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SOLUTIONS TO SELECTED EXERCISES

Exercise 1.13. The product formula states that
|loo - [ Tlalp = 1
P

for all x € Q* (where the product runs over all prime numbers p). Prove this
formula.

Solution. Let z € Q* and consider the prime factorisation @ = £p{* - - - p&» where
P1,-..,Pn are distinct prime numbers and eq, ..., e, € Z. For a prime number p we
then have

\x| _ 1 lfp ¢ {plap2a"'7pn}
P p;, ¢ ifp=p fori=1,...,n

Furthermore |z|o = pi* -+ - p&». Hence

n
£ H|gj‘p =p{t o pn Hpi—e,i -1
=1

P
as required.

Exercise 1.16. Let (K, | |) be a valued field with completion (K, || ||). Show that
| | is non-archimedean if and only if || || is non-archimedean.

Solution. The statement is obvious if one uses the characterisation of non-archimedean
absolute values stated in Remark 1.3: since || || extends | | we have

| | is non-archimedean <= |n| <1 for alln € N
<~ |n||<1lforallneN
<= | || is non-archimedean.

The following is a proof which is independent of this characterisation.
First assume that || || is non-archimedean. Let z,y € K. Using that || || extends
| | we then obtain

[z +yl = [lz + yll < max{]jz[], [[y][} = max{]x], [y|}

which shows that | | is non-archimedean.

Now assume that | | is non-archimedean. Let z,y € K. Let ¢ > 0. Since K is
dense in K there exist u,v € K such that ||z — ul| < ¢ and |ly — v|| < e. Hence it
follows that (using that || || extends | | and that || || is an absolute value)

ul = fJull = [lu =2 + || < [lu—z| + 2] <&+ [
Similarly |v| < & + ||y||. Therefore
[u+ vl = [u+v| < max{lul, |v[} < max{e +|[z|/,e + [lyl[} = & + max{|[z]], [ly[}-
Using this we obtain

lz+yll = llz—uty—vtutol| < [z —ull+y=v[|+|uto] < etetetmax{llz], |ly[l}-
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Hence ||z + y|| < 3e + max{||z||, ||y||} for every & > 0, which implies that ||z + y| <
max{||z[|,||y||}, i-e. || || is non-archimedean.

Exercise 2.10. Let K be a non-archimedean valued field and K its completion.
Let R and M be the ring of integers and maximal ideal of K, and let R and M be
the ring of integers and maximal ideal of K. Show that R - Rand M - M , and
that the induced map of residue class fields R/M — R/M is an isomorphism.

Solution. We write | | for the absolute value on K and on K; this will not cause
any confusion because by definition of the completion the absolute value on K
extends the absolute value on K.

From the definitions R = {z € K : |z| <1} and R = {z € K : |z| < 1} it follows
immediately that R C R. Also M = {z € K : |z| <1} and M = {z € K : |z| < 1}
immediately implies M C M. Therefore we obtain an induced homomorphism of
residue class fields f : R/M — R/M, f(u+ M) = u + M. The homomorphism
f is injective because a ring homomorphism between fields is always injective. It
remains to be shown that f is surjective. Let = € R. Since K is dense in K, there
exists u € K such that |u — x| < 1. Tt follows that

lu| = |u — x4+ x| < max{|u— z|,|z|} <1,
sou € R. Now u — z € M, hence
fwu+M)=u+M=(z+u—z)+M=a+M
which completes the proof of the surjectivity of f.

Exercise 2.23. Find ag,a1,as, -+ € {0,1,...,p — 1} such that —1 = ap + a1p +
asp®> + ... in L.

Solution. In Q, we have

1— k
Ltptp’ 4 4pht=—L
L—p
Since p* — 0 as k — 00, we obtain
— 1
1 24 ... = i~
+p+p*+ ;p .

Thus

1
soag=p—l,a;=p—1l,aa=p—1,....

_1:(p_l)'%p:(p—1)+(p—1)p+(p—1)p2—|-...,



