ON CHERN-WEIL FORMS ASSOCIATED WITH
SUPERCONNECTIONS

S. PAYCHA AND S. SCOTT

ABSTRACT

We define k-th Chern-Weil forms ¢, () associated to a superconnec-
tion A using (-regularisation methods extended to ¥YDO valued forms.
We show that they are cohomologous in the de Rham cohomology to
tr( A% 7p) involving the projection 7p onto the kernel of the elliptic op-
erator P to which the superconnection A is associated. A transgression
formula shows that the corresponding Chern-Weil cohomology classes
are independent of the scaling of the superconnection. When P is a
differential operator with scalar leading symbol, the k-th Chern-Weil
form corresponds to the regularised k-th derivative at ¢ = 0 of the
Chern character ch(tA) and it has a local description

1
ce(RA) = —g res (A**log(RB*+7p))
P
in terms of the Wodzicki residue extended to YDO -valued forms.

INTRODUCTION

Given a superconnection A adapted to a family of self-adjoint elliptic
VUDOs with odd parity parametrised by a manifold B, the DO valued

form e~ B’ is trace class so that one can define the associated Chern
character [1],[2],[3]

ch(R) :=tr <e_ IA2) (1)

which defines a characteristic class independent of any scaling ¢t — R,
of the super connection. Here, tr is the supertrace associated to the
family of UDOs, which reduces to the usual trace when the grading is
trivial. When the fibre of the manifold fibration over B reduces to a
point, A can then be replaced by an ordinary connection V on a vector

bundle over B with Chern character ch(V) := tr (e‘w). This can be
expressed as a linear combination

dimM
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of the associated Chern-Weil forms ¢ (V) := tr(V?*) of degree 2k.
Conversely, the Chern-Weil forms can be interpreted as the coefficients

of a Taylor expansion of the map ¢ — chy(V) := tr (e‘tv2> at t =0:

Oy chy(V)|i—o = (1) ex(V). (2)

Just as ordinary Chern-Weil forms are traces of the k-th power of the
curvature, we define k-th Chern-Weil forms associated with a super-
connection A as weighted traces:

ce(R) = tr B (A2

of the k-th power of the curvature B?. To do this, we extend weighted
traces [4], [10], [6] to families A, 1) of classical ¥DO valued forms by
setting

tr ®(R) := (B, Q+ mg,,2)|2% = (B, RQ,0)[™ + tr(R7g,), (3)

including weights which are themselves WDO valued forms. Here, 7q,,
is the projection onto the bundle of kernels U,cpKer(Q,) of the zero
degree part Qg of @ (we assume that dim(Ker(Q,)) is constant), while
C(A, P, z)|™" is the mixed degree meromorphic differential form studied
in [15] which extends the holomorphic form Tr (AP~*) from a suitable
half-plane Re(z) >> 0. We show that the forms ¢, () are closed and
that the associated characteristic classes are independent of the scaling
of A. This is equivalent to the fact proved in ([15]) that the zeta forms
C(A? —k) == ¢(A*, A% 0)|™" are exact and independent of scaling;
the (closed) Chern-Weil forms ¢ () differ from these forms by a term
tr(r A* ) involving the projection 7 on the kernel of the operator
R to which the superconnection A is adapted. As a consequence of
the exactness of ((A? —k) we obtain that c,(R) is cohomologous to
tr(m A?* 7). Whenever A is a superconnection associated with a fam-
ily of differential operators of order p, with scalar leading symbol, we
relate them to the Chern character ch(RA) via a formula which mimics
equation (2): for ¢ > 0,

fp—o Of che(B) = (=1)* cr(B), (4)

where fp denotes the finite part (the constant term in the asymptotic
expansion as t — 0+). With the same assumptions, we show that the
following local formula for these weighted Chern forms (see equation

(19)) holds
ce(B) = —QL res(A%* log(M? + 7p)),
p

where the right-side is the residue trace extended these families; this
object would not be defined for general families of WDOs. This equa-
tion generalises formulae obtained in [13] which relate weighted traces
of differential operators to Wodzicki residues extended to logarithms
(see theorem 3) and provides a local expression on the grounds of the
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locality of the Wodzicki residue.
These results are summarised in Theorem 4.

The paper is organised as follows

(1) ¥DO valued forms

(2) Complex powers and logarithms of WDO valued forms

(3) The Wodzicki residue and the canonical trace extended to WDO valued
forms

(4) Holomorphic families of YDO valued forms

(5) Weighted traces of differential operator valued forms

(6) Chern-Weil forms associated with a superconnection

1. YDO VALUED FORMS

In this section we recall the construction of form valued geometric
families of ¥YDOs from [15]. Consider a smooth fibration 7 : M — B
with closed n-dimensional fibre M, := 7~1(b) equipped with a Rie-
mannian metric gyp on the tangent bundle T'(M/B). Let [A;| =
|IA(T*(M/B))| be the line bundle of vertical densities, restricting on
each fibre to the usual bundle of densities |Ay;| along M,. Let £ :=
ET @ £ be a vertical Hermitian Z-graded vector bundle over M and
let m,(€) := m.(ET) @ (E7) be the graded infinite dimensional Fréchet
bundle with fibre C'*° (Mb, & |AMb|%> at b € B, where £ is the Zo-

graded vector bundle over M, obtained by restriction of £. By defini-
tion, a smooth section ¢ of 7, () over B is a smooth section of £ ®|A,]|?

over M, so that 1(b) € C®(M,, £’ ® ]AMb\%) for each b € B. More
generally, the de Rham complex of smooth forms on B with values in
m«(&) is defined by

A(B, .(£)) = € (M, 7" (AT*B) © £ @ |A]?)

with ® the Zs-graded tensor product. Let C?(E) denote the infinite-
dimensional bundle of algebras with fibre C4(E%) = C/¢ (Mb, EP @ |An,| %>.

A section @ € A (B, C{(E)) defines a smooth family of classical WDOs with
differential form coefficients parametrized by B.

Such an operator valued form @ is locally described by a wvertical
symbol

q(z,y,¢) € C* ((UM Xx Unr) X R, 7 (AT*Up) @ RY @ (IRN)*> :

where X is the fibre product, £ may be identified with a vertical vector
in T,(M/B), and Uy, is a local coordinate neighbourhood of M over
which &y,, >~ Uy X IRY is trivialized and IR" inherits the grading of



4 S. PAYCHA AND S. SCOTT

E. With respect to the local trivialisation of m,(€) over Ug = w(Up)
one has

A (U7 W*(5)|UB> ~ A(U) ® C (My,, E™)

with M, = 771(by) relative to a basepoint by € Ug, so that q can be
written locally over Up as a finite sum of terms of the form wy ® qpy,

where wy, € A*(Up) and qp € C* (Ubo x IR"/{0}, RY x (IRN)*) is
a symbol (in the single manifold sense) of form degree zero so that for

all multi-indices «, 3 and each compact subset K C U, the growth
estimate holds

1000007 g (2, y,€)| < Craprc(1+ €)%, (5)

For clarity we will work only with local symbols which are simple,
meaning they have they have the local form Zii%B Wk, ® qy, with just
one term in each form degree, extending by linearity to general sums.
The order of a simple symbol is defined to be the (dim B + 1)-tuple
(G0, "+ , qaimp) With g the order of the symbol qi; for simplicity we
consider the case where q; is constant on B.

In accordance with the splitting of the local symbol into form degree
q = qo] + * - + qpaim ) the operator

1 i(x—y)-
Q) = gy [, [ St vl e

for ¢ with compact support in Uy, splits as Q = Qo) + Qpu + -+ +
Qdim B, Where @ is a simple family of WDOs in so far as locally there is

one component Q) = wp Q) € A <UB, T (8)|UB> in each form degree.

Q) raises form degree by k and Qi (b) : C=(M,, &) — C=(M,, &)
is a pseudodifferential operator in the usual sense acting on sections of
the bundle &, := &y, over the fibre M,,.

The composition of ordinary symbols naturally extends to a compo-
sition of families of vertical symbols defined fibrewise by:

qoq i=wAW ®qoq

where ¢ o ¢’ is the ordinary composition of symbols corresponding to
the ¥DO algebra multiplication

AY(B,U"(&)) x AH(B,U*(E)) — A" (B, T T(E)). (6)

By a standard method the vertical symbol q in (z,y)-form can be
replaced an equivalent (modulo S™*°) symbol in a-form. A (simple)
family of vertical symbols q of order (qq, - , gaimp) is then called clas-
sical if for each k € {0,--- ,dimB} one has qu(z,§) ~ 372, ap (2, §)
with qpg (2, t8) = t%Iqpy ;(z, &) for t > 1, €] > 1. A family of vertical
UDOs Q is called classical if each of its local component simple symbols
is classical.
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Definition 1. A smooth family of vertical ¥DOs @ € A (B,CU(E)) is
elliptic if its form degree zero component Qo) is pointwise (with respect
to the parameter manifold B) elliptic.

In this case () has spectral cut 6 if Qo) admits spectral cut 6. Like-
wise, it is invertible if Q] is invertible. Given that () admits a spectral
cut then it has a well-defined resolvent, which is a sum of simple fam-
ilies of WDOs. Setting Qsq := Q — Qo € A" (B, CU(£)) then there is
an open sector I'y € € — {0} containing the ray Ly such that on any
compact codimension zero submanifold B, of B for large A € T'y one
has in A (B., C¢(€))) using the indempotence of forms on B

@Q-N" = (Qu-X"

dimB

+ 3D (Qu =N (@@ — N7
k=1

k

. (7)

-1

In particular ((Q — )\)71)[0] = (Q[o] — )\)

2. COMPLEX POWERS AND LOGARITHMS OF WDO VALUED FORMS

Here we use the complex powers for DO valued forms introduced
in [15] to define and investigate the properties of the logarithm of a
simple family of invertible admissible elliptic vertical ¥DOs.

Let ) be a smooth family of vertical admissible elliptic invertible
UDOs, the orders (qo, - - , ¢aimp+1) of which fulfill the assumption

qo = ordQje) > 0
and
< q Vk=1 (8)
Under these assumptions one obtains an operator norm estimate in
A(B) as A — oo in Iy
1@ =AD"l = O(A™)

where || ||S‘2/B : A(B,Cl(E)) — A(B) is the vertical Sobolev norm
associated to the vertical metric.
Lemma 1. Let Q) be an admissible elliptic invertible VDOs valued form
on B with spectral cut 6. Then
1
Q"= — A2 (Q — ATt
0 27T CR,G 0
defines a family of YDOs in A(B,Cl(E)) which is a finite sum of
simple WDO families with of holomorphic orders

a(z) = —qo - 2+ a(0)
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where qo = ordQq and the constant term «(0) is determined by the
q; and the form degree. In particular, (Q;Z)[O} = ((Qg)[0]> Z. Here

N, ” is the branch of X% defined by \,* = |\|Fe® Ar9r 9 — 27 <
Arg\ < 0 and where Cryg is a contour as in section 1. When Q)
has non negative leading symbol we can choose 8 = 7 in which case
this complex power is the Mellin transform of the corresponding heat-

operator form:

1 oo
Q= / e 9 dt.
I'(z) Jo
Remark 1. When @ is not invertible, we can apply the Lemma to
Q + mqy which is invertible. Here mq, denote the projection onto the
kernel of Qo).

Proof. Let us fist check the last formula, which is very straightforward.
As for ordinary pseudodifferential operators, we write
Q* = - A7H(Q — M)~ dA

27T CR,Q

i 1 /OO —1 _—tA ) -1
- e ™t ) (Q — ADY dA
27 CR,0 (F<Z) 0 ( )
1 /Oo 0 / i 1
- a2 [ et Q= AD T dA
L(z) Jo 27 Jen, ( )

1 /OO 1
= — dtt* e 9,
F(2> 0

To prove the first part of the lemma, we follow [15]. Let us first as-
sume (8). Following Seeley’s analysis, one can define the complex power
Qy° = 5= fCRG Ay 2 (Q — MXI)7tdX for Re (z) > 0 in the usual way pro-

vided @ satisfies assumption (8). Since ((Q — )\])—1)[0] = (Quo — )\I)_l

it follows that ( G_Z)[(]] = ((Qg)m)_z. The order of (Qe_z)[d] is derived
from the expression of ((Q — Al )_1)[[1}, which from (7) can be rewritten

as

((Q - A)_l)[d} =

dimB

(9)

SEDE YT Qo) W (Qu = A) T Wy (Qu = A)

k=0 p1+-+pr=d
where Wi, = (Q — Q[>0))}p;; & simple family of ¥DOs of pure form
degree p; € {1,...,dim B}. Let a; = ord(Wj,;). This contributes to
(Q;Z) a @ (simple) family of ¥DOs order —qoz — qo k + a1 + - - - + ag.
It follows that the the orders of each simple component of the complex
power is holomorphic with derivative at 0 independent of k.
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Complex powers can be extended to operators which do not satisfy
assumption (8). By (9)

R (Q—-Nyg = (10)
dimB - ;) . . - .
Y B QoA Wi o Qo= A) - Wi 8 (Quoy — A)
k=0

p1+...+p=d
mo+-+mp=m

Since 9\ (Qo) — AI)~* is of order —g(m; + 1), taking m sufficiently
large, we can ensure that

m — l _
105" (@i = AD) ™ l3,2 = 01N ™)
without assumption (8). In this way, regularizing using integration by
parts we may define
1 1

e e T P %/C APTEOR(Q — ADTNA. (1)

The order computation is essentially unchanged. O

Let @ be a smooth family of vertical admissible elliptic invertible
UDOs. The logarithm is also built as in the single operator case by
defining

0

logy @ := &\ . (Qz) -

As in the single operator case the logarithm is not quite a family of
classical YDOs, but the non-logarithmic component is located only in
the form degree zero component:

Lemma 2. Let QQ € A(B,CU(E)) be a family of differential form valued

vertical classical invertible elliptic WDOs with spectral cut 6. Then

(logy Q)[o} = logy Qpo)-

If Q moreover satisfies assumption (8), then

logy @ —logy Qo) € A(B,CU(E)) .

Remark 2. e Since the order of the components of (Q*Z)[d} are
of the form —qz + (0), from Lemma 1, one expects logy Qg
to contain log |§| terms, which would contradict the statement
of Lemma 2. A closer look shows that the terms of the form
|€|~9 that arise in Qg when d > 0 come with a factor of z
and therefore do not yield any log|&| term when differentiated
w.r.to z at z = 0.

o A priori |£| is b € B-dependent, this reflecting the fact that the
decomposition depends on the choice of metric on the fibre M,.
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Proof. We drop the index 6 to simplify notations. First, we show that
(log Q)[o] = log Q)[g). For some integer m chosen large enough, we have
for Re(z) > 0:

1 1
0.7 = — [ log AN #OM(Q — AI) A
© (z—l)~~~(z—m)2i7r/cog Q= A)
and hence
11
] =(-1)"—=— 1 mOT(Q — M)A
%Q()WMWA%MGNQA)M
From (9), the degree d-form part of the resolvent reads:
(Q =Ny
dimB
= Y (DR DY Q= M) T W (Qup = AT Wi (Qop — AN
k=0 |[p.k]|=d
where we have set W := Q¢ = Q — Q). It follows that
log Q[d]
R DFIE T sy k) log AdA
k=0 |p,k]|=d m1+-+mp=m

with the same notations as above. In particular, setting d = k = 0
yields:

1
(log Q) = % /ClogA O (Q — AI) ™™ HdX = log (Qo)) -

It follows that log @ = log (Q() + (10g Q)=

To see that log@ — logQp € A(B,Cl(E)), recall that logQ =
0.Q%|.—o and that for each z the operator )% is represented with re-
spect to local trivializations by a local polyhomogeneous symbol of
mixed differential-form degree

ﬂm@=iL%MWM@MMMﬂNW&MW%

27
(12)
where o is the vertical form-valued symbol product, Cj is a finite closed
key-hole contour enclosing the spectrum of the leading vertical symbol
of (Q — /\)[_0}1 = (P —\)~', and where Op(b[)\]) ~ (Q — A)™', Op(w) ~
W:=Q —P.

The symbol b[\] o (w o b[A)* in (12) is polyhomogeneous, with an
asymptotic expansion into terms of decreasing homogeneity, each of
mixed form degree, in the usual way. In general this is a complicated
expression. Nevertheless, the log-type of log Q) can be inferred just from
the leading symbol (top homogeneity). This is a consequence of the
following simple lemma.
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Lemma 3. q*|.—¢ is the identity vertical symbol I defined by

I[O] - (I,0,0,)

I[p] = O::(0,0,0,...), p>0,
where Iy indicates the component of form degree p, and the sequence
on the right-side are the homogeneous terms.
Proof. This is immediate from (12) since b[A] o (w o b[])" is O(A~2)
for k£ > 0 (general ¥DOs). When k = 0 then the integrand is O(A™1),

and we have the usual situation of form degree zero operators. U

Let g7 (z, ) denote the (mixed-form degree) term in the asymptotic
expansion of Q% of homogeneity w, and let q;,_ (z,&) be the leading
symbol (with maximum homogeneity). Then

1
qi}max(ﬂi, é) = 2_/ Zg(x7 57 A) dA ) (13)
s Co
where

g(#,§,A) = bon[N(z, ) W (2,8) bom[A(2,€) ... Wy (2, ) b [N (, €)
is the ordinary form-valued matrix product (i.e. not a symbol product)
of leading order symbols b_,,[A|(z,£) of P — AI (P of order m > 0),
and w,, the leading WDO -order symbol of W which has maximum ho-
mogeneity v.
Each b_,, has the quasi-homogeneity property for ¢ > 0
b_, [t A(z,t) =t b_,, [N (z,€)
and so
g, 16,17 A) = ¢ g (g €0
Hence making the change of variable A = t™u in (13) we have

Ay, (7, 86) =t LS (2,€). (14)
It follows that g* has an expansion into terms of mixed form degree
qz<x, 5) ~ Z qzzz—mk—‘rku—j ('];7 f) .
=20

. From 3 we therefore have

Dz mmk ki (T, )] z=0 = 0501 (15)

(since from the lemma terms of positive form degree do not contribute).
The final conclusion for log q = 9.q>_, now follows in the usual way
by differentiating

_ . 1
Ut (T, €) = [T Qe (x €]

with respect to z, then evaluating at z = 0 and using (15) to get
logq ~ > .-¢logq; with
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log q(w, €) = mlog €] ;01 + [¢*" ™0, ].—0q" (m é_y ) '

Note, since (0,],—0q®(z,£/|£|) has order zero, that provided ord(P) =
m > ord(W) (assumed) the second term is of order zero (or less). O

Remark 3. A formal argument based on the Campbell-Hausdorff for-
mula provides some intuition why the second part of the lemma holds.
We show here how the Campbell-Hausdorff formula for ordinary WDOs [11]
formally extended to families of vertical WDOs , yields that (log Q)[o] is
a classical vertical WDO . Indeed, the splitting Q = Qo] + Q>0 yields

log@ = log (Qpj + Q=0))
= log [Q[o} (1 + Q@f@po})}

~ log Q) +log(I + Q' Qp0) + > C® <log Qo) log(I + Q[B]lQbO]))

k=2

where C®) (M, N) stands for a linear combination of Lie polynomials
of degree k in M and N given by:
C® (M, N)

= ¢ > (AAM)® (AAN)®* - - - (AdM)* (AdN)** N
=l 48>0, 23:1 o;+B;+1=k
for some coefficients ¢; € IR and where (AdM)M' = [M,M']. Un-
der assumption (8), the operator Q[B]lQ[>O] has a vanishing form degree
zero part and negative orders (Buj, - -+ , Baimp+1)). The logarithm there-
fore coincides with the logarithm on bounded operators and yields an
asymptotic expansion:

J

(~1)-!

log(I + Q| Q) ~ Y .

1

s k
(Qpi @) -
k=

which shows that log(I + Q[B]lQbo}) is a classical vertical YDO . [t
follows that each of the C®) (M, N)’s is also a classical vertical ¥DO .

Indeed, these are built up from iterated brackets of an ordinary (corre-
sponding to the 0-form degree part) logarithmic WDO log Qo and the
classical vertical DO 10g([+Q[B]1Q[>O]). The ordinary symbol analysis
shows that such brackets are classical and hence that log () —log Qo) €
A(B,CU(E)) as claimed in the lemma.

This argument therefore provides a heuristic but maybe more intu-
itiwe explanation of the lemma.
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3. THE WODZICKI RESIDUE AND THE CANONICAL TRACE
EXTENDED TO GEOMETRIC FAMILIES

Both the Wodzicki residue and the cut-off integral defined on ordi-
nary classical symbols extend to smooth families of vertical differential
form valued classical symbols.

Let @ € A(B,¥(£)) be a simple family of YDOs of non-integer
order, so that in each form degree ord(Qp) € R\Z. Then working in
local coordinates Uy, on M where (@ is represented by a smooth family
of symbols o¢(z€) find that the local matrix valued forms

1
G Jp 70

patch together to determine a global section of the bundle 7*(AT*B) ®
End(€) ® |A,| over M; this is proved by an obvious fibrewise version
of the usual existence proof of the Kontsevich Vishik canonical trace.
Taking the fibrewise trace we consequently have an element

TR.(Q) == 1 ]{F*Mtrw(aQ(x,g)) d¢ € C®°(M, 7" (ANT*B) ® |Ax])

(2m)"

which can then be integrated over the fibres to define the canonical
trace for families of non-integer order WDOs, a differential form on the
parameter manifold B, by

TR(Q) = /M L TR(@) € AB).

In the case when each component of () has order less than —n, then
TR(Q) = Tr (Q), the usual fibrewise trace.
In a similar way, for a simple family @ € A(B,¥(£)) of ¥DOs of

any real (or complex) order one has a residue trace density

1
res,(Q) == (27T)”]£ Mtrx(aQ(x,f)_n) dS(€) € C®°(M,n*(ANT*B)®|A,|)
where og(z,§)_, = 23B(0Q(I,§)_n)[k] is the homogeneous part of

the local symbol of homogeneity —n and dS(&) is the sphere measure.
This can then be integrated over the fibres to define the residue trace
for families of arbitrary order YDOs, once more defining a differential
form on the parameter manifold B, by

res(Q) := /M/B res,(Q) € A(B).

Notice that if all the components of () have non-integer YDO order
then res((Q)) vanishes; as in the case of a single operator, the functionals
TR and res are roughly complimentary.

As in the case of a single operator, res : A(B,¥(€)) — A(B) defines
a trace, vanishing on (graded) brackets [Q1, Q2] of families YDOs , while
TR vanishes provided [@1, Q2] has non-integer order components.
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Let us now extend the Wodzicki residue to forms on B with values
in YDOs of logarithmic type.

Let A € A(B,V(E)) be a family of differential operators. Since by
Lemma (2) the operator valued form log, ) — log, Qg is classical and
since res,(Alog Qo))dx defines a global top degree form on M, as A is
a family of differential operators, by the results of [13], so does

res;(Alog Q) = resy(A(log Q —log Qo)) + res,(Alog Qo) -

Hence we may define the differential form, in this case, by

res(Alog Q) = / res,(Alog Q) € A(B).
M/B

The fact that we restrict to differential operators A ensures the in-
dependence of this extended residue on the choice of the metric on
the fibre M, since a change of metric brings in a vertical multiplica-
tion operator, which combined with the vertical differential operator A
modifies the expression by another differential operator, for which the
Wodzicki residue will vanish.

We comment that this is possibly taking place in a Z,-graded con-
text, where the residue density is the super residue density and so
forth.

4. HOLOMORPHIC FAMILIES OF VDO VALUED FORMS

We call a family Q). = ZZ%B <QZ)[k] € A(B,CU(€)) parametrized
by z € W C € holomorphic if in each local trivialization of 7,& over a
neighborhood Ug of b, <(QZ)|UB> o W ® Q.. for some wy, € A(Up)

(K]
we have that z — Q. € Cl(M,, &) is holomorphic family of ¥DOs

parametrised by W in the usual single operator sense [8, 9, 13]. In
particular, the corresponding symbols q, then define a holomorphic
family of symbols in the usual sense.

Definition 2. We call a holomorphic regularisation procedure a map
R which to any A € A((B,CU(E)) associates a holomorphic family
A, € A(B,CL(E)) such that Ay = A and with order a(z) such that
aik](O) # 0 or any k € {0,---,dimB + 1}. Similarly, one defines
holomorphic reqularisation procedures on the level of symbols in such
a way that a regularisation procedure R : A +— A, induces one for the
corresponding symbols.

Let us illustrate these definitions with two examples.

Example 1. (1) For any holomorphic map H such that H(0) = 1,
the map RY . q — H(2)|£|7*q defines a holomorphic requ-
larisation procedure on local classical vertical symbols. For a
certain choice of H it gives back dimensional reqularisation.
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(2) Given a family Q € A(B,CL(E)) of differential form valued
vertical classical invertible elliptic WDQOs with spectral cut 0 such
that @ moreover satisfies assumption (8), the map

RO A AQ,*®

15 a holomorphic regqularisation procedure on wvertical classical
WUDOs called -regularisation.

Theorem 1. (1) For any family z — q, := 23‘)}3“ (qz)[k] (b, x,€)
of classical symbols locally parametrised by b € B and holo-
morphic on an open subset W C C with order z — «a(z) =

(ao)(2), -+, @imB+1](2)) such that z — (a[k](b))/ (2) does not
vanish for any k, then the functions f»T*Mb (qz)[k} (b, x,&)dE are
meromorphic with simple poles in (a[k](b))_l Z) N W. The
pole of the map z JLT*Mb (qz)[k] (b,x,£)d¢ at a point zy in
(o (b)) (Z) N W is expressed in terms of a Wodzicki residue:

1
o i ()
(16)

(2) As.a consequence, given a holomorphic family z — Q, =
2:513“ (Q2)yy at point b on W C C of differential form val-
ued vertical classical VDOs with holomorphic order z — «a(b) =
/
(o) (D) (2), -+, i) (b) (2)) such that z — (apy(b)) (2) does
not vanish for any k € {0,--- ,dimB}, the map z — TR <(Qz(b))[k])
is meromorphic with simple poles in (a[k](b))fl (Z)NW. The
pole of TR <(Qz(b))[k]> at a point zy in (a[k](b))fl (Z) is ex-
pressed in terms of the Wodzicki residue of <(on)[k]> at point
be B:

Res.—, TR ((QZ(b))[k]> = _mres <(Q20(b))[k]> - (17

Proof. The similar result for ordinary classical ¥DOs [8] applied to each
(¢:(b))y, and each (Q. (D)), vields the result. O

Rescsy f (@) (b, )06 = -
T3 M,

On the grounds of this theorem, the holomorphic regularisation R :
A — AQ,” on differential form valued vertical classical WDOs gives rise
to meromorphic maps

2z ((AQ,z) :=TR (A QO_”Z)

with simple poles so that it makes sense to extract the finite part at
z = 0. As a consequence of the above Theorem,we have as in the case
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of ordinary WDOs, the following formula relating the Wodzicki residue
with the complex residue at z =0

res(A) = qo Res,—oTR (A Q_Z) = qo Res.—o TR <A Q@f)

since AQ,* has order o (2) = —qo 2+ ap(0) with gy the order of Q.
Indeed, notice this formula is independent of the choice of Q) apart from

qo = 0rd<Q[o]~

Definition 3. Let Q € A(B,CU(£)) be a family of of differential form
valued vertical classical invertible elliptic WDOs with spectral cut 0 such
that Q) moreover satisfies assumption (8). Provided the dimension of

the kernel ker(Q(b)()) is independent of b, the map b +— (HQ > bualt
from the orthogonal projection onto this kernel is smooth and for any

A€ A(B,CUE)),
tr?(A)

= hm (TR (A (Q + WQ[O]>9Z) ) _ %ResonR (A (Q + 7TQ[0]>0,2) W)

= C(Aa @, 0)|[rz]er + tr (A[k] WQ[O]) )

defines a differential form tr%(A) on B called the Q-weighted trace of
A.

Let us compare these weighted traces to the finite part of heat-
operator regularised traces.
When Qg has non negative leading symbol the operator Ae= @ is
trace-class for positive € and we can write (see e.g. [7]):

tr (A e_EQ) = Z(—e)” / du tr (A e 10<R0) Q0] - e‘“”*lteolQbo] e_””EQ[O])

n>0 An
|k|+2n—1
— 6 (k1) (kn) —eQ
= ZZ |/<:|—|—n—1 r<AQ[>10}"'Q[>0}e [o])7
n>0 |k[>0

where ¢(k) is defined by induction for any mutiindex k = (ky,--- , ky)
by ¢(k1) =1 and

ky 4k 1) (ke ke —1
T R R
For an operator B, the operator B is also defined by induction;
B := B and for any non negative integer i, B/ := [Q[, BY].
The sum over n is finite for each fixed form degree d whereas the sum
over k = (ky,--- ,k,) € IN" is a priori infinite. However, if Qo is as-
sumed to have scalar leading symbol, B has order b+ k(CIO —1) where

b is the order of B and gy the order of Q) and (AQ 0] . Q kn)>[d}

[>0]
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has order a 4+ ngq + |k|(go — 1) where gq is the order of Q. It follows
that for each fixed multiindex £, there are coefficients «;,, jr > 0 and
0 such that

elkl+2n—1 4. (A inlo)} .. in%}) e—eQ[O])

i q0lkl+a0(2n—1)+i; — (a+nag+1k| (a0—1))—dimM,

Z Q€ 90 + B loge
Jk=0

e 40 (2n—1)+ij, —a—ngg+|k|—dimM,

Z Q€ 90 + B loge

Jk=0

so that the fractional powers of € increase with |k|; in the e — 0 limit,
they will not contribute for large enough |k|. Extracting a finite part
when € — 0, we can therefore define for any non negative integer d:

fp._otr (A e’eQ) 2

c(k) elkl+2n=1 (kn) —cOro
= 2o | 3 Gy (AQk Q)

n>0 k>0
Since for ordinary ¥DOs A, Q we have (see e.g. [12])
fp_otr(Ae™9) = tr9(A) + yres(A)

where 7 is the Euler constant, weighted traces coincide with heat-kernel
regularised traces for operators with vanishing residue, so this holds in
particular for differential operators.

[d]

Applying this to each operator (A inlo)] Q[>o]> we get that pro-

vided Qg and A are differential operators for any non negative integer
d, then:
fpe_otr (A e*GQ) = t19(A). (18)

5. WEIGHTED TRACES OF DIFFERENTIAL OPERATOR VALUED
FORMS; LOCALITY

A connection V on €®|AM,|z induces a connection Vo™ on C'¢ (€)
which locally reads VH™ = d + (O, ] if V reads V = d + ©. Applying
Theorem 1 to the holomorphic family Q. = A [V, (Qs + 7, ) ~*] Where
A€ A(B,CUE)) yields:

Theorem 2. Let Q) € A(B,CU(E)) be a differential form on B with
values in vertical classical elliptic VDOs with spectral cut 0 and with

kernel Ker Q(b)g independent of b. Let A € A(B,Cl(E)). Given a
connection V on £ ® |AMb|% then we have the equality of forms:
_ )a—l—l

dtr?(A) = tr9([V, A]) + ( res (A [V, logg(Q + mm)])

q0
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where qq is the order of Qo) and where a is the degree of A as a form.

Proof. For simplicity we assume () is invertible, but the proof extends
to the non invertible case replacing () by @ + g, in the complex
powers. The proof goes as in [4] where ) was a ¥YDO valued 0-form;
indeed we have

dtr?(A) —u?([V, A]) = fp._, (dTR(AQ,”) — TR([V, 4] Q;))
= (=1)*fp,_¢TR (A[V, Q7))

= (—=1)*Res.— (TR (M)>

z
(_1 a+1
- ves (A [V, log, Q)
4q0
where we have applied Theorem 1 to the holomorphic family @, =
A[V,Q,7] to get the last identity using the fact that that the degree
k part of @), has order —qy z + cst. O

Applying Theorem 1 to the holomorphic family Q. = A (Qs+7q, )~

where A € A(B,C{(£)) is such that Ay is a differential operator for
any non negative integer ¢ leads to the a description of the weighted
trace of a differential operator valued differential form in terms of a
Wodzicki residue.
In order to make these notes self-contained, we include the full proof
for DO valued forms although it mimicks the proof derived in [13] in
the case of ordinary WDOs. As in [13] we use the following preliminary
lemma.

Lemma 4. Let A € A(B,CU(E)) be a family of vertical ¥DOs such
that Ap)(b) is a differential operator on M, at any point b € B and for
any non negative integer i. Then, for any x;nM,, for any positive real
number o
z = §]7 o a(x, §)dE
Ty My

15 meromorphic with simple poles and if f.p.,_, denotes its finite part
at z = 0 we have:

0=f o s =tpoy | € oalbn O
T;Mb T:Mb
Proof. The fact that z — f5.., [{]7**0 (b, z,§)d{ defines a meromor-
phic function with simple poles follows from Theorem 1 applied to
o.(b,x,&) = €] *%oa(b,x,§) of order a(2) = —a z + a where « is the

order of A. let us fix a non negative integer <. The symbol of the
differential operator Ap) reads o4, (b,,§) = er:dglm ok(b, x, &) where

for any multiindex k = (k1,- -, kaimas, ), 0x(b, 7, &) = a(b,z)E is posi-
tively homogeneous. Hence, its cut-off integral on the cotangent space
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at ¥ € M, reads (here By (0, R) is the ball of radius R centered at 0
in T;Mb)

f o = topn [ ouy bt
T;Mb *

;. (0.R)
ord Ay

= > b [
k=0 5,2 (0,12)
ord Ay

Sx M,
= 0.
Similarly,
Ehco ] ouy(brlel ae
T M,
OI'dA[Z]
= 3 albo)ipaofleEh
k=0 T3 My
ordA[; R
= > a(ba)fp. (f.p.R_,oo / rk+”zldr) / ¢rag¢
k=0 0 S My,
ordA
— Zak(b,m)f.p.zzo (f.p.RHOORH"_Z)/ ehde
k=0 SiMy
= 0.

The fact that the finite part vanishes in the line before last follows from
the fact that f.p.p_ . R * vanishes for Re(z) sufficiently small, as
the finite part of a meromorphic extension of a function which vanishes
on some half plane. Il

We are now ready to prove the main result of this section:

Theorem 3. Let QQ € A(B,CU(E)) be a differential form on B with
values in vertical classical elliptic WDOs with spectral cut 6 such that
Q moreover satisfies assumption (8) and has kernel Ker Q(b)jg with
constant dimension. Let A € A(B,CU(£)) such that Ay is a differential
operator for any non negative integer i then we have the equality of
forms:

1
trQ(A) = —%fes (A logy(Q + 7TQ[0]>>

where qo is the order of Qo and g, the orthogonal projection onto
the Ker Q[O]-
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Proof. Here again, we prove the result for invertible @); the proof then
extends to the non invertible case replacing @ by ) + g, in the

complex powers. Since (Q; Z) = (Qg)[?)]z has order —qy z with qg the

[0]
order of ()], dropping the subscript 6 to simplify notations, we write
for any b € B

tr?(A) (b

/de]{FMtrm (AQ7)(b,x,€))
= f-P-z=o/M dx ][*M d§ tr, (U(A Q*)(b,x, &) — |§|_QOZU(A)(b,x,§)) +

+ f.p.zzo/ dx][ de¢ €7 *tro(A) (b, x, €)
My, T My

= fpzo/ dxj[ dg tI‘x (O'(A sz>(b7 x’g) _ ‘€|*‘10 ZU(A)(b,%,g)) by Lemma 4
My * My,

— Reszzo/ dx][ e try (0(AQ™?)(b,,§)) — |§|7 b1, (O(A)(b,x,é)).
My T My,

z

ter(AQ*Z)(b,z,E)—KFqO Ztrch(A)(b,x,f)

z

Applying Theorem 1 to o,(b,z,&) :=
then yields for any d € {1,--- ,dimB}

tr9(A) (0

= RCSZ()/ dl‘][ d€ trzgz(b7 T, 5)[’6]
M,y My

o1 trxa(AQ‘z)@,x,é)—!f\‘q”trxa(A)(b,x,f)}
o (aw®) O [/Mb dx/*Mb dg[ & |z—o]

T W |:/]\4b o /*Mb [trao(AQ7)(b2,€) = |f|_qoztrxa(AQ_Z)(b7Q;,g)hzJ [k]

since  ap(2) = ord(o.)w = —qo 2 + ap(0)
and since [tr,o(AQ~ )—|f’7qoztrx0(14>]\ =0

z2=0

1
- —/ | / el (o8Q A)B. 2. €) — a0 log Ele.o(A)4 7, )

(K]

= —% [res (A log Q) (b>][k}
U

6. CHERN-WEIL FORMS ASSOCIATED WITH A SUPERCONNECTION

Definition 4. A super connection [18],[1], [3] on m.E adapted to a
smooth family of formally self-adjoint elliptic WDOs P € A° (B, Cl(€))
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with odd parity is a classical VDO A on A (B, m.E) of odd-parity with
respect to the Zsy-grading such that:

Aw-0)=doAo+(-1)¥wARA(0) VYwe AB),oec A(B,7.E)

and

A[O} =P
where as before, B = S 4P Ry and By - A* (B, 1.€) — AT (B, 1.E).

The curvature of a super connection A is given by B? € A (B, C{(E)) .
Notice that IA[ZO] = P? so that A? is elliptic with spectral cut =

.We know from the previous paragraphs that provided Ker A?(b) 0 =
Ker P(b) is independent of b:

C(A* A? +7p,2) = TR (A*(A®+7p)77)

—mp will denote the orthogonal projection onto the kernel of P—, is a
UDO valued form in A (B, CY¢(E)) so that we can define its finite part:

tr B (A% = (A, B2 4 71p, 2) 7.

Theorem 4. Let N be a super connection on m,.E adapted to a smooth
family of formally self-adjoint elliptic ¥DOs P € A° (B, Ct? (£)) of odd
parity which satisfies assumption (8). Let us further assume that the
kernel Ker B?(b)jg = Ker P(b) is independent of b.

Then for any non negative integer k,

(1) the associated Chern forms
ce(B) = tr ™ (A%)

are closed forms on B which are cohomologous in de Rham
cohomology to tr( A** 1p).

(2) The corresponding Chern-Weil classes are independent of the
scaling of A with fized kernel and we have the following trans-
gression formula

(9tck( At) = di( At)

where

me(B,) = ktr B (Kt Rf(k_1)> - %res (Kt (R + Wp)k_l)
for any smooth one parameter family B, of superconnections
associated with P of order p.
(3) If P has scalar leading symbol and if W\(b) is a differential op-
erator at each point b € B then the Chern-Weil classes relate
to the Chern character by

oo (8ftr (e_t Az)) = (=1DFei(R).
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(4) If \(b) is a differential operator at each point b € B then the
associated Chern forms have a local description in terms of the
Wodzicki residue:

cx(R) = —%res (A log(RB* +7p)) . (19)

Moreover, 1, is also local and we have:

Tk( At>

k : L es (7
_ _2_p res <Kt (K? + 7Tp)k:—l log( IA? + 7TP)> — Z—91"(35 <Bt (A? + 7Tp)k—1> .

Proof. (1) Theorem 2 applied to A = A% and Q = A? with ¢ =
2p yields the closedness. Indeed, using the fact that V = A
commutes with the weight A? in this case, we have:

dir ™ (A%) = ([, 142])—2ires(1w[N’f,logm?ﬂp)])
p

- —Qires (A** B2 log(A® + 7p))
P

1
= —%I'GS(KQk[A2+WP,IOg<K2+Tp)])
= 0

where we have used the fact that res (P [R? log(B* + 7p)]) =0
since P has finite rank combined with the fact that A% + 7p
commutes with log( B? + 7p).

Furthermore, fom [15] we know that (A2, —k) := (A%, B2, 2)|7<
is exact, so that tr B (A%) = (A2 A2 2)|7 + tr( A% 7p) is
cohomologous to tr( A?* 7p).

(2) Applying Theorem 2 to V = 9;,, A = A?* Q := A? with A, a
smooth family of superconnections parametrised by IR associ-
ated with a family P, with constant kernel and corresponding
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projection mp we get

8t0k( Kt) =

tr B (9, B2)
%pres (B7* 9, log( B} + 7p))

k
3 et (Af“‘” (A, 1] 1&\5(’“‘“)
=1

I .
];/ res (ka (A2 +7p) 7R, B] (A? + 7rp)’\> dA
0

k
3 i (Af“‘” (R, ] At?(’f—i))
=1

1t ;
]3/ res (2 + mp)* (B2 + 7p) 77 [y, B (B 4 7)) dA
0

e tr M ([m, ], Af"“*”])
%jres ([Kt, By (A? 4+ 7p)F (B2 4 ﬂp)’lb
kdtr M (At Af(k_1)>

1 - _
gdres (Rt(ﬂf + 7p)* 1)

where we have used the fact that 9, A? = [R,, A,] as well as the
cyclicity of the Wodzicki residue combined with the fact that it
vanishes on finite rank operators (which we used to replace A?
by A} + 7p in the third equality).

First of all, a Volterra type formula for d,e™ B? with A, := Vi A
combined with the cyclicity of the trace yields:

OFch(tB) = (—1)Ftr (AQ’“ et IL\) .

Since weighted traces coincide with the ordinary trace on trace-
class operators and since the operator valued form e~ A? is trace-
class as a consequence of the ellipticity of the self-adjoint oper-
ator P, for any ¢t > 0 we have

fpt:oaftr (€_t IA2) - (_1)k fpt:otr (A% e’ IA2)

= (—1)ktrw(ﬂ2k)
= (—1)fe(B).

Here we have used the fact that the leading symbol of P is scalar

to make sense of the heat-kernel regularised trace fp,_ytr ( N2 et AQ)
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and formula (18) to identify the weighted trace with the heat-
kernel regularised trace since, by assumption, all the operators
involved are differential operators.

(4) Applying Theorem 3 to A = A?* @ := RA? then yields the
local formula for Chern forms anounced in the last part of the
theorem. In that case, 75 is also local and we have

k . .
(B = % res (Ht p2kE log( A7 + 7Tp)>

- %res (IAt (A7 + Wp)kil)

k .
= 3 res (Kt (A7 + 7, log( A7 + 7rp)>

- %res (IAt (A7 + Wp)k’1>

using here again, the fact that the Wodzicki residue vanishes

on finite rank operators in order to replace B? by B? + 7p.
O
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