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Abstract

In this paper we consider the problem of pricing a perpetual American
put option in an exponential regime-switching Lévy model. For the (dense)
class of phase-type jumps and finitely many regimes we derive an explicit
expression for the value function. The solution of the corresponding first
passage problem under a state-dependent level rests on an embedding and a
matrix Wiener-Hopf factorisation for this class of processes.
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1 Introduction

Consider a riskless bond and a stock whose price processes are given by { By, t > 0}
and {S;,t > 0} respectively, where

By = exp (/Ot T(Zs)ds> . S =exp(Xy),  Xo=u, (1)

with r(-) > 0 the instantaneous interest rate, Z a finite state Markov process
and X = {X;,t > 0} a regime-switching phase-type Lévy process (that will be
specified below in Section 2). When X; is a Brownian motion with drift and
r is constant, the model (1) reduces to the classical Black-Scholes model (BS)
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for the price of a risky asset. Although widely used as a benchmark model it is
well documented that the BS model is not flexible enough to accurately model
stock prices and replicate market call prices simultaneously across strikes and
maturities. A substantial literature is devoted to the study of a regime-switching
geometric Brownian motion model, where the parameters u, o, of the BS model
depend on the current state of Z, a finite state Markov process. The process Z
is included to model (perceived) changes in economic factors and their influence
on the stock price. See Guo [14, 15] for further references and background on the
regime-switching model. In the context of option pricing, Guo [13, 14] and Guo
and Zhang [16] obtained closed form solutions of European, perpetual American
put and lookback options for a two-state regime switching Brownian motion; For
the case of N states, Jobert and Rogers [18] considered the perpetual American
put and numerically solved the finite time American put problem.

In a parallel line of research, the geometric Brownian motion is replaced by
an exponential Lévy process, modelling sudden stock price movements by jumps.
Lévy models have been widely studied and models that have been proposed include
the infinite jump activity models, such as the NIG [6], CGMY [10], KoBoL (8]
and hyperbolic processes [11], and the finite activity, jump-diffusion models. In
the latter category, for instance, Kou [21] investigated the pricing of European
and barrier options in the case of double-exponential jumps; Asmussen et al. [4]
considered perpetual American and Russian options under phase-type jumps.

In the present study we consider the model (1) that combines both the im-
portant features of regime-switching and phase-type jumps. This model allows,
at least in principle, for a flexible specification of the jump-distribution, since the
phase-type distributions are dense in the class of all distributions on a half-line
(see [4, Prop. 1]). Under this model, we obtain explicit, analytically tractable
results for the value-function of a perpetual American put and corresponding op-
timal exercise strategy under this model. Rather than by directly solving the
corresponding variational inequality, we achieve this by solving the first-passage
time problem of X; under the level k(Z;), a level k that depends on the current
regime Z;. We note that in Asmussen et al. [4] first passage across a constant level
of a (reflected) two-state regime-switching phase-type Lévy processes was consid-
ered, leaving open the case of a state-dependent level. Here we follow a different
approach from [4] that rests amongst others on new matrix Wiener-Hopf factori-
sation results. These results extend to the setting of regime-switching phase-type
Lévy processes the matrix Wiener-Hopf factorisation approach developed by Lon-
don et al. [22] and Rogers [25]. On a final note we mention that the knowledge
of the first-passage time distribution allows for the analytical valuation of many
quantities of interest in financial applications, such as barrier-type constracts,
credit risky contracts in a structural model and ruin probabilities of insurance
companies (see also the Example in Section 4), where dependence of the barrier
on the regime may naturally occur.

The rest of the paper is organised as follows. Section 2 sets notations and
describes the problem setting. The solution to the first passage problem under a



state-dependent level is developed in Sections 3, 4 and 6. The perpetual American
put problem is solved in 2.2, with an explicit example worked out in Section 7.
Proofs that are not give in the text are deferred to the Appendix.

2 Problem formulation

2.1 Setting

Denote by Z = {Z;,t > 0} a continuous time irreducible Markov process with finite
state space £ = {1,..., N} and intensity-matrix G, and let X = {X;,¢ > 0} be
a regime-switching jump-diffusion given by

t
Xt:m+/0 w(Z )ds+/ ) AW +ZZAJ ($)Lar (9)#0,2.=i}>  (2)
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where € R, p,0 are real-valued functions that map E° with o(-) > 0, W =
{Wy,t > 0} is a Wiener process and J; are independent compound Poisson pro-
cesses with jumps arriving at rate A. The processes X and Z are defined on a
filtered probability space (2, F, {F; }+>0,P), where {F; }+>¢ is the completed filtra-
tion generated by (X, Z).

The jumps of the compound Poisson processes J; are assumed to be distributed
according to the probability density function f; = fpi,oﬁL T+ or T that is a compo-
sition of phase-type densities. More precisely, with 1, aeriotilng 'a n-column vector
of ones, @ € R™ and 3 € R™ being probability column vectors and T' € R™*"™ and
U € R™ ™ being generator matrices such that ¢t = (=7')1,, and u = (-=U)1,, are
not equal to the zero vector, f = f, o 1,3, reads as

pa’el™t ifz >0

Tparsu(e) = {q Ble Uy ifz <0

with ¢ =1 — p and ’ denoting transposition. Notice that the positive jumps of J;

arrive at rate AT = p;\ and are distributed according to a phase-type distribution

PH(aZT",T;'). A similar observation can be made for the negative jumps. See

Neuts [23] and Asmussen [1] for further background on phase-type distributions.
Given a map k : E° — R, the first-passage time problem for X; under k(Z;)

consists in finding the function v given by

v(x, i) = vpi(@, i) = Egle” TN R(Z7), (3)
where E, ;[-| = E[-|Xo =, Zy =], Rr = fo s)ds and T is defined as follows:
T=T(k)=inf{t >0: X; < k(Z)}. (4)

Here a and h map E° to R, and @ and b are assumed to be such that vy, 1, 1s finite.



2.2 Perpetual American put

Let the bond and risky asset price processes be given as in (1) with X; as in
(2) such that E[Si] < oo. Without loss of generality we can assume that this
specification is already under a pricing measure P* and we will write P = P*.! In
particular, the following restriction holds for the parameters of X (see also [4, Sec.
2)):

o%(i)

)+ MED) - ) =) ie B, 5)

where R
Fi(s) = picj(=sI = T) " "ti + qi3i(s] — U;) " 'uy

denotes the moment-generating function of f;, the pdf of the jump-sizes of X in
state 7.

In this setting we consider a perpetual American put with strike K > 0, a
contract that gives its holder the right to exercise it at any moment ¢ and receive
the payment K — S;. By standard theory of pricing American style options [7, 19]
it follows that, if Sp = s = e* and Zy = i, an arbitrage free-price for this contract
is given by

Wi(s,i)= sup Eg; e Jo T(ZS)dS(K — X, (6)
T7€70,00
where 4 = max{u, 0}, 7 o denotes the set of {F; };>o-measurable finite stopping
times, and X, is given by (2) with X¢ = x. Guo & Zhang [16] and Jobert & Rogers
[18] have shown that, if X is a regime switching Brownian motion, then an optimal
stopping time in (6) is equal to

T(k*) = inf {t > 0: X, < k*(Z)}, (7)

for some map (or vector) k* : E® — R. If X is a regime-switching Lévy process
then the optimal stopping time will still be of the form (7). Indeed, since (X, Z)
is a Markov process the general theory of optimal stopping [26] implies that an
optimal stopping time 7* in (6) is given by

™ =inf{t > 0: W*(Sy, Z;) < (K — Sp) "}

This stopping time reduces to the first passage time of the form (7) since s —
W (s,i) is a positive convex decreasing function that dominates (K — s)* (by
definition of W (s, 7)) and that satisfies W (0,7) = K. The former follows observing
that s — (K —seX™=X0)¥ is convex and decreasing and that taking the expectation
and the supremum over all stopping times preserves these properties.

!The market consisting of a risk free bond and a risky asset with price processes as specified
in (1) is arbitrage-free if E[S1] < oco. Indeed, in the Appendix a probability measure P* of
Cramér-Esscher type is constructed that is equivalent to P and under which the process By 'S;
is a martingale. It is shown that under this measure, X is still of the form (2) but with changed
parameters. For background on Markov additive processes see also Asmussen [3].



Theorem 1 The value function in (6) is given by W (s,i) = Vi=(s,) where
Vi(s,1) = Kvg(z,i) — vy p(w,i) i€ E%s=¢e", (8)
with the optimal stopping time given by (7) where k* = (k¥,...,ky) satisfies

lim V}/(e%,j) = —e®  j e E°. (9)
xlk;

2.3 First passage

To circumvent overshoot calculations, the first step in the solution of (3) is the
observation, earlier made in [3, 4], that the phase-type distribution of the jumps en-
ables one to give an explicit pathwise construction of a related continuous Markov
additive process A, called the fluid embedding of X — see Figure 1. Section 3 is
devoted to the specification of form of the fluid embedding for processes X of the
form (2).

The first passage problem (3) is thus reduced to a first hitting time problem
for a Markov additive process which can be solved by characterising the laws of
corresponding up- and down-crossing ladder processes — see Figure 2. London et
al. [22] developed matrix Wiener-Hopf factorisation results for fluctuating additive
processes. Rogers [25] gave elegant martingale proofs for these factorisation results
and considered Brownian perturbations. Extending [22, 25] to our setting, we solve
the matrix Wiener-Hopf factorisation for the embedding A, in Section 4.

Figure 3 illustrates the different ways in which first passage in (3) can occur.
The next step, in Section 5, is to use the Wiener-Hopf factorisation to calculate
the distribution at the first moment of leaving a finite interval or a regime-switch,
whichever comes earlier. We combine the foregoing results and present the solution
to (3) in Section 6.

3 Fluid Embedding

In this section we will give a precise description of the embedding of X, as illus-
trated in Figure 1. To that end, let Y be an irreducible continuous time Markov
process with finite state space E'U 0, where 0 is an absorbing (graveyard) state,
and denote by A = {A;,t > 0} the Markov additive process given by

t t
A = Ag +/ s(Ys)dWs + / m(Ys)ds, (10)
0 0

where s and m are maps from EUJ to R with s(9) = m(9) = 0. The process A is
the fluid-embedding of X if the generator of Y restricted to F equal to Q¢ where,
in block notation,

G-D, At A~
Qo = tt Tt O |. (11)
i~ O T



Figure 1: Shown is a sample path of X until the first time 7~ that X enters
(—o00,k). The process A has no positive jumps and always hits a level at first
passage.

Here D, is an N x N diagonal matrix with (D,); = A; + a;, O are zero matrices
of appropriate sizes and, again in block-notation,

+ 41 + +

AT g 17 3]

A:I: — .. T:I: —
+ 4 + +

ANON Ty 5%

From the form of @, we see that E can be partitioned as £ = E° U Et U E~
where EY is the state-space inherited from Z and E*/E~ are the states in which
A is a linear drift of slope +1 or —1 that originate from the positive and negative
jumps respectively of X. Correspondingly, m and s are specified by s(j) = o; and
m(j) = pj, for j € EY and s(j) = 0 for all other states and m(j) is +1 or —1
according to whether j € E* or j € E~.

Write Ty(t) = fg 1(y,epoyds for the time before ¢ spent by Y in E° and set

T=T(k)=inf{t >0: A; <k(Y;),Y; € E°}.

Since A can be constructed by the path-transformation of X illustrated in Figure
1, the processes (A,Y) and (X, Z) can be related to each other via the time-change
Ty. More precisely, it holds that (A o To_l, Z o To_l) and (X, Z) are equal in law.
This implies in particular that the triples (TO(T),AT,YT) and (T, Xp, Zr) are
equal in distribution. From the construction it also follows that replacing Qg by
the generator @, for some E%-vector ¢ with non-negative coordinates corresponds
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Figure 2: Pictured is a stylised sample path of the process A. The dashed vertical
lines denote the jump times of Y. The horizontal dotted lines indicate the jump
times of the associated Markov process Y .

to discounting (or ‘killing’) at rate a(i) when Y; = i:
O (@,3) = By [ 470 (V) Lo (12)

where Y now evolves according to the generator Q, and E; ,[-] = E[:|Yy =14, Ag =
x]. Further, I, is the indicator of the set A,

(=inf{t>0:Y; ¢ E} (13)

(with inf ) = 00) and h : E — R is given by h(j) = h(i) for j € E; := {iJUE;'UE; .

4 Matrix Wiener-Hopf factorisation

A classical approach [20, 22] to solve the first passage problem of the Markov
process (A,Y') across a constant level rests on a characterisation of the up-crossing
and downcrossing ladder processes }7+, Y~ of (A,Y). These are defined as the
processes that observe Y only when A is at its maximum and at its minimum
respectively, that is,

YP=Y() and Y =Y(), (14)



where
mF =inf{s > 0: A; >t} and 7, =inf{s >0:As; <t}

It is easily verified that the ladder processes Y+ and Y~ are again Markov pro-
cesses with state spaces E° U ET and E° U E~ respectively. We will characterise
in this section the generators Q} and @, of Yt and Y~ along with the initial
distributions 0™, defined by

77+(Za.]) = ]pi,(] |:i70+ = j’ T(;r < C] (15)

fori € E=,j € EYUE®, and n~ defined as n* with + and — interchanged. Note
that, if Yo =i € £, initially the paths of A are decreasing and 1t (4, ) equals the
distribution of Y at the end of the negative excursion of A away from Ay.

Denote by Q(n) the set of irreducible n x n generator matrices (generator
matrices have non-negative off-diagonal elements, and non-positive row-sums) and
write P(n, m) for the set of n X m matrices whose rows are sub-probability vectors.
Let V and ¥ denote the |E| x |E| diagonal matrices given by diag(m(i)) and
diag(s(7)), respectively. The matrix @, is called recurrent if its rows sum up to
zero, Qa1 = 0 ; otherwise it is called transient. By considering the process A
at the subsequent times it visits a certain state, » € F say, and noting that this
defines a random walk, we note that in the recurrent case either sup;~y A = oo
or limy_,o, Ay = —00, Py -a.s. -

Write N, N* and N~ for the number of elements of E°, ET and E—, respec-
tively and let N = N + N* and Ny =N+N".

Definition. Let G* [resp. G~] and C* [resp C~] be elements of Q(N;") [resp.
Q(N; )] and of P(N—, Ny") [resp. P(NT,N;)]. A quadruple (C+,GT,C~,G™)
is called a Wiener-Hopf factorization of (Y, A) if

E(-GT,WH) =0 and EG ,W7)=0 (16)
where, for matrices W with |E| rows,

1
ES, W) ==2WS?+ VWS + QW 17
2

and W and W™ are given in obvious block notation by

It O Cc-
wWr=| 0 I w-=\|1 O |, (18)
ct O I

where I, IT and I~ are identity matrices of sizes N x N, NT x NT and N~ x N~
respectively and O denotes a zero matrix of the appropriate size.



Theorem 2 (i) The quadruple (n,Q%",n~,Q~) is a Wiener-Hopf factorization
of (Y, A).

(ii) The Wiener-Hopf factorisation (n™, Q% ,n~, Q™) is unique if Q is transient
or if Q is recurrent A oscillates (that is, sup, Ay = —inf; Ay = 00).

(iii) If Q is recurrent and limy ..o Ay = —o0, there are precisely two Wiener-
Hopf factorisations of (Y, A) given by (n*,Q",n~,Q~) and

(" (I —1p) + p, QT (I — 1p),n,Q7),

where 1 is the left eigenvector of QT corresponding to its largest eigenvalue, nor-
malised so that pl = 1.

Proof of Theorem 2 For £ € R let ®* = <I>zIE be given by the matrices
Of (@) = Wrexp(@F(—2) 07 (@) =W exp@ (w—0).  (19)

where W is given by (18) with C* = n* [resp. W™ is given by (18) with

C~ =n~]. The proof rests on the martingale property of M;” = f+(YMTZ+,AMTZ+)
and M, = f,(Yt/\TZ_,AMTZ_) where
fr(i,2) = @ (0)h  f_(i,x) = i@ (2)I, (20)

where h, i/ are NJ and IV; column vectors, respectively. Here, and in the sequel,
e; denotes a (column) vector of appropriate size with e;(j) = 1 if j = i and
zero else. To verify that M, is a martingale, observe first that, since Y is a
Markov process with generator QT = QF and initial distribution n* defined by

(15), Markov chain theory implies that for x < ¢

Ei, [h (ff;) I(T;q)] = &|d" (2)h. (21)

The martingale property of My then follows from (20) — (21) as a consequence
of the Markov property of (Y, A). An application of It6’s lemma shows that
f=(f+(i,u),i € E) satisfies for u < ¢

38(0)2f" (i, w) +m(i) f'(i,u) + Z qij (f (,u) = f(i,u)) =0, (22)

where f/ and f” denote the first and second derivatives of f with respect to u
respectively. Substituting the expression (19) — (20) into equation (22) we find
(since h was arbitrary) that Q" and 5t satisfy the first set of equations of the
system (16). The proof for @~ and n~ is analogous and omitted. The proofs of
Theorem 2 (ii)—(iii) are deferred to the Appendix. O

Example (Ruin probability) Let X; in (2) with x > 0 be the surplus of an
insurance company. Note that, for ¢ = 0, N = 1, and in the absence of pos-
itive jumps, (2) reduces to the classical Cramér-Lundberg model. Denote by



p=inf{t > 0: X; < 0} the ruin time of X. Above results imply that, under the
model (2) the probability that the company will get ruined in regime ¢ € E° is
given by
Py i(p < 00,2, = £) = €% () [y,

where fi(j) = 1if j € Ey:= {{} UE, UE, and zero else and @, is given by (19)
with Q= = Q. More generally, for a penalty function © = 7(z, z), depending on
the size of the undershoot = at ruin and the regime z in which ruin takes place,
the Gerber-Shiu [12] expected discounted penalty function reads as

Eoile™ (X, Z,)] = €@ (2)g,

where, R, = [} a(Zs)ds, g is the N~ -vector with g(¢) = EO[[T((ATO*I(p),YTofl(p))]
and @, is given by (19) with @~ = @, . Taking note of the fact that, under
Py ¢, the time till Y enters E° follows a phase-type distribution with pdf p(s) =
epesTmt, g reads as
3(0) = {W(O,K) for £ € E°
Jo° m(—s,m)epesTmt, ds for L € Ey,

5 First exit from a finite interval

The two-sided exit problem for A from the interval [k, ] for —co < k < £ < +o0 is
to find the distribution of the position of (A, Y) at the first exit time 7 = 73,y =
inf{t > 0: A; ¢ [k,{]}. By considering appropriate linear combinations of the
martingales M ™, M~ the two-sided exit problem can be solved explicitly in terms
of (n™,Q%,n~,Q). To that end, set ZT, Z~, in block notation, equal to

gt _ ( O +Io )erL(ﬁ—k)’ 7= — ( In_O )eQ(z—k)_
n 0

and define the matrices

U(z) = (W+eQ+(’f*f>—W*eQ‘<l“ ’fZ*) (I-z 297", (23
U (z) = (W—eQ’W—’“) WteQt (t=2) z- ) — 7tz (24
V(s ) = (eﬂf — et (2) Tt - esqu(x)r) [—K(s)] 7Y, (25)

where [ is an identity matrix, W= are defined as in (18) with C* = 5t and
C~ =7~ [resp. JT as the transpose of (18) with CT replaced by zero matrices]
and

1
K(s) = 52232 + Vs + Q.. (26)

We will write ¥7,/U, /¥ , if we wish to clarify the dependence on k and .
The complete solution of the two-sided exit problem reads as follows:

10



Proposition 1 Assume that s(i)2b?/2+m(i)b < —q;; for alli € E. Let h* h~ hl
be functions that map E° U ET, E° U E~ and E to R, respectively. Then, for
x € [k, 0] and i € E, it holds that

Ei,m[h+ (YT)I(AT:AT<C)] = 6;‘1’+($)h+, (27)
Ei,m[hi (YT)I(AT:k,T<C)] = e;\lli(x)hia (28)
Ei o[ hI (Ve )car)] = €0°(b,2)Ay1qa, (29)

where q, = (—Qq)1, C is defined by (13) and A+ is the diagonal matriz with
elements hi(j).

Proof Define g4 and g_ by the right-hand side of (27) and (28) respectively. It is
straightforward to verify from the (23) — (24) that for x = k and x = ¢ it holds
that

gi(i,k) = Oforic E-UE", 9. (i,0) = bt (i) for i € ET U E°

g_(i,k) = h (i) foriec E-UE", g_(i,0) =0 fori € ETUE°.
In view of these boundary conditions and the fact that any linear combination of
M™ and M~ defined in the line just above (20), is a bounded martingale, Doob’s
optional stopping theorem yields that

g+ (i’ x) = Ei,m[ng(YT’ AT)I(T<C)] = Ei,x[h+(YT)I(AT=Z,T<C)]
where 7 = 75, 0. Similarly, it follows that g_(i,2) = E;.[h™ (Y7)I(a,=kr<c)]- To
prove the third identity consider the map h* : E — R given by
W (i) = Eiple**e A (Yo ).

By conditioning on the first jump epoch £ of Y it follows that

W) = Boy[e] _‘%h*(z‘) + Y %h*(j)
" jep\iy ™
B Wi (i) gio + > 5. 4ish* (7)
5(1)252/2 +m(i)s + qii
where g;;[qio] denotes the intensity of a transition ¢ — j [i — 0]. After reordering

and writing the above expression in matrix form it follows that K (s)h* = A1 Q41
so that

W = [=K(s)] 7 At (~Qa)1. (30)
In view of the strong Markov property and (27) — (28), it follows that
Eix [ Tccr)] = Bigle®™] —Eig [ I(eor)]

e h* (’L) — Ei,:}: [GSATI(T<<)h* (YT)]
_ e; (esxh* o GSk‘\I/*(x)th* _ GSZ\I/+($)J+}L*) )

By inserting (30) into the above equation, the result then follows in view of the
definition (25). O

11



Figure 3: First passage under the level (kg, k1) takes place while Y € EY and can
take place in two ways: if A hits the level k; while Y = ¢, i = 1,2 (illustrated in
(a) and (b)) or by a jump of Y (illustrated in (a), (b) and (c)). The path of A
has a different line style according to the state of Y.

6 First passage under state-dependent levels

By combining the ingredients from the previous sections the first-passage function
n (12) of A; under k(Y;) can be explicitly expresesed in terms of the matrix
Wiener-Hopf factorisation. For simplicity we assume that the levels are ordered
as k1 > ko > ... > ky (the general case of possibly equal levels follows by a
similar reasoning). In Figure 3 the different ways are illustrated in which first
passage across a state-dependent level can occur. Recall that in the problem (12)
first-passage can only occur when Y is in £9 (and not when Y is in the ‘embedded
jump states’) As a consequence, if A, lies inside the interval [k;, kj_1], we observe
that first passage of k before A exits the interval may occur in either of two ways,
whichever happens earlier: Y jumps into a state {1,...,j—1} or A hits the level k;
while Y is in state j. For that reason in the derivation of the first passage function
for starting values of A between k; and k;_;, we shall make use of the Markov
process Y ) that is the restriction of Y to Ej = FE\ Uf;ll E; (with YY) = Y). Here
E;={i}u EZ+ U E; denotes the state-space corresponding to the ith regime of X
with embedded jumps. Let Q(;) be the corresponding restriction of ), and define

¢\ as the matrix of exit rates from E;, so that (), can be partitioned in block

notation as
Q < RV > | =2 N
a — ] j = Ly ey I
@ Q)

for some matrix RY). By using the strong Markov property and results from
Proposition 1 and Theorem 2, the value of vy ;(x,7) can be expressed in terms of
the unknowns vy 1, (k;, ). For these unknowns a system of equations can be derived
by invoking smoothness and continuity properties of vy 3, above the barrier £.

12



Denote, for some constants C;(¢), D;(£), the vectors h;, h;r :E; = R by

(j=2,....,N) (31

o {cjl(e) if ¢ € EO\{1,...,j—1}
Dj_1(¢) else

ki ifl =3
hy(6) = C;(0) if e EO\{1,...,5} (j=1,...,N), (32)
D;(l) else

and set h;r» = (h(£),l € E]) We shall write \IJ;'/\II]_/\I/; as shorthand for \Ij?;cj,kj,l)/
\Ilacj,kj,l)/q/(()kj,kj,l)’ respectively and denote f(z+) and f(x—) the left- and right-

limit of the function f at x. The following characteristation of v holds true:

Theorem 3 Assume that s(i)*6*/2 + m(i)b < —q;; for all i € E. The function
v =y in (12) is given by

e;® (x)hy if © > ki

(33)

J

k:j <z < k‘j,1

where @~ = @, and ki, ko are specified by (31) - (32) where C;(£) and D;(¢)

VA
satisfy the system of equations,

U/(k]+,£) = Ul(kj_ag) ee EO\{17'--7j}7 (34)
v(ki+,0) = v(kj—0) (€ B\[E'UE;], (35)
(Dj(0),e€ By) = (I -T7) ', (36)
where j =1,...,N —1 and’ denotes differentation with respect to x.

7 A worked Example

To illustrate the application of Theorem 1 we will below explicitly calculate the
value function of the American put in a particular model. Suppose that Z is a
Markov chain with state space E® = {1,2} and transition matrix

G = < —q1 q1 )
Q2 —q2
and that X evolves as a Brownian motion with drift when Z is in state 1, uit +

o1Wy, and as the jump-diffusion pst 4+ coW; — J; when Z is in state 2, with
J a compound Poisson process with intensity rate A and exp(a) jumps. Then

13



the embedding of (X, Z) has state space E = {1,2,2*}, say, with corresponding
transition matrix

—q1—T q1 0
Q = Qr = qo —Qqo —T9 — )\ )\ . (37)
0 Q -«

We consider the stopping time T'(k}, k3) for three different configurations of the
optimal levels: kY < k3, ki = k% and k] > k3. For x > max{k],k5} the value
function of the put is determined by the generator matrix ), of the corresponding
down-crossing ladder process, which we determine by invoking the matrix Wiener-
Hopf factorisation results from Section 4. Noting that ET = @ and E~ = {2*} it
follows that ()~ = @), satisfies

1
SXAQTH+VQT+Q =0 (38)
where
op 0 0 pnr O 0
X=10 o9 0 V=10 pu 0
0 0 0 0 0 -1

If 5(0) denotes a right-eigenvector of @), corresponding to eigenvalue 6 it follows
by right-multiplying (38) with 8(f) that the matrix K(0) := 33262 + V6 + Q,
is singular and K (6)5(6) = 0. It is a matter of algebra to verify that 6 satisfies
g(0) = 0 where

9(0) = F1(0)((a + 0)F2(0) — A0) — qug2(a + 0) (39)
with 1
Fj(0) = 5030° + it — g5 =75, j=1,2. (40)
The following result lists the properties of the roots of g(#) = 0:

Lemma 1 Suppose that r1,79 > 0. Then g(0) has five different real roots which
satisfy the distribution characteristics 61 < 05 < 03 < 0 < 04 < 05. As a conse-
quence, Q~ = @, has three distinct eigenvalues 01, 62 and 05.

Since eigenvectors [3[0;] corresponding to the different eigenvalues 6;, i = 1,2, 3,
are linearly independent, the matrix ()~ explicitly reads as

1

Q= (0u8601) 05002 Bs8(6:)) (Bl60) Bl Bl (a)
1. Case k =k} = k3. For x > k, the value function of the American put
reads as
K — ¢k
W(e®, i) =ee? @ MHE) with HE) = K- |,
K — eko%rl

14



where Q™ is given in (41) and k solves
—eF=elQ H() i=1,2

2. Case k3 > kj. To deal with the case that k] < x < k3 and Z = 1,
we note that, if the process Z is restricted to state 1, X is equal to a Brownian
motion with drift, pit+ o1 By, killed at rate g; +r1. The generator matrices of this
restriction of Z and the corresponding ladder processes, denoted by Q, —Q%,Q,
reduce in this case to scalars given by Q = (—¢q; — 71) and the positive resp.
negative root of the equation

L,

501332 + pwpxr —q —ry =0.

The associated two-sided exit probabilities from the interval [k}, k3] read as

0Q (@—k) _ (@F (=) (@~ (k)
1 — 0@ (k)o@ (—h)
Q=) _ (@ (a—k) (@ (1—k)

+ _
Vi) = 1— eQ -h)e@T (k)

Uy(e) =

with k = k] and ¢ = k3. Putting everything together shows that the value function
of the American put in this case is given by

e;eQ‘(x—ké‘)ﬁ(k;) x>ky, 1=1,2,
Wi(e*,i) =
H* (2) + U (2)[C — H* (k3)] + Uy (2)H (k) ki <z <k3, i=1,
where
¢ r +7r
Ak =| K- |, H®=2, Hf @) =K 8T
a q q
K — eka—ﬂ 1 1
using equation (5). Here C' is determined by
W'(e"2—,1) = ¢{ Q" H (ko)
and the levels k7, k5 satisfy the smooth fit equations
U (k) H ™ (k) + U (k)[C — HY (k)] =M 2 and  — e = e,Q H(ka),

q1

where prime denotes differentiation w.r.t. x.
3. Case ki > k3 For ky < x < k1 and Z = 2, we are led to consider the
Markov process Y(?) with state space {2,2*} and generator matrix

—QQ—TQ—)\ A
Q(2):< «@ —a>'

15



In this case it can be checked from (16), (17), and (18) with @, replaced by
Q(2) that —Q?FQ) is a scalar given by the positive root of

2
%xz + poz + Aoz +a)_1 =qo+1ro+ A

and nt = a/ [—QE;) + a]. We can calculate Q) In a similar way as we calculated
Q~ above. Writing Q* = QELZ) and Q~ = Qé), the corresponding matrices of
two-sided exit probabilities from [k3, k7] read as

Ui(2) = = [(?71*) (O (t-2) _ O (k) <771+> eQ+(g_k):|

U, (z) = [eéf(m—k) _ e@ﬂﬁ—w)MeQ’(K—k)] {I _ ec}ﬂz_k)Mle(z—k)r

o

1

with k& = k3 and ¢ = k], where
c=1-(1 0)e? (h ( 1+> @R and M= ( ! 0> .

The value function reads as

ehe@” kD) (k) x>k i=1,2,
W(ew’i) =

H* (2) + [ |95 (@)[C = HHD] + 95 () H(k5)] k5 <@ <k, i=2,
where, f = (1 0) and
~ K —ct ~ +7r ~ T 1
AHk)y=| ¢ |, Ht@=K-LT2  g-(k)=c2 < N )
D q2 q2 a+1

where we used again equation (5). Here C' and D are determined by the two linear
equations

Wk —,2%) = W(eh+,2%) W'(eh1—,2) = W'k +,2)

and the levels k7, k5 satisfy the two equations

£ [0 ) (h) 4 W ) (€ = ()] = 222
Q H(ky) = —e.

16



8 Conclusion

In this paper we explicitly solved the valuation problem of a perpetual American
put under an exponential regime-switching Lévy model with phase-type jumps.
The presence of regime-switches and jumps in a stock price model are supported
by the economics literature and empirical literature. In order to solve the Amer-
ican put problem we derived an explicit solution to the first passage problem of
a regime-switching Lévy process with phase-type jumps across a state-dependent
level. To achieve this we first embedded the process into a continuous Markov
additive process and subsequently derived the matrix Wiener-Hopf factorisation
and solved explicitly the two-sided exit problem. We applied the first passage re-
sults to yield an analytical solution for the value-function of a perpetual American
option driven by such a process. As illustration we worked out an explicit example
in a two-regime setting.

The derived first-passage results may also find their application in the setting of
structural credit risk models and valuation of (state-dependent) barriers options.
We further note that the class of processes considered in this paper is flexible as
it allows for any finite number of regimes and phase-type distributions are dense
in the class of all distributions on a half-line. This flexibility together with the
analytical tractability of first passage probabilities suggest that this class could
potentially also serve to approximate barrier option prices in stochastic volatility or
stochastic interest rate models. Another possible extension concerns the valuation
of finite time American put options. In the setting of the Black-Scholes model
Carr [9] proposed to approximate a finite time American put price by iteratively
evaluating a series of perpetual American options. The solutions of the first-
passage and perpetual American put problems could be employed to extend Carr’s
ideas to the setting of regime-switching Lévy processes.
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Appendix

A Proofs

A.1 Cramér Martingale Measure

In this section and the next we present a contruction of an equivalent martin-
gale measure for the process (X, Z) and show how the parameters change under
this change of measure. For background of Markov additive processes refer to
Asmussen [3]. An important role in the construction of the change of measure
is played by the process X, = {X,(t),t > 0} defined by X,(t) = fot a(Zs)d X, a
stochastic integral against X of a function a on E°, that is to be specified shortly.
It is straightforward to verify that the process X, is still of the form (2), but with
changed parameters, and its characteristic matrix K,[s] = G+ A,[s], where A,[s]
is the diagonal matrix with elements r;(a;s). Writing h = h, and A = A, for the
Perron-Frobenius right-eigenvector and eigenvalue of K,[1], respectively, we define
the candidate change of measure L = {L;,¢t > 0} by

L(t) = e*eMn(Z(t)) /n(Z(0)), (42)
with k(i) = h; the ith coordinate of h. Denoting by a;, i € E°, the root of
ri(ai +1) = (i) + ri(ai),

where r;(z) = log E[e*X1] is the Laplace exponent of X = u;t + o;W; + J;(t)
and the function a is defined by a(i) = a;. It is shown in the following result
that the measure P* with Radon-Nikodym derivative % = L(t), is indeed an
equivalent martingale measure:

|7

Proposition 2 Suppose that E[S1] is finite.
(i) The process L = {Ly, Fy,t > 0} is a positive mean one martingale and P*
1 a probability measure;

(ii) Under P*, exp (Xt - fgr(Zs)ds> ,t >0 is a martingale.

Proof (i) Let (X, Z) be of the form (2), with corresponding characteristic matrix
K and suppose that g maps E” to R. Asmussen and Kella [5] have shown that
My is a martingale where

ebXt—ctg(Zt) o eong(Zo) _ /Ot equ_cug(Zu)du(K[b] - CI), (43)

is a row vector of martingales, where ¢ > 0 and b such that the diagonal elements
of Kb] are finite, which holds true for b = 1 due to our supposition Choosing in
(43) the process X to be equal to X,, b to be one and ¢ to be A\, and setting
g = hq, it follows that eXe()=Mp (7)) — e®hy(Zy) is a zero mean martingale. As
hq is positive, the process L in (42) is thus a positive mean one martingale. The
proof of (ii) can be found in the next section. O
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A.2 Change of measure
Proposition 3 (i) Under P*, Z has intensity matriz G* with elements
g5 = gih(G)/h(@), i # j, and gl = = gih(5)/h(i),
JF#i

where g;; is the ijth element of G;
(ii) Under P*, the process X is still of the form (2) with o*(i) = o(i),

@) = i)+ o~ [ (1= I E )
and with J} compound Poisson processes with changed jump rates
)\Z(,JF)* = XD EFH 4] and )\Z(f)* = A FO)]
and distributions of the positive and negative jumps of phase-type with represen-

tations

(af", )

1 )

() 199) and (o7, 107) = (a7, 1),

:(ai Ea) A 7

respectively, where the parameters are transformed according to
(a(er,)’T(er,)) _ (a(+)A+/F(+) =], A;IT(HAJF +~1) (44)
((X(_7’y),T(_7’Y)) — (a(_)A_/F(_)['YLA:lT(_)A_ - 71) (45)

where Ay and A_ are the diagonal matrices with respectively (ky); and (k-); on
the diagonal with ky = (—yI — T4 k_ = (v ] = TENY"4) and I is an
identity matriz of appropriate size.

Proof (i)-(ii) We first show how to find the characteristic matrix of X under P*.
Denote by X, the process X, + bX, where b is such that the elements of the
characteristic matrix of X, are finite and let f be a function that maps E° to R.

Applying It6’s lemma to e)?“(t)*’\tha(Zt)f(Zt) shows that
- _ t
X O NN (Z) f(Ze) — X O(Zo) F(Zo) / XN (Z,) (Z,)du
0

t -
—/ du eXalw)=Auy
0

X Z (Liz,—yh(i) f(i)ri(a; + b) + Zgij(h(j)f(j) —h(i)f(3)))] ,

i€ EO J#i
is a P-martingale, where we wrote A = A\, and h = h,. Since

Aa(ha)i = (Ka[l]ha)i = Zgij(ha(j) — ha(i)) + Ki(a;)ha(i),
J#
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it follows from taking expectations and rearranging terms that, in vector notation,
it holds that

t

Eo,i[LtebX(t)lzt] =1, + / Eo,i[LuebX(“)lzu](G* + A*[b])du (46)
0

where G* is as in the statement of the proposition and A* is the diagonal matrix

with elements AY;, = k;(a; +b) — ki(a;). Writing Fy*[b] for the matrix with elements

Eai[ebxtl 7,—;] and differentiating (46) with respect to ¢, we arrive at the matrix

differential equation

FYb] = Frp)(G"+ A7) Kb =1,

where / denotes the time derivative. Solving this system shows that the charac-
teristic matrix of X under P* is given by K*[b] = G* + A*. See [1] for a proof
of (44) and (45); The rest of the statements of (i) and (ii) directly follow from
Proposition 3 in [24]. O
Proof of Proposition 2(ii) From Proposition 3 it follows that the a; have been
chosen in such a way that, under P* X’ has cumulant satisfying x} (1) = k;(a; +
1) —ki(a;) = 3, so that, the characteristic matrix K* of (X — [; r(Zs)ds, Z) under
P*, satisfies K*[1] = G* and it follows that 1 is an eigenvector of K*[1] with
eigenvalue 0. Setting g = 1 in (43) and taking a = 0, it follows that the process

eX’f—fot 7(Zs)ds jg g martingale under P*. O

A.3 Wiener-Hopf factorisation

Proof of Theorem 2(ii) Now we turn to the proof of the uniqueness of the Wiener-
Hopf factorisation. To that end, let (ZT,G*,Z~,G~) be a Wiener-Hopf factori-
sation and define the function f as in (19), but replacing 7 and Q* by Z* and
G respectively. Since (Z+, GT) satisfies the first equation of (16), it follows from

an application of Itd’s lemma, that f(Y%, A;) is a local martingale that is bounded
on {t < TZL }, so that, invoking Doob’s Optional Stopping Theorem, it holds that

f(]a CC) = Ej,m[f(y;/\»rl‘hAt/\Tz‘" )]

By definition of f and the absence of positive jumps of A, the first expectation
in (47) is equal to f(j,z). Note that second term in (47) is zero if @) is transient
or () is recurrent and sup, A; = +00. Indeed, in the latter case, 7'; is finite a.s.,
whereas in the former case P, ;(Y; € E) converges to zero. Thus f = f for all
h and we deduce that GT = Q' and ZT = n*. Similarly, one can show that
G~ =@ and Z~ =n~ and the uniqueness is proved. O
Proof of Theorem 2(iii) Assume that @ is recurrent but A; — —oo. As QT
inherits the irreducibility property of @, it follows from the Perron-Frobenius
theorem, that the matrix QT has a probability vector u as left-eigenvector with
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its largest eigenvalue. Since the quadruple (n,Q%,n~, Q™) satisfies (16), it is
straightforward to check that this remains the case if we replace (n™, Q%) by
(™ (I —1p) + p, QT (I — 1p)). We are left to show that these are the only two
factorisations of (A,Y). As in the proof of Theorem 2(ii), it follows that any
factorisation quadruple of (A4,Y") must contain n~ and Q™.

Letting (n*,GT) and f(j,x) be as in the proof of Theorem 2, we distinguish
between the cases that G is recurrent or transient. In the latter case f(j,z) tends
to zero if z — —oo and we deduce from (47) that f = f and thus G = Q*
and ZT = nT. In the former case, we note that, as GT inherits the irreducibility
property of @, it has a unique invariant distribution v given by the left-eigenvector
of G with eigenvalue 0. Thus f(j,z) converges to e}luh = vh as * — oo. The
right-hand side of (47) is thus equal to

fUw) = G, 2) + Pya(ril = co)vh
= f(j,x) + (1 — W exp(QF (k — x))1) vh. (48)

By differentiation of (48) with respect to x, we deduce that G = Q*(I — 1v). In
particular, it follows that v is a left-eigenvector of Q™. Since the Perron-Frobenius
eigenvector is the unique eigenvector with the largest eigenvalue, it follows that
p = v and then also that Z* = n* (I — 1u) + p, which completes the proof. [

A.4 First passage under state-dependent levels

Proof of Theorem 8 Appealing to the strong Markov property, it follows that, for
T > ky,

v(z,1) = E$7i[v(k17YT*)I(T*<C)]:Ew,i[hl_(YT*)I(T*<C)]

where 77 =7, and for k; <z < kj_1,

v(z,i) = Egy |:U(kj—17YT)I(T<C,AT=]€]',1):|
+ Eqi [U(kjaYT)I(T<C,AT:kj)] + B [v(Ac—, Ye ) (cer)] -

Invoking results from Proposition 1 yields that (33) is valid, for some vectors
h;, h;L, h}. To finish the proof we have to show that the stated form of these
vectors is correct. We start with noting that, by the structure of the process

(A,Y), it holds that v(k;, j) = ®% and v(k;, ) = "% 62(81—17)_125; forl € E} .
Further, we claim that v(-,4) is continuous. Indeed, note that in view of the
Markov property it follows that for £ € E.., m € E°, it holds that

v(z,0) = / v(z + y,m)e}eT”;yt;Ldy, (49)
0

so that it in particular follows that v(-, ) is continuously differentiable on (k,,, o).
Similarly, it follows that v(-,£) € Cl(ky,00) for £ € Ef. The continuity of
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v(-,¢) for £ € EY follows directly from its definition. As a consequence it follows
that the equations (35) hold true. Let ¢ > j,¢ € E° and consider v(z,¢) for
x € [kj—¢, kj+e]. By a Feynman-Kac argument it follows that, on « € [kj—e¢, kj+€]
for € > 0 small enough (such that k; — e > k), v(-,£) is equal to the unique C?
solution of the ODE

a*(0)

Tf” +u)f —c)f =g f(kj £ e) =v(kj £¢1)

for some continuous function g and some constant ¢(¢). In particular, v(-,¢) is
continuously differentiable in k; and it follows that (34) holds true. O

A.5 American put

Proof of Theorem 1 The proof of this result follows a standard approach for solv-
ing perpetual American option pricing problems. As argued above the optimal
stopping time must be of the form (7). Therefore the value function is given by
Vi« for some vector k* € (—oo,log K ). The vector k* can subsequently be found
by optimisation. At this point we note that the condition (5) implies that for the
embedding s(i)2/2 + m(i) < —g;; is satisfied for all i € E, so that we can apply
Theorem 3. Since, for fixed (z,i), k — Vi(x,4) is continuously differentiable it
follows that k* satisfies

%(ex,i) =0 for all (x,7), 7=1,...,N. (50)
Ok; k=
Consider next the finite difference [Vi(ekit" j) — Vi(e¥i, 5)]/h and note that it is
equal to the sum
Vi(€"5H7,§) = Virn (94, 5) Vi (M) — Vi(eM, )

- + ; : (51)

Letting h | 0, it follows in view of (50), that the first term on the left-hand side
converges to zero, while the second term, being equal to [(K —e*i+h) — (K —e*i)]/h,
converges to —e*. Thus we see that the smooth fit equations (9) hold true.
By a martingale argument it also follows that Vi« = W for any solution k* €
(—o0,log K)N of (9). O
Proof of Lemma 1 Suppose first that o # [u1 ++/p2 + 2(r1 + q1)0?]/o?. From the
definitions of g(0), F1(0), and F5(6), we have that g(+o00) = 400, g(—o0) = —o0,
g(0) = al(q1 +71)(g2+72) — q192] > 0. Note that F;(6) has two different real roots
0p,1 > 0 > g2 with 6y = —[p1+ \/,u% +2(r + ql)af]/af, we then have 0y 2 # —ov.
Also, g(601) = —q1g2(a+6p1) < 0 because q1, 2, a, 00,1 > 0. Therefore we further
have that

—qlqg(a + 6072) <0, if 6072 > —«
9(0o2) = .
—q1q2(a + 6p2) > 0, if o2 < —a.
AaF) (—o; 0, if 0 —
lim g(0) aFi(—a;r) >0, i 02 > —
f——a AaFi(—o;r) <0, if 62 < —a.
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Appealing to the the intermediate value theorem completes the proof. Since QQ~
is a generator matrix, it is negative semi-definite and the final assertion follows.

If o = [p1 +/p2 +2(r1 + q1)02] /0%, § = —ais a root. By a similar reasoning

as above applied to h(0) = g(#)/(0 + «), noting that h(—a) < 0, it can be shown
that h has four distinct roots (two positive and two negative). g
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