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Solutions to the Exam, April 2010

Let ¢ > 0 and let f € Lip.(Z,,Q,). Then it’s almost trivial that f is
continuous, but let’s show it in some detail.

Fix an M > 0 such that |f(z) — f(y)| < M - |z — y|° for all z,y € Z,.
Given ¢ > 0 choose § = (¢/M)Y¢. Now if |z —y| < § then |f(z) — f(y)| <
M |z —yl® < M -6° = e. This shows that f is uniformly continuous,
hence continuous.

Let f : Z, — Q, be a locally constant function, and let ¢ > 0. We want
to show that f € Lip,(Z,, Q,).

For every = € Z, there exists an 7, > 0 such that the restriction of f to
the open ball B.,, (z) is constant. Since Z, is compact, there exist finitely
many points zy, ..., 7y € Z, such that Z, = B.,, (z1)U---U B, (7).
Let r = min{ry,...,r}. Let M =r~¢-sup,c, |f()]. We claim that then
|f(z) = fy)] < M - |z —y|° for all z,y € Z,, and thus f € Lip.(Z,, Q,).
To see this we distinguish two cases.

Case |[x —y| < r. Then x € B,, (x;) for some i. It follows that
y € B,, (z;) (because |y — x;| < max{ly — 2|, |z — 2]} < rg,). Hence
F() = f(y) and thus |f(z) — ()| =0 < M |z — yl".

Case |z —y| > r. Then

|f (@) = f(y)] < max{|f(z)], |f(y)]} < félzplf(xﬂ =M-r* < M-|z—yl|°

Let f : Z, — Q, be the function given by
flag + a1p' + asp® + azp® + ... ) = ap + arp" + asp® + azp™ + ...

where ag, ai,as,as3,--- € {0,1,2,...,p — 1} (it was shown in the course
that every element of Z, can be written uniquely in this form).

Let z,y € Z, with |z —y| = p~F for some k € Zsq. Write x = ag+a;p+
...and y =by+byp+.... Then ag = by,ay = by,...,ax_1 = bp_1 and
ay # bi. It follows that f(z)—f(y) = (ax—bp)p" +(ags1—bpy1)p*FV +. .
hence |f(z) — f(y)| = p~*.

Now let ¢ > 0. Choose a constant M such that M > p*=* for all
k € Zso (such an M exists because ck — k!l — —oo as k — o0). If
z,y € Zy, then |z —y| = p~* for some k € Z>g, and hence |f(x) — f(y)| =
p < M-p=* =M |z —y|° This shows that f € Lip,.(Z,, Q,).
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The function f is not locally constant because it is not constant in any
neighbourhood of 0 (since f(0) =0 but f(p") = p™ # 0 for all n € Zx).

Let eq,e1,69,--+ € Zso be any (not strictly) monotonically increasing
sequence satisfying e, — oo as k — oo and kc — e, — 00 as k — o0
for every ¢ > 0. For example one can take e, = [v/k]. Define a function
[ 2y — Q, by

flag + aip* + agp® + asp® +...) = ag + a1p® + agp®™ + asp® + . ..

where ag, a1, as,as3,--- €40,1,2,...,p—1}.
Let z,y € Z, with |z —y| = p~F for some k € Zsq. Write x = ag+a1p+
and y = bg+bip+.... Then ay = by,a; = by,...,ax_1 = bp_1 and
ay # by.. It follows that f(z)— f(y) = (ax—bk)p™ + (ak+1—bpr1)p™ 1 +. .,
hence |f(x) — f(y)| < p~®. Since e — o0 as k — oo, this easily implies
that f is uniformly continuous and hence continuous.

Finally let ¢ > 0. We claim that f ¢ Lip.(Z,,Q,). To show this it
suffices to show that % is not bounded for z,y € Z,. But this is
clear because if x = p* and y = 0 then

|f<l’) - f<y>| — |p€k - O| — pkcfek
|z —yl° [p* — 0]

and kc — e, — 00 as k — oo by assumption.



