we use (3.3). Note that the
trace tr = trge2n in the third line equals the trace tr = tr W, over range (P?)* since

P2(I — PxS(PY)~1Py)) = 0.

For the first term ©;(0) in (3.12) one has to work a little harder. To study the trace
Tr {D%l(K(Pl)yDl_ﬂl}, we consider the operator IC(Pl)fyDI;;: : Hy — Ker(Dy) as the
composition

K(PYyDp = K(P')P' o P'yD} : Hy — Wy — Ker(Dy) C H,
where W}l = range (P}) is the fibre of the bundle W' at b € B. The bundles H, W!
have the connections V" = d and V"', while the bundle Ker(D) in ©1(0) has the

induced connection V|1Ker(]]]>)' Let V(Wl’ker), VHW! denote the induced connections on

Hom(W!, Ker(D)) and Hom(H, W?'). Then we have?
VHK(PY)YDps) = VH(K(PY)P' o PyDLY)
(3.18) = vOVikene(phpl. PYyDp 4 (P PV (PIyD}Y)
Now since K has range in Ker(D), the second term in (3.18) is killed by D and so
Tr {D%l(iC(Pl)fyD};;} = Tr {DV(WI’ker)(IC(Pl)Pl).PlfyD};%}
= tr {PLyDRIDVOVH R (P P |
= tr {pl(f% — PrS(P?)~1p2)yvviken) (/C(Pl)Pl)}
(3.19) —— {(P1 — S(PY)S(P?)~1p2)yvviken) (/C(Pl)pl)} .
3Note that for bundles &%, i = 1,2,3, with connection inducing connections V7 on Hom(¢%, &%) one

has for respective sections A, B of Hom(¢2,¢%), Hom(¢h, £%), V3(AB) = V'2(A)B + AV*3(B), for any
choice of connection V? on £2.
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But for ¢ € C*°(B, W) we have P'¢ = &, pointwise, and \dd (€) = P'd¢, and so
VOV (e (PYPY () = VOV (S (PY) T PY)(E)
— _ 1
= Vlkonm (KS(PYLPIE) — (KS(PY) ™ YT (6)
= (d+ MyP'dP'y)(KS(P")~'P¢) — (KS(PY) ™' Pd(¢)
= d(K).S(PY)'P'¢ + Kd(S(PY)~'PY)¢
(3.20) + My(PrdPY)PgS(PH) 1P .
Since YK = Px we have (P! — S(PY)S(P?)~'P?)yKd(S(P?)~'P! = 0 (or we could use
DK = 0 in the previous step), so
A wOVEkeD (e (PPl = 4d(K).S(P')"' P P'dP P S(P') ' P!
dPx.S(PH)7'P! + PldP' Pk S(PY)~1 P! |

and we now have from (3.19)

Tr {D%l(/C(Pl)PyD;%}

= tryn {(P' = S(PYHYS(P?) ' P?)(dPx PkS(P') ' Pt + PldP' PS(PY)~'Ph)}
= trys {P'dPxkPkS(P")~'P' + PldP' PgS(P') ' P}
—tryn {S(PH)S(P?) ' P2dPS(PY) P — S(PYHS(P?) ' P2P AP Pk S(PY) TP
= trg {PkS(P")"'PY(P'dPx + P'dP") Pk}
(321)  —tr g {PxS(P?) ' P?dPxPr} — tr k { Pk S(P?*) ' P?P'dP' Py} .

We consider next the canonical connection V¥ on DET (D, P), defined by the 1-form
we = tr (S(P)"'VAWS(P)) over U C B.

Lemma 3.4. Let Px = P(Dy), P = P,. One has

(3.22) we = tr g {PkS(P)" ' (PdP + PdP;)Pk } .

Proof. Observe first that Px¢ = € for € € Q°(B;K) and so dPy.€ + Pydé = d¢. Hence
(3.23) Pd¢ — PPrdé = PdPiE.

But

VEM(S(P)(€) = VV(S(P)(©) —S(P)VFeE
Pd(P¢) — PPgd(Pk¢)
PAP.£ + Pdf — PPidPy.Pié — PPde
—  PAP£ + PdPy.¢ = PdP.Pt + PdPy. Pt

using (3.23) and since PxdPk Pk = 0. Equation (3.22) now follows. O

From (3.21) and (3.22)
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Tr {DVIK(P)YDRE} = wh - tr i {PicS(P?) ™ P2aPy P}
— tr g {PkS(P?) "' P?P'dP' Pk }
= wp —wg+trg {PkS(P?)"'P*dP? Py}
— tr g {PkS(P?) "' P?P'dP' Pk }
(3.24) = wp—wp +tr g { PkS(P?) "1 (P*dP? — P?P'dP") Pk} .

Putting together equations (3.12), (3.17) and (3.24), we have proved that the ¢ and C
connection forms are related over U by

(3.25) wi — Wi = wg — wi + tr (P*dP?) — tr (P'dP") .
We have from (3.25)

0L -0 = Qb — Q%+ dtr (P?dP?) — dtr (P'dP")
= QL — Q% +tr(dP* AdP?) — tr (dP' AdPY)

and by the symmetry of the trace tr (P! AdP?) = 0. This completes the proof of Theorem

2.
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