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Abstract. We investigate the spectral zeta metric and and connection on the determi-

nant line bundle of a family of elliptic boundary value problems over an interval.

1. Introduction

The purpose of this paper is to study the spectral zeta function on a parameter space
of global boundary value problems over an interval. In the case of closed manifolds the
meromorphic continuation of a zeta-function on families of elliptic operators trace leads
to the construction of a natural Hermitian geometry on a complex line bundle over the
parameter space, called the determinant line bundle, which has provided a crucial mech-
anism for detecting gauge and gravitational anomalies in quantum field theory [7, 2]. In
the case of elliptic boundary problems we find that the analysis is reduced to a boundary
integral problem. The essential feature is that the relative ζ-function geometry coincides
with the standard differential geometry defined by the boundary integral.

1.1. Relative Zeta-Determinants. Let A be an operator on a Hilbert space H. If A
is bounded of the form I + α with α of trace class, then it has a Fredholm determinant
detF A =

∑
Tr (∧kα), equal by Lidskii’s Theorem to the product of its eigenvalues, and

satisfying the characteristic properties of the determinant in finite-dimensions. If A is
an unbounded operator, then to make sense of its determinant a choice of regularization
procedure is needed. To define the zeta-determinant regularization we assume that A has
principal angle θ, meaning there is a neighbourhood of the ray Rθ = {reiθ | r ≥ 0} disjoint
from spec(A), and that the operator norm of (A− λ)−1 decays like 1/|λ| as λ→∞ along
Rθ. For Re(s) > 0 one then has the convergent integral

A−s
θ =

i

2π

∫
Γθ

λ−s
θ (A− λI)−1 dλ,

where λ−s
θ = |λ|−se−is arg(λ), θ ≤ arg λ ≤ θ + 2π, is the branch of λ−s defined by Rθ, and

Γθ is the contour beginning at ∞, traversing Rθ to a small circle around the origin, and
then back along Rθ to ∞.

We assume (A − λ)−m is trace class for m > −α0 > 0 and that as λ → ∞ along Rθ

there is an asymptotic expansion of the form

(1.1) Tr (A− λ)−m ∼
∞∑
i=0

ki∑
k=0

aikλ
−m−αi logk λ,
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where −∞ < α0 < α1 < . . . and αi →∞. This means that the spectral zeta function

ζθ(s,A) = TrA−s
θ

defined in the standard way for Re(s) > −α0 extends meromorphically to all of C. If
furthermore for αJ = 1 one has aJ,k = 0 for k > 0, A is said to be admissible. ζθ(s,A) is
then holomorphic near s = 0, and the ζ-determinant is defined by

(1.2) detζ,θA := exp
(
− d

ds |s=0
ζθ(s,A)

)
.

Seeley [11] showed that any elliptic (pseudo-)differential operator D of positive order
over a closed manifold is admissible, and ζθ(0, D) is then a local invariant depending only
on the leading symbol of D which can be read off from (1.1). In contrast log detζ,θ D =
−ζ ′θ(0, D) is highly non-local (its first variation is also non-local) and this makes it a hard
invariant to compute, except on certain symmetric spaces where an exact identification of
the eigenvalues is possible. As a simple example of the latter, the Laplacian ∆a = D∗aDa

on the circle S1, where Da = id/dx+ a and 0 < a ≤ 1, has eigenvalues {(n+ a)2 | n ∈ Z}
and so in terms of the classical Riemann-Hurwitz zeta function ζ(s, a) =

∑∞
n=0 1/(n+a)s,

one has ζπ(∆, s) = ζ(2s, a)+ ζ(2s, 1−a) for Re(s) > 1/2. The meromorphically continued
value ζ

′
(0, a) = log(Γ(a)/

√
2π) then yields detζ∆a = 4 sin2 πa. On the other hand, one

can completely ignore zeta functions and formally compute

det ∆a =
∏
n∈Z

(n+ a)2 =

 ∏
n∈Z\0

n2

 .a2.
∏

n∈Z\0

(1− a2

n2
)2

=

 ∏
n∈Z\0

n2

 sin2 πa

π2
.

Hence for a1, a2 ∈ (0, 1)

(1.3)
detζ∆a1

detζ∆a2

=
sin2 πa1

sin2 πa2
=

det ∆a1

det ∆a2

,

identifying the ratio of the rigorous ζ-function regularized determinant for ∆a with the
ratio of the ‘ad-hoc’ determinant det ∆a.

Equation (1.3) portrays a certain ‘relativity principle’ for determinants of admissible
operators, which asserts that for comparable operators A1, A2 the relative ζ-determinant
detζ,θ(A1, A2) can be computed as a Fredholm determinant of an operator canonically
determined by the relative resolvent. By ‘comparable’ we mean that A1, A2 have the same
principal angle θ and that the relative resolvent (A1−λ)−1− (A2−λ)−1 is trace class with

(1.4) Tr
(
(A1 − λ)−1 − (A2 − λ)−1

)
= −∂λ log detFSλ,

where the scattering matrix Sλ = Sλ(A1, A2) is an operator with a Fredholm determinant
detFSλ. For large enough real s one has the relative zeta function

ζ(s,A1, A2) =
i

2π

∫
Γ
λ−sTr

(
(A1 − λ)−1 − (A2 − λ)−1

)
dλ.



ANALYSIS OF ELLIPTIC FAMILIES IN DIMENSION ONE 3

Further, we assume the relative resolvent trace has an expansion as λ→∞

(1.5) Tr ((A1 − λ)−1 − (A2 − λ)−1) ∼
∞∑

j=1

1∑
k=0

bj,k(−λ)−αj logk(−λ),

where αj ↗ +∞. This defines the meromorphic continuation of ζ(s,A1, A2) to all of C.
For a function with an asymptotic expansion f(λ) ∼

∑∞
j=0

∑1
k=0 cjk(−λ)−βj logk(−λ)+

c0 log(−λ) + c1 as λ → ∞ in Λθ,ε, where βj ↗ +∞ and βj 6= 0, its regularized limit is
defined to be the constant term in the expansion: LIMθ

λ→∞f(λ) = c1. Then (with S := S0)
there is the following precise form of the relativity principle for determinants:

Theorem [9] For operators A1, A2 which are ζ-comparable and ζ-admissible, one has

(1.6)
detζ,θA1

detζ,θA2
= detFS . e−LIMθ

λ→∞ log detFSλ .

Here, we show that for a family of boundary problems over an interval this principle is also
central in understanding the Hermitian structure on the determinant line bundle defined
by zeta-function.

1.2. Families of Global Boundary Problems. Let X = [0, β] where β is a positive
real number and let E be a complex Hermitian vector bundle over X of rank n. Relative
to a choice of trivialization of E, a first-order elliptic differential operator D acting on
C∞(X;E) has the form A(x)d/dx + B(x), where A,B are complex n × n matrices and
detA(x) 6= 0. The space Ell1,n of all first-order elliptic operators on E is therefore identified
with C∞(X,Gln(C))×C∞(X,End(Cn)). The operator D extends to a continuous map D :
H1(X;E)→ L2(X;E) on the first Sobolev completion. The bundle over the boundary for
the Cauchy data is the 2n-dimensional graded vector space C0(∂X, (E0⊕Eβ)) ∼= E0⊕Eβ ,

and we have the restriction map to the boundary

γ : H1(X;E) −→ E0 ⊕ Eβ, γ(ψ) = (ψ(0), ψ(β)).

A global boundary condition for D ∈ Ell1,n is specified by a projection P on E0 ⊕ Eβ ,
where by projection we mean self-adjoint indempotent. The pair (D, P ) combine to define
the elliptic boundary value problem:

DP = D : dom(DP ) −→ L2(X;E),

where
dom(DP ) = {ψ ∈ H1(X;E) | Pγψ = 0} .

The parameter space of global boundary conditions for D is therefore the complex
Grassmannian Gr(E0 ⊕ Eβ), consisting of one component

Grk(E0 ⊕ Eβ) = {P ∈ End(E0 ⊕ Eβ) | P 2 = P, P ∗ = P, tr (P ) = k},

for each integer k = 0, . . . , 2n. A point P of the k(2n− k)-dimensional complex manifold
Grk(E0 ⊕ Eβ) is equivalently specified by W = range (P ) ⊂ E0 ⊕ Eβ. In particular, the
Calderon projection P (D) onto the Cauchy data subspace K(D) = {v ∈ E0 ⊕ Eβ | ∃ψ ∈
C∞(X;E), Dψ = 0, γψ = v} defines a distinguished element of Grn(E0 ⊕ Eβ). More
precisely, any element of Ker(D) is of the form h(x)v for some v ∈ E0, where h(x) ∈
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End(E0, Ex) is the fundamental solution matrix uniquely solving Dh(x) = 0 subject to
h(0) = I. Hence there is a canonical isomorphism γ : Ker(D)→ K(D) and

(1.7) K(D) = graph(h := h(β) : E0 → Eβ) ⊂ E0 ⊕ Eβ.

For any two P1, P2 ∈ Gr(E0 ⊕ Eβ) we have a finite-rank operator

(P1, P2) := P2 ◦ P1 : W1 →W2,

where Wi = range (Pi), and index (P1, P2) = dimW1 − dimW2. The pivotal fact is that
the unbounded operator DP is modeled by the finite-rank operator on boundary data

S(P ) := (P (D), P ) : K(D)→W .

The operator DP is a Fredholm operator with kernel and cokernel consisting of smooth
sections, and Grk(E0 ⊕ Eβ) parameterizes EBVPs of index

(1.8) indDP = indS(P ) = n− k.

This implies the relative index formula indDP1 − indDP2 = ind (P2, P1) (see [3, 8] for the
general dimensional case.)

Definition 1.1. By a smooth family of first-order elliptic differential operators over [0, β]
parameterized a manifold B we shall mean an element D ∈ C∞(B,Ell1,n). A Grassmann
section means an element P ∈ C∞(B,Grk(E0 ⊕ Eβ)) := Gr(B,E, k). A smooth family of
elliptic boundary value problems means a pair (D,P).

For each b ∈ B, (D,P) parameterizes Db ∈ Ell1,n and Pb ∈ Grk(E0 ⊕Eβ) and hence the
EBVP DPb

= Db : dom(DPb
) −→ L2(X;E). Equivalently [8] one may think of (D,P) as a

bundle homomorphism
(D,P) : HP −→ H,

where H is the trivial bundle H = B×C∞(X; Cn) and HP is the weak vector bundle with
fibre dom∞(DPb

) = {ψ ∈ C∞(X;E) | Pbγψ = 0}.

Proposition 1.2. A Grassmann section P ∈ Gr(B,E, k) is equivalent to a smooth rank
k complex bundle W −→ B with fibre Wb := range (Pb). The bundle W is endowed with a
natural Hermitian metric gW and compatible connection ∇W = P · d · P with curvature 2-
form RW = PdPdP ∈ Ω2(B; End(W)). The induced connection on the complex line bundle
Det (W) has curvature tr (RW) = tr (PdPdP) ∈ Ω2(B).

We omit the straightforward proof.
Therefore to each pair of Grassmann sections P0,P1 there is the smooth finite-rank

family

(P0,P1) ∈ C∞(B; Hom(W0,W1)), (P0,P1)b ≡ P 1
b P

0
b : W0,b −→W1,b,

whereW i are the bundles of Proposition 1.2. In particular, associated to D ∈ C∞(B,Ell1,n)
is a preferred Calderon section P (D) ∈ Gr(B,E, n), defined by b 7→ P (Db) and constructed
from global data. The bundle K(D)→ B associated to P (D) is canonically trivial by (1.7).

Abstractly, the determinant associated to a smooth family of Fredholm operators A =
{Ab : H1

b −→ H2
b | b ∈ B} arises as a canonical section b 7→ det(Ab) of the determinant

line bundle DETA = ∪b∈BDetAb. the fibre DetAb of the complex line bundle DETA
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is canonically isomorphic to Det Ker(Ab)∗ ⊗ Det Coker(Ab), where DetV := ∧maxV . See
[7, 2, 8] for details.

For each smooth family of EBVPs (D,P) we have a determinant line bundle DET (D,P)
equipped with its determinant section b 7→ det(DPb

), and for (P1,P2) : W1 → W2, we
have a determinant bundle DET (P0,P1). In particular, associated to (D,P) is the finite
rank family S(P) = (P (D),P) with determinant bundle DET (S(P)) and canonical section
b 7→ det(S(Pb)). From [8] there is a canonical line bundle isomorphism

(1.9) DET (D,P) ∼= DET (S(P)) = Det K(D)∗ ⊗DetW,

preserving the determinant sections det(DPb
) ←→ det(S(Pb)). DET (D,P) is therefore

classified by the isomorphism class of the complex line bundle DetW: in terms of Chern
classes, c1(DET (D,P)) = c1(DetW).

1.3. Statement of Results. The identification (1.9) means that by pull-back DET (D,P)
inherits a metric ‖ . ‖C and compatible connection ∇C from DET (S(P)). We recall from
[8] that over the open subset U of B where the operators DPb

are invertible the canonical
metric on DET (D,P) is defined by

‖detDPb
‖2C = detC(∆Pb

)

where ∆P = (DP )∗DP , and the canonical regularization of det(∆P ) is the finite-rank
determinant on K(D), detC(∆P ) := det(S(P )∗S(P )).

On the other hand, DET (D,P) has a Quillen metric defined over U by the zeta deter-
minant ‖detDP ‖2ζ = detζ(�P ).

Theorem 1 Let P1, P2 be Grassmann sections for D and let DP1 ∈ (D,P1),DP2 ∈ (D,P2)
be invertible at b ∈ B. Then

(1.10)
‖det(DP1)‖ζ
‖det(DP2)‖ζ

=
‖det(DP1)‖C
‖det(DP2)‖C

.

That is,

(1.11)
detζ(�P1)
detζ(�P2)

=
detC(�P1)
detC(�P2)

.

Equivalently, since S(P (D)) = Id,

(1.12) detζ(�P ) = detζ(�P (D))detC(�P ).

Example: Consider the simplest case: n = 1, D = id/dx over [0, 2π], with Laplacian � =
−d2/dx2. Boundary conditions for D are parameterized by CP 1 ∼= S2. In this case Ugraph

is the dense open subset of CP 1 parameterizing complex lines given by the homogeneous

coordinates [1, z] for z ∈ C. Hence Pz = 1
1+|z|2

(
1 z

z |z|2

)
defines the boundary condition

ψ(0) = −zψ(2π), and P ∗z = 1
1+|z|2

(
|z|2 −z
−z −1

)
the condition −zψ′(0) = ψ

′
(2π). Then �Pz
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has discrete spectrum consisting of the eigenvalues {(n + α)2, (n − α)2 : n ∈ Z}, where
u = e2πiα satisfies

u2(1 + |z|2) + 2u(z + z) + (1 + |z|2) = 0.

Hence, using the ζ-function ζ(s, a), we compute

detζ�Pz = 4 sin2 πα = (u− u)2 =
2|1 + z|2

1 + |z|2

= 2Q−1
z |detζ,−π/2Dz|2 if z > 0.

Note that detζ�Pz is globally defined, while detζ,−π/2DPz is defined only for z > 0,
corresponding to the non-triviality of the canonical line bundle over CP 1 (note DP0 has
empty spectrum). On the other hand (see (2.18))

detC�Pz =
1
2
.
|1 + z|2

1 + |z|2
.

Hence detζ�Pz and detC�Pz differ by a factor of 4; as we expect from (1.12), since here
detζ �P (D) = detζ �P1 = 4.

The canonical metric is the natural metric on DET (D,P) induced from the Hermitian
metrics on the bundles K(D) and W. We therefore obtain by functoriality a canonical
connection on DET (D,P) compatible with ‖. ‖C , defined over U by

∇C,P det(DP ) = Tr C(D−1
P ∇DP ) det(DP ),

where1 Tr C(D−1
P ∇DP ) := tr K

(
S(P )−1∇K,WS(P )

)
. Here ∇K,W is the induced connection

on Hom(K(D),W),

(1.13) ∇K,W(B)(ξ) = ∇W(B(ξ))−B∇Kξ,

for B ∈ Hom(K(D),W), where ∇K,∇W are the connections of Proposition 1.2.
On the other hand, we can use P to define a modified Bismut connection ∇̃P on

Hom(H,HP). A ζ-function connection on DET (D,P) can then be defined over U analo-
gously to [2, 7] by setting

(1.14)
∇ζ,P detDP

detDP
= Tr ζ(D−1

P ∇DP ) :=
d

ds |s=0
(sθP(s))

where, with �̃P = DPD∗P ∗ ,

θP(s) = −Tr (�̃−s
P D∇̃

PD−1
P ),

is defined around zero by analytic continuation2 .

Theorem 2 Let P1, P2 be choices of Grassmann sections. Let ΩP1

C ,Ω
P1

ζ be the curvature
2-forms of the canonical and zeta connection on DET (D,P1), and let ΩP2

C ,Ω
P2

ζ be curvature
forms on DET (D,P2). Then one has

(1.15) ΩP1

ζ − ΩP2

ζ = ΩP1

C − ΩP2

C .

1Throughout, tr = tr V denotes the trace on a finite-dimensional vector space V , Tr an operator trace,

and Tr C , Tr ζ the canonical and zeta regularized traces
2We differ from [2] by a sign since we use the form on the dual bundle
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Equivalently,

ΩP
ζ = ΩP (D)

ζ + ΩP
C(1.16)

= ΩP (D)
ζ + tr (RW)− tr (RK(D)).(1.17)

The second identity (1.16), which says that ΩP
ζ consists of an interior part plus a bound-

ary correction term, follows from (1.15) because ∇C,P (D) is the trivial connection. (1.17)
then follows from Proposition 1.2 and the definition of ∇C,P.

As an example, consider the case of the ‘universal’ family of EBVPs

(D,P) = {DP : P ∈ Gr(E0 ⊕ Eβ)}

relative to a fixed operator D. Let Ωζ be the ζ curvature of the corresponding determinant
bundle. Then the first and third terms in (1.17) vanish, and we obtain:

Corollary 1.3.
Ωζ = iωGr,

where ωGr is the Kahler form on the Grassmannian.

In this paper for brevity we restrict our attention to the open subset of B where the
operators are invertible. The patching methods required to extend the results globally are
well-known [2, 7, 8].

2. Relative Zeta-Function Metric: Proof of Theorem 1

For smooth sections ψ, φ of E one has the Green’s form

(2.1) < Dψ, φ >X − < ψ,D∗φ >X=< σγψ, γφ >,

where, if A(x) is the leading coefficient of D, σ = −A(0) ⊕ A(β) ∈ Gl(E0 ⊕ Eβ). By
definition, (2.1) vanishes for all ψ ∈ dom (DP ) if and only if φ ∈ dom (D∗P ∗), where P ∗

denotes the adjoint boundary problem. If A(x) is unitary then

(2.2) P ∗ = σ(I − P )σ−1

(cf.[3]). In order to simplify some of the formulas, we will assume this to be the case, so
that (2.2) holds, but this assumption is easily removed.

To study the Laplacian boundary problem
�P = D∗D : dom (�P ) −→ L2(X;E)

dom(�P ) = {ψ ∈ H2(X;E) | P ∗γDψ = 0, Pγψ = 0} ,

observe that dom(�P ) is a subspace of the domain of the first-order EBVP

�̂P = �̂ : dom(�̂P )→ L2(X;E ⊕ E) .

Here

�̂ :=
(
D −I
0 D∗

)
: H1(X;E ⊕ E) −→ L2(X;E ⊕ E),
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with dom(�̂P ) = {(ψ, φ) ∈ H1(X;E ⊕ E) | P̂ γ̂(ψ, φ) = 0}, where P̂ := P ⊕ P ∗ and
γ̂(ψ, φ) := (γψ, γφ). The map ψ 7−→ ψ̂ = (ψ,Dψ) defines a canonical embedding
H2(X;E) −→ H1(X;E ⊕ (X;E) and we have

(2.3) �̂ψ̂ =
(

0
�ψ

)
,

identifying the solution spaces of the operators � and �̂: if {ψ1, . . . , ψk} is a basis for
Ker(�) then {ψ̂1, . . . , ψ̂k} is a basis for Ker(�̂). Moreover, there is a preferred such basis
formed by the columns of the fundamental solution matrix ĥ(x) : E0 ⊕E0 → Ex ⊕Ex for
�̂, solving uniquely �̂ĥ(x) = 0, ĥ(0) = I. We define

(2.4) S(P̂ ) := P̂ ◦ P (�̂) : K(�̂) −→ Ŵ = range (P̂ ) ,

where K(�̂) = graph(ĥ = ĥ(β) : E0 ⊕ E0 → Eβ ⊕ Eβ) is the Cauchy space for �̂.
For a linear operator A : E0⊕E1 → F0⊕F1 considered as a block 2× 2 matrix relative

to the direct sums, [A](1,2) : E1 → F0 refers to the top-right entry in the (1, 2) position.
From (2.3)

(2.5) (�P − λ)−1 =
[
�̂−1

P,λ

]
(1,2)

,

where �̂P,λ = �̂λ =
(
D −I
−λ D∗

)
, with domain dom (�̂P ). Indeed, we compute

(2.6) �̂−1
P,λ =

(
D∗P (�̃P − λ)−1 (�P − λ)−1

λ(�̃P − λ)−1 DP (�P − λ)−1

)
,

where �̃ = D∗D, �̃P = DPD∗P .
The Poisson operator of � is the operator

(2.7) K̂ : (E0 ⊕ E0)⊕ (Eβ ⊕ Eβ)→ C∞(X,E),

K̂(v)(x) = ĥ(x)p0P (�̂)v,

where p0 is the projection map (E0 ⊕E0)⊕ (Eβ ⊕Eβ)→ (E0 ⊕E0). The restriction of K̂
to K(�̂) is an isomorphism K̂ : K(�̂) −→ Ker�̂ ∼= Ker� while

(2.8) γ̂ ◦ K̂ = P (�̂)

as operators on (E0 ⊕ E0)⊕ (Eβ ⊕ Eβ).
The invertibility of the operators DP ,�P , �̂P ,S(P̂ ) are equivalent statements and in

this case we can define the Poisson operator of �P by

(2.9) K̂(P̂ ) = K̂S(P̂ )−1P̂ : (E0 ⊕ E0)⊕ (Eβ ⊕ Eβ)→ C∞(X,E).

The restriction K̂(P̂ ) : range (P̂ )→ Ker(�̂) is an isomorphism with left-inverse P̂ γ|Ker(�̂)
,

for

(2.10) P̂ γK̂(P̂ ) = P̂ γK̂S(P̂ )−1P̂ = P (�̂)S(P̂ )−1P̂ = P̂ .

The following relative inverse formula holds:
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Proposition 2.1. If �P1 ,�P2 are invertible, then

(2.11) �−1
P1

= �−1
P2
− [K̂(P̂1)γ̂�̂−1

P2
](1,2).

In particular, �−1
P1
−�−1

P2
is a smoothing operator.

Proof. We have

(2.12) �̂−1
P �̂ = I − K̂(P̂ )γ

and hence

�−1
P1

= [�̂−1
P1

](1,2) = [�̂−1
P1

�̂�̂−1
P2

](1,2) = [(I − K̂(P̂1)γ)�̂−1
P2

](1,2) = �−1
P2
− [K̂(P̂1)γ̂�̂−1

P2
](1,2) .

To see (2.12), one can either check it directly using (2.24), or invariantly as in [10, 9]. �

For later use, note that there is a similar relative inverse for the EBVP DP . D has
Poisson operator

K : E0 ⊕ Eβ −→ C∞(X,E), K(u)(x) = h(x)p0P (D)u,

with p0 the projection map E0⊕Eβ → E0, which restricts to an isomorphism K : K(D)→
Ker(D). If DP is invertible

(2.13) D−1
P D = I −K(P̂ )γ ,

where K(P ) = KS(P )−1P : E0 ⊕ Eβ −→ C∞(X,E), and by a similar argument to
Proposition 2.1

(2.14) D−1
P1

= D−1
P2
−K(P1)γD−1

P2
.

2.1. Stiefel coordinates. An element of Hom(E0⊕Eβ , E0) can be written M = [M0 Mβ]
where M0 ∈ Hom(E0, E0) and Mβ ∈ Hom(Eβ, E0). The complex Stiefel manifold Stk
parameterizes elements of Hom(E0 ⊕ Eβ , E0) of rank k (at least one invertible k × k

minor), and the projection map

(2.15) π : Stk −→ Grk(E0 ⊕ Eβ), M 7−→ P[M0,Mβ ] =

(
M∗

0M
−1
0,βM0 M∗

0M
−1
0,βMβ

M∗
βM

−1
0,βM0 M∗

βM
−1
0,βMβ

)
,

where M0,β := MM∗ = M0M
∗
0 + MβM

∗
β , defines Stk as a principal Gl(Ck) bundle over

Grk(E0 ⊕ Eβ), the Stiefel frame bundle. Over the index zero component of the Grass-
mannian dom (DP ) has the following description in Stiefel coordinates [M0,Mβ ]:

Lemma 2.2. For P = P[M0,Mβ ] ∈ Grn(E0 ⊕ Eβ) one has

(2.16) dom(DP ) =
{
ψ ∈ H1(X;E) | M0ψ(0) +Mβψ(β) = 0

}
.

Proof. The Lemma states that

(2.17) P

(
ψ(0)
ψ(β)

)
= 0 and M0ψ(0) +Mβψ(β) = 0

are the same statement. But from (2.15) the first equality gives{
M∗

0M
−1
0,β(M0ψ(0) +Mβψ(β)) = 0

M∗
βM

−1
0,β(M0ψ(0) +Mβψ(β)) = 0,

,

while multiplying these equations respectively by M0 and Mβ and summing them is the
second equation in (2.17). The reverse implication is obvious. �



10 S.G. SCOTT

Note that (2.16) has a Gl(Cn)’s worth of ambiguity in describing dom(DP ) correspond-
ing to a choice of generator [M0 Mβ] in the fibre of Stn over P .

We have the following Stiefel coordinate formula for the canonical metric:

Proposition 2.3. Let P = P[M0,Mβ ] ∈ Grn(E0⊕Eβ) and letM = M0 +Mβh ∈ End(E0).
Then

(2.18) detC∆P = detQ−1
h detM−1

0,β |detM|2.

Proof. We have S(P )∗S(P ) = P (D)PP (D) : K(D) → K(D) and K(D) = {(ξ, hξ) : ξ ∈
E0} ⊂ E0 ⊕ Eβ . End(E0) acts on K(D) by q.(ξ, hξ) = (qξ, hqξ). So, using (2.15),

P (D)PP (D)
(
ξ

hξ

)
=
(
Q−1

h Q−1
h h∗

hQ−1
h hQ−1

h h∗

)(
M∗

0M
−1
0,βM ξ

M∗
βM

−1
0,βM ξ

)
= Q−1

h M
∗M−1

0,βM
(
ξ

hξ

)
.

Hence detC∆ = det(Q−1
h M−1

0,βM
∗M), and we reach the conclusion. �

We also need a Stiefel coordinate formula for �̂−1
P . First:

Lemma 2.4. Let P = P[M0,Mβ ]. Then

(2.19) dom (�P ) =
{
ψ ∈ H2(X;E) | M̂0

(
ψ(0)
Dψ(0)

)
+ M̂β

(
ψ(β)
Dψ(β)

)
= 0
}
,

where
(2.20)

M̂0 =

(
M∗

0M
−1
0,βM0 M∗

0M
−1
0,βM0A

−1
0 −A

−1
0

M∗
βM

−1
0,βM0 M∗

βM
−1
0,βM0A

−1
0

)
, M̂β =

(
M∗

0M
−1
0,βMβ −M∗

0M
−1
0,βMβA

−1
β

M∗
βM

−1
0,βMβ A−1

β −M
∗
βM

−1
0,βMβA

−1
β

)
,

are canonically defined by P̂ . Here A0 := A(0), Aβ := A(β). With respect to the decompo-
sition (E0 ⊕ E0)⊕ (Eβ ⊕ Eβ) of the space of boundary data, one has

(2.21) P̂ = P
[M̂0,M̂β ]

.

Proof. From (2.2) we have Pγψ = 0, P ∗γDψ = 0 is equivalent to

(2.22) P

(
ψ(0)
ψ(β)

)
+ σ−1P ∗

(
Dψ(0)
Dψ(β)

)
= 0.

But σ = −A0 ⊕ Aβ, and from (2.15) we obtain (2.20) by substituting in (2.22). The
identity (2.21) follows as in Lemma 2.2. �

Let ĥλ(x) : E0 ⊕ E0 → Ex ⊕ Ex be the fundamental solution matrix for �̂λ,

(2.23) �̂λĥλ(x) = 0, ĥλ(0) = I.

Then we have:

Proposition 2.5. Let P = P[M0,Mβ ]. Then �P,λ is invertible if and only if

M̂λ = M̂0 + M̂βĥλ,

is invertible, and in that case �−1
P,λ has kernel
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(2.24) kP,λ(x, y) =


−
[
ĥλ(x)(M̂−1

λ M̂βĥλ)ĥλ(y)−1Â(y)−1
]
(1,2)

x < y

[
ĥλ(x)(I − M̂−1

λ M̂βĥλ)ĥλ(y)−1Â(y)−1
]
(1,2)

x > y,

,

where Â(x) = A(x)⊕−A∗(x). In particular, if P1 = P[M0,Mβ ], P2 = P[N0,Nβ ] then �−1
P1,λ−

�−1
P2,λ has smooth kernel

−
[
ĥλ(x)(M̂−1

λ M̂β − N̂−1
λ N̂β)ĥλĥλ(y)−1Â(y)−1

]
(1,2)

.

Proof. For each fixed y, k̂P (x, y) must satisfy P̂

(
k̂P (0, y)v
k̂P (β, y)v

)
= 0, for all v ∈ Ey. By

Lemma 2.4 this is equivalent to M̂0k̂P (0, y) + M̂β k̂P (β, y) = 0. On the other hand, from
(2.23) we have �̂−1

P,λ = ĥλ(x)
(

d
dx

)−1

P ′
ĥλ(x)−1Â(x)−1, where P

′
is the gauge transformed

boundary condition with respect to ĥ−1
λ . Since the derivative of the Heaviside function is

the Dirac delta distribution (2.24) now follows.
For the first statement, note that �P,λ is invertible if and only if Sλ(P̂ ) = P̂ ◦P (�̂λ) is

invertible, while by a direct computation

(2.25) Sλ(P̂ )−1 =

(
M̂−1

λ M̂0 M̂−1
λ M̂β

ĥM̂−1
λ M̂0 ĥM̂−1

λ M̂β

)
.

�

Note that the Stiefel coordinate formula (2.24) also follows from (2.11) by a direct
substitution using (2.25).

2.2. Proof of Theorem 1. We know that (�P −λ)−1 is trace class. In fact, there is the
following precise formula:

Proposition 2.6.

(2.26) Tr (�P − λ)−1 = − ∂

∂λ
log det M̂λ,
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Proof. For C(x) : Cn ⊕ Cn → Cn ⊕ Cn we have tr [C(x)]1,2 = −tr ( ∂
∂λ(�̂λ)C(x)), while

from (2.23), ∂
∂λ�̂λĥλ(x) = −�̂λ

∂
∂λ ĥλ(x). We therefore have

Tr (�P − λ)−1 =
∫ β

0
tr {kP,λ(x, x)} dx

=
∫ β

0
tr
{[
ĥλ(x)M̂−1

λ M̂βĥλĥλ(x)−1Â(x)−1
]
(1,2)

}
dx

= −
∫ β

0
tr
{
∂

∂λ
�̂λĥλ(x)M̂−1

λ M̂βĥλĥλ(x)−1Â(x)−1

}
dx

= −
∫ β

0
tr
{

�̂λ
∂

∂λ
(ĥλ(x))M̂−1

λ M̂βĥλĥλ(x)−1Â(x)−1

}
dx

= −
∫ β

0
tr
{

(ĥλ(x)−1Â(x)−1�̂λĥλ(x)).ĥλ(x)−1 ∂

∂λ
(ĥλ(x))M̂−1

λ M̂βĥλ

}
dx

= −
∫ β

0
tr
{
d

dx

(
ĥλ(x)−1 ∂

∂λ
(ĥλ(x))M̂−1

λ M̂βĥλ

)}
dx

= −
[
tr
{
ĥλ(x)−1 ∂

∂λ
(ĥλ(x))M̂−1

λ M̂βĥλ

}]β

x=0

= −tr
{
ĥ−1

λ

∂

∂λ
(ĥλ)M̂−1

λ M̂βĥλ

}
since

∂

∂λ
ĥλ(0) = 0

= − ∂

∂λ
log det M̂λ.

�

If �P1 ,�P2 are invertible, with P1 = P[M0,Mβ ], P2 = P[N0,Nβ ], then from (2.26) we have

(2.27) Tr
(
(�P1 − λ)−1 − (�P2 − λ)−1

)
= − ∂

∂λ
log

detM̂λ

det N̂λ

,

so the scattering matrix is Sλ = N̂−1
λ M̂λ. Because the boundary problems �Pi are elliptic

in the classical sense of Seeley [11], they have asymptotic expansions as λ→∞ in Λπ,ε

(2.28) Tr (�Pi − λ)−1 ∼ c(i)−1(−λ)1/2 +
∑
k≥1

c
(i)
k (−λ)−k/2 .

Hence we find that �P1 ,�P2 are ζ-comparable and ζ-admissible, and so by equation (1.6)
(or by [5]) we have

(2.29)
detζ(�P1)
detζ(�P2)

=
detM̂
det N̂

. exp

[
−LIMλ→∞ log det

detM̂−λ

det N̂−λ

]
.

Proposition 2.7.

(2.30) detM̂ = det(A0)−1 det(h∗)−1 detM−1
0,β |detM|2
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Proof. We compute that

ĥ(x) =
(
h(x) J(x)

0 A(x)(h(x)∗)−1A−1
0

)
,

where h(x) is the parallel transport for D, and J(x) is the unique solution to

DJ(x) = A(x)(h(x)∗)−1A−1
0 , J(0) = 0.

Hence since ĥ = ĥ(β), and setting J := J(β), we have from Lemma 2.4

M̂ =

(
M∗

0M
−1
0,βM M∗

0M
−1
0,βMβJ +M∗

0M
−1
0,β(M0 −Mβ(h∗)−1)A−1

0 −A
−1
0

M∗
βM

−1
0,βM M∗

0M
−1
0,βMβJ +M∗

βM
−1
0,β(M0 −Mβ(h∗)−1) + (h∗)−1A−1

0

)
(2.31)

=
(

0 I

(h∗)−1M∗ −(h∗)−1

)(
I M−1

0,β(MβJ +M0 −Mβ(h∗)−1)
M∗

0 M∗
0M

−1
0,β(MβJ +M0 −Mβ(h∗)−1)− I

)(
M−1

0,βM 0
0 A−1

0

)
.

Since a 2 × 2 block matrix
(
A B

C D

)
: E0 ⊕ E1 −→ E0 ⊕ E1 where A : E0 → E0, B :

E1 → E0 etc, has determinant det(A).det(D−CA−1B) if A is invertible, and determinant
det(D).det(A − BD−1C) if D is invertible, we find that the determinant of the second
matrix in (2.31) reduces to det(−I), in particular the J term disappears, and term by
term we obtain

detM̂ = det(−(h∗)−1M∗).det(−I).
(
det(M−1

0,βM) det(A0)−1
)
,

and this is (2.30). �

In view of (2.18) and (2.30), we can rewrite (2.29) as

(2.32)
detζ(�P1)
detζ(�P2)

=
detC(�P1)
detC(�P2)

exp

(
−LIMλ→∞ log det

detM̂−λ

det N̂−λ

)
.

It remains to show that the LIM term vanishes. Consider first the case where D is self-
adjoint. Then h(x) ∈ U(n) and we can gauge transform �P to �0

U−1PU , where �0 is a flat
Laplacian and U = γh(x) = I⊕h. By continuity it is enough to work over the dense open
subset UGl ⊂ Gr2n(E0 ⊕ Eβ), parameterizing graphs of invertible T : E0 → Eβ, defining
Stiefel coordinates M0 = I and Mβ := T ∗. Set P1 := PT . Then det M̂β = det(Q−1

T T ∗)
and so M̂β is invertible, and we have

log detM̂λ = log det M̂β + log det(M̂−1
β M̂0 + ĥλ).

A similar computation to [5], Prop. 3.4, yields for λ −→∞

log det(M̂−1
β M̂0 + ĥλ) = nβ

√
λ+ log 2−n − log det M̂β +O(

1√
λ

),

and hence that log detM̂λ = nβ
√
λ+log 2−n +O(1/

√
λ). Repeating the argument for N̂λ

we therefore have

log det
detM̂−λ

det N̂−λ

= O(
1√
λ

),

as λ −→∞, and hence (2.32) reduces to (1.11).
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We extend this to general D through a variational method:

Proposition 2.8. Let Dr be a one parameter family of Dirac operators. Let P1, P2 ∈
Grn(E0 ⊕ Eβ) with Dr

Pi
invertible. Then the �Pi = �r

Pi
are invertible and

(2.33)
d

dr
log

detζ(�P1)
detζ(�P2)

=
d

dr
log

detC(�P1)
detC(�P2)

.

Proof. Let hr, ĥr denote the respective paths of parallel transport operators of the first-
order elliptic operators Dr, �̂r. Let Mr = M0 +Mβhr, Nr = N0 +Nβhr, and let M̂r =
M̂0 + M̂βĥr, N̂r = N̂0 + N̂βĥr. Then, from (2.30),

(2.34)
d

dr
log

detC(�P1)
detC(�P2)

=
d

dr
log

det(M∗
rMr)

det(N ∗
rNr)

.

On the other hand, a straightforward application of Duhamel’s Principle yields

d

dr
log

detζ(�P1)
detζ(�P2)

= Tr
{
Ḋ∗
(
(D∗P ∗1 )−1 − (D∗P ∗2 )−1

)}
+ Tr

{
Ḋ
{
D−1

P1
−D−1

P2

)}
,

while from (2.6) and
˙̂� = Ḋ ⊕ Ḋ∗ we find

˙̂�
(
�̂−1

P1
− �̂−1

P2

)
=

Ḋ (D−1
P1
−D−1

P2

)
�−1

P1
−�−1

P2

0 Ḋ∗
(
(D∗P ∗1 )−1 − (D∗P ∗2 )−1

) ,

and hence that

(2.35)
d

dr
log

detζ(�P1)
detζ(�P2)

= Tr
{

˙̂�
(
�̂−1

P1
− �̂−1

P2

)}
.

We have �̂−1
P1

= �̂−1
P2
− K̂r(P̂1)γ̂�̂−1

P2
, where K̂r(P̂1)γ̂ = Ĥrp0P (�̂)Sr(P̂1)−1P̂1γ, and

(Ĥrv)(x) = ĥr(x)v, and since �̂rĤr = 0, then
˙̂�Ĥr = −�̂ ˙̂

Hr. Therefore using (2.12) we
have

Tr
{

˙̂�
(
�̂−1

P1
− �̂−1

P2

)}
= −Tr

{
˙̂�Ĥrp0Sr(P̂1)−1P̂1γ�̂−1

P2

}
= Tr

{
�̂ ˙̂
Hrp0Sr(P̂1)−1P̂1γ�̂−1

P2

}
= Tr

{
P̂1γ�̂−1

P2
�̂ ˙̂
Hrp0Sr(P̂1)−1P̂1

}
= Tr

{
P̂1γ

(
I − K̂r(P̂1)γ̂

) ˙̂
Hrp0Sr(P̂1)−1P̂1

}
= Tr

{
P̂1γ

˙̂
Hrp0Sr(P̂1)−1P̂1

}
− Tr

{
P̂1γK̂r(P̂1)γ̂

˙̂
Hrp0Sr(P̂1)−1P̂1

}
= Tr

{
Sr(P̂1)−1P̂1

d

dr
P (�̂)

}
− Tr

{
Sr(P̂1)Sr(P̂2)−1P̂2

d

dr
P (�̂)Sr(P̂1)−1

}
= Tr

{
Sr(P̂1)−1 d

dr
Sr(P̂1)

}
− Tr

{
Sr(P̂2)−1 d

dr
Sr(P̂2)

}
,

using the symmetry of the trace, and d
drS(P̂i) = P̂i

d
drP (�̂) and equation (2.8).
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Now choose Stiefel coordinates for P = P[M0,Mβ ]. The finite-rank operator Sr(P̂ ) :

K(�̂r)→W ⊕W ∗, where W = range (P ),W ∗ = range (P ∗), has derivative

d

dr

{
Sr(P̂ )

}
vr =

d

dr

{
Sr(P̂ )vr

}
− Sr(P̂ )

d

dr
vr.

An element vr ∈ K(�̂r) has the form (ξ, ĥrξ), ξ ∈ E0⊕E0, and so using Stiefel coordinate
representation for P̂ = P̂

[M̂0,M̂β ]
, we have

d

dr

{
Sr(P̂ )

}
vr =

d

dr

(
M̂∗

0 M̂
−1
0,βM̂rξ

M̂∗
βM̂

−1
0,βM̂rξ

)
− Sr(P̂ )

(
0
˙̂
hrξ

)

=

M̂∗
0 M̂

−1
0,β

(
M̂β − M̂rQ

−1

ĥ
ĥ∗
) ˙̂
hrξ

M̂∗
βM̂

−1
0,β

(
M̂β − M̂rQ

−1

ĥ
ĥ∗
) ˙̂
hrξ

 ,

and so (2.25) implies Sr(P̂ )−1 d
drSr(P̂ )vr =

{
M̂−1

r

(
M̂β − M̂rQ

−1

ĥ
ĥ∗
) ˙̂
hr

}
vr. Therefore

Tr
{
Sr(P̂ )−1 d

dr
Sr(P̂ )

}
= tr

{
M̂−1

r M̂β
˙̂
hr

}
− tr

{
Q−1

ĥ
ĥ∗

˙̂
hr

}
=

d

dr
log det M̂r − tr

{
Q−1

ĥ
ĥ∗

˙̂
hr

}
=

d

dr
log det (M∗

rMr) + α(�̂r),

where α(�̂r) = −tr {(h∗rAr
0)
−1 d

dr (h∗rA
r
0} − tr {Q−1

ĥ
ĥ∗

˙̂
hr}, and we use (2.30). The term

α(�̂r) depends only on the operator �̂r, not on P̂ , and therefore

Tr
{
Sr(P̂1)−1 d

dr
Sr(P̂1)

}
− Tr

{
Sr(P̂2)−1 d

dr
Sr(P̂2)

}
=

d

dr
log

det(M∗
rMr)

det(N ∗
rNr)

,

which completes the proof. �

Next, let Dr be a path of operators in Ell1,n connecting D := D1 with a self-adjoint
first-order elliptic operator D0 with D0

Pi
invertible. The path can always be chosen such

that Dr
P1

is invertible for each r; equivalently, such that Mr is invertible for each r. If
it occurs that an Nr is not invertible at some point along the path, then the path can
be perturbed slightly to remove the singularity without affecting the invertibility of Mr,
since that is an open condition. Hence we can integrate (2.33) along this path to obtain

detζ(�P1)
detζ(�P2)

(
detζ(�0

P1
)

detζ(�0
P2

)

)−1

=
detC(�P1)
detC(�P2)

(
detC(�0

P1
)

detC(�0
P2

)

)−1

,

where �0 = (D0)∗D0. Since D0 is self-adjoint and we know that (1.10) holds for such
operators, this completes the proof of Theorem 1.
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3. Relative Zeta Function Curvature: Proof of Theorem 2

We define a ζ-function connection on DET (D,P) following a modified version of the
prescription of Quillen-Bismut-Freed. The ζ-function connection form (1.14) is defined
over U ⊂ B by

(3.1) ωζ :=
d

ds |s=0
(sθP(s)),

where θP(s) = −Tr (�̃−s
P D∇̃PD−1

P ) is defined around zero by analytic continuation. Here
∇̃P is a connection on the infinite-dimensional smooth bundle Hom(H,HP) induced (1.13)
from connections on H and HP. Since H is the trivial bundle we can choose the trivial
de-Rham connection ‘d’. The bundle HP, however, with fibre dom∞(DPb

) is non-trivial
whenever the finite-rank bundle W defined by the Grassmann section P is non-trivial.
Indeed, a section of H is the same thing as a C∞ section of the trivial finite-rank vertical
bundle Eν → B × X equal to E along the fibres of the trivial fibration B × X → B.
A section of HP, on the other hand, is a C∞ section of a non-trivial finite-rank vertical

bundle Eν
P → B × X; a section of Eν

P is required to satisfy Pb

(
s(b, 0)
s(b, β)

)
at each b ∈ B.

Consequently, the trivial connection d on H does not descend to a connection on the
subbundle HP due to the variation of Pb. Hence a modified connection ∇P is needed
which takes sections of HP to sections of HP. Defining ∇P is the same thing as defining
an ‘honest’ connection on the finite-rank bundle Eν

P and one can work entirely in that
framework. Here we shall work directly with the bundle HP and define ∇P as follows.

First, we define the bundle restriction map

(3.2) γ : H −→ C2n, γsb =
(
sb(0)
sb(β)

)
for sb ∈ Hb = C∞(X,E), where C2n is the trivial complex bundle over B of rank 2n (with
fibre ∼= E0 ⊕ Eβ). Next, fix a smooth non-decreasing function φ : X = [0, β]→ [0, 1] with

φ(x) = 0 in [0, β/4], φ(x) = 1 in [3β/4, β],

and define the extension operator mφ : C2n → C∞(X,Cn) by (mφv)(x) = φ(x)v. Let
p0, pβ be the projection maps C2n ∼= E0 ⊕ Eβ to E0

∼= Cn, Eβ
∼= Cn, respectively. Then

we define Mφ : C2n → H, v 7−→Mφv by (Mφv)(x) = m1−φp0v +mφpβv. We then have

(3.3) γ(Mφv) =
(

(1− φ(0))p0v + φ(0)pβv

(1− φ(β))p0v + φ(β)pβv

)
=
(
p0v

pβv

)
= v .

The bundle maps γ,Mφ induce the corresponding maps between the spaces C∞(B;H)
and C∞(B;C2n), and we also denote these by γ andMφ.

We now define a connection on HP by

(3.4) ∇P = d+MφPdPγ,

or pointwise on B, ∇P = d+MφPbdPbγ. We may drop the b subscript in the following.

Proposition 3.1. ∇P defines a connection on the bundle HP. Let P1,P2 be Grassmann
sections, then

(3.5) ∇P1 −∇P2
=Mφ(P 1dP 1 − P 2dP 2)γ .
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Proof. We have ∇P : Ω0(B,HP) −→ Ω1(B,H), and one easily checks that ∇P satisfies
the Leibnitz rule ∇P(fs) = df.s + f∇Ps, for f ∈ C∞(B), s ∈ Ω0(B,HP), noting that
f : B → C is not affected by the restriction map γ. We need to see that ∇P has range in
Ω1(B,HP). But if s ∈ Ω0(B,HP), then Pbγs(b) = 0 and hence dPb.γs(b) = −Pbγds(b), so
that

(3.6) PbdPb.γs(b) = −Pbγds(b) .

Therefore using (3.3) and (3.6)

Pbγ∇Ps = Pbγds+ PbγMφPbdPbγs = −PbdPbγs+ PbdPbγs = 0,

and hence ∇Ps ∈ Ω1(B,HP). Finally, the identity (3.5) is immediate from the definition
of ∇P. �

With the connections ∇P,∇triv = d on HP,H at hand we have an induced connection
∇̃P (pointwise ∇̃P := ∇̃Pb) on Hom(H,HP). For large Re(s) > 0, �̃−s

P DP ∇̃PD−1
P =

�̃−s
P D∇̃PD−1

P is trace class, and for small t

φt(s) := Tr ((I + tD∇̃P
XD−1

P )�̃−s
P ),

where X ∈ Vect(B), has a meromorphic continuation to C which is regular at s = 0.
Hence (by [1], Prop 2.9)

d

dt t=0
φt(s) := −sTr (�̃−(s+1)

P D∇̃P
XD−1

P �̃) = sθP (s)(X)

has a meromorphic continuation to C with a simple pole at s = 0.

Proposition 3.2. Let P1,P2 be Grassmann sections and for i = 1, 2 let

θi(s) = Tr (�̃−s
P iD∇̃iD−1

P i ),

where ∇̃i := ∇̃P i
. Then

(3.7)
θ1(s)− θ2(s) = Tr

{
�̃−s

P 1D∇̃1(K(P 1)γD−1
P 2 )
}
− Tr

{
�̃−s

P 1DMφ(P 1dP 1 − P 2dP 2)γD−1
P 2

}
−Tr

{
(�̃−s

P 1 − �̃−s
P 2)D∇̃2D−1

P 2 )
}
.

Proof. The relative connection form is the 1-form

θ1(s)− θ2(s) = Tr (�̃−s
P 1D∇̃1D−1

P 1 )− Tr (�̃−s
P 2D∇̃2D−1

P 2 ) .

We have from (2.14) that

(3.8) D−1
P 1 −D−1

P 2 = −K(P )γD−1
P 2 , �̃−s

P 1 − �̃−s
P 2 =

i

2π

∫
Γπ

λ−s[K̃λ(P̃ 1)γ�̃−1
P 2,λ

](1,2) dλ

are smoothing operators, where the terms K̃λ and so on, are the operators for �̃ corre-
sponding to those in (2.11) for �.

For a section A of Hom(H,HP) one has ∇̃P (A)(s) = ∇P (A(s))−Ads, s ∈ C∞(B,H),
and we can extend this to Hom(H,H) by the same formula. Then

∇̃1(D−1
P 2 )(s) = ∇1(D−1

P 2 (s))−D−1
P 2ds,

∇̃2(D−1
P 2 )(s) = ∇2(D−1

P 2 (s))−D−1
P 2ds.
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Hence from (3.5)

∇̃1(D−1
P 2 )(s)− ∇̃2(D−1

P 2 )(s) = (∇1 −∇2)(D−1
P 2 (s))

= (Mφ(P 1dP 1 − P 2dP 2)γD−1
P 2 )(s) .

And so

(3.9) D∇̃1D−1
P 2 −D∇̃2D−1

P 2 = DMφ(P 1dP 1 − P 2dP 2)γD−1
P 2 .

We have

θ1(s) = −Tr
{

�̃−s
P 1D∇̃1D−1

P 1

}
= −Tr

{
�̃−s

P 1D∇̃1(D−1
P 2 −K(P )γD−1

P 2 )
}

= −Tr
{

�̃−s
P 1D∇̃1D−1

P 2

}
+ Tr

{
�̃−s

P 1D∇̃1(K(P )γD−1
P 2 )
}

(3.10)

since the terms are trace class. From (3.9) we have that the first term of (3.10) is

−Tr
{

�̃−s
P 1D∇̃2D−1

P 2

}
− Tr

{
�̃−s

P 1DMφ(P 1dP 1 − P 2dP 2)γD−1
P 2

}
= −Tr

{
�̃−s

P 2D∇̃2D−1
P 2

}
− Tr

{
(�̃−s

P 1 − �̃−s
P 2)D∇̃2D−1

P 2

}
(3.11) −Tr

{
�̃−s

P 1DMφ(P 1dP 1 − P 2dP 2)γD−1
P 2

}
,

recalling that �̃−s
P 1 − �̃−s

P 2 is trace class. Substituting (3.11) into (3.10) completes the
proof. �

Proposition 3.3. Let ω1
ζ , ω

2
ζ be the ζ-function connection forms associated to the Grass-

mann sections P1,P2. Then

(3.12) ω1
ζ − ω2

ζ = Tr
{
D∇̃1(K(P 1)γD−1

P 2 )
}

+ Tr
{
DMφ(P 2dP 2 − P 1dP 1)γD−1

P 2

}
.

Proof. For the first term on the right-side of (3.7) we have

(3.13) Θ1(s) := Tr
{

�̃−s
P 1D∇̃1(K(P 1)γD−1

P 2 )
}

= Tr
{

�̃−s−1
P 1 �̃P1D∇̃1(K(P 1)γD−1

P 2 )
}
.

But �̃−s−1
P 1 is norm continuous for Re(s) > −1 and �̃P1D∇̃1(K(P 1)γD−1

P 2 ) is a smoothing
and so trace class operator. Θ1(s) is therefore holomorphic for Re(s) > −1 and this allows
us to go down to s = 0 in (3.13). Thus, Θ1(s) is regular at at s = 0 and is given there by

(3.14) Θ1(0) = Tr
{
D∇̃1(K(P 1)γD−1

P 2 )
}
.

Similarly, Θ2(s) := −Tr
{

�̃−s
P 1DMφ(P 1dP 1 − P 2dP 2)γD−1

P 2

}
is regular at s = 0 and given

there by

Θ2(0) = −Tr
{
DMφ(P 1dP 1 − P 2dP 2)γD−1

P 2

}
= Tr

{
DMφ(P 2dP 2 − P 1dP 1)γD−1

P 2

}
.(3.15)

For Re(s) >> 0 the remaining term is (sΘ3(s)) |mer
s=0, where

Θ3(s) := −Tr
{

(�̃−s
P 1 − �̃−s

P 2)D∇̃2D−1
P 2

}
,

which vanishes by a similar argument using (3.8).
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Thus θ1(s) − θ2(s) = Θ1(s) + Θ1(s) + Θ1(s) is holomorphic for Re(s) > 0 with a
meromorphic continuation to all of C, and we have

(3.16) ω1
ζ − ω2

ζ =
d

ds |s=0
{s(θ1(s)− θ2(s))} = Θ1(0) + Θ2(0) +

d

ds |s=0
(sΘ3(s)|mer) .

By (3.14),(3.15), the Proposition is proved. �

Since P 1dP 1 − P 2dP 2 is finite-rank and γD−1
P 2 is bounded we have using (2.13)

Tr
{
DMφ(P 2dP 2 − P 1dP 1)γD−1

P 2

}
= Tr

{
γD−1

P 2DMφ(P 2dP 2 − P 1dP 1)
}

= Tr
{
γ(I −K(P 2)γ)Mφ(P 2dP 2 − P 1dP 1)

}
= tr

{
(I2n − PKS(P 2)−1P 2)γMφ(P 2dP 2 − P 1dP 1)

}
= tr

{
(I2n − PKS(P 2)−1P 2)(P 2dP 2 − P 1dP 1)

}
= tr (P 2dP 2)− tr (P 1dP 1)

−tr
{
PKS(P 2)−1P 2(P 2dP 2 − P 1dP 1)PK

}
(3.17)

where PK := P (D), I2n denotes the identity on C2n and we use (3.3). Note that the
trace tr = tr C2n in the third line equals the trace tr = tr W⊥

2
over range (P 2)⊥ since

P 2(I − PKS(P 2)−1PK)) = 0.

For the first term Θ1(0) in (3.12) one has to work a little harder. To study the trace
Tr
{
D∇̃1(K(P 1)γD−1

P 2

}
, we consider the operator K(P 1)γD−1

P 2 : Hb −→ Ker(Db) as the
composition

K(P 1)γD−1
P 2 = K(P 1)P 1 ◦ P 1γD−1

P 2 : Hb −→W 1
b −→ Ker(Db) ⊂ Hb ,

where W 1
b = range (P 1

b ) is the fibre of the bundle W1 at b ∈ B. The bundles H, W1

have the connections ∇triv = d and ∇W1
, while the bundle Ker(D) in Θ1(0) has the

induced connection ∇1
|Ker(D)

. Let ∇(W1,ker),∇H,W1
denote the induced connections on

Hom(W1,Ker(D)) and Hom(H,W1). Then we have3

∇̃1(K(P 1)γD−1
P 2 ) = ∇̃1((K(P 1)P 1 ◦ P 1γD−1

P 2 )

= ∇(W1,ker)(K(P 1)P 1). P 1γD−1
P 2 +K(P 1)P 1.∇H,W1

(P 1γD−1
P 2 ) .(3.18)

Now since K has range in Ker(D), the second term in (3.18) is killed by D and so

Tr
{
D∇̃1(K(P 1)γD−1

P 2

}
= Tr

{
D∇(W1,ker)(K(P 1)P 1).P 1γD−1

P 2

}
= tr

{
P 1γD−1

P 2D∇(W1,ker)(K(P 1)P 1)
}

= tr
{
P 1(I2n − PKS(P 2)−1P 2)γ∇(W1,ker)(K(P 1)P 1)

}
= tr

{
(P 1 − S(P 1)S(P 2)−1P 2)γ∇(W1,ker)(K(P 1)P 1)

}
.(3.19)

3Note that for bundles ξi, i = 1, 2, 3, with connection inducing connections ∇i,j on Hom(ξi, ξj) one

has for respective sections A, B of Hom(ξ2, ξ3), Hom(ξ1, ξ2), ∇1,3(AB) = ∇1,2(A)B + A∇2,3(B), for any

choice of connection ∇2 on ξ2.
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But for ξ ∈ C∞(B,W1) we have P 1ξ = ξ, pointwise, and ∇W1
(ξ) = P 1dξ, and so

∇(W1,ker)(K(P 1)P 1)(ξ) = ∇(W1,ker)(KS(P 1)−1P 1)(ξ)

= ∇1
|Ker(D)

(KS(P 1)−1P 1ξ)− (KS(P 1)−1P 1)∇W1
(ξ)

= (d+MφP
1dP 1γ)(KS(P 1)−1P 1ξ)− (KS(P 1)−1P 1d(ξ)

= d(K).S(P 1)−1P 1ξ +Kd(S(P 1)−1P 1)ξ

+ Mφ(P 1dP 1)PKS(P 1)−1P 1ξ .(3.20)

Since γK = PK we have (P 1 − S(P 1)S(P 2)−1P 2)γKd(S(P 2)−1P 1 = 0 (or we could use
DK = 0 in the previous step), so

γ∇(W1,ker)(K(P 1)P 1) = γd(K).S(P 1)−1P 1P 1dP 1PKS(P 1)−1P 1

= dPK .S(P 1)−1P 1 + P 1dP 1PKS(P 1)−1P 1 ,

and we now have from (3.19)

Tr
{
D∇̃1(K(P 1)γD−1

P 2

}
= tr W 1

{
(P 1 − S(P 1)S(P 2)−1P 2)(dPKPKS(P 1)−1P 1 + P 1dP 1PKS(P 1)−1P 1)

}
= tr W 1

{
P 1dPKPKS(P 1)−1P 1 + P 1dP 1PKS(P 1)−1P 1

}
−tr W 1

{
S(P 1)S(P 2)−1P 2dPKS(P 1)−1P 1 − S(P 1)S(P 2)−1P 2P 1dP 1PKS(P 1)−1P 1

}
= tr K

{
PKS(P 1)−1P 1(P 1dPK + P 1dP 1)PK

}
−tr K

{
PKS(P 2)−1P 2dPKPK

}
− tr K

{
PKS(P 2)−1P 2P 1dP 1PK

}
.(3.21)

We consider next the canonical connection ∇C,P on DET (D,P), defined by the 1-form
ωC := tr

(
S(P )−1∇K,WS(P )

)
over U ⊂ B.

Lemma 3.4. Let PK = P (Db), P = Pb. One has

(3.22) ωC = tr K

{
PKS(P )−1(PdP + PdPk)PK

}
.

Proof. Observe first that PKξ = ξ for ξ ∈ Ω0(B;K) and so dPK .ξ + Pkdξ = dξ. Hence

(3.23) Pdξ − PPKdξ = PdPkξ.

But

∇K,W(S(P ))(ξ) = ∇W(S(P )(ξ))− S(P )∇Kξ
= Pd(Pξ)− PPKd(PKξ)

= PdP.ξ + Pdξ − PPKdPK .PKξ − PPKdξ

= PdP.ξ + PdPk.ξ = PdP.PKξ + PdPk.PKξ,

using (3.23) and since PKdPKPK = 0. Equation (3.22) now follows. �

From (3.21) and (3.22)
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Tr
{
D∇̃1(K(P 1)γD−1

P 2

}
= ω1

C − tr K

{
PKS(P 2)−1P 2dPKPK

}
− tr K

{
PKS(P 2)−1P 2P 1dP 1PK

}
= ω1

C − ω2
C + tr K

{
PKS(P 2)−1P 2dP 2PK

}
− tr K

{
PKS(P 2)−1P 2P 1dP 1PK

}
= ω1

C − ω2
C + tr K

{
PKS(P 2)−1(P 2dP 2 − P 2P 1dP 1)PK

}
.(3.24)

Putting together equations (3.12), (3.17) and (3.24), we have proved that the ζ and C
connection forms are related over U by

(3.25) ω1
ζ − ω2

ζ = ω1
C − ω2

C + tr (P 2dP 2)− tr (P 1dP 1) .

We have from (3.25)

Ω1
ζ − Ω2

ζ = Ω1
C − Ω2

C + dtr (P 2dP 2)− dtr (P 1dP 1)

= Ω1
C − Ω2

C + tr (dP 2 ∧ dP 2)− tr (dP 1 ∧ dP 1) ,

and by the symmetry of the trace tr (dP i∧dP i) = 0. This completes the proof of Theorem
2.
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