n Forms and Determinant Lines

Simon Scott

1 Introduction

The purpose here is to give a direct computation of the zeta-function curvature for
the determinant line bundle of a family of APS-type boundary value problems.

Here is the sort of computation we have in mind.

1.0.1 Example: (-curvature on CP’

Consider the simplest case, D = id/dz over [0, 27| with Laplacian A = — d?/dz?.
Global boundary conditions for D are parametrised by CP!. Specifically, over
the dense open subset of CP! parametrising complex lines [, C C? given by
the homogeneous coordinates [1,z] for z € C the orthogonal projection P, =

1 z : L ¥ (0)
_1 —_ N
el onto [, parametrises the boundary condition P, <¢(27)) = 0;

that is, 1(0) = —Z¢(27). Let Dp, denote D with domain restricted to functions
satisfying this boundary condition. The adjoint boundary problem is Dp. with

2 =
projection P} = 1+L|2 (|j’z _i) corresponding to —z¢(0) = ¢(2m). Then Ap,

has discrete spectrum {(n + «)?, (n — a)* : n € N}, where u = e*™ satisfies
u?(1 4 |2]?) + 2u(z + 2) + (1 + |z[*) = 0. The zeta determinant of Ap, is therefore

2|1+ z|?

e [1,2] € CP. (1.0.1)

det;Ap, = 4sin® Ta =

The Quillen metric evaluated on the holomorphic section identified with the ab-
stract determinant z — detDp, is ||detDp,||* = det¢Ap, and hence the canonical
curvature (1, 1)-form of the determinant line bundle is

dz Ndz

58 IOg detcAPZ = m

= Kahler form on CP'. (1.0.2)

1.0.2 c¢; of the determinant

More generally, determinant bundles arise in geometric analysis, in the represen-
tation theory of loop groups, and in the construction of conformal field theories.
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In a general sense, they facilitate the construction of projective representations
from the bordism category to categories of graded rings. The basic invariant of a
determinant bundle which one aims to compute is its Chern class.

1.0.3 Example: closed surfaces

A well known instance of that is for a family of compact boundaryless surfaces
{¥,ly € Y} parametrised by a smooth manifold Y. Let M = [J,, %, and
m : M — Y the projection map. Let T} be the tangent bundle to ¥,, and T" :=
T(M/}Y) =U,ey Ty — M the tangent bundle along the fibres. The index bundle
Ind g(m) of the family of D-bar operators 5(m) = {Ey | y € Y} acting on sections
of T®™ is the element f,(T%™) of K(Y), and the Grothendieck-Riemann-Roch
theorem says
ch(f(T*™)) = f (ch(T¥™) Todd(T)),

where f, : H'(M) — H'72(Y) is integration over the fibres. That is, with & = ¢;(T)

§
1—e¢

ch(Ind J(m)) = f. (67"5' ) = f (1—|—(m—|—%)§—|—%(m2+m+é)£2+-~-).

Hence c; of the determinant line bundle Det E(m) is the degree two component

c1(Det 9my) = % (6m* +6m + 1) f.(£%) € H*(Y).

1.0.4 Quillen on the curvature formula

More refined formulae may be sought at the level of smooth invariants. The
fundamental result in this direction was obtained by Quillen in 1984 in a very
beautiful four page article [I7] in which the zeta function regularized curvature
of the determinant line bundle Det Dy, of a family of Cauchy-Riemann operators
Dy ={D: Q(%,E) — Q¥Y(X, E)} acting on sections of a complex vector bundle
E over a closed Riemann surface ¥ was computed to be

F¢(Dy) = Kahler form on Y (1.0.3)

where in this case Y = Q%'(3, End F).

1.0.5 Bismut on Quillen

Following Quillen’s idea of constructing a superconnection on the index bundle
[18], Bismut [2] proved in a tour de force a local index theorem for a general family
D of Dirac-type operators associated to a geometric fibration 7 : M — Y with
fibre a compact boundaryless manifold and, furthermore, with F¢(D) € Q*(Y)



the curvature of the (-connection on the determinant line bundle Det D, extended

[C03) to
FC(D) = ind[g},

where ind € Q*(Y") is the family index density, equal to fM/Y A(M/Y)ch(V) in the
case of a family of twisted Dirac operators, and the subscript indicates the 2-form
component [4].

It is worth emphasizing here the geometric naturality of the formulae; in each of
the above cases, including the example of §1.0.1 the (-curvature hits the index
form ‘on the nose’ — any other connection will have curvature differing from this
by an exact 2-form.

1.0.6 Melrose and Piazza on Bismut

That naturality persists to the analysis of families of APS boundary problems Dp
for which the fibre of 7 : M — Y is a compact manifold with boundary and
OM # 0, and P = {P,} is a smooth family of ¢do projections on the space of
boundary sections which is pointwise (with respect to Y) commensurable with the
APS projection.

The principal contribution in this direction is the Chern character formula of
Melrose-Piazza [I1] proved using b-calculus and generalizing Bismut-Cheeger [3].
From this Piazza [14] inferred the b zeta-curvature function formula on the b de-
terminant bundle Det °(Dp) to be

FY(Dp) = indpy + [ ]2y »

where 7jp := 7~ 1/2 [ Tr (B, e~B%) dt is an eta-form of a t-rescaled superconnection
B; = B(P) twisted by P for the family of Dirac operators on the boundary oM.

1.0.7 A direct computation

On the other hand, Dp is already a smooth family of Dirac-Fredholm operators
and it is natural to seek a direct computation of the (-curvature formula for the
determinant line bundle Det Dp, along the lines of the example of §1.0.1] without
use of b-calculus or other completions. It turns out, indeed, that there is a canonical
(-function connection on Det Dp and that its curvature can be computed exactly
in terms of a relative eta form coming from the boundary fibration:

Theorem 1.1 Let F(Dp) be the curvature 2-form of the ¢-connection on Det Dp.
Then
Fe(Dp) = F:(Dpppy) + RV in Q*(Y) (1.0.4)

with R the 2-form component of a relative n-form depending only on boundary
data; that is, on the fibration of closed boundary manifolds, on ran(P) = W and



on ran(P(D)) = K. Here, P(D) is the family of Calderdn projections defined by
D, equal at y € Y to the projection onto the (infinite dimensional) subspace equal
to the restriction of Ker D, to the boundary. The determinant bundle Det Dp(py s
trivial. Its C-curvature is canonically exact; there is a preferred 1-form [(¢(D) in
QYY) such that

Fe(Dr(p)) = dpe (D).

The definition of R®", which is simple and completely canonical, and why it
is a ‘relative eta form’, is given in §6 The formula is extremely ‘clean’,
insofar as it is the simplest relation that might exist between F(Dp) and R,
both of which represent ¢;(Det Dp). It extends to geometric families of boundary
problems the principle of ‘reduction to the boundary’ present in the analysis of
Grubb and Seeley [10], [9] and Briining and Lesch [5] of resolvent and zeta traces
of pseudodifferential boundary problems, also in Booss-Wojciechowski [7], and in
the zeta determinant formulae in joint work with Krzysztof Wojciechowski [23] and
in [20].

1.0.8 Example: surfaces

For a real compact surface ¥ with boundary S* our conclusions generalize the
example of (and as follows. A choice of conformal structure 7 €
Conf(¥) turns ¥ into a Riemann surface with a D-bar operator 9, : Q°(%) —
QOL(L). Since P(0,) differs from the APS projection II by only a smoothing
operator [19] a suitable parameter space of well-posed boundary conditions is the
smooth Grassmannian Gr of pseudodifferential operator (¢)do) projections P with

P—P(0,) smoothing. We obtain in this way the family of APS boundary problems
0p = (0;)p : dom(0p) = Ker (P ov) — Q™ (X)
parametrised by P € Gr. In this case F; (gp(g)) =0 and (1.0.4) is

F¢(9p) = Tr(PdPdP) = Kahler form on Gr

generalizing ; in local coordinates, defined relative to a choice of basepoint
Py € Gr, on the dense open subset of projections P with ran(P) = graph(7T =
PSPy : E — E*), where E = ran(F) and S is a smoothing operator, the Kahler
form is Tr ((I + T*T)~*dT*(I + TT*)"'dT), with trace taken on F, while with
K(0,) = graph(h : E — E*) generalizes by [20] Thm(4.2) as

|detp(I +T*h)|?

detg (5*513) = detg(g*gp([)))

The restriction of Det Op to the loop group LU(n) via the embedding LU(n) — Gr
based at P(0.) is the central extension of LU(n) (Segal [26]), while F¢(Ip)Lu(m)

is the 2-cocycle of the extension. Indeed, Det (Op)Lc is canonically isomorphic



to the complex line bundle with fibre at g € LG equal to the determinant line
Det (P(0;)o (gP(d;)g™")) (defined in §4); changing the basepoint of the embedding
LG — Gr from P(0,) to P defines an isomorphic representation, the two are related
by a choice of generator for the complex line Det (P(9,), P). The fundamental
projective representation space of LG is then the space of holomorphic sections of
the dual determinant line bundle Det (0p)* — Gr [16].

On the other hand, one may consider the opposite situation of the family of D-bar
operators on X

5l'I,m — {(5’7')1'[,111

parametrised by Y = Conf(X) and with fixed boundary condition II acting on sec-
tions of T®™¥. Det Oy, pushes-down to the moduli space M(X) = Conf(X)/Diff (£, O%)
by the group of diffeomorphisms of ¥ equal to the identity on the boundary. In
particular, for the unit disc D then M(D) = Diff " S1/PSU, ;. By the functoriality

of our constructions and the computations of [I2] we obtain that the (-curvature

of the determinant line bundle over Diff *.S* /PSUy ; is

7 € Conf(X)}

1

1
5 (6m* + 6m + 1) m.(gv) — —

Fe(Onw) = FC@P@M)) + D

€,

where . (gv) is integration over the fibre of a Godbillon-Vey form, e an Euler form
[12], and P(0,,) the family of Calderén boundary conditions.

2 Fibrations of Manifolds

Let 7 : M 25 Y be a smooth fibration of manifolds with fibre diffeomorphic to a
compact connected manifold X of dimension n with boundary 90X # (). The total
space M is itself a manifold with boundary OM and there is a boundary fibration
or : OM Y of closed manifolds of dimension n — 1. For example, for a fibration
of surfaces over Y = S! then OM is a disjoint union of 2-tori fibred by the circle.

We assume there exists a collar neighbourhood U C M of OM with a diffeomor-
phism
U=[0,1) x OM, (2.0.5)

corresponding fibrewise to a collar neighbourhood [0, 1) x 0.X,, of each fibre X, :=
T (y).

2.1 Bundles over fibrations
A smooth family of vector bundles associated to w : M % Y is defined to be a

finite-rank C'*° vector bundle £ — M. Formally, we may then consider the infinite-
dimensional bundle H(E) — Y whose fibre at y € Y is the space H,(E) =



['(Xy, E|x,) of C* sections of £ over X,. Concretely, a section of H(E) is defined
to be a section of E over M,

D(Y,H(E)) : = D(M, E). (2.1.1)

Thus, in practise one works with the right-hand side of (2.1.1)), as indicated below.
I'(Y,H(E)) is then a C*°(Y)-module via

CoY)xI'(Y,H(E)) = I(Y,H(E)), (f,s)— f-s:=7n"(f)s, (2.1.2)
that is, f - s(m) = f(n(m)) s(m).

The restriction map to boundary sections
7 DY, H(E)) — T(Y, H(Eou))
is defined by the restriction map to the boundary on the total space
v:T(M,E) — T'(OM, Egpr) (2.1.3)
with Eon = U, eon Em the bundle £ along OM. Relative to
Ejy =" (Eon)

and ['(U,E) = C>([0,1)) @ I'(M, Espr). Here, rank(FEsy) = rank(E), so, for
example, T'My); is not the same thing as T'(0M ), whose sections are vector fields
along the boundary, while a section of T'My); includes vector fields which point
out of the boundary; one has TMyy =R & T(OM).

The vertical tangent bundle T'(M/Y) (resp. T(OM/Y')) is the subbundle of T M
(resp. TOM) whose fibre at m € M (resp. m € M) is the tangent space to the
fibre X, (resp. 0Xr(m). (By equipping T'(M/Y) with a metric and choosing an
inward pointing vector field on T'(0M) with values in T'Z the inward geodesic flow
identifies a tubular neighbourhood U of OM of the form (2.0.5).) 7*(TY) is the
pull-back subbundle from the base. Likewise, there is the dual bundle T*M with
subbundle T*(M/Y'), whose sections are vertical forms along M, and 7*(AT*Y).
More generally, the de-Rham algebra on Y with values in H(F) is the direct sum
of the
AXY, H(E)) = (M, 7" (A\*T*Y) @ E @ | A |Y?).

The line bundle of vertical densities | A, | is included to facilitate integration along
the fibre.

2.2 Connections

A connection (or covariant derivative) on H(E) is specified by a fibration ‘connec-
tion” on M
TM=T(M/Y)®TygM, (2.2.1)



and a vector bundle connection on £
V:I(M,E) > T(M,E®T*M),

which are compatible with the induced boundary connections.

The fibration connection is a complementary subbundle to T'(M/Y), specifying an
isomorphism 7*(TY) = Ty M and hence a lift of vector fields from the base to
horizontal vector fields on M

LY, TY) = (M, TyM), £ &y.

A connection

VM ANY, H(E)) — AN (Y, H(E)) (2.2.2)
is then defined by

Vs = Ve,s, se (M, E), £ € C®(Y,TY). (2.2.3)

Compatibility with the boundary means, first, that in the collar ¢
T = 7T = 0, du T

where u € [0,1) is the normal coordinate to M and VM : T(OM, Egy) —
['(OM, Egp®T* M) is the induced connection on Egyy, defining VoM : A%(Y, H(Ea)) —
ALY, H(Eon)) by

VM s = VM, s € D(OM, Egyy). (2.2.4)
Secondly, that with respect to the boundary splitting
T(OM)=TOM/Y)® TyoM

induced by
TU =R @ TOM (2.2.5)

and the splitting , one has for £ € C*(Y,TY) that
(Em)y € CF WU, Tp(OM)),

that is,

where du is extended from U to M by zero. One then has from (2.2))

Lemma 2.1 B B
Yo Ve =Viilony, e C™(Y,TY), (2.2.6)

as maps I'(M, E) — T'(OM, Egpr).



The curvature of the connection (2.2.2)) evaluated on &,n € C*(Y,TY)
k(& n) € D(Y, End(H(E)))

is the smooth family of first-order differential operators (as in [2] Prop(1.11))

R(£7 77) = 651{6%( - 677H6§H - 6[5177]H = ﬁ(& 77) + 6[5777]H—[5H777H}

where R(£,n) € ['(M,End F) is the curvature of V. The above compatibility
assumptions state that v.(&m), v (nm) € C*(OM, Ty (OM)) and

R(&u,mu) oy = R (7.(€n), v(nu)) € T(Y,End (H(Ean))),

where ROM («, 3) is the curvature of (2.2.4)).

2.2.1 Example: spin connection

For our purposes here, it is not necessary to specify which particular connection
on F is being used. However, to compute the local index form curvature for a
fibration of compact Riemannian spin manifolds (with or without boundary) then
V must be the Bismut connection [2], [I] and E a twisted vertical spinor bundle.
Then T'(M/Y) is oriented and spin, while a metric g on 7'M in U is assumed to be
the pull back of a metric ¢? on TOM, so that gf‘b/{[ = du? + ¢g°M. If the connection
on any twisting bundle is also of product type in the collar, then the situation of
holds, and the Bismut connection follows [2], [I].

3 Families of Pseudodifferential Operators

A smooth family of ¥dos of constant order y associated to a fibration 7m: N Xy
of compact boundaryless manifolds, with dim(X') = n, with vector bundle £ — N
means a classical ¢do

A:T(N,ET) - T(N,E7)

with Schwartz kernel ka € D'(N x, N, EX E) a vertical distribution, where the
fibre product N x, N consists of pairs (z,2') € N x N which lie in the same
fibre, i.e. w(z) = w(a2’), such that in any local trivialization ka is an oscillatory
integral with vertical symbol a € S%, . (N/Y) of order v for which ¢ is restricted
to the vertical momentum space, along the fibre. We refer to A as a vertical ¥do
associated to the fibration and denote this subalgebra of ¥»dos on N by

(Y, o"(E*,E7)) = ¥

vert

(N,E*, E").

In a similar way, for a fibration 7 : M — Y of compact manifolds with boundary
the pseudodifferential boundary operator (1)dbo) calculus as developed by Grubb



[9], generalizing the Boutet de Monvel algebra, may be applied to define a vertical
calculus of operators with oscillatory integral kernels along the fibres compris-
ing trace operators from interior to boundary sections, vertical Poisson operators
taking sections over the boundary dM into the interior, and restricted do and
singular Green’s operators over the interior of M. This vertical ¥»dbo algebra is
denoted

D(Y,U,(ET,E7)) = Wyerep (M, ET, E7).

The algebras A € T(Y, U”(ET, E7)) (see [21]) and Wy, (M, Et, E7) of generalized
1dos are described in more detail in the Appendix.

For a local trivialization of the fibration and of F one may locally identify a vertical
1do A with a single 1do (or »dbo) A, acting on a fixed space and depending on
a local parameter y in Y.

3.1 Families of Dirac-type operators

Let D be a family of Dirac-type operators associated to the fibration 7 : M — Y
of compact manifolds with boundary with vector bundles E* — M, such that in

u 0
Dy,=7T
u (8$n ) ’

where Doy € Wy (OM, Egyr) a family of Dirac-type operators associated to the
boundary fibration of closed manifolds, and T € I'(0M, End (Egy)) is a bundle
isomorphism.

3.1.1 Vertical Poisson and Calderén operators

Let M = M Ugyy (—=M) — Y be the fibration of compact boundaryless manifolds
with fibre the double manifold X, = X, Usx, (—X,). With the product structure
(2.0.5), D extends by the proof for a smgle operator, as in [ ] Chap 9, to an invertible

vertical first-order differential operator D € \Ifl(M EJr E- ), where E@ = E*

and r*Det = D. As indicated in Appendix (A.1) and accounted for in detail

~—1
[ ] there is therefore a smooth family of resolvent ¢dos of order —1 D €

\I/ (ME , E*). Define

vert

D' = D et € Wl (M,E~,E").

vert, b
~~—1 —_ o~
Since DD =1 on I'(M, &), with | the vertical identity operator, and since D is

local
DD;'=1 on I'(M,E™).
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Thus there is a short exact sequence 0 — Ker (D) — I'(M, E*) LS (M,E~) — 0,
where

Ker(D)={seT(M,E") | Ds=0 in M\OM}. (3.1.1)

On the other hand, D" is not a left-inverse but (by an obvious modification of
[24], [23], [7] §12)
D:'D=1-Ky on (M, E"), (3.1.2)

where v is the restriction operator (2.1.3)) and the vertical Poisson operator asso-
ctated to D is
K=D'"yT, (3.1.3)

with v as in (A.2.3). Composing with boundary restriction defines the wvertical
Calderon projection ([8], [24], [25], [7])

P(D):=voK € T(Y, ¥ . (Egy)) := W

vert

(OM, Egnr) (3.1.4)
with range the space of vertical Cauchy data
ran(P (D)) = vKer (D) = {f € I'(OM, Egnr) | f =s, s € Ker(D)}.

This may be formally characterized as the space of sections of the infinite-dimensional
subbundle (D) C H(Esn) with fibre K(D,) = yKer (D,) at y € Y (and, like-
wise, Ker D as the space of sections of the formal subbundle of H(E™) with fibre
Ker D,). However, as with H(Epy) in §2.1) concretely one only works with the
space of sections of (D)

L(Y,K(D)) :={f € D(OM, Esnr) | f =75, s € Ker (D)} =ran(P(D)).

(Note, on the other hand, K(D) is not the space of sections of a subbundle of Eyy;.)

By the fibrewise Unique Continuation property, the restriction v : Ker D — I'(Y, (D))
defines a canonical isomorphism with right-inverse

K :T(Y,K(D)) = Ker (D). (3.1.5)

3.2 Well-posed boundary problems for D

The vertical Calderén projection (3.1.4) provides the reference ¢¥do on boundary
sections with respect to which is defined any vertical well-posed boundary condition

for D.

3.2.1 Smooth families of boundary )do projections

We consider smooth families of vdos on I'(Y, H(Eyps)) which are perturbations of
the Calderén projection of the form

P=P(D)+s €W (OM,Egy), (3.2.1)

vert
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where
S e \I/_Oo(aM, E@M)

vert

is a vertical smoothing operator (smooth family of smoothing operators), cf. Ap-
pendix. From Birman-Solomyak [6], Seeley [25] (see also [7]) (3.2.1) may be re-
placed by the projection onto ran(P) to define an equivalent boundary problem.
So we may assume P? = P and P* = P, where the adjoint is with respect to the
Sobolev completions and vertical inner-product defined by metric on Eyy; and the
choice of vertical density d, v, y@’ € T(OM,| A" T*(OM/Y))).

The family APS projection II. = {IIY | y € Y} is only smooth in y when
dim Ker (Dgyr), is constant [3]. Nevertheless, we refer to (3.2.1]) as a vertical 1do
of APS-type.

The choice of P in (3.2.1) distinguishes the subspace of the space of boundary
sections

L(Y,W) :=ran(P) ={Pf | f € T(OM, Espn)} C T(OM, Egp) =T (Y, H(Eanm)).

(3.2.2)
Here, W is the formal infinite-rank subbundle of H(Ejys) with fibre W, = ran(P,) C
I'(0Xy, (Eanm)y), whose local bundle structure follows from the invertibility of the
operators Py P, : W, — W, for ¢’ near y. Analytically, though, just as with (D),
one works in practise with (3.2.2)).

Given any two choices P,P’ of the form (3.2.1)) one has the smooth family of

Fredholm operators
PoP:T(Y,W) = T(Y, W) (3.2.3)

where I'(OM, W) : = ran(P). We may write this as a section of the formal bundle
Hom(W, W) in so far as we declare the sections of the latter to precisely be the
subspace of Wy (OM, Egpr)

T(Y, Hom(W, W')) := {P' 0 Ao P | A € Uyere(OM, Esns)}. (3.2.4)

Note here that
PPoP e W

vert (8M7 EBM)
is a smooth vertical ©)do on boundary sections. The reference to it as a ‘smooth
family of Fredholm operators’ means additionally that there is smooth vertical ¢)do
on boundary sections

QP,P’ € \I[O (aMa E&M)

vert

such that
Q. o (P'oP) =P+ PSP, S e U 22(OM, Egn), (3.2.5)

vert

and hence that Qp » is a parametrix for (3.2.3)); that is, restricted to T'(Y, W)
(3.2.9) is
(Qop © (P"0P))yy, = by + PSP, (3.2.6)

where l,, denotes the identity on I'(Y,W). Indeed, we may take, for example,
QP,P’ =PoP.
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3.2.2 Vertical APS-type boundary problems

The choice of P in (3.2.1)) additionally distinguishes the subspace of interior sections
on the total space of the fibration (which is not itself the space of sections of some
subbundle of ET)

L(Y,Hp(E")):=Ker (Poy) ={s e '(M,E") |Pys =0} C T'(M,E"): =T(Y,H(E")).
(3.2.7)

We may consider the infinite-dimensional bundle Hp(FE) — Y with fibre at y € Y

the space of C* sections of E™ over X, which lie in Ker (P, o), related to W via

the exact sequence 0 — Hp(E1) — H(ET) =W —o. Concretely, however, one
works in practise with (3.2.7)).

A smooth family of APS-type boundary problems is the restriction of D to the

subspace ((3.2.7)
Dp := D : Ker(Pov)=T(Y,Hp(E")) = (M, E").

Dp restricts over X, to Dp, := (Dy)p, : dom(Dp,) — I'(X,, ) in a local trivial-
ization of the fibration of manifolds, an APS boundary problem in the usual single
operator sense.

The existence of the Poisson operator (3.1.3)) reduces the construction of a vertical
parametrix for Dp to the construction of a parametrix for the operator (3.2.3]) on
boundary sections

S(P) :=Po P(D): I'(Y,K(D)) — I'(Y,W),

since the Poisson operator restricts to a bundle isomorphism between Ker (S(P))
and Ker (Dp), and likewise between the bundles of cokernels. Explicitly, let U C Y
be the open subset of points in Y where S(P) is invertible. That is, relative to any
local trivialization of the geometric fibration M — Y and bundles at y € Y the
Fredholm family S(P) parametrises an operator S,(P,) = P, o P(D,) : K(D,) —
ran(P,) in the usual single operator sense; y € U if S,(P,) is invertible. Over U
we define

K(P) := Ko P(D)S(P) /P : T(m5'(U), Eanr) — L(my ' (U), EY),  (3.2.8)

where w9 : OM — Y is the boundary fibration. Then Green’s theorem for the
vertical densities along the fibres locally refines (3.1.2)) to

(Dp)fUlD =y — K(P)juv : F(ng(U),Eﬂ — F(ng(U),Eﬂ. (3.2.9)
Moreover, if Dp is also invertible over U

(Dp);it = (Dp)i/D(Dpr) ) = Dp! =K(P)juPyDy! = T(w, ' (U), E~) — T(m, ' (U), EY),
(3.2.10)
We note, globally on M, that:
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Proposition 3.1 With the above assumptions the relative inverse is a vertical
smoothing operator

(Dp)it — (Dp)yt € T(U, U2 (Bjrz1(0))-

vert,b

More generally, for a general APS-type vertical 1ydo projection P € WO . (OM, Egyy)

vert

a global parametriz for the smooth family of APS-type boundary problems Dp :
Ker (Po~v) — I'(M, E7) is given by

D' — KQpppy 7Dy € T(Y, U2 (Ej)), (3.2.11)

vert,b

where Qp ppy @5 any parametriz as in (3.2.6) for S(P), for example Qp ppy =
P(D)oP.

Proof. We have P = P(D) + 8, P' = P(D) + 8’ for vertical smoothing operators

S, 8" € W X(OM, Egur).

vert

Hence
P—P ¢ U 2(OM, Ean) (3.2.12)
and

P(1—P') = —PS' € U,2%(M, Epnr) (3.2.13)

vert

are vertical smoothing operator operators. By (3.2.10))
(D)7 =(Dp )} = —K(P)P(Dpr)jy = —K(P)P(1=P")3(Dpr)yy;  over My =7~ (U)

which by (3.2.13) and the composition rules of the tdbo calculus (cf §A.2]) is
smoothing.

The assertion that (3.2.11)) is a parametrix is an obvious slight modification of the
argument leading to (3.2.10)).

4 The Determinant Line Bundle

From Proposition the choice of P restricts D to a family Dp of Fredholm oper-
ators. It also has the consequence that the kernels of the restricted operators no
longer define a vector bundle (formally (3.1.1)) does), rather they define a virtual
bundle IndDp € K(Y). Likewise, from §3.2 S(P) : I'(Y,K((D)) — L(Y, W) is a
smooth Fredholm family defining an element IndS(P) € K(Y). The determinant
line bundles Det Dp and Det S(P) are the top exterior powers of these elements,
at least in K-theory. To make sense of them as smooth complex line bundles we
use the following trivializations, with respect to which the zeta connection will be
constructed.
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4.1 Determinant lines

The determinant of a Fredholm operator T' : H — H' exists abstractly not as
a number but as an element detT" of a complex line DetT. A point of DetT is
an equivalence class [S, A] of pairs (S, \), where S : H — H' differs from T by a
trace-class operator and relative to the equivalence relation (Sq, \) ~ (S, Adetr q)
for ¢ : H — H of Fredholm-determinant class. (A compact operator A : H — H' is
trace-class if 3 cspec(yama) 1l < 00.) Scalar multiplication on Det T"is p1.[S, A] =
[S, uA]. The determinant det T := [T, 1] is non-zero if and only if T is invertible,
and there is a canonical isomorphism

Det T' = N"™Ker T @ A" Cok T..

For Fredholm operators 11,15 : H — H' with T; — T trace class and T5 invertible

det T1

_ -1
Torg, = detr(TT3), (4.1.1)

where the quotient on the left-hand side is taken in DetT" and dety on the right-
hand side in H’.

4.2 The line bundle Det S(P)

For each smooth family of smoothing operators o = {o,} € I'(Y, U X (Eonm)) =
U ot (OM, Egpyy) define

PO’ =P+ PoP € F(K \Ilgert(EaM)) = qjgert(aM7 E@M) <421)
and the open subset of Y

U, ={yeY|S(P,), = (P,+PFPyo,P,)0P(D,): K(D,) — ran(P,) invertible}.
(4.2.2)
Over U, one has the canonical trivialization

U, — DetS(P)y, = | ) DetS(P),, y+> detS(P,), := [(P, o P(D)),, 1],

yeUs

where S(P), := P, o P(D,) : K(D,) — ran(P,). Note that detS(P,), # 0, and
that S(P,), — S(P), is the restriction of a smoothing operator so that

detS(P,), € DetS(P),\{0}.
Over the intersection U, NU, # () the transition function by (4.1.1)) is the function
U,NUy — C*, ydetp (S(Py)y 0 S(Pr), "), (4.2.3)

where the Fredholm determinant is taken on ran(F,) and varies holomorphically
with y.
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4.3 The line bundle Det Dp

The bundle structure of Det Dp is defined by perturbing Dp, to an invertible oper-
ator. It is crucial for the construction of the (-connection to do so by perturbing
the ¢do P,, not D,,.

To do this we mediate the local trivializations of Det Dp through those of Det S(P)
in §4.2
Precisely, the family of vdos P, in (4.2.1)) is of APS-type

P, — P(D) € VU X (OM, Esn), (4.3.1)

vert

defining the vertical boundary problem Dp, : T'(Y,Hp, (ET)) — T(Y,H(E™)).
From §3.2.2|

Uy, :={yeY | (Dp,),: dom((Dp,), — ['(X,, E,) invertible}, (4.3.2)
over which there is the local trivialization

U, — Det DPU\US’ Yy — det((Dpa)y) = [(Dp(’)y7 1] € Det (Dpa)y. (433)

The equivalence of [#.2.2) and (4.3.2) is the identification for any APS-type P €
U0, (OM, Egpr) of the kernel (resp. cokernel) of (D), with that of S(P), defined
by the Poisson operator K,. It follows that there is a canonical isomorphism

Det (Dp), = DetS(P), with det(Dz), «—— det S(P),. (4.3.4)
The local trivialization of Det Dp is then defined through the canonical isomor-
phisms of complex lines applied to (4.3.3))

@34)
Det (Dp,), = DetS(P,), =DetS(P), = Det(Dp),,

where the central equality is from §4.2 By construction the transition functions

for Det Dp are precisely (4.2.3)); that is, as functions of y € U, N U,

det(Dpd)y = detF (S(Pg)y o S(Pgl)y_l) det(D pa,)y in Det (Dp)y. (435)

Thus the bundle structure of Det Dp is constructed using that of Det S(P), as with
all other spectral invariants of Dp owing to the facts in §3.2.2|

With respect to smooth families of boundary conditions P, P’ € WO (OM, Eyy)
Det Dp = Det Dpr @ Det (P o P'),

which may be viewed as a smooth version of the K-theory identity
Ind Dp = Ind Dps + Ind (P o P'). (4.3.6)

These are a consequence of the following general (useful) identifications.
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Theorem 4.1 Let A, : H' — H", Ay : H — H' be smooth (resp. continuous) fam-
ilies of Fredholm operators acting between Fréchet bundles over a compact manifold
Y. Then there is a canonical isomorphism of C™ (resp C°) line bundles

Det A1A2 = Det A1 & Det AQ
with det AjAy «—— det Ay ® det Ay. In K(Y') one has

Ind A1A2 = Ind A1 + Ind A2

For a proof of Theorem [4.1] see [22].

5 Hermitian Structure

The (Quillen) ¢-metric on Det Dp is defined over U, by evaluating it on the non-
vanishing section det Dp,

I det(Dpa)sz = det¢(Ap, )y, (5.0.7)

where the right-side is the (-determinant of the vertical Laplacian boundary prob-
lem for an APS-type ¢do P

Ap=A:=D*D : dom(Ap) — I'(M,E") (5.0.8)

with dom(Ap) = {s € '(M, E*) | Pys =0, P*yDs = 0} and P* := Y (I — P,)Y*
the adjoint vertical boundary condition.

From [20] Thm(4.2) we know that

detr (S(P,);S(P,),)
detp (S(PU/)* S(Pgl)y>

Y

I det(De, ),ll¢ = [det(Dep,,)y ¢,

which is the patching condition with respect to the transition functions (4.3.5]) for
(5.0.7) to define a global metric on the determinant line bundle Det Dp.

6 Connections on Det(Dp)

There are two natural ways to put a connection on the determinant bundle Det Dp.
The first of these is associated to the boundary fibration and its curvature may
be viewed as a relative n-form. The second is the (-function connection and the
object of primary interest here.
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6.1 A connection on Det S(P)

The first connection is defined on Det S(P), which defines a connection on Det Dp
via the isomorphism (by construction) between these line bundles.

The endomorphism bundle End ( H(FEsx,)) whose sections are the boundary vertical
1dos
LY, End (H(Eon))) : = Wien (OM, Egn)

has an induced connection (also denoted VM) from VY on I'(Y,H(Esy)) in

by
VIMA = [VIM A € U (OM, Egyr),
where £ € C*(Y,TY). That is,
(VIMA)f = VI (AS) — AVEM ), f e D(OM, Egyy). (6.1.1)

Let P(D) € W .(OM, Es)r) be the Calderén vertical ¢do projection, and let P €

WO . (OM, Eppr) be any other vertical APS-type boundary condition (3.2.1)). Then
there are induced connections

VW=p.VM.P, vt = P(D)- V™. P(D)
defined on the Frechét bundles W and (D), in the sense that
VY DY, W) :={Ps | s e T(OM, Egr)} — L(Y, W)

with B

ngs = PV?I];/[(PS), se (Y, W),
satisfies the Leibnitz rule, and likewise for V*. We therefore have the induced
connection VX" on the restricted hom-bundle Hom (K (D), W), where, as in (3.2.4)),

['(Y,Hom(K(D),W)) := {PoCoP(D) | Ce WV} . (OM, Egn)},

vert

defined by
(VEVA)s = V¥ (As) — A(VEs), s € T(OM, Esy), A € T(Y, Hom(K, W)).
(6.1.2)
One then has a connection on Det S(P) by setting over U,
Vi) detS(P,) = w*") det S(P,)
where the locally defined 1-form in Q'(U,) is
WPl = Tr (S(P,) VAW S(P,)), (6.1.3)

with I'(Y, W, ) = ran(P,). The trace on the right-side of (6.1.3)) is the usual vertical
trace (along the fibres, as recalled in the Appendix), by construction taken over

I'(Y,K(D)) € I'(0M, Egu).
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Notice, here, that A*lv’f WA will not be a trace class family of 1dos for a general
invertible vertical ¥do A € I'(Y,Hom(IC,W)) C U*_ (OM, Esy). That this is

vert

nevertheless the case when A = S(P), so that the right-side of (6.1.3]) is well
defined, is immediate from (4.3.1)) and (6.1.2)).

The local 1-forms define a global connection with respect to (4.2.3)) by the identity
in QY U, NU,)

de detr (S(P,) 0 S(Por)™) = Tr(S(P,) ' VEM"S(P,))~Tr (S(Py) Ve S(P,)).

which is a standard Fredholm determinant identity d¢ detzC = Tr (C™'V,C) for a
smooth family of Fredholm-determinant class operators y — C(y).

6.1.1 Curvature of V3P

The curvature of the connection VS() on the complex line bundle Det S(P) — Y
is the globally defined 2-form

RIC,W _ (VS(P))Q c QQ(Y)

determined by
Ry = dw®®) e Q(U,). (6.1.4)

Remark. No use is made of the interpretation of W as a ‘Fréchet bundle’. The
2-form RNV is constructed concretely as the vertical trace of a vertical ydo-valued
form on M (cf. Appendiz).

6.1.2 Why R*" is a relative eta form

The APS n-invariant of a single invertible Dirac-type operator 0 over a closed
manifold N is

_ 1 - —-1/2 —t0? _ —s—1Y |mer
n(9) = _2\/%/0 12Ty (9 dt = Tr (9)0] 1),

(Here, the notation Tr(Q(s))|.=, for a family of operators Q(s) depending holo-
morphically on s and of trace-class for Re(s) > 0, means the constant term around
s = 0 (the ‘finite part’) in the Laurent expansion of the meromorphic extension
Tr (Q(s))|™" of the trace of Q(s) from Re(s) > 0 to all of C, assuming this is
defined.)

Equivalently, , ,
n(9) = Tr (12 —112)|0]*)[2% (6.1.5)

is the zeta function quasi-trace of the involution 112 —T12 defined by the order zero
¢do projections 119 = (I 4+ 9]9|7!) and 12 = (I — 9]9|™") = (I12)* onto the
positive and negative spectral subspaces of 0.
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Consider ®do projections P, P’ with P —II. a and P’ — II. smoothing operators.
Since P— P’ is smoothing the relative variant of (6.1.5)) exists without regularization

n(P,P)=Tr (P—-P")—(P'—(P)")).
One then has n(T12,T17") = 1(9) —n(d') for 09—’ a finite-rank do, and the relative
index formula

W) s 0r) im0

which is the pointwise content of (4.3.6). This is the form degree zero in the
boundary Chern character form 7n(P’, P) whose component in Q2*(Y) is up to a
constant the vertical trace

77(P) P/) ok = Tr ((VW)% o (VW’>2k> )

In particular, R*"Y = n(P(D),P) .

6.2 The zeta function connection on Det Dp

The (-connection on Det Dp is defined locally on U, by

VPe det Dp, = wF det Dp, (6.2.1)
with mer
WP = —Tr(AL¢)Dp, V' Dp)) € QNU,), (6.2.2)

where Tr : I'(Y, U ™(E)) = W % (M, E) — C*(Y) is the vertical trace (integral

over the fibres, see Appendix).

The definition of w®Pe has particular features which make it work (and be the
essentially canonical choice). These are as follows.

The operator Dp_ on the right-side of (6.2.2]) means that
(VEDp))s € dom(Dp,), se€T(M,E"). (6.2.3)

Ensuring that ([6.2.3)) holds is the job of the connection VP, which is constructed
in §6.2.1] (this issue is not present in the case of boundaryless manifolds). That is,

Wit = — Tr(App DVTDR)) -

c QY(U,)

while the additional subscript in (6.2.2)) indicates (6.2.3). V" has also to be such
that the local 1-forms ([6.2.2]) patch together to define a global (-connection on
Det Dp.

The regularized trace of DpUVPD,SU1 in (6.2.2)) is defined for any vertical APS do
projection P using the complex power A;‘ED) of the Calderén Laplacian Appy =

DD" (cf.(50.8)).
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This differs from the case of boundaryless manifolds which, recall, works as fol-
lows. Suppose D is a smooth family of Dirac-type operators associated to a fi-
bration 7 : N — Y of compact boundaryless manifolds. Then the determinant
line bundle Det D may be constructed with respect to local charts U = {y €
Y | D + s invertible} with s € U (N, ET, E7) a vertical smoothing operator.
Over Us one has the trivialization y — det(D +s,) € Det (D, +s,) and the (-
connection 1-form is — Tr (A7*(D +5)V(D +s)71)[,, where A, is the Laplacian
of D +s. What makes the patching work in this case is

Tr (A7 = AS)D+)V(D+5) |5, = 0 for s;s' € U X(N,ET, E7).
(6.2.4)
This is easily seen from the precise formulae of [I5]. This might suggest that the

local (-connection form on Det Dp be defined as Tr (A *DVFD, ) " But these
forms do not patch together, because the analogue of the left- hand 81de of (6.2.4)
does not vanish. This one knows from the pole structure of the meromorphic
continuation of the trace to all of C, from [I0, ?, ?,[9, ?] the constant term in the
Laurent expansion at zero depends on P,, P,..

In contrast, the connection forms w®Fe do patch together (Theorem [6.2)).

This carries a certain naturality; the family of vertical APS boundary problems
Dpp) is distinguished by the fact that it is invertible (at all points y € Y),
and thus so is App), providing a global regularizing operator not available in
the case of general family D over boundaryless manifolds. In general, changing
the regularizing family Q(s) of elliptic »dos used to define the connection form
Tr (Q(s)(D +s)V(D +s)~ 1[5, results in additional residue trace terms.

6.2.1 A connection on Hom(H(E~), Hp(E™))

To define a connection on Det Dp requires a connection on the bundle Hom( H(E ™), Hp(E™))
whose sections are the subspace of vertical ¢dbos with range in Ker (P o ) =

dOIIl(Dp)
I (M, Hom( H(E~), Hp(E"))) 1= {A € Upes(M, E~, E¥) | PyAs = 0, s € T(M, E)}.
All that this requires is a natural connection VP on Hp(E"), meaning a connection
VP on I'(Y,H(ET)) = T'(M, E*) which preserves Ker (P o) = dom(Dp). That is,
such that
PyVEs :=PyVE, s =0 for s € [(M,E*) with Pys=0. (6.2.5)
For, then, there is the induced connection (also denoted V*) on Hom( H(E~), Hp(E™"))

Ve : T(M,Hom(H(E™), Hp(E"))) — T'(M,Hom(H(E~), Hp(E™))),

(VEA)s := VE(As) — A(Vs) : = VE (As) — A(Ve,s) (6.2.6)
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where V is the connection (2.2.4) and & € T(Y,TY). We then evidently have
Py(VEA)s =0 for s € (M, E").

This is how VPDp! in (6.2.2) is defined, and why DVPD;'=DpVPD; .

The task, then, is to define the connection V" in ((6.2.5)). The connection (2.2.3)
VM on H(E") does not restrict to a connection on Hp(E™) (except when P is
constant in y € Y as in the example of ), ie. does not hold for V.
We define VP by adding a correction term to VM in an essentially canonical way,
as follows.

First, for an APS-type vertical boundary ¢do P € T(Y, W), (Ean)) : = V0o (M, Epn)
we have its covariant derivative

VeMP € T(Y, Uiey(Bonr)),

where VO is the connection (6.1.1). Let ¢ : [0,00) — R be a smooth function
with ¢(u) =1 for 0 < u < 1/4 and ¢(u) = 0 for u > 3/4. Define

TTL¢ M —- R
with support in the collar neighbourhood U of M by

my(z) = 0, x € M\U,
AT b(u), = (u,z) €U =10,1) x IM.
Then we define
VP = VM 4 my, P(VOMP)y.
Thus for £ € T'(Y,TY) and s € I'(M, E™)

Vis = 62{5 = Ve, s + my P(%?}]IWP)WS (6.2.7)
and the second (endomorphism) term acts by

0, r € M\U,

PPN = { b b @m0 oty er 2

Because of the restriction map v the Leibnitz property does not hold for VP on
['(M,E") as a C*°(M) module. It does hold, however, for I'(M, E™) as a C*(Y')
module ([2.1.2)), which is exactly what we need; that is, for the C*°(Y") multiplica-
tion (2.1.2)

VPf.s =df -s+f-VPs for feC®(Y), scT(Y,Hp(ET)). (6.2.9)

Proposition 6.1 V* defines a connection on Hp(E™). That is, (6.2.5) holds so
that
VET(Y,Hp(ET)) = (Y, Hp(ET)) (6.2.10)

and satisfies the Leibnitz property (6.2.9)).
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Proof The Leibnitz property of the first term (2.2.3) of V¥ is standard:
Vel (f5) = Ve, (fom)s) =&n (fom) s+ (fom)Ve,s =df(€) - s+ [ Vi's

using the Leibnitz property of V for the second equality and the chain rule for the
third. Thus (6.2.9)) is equivalent to the linearity for f € C*°(Y) and s € I'(M, E™)

oP(VIP)(f - 5) = f-mgP(VEY P)ys (6.2.11)

and this holds because f acts as a constant on each fibre X, of M, by definition
(2.1.2). Precisely, we may assume = = (u,z) € U, the expressions being zero

otherwise, and then from (6.2.8))

m P(VE PV (f - s)(u,2) = é(u) PVEYP) (f(m(0,2))5(0,2))
= J(7(0,2))o(u) P(V 8MP)(S( 2))
= f(r(u,2))o(u) P(VEP)(5(0, 2))
= (f-myP(VEP)ys )( 2)

which is (6.2.11)). To see (6.2.5)), we have, applying P o v to (6.2.7)),

PvVEs = PyﬁgHs—i—P(%?MP)(vs)
= PVM(ys) + P(VIMP)(ys), (6.2.12)

using for the second equality. From (|6.1.1])
P(VMP)(h) = P VM (Ph) — PVIMh, h € T(OM, Esy).
So with A = s and the assumption of
P(VZMP)(ys) = =PV (vys),  heT(OM, Epy),
and hence vanishes.

6.2.2 Curvature of VP

The curvature of the connection V¢ on the complex line bundle Det Dp — Y is
the globally defined two form

FDp) = (V7)€ QX(Y)
determined locally by

F:(Dp)p, = dw®P € Q*(U,). (6.2.13)
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Theorem 6.2 The locally defined ¢ 1-forms (6.2.2)) define a connection on the

determinant line bundle Det Dp with curvature

F:(Dp) = F¢(Dpp)) + RM. (6.2.14)

Fe(Dp(py) is canonically exact; precisely
B o= Tr(AppDVIPIDLp) 0% € Q'(Y)
15 a globally defined 1-form and

Fe(Dpip)) = dp.

6.3 Proof of Theorem 6.2

For the patching of the connection forms, the issue is that there are two candidates
for the local connection over U, N U, defined by (6.2.1]). Let [ be a smooth section
of Det Dp over U, N U,,. Then

= fg - det ng = fgl - det Dpa/

for smooth functions f,, f,» : U, N U, — C. The covariant derivative of [ is
therefore
VP (f, - detDp,) = df, - det Dp, + f, - w*P" det Dp,

and also
VP (fpr-detDp ) = df, - det Dp_, + for - w“"" det Dp
and these must coincide. From (|4.3.5))
for =detp (S(Py) 0S(Py)™") fo  on U, NU,.

Hence, using the patching condition for the locally defined connection forms

1S

woPr — WP = (SP) (S on U, NU,.

We will prove a slightly more general statement, which also captures ((6.2.14]). Let
P,P" € W9 (OM, Eyyr) be any two vertical ¢»do APS projections and let U be the

vert

open subset of Y where both (Dp), and (Dg), are invertible. Then

P ¢,P!

— W™ on U (6.3.1)

Here,

WP = ST (A, DeVPDRY| T and WP = Tr(S(P)IVEY S(P)).

s=0
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From (6.1.2), wP(P) = 0 and hence, using (6.1.4) and (6.2.13), (6.3.1)) also proves
globally in Q*(Y'); note that the right-side of (6.1.4) and (6.2.13)) are in-
dependent of the choice of o, i.e. dwSPs = dw'Po = Fe(Dp)v,nv,,, and likewise
for w3(P+)  Clearly, establishing de facto proves the identity for the pertur-
bations of P and P’ on each chart U,, and hence shows globally.

To see ([6.3.1)), since the vertical trace defining the zeta form is taken on I'(M, E~)
(or, rather, L?(M, E~)) we have

mer

7)o (0r - 0n7,)

(6.3.2)

s=0

(Note that
Tr (Apip) PP VDR ") =T (Apip) D VP Dy = Tr (A;frﬂ (DPVPDl;l - DP'VP,D;}))

for large Re(s), and by the uniqueness of continuation this extends to all of C.)

From (13.2.12)) and (6.1.1)

VP — V" =my (P(VOMP) — P/(VOMP)) y € T(V, 0., (E)), (6.3.3)

vert,b

and hence using Proposition

VD! - VPOt = (V9 = V%) D5l + VP (D' = D)) € T(Y, 0., ().
(6.3.4)

Hence

DpV7D;! — Dp V7Dl =D (VD! = VFD,!) € (Y, 0,35, (E))
is also a smooth family of smoothing operators (with C* kernel). It follows that
we may swap the order of the operators inside the trace on the right-side of (6.3.2))
to obtain

R R Py
= T (D (V'3 - vPDp!) A )|
= T (D(VPD5' — V75! ) Al )
= T (D (VD' - V7D, ))
using that A ! is vertically norm continuous for Re(s) > —1 and, in particular,

at s =0, and hence that we may take s down to zero without continuation of the
vertical trace.
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Using (6.3.3)), (6.3.4)) and (3.2.10)) we therefore have

WP — WS = Tr (DVM (K(P)PyD,})) (I)
— Tr (Dmy (P(VPMP) — P/(VPMP')) 4D, ) (I1)
+ Tt (Dmy P(V?MP)P(D)S(P)~'PyD,) (I11)

using the fact that each term is a vertical smoothing operator, as in the proof of
Proposition for terms (I) and (III). We will deal with these terms in reverse
order.

Term (III):

Again, in view of (6.3.3) we may permute the order of operators in the trace to
obtain

Term (I) =  Tr (PyD;'Dm, (VaMP)P(D)S(P)’IP)
=Y T (Py(1 - K(P')y) my P(VPMP)P(D)S(P)'P)
B B2 gy (p( - P’>-1P'>P(vaMP>P<D>S(P>‘1P)
- T (PD ( “IP — S(P)'P) P(VPMP)P(D)),

cycling the operator P(D)S(P)"*P = P(D) o P(D)S(P)~!'P around for the final
equality.

Term (I1):

Since PvD,} PoPy(l — P')DP, is a composition of vertically smoothing and
L?-bounded operators we may cycle the operators in the trace to obtain

Term (II) = — Tr (yDg5'Dmy (P(VPMP) — P/(VOVP))
=)~ T (51 K(P)P') (P(VPP) — P/(VPP)))

= = Tr (P(VPMP) = P(V?MP') — P(D)S(P")"'P' (P(VMP) — P'(VPMP"))) .
Term (I):
From the functoriality of connections on the hom-bundles , ,
VY (K(P)PADR!) : = VM (Ko P(D)S(P)"'PyD/)

= VM(K)o P(D)S(P)"'PyDy" + KV (P(D)S(P)"'PyD;}).

Hence from (|3.1.5))

DV (K(P)PyD;') = DVY(K) o P(D)S(P)~'PyD,/
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and therefore
Term (I) — Tr (DV(K) o P(D)S(P) 'PyD,/')
P(D)S(P)~'PyD,/DV¥(K) P(D))
P(D)S(P)™'Py(I = K(P")P"y)V¥(K) P(D))

€29, E1D P(D)S(P)"'P(I — K(P')P /)VaM( (D))P(D))
)

D)S(P)~" )VaM(P(D))P(D))'

= Tr

|
=
s e e e

(P
P(D)S(P)"'P(I = K(P
= Tr ((P(D)S(P)™'P — P(
Summing the expression for terms (I), (II) and (III),
WP — W& = Tr (P(D)S(P)'P(V?P) P(D) — P(D)S(P)~'P'(V?P") P(D)
+ P(D)S(P)'P(V?P(D)) P(D) — P(D)S(P")'P'(V*P(D)) P(D))
+ Tr (P(VPMP) — P'(VOMP))
From
S(P)~'V&Wr 5(P) = P(D)S(P)'P(V?MP) P(D) + P(D)S(P) 'P(V?" P(D)) P(D)
we are therefore left with
WP — WP = WP P Ty (P(VOMP) — P(VOMPY)).

Since P € ¥

Yot (OM | Egpr) is an indempotent we have

VOMP = vOM(P?) = PV (P) + (VPMP) o P
and hence composing with P on the left that
P(V?MP)oP = 0.
Hence
Tr (P(VMP) — P(VIMP)) = Tr (P(VIMP) o P+ — P/(VPMP') o (P')*)
with P+ = | — P. Writing the operator inside the trace as
PVMP o (P — (P)Y) + (PVPMP — P'VIMP) o (P,

the bracketed vertical {)dos are smoothing and we may cycle the operators through
the trace leaving

Tr (P(VPYP) = P(VHPY)) = Tr (PTPVMPo P — (P)-P/(VP') o (P')") = 0.

O
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Appendix

A Vertical Pseudodifferential Operators

A.1 Families of ©)dos on a closed manifold

A smooth family of ¥dos of constant order p associated to a fibration 7 : N Xy
of compact boundaryless manifolds, with dim(X) = n, with vector bundle £ — N
means a classical 1do
A:T(N,E") - T(N,E")

with Schwartz kernel ka € D'(N x, N, E X E) a vertical distribution, where the
fibre product N x, N consists of pairs (z,2’) € N x N which lie in the same fibre,
i.e. m(x) = m(2’), such that in any local trivialization ka is an oscillatory integral
with wvertical symbol a € St (N/Y') of order v. Here, & is restricted to the vertical
momentum space, along the fibre. We refer to A as a vertical 1)do associated to
the fibration and denote this subalgebra of ¢»dos on N by

T(Y, 0" (E*, E7)) = ¥

vert

(N,E*, E").

Thus in any local trivialization Ny, = Uy X X, over an open subset Uy C Y with
y € Uy, and a trivialization £ = Uy x V,, x RN of E with V,, an open subset of
Xy, a vertical amplitude of constant (in y) order v is an element

a=a(y,z,2,¢) €I (Uy x (V, x V) x R"\{0}, End (R"))
satisfying the estimate on compact subsets K C N
10207,0007a| < Copyspac(1+ €)1

We denote this as a € S¥,,(N/Y). Here, £ may be identified with an element of

the vertical (or fibre) cotangent space T (N/Y). The kernel of A is then locally
written on Uy x V,, as the distribution with singular support along the diagonal

k/_\(y,l',l'/) = / ei(xfa:’).f a(y,:c,x’,f) df

If A has order v < —n this integral is convergent and with respect to a vertical
volume form dy,yx the trace Tr A is the smooth function on Y

(TrA)(y) = /N/Y tr (ka(y, z, ) dyyyx € C(Y), v < —n.

Ifwe St (N/Y) =, % (N/Y) then the kernel is an element

vert

kw € T(N x, N, E* X E)
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and defines a vertical smoothing operator (smooth family of smoothing operators)
W e (Y, U™°(E)).

Any vertical ¢do of order v may be written in the form A = OP(a) + W with
a = a(y, z, §) a vertical symbol and W a vertical smoothing operator. Assuming this
representation, we will consider here only classical vertical 1»dos, meaning that the
symbol has an asymptotic expansion a ~ > ;>0 dj with a; positively homogeneous
in € of degree v —j. The leading symbol ag has an invariant realization as a smooth
section

ap € T(T*(N/Y), " (End (E))) ,

where ¢ : T*(N/Y) — N. If aq is an invertible bundle map then A € T'(Y, ¥(E))
is said to be an elliptic family. If there exists 6 such that ag — A\Z is invertible for
each A € Ry = {re?? | r > 0}, where Z is the identity bundle operator, then A is
elliptic with principal angle 6. In the latter case one has the resolvent family

(A=) eT(Y,U7¥(E))

and the complex powers
A= i/Ag (A—\)"1d\ € T(Y, U™(E)),
2T I

where C is a contour running in along Ry from infinity to a small circle around the
origin, clockwise around the circle, then back out to infinity along Ry, as accounted
for in detail in [2I]. A principal angle, and hence the complex powers, can only
exist if the pointwise index is zero.

For example, if p € SI? (N/Y') is a polynomial of order m € N in ¢ and elliptic,
then the corresponding vertical ¢»do D € T'(Y,¥™(E*, E7)) is a smooth family
of elliptic differential operators of order m. Specifically, this is the case for a
geometric fibration of Riemannian spin manifolds with associated smooth
family of twisted Dirac operators [2], I]. (The space I'(Y, W (E™*, E7)) of vertical
dos between different bundles E¥ is defined by a trivial elaboration of the above.)

A.2 Families of pseudodifferential boundary operators

Let 7 : M — Y be a smooth fibration of compact manifolds with boundary with
vector bundle £ — M and let .

T:M-—=Y
be a smooth fibration of compact boundaryless manifolds with vector bundle E —

M such that L
MCM, E|M:E, and %‘M:ﬂ'
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We consider the following vertical families of pseudodifferential boundary operators
(vertical ¥dbos) as defined in the single operator case by Grubb [9], elaborating
the algebra of Boutet de Monvel. First, one has the truncated, or restricted, 1)dos

A, :T(M,E) —T(M,E), A, =rTAs, (A.2.1)

where

A € \I]vert(j\za E)

is a vertical ¢)do associated to the fibration of closed manifolds, and
vt T(M,E) - T(M,E), et :T(M\OM,E)— T(M,E)

are the ‘brutal’ restriction and extension-by-zero operators. To avoid e or r+
introducing any new singularities A is assumed to be of integer order and to satisfy
the transmission condition at OM , which in local coordinates (x,, w) € U = (0, 1] x
OM in the collar neighbourhood of the boundary of M is the requirement

070¢a;(0,w, —&,,0) = (=1)" 7 190¢a;(0,w, &, 0) for |&] = 1,

where & = (&,, &) relative to (2.2.5)).

More generally, one considers
A, +G:T(M,E) - T(M,FE) (A.2.2)

with G a vertical singular Green’s operator (vertical sgo), which we return to in a
moment.

A wvertical trace operator of order 1 € R and class r € N is an operator from interior
to boundary sections of the form

T:T(M,E) — T'(OM, Esy), T= Z Siv+ T,

0<j<r

where the S; € Wy (0M, Egyr) are vertical 1pdos on the boundary fibration of
closed manifolds, as in , while v;5(z,,, w) = 97 s(0,w) are the restriction maps
to the boundary. The additional term is an operator of the form T' = ~A, for
some restricted ¢do (A.2.1)).

A wvertical Poisson operator of order u € R here will be an operator from boundary
to interior sections of the form

K : D(OM, Egy) — T(M, E), K =r*tBy*C, v :T(M,E) — T(OM, Egy),
(A.2.3)

where B € W 1(M, E) is a family of ¢/dos in the sense of , while C € W (OM, Esp)

is a vertical differential operator on the boundary fibration of order m; however,

m = ( in the following. Note, the restriction map + is here coming from M, rather

than M (same notation).
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To make the composition rules work one includes vertical sgo operators in ({A.2.2))
of order v and class r € N, these have the form

G= ) Kpy+G,

0<j<r

where K; is a vertical Poisson operator of order v — j, and G’ is defined in local co-
ordinates near M by an oscillatory integral on a sgo symbol g satisfying standard
estimates in & [9].

As with closed manifolds, if A+ G in (A.2.2)) has order v < —n and we assume the
order of C in (A.2.3)) is m = 0 then the ‘distribution kernel’ is continuous and the
trace Tr A is the smooth function, or differential form for de Rham valued symbols,
onY

Tr (A+G)(y) = /M/Y karc(y,z,x)dyvr € A(Y), (order(A + G) << 0).

For each of the above classes of 1dbos one considers the subclass of operators
defined by polyhomogeneous symbols, appropriately formulated [9]. We denote
the resulting algebra by

LY, Uy(E)) = Uyen(M, E).
When the kernel is an element
karc €T'(M x, M,E*X E)

then the operator defines a vertical smoothing operator (smooth family of smooth-
ing operators)
A+Gel(Y, ¥ *(FE) = ¥ % (ME).

vert, b

We refer to [9] and references therein for a precise account of the pseudodifferential
boundary operator calculus, which extends to the case of vertical operators in a
way similar to the case for compact boundaryless manifolds [21].
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