EXTENSIONS OF RANK ONE (¢,I')-MODULES AND
CRYSTALLINE REPRESENTATIONS

SEUNGHWAN CHANG AND FRED DIAMOND

ABSTRACT. Let K be a finite unramified extension of Q,,. We parametrize the
(¢, T')-modules corresponding to reducible two-dimensional fp-representations
of Gk and characterize those which have reducible crystalline lifts with certain
Hodge-Tate weights.
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1. INTRODUCTION

Buzzard, Diamond and Jarvis [BDJ] have formulated a generalization of Serre’s
conjecture for mod p Galois representations over totally real fields unramified at p.
To give a recipe for weights, certain distinguished subspaces of local Galois coho-
mology groups in characteristic p are defined in terms of the existence of “crystalline
lifts” to characteristic zero. More precisely, let K be a finite unramified extension
of Qp with residue field k, F a finite extension of F,, containing k, ¥ : Gg — F*
a character, and denote by S the set of embeddings of k in F. For each J C S,
they define a subspace (or in certain cases two subspaces) of H!(Gf, F(¢)) which
we denote Ly (or LT); with certain exceptions these subspaces have dimension |J|
(see Remark 7.7 below for the relation between our notation and that of [BDJ]).
The definition of these subspaces in terms of crystalline lifts is somewhat indirect,
making it hard for example to compare the spaces Lj for different J. The aim
of this paper is to describe them more explicitly using Fontaine’s theory of (p,T')-
modules. In particular, we prove that if ¢ is generic, as defined in §5.2, then the
subspaces are well-behaved with respect to J in the following sense:

Theorem 1.1. If ¢ is generic and 9|1, # x*' where x is the mod p cyclotomic
character, then Ly = ©regLir}.

We remark that Theorem 1.1 has been proved independently by Breuil [Bre09,
Prop. A.3] using different methods. We also treat the case where 1|7, = x*'; see
Theorem 7.8 below for the statement.

We also give a complete description of the spaces Lj (and Lf) in terms of
(¢, T)-modules when K is quadratic, without the assumption that 1 is generic. In
particular, we prove the following theorem which exhibits cases where the spaces
L ; are not well-behaved as in Theorem 1.1:

Theorem 1.2. Suppose that [K : Q] = 2, ¢ is ramified and S = {7,7'}. Then
Lizy = Ly if and only if Y|r,, = wh for some fundamental character wy of niveau
2 and some integer i € {1,...,p—1}.

This is part of Theorem 7.12 below; see also Theorem 7.15 for the case when v
is unramified.

The paper is organized as follows: In §2 we review preliminary facts on p-adic
representations and (p, I')-modules, and set up the category of étale (¢, I')-modules
(corresponding to F[Gk]-modules) in which we will be working. In §3 we give a
parametrization of rank one objects in the category, and identify them as reduc-
tions of crystalline characters of G using results of Dousmanis [Dou07]. In §4 we
construct bases for the space of extensions of rank ones. (In a different but related
direction, see [Her98, Her01, Liu07] for computation of p-adic Galois cohomology
via (¢,I')-modules.) In §5 we introduce the notion of bounded extensions, mo-
tivated by the theory of Wach modules which characterizes those (¢, T')-modules
corresponding to crystalline representations (see [Wac96, Wac97, Ber02, Ber04b]),
and use this to define subspaces VJ(i) which we compute in the generic and qua-
dratic cases. In §6 we treat certain exceptional cases excluded from §§4,5. In §7 we
relate the spaces Lf]i) and VJ(i) in the generic and quadratic cases and prove our
main results. We remark that a difficulty arises from the fact that the integral Wach
module functor is not right exact; to overcome this we derive sufficient conditions
for exactness which may be of independent interest.
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This paper grew out of the first author’s Brandeis Ph.D. thesis [Cha06] written
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the key technical results in §§4,5. The authors are grateful to Laurent Berger for
helpful conversations and correspondence. The second author is grateful to the
Isaac Newton Institute for its hospitality in the final stages of writing this paper.
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2. GENERALITIES ON p-ADIC REPRESENTATIONS

In this section we summarize (and expand a bit upon) basic facts on p-adic
representations, crystalline representations, (¢, I')-modules and Wach modules. We
will give references for details and proofs along the way. For excellent general
introductions to the theory, see [Ber04a] and [FO].

Let p be a rational prime and fix an algebraic closure Qp of Q. If K is a
finite extension of Q, contained in Qp, Gk denotes the Galois group Gal(ap /K)
and Ko denotes the absolutely unramified subfield of K. Let x : Gk — Z; be
the cyclotomic character and let - : Z, — F, be the reduction modulo p, so that
X =-ox : Gx — F is the mod p cyclotomic character. We set K, = K (pun) C Qp
for n > 1, and get a tower of fields

K=KCK Cc---CK,C---CKyxCQ,

where K = Up>1K,,. We define Hg to be the kernel of x, i.e., Hx = Gal(Qp/Koo)
and set 'y = G /Hig = Gal(K«/K). In many cases where there is no confusion,
we will simply write I' for I suppressing K. We set I'), = T'g,, = Gal(K/Kp)
for n > 1.

2.1. Fontaine’s rings. Here we give a summary of the constructions of some of
the rings introduced by Fontaine that we will be using. See [Col99, CC98, Fon94a]
for more details. Let C, denote the p-adic completion of Qp and v, the p-adic
valuation normalized by v,(p) = 1. The set

E= lim C,={z= (20,20 € C,, (2 = 20}
TP

together with the addition and the multiplication defined by
(z+y)@ = lim (' + y”j)pj and (zy)® = 2y
J—00

is an algebraically closed field of characteristic p, complete for the valuation vg
defined by vg(z) = v,(z(?)). We endow E a Frobenius ¢ and the action of Gq, by

(@) = ((W)) and g((2?)) = (9(=))
if g € Gq, We denoted the ring of integers of E by E+, which is stable by the actions
of pand Gq,. Let e = (1, eM ... e® ) be an element of E such that e # 1, s0
that () is a primitive p’~th root of unity for all i > 1. Then vg(e —1) = p/(p — 1)
and Eq, is defined to be the subfield Fj,((¢ — 1)) of E. We define E to be the
separable closure of Eq, in E and E* (resp. mg) to be the ring of integers (resp.
the maximal ideal of ET). The field E is stable by the action of Gq, and we have

Effer = Eq,. The theory of the field of norms allows one to show that Ex = Efx
is a finite separable extension of Eq, of degree |Hq,/Hx| = [Koo @ Qp(pp=)],
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which also allows one to identify Gal(E/Eg) with Hg. The ring of integers of Ex
is denoted by Ej; .

Let A = W( ) be the ring of Witt vectors with coefficients in E and let B =
A[l /p] = Fr(A). Then Bisa complete discrete valuation field with ring of valuation
A and residue field E. If z € E, [] denotes Teichmuller representative of z in A.
Then every element of A can be written uniquely in the form > >0 P'[xi] and that of
B in the form D isoo P[], We endow A with the topology which makes the map
x v (z z)zeN a homeomorphism A — EN where E is endowed with the product
topology (E is endowed with the topology defined by the valuation vg). We endow
B = Ujenp ‘A the topology of inductive limit. The action of Gq, on E extends

continuously to an action of A and B which commutes with Frobenius ¢. Let
7 = [¢] — 1. Define Aq, to be the closure of Zy[r,7~'] in A. Then

Aqg, = {Z antt|a; € Z,,a;—0asi— —oo}
i€Z
and Aq, is a complete discrete valuation ring with residue field Eq,. As
p(r)=(1+m)P —1and v(r) = (1 +m)*9 —1if g € Gq,,
the ring Aq, and its field of fractions Bq, = Aq,[1/p] are stable by ¢ and by the
action of Gq,. Let B be the closure of the maximal unramified extension of Bq,
contained in B, and set A = BN A, so that we have B = A[1/p]. Then A is a
complete dlscrete valuation ring with field of fractions B and residue field E. The
ring A and the field B are stable by ¢ and Gq,. If K is a finite extension of Q,, we
define A g = APx and Bx = B% which makes A x a complete discrete valuation
ring with residue field Ex and the field of fractions Bxg = Ag[1/p]. When K = Q,,
the two definition of Ag and Bg coincide. If F' is a finite extension of K, then
Br is an unramified extension of Bi of degree [F, : K] If the extension F/K
Galois, then the extensions Br/Bg and Br/Bg are also Galois with the Galois
group
Gal(Br/Bg) = Gal(Br/By) = Gal(Ep/Ex) = Gal(Fao/Koo) = Hi /Hp.
In particular, if K is a finite unramified extension of Q,, we have

Ag = {Z anm™|a, € Ok, a, — 0 asn — —co}
neZ
with ¢ acting as the Frobenius and I' acting trivially on Ok.

The homomorphism 6 : AT — Oc,, D nsoP"[Tn] = Zn>0p x%) is surjec-
tive and its kernel is a principal ideal generated by w = 7/¢ (7). We extend
0 to a homomorphism BT = A*[1/p] — C, and we set BZ; to be the ring
lim B+ /(ker 9)". Then 6 extends by continuity to a homomorphism BJ; — C,.
Thlb makes B dR a discrete valuation ring with maximal ideal ker 6 and residue
field C,. The action of Gq, on B+t extends by continuity to a continuous ac-
tion of Gq, on Bjy. The series logle] = >, ,(—1)""'7"/n converges in B}
to an element ¢, which is a generator of ker# on which o € Gq, act via the for-
mula o(t) = x(o)t. We set Bqr = Bli[t7!] = FrBJ, and Byr comes with a
decreasing, separated and exhaustive ﬁltratlon Fil'Bgg = t"B;fR for i € Z. Let
Agis = {z = ano an% € BIR\ an € A ,an — 0}. Then ch = Aqis[1/p] is a
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subring of B stable by Gq, and contains ¢ and the action of ¢ on B extends
by continuity to an action of Bjﬁs. We have ¢(t) = pt and we define Bs to
be the subring B;tris[l/t] of Bqr. We see that B also comes with a filtration
Fil'Beyis := B,

2.2. Crystalline representations. Let K be a finite extension of Q,, and let K
denote its maximal absolutely unramified subfield.

Definition 2.1. A p-adic representation of Gk is a finite dimensional Q,-vector
space together with a linear and continuous action of Gx. A Zy-representation of
Gk is a Zy-module of finite type with a Z,-linear and continuous action of Gx. A
mod p representation of Gk is a finite dimensional F,-vector space with a linear
and continuous action of G.

Remark 2.2. A Z,-representation 1" of Gk which is torsion-free over Z,, is natu-
rally identified with a (G i -stable) lattice of the p-adic representation V := Q,®z, T
of GK.

If B is a topological Q,-algebra endowed with a continuous action of Gx and if
V is a p-adic representation of G, we define Dg(V) := (B ®q, V)“X, which is
naturally a module over B€%. If, in addition, B is Gx-regular (i.e., B is a domain,
(FrB)9x = BYx and every b € B — {0} such that Qb is stable under Gx-action
is a unit), then the map

ay : B®gex Dp(V) — B®q, V
defined by b ® v — 1 ® bv is an injection. In particular, we have
dimpge, Dp(V) < dimg, V.
(If B is G g-regular, B¢ is forced to be a field.)

Definition 2.3. If B is Gi-regular, we say that a p-adic representation V of Gk
is B-admissible if dimge, Dp(V) = dimq, V. We say that V' is crystalline if it is
B.is-admissible and that V' is de Rham if Bgr-admissible.

Remark 2.4. We have the following equivalent conditions:
(1) dichK DB(V) = dime V,
(2) av is an isomorphism,
(3) B®q, V ~ BV as B[Gk]-modules.

If V is a p-adic representation of Gg, Dar(V) := (Bar ®q, V)©* is naturally
a filtered K-vector space. More precisely, it is a finite dimensional K vector space
with a decreasing, separated and exhaustive filtration FﬂiDdR(V) = (FilinR ®qQ,
V)¢« of K-subspaces for i € Z. If V is de Rham, a Hodge-Tate weight of V
is defined to be an integer h € Z such that FilhDdR(V) #+ Filh+1DdR(V) with
multiplicity dimg Fil"Dggr(V)/Fil"*'Dgr (V). So there are dimq, V' Hodge-Tate
weights of V' counting multiplicities. We remark that some authors (e.g., [Ber04a])
define a Hodge-Tate weight of V' as —h for h as above.

Definition 2.5. A filtered p-module over K is a (finite dimensional) Kj-vector
space D together with a o-semilinear bijection ¢ : D — D and a Z-indexed filtration
on Dg = D ®g, K of K-subspaces which is decreasing, separated and exhaustive.
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The reason for the above definition is that if V is a p-adic representation of G,
then Deis(V) := (Beis ®q, V)G is a filtered p-module over K. More precisely,
the Frobenius on B,,s induces a Frobenius map ¢ : D¢is(V) — Deis(V) and the
filtration on Bggr induces a filtration FiliDcris(V) :=DgnN (FilinR ®q, V)&% on
De;is(V). Moreover, D.,is(V) has finite dimension over K, and ¢ is bijective on
Deiis(V). We get a functor

Daris : Repg, Gk — MFL

from the category of p-adic representations of G to the category of filtered -
modules over K.

If D is a filtered p-module over K of finite dimension d > 1, then ALD s
a filtered p-module of dimension 1. If e € A% D — {0} and ¢(e) = Xe then
val(\) is independent of choice of e and we define ¢ (D) := v,(A). Also, we define
tg(D) = tg(Dk) to be the largest integer such that Fil*# () (A% D) is nonzero,
ie. Fil'(A4Dg) = A% Dy for i <ty (D) and Fil'(A% Dg) = 0 for i > tg(D).

Definition 2.6. Let D be a filtered ¢-module over K. We say that D is weakly
admissible if dimg, D < oo, ¢ is bijective on D, ¢ty (D) = ty(D) and tx(D') <
tn(D') for every subobject D’ of D. We say that D is admissible if D ~ D;5(V)
for some p-adic representation V' of dimension dimg, D.

One can show that if V' is a crystalline representation of G, then Dyis(V) is
weakly admissible. The converse is true by important work of Colmez and Fontaine.

Theorem 2.7. [CF00] Every weakly admissible filtered o-module over K is admis-
sible.

In sum, we have an equivalence of categories
. cris Y,w.a.
Dcris : Repr GK — MFK

between crystalline representations of G i and weakly admissible filtered ¢-modules
over K with a quasi-inverse given by Ves(+) := (Fil%(-))#=0.

2.3. (p,I')-modules.

Definition 2.8. A (¢, T')-module over Ak (resp. B, Ex) is a A g-module of finite
type (resp. finite dimensional vector space over By, Ex ) endowed with a semilinear
and continuous action of I'y and with a semilinear map ¢ which commutes with
the action of I'. We say that a (¢,I')-module M over Ak (resp. Eg) is étale if
o(M) generates M over Ak (resp. Ex). A (¢,I')-module M over B is étale if
M contains an A g-lattice which is stable under ¢ and is étale.

Remark 2.9. The (étale) (p,I')-modules over Ak killed by p are precisely the
(étale) (¢,T')-modules (defined) over Eg.

If T is a Z-representation of G, we define D(T) = (A ®z, T')”%. Then D(T)
is naturally a module over Ak of finite type. The Frobenius ¢ on A induces a
Frobenius map ¢ : D(T') — D(T') and the residual action of I'x on D(7") commutes
with . Also, one can check that D(T') étale over Ax. Conversely, if M is an
étale (p,T')-module over Ax we define T(M) = (A ®@a, M)¥=!, which is a Z,-
representation of G .
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Theorem 2.10. [Fon91] The functor T — D(T) defines an equivalence of cate-
gories
Tet
D: RepZPGK — Mﬁke
between Z,-representations and étale (¢,T")-modules over Ax with T as a quasi-
inverse. It induces, by inverting p, an equivalence of categories

D : Repq, Gk — M%’Iz’et

between p-adic representations and étale (p,I')-modules over Bi with M — V(M) :=
(B ®B, D)¥=! as a quasi-inverse. Moreover, if T is a Z,-representation and V a
p-adic representation of Gk, then

rankz T = ranka, D(T'),
dil’IlQp V = dimBK D(V)
When we restrict the equivalence to the p-torsion objects we get the following.

Corollary 2.11. The functor T — D(T) defines an equivalence of categories be-
tween mod p representations of Gx and étale (o, Tk )-modules over Eg .

Now we introduce coefficients to representations of Gk and (¢,I')-modules to
extend Theorem 2.10 and Corollary 2.11. We assume K is absolutely unramified
(of degree f over Q) and let F' be a finite extension of Q, with ring of integers
Or, uniformizer wr and residue field F. Consider the ring Ag r := Of ®z, Ak
with the actions of ¢ and ' extended to A g r by linearity, i.e. ¢ acts as 1 ® ¢
and v € ' as 1 ® v. We assume there is an embedding 7y : K — F', which we fix
once and for all, and put 7; = 79 o ' where ¢ is the Frobenius on K. We denote
by S the set of all embeddings K < F and fix the identification S = Z/ fZ via the
map 7; — ¢. We can then identify A g p with A%p) p Vvia the isomorphism defined
by a ® br™ — (a7(b) ® ™),. Note that

Aq, r = {Z anm”| an € Op,a, — 0 as n — —co},
neZ

and the actions of ¢ and v € I'x on A%,,,F become

@(go(m), g1(7), .., gp-1(m)) = (91((7)), ..., gr—-1(p(m)), go (),
Y(go(m), 91(m), ..., gr—1(m)) = (go(v(7)), g1 (¥ (7)), -, gr—1(¥(7)))-

We similarly define Bi p = F®q,Bk and Ex r = F®p, Ex and endow them with
actions of ¢ and I'. Note that Bx p = Ak p[l/p] and Ex p = Ax p/wrAk F.
Again identifying S with the set of embeddings k& — F, we have the isomorphism
Eg r = F((r))® with the actions of ¢ and I'c given by the same formulas as above.

Definition 2.12. An Op-representation of Gk is a finitely generated Op-module
with a continuous Op-linear action of Gx. A (¢,T'i)-module over Ak r is a finitely
generated A g p-module M endowed with commuting semilinear actions of I'x and
v. A (p,T'x)-module M over Ak p is étale if (M) generates M over Ay, or
equivalently over Ag F.

We write Repg, G for the category of Op-representations of G'x, and MK}E??
for that of étale (¢,T' i )-modules over Ak p. We use analogous definitions and
notation for representations of Gx over F and F, and (¢, 'k )-modules over Bx
and Ex p. The category of étale (¢, I'k)-modules over Ex r is the main category
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we will be working in. Theorem 2.10 and Corollary 2.11 immediately yield the
following:

Corollary 2.13. The functor D induces equivalences of categories Repp, Gk —

@,et @, et @, et
MAK,F , ReppGx — MBK,F and ReppGg — MEK,F .

For each embedding 7 : K — F, let e, : Ax r — Aq,,r denote the projection
to the T7-component, defined by a ® br? — ar(b)r’. If M is a (¢,')-module over
Ay p, then M = [[ .ge-M, each e; M inherits an action of I', and ¢ induces
semilinear morphisms eo,M — e, M compatible with the action of I'. We use the
same notation for (¢, I')-modules over Bx r and Ex .

Lemma 2.14. If M is an étale (p,T')-module over Ak r, then the following are
equivalent:

(1) T(M) is free over Op of rank d;

(2) M is free over Ak of rank d[F : Qy);

(3) M is free over Ak r of rank d.
If M is an étale (p,T')-module over Bi p (resp. Ex r), then M is free over Bg p
(resp. Ex r) of rank dimp T(M) (resp. dimg T(M)).

Proof. Suppose that M is étale over Ay p. Then multiplication by p is injective
on M if and only if it is injective on T(M). Thus M is torsion-free, and hence free,
over Ak if and ounly if T(M) is free over Op. Since the A g-rank of M coincides
with the Z, rank of T(M), the first two conditions are equivalent.

If M is free of rank d over Ak p, then it is clearly free of rank d[F : Q,] over
A . Conversely suppose that M is free over A . Then each e, M is torsion-free,
hence free, over the discrete valuation ring Aq, ». We need only show that each
e-M has the same rank. Since M is étale, the maps

CropM® g, rp — €M

are surjective, so we have ranke, M < ranke,_ M for all i € Z/fZ. The equiva-
lence between the last two conditions follows.

The assertions for étale (p,I')-modules over Bi g and Eg g are similar, but
simpler since B and Ex are fields. (I

Finally, there are tensor products and exact sequences in the various categories
of étale (¢, T')-modules, compatible via D with tensor products and exact sequences
in the corresponding categories of representations of G .

2.4. Wach modules. As étale (¢, I')-modules classify all p-adic representations,
including of course crystalline ones, it is an interesting problem to determine when
a p-adic representation V is crystalline in terms of its (p,I')-module D(V). In
principle, we may as well expect that the (¢,T")-module corresponding to a crys-
talline representation “should” enjoy some “nice” properties. Let AT = AN At =
BN At and Bt = A*[1/p]. If K is a finite unramified extension of Q,, we set
A} = (AY)Hx = Og|[r]] € Ak and B, = (B*)H#x = A7 [p~!] C Bk.

Definition 2.15. Let K be a finite unramified extension of Q,. We say that a
Z,-adic representation T' (resp. p-adic representation V') of G, is of finite height
if there exists a basis of D(T) (resp. D(V')) such that the matrices describing the
action of ¢ and the action of ' are defined over AJ (resp. Bf).
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Colmez [Col99] proved that every crystalline representation is necessarily of finite
height. The converse is not true in general and there are representations of finite
height which are not crystalline. However, Wach [Wac96, Wac97] proved that
finitude of height together with a certain condition (existence of a certain A}'(—
sumbodule of the corresponding (p, I')-module) implies crystallinity. Berger [Ber02,
Ber04b] then refined the results of Wach and Colmez to define natural objects called
“Wach modules.” Berger’s results are summarized in the following.

Definition 2.16. Suppose a < b € Z. A Wach module over A} (resp. Bf;) with
weights in [a, b] is a free Af;-module (resp. B;-module) N of finite rank, endowed
with an action of ') which becomes trivial modulo 7, and also with a Frobenius
map ¢ : N[1/n] — N[1/7] which commutes with the action of I'x and such that
o(77N) C 77N and 77 2N/p(n~2N) is killed by (p(7)/7)b=.

Theorem 2.17. [Ber04b]

(1) A p-adic representation V is crystalline with Hodge-Tate weights in [a, b]
if and only if D(V)) contains a Wach module N(V') of rank dimq, V' with
weights in [a,b]. The functor V. — N(V) defines an equivalence of cate-
gories between crystalline representations of Gx and Wach modules over
B}’}, compatible with tensor products, duality and exact sequences.

(2) For a given crystalline representation V', the map T — N(T') := N(V) N
D(T) induces a bijection between Gk -stable lattices of V' and Wach modules
over A} which are A} -lattices contained in N(V). Moreover D(T) =
Ag ®A-I¢—( N(T)

(3) If V is a crystalline representation of Gk, and if we endow N(V') with the
filtration FiI'N(V) = {z € N(V)|p(z) € ¢!N(V)}, then we have an iso-
morphism Deis(V) — N(V)/mN(V) of filtered p-modules (with the induced
filtration on N(V')/7IN(V') ).

Remark 2.18. If 0 - V; — V — Vo — 0 is an exact sequence of crystalline
representations of G, then

0—-N() = NV)—N(12) =0

is an exact sequence of B}}—modules. However N does not define an exact functor
from G -stable lattices to Aj.-modules; indeed it fails to be right exact. We return
to this point in more detail in §7.

Again by introducing an action of F' to the categories, we get an analogous
equivalence of categories between crystalline F-representations and Wach modules
over B};)F =FQRq, B;. Here, by a crystalline F-representation we mean a finite
dimensional F-vector space with a continuous action of G which is crystalline
considered as a Q,-linear representation (i.e., forgetting F-structure). Similarly, for
a fixed crystalline F-representation of G, we have a corresponding equivalence of
categories between G g-stable O p-lattices and Wach modules over A}F = Or®z,
AL

Corollary 2.19. Let k € Z>o. An F-representation V' of Gk is crystalline with
Hodge-Tate weights in [0, k] (i.e., positive crystalline) if and only if there exists a
B}F—module N free of rank d := dimg (V') contained in D(V) such that

(1) the T'-action preserves N and is trivial on N/7N, and
(2) ¢(N) C N and N/¢*(N) is killed by q*.
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Moreover, if N is given a filtration by
Fil'(N) := {z € N|p(z) € ¢'N}
for i >0, then we have an isomorphism
Du.is(V) ~ N/aN
of filtered p-modules over F ®q, K where N/TN is endowed with induced filtration.

A standard argument (cf. Lemma 2.14) shows that an F-representation V' of
Gk is crystalline if and only if the filtered ¢-module Deris(V) = (Bais ®q, V)%
is free of rank dimpV over F ®q, K. We have a decomposition Dis(V) =
Dr. ke rerDeis(V) where e:Di5(V) denotes the filtered K-vector space DcriS(V)(X)K@QP Fe.
F with the filtration given by Fil'e;Deyis(V) := e,;Fil'Deis (V). A labeled Hodge-
Tate weight with respect to the embedding 7 : K — F is an integer h € Z such
that FilheTDcris(V) #+ Filh+leTDcris(V), counted with multiplicity

dimp Fil"e,; D s (V) /Fil" e, Deis (V).

Lemma 2.20. If N is a Wach module over over A;’F (resp. B}’F), then N is

free over ARF (resp. B;F()F).

Proof. We just give the proof for Wach modules over A;r{ ; the case of B;r( F can
be deduced from this or proved similarly. 7 7

As in the proof of Lemma 2.14, we decompose A}’F = [[,cs OF|[7]] and N =
[I,cqerN accordingly. It suffices to prove the e; N are free over Op[[n]], all of the
same rank. On the one hand, we know by Lemma 2.14 that Ag g ®A; . N is free
of rank d over Ak r, where d is the rank of the corresponding Op—repfesentation
T. Tt follows that Aq, r ®@op () €~ N is free of rank d over Aq, r for each 7. On
the other hand, the O ®z, Ox-module N/mN is a lattice in Deys(Q)p ®z, T),
which is free of rank d over I'®q, K. It follows that each e,V /merN is free of
rank d over Op. By Nakayama’s Lemma, we conclude that e, N is free of rank d
over Op[[n]]. O

3. RANK ONES

In this section we give a parametrization of rank one étale (p,I')-modules over
Eg r (with a view toward parametrizing their extensions) and then identify them
with the reduction modulo p of Wach modules of rank one over A};, IR

3.1. A parametrization. Denote by val; : F((7r)) — Z the valuation normalized
by val(m) = 1, and let A, € Fp[[n]] be the unique %-th root of ;((;T))ﬂ which is
=1 modm,ifyeTl.

Proposition 3.1. For any C € F* and any & = (co,...,cp—1) € Z5, letting
M = Eg re with

p(e) = Pe = (Cw(p_l)co, gP=Der ,w(p_l)cffl) e,
y(e) = Goe= (AT AT AT e,

where ¥ = X,¢ =Y ¢;p? summing over 0 <i,5 < f—1,i—j=1 mod f, defines
an étale (p,T')-module of rank one over Ex p. Conversely, for any given rank one
M we can choose a basis e so that the module M = Eg pe with the action of ¢
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and T' given as above for some C and some ¢. Two such modules M and M’ are
isomorphic if and only if C = C' and Xo¢ = Yoc mod pf — 1.

Proof. To show that the given formula actually defines a (¢, T')-module we need to
verify that Pyp(G,) = G,v(P) and G, = G,v(G4/). The first identity holds as

P(G) /Gy = (F 750, T
(/\co(p 71) ) .’)\%f—l(Pf—l))

_ ((7(;))%@_1) L (@)C“(p_l)> — (P)/P.

To prove the second identity, as I' acting componentwise, we need to show that

f7 ’ ’
Xr = Ay(A). But note that (A 7(A)) 77 = 2205(9) 5 (T0x(v) ) = 2 x(37)
and A,y(Ay) =1 mod 7. The claim follows from uniqueness of A,’s. Note also
that the function v — A, is continuous since it is the composite of v(m)/x(y)m with

the inverse of the continuous bijective function z +— z® ~1/(P=1) on the compact
Hausdorff space 1 + 7F,[[]]; it follows that the I'-action we have just defined is
continuous.

We now prove that any rank one module can be written in this form. Suppose we
are given a rank one module M = Eg pe such that ¢(e) = (ho(7),...,hy_1(7)) and
v(e) = (go(m),-..,gs-1(m)). Note that if u € Ex ., by a change of basis ¢/ = ue
we get p(e’) = (p(u )/U) (e) and y(¢') = (v(u)/u)y(e). If u = (a7,...,77), then

o(u)/u = (x®=Di . xP=D7) So we can assume that h;(7) € F[[x]] by large
enough j > 0. We can “shlf ” between components by appropriate change of basis:
ifu=(1,...,1,u;(w),1,...,1), then p(u)/u = (1,..., 1, u;—1(7P),u;(7) "1, 1,...,1).
By successive changes of ba51s we can make it into a form where p(e) = (h(n),1,...,1)
with h(7) € F[[x]]. We can have, for some choice of e, ¢(e) = (Cr?,1,...,1) for
CeF*andv>0as

p(u(n), u(m’ ), ... u(m?))
(u(m), u(xr"™), . u(ar®))

and the map 1+ 7F[[7]] — 1 + #nF|[x]], u(w) — u(ﬂpf)/u(w), is surjective: as the
map is multiplicative and 1+ 7F[[r]] is complete m-adically, it suffices to prove that
for any s > 1 and a € F*, 14 an®¢(w) is in the image for some ¢(7) € F[[r]]*, and
indeed 1 — ar® — (1 — an*?’)/(1 — ar®) =1+ ar® mod 75+!.

To show that (p — 1)|v, we note that ¢v(e) = vp(e) if and only if

= (u(?") Ju(m),1...,1)

©(90y -+, 9F-1) _ y(Cr¥,1,...,1)
(9oy--++97-1) (Crv,1,...,1)

where Gy = (go,...,9gr—1). This is equivalent to

g1(7?) go(m) \ _ ([ ()"
(ae ) = () ).
which implies that (vy(x)/m)? = go(ﬁpf)/go(w) =1 mod w. If 6 € T is such that

oI'y generates I'/T'y ~ p,—1 then §(7m)/m = x(0) mod . Thus é(m)/m has order
p—1 modulo 7 so that p—1|v and p(e) = (Cr@=D® 1,... 1) where (p—1)w = v.
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To determine the corresponding action of v € T, we note that @y(e) = yp(e) if

and only if
(m(wﬁ) o(") > _ <v<w>><“>” L
90(71_) b b gf_l(T‘_) T b b b

if and only if go(7?)/go(x) = (7(m)/m)P~D® = (y(x)/7x(7))~D¥ (the order of
X(7) being p —1) and g1(7) = ga(7?), ..., g5-2(7) = gr-1(7"), gr-1(7) = go(7").
Thus, to get g;’s satisfying the above identity we just need to define go() such that
go(ﬂ'pf) = (y(m)/7x (7)) P~V If we set go(7) = ay A\, (m)* with ., € F* (as A €
F,[[x]]) we have go(m)?' =1 = go(n?")/go(m) = Ay (m")" /A ()" = Ao (m) @71 =
(y(m)/7x (7)) P~ D¥. Conversely, we see that go(m) = Ay (7)?, a, € F* gives all

the solutions of the equation go (7r)pf’1 = (y(m)/7x(7))®~D* counting the number
of solutions. By the identity G, = G,v(G’) the map v + ., must define a
character I' — F*, from which we conclude that «., = X(7)” for some 0 < j < p/—1.
The following consideration shows that we can rescale g;(m) = /() )\W(Wpi)’s to

. f—1 f—2
become 1 mod 7 : if u = (m, 7P ", 7P " ... «P), then

W) i1y

Jm _ (7(77)’ (7(@)”” | (7(7T)> L (v(ﬂ)))

=Xx"),---,x(y)) mod 7.

Thus, we now can assume that M = Eg rpe with

ole) = (CaP=Dw 1. 1)e,

WhereO§w<pf—1. Writew:c0+01p+~-+0f_1pf’1 with 0 < ¢; <p-—1.

By ¢ = ue with u = (1, 7P D(ertezptoterp™™) 1 1) we get
o(€') = (CrP=Veo glp=D(erteapttesp®™) 1 qy,
Doing this successively gives p(e) = (Cr®=Veo gle=Der  7(p=bes-1) for some

basis e. It’s easily checked that those changes of basis that maintain G., = (1,...,1)
mod 7 are ¢’ = ue such that u = (uo,...,ur_1) with (p —1)| valr(u;) and that the

corresponding action of v € T" is given by ~(e) = (/\A,ZO 6, A;l 6, cel )sz’l C).
Finally, we suppose that M is isomorphic to M’ = Ex pe’ with

s0(61) — Pe = (C«/ﬂ.(?*l)cg7 ﬂ-(p*l)c'l’ o 771,(;071)6}_1) 6/,
(') = Gye' = (A§° C/, )\’;1 6,7 o A§'f_1 Cl) e’

and determine when the two are isomorphic. After appropriate changes of bases
we can assume that

@(e) = Pe = (CrP=D%0C 1 .. 1)e,
ple/) = Pl = (C'x@=D%¢ 1 1),
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Those u = (ug, -+ ,uf-1) € E - such that P' = (¢(u)/u) P and (p—1)] valy(u;)
are precisely given by u = (uo(7), uo(x?’ '), ..., uo(nP)) with ug(r) = ar®=Di for
some o € FX and j € Z, in which case we have o(u)/u = (x®=D@" =1 1 1),
Thus, we conclude that M and M’ are isomorphic if only if C = C’ and Y ¢;p* =
S épt mod p/ — 1. Etaleness is clear. O

Thus defined module is denoted by Moz = Mc(q,,.. We also put

SCF—1)
kp(Mcz) = ko(C,0) = (Cﬂ—(P—l)Co’ a=Der 77T(P—1)Cf71)
iy (Mcz) = 1 (€,8) = (05 085, A7)

and write ¥ for ;¢ where ¢;’s are understood.

Remark 3.2. Any rank one étale (¢, I')-module can be written uniquely in the
form of Proposition 3.1 with 0 < ¢; < p — 1 and at least one ¢; < p — 1.

3.2. Lifts in characteristic zero. We now construct rank one Wach modules over
A}  following Dousmanis [Dou07, §2] and check that these reduce modulo wg to
the (¢,T')-modules M¢z over Ek p.

Let ¢1 = q = o(m)/m,qn = ¢" "1 (q) € Zy[[n]] and let Ay =[50 qu4i5/p, Ay =
ﬁff) € Q[[x]]. One then has that Ay € 1 +7Q,[[n]] and A, € 1 + 7Z,[[x]].

Suppose we want to construct a rank one Wach module N = A} re such that

ple) = (Cq.q™,....q e,
v(€) = (go(m), .., gp-1(m))e
if v € T, where C' € O is any lift of C' € F* and each g;(7) = g,.i(7) € Op|[]]

depends on v € I'. Commutativity of the actions of ¢ and I' amounts to the
following identities:

Thus, we are looking for a solution g;(7) for each v of the equation

wm = (-5) o (25) o () e (2] o Gt

It is straightforward to check that

90(r) = AL (M) 3 ()% -+ 1 ()0
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gives the unique solution which is = 1 modulo 7, and that the remaining g;(7)’s
are uniquely determined by

g1 (m) i(qu))q @ <721q)>@ e (W?q)yfl #' 1 (go(m)),

o2 = (-5) o (1) St

sr-1m = (=) eltm)

Dousmanis [Dou07, §6] shows that N = A} .e endowed with the actions of ¢ and
I" described above defines a Wach module over7 A} r which we denote by Ng,. Fur-
thermore, (Ngz/TNg2) DAt . Bk r is a filtered ¢-module corresponding to a pos-
itive character Gx — F* with labeled Hodge-Tate weights (cf_1,co,c1,...,¢cp_2).
One checks the following by direct computation.
Proposition 3.3. We have an isomorphism Mgz ~ Nz ®A;r<,p Ex r of (o,T)-
modules over Ex .

Combined with Lemma 3.8 of [BDJ], we obtain the following:
Corollary 3.4. Ifv : Gk — F* is the character defined by the action on V(Mcg),

then Y|1, =[], cq wy """ where w, is the fundamental character associated to T.

4. BASES FOR THE SPACE OF EXTENSIONS

We will assume p > 2 for the rest of the paper except in §6.3 and §7. We fix a
topological generator 7 of the pro-cyclic group I' = I', and set £ = P!, so that
& topologically generates I';.

Given C € F* and ¢ = (cg,...,cf—1) € {0,1,...,p — 1} with some ¢; < p —1,
we are going to parametrize the space of extension classes Ext!(My, Mcz) in the
category of étale (¢, I')-modules over Ex p. We start by noticing that there is an
F-linear isomorphism

p : Ext! (Mo, Mcz) — H/Ho,
where H is the subgroup of Ex XEFK,F consisting of elements j1(E) = (fte, (fby)ver)
such that - — p, is continuous and satisfies

(1) (ko = 1) (py) = (Kyy — 1) (pe) Vy €T,
(1) My = ’i'y’Y(ﬂ'y/) + Hy V%'Y/ er,

and Hy = {(kp0(b) — b, (kyy(b) — b)er)|b € F((7))°} C H where ky, = £,(C,¢)
and k, = ky(C,€). We call elements of H cocyles and those of Hy coboundaries.
We will also refer to the corresponding extensions as cocycles and as coboundaries
respectively. The map p is defined as follows: choose a basis of a given extension

E and write the action of ¢ and v € T' in the matrices P = (HOW Hf’) and

G, = (%7 'ul"’), and then define p(FE) := (g, (fty)yer). It is straightforward to
check that the matrices P and G,’s define an extension if and only if u(E) € H,
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and that a change of basis for an extension E corresponds to adding an element of
Hy to u(E).

By Corollary 2.13, we get an isomorphism Ext!(Mgz, Mcz) ~ H' (K, F(1)) where
1 : Gg — F* is the character defined by the action on V(Mez).

Lemma 4.1. Via Corollary 2.13, My corresponds to the trivial character and M,T_§
to the mod p cyclotomic character.

Proof. The assertion is clear for the trivial character. The mod p cyclotomic char-
acter factors as Gg — Z; — F; — F* where the arrow in the middle is the re-
duction mod p. If T = Z,(1), its Wach module is given by N(Z,(1)) = Aj.e where
ple) = e and y(e) = >fy((77r))7re if v € T (cf. [Ber04b, Appendice A]). Thinking

modulo p and considering trivial action of F we see that the étale (¢,I')-module
over Eg r corresponding to mod p cyclotomic character is given by M = Eg re

with p(e) = 7'7Pe = (7!17P,... w17 P)e. By a change of basis ¢ = wue with
_ (p-1 -1 ~ N

w= (P~ ... 7P ),WegetM_Mpiz. O
Since

dime 'GP = 47 UTHT
we have

1 _'—_' g —
dimFEth(Mﬁ,Mcg)—{ f+1 ifC=1 andé=0orc=p—2

f otherwise.

We are about to define a system of linearly independent elements By, ..., Bf_;
in the space of extension classes Extl(Ma, Mez). Once constructed, these B;’s
form a basis for Ext!(Mg, Mcz) except for the two cases where C = 1,¢ = 0 or

Cc=1,¢= pT2), for which a separate treatment will be given in §6. Thanks to the
isomorphism p we only need to define p,(B;) and p(B;)’s satisfying the desired
properties (1) and (f). According to whether the parameter ¢; is equal to p — 1 or
not the extension B; is constructed in a slightly different manner.

4.1. Construction of B; when ¢; <p—1.

Lemma 4.2. Let § € I' be such that 6I'y generates I'/T'y =~ F and let ¥, s € Z. If
Y+ s(pf —1)/(p — 1) is divisible by p* but not by p**! for some v € Z, then

A6 — 7 € (5(0)" = D+ 5 XL O 2D ks (),

where ¥+ s(pf —1)/(p—1) = dise sip.
Proof. It’s easy to see that

o(m) 1do_1 do! i—1 “l do! i—1
A = — =%(6)" %T"j_ =1+ .7..7TJ_
AT =R U D vy 2 Gojitdo =70

J=1

in Fp[[r]]/7P~1, where x(d) = >j50 d;p’ € Z). Noting that, if s € Z,

o35 - ) = (36 (S2L) -1) =
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the result follows as

- o(m) ) —(5)5 3D+ 1)/ (1)
§)°A§ ( —1=X(6) Ay TP
X( ) 5 Y(é)ﬂ- X( ) 5

XA 1

= X(E)* As (7P ) As (P )

= wor - +xer ((1+ X5 1) " )

= (x0) — 1)+ 5 XD D g o
and
70 (58] —1- (e -1+ XD D) ¢ o

We note the following lemma, whose straightforward proof we omit:

Lemma 4.3. Ifn > 1,y €T, and x(v) = 1+2zp" mod p"*!, then Ay = 1+ 27" +

ntl n_
zmP mod 7P 1,

Lemma 4.4. Let x(§) = 1+ 2p mod p? with 0 < z < p—1 and let X,s € Z. If
Y+ s(pf —1)/(p— 1) is divisible by p® but not by p*T' for some v € Z, then

MEE(n®) = 7* € Fpa(n IR g gttt g pe b2 0D (0],
where ¥+ s(pf —1)/(p—1) = dise s

Proof. By Lemma 4.3, we have

§(m)
e = —
S0
Noting that, if s € Z,

e (4) )
the result follows as

s @M\ L S -10/e-1)
f(vrx(f)) P=ACT

=1+ 277"+ 277 mod 72P 1.

U)Sv )\g(wpv+1)3'u+l L 1
w1 mod a1

So2(rPVP" 4 2P mod w2 L

)\g(ﬂp
)\5(7‘(‘1)

and

v41

)\E( > ) —-1-35,z a®P=DP" 4 7P € p2e=Vr R 11221
(£ ( ) i)
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Let’s assume ¢; < p—1 and construct an extension B; € Extl(M6, Meg). Suppose
for the moment that we have successfully defined B; with u,(B;) of the form
(0,...,0,H;(m),0,...,0), H;(m) being the ith component. For each v € T, by
the condition (}) there should exist p(B;) = (Go(7),...,G¢_1(m)) such that

(ko = 1)(1y(Bi)) = (577 = 1) (1o (Bi)),
ie.,

(Calr=DoGy (7P) — Go(r), 1P~V Gy (nP) — Gi(x), ..., 7P VU1 Go(nP) — Gy_1(T))
_ 3
- (Oa ) Oa (A'y Y- 1)(H1(7T))707 s 70)

This is true if and only if
(CrlP=V¥ie —1)(Gi(m)) = (\J'y — 1)(Hi(m)),

G (m) = 7P DGy (nP),

Gy () = nP=Der-1Gy(nP),
Go(m) = CrP=Noo g, (wP),
Gi(r) = n®P=DaGy(xP),

Gi_i(m) = qP=Dei—a Gi(wP),
s

where ®(G(r)) = G(n*"). Except for the case C' = 1, @ = 0, the map CrP~D> d—1
defines a bijection F[[r]] — F[[r]]. So the trick is to find H;(7) so that we have
(AZiy — 1)(H;(w)) € F[[x]]. The corresponding G;(m) and so pu(B;)’s are auto-
matically and uniquely determined by the bijectivity. Moreover since the bijection
Cr(P=D¥®—1 on the compact Hausdorff space F[[r]] is continuous, so is its inverse,
and it follows that v +— p-(B;) is continuous.

To find such H;(w), we observe via Lemma 4.2 that

p3N) 1-p\ __ p S\ _ o3

valy (A — 1)(7m7P) = 2 — p and val, (\;in — 1)(7%) = s if 2 —p <s < —1.

Then there exist ea_p,...,e_1 € F), such that
()\?in — 1) (" P+ ey P+t emt) € F[[7]).
We set
Hi(m)=7"P+h(n) =P+ e ,m® P+...+egm !
and claim that
(AJ*y = 1)(Hi(m)) € Fy[[n]

for all v € I'. Note that by Corollary 4.3 we have \,, = 1 mod 7=, so that
(A1 = 1)(7%) =0 mod 7Pt for all 1 —p < s < —1if 44 € I'y. Since any given
v € I' can be written as v = n™~y; where m € N>¢ and v; € I'y, we have

(AT = 1)(Hi(m)) € Fy[]]
by the following.

Lemma 4.5. Let ¥ and v be integers and H(w) € F((w)). For any v,y € T, if
the valuations (in ) of (\Jy —1)(H(m)) and ()x,%m/’ —1)(H(nm)) are > v, so is that
of (A3, — D(H (7).
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Proof. If both A¥~(H (w)) — H(w) and /\:E/,v’(H(ﬂ')) — H(r) are in 7VF[[r]], then

(N7 = D(H(m)) =

™x(vY')
(A A T CH
a (7( X(’Y)> X(’Y)) V) = ()
=AYy (A3 (H(m)) = H(m)) + A5(H(r)) — H(x) € n°F|[x]

O

So far we have defined p, = p,(B;) and py = p(B;) satistying the condition
(1), and need to verify the condition (}). It is easily checked that if v, € T', both
fyry and pl ;= Kyy(fiyr) + iy satisfy (f). Since when we fix ju, the solution of
() for v is unique (by the bijectivity of the map Cr*i® — 1), we must have ()
fyyr = Eq Yl ) + fhoy-

4.2. Construction of B; when ¢; =p— 1.

Proposition 4.6. Ifc; =p—1 and ¢;y1 # p — 2, we have
(i = 1) (777 4 B (7) + €(x*% + () + h(m))) € Fl[x]]

for some € € F* and for some Laurent polynomials hl/(m) = Y P_] 2 elmip +Sp
Bi(m) = SoRTY €m? T, hy(m) = YUY ean' P € F[n]][1/x]

Proof. By Lemma 4.2 we have,
(= 1)) € Xl P g PR ]

and

()\72]31;7) . 1)(ﬂ_1—p2+sp) —1le F><7T1—102+sp + ZFﬂ_l—pz+(s+J’)P + FHTF]]
j=1
for 1 < s < p—2. Then there exist €,2' € F such that

()\E"n— <7T1 P’ —|—Z€" 1= P'H”) evnl P+ F[[x]).

Similarly, for some €., €, v € F we have
p—2
(A?in ( =2 Ze’ 2=2pts 4 Zeswlp“) € vt =P 4 F[[r]].
s=1

Put hY(m) = 02 el PP b (m) = U023 €m0 hy(m) = S0 et T,
The point then is to show that both v and v/ are nonzero so that

(Ayin—1) (7‘(‘171)2 + hg’(ﬂ)) +e(Ayin—1) (7% + hi(w) + hi(m)) € F[[x]]
where € = —v//v € F — {0}. So let us prove nonvanishing of v/ and v. Suppose
V' = 0 so that val,(\)in —1) (Wl_pz + h’il(ﬂ)) > 0. By Lemma 4.5, recalling £ =
nP~L, it follows that valﬂ()\?if -1 <7T1_p2 + h;/(ﬂ')) > 0, However, by Lemma 4.4
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we have Val,r()\%"n— 1) (7T1_p2 + hg’(w)) = 1—p. Thus v cannot be zero. Similarly,
we get v # 0. O
Proposition 4.7. Ifc; =p—1, and r € {0,...,f — 1} is such that ¢iy1 = -+ =
Citr =P — 2 and Ci1ry1 # p — 2, we have

r—+1
AZig—1) | o= +Zh<J +Z Dp9) ) e F([r]]

for some Laurent polynomials

=S ePrt P (0 < j<r 1),

p—2
) . i1 . j j+1 j .
h;(J)(’]T) _ 7T1+p1_2p1 +j :6;(_7)7T1+p1_2p1 +sp? (0 S j S 7‘)
s=1

in F[1/x] with egT—H), er) £ 0.

Proof. By Lemma 4.2 (with v = r 4+ 1,8, = ¢;4ry1 + 2) we get
P2t n 7T1—pr+2+2p7'+1

()\727"77 — 1)71'1_73'r+2 € F*xl~

and
p—s—1

(St — yrl=? o™ g px gl ™ LTSS e e B[]
t=1

for 1 < s < p— 2, so that there exist e(rﬂ), ceey ;fjl) v("+1) € F such that

(Ayin — ( Z (Dl e > e vt l=r" LR [[x]).

We set h(’“) ZP 2 (7+1) Alp e
Again by Lemma 4 2, we get

r+1

O e A =S e i i [

and
p—s—2

(AZig— 1) L2 I ¢ g2 Ak Y ot el )
t=1

for 1 < s < p— 2, so that there exist 6/1(7«)) ey e;(i)Q, V(") € F such that

p—2
(A —1) (Z e;<r>7r1+pr2pr“+spr> € /Mgl =p" 4 g T R[]
s=0

where we have set e;)(r) =1.
As in the proof of Proposition 4.6, one can show that both v"+1) and v'(") are
not zero, so that

(Ain—1) (7r1—p"'+2 + R e(r)h;(r)> e =P R[]
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where (") = —p(t1) /(") £ 0. Then again
(e —1) (=17

r+2

n hErH) I e(r)h;(T) i hE”) e Fr' ™" 4+ F[[x]]

for some hl(»T) = 22;12 e&”wl P sp” . Iterating the process proves the proposition.

O
When ¢; =p—1,¢41 =+ = Ciyr =P — 2,C4r41 # p — 2 we define
/’[’(p(Bl) = (0, e 70, Hi(ﬂ'), 0, ey 0)
where
o r+1 ) r .
Hi(m) =777 4+ 3" hP () + 37 e, ()
=1 =0
is the ith component. By Proposition 4.7, we get (A\J*y — 1)(u,(B;)) € F[[x]] and
then p, (B;) is determined by bijectivity of the map C7r(p DEip—1: F[[x]] — F[[x]].

The condition (1) is checked in an analogous fashion as in §4.1.

Remark 4.8. The cocycle B; for the case ¢; = p— 1, ¢i41 = -+ = Ciqr =
P —2,Citr+1 7 p — 2 is cohomologous to a cocycle B, defined by

p—2
po(B]) = (6(0) 2—2172 P I pz (0) S>

p—2
+ (1) 3— 3p (1) S+’/T2 2pzegl)ﬂ_s> €ir1

s=1

+

s=1

e 2PZ oy S) €itr+1,
"(0) _

where €, = 60 = = 0 (H_l) =1 and €) # 0. See Lemma 5.5 for the
proof in the case f = 2.

+

p—2
< 7‘) 3— Sp ( )’/TS +71'22PZ€(9T)’/TS> Citr

4.3. Linear independence of B;’s. Throughout this section we assume C # 1 if
é =0, so that CrP~V= : F[[x]] — F[[r]] defines a valuation-preserving bijection
for all 4 € S. From the constructions in §§4.1, 4.2 we have at hand the extensions
By,...,Bf_1 € Ext!(My, Mcz) such that, if i € S,
/J’QO(BZ) = (0, e O,Hi(ﬂ-)v cee 70)
has ith component
r+1

Hi(m) == #"" +Zh<” Z €D (),
7=0

where if ¢; # p — 1, then we set r = —1 and h,t(-o) (m) = hi(m) was defined in §4.1,
and if ¢; = p — 1, then r is the least non-negative integer such that ¢; 1,41 #p — 2
and hl(.]), hz(»J) and € ) were defined in §4.2.
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To prove linear independence of B;’s, suppose that BoBg + --- 4+ Br_1Bf_1 is
equivalent to the trivial extension for some (3y,...,83;-1 € F. We want to show
that By = --- = By—1 = 0. By cyclic nature of indexing, it is enough to show that

Br—1 = 0. Since Bopy(Bo) + -+ + Br—1pp(Bs-1) = (BoHo(m),...,Br—1Hp_1(m))
defines a coboundary, by “adding some coboundary,” i.e., by making an appropriate
change of basis for the extension, we see that

(BoHo(m) + BrCr®= D Hy (nP) 4 -+ B Cn P D T30 0 Fy_y (P
=(CrP=py (aP) — bo(m), 7PV by(m) — by (7),..., 7P =1by(7P) — by_1 (7))
for some (bo(7),...,bs—1(7)) € F((m))". It follows that

BoHo() + SO =D [, (nP) + - - + ﬁf_lcw(p—l)zf-;; cij'Hf_l(ﬂ.p
=(Cx%0® — 1)(bo(m)

and

-1

)

by(m) = W(p_l)clbg(wp),
by(m) = wP= 12y (nP),

b —a(m) *W(p Ver=2pp_y(n?)
b1 (m) = nP=Der=1py(7P).
As the map Cr»~1D¥0® — 1 : F[[r]] — F[[x]] is a bijection, we get a congruence
BoHo(r) + BrCr DO Hy (2P 4 - + By CaP~VEI5ea?’ { (a2
=(CrP=YZ0 @ — 1)(b(n)) mod F[[x]]

for some b(m) = b_m % + Zj;} b_sy;m 5t € F[1/x] with s > 0 and b_, # 0.
Suppose B7—1 # 0 and we will get contradictions.

First assume cy_1 =p—1,¢f =+ Cf_14r =D — 2,Cf4r #p — 2 with » > 0, in
which case we have

f-1

r+1

Hy_y(m) =77 +Zh” )+ > DR ()
§=0

One checks that the lowest degree term (in 7) of the LHS of the congruence is

prpf Tt
)

By ,CrP=1) VL5 e’ (1=
so that the valuation of the LHS is (p — 1)(2;:3 cip) —(1+p+ - +ptp/=h).
On the other hand, we have three possibilities for the RHS: (p — 1)%¢ — spf < —s,
—5<(p—1)Zy —spf and (p — 1)8g — spf = —

If (p— 1) — spf < —s, the leading term of the RHS is b, CrP=DZor=sp" anq
we have s = (p—1)(2+p+---+p") and By_1 = b_,;. Now the term
Bp_1 OrP D 255 s’ () p(p” —2p" yp! !
is alive on the LHS and must match a term on the RHS. Considering possible
matching valuations on the RHS we get either
-2

(p—1)Y ep? +(1+p —2p )/ = —t
=0
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or

=2

(p—1)D ep’ + (1 +p" —2p")pf = (p— 1)%0 — tp/

j=0
for some 0 <t <s=(p—1)(2+p+---+p"). The former equation contradicts
the inequality ¢ < s and the latter implies that ¢t = 2p" — p"~! + p — 2. Since
p! /t + (p — 1), there must be a term of degree —t on the LHS. However if
m < r, then the leading term of 7»~%) Ei" ep? H,,(7?") has degree > —t, and if
m > r, then its terms cannot be congruent to —t mod p”, and we again arrive at a
contradiction. If —s < (p — 1)Xg — spf, the leading term of the RHS is —b_,m 5.
Then (p — 1)|s and s(p/f — 1)/(p — 1) < %y < p/ — 1, so that s < 1, which is
impossible. Lastly, if (p — 1)Xo — sp/ = —s, working modulo powers of p, we get
s§=cp=--=cf_1 =p— 1, a contradiction.

Now we may assume that 3; = 0 for all j € S such that ¢;; = p — 1 and
¢j+1 = p — 2. Suppose now that c;_1 = p — 1 and ¢y # p — 2. We then proceed to
show that By_; = 0 by induction on m where m > 1 is such that cy_,,—1 #p —1
and cf_ym = Cf—my1 = ---Ccf—1 = p — 1. We may thus assume that 8y_,, = --- =
Bs—2 = 0if m > 2. The argument used in the case r > 0 then goes through with
the following two changes: 1) the induction hypothesis is used to show that the
term

f-2

ﬁf—1C'7r(p_1) 26 ¢’ ((0) p(2=2p)p” !

is alive on the LHS, and 2) the equality
f=2
(p=1) ) e’ +2=2p)p! = (p - 1)S0 — tp’
j=0
immediately gives a contradiction without considering more terms.

Now we may assume that 3; = 0 for all j € S such that ¢c; = p — 1, and suppose

cf—1 < p— 1. The leading term of the RHS then is
5f7107r(p*1) Y2 e’ L(-p)p’ Tt

If (p—1)So—sp! < —s, sp/ = (p—1) (S0~ 120 ep7 +p7 1) = (p—1)(cy1+1)p! 1,
ans so p|(cg—1+1), which is impossible as 0 < c;_1 < p—1. If (p—1)Xg—sp/ > —s,
then —s < (p— 1)(2;:_3 cjp’ —p/~1) < 1—p, contradicting that s(p/ —1)/(p—1) <
Yo < pf - 1.

This completes the proof that the B; are linearly independent, hence form a
basis for Ext!(My, Mcz) (unless C = 1,é=00r C =1,=p — 2).

5. THE SPACE OF BOUNDED EXTENSIONS

In this section we define bounded extensions, which we will later relate to exten-
sions arising from crystalline representations.

5.1. Bounded extensions.

Definition 5.1. Suppose A,B € F* and 0 < a;,b; < p with exactly one of a; or
b; is zero for each i € S. We say that an extension (class) E € Extl(MAa,MBl;)
is bounded if there exists a basis for £/ in which the defining matrices P and G
satisfy the following:
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e G e (- S

(2) P e My (F[[])%),

(3) G, — I € M (F[[]]%) if v € Iy.
Bounded extensions form a subspace, denoted by Ext'yqq(Mag, Myp), of the full
space Ext!(M 4z, Mgy) of extensions.

Lemma 5.2. The condition (3) can be replaced by a weaker condition (3 ) Ge—1I5 €
M (F[[x]]).

Proof. If v,~" € T'1, then

Gyt = GGy = ( (1) py (E) +1'7P‘W’(E) ) mod 7

by Corollary 4.3. So, if G¢ = I, mod 7, we have by induction that G¢» = Iy for
all n > 1. If v € T, for sufficiently large n > 1 we get, by continuity of the action
of I, that G, — I € mMa(F[[x]]¥). O

We now describe a way to analyze extensions systematically and to check for
boundedness. Given J C S and n € Z/(p/ — 1)Z we can always find a;,b; for
i€ J,jeS—Jwith1<a;b; <psuch that

nEijpj —Zaipi mod pf — 1.

g ieJ

The congruence has a unique solution if n # n; mod pf — 1, and has two solutions
ifn=mn; mod p/ =1 where n; := 3, p"*' =37, p' (cf. [BDJ, §3]). To compute
the solutions explicitly in the double solution case suppose n = n; mod p/ —1 and
we have two solutions a;,b; and aj,b}. Then ¥ := 3. ;(b; — VP — e (ai —
al)p’ = 0 mod pf — 1. Note that S| < pf — 1, as |a; — af|, |b; — vil <p-1,so
that ¥ =0 or £(p/ —1). If 0 = X = 3", g d;p’, where d; = a} — q; if i € J and
dj =b; — b;- if j ¢ J. Noting |d;| < p — 1, computations modulo powers of p shows
d=10 Ifx = +(pf — 1), we have solutions a; = p,b; = 1 and a} = 1,0, = p
(te J,jeS—J). Conversely, given a;,b; (fori e J,j € S —J with 1 < a;,b; < p)
there exists unique ¢ = (co,...,cs-1) € {0,1,...,p—1}° with some ¢; < p—1 such
that /77 eip’ = Yigs bi' = Yiey @i’

Now fix J € S, C € FX and ¢ € {0,1,...,p — 1}* with some ¢; < p — 1. If
Y€ % ny mod pf — 1, we can solve the congruence ¥o¢ = ZieJ bip*t — Yics a;p’
mod p/ — 1 with unique solution, and get an isomorphism

Eth(Ma, MCE) >~ Eth(MG, MCcf)’

where d; = —a; if i € J and d; = b; if j € J. The isomorphism is (not canonical
but) well-defined up to AutMcz = F* and the valuation of entries of the matrices
defining (¢, T')-module extensions are invariant, which suffices our needs. Tensoring
M 4z to the sub and the quotient of the extension we get an isomorphism

v Bxt' (Mg, Mog) — Ext! (Mag, M)
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where CA = B and a; = 0if i € J and b; = 0 if ¢ € J. In fact, we have a

commutative diagram
Eth(M[-)*,Mcg) — Eth(MAa,MBg)

! !
H/H, — H'/H).

The vertical arrows are u’s, and the bottom arrow is induced by
(K (y)ver) = (Kp(A, @)(E) sttp, (K4 (A, @)(C)pty)yer),

where the isomorphism Ex pre = Mgz ~ M7= Ek re' is defined by the change
of basis e = (¢) se’ with (¢); € Ex . We define

Vy =1 N (Ext yag(Mag, M ;) C Ext' (Mg, Mce),
so that dlmF VJ = dlmF Ethbdd(MAd’7 MBE)

If £o¢ =ny; mod p — 1, we can assume that ny = ZigJ bip' — Yics a;p* and
nyg+1—pl = Digr Uip' =, s aip’ where a;, bj and af, b; are two solutions. Then

we have a; = p,bj =1 and aj = 1,0, = p (fori € J and j € S —J).
Similarly to the case of unique solution, we have isomorphisms
iyt Ext! (Mg, Mcz) — Ext!(Mag, M),

v— : Bxt!' (Mg, Mcz) — Ext' (M, o, M)

s
and define ) . )
Vf = Ljr (EXt bdd(MA&‘7 MBZ;)) C Ext (M67 Mcg),

V= N (Ext paa(M o, Mp)) C Ext! (Mg, Mcz).

In the next two subsections we will compute explicitly the spaces of bounded
extensions in the generic case and in the case f = 2.

a’’

5.2. Generic case. For each i € S, let ¢; : Ex.p = F((7))® — F((7)) denote the
projection (go,...,gf—1) — -
Proposition 5.3. If0<c¢; <p—1 foralli € S, then

(1) Visy =FBiyy forallie€ S;

(2) Vy=@icsViy if J CS;

_ . = —_—
(3) Vi = Vg :Extl(M67Mcm) ifC#1,c=p—2.

Remark 5.4. Proposition 5.3 does not say anything about the cyclotomic case
—_—
C =1,C=p— 2, which will be treated in §6.1.

Proof. First the case J # (). We may assume that f —1 € J; even though we do not
have complete symmetry due to the presence of the constant C', we will see that
the argument goes independently of which component C lies in. As 0 < ¢; <p—1

for all : € S we have p;__ll <Y< (p—2) p;__ll. We claim that the congruence
SoC= Zbipi — Zaipi mod p/ — 1,

igJ i€J
has a unique solution a;, b; (i € J,j € J) such that 1 < a;,b; < p, except when

J =S and ¢ = p—2. If there were another distinct solution, we have either

Yo = ZjQJpJH - Zjerj or Yol = ngJpj+1 - Zjerj +pf — 1. The former
is impossible since modulo p we have ¢g = —1if 0 € J and ¢y = 0if j € J, and thus
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co = p— 1 or 0, contradicting the assumption. In the latter, we have 0 € J and
cp = p—2. Computations modulo p? show that 1 € J and ¢; = p— 2. By induction
we get J = S and ¢; = p— 2 for all # € S. Thus, unless J = 5, 8:pTQ>, we
have unique a;,b; (¢ € J,j ¢ J) satisfying the equation Z{:_()l cpt = Zigj bipt —
ey aip'+pf —1. Letting u = (n(P= V-1 g@=Ddos  7p=1)0r-27) with §;; = 1
ifi € J and 9;; = 0 otherwise, one checks that Ex pe = Moz >~ M ;= Ek pe via
the change of basis e = ue’ where d; = b; if i € J and d; = —a; if i € J, and that
(€) s = u. Note that

@((aJ) (W(p_l)p(so‘],ﬂ(p_l)pél-” .. 77-r(1’—1)l75f71‘])
<5>J N (7T(P—1)5f71J771-(P—1)5oJ’ . ’ﬂ(p—l)éf,w)
= (7-r(17—1)(MoJ-éf—u)7 W(p—l)(p51J—5OJ)7 o )W(p—l)(p6f,1j_5f72J))
and that

(pdos —0f—17)+p(Pd1.0—b0s)+ D! T (POp_17—67-25) = (P! —=1)d5_15 =p’ — 1.
Recall that we have a basis By, ..., By_; for Extl(Mﬁ, Mez) such that

o (B;) = (0,...,0,7' 7P + hy(m),0,...,0),

pe(Bi) = (G, .G,
where h;(r) € Fr?™? + .-+ Fr~! and

G () = —ai + gi(r)

Gy (m) = 77V (—0g 4 gi(7))
Gy (m) = w0 Dlemstenn) (g o gi(m"))

G’éi)(ﬂ) _ 7.(.(17*1)(CO+C1P+"'+Ci—1pi_1)(70[1, + gi(ﬂpi))

Ggfill(ﬂ') = 7T(p71)(61'_1+C°p+clp2+m+ci71pi)(—Ozi + gi(n?

i1

)

Gylly(m) =m0 Dt (o 4 gi(a? )

with a; = 59z € F* as in Lemma 4.4.
To show that tB;y1 € Ext!(Magz, M ;) is bounded if i € J is straightforward:
As (&) ; = (nP=Dos—1s g(=Ddos  7(p=1)0s-27) and §;; = 1, we have

frp(LBit1) = Ko (A, @)(E) spp(Bit1)
=(0,...,0, 7P~ D@+ (7l=p L p. 1 (7)),0,...,0) € F[[x]]°
with the nonzero entry in the (¢ + 1)-component, and

p1e(tBig1) = ke(A, @)(6) spuy(Bis1) € nF[[x]]°

as e;s1 e (1Bip1) = )\épfl)Ejﬂaﬂ_p_ngi)l and e 11 (1Bip1) = )\ép*l)zj‘FlaW(p—l)(;jJG‘g‘i)»l

is divisible by w(P=Dei+1 if j £ 4.
Next we need to show that F = Zf;é B;B; € Vy implies 3;41 =0 for all i ¢ J.
Suppose ¢E is bounded, i ¢ J and Bi41 # 0. Then p,u(E + B) € F[[x]]° and
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pet(E + B) € wF[[x]]® for some coboundary B, for which we let
po(B) = (CrlP Dby (wP) — bo, 7P~ Dby (7P) — by, ..., PV 1y (P) = by 1),

c c Yf_oaC
pe(B) = (AF°°6 = Dbo(m), AL E = Dba(m) ..., (A€ = 1)by_1 ().
for some (bo(m),...,bp—1(m)) € Ex p. Note that ke(4,d) =1=(1,...,1) mod 7
and e;41(6); = 7P~D%s = 1. As valze;11pe(E + B) = valzejipet(E+ B) > 1
while valre;1ue(E) = 0, the valuation of e;1pue(B) = ()\?"“5 — 1)bi41(m) has to
be zero. Letting s = val;b;11(m), Lemma 4.4 implies that ()\?”155 — Dbiqi(m) €
aF([r]] if s > 0 and valy (g€ = 1)bia(m) = s+ (p— 1)p? if s < 0 and X1 +
s(pf —1)/(p—1) is divisible by p¥ but not p*+!. Thus val,b; 11 (7) must be negative
and divisible by p — 1. Looking at the i-th component, we have
itip(t(E + B)) =m0 DA (1 (B) + 1o (B))
= P01 (7172 4 p (1) 4+ 7P D%, Ly (7P) — by (),
whose valuation has to be non-negative. Since (p — 1)¢; + pvalbip1(7m) <1—p =
val, (m17P + h(7)), we get val b;(m) = (p — 1)¢; + pvalyb;y1(m). Cycling this
through all j € S leads to val b, 1(7) = (p — 1)3;¢ + p/val b 1(n), so that
valzbip1(m) = 7%2-8> 1 — p, which is a contradiction.
Now suppose J=5C #1,=p—2. In this case we have two solutions @ =

Dy b=0and a = =1, ¥ =0 of the congruence and the corresponding isomorphisms

4 Ext! (M6’McpT2’) — BExt! (M agp, M g5),

—  Ext (Mg, M=) — Ext' (M7, Mgg).

One shows that V7 =V, = Ext! (Mg, M, —») by straightforward computations.

If J = 0, the congruence equatlon has a unlque solution unless ¢ = 1 in which
case we have two solutions @ = 0, b=1and a = =0, b= p. The proof that Vj =0
(when ¢ # 1) and V;" = V7 = 0 (when &= 1) is similar to the case J # 0. O

5.3. Case f = 2. Throughout this section we assume that 0 < ¢g,¢; < p —1 and
not both p — 1. If @= 0 or pTﬁ, we further assume C' # 1; the cases ¢ = 0 and
c= pT)Q when C =1 are dealt with in §§6.1, 6.2. Before starting the verification,
we list the basis elements in the form we will need.

Lemma 5.5. If f =2, we have the following description of basis elements, where
gi(m) € 1+ nF[[x]], gi(m) € F[[x]],
g:(m) € FXn!=P 4 w7 PF([x]], g/ (r) € w**PF|[n]]

(with some choice of a coboundary B when necessary).
(a) If0 < cp,c1 <p—1, co+c¢1 >0, then

fip(Bo) = (' 7P + ho(7),0),

pe(Bo) = (aogo(m), 7P~ aggo(n?))
fp(B1) = (0,777 + by (),

pe(Br) = (CrP= D0y gy (7)), 1.1 (7))

for some ag,aq € F*.
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(b) Ifco=p—1,0<¢; <p—2, then
(BO B) ( (0) 2—217’ C_17T2_2p) + 7T3_2PF[[7T]]S,

pe(Bo — B) = (go(m), g5(7)),
fip(Br) = (0,77 + hy (7)),
pe(Br) = (CrP~V0a gy (n7), a1 g1 ().
(¢c)Ifco=p—1,c1 =p—2, then
pe(Bo — B) € (0,07 eWa® =) 4 72720 |[x]] x n*~*F[x]],
fie(Bo — B) = (g5 (), g5 (7)),
fo(Br) = (0,777 + ha (),
pe(Br) = (CrP~V%a1g1(77), argi ().
(d) If0<co<p—2,¢c1 =p—1, then

) = (' 7P + ho(m), 0),

) = (a0go(m), ™ (p=Des taggo(m?)),
pg(B1 — B) € (n 720, eDn®720) 4 w32 F [[]] %,
) = (g1(m), g1(7)).

)
11 (Bo)
p(B1 — B) € (€Va’7%,0) 4 o' F[x ]] x 2~ F[x]],
pe(Br — B) = (g7 (), g7 (m)).
(f) If co =c1 =0 (recall C # 1 is assumed), then
) = (7177 + ho(m), 0),
(Bo) = (Bogo(m), Bogo (),
fo(B1) = (0,7 7F + hy (),
(B1) = (CBrg1(7), Prgr(m))
for some By, /1 € F*.
Proof. Recall that
fip(Bo) = (Ho(m), 0)
1e(Bo) = (G (), G\ (x))
(L 1% 1)7H((AF°€ — 1)Ho(m)), 7~V G (),
tie(Br) = (0, Hy(m)),
pe(B1) = (GG (). G (m))
= (rP= DG (), (Cr PR d — 1) TH((OFE — 1)(Hi(n)))),
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where
1p+h0 ifco<p—1,
Ho(m) = { w7 + b 4 eOng® 4 hf? ifeo=p—1,c1 #p—2,
At hff) + (1)h0( ) hél) +eOng? + b ifeg=p—1,c1=p—2
TP 4 hy ife; <p—1,
Hi(m)=1{ 77 + 1" + O 4 pl¥ ifer=p—Llicg#p—2
I h§2) + e(l)hll(l) + hgl) + e(o)h/l(o) + hgo) ife; =p—1,¢g=p—2.
(a) Letting ag := —5pz € F* as in Lemma 4.4 we have

Lo(m) := (A6 = 1)(x' 7P 4 ho(m)) = —ap  mod 7F[[x]],

so that egue(By) = (CrP~D¥0® — 1)1 (Lo(7)) = apgo(r) for some go(m) € 1 +
7F[[x]]. Thus, pe(Bo) = (ogo(m), 7P~V aggo(7P)). Similarly for By.

(b) By the very construction of Hy(w), we have Lo(w) := (A?‘)f — 1)Hy(m) €
F[[x]], so that g)(7) = eoue(Bo) = (CrP~YV¥0d — 1)~1(Ly(7)) € F[[r]] and
pe(Bo) = (g (), #P~Yergl(7P)). Now consider a coboundary B such that

fip(B) = (CrxP=10by (x2) — by (), 7@~V bg (%) — by (7))
= (7 i), 7 (@ 4 B,
pe(B) = (0,(AF*€ = 1)ba(m)),
where by(m) = 0, by () :c—l(w2—2p+ﬁgl)) with hY := 372 eV a2-2p+s Then
+(Bo — ( O MO 4 p O c=1(z2=20 4 py 1)))
(6( 2= 2p+h’(0))+h Noatts 2—2p+h(()1))>’
pe(Bo — B) = (g5(7), 95 (7))

where E/O(O = h:)(o) — 71272 and g§(7) := 7P~ Vergl (7P) — (/\?15 — 1)by (), whose
valuation is 1 — p. Things on Bj are the same as in (a).

(c) Again we have Lo(m) := (A\:°¢ — 1)Ho(m) € F[[n]], go(m) := eope(Bo) =
(CrP=D%0d — 1)~ (Lo(n)) € F[x]] and pe(Bo) = (g4 (7r),7r(p Dei gl (7P)). Consid-
ering the boundary B such that

pp(B) = (Cr Dby (wP) — b (), 7P~ Db (7P) — by ()
= (77 + Vg + bV 4 hP — R, 0 (DR + hiD)),
pe(B) = (A£°€ = Dbo(m), (A€ = 1)bi (),
where bg(m) = C_lﬁém,bl( ) = C1 (6(1)El(1)+7l(1)) + 7P=D(P=2)py(7P) and
h(2) ZP 2 (2) r2-2p+s (Wlth 6() 1) h’(l) ZP 2 ’(1) 3—3p+s (Wlth g —
1), hgl) Zp 2 (1) w272PFs we have
MLP(BO _ B) — (C—IEBQ) + E(O)h{)(o) + h80)70_1(6(1)ﬁ/0(1) _’_Eél)))’
p1e(Bo — B) = (95 (), g5 (7))
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where g8 () = go(m) + ()\?05 — 1)bo(m) and gl (7) = 7P=Dergy(aP) + ()\?15 —1)by.
One checks that val,g8(7) =1 — p and valgj (7) > 2 — 2p.
(d), (e) are similar to (b), (c).
(f) Almost identical to (a) :
Lo(m) == (6 = 1)(7" P + ho(7)) = a9 mod 7F[[x]]

and
eopie(Bo) = (C® — 1)~ (Lo(m)) = Bogo(r)
for some go(7) € 1+ wF[[x]] with By := (C —1)"tag . Similarly for B;. O

We will set B} := B; — B in pertaining cases.

Proposition 5.6. If f =2, then
Vs = V§ = Ext’ (Mg, Mcz)

. . = _—
with + occuring when ¢ =p — 2.
Proof. By straightforward calculations one can check that both ¢By and ¢B;y are
bounded in each of the following cases to consider:
0 S Co, C1 S b= 27 1 S ao, ay S p— 17 <6>J = (ﬂ-pilvﬂ-pil);
co=p—1,0<c1<p—2,a0=1,1<a; <p—1, (&) = (7P, n2P~2);
0<co<p—2c1=p—1,1<ay<p-—1l,a1 =1, (€); = (7?72 7P~ 1);
p—2<co,c1 <p—1,p—1<ag,a1 <p, (@) = (7272, 7%?);
co=c1=p—2,a0=ay =p, (¢ = (7?2, 7%=2) (for V});
co=ci=p—2,a9=a; =1, (&) ;= (771, 7P71) (for V).

Proposition 5.7. If f =2, then
Vy=Vi=0
with £ occurring when &= 1.

Proof. We have the following cases to consider:

)
J = (1’ ﬂ-l_p);
J

If E is a cocycle such that «(E) is bounded, then there is a coboundary B associted
to some (bo(m),b1(m)) € F((r))® such that «(E + B) has u, € F[[7]]® and ue €
7F[[7]]°. As ky(A,@) € (FX)¥ and (¢) = (r(1=P)eo z(1=P)er) for some ¢; € {0, 1},
we get p,(E + B) € F[[r]]® and p¢(E + B) € 7F[[x]]°.

First consider the case 0 < ¢g,c1 < p—1 and E = By + B for some 8 € F*.
As valreouy(E) = 1 —p and valyeiu,(E) > 1 —p, we have val, (Cr(P=De0p, (7P) —
bo(m)) = 1 — p and val, (r®P=Derby(aP) — by(n)) > 1 — p. If valybo(m) > 1 — p,
then (p — 1)co + pvalzbi(m) = 1 — p, which implies that p|(co + 1), contradicting
co < p—1. If valybo(m) < 1 — p, then (p — 1)er + pvalybo(m) < 1 — p, which
implies that val;bi(w) = (p — 1)y + pvalzbo(r) < 1 — p, which in turn implies
(p — Dep + pvalybi(r) < 1 — p, so that valbo(w) = (p — 1)cg + pval;bi(7) =
(p — 1)Xo + p?val bg(n), yielding a contradiction. The proof that «(B;) is not
bounded is the same.
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Next suppose ¢g = p—1 and 0 < ¢; < p—2. First consider the case E = B{+(DB;.
As valreipe(E) =1 — p, we have val,,()\?lg — 1)by(m) =1 — p, so that val by (7) <
2—2p. Then val,7(P=Dp, (7P) = (p—1)co +pvalyby(7) < (1—p)(14+p) < 2—2p =
valreopiy,(E), and so val,by(m) = val,w(P~1b; (7P) = (p—1)cg + pval, by (7). Then
again Valﬁﬂ(f’_l)clbo(wp) = (p— 1)Iy + pPvalybi (1) < 2 — 2p = valreipu,(E), so
that val,by(7) = val,m®~De1py(7P) = (p — 1)8; + p?valbi(7), or valby(w) =
f;g;_llzl > 2 — 2p, a contradiction. The proof that ¢(B) is not bounded is the
same as in the case cg < p — 1.

If co =p—1,c1 = p— 2, the proof is similar to the preceding case, except that
we start by noting that valreoue(E) =1 —p if E = B + $B;.

The proof in the case that ¢; = p — 1 is the same as the case co = p — 1. O

Proposition 5.8. If f =2, then

FB, if co=p—1,
Vi = F(a1By —apB1) if 0<cog<p—1,¢4 =0,

FBo 0<co<p—1,0<ec <p-1
Vi, = F(Bi1Bo — BoBh);

V{I} =0.
with £ occuring when &= 0.

Proof. Unless & = 0, & gives rise to unique @ = (0,a1), b= (bo, 0) with 1 < aq,by < p.
If @ = 0, we have @ = (0,p),b = (1,0) (for V) or @ = (0,1),b = (p,0) (for V).
We always have (&) = (77~ 1) except when &= 0, by = p, ag = 1, in which case
we have (¢) = (1,717P).

(1) Assume ¢g = p—1. Tt is strightforward to check that +(B;+/5B) is bounded for
some 3 € F* where B is a coboundary such that p,(B) = (Cr(P~Deog(1=pp _71-p)
and g(B) = (0, A& — 1)(x17P)).

Suppose By, is bounded. There exists a coboundary B such that p,t(Bj+ B) €
F[[7]]°, pee(B) + B) € nF[[x]]°, and so

g (Bg) + (CrP= Dby (wP) — by (m), e~ () — by (m)) € w' PF[[x]] x n P F[[x]],
pe(Bg) + (A€ = Dbo (), (A€ = 1)bu(m)) € w2 PF[n]] x «F[[x]]

for some bo(),by(m) € F((w)). If ¢; < p — 2, we have val,r()\?lf —Dbi(r)=1-p
as valreipe(B)) = 1 — p, so that valb; () < 2 — 2p. Then val, (7(P=Dop, (7P)) =
(p—1)co+pval;by (m) < (1—p)(1+p) < valreopu,(By), and so val,bo(m) = (p—1)co+
pval:by (7). Then again val,w®=1eby(7P) = (p — 1)¢; 4 pvalby(m) = (p — 1)8; +
p?valby(m) < (1—p)(1+p) < (1—p)ay, so that val by (7) = (p—1)E1 +p?val by (),
or val;bi(m) = —52—__1121 > 1 — p, a contradiction. If ¢; = p — 2, start with
Valﬂ(/\?of—l)bo (m) = 1—p and the same argument as above (for the case ¢; < p—2)
goes through.

(2) Assume 0 < ¢y < p—1,¢; = 0. Straightforward calculations show that
ot Bo, pptBr € F[[x]]¥ but peeBo(m), ueeBy ¢ nF[[x]]%. If, however, we take
B1Bo — BoBu, it has pu, obviously in F[[7]]¥ and pe = re(A, @) (7P Lagar (go(m) —
=g, (x9)), a0 (g0(x?) — g1(v))) € 7F([x])5.
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Now suppose ¢B; is bounded, and so we have, for some coboundary B, that
ot(B1 + B) € F[[x]]° and peu(By + B) € 7F|[r]]®, which implies

o (B) + (Cr®=%0b, (1) — by (), e~V by () — by () € mPF[[w]] x w1 =P F[[x]],
e(B1) + (AZ°€ — 1)bo(m), AT € — 1)by (m)) € 72 F[[x]] x 7F[[r]

for some bg (), by (m) € F((m)). We have valﬂ()\?lff 1)b1(m) = 0 and so val by (7) <
1—p, so that val,7P~1pb, (7P) = (p—1)co+pvalbi (1) < 1—p. Then val by(n) =
(p—1)co+pval by (7) and val,7(P=De1py (7P) = (p—1)E; +p?valyby (1) < (1—p)ay, so
that val, by () = X1 +p?val, by (), or val by (1) = — 5= a contradiction.

(3) Assume 0 < ¢y < p—1,0 < ¢y < p—1. It is straightforward to check that
1By is bounded:

pU(Bo) = (A, =D (a1 1) (w7 + ho(m)) € F[[n]]%,
pet(Bo) = ke(A,@)(w~ 1) (aog(m), 77~ aggo(n”)) € F([x]]®

as ¢; > 0. Now suppose ¢tB; is bounded. There exists a coboundary B such that
ot(B1 + B) € F[[x]]°, peu(B1 + B) € nF|[r]]®, and so
By + B) + (Cr®=Do0b, () — by (), PVt by (%) — by () € 7'~ [[n]] x 71D F[r]
pe(By + B) + (026 — Dbo(m), (AP — 1)y () € 72 P[] x 7F[x].

If ¢; < p — 1,then the argument is the same as in case (2).

If 1 = p—1,¢o < p—2, then as valreope (Bi+B) > 2—p and val eoue (B]) = 1—p,
we have valegpe(B) = Valﬂ(/\?of—l)bo(w) = 1—p, so that val bo(7) < 2—2p. Then
val,m(P=Ye1p (7P) = (p—1)cy +pvalybo(m) < (1—p)(1+p) < min(val,ep, By, (1—
p)ai), so that val by (m) = (p — 1)c1 + pvalbo(m). So val,zmP=Deob (7P) = (p —
1)Eg + p?valybo(m) < (1 —p)(1 +p) < valreouy,(B)), which implies val bo(r) =
(p — 1)30 + p*val bo(r), or val,by(m) = p, a contradiction.

If 4 =p—1,c0 = p—2, then as val e e (B] + B) > 1 and valzeipue(B]) = 1—p,
we have valreipe(B) = Valﬂ()\?lﬁ — 1)by(m) = 1 — p, so that val by (7w) < 2 — 2p.
Then val,7(P=Yb; (7P) = (p — 1)co + pvalybi () < (1 — p)(1 + p) < valreou, B,
so that val,bo(m) = (p — 1)co + pvalzb; (7). So val,w®P=Derpy(aP) = (p — 1)8; +
p*val;bi (1) < (1—p)(1+p) < valreip,(B]), which implies val, by (7) = (p— 1)1 +
p?val by (), or val by () = p, a contradiction.

(4) Assume ¢g = ¢; =0, bg = 1,a; = p. Straightforward calculations show that
ot Bo(m), it B1 € F([r]]° but peeBo(m), peeBy € nF[[x]]°. If, however, we take
B1By — BoBi, it has i, obviously in F[[x]]° and

pe = (7"~ BoBi(go(m) — Cgr(x)), BoBr(go(7”) — g1(m))) € nF[[x]]°.
Now suppose ¢B; is bounded, and so we have, for some coboundary B, that
ot(B1 + B) € F[[x]]° and peu(By + B) € 7F|[[r]]®, which implies
po(Bo) + (Cby (%) — bo (), bo(w”) — b () € w' PF[[x]] x 7' PPF[[x]],
11(Bo) + (€ = bo(m), (€ — )by (7)) € 7> PF[[x]] x 7F[[x]]

for some by (7),b1(7) € F((7)). We have val, (£ — 1)by(m) = 0 and so val; by (7) <
1 — p, so that val by (7P) = pval;bi(7w) < 1 — p. Then val;by(7) = pval, by (7) and
val bo(mP) = p?val b1 (m) < (1 — p)p < valreop,(Bi), giving val by () = 0 and a
contradiction.
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(5) Assume ¢g = ¢ = 0, by = p,a; = 1. Suppose t(By + SB1) is bounded for
some (3 € F. There exist a coboundary B such that u,.(Bo + 8B1 + B) € F[[r]]®
and pgt(Bo + BBy + B) € nF[[7]]°. As k,(A,@)(¢) € (F*)S, we have
po(Bo + BB1 + B) = p1,(Bo + B1) + (Cbi (x”) — bo (), bo (") — b (7)) € F[[x]}%,
pe(Bo + BB1 + B) = pg(Bo + BB1) + ((€ = 1)bo (), (€ — 1)bi (7)) € nF[[x]]°
for some bo(m),b1(m) € F((m)). Note that

valreopi,(Bo + fB1) =1 — p < valreip,(Bo + 8B1),
valreope(Bo + 8B1) > 0,valreipe(Bo + B1) > 0.

Then valeoup(B) = val (Cby(7P) — bo(m)) = 1 — p, and we get either val bg(7) =
1 —p < valgby(wP) or val by (nP) = valzbo(m) < 1 — p. In either case, we have
valzbo(mP) < 1 — p, so valzbg(7wP) = val.by(7), giving a contradiction.
The same argument proves that ¢B; is not bounded.
(]

Similarly one proves the following.

Proposition 5.9. If f =2, then

FBy if o =p—1,
V{O} = F(C’a130 — 04031) Zf c=00<c <p—1,

FB, 0<co<p—1,0<c1 <p—1;
V{J{)} =F(CBBy — foB1);
V{B} =0.

with + occuring when & = 0.

In proving Propositions 5.8 and 5.9 we have shown the following, which exhibits
instances of coincidence of V;’s for distinct J’s.

Corollary 5.10. Suppose f = 2.
(1) If co =p — 1, then Vi1, = Vioy = FBy.
(2) If c1 =p —1, then V1) = Vo) = FBy.
(3) If 0 <co,c1 <p—2, then Vi1y and Vigy are distinct and one-dimensional.
(4) If co = 1 = 0, then V{J{} and V{Jg} are distinct and one-dimensional, and
1= Vi =0
6. EXCEPTIONAL CASES

6.1. Cyclotomic character. Assume C' =1, =p — 2, so that
kp(C,C) = (e~ D=2 (= Dp=2))

oa- (3" ())

if v € T'. Recall that B;’s for all i € S have already been constructed in §4.1 and
we just need to construct an additional basis element which we will denote By,
(for trés ramifié). Before we do this for arbitrary f > 1, let’s first consider the
situation where f =1 (ie., K = Q,) and F = F,, as a foundation for the general

construction.
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Lemma 6.1. Let § € I be such that 6Ty generates I'/T'y ~ F 5 and let x(§) = 1+zp
mod p? with 0 < z < p— 1. If s € Z is divisible by p¥ but not by p*T! for some
v € Z, then

s+1,—
X(8)o(r*) — 7 € (Y(é)s-‘rl 7 + 55 _X(9) (;((5) - 1)7Ts+p” + 775+2vap[[7Tpvﬂ,

X(E)E(n®) —7° € Fa(nste=0" 4 pote™™hy 4 qotp™ =D, (7",
where s =3 .-, sip.
Proof. Similar to Lemma 4.2 and 4.4. O
Lemma 6.2. There exists h'(7) € w2 + 12=2PF[[r]] such that
(X(n)n = 1) (W' (7)) € F(n™ —7~") + 7F[[r]].

Proof. By Lemma 6.1, there exist €z_2p,...,€_1,€0 € F (unique if we set e_, =
e_1 = 0) such that

Xmn — D)7 "2 + e2_0pm* P + -+ e ' +6) € Fr P+ Fr ! + 7F|[[n]].
Set A/ (m) = 7172P 4 eg 0, P + -+ + e 171 + €, SO
(X(mn —1)(W' (7)) € an™? + pr~" + 7F|[7]]
for some a, 3 € F. Wiiting ((§)¢ — 1) = (3053 X)) (x(n)y — 1) we find that
(X(©E = 1) (W' (7)) € —(an™? + fr ") + F[[x]].

On the other hand a direct computation shows that
(X(€)& = 1)(W (7)) € 2(n™P — ") + F[[x]]

where z € F*, so that a = 8 = —z and the lemma follows. ([l

Let h/(7) be as in the lemma. Since ¢ — 1 is bijective on 7F[[x]], it follows that

(x(mn = 1R (7)) € (v = 1)(gy(m))
for a unique g, € —z~'7~! + 7F[[r]]. We now extend the definition to construct
elements ¢/ (m) € 7~ 'F[[x]] for all v € . We let

= S X (g ()
1=0

for n € N. If v/ € I'y, then (X(7')y" — 1)(h'(7)) is in 7F[[r]] and can therefore be
written as (¢ —1)(g), (m)) for a unique g/, () € 7F[[x]]. If n™ € 'y, then p(p—1)n
and the definitions coincide. Moreover, an arbitrary v € I" can be written as v'n"
for some 7' € T'y and n € N, and

95 (m) = gl () + /(g (7))
is independent of the choice of v/ and n.
One then checks that p = pu(B’) = (h'(7), (¢} (7)) er) satisfies conditions (f)
and (1), so that we get an extension

0—>Mcyc—>B/—>M0—>0

in the category of étale (¢, I')-modules over Ex, where M.y = Exe; is a rank one
defined by (e}) = ¢} and y(e}) = x(7)e} if v € T (and, of course, My = Exeg by
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w(ep) = ep and y(eg) = ep). Using the isomorphism Mgy ~ M,_» = Exe; defined
by €} = m?"Pe; we get an extension

0—M, o—B— My—0

where u(B) = (x°"P)h(n), (1! 7P g, (7))yer) with h(m) = 7P ~'1'(m), g,(m) =
mgh, (7).

Now we go back to the context of arbitrary f > 1, and define p,(B) =
(m30=P (), ..., w20 "P)h(n)) and p,(By) = (1'7Pgy(n),..., 7' Pg,(m)) for all
v € I. It’s straightforward to check that By, € Ext!(Mj, Mm).

Lemma 6.3. The extensions By,...,Bf_1, By € Extl(Ma, ijé) are linearly in-
dependent, so that they form a basis.

Pmof. It suffices to show that By, is not contained in the span of B;’s. Suppose
= BoBo+ -+ ff-1Bs_1 for some B; € F. Then E := By, — (6oBo + -+ +

ﬁf 1B_1) is a coboundary, so that i, (E) = (rP~D®=2)p, (7P)—by(7), ..., 7P~ DE=2p, (7P)—

bg_1(m)) for some b;(w) € F((m)). As
(w0 p)h( ), -, UPR(m),
(m'~ (W)w--ﬂflfpg&(ﬂ))

where h(7),ge(m) € F[[TFHX, we have val e, (E) = val  (rP~D@E=2p, 4 (7P) —
bi(m)) = 3(1 —p) for all i € S. Letting s; = val,(b;(m)) for i € S, we have sy_1 <
3(1—p)or (p—1)(p—2)+ sop = 3(1 — p). Either case yields a contradiction. O

)=
) =

The determination of which linear combinations of By, By, ..., Bf_; are bounded
is exactly as in the generic case. We now extend this to include By;.
Proposition 6.4. Suppose that f > 1, C=1,c=p—2 and let A € F* be given.
(1) If J =8, then
LBy, € Ethbdd(MAﬁa MA6)7
so that Vg = Ext!(Mg, Mm).
(2) VST = ®i€SFB7L; and Zf J 7é S, then VJ = @ieJFBi+1.

Proof. (1) Straightforward: as @ = p and (&) = (x2=D ... 72*=1) we have

p1p(tBeye) = (An @~V h(m), 7@~ n(x), ..., a®= D n(r)) € F[[x])%,
e (tBeye) = ()\ép R ,...,/\ép 5= )(7P " ge(n), ..., 7P ge(m)) € wF[[x]]°.

(2) Let E := ByBo+---+Bf-1By_1+ By, for some [y, ..., Br—1 € F. We must show
that in all other cases where ¢ : Ext! (M, Mﬁ) — Ext!(Mag, M ,;) was defined,
we have that ¢F is not bounded.

So suppose that ¢E is bounded. Then there exists a coboundary B defined by
(bo(m),...,by—1(m)) such that p,(c(E+ B)) € F[[r]]® and p¢((E+ B)) € 7F|[[x]]°.
We have €;(¢) = 1 or 7"~ and valre;ue(LE) < 0. It follows that valre;ue(B) =
valre;pe(E) =1 — p, so by Lemma 4.4, we must have s; := val. (b;(7)) < 2(1 — p).
Then val, (7®=V¢p;(7P)) = (p — 1)(p — 2) + s;p < (1 — p)(p+ 2), so that s;_; =
(p—1)(p — 2) + s;p. Cycling this through indices leads to a contradiction.

]
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6.2. Trivial character. In this subsection, we assume that C' = 1,& = 0, so that
HAP(C7€) = R’Y(Ca A=(1,...,1) € F((,/T))S
Using Lemma 4.2 we can find ey, ...,e_; € F such that
(n=1)(r"P+epn® P+ egm ) € Fl[n]].

Set H(m) = n'"P 4+ €3_pm* P+ -+ 4+ e_ym!. By Lemma 4.4, we get

(€= 1)(H(w)) € F* + aF[[x]],
which implies, via Lemma 4.6, that

(n—1)(H(m)) € v+ 7F|[x]]

for some v € F — {0}. Likewise we have

(n—=1)(H(7")) € v+ wF[[x]],
so that

(n—=D(=H(x") + H(m)) € =F[[x]].

Note that if 7' € Ty, then (' — 1)(H(w) € nF[[r]], and it follows that (7" —
1)(—H(nP) + H(w)) € wF[[r]]. Now for each v € T, writing v = n™y' where
~" € T'a, we get by Lemma 4.5 that

(v = D(=H(x") + H(7)) € nF[[x]].
As the map g(r) — g(x?’) — g(r) defines a bijection 7F[[r]] — 7F[[r]], for each

v € T there exists a unique g,(7) € 7F[[r]] such that

9y(7") = gy(m) = (v = 1)(—H (") + H(m)),

or equivalently,

-1

(9= D(gy(m), 947" ), 1 95(7)) = (v = )(—H (") + H(m),0,...,0).

If we set
,Ufc,a(BO) = (*H(ﬂ—p) + H(W)v 07 e 0)7

fo1
fiy(Bo) = (94(7), g5 (), g4 (7)),
w(Bo) = (pe(Bo), (1t+(Bo))~er) satisfies the condition (f) by the considerations
above. We note that p(Bj) are uniquely determined so that they satisfy (7).
As both gy (Bo) and g, := v(u(Bo)) + py(Bo) satisfy (1) for 77/, they must
coincide, so that (1) is satisfied.
For each 1 <i < f — 1, we construct B; € Ext'(Mg, M5) in a similar way, i.e.,
by setting
MLP(BL) = (07"~7O7_H(7Tp) +H(7T),O,,O)
i F—1 i1
fy(Bi) = (go(77 )5 gy (7), g5 (), gy (7)o gy (7P 0)).
Remark 6.5. For each 0 <7 < f — 1, consider the coboundary Bj' by
/J'AP(B;/) = (07 -0, H(ﬂ—p)v _H(ﬂ—)v 0,..., O)
py(BY) =(0,...,0,0,(y —1)(H(n)),0,...,0),

where H(7) is the i-th component and —H (7) the (i + 1)-th component of p,(B]")
and (y—1)(H(m)) is the (i + 1)-th component of y,(B!"). Define B, = B; + B/ for
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each 0 <4< f—1. Then FB;, = FB/ in Extl(MG, Mjp) for all 0 < i < f —1, where
we have

pe(Bi) =(0,...,0,H(r),—H(m),0,...,0)
i f—1
fir (Bi) = (g4(77), oo g5 (7P), gy (7), g5 (7P ) 4+ (v = D)H(7), ..., gy (7P
Next, we define By, (for non-ramifié) by setting
to(Bne) = (1,0,...,0),
fry(Bnr) = (0,0,...,0)
for all v € T'. It is straightforward to check that this defines an extension By, €
Extl(Mﬁ, Mp). We can “move” the 1 in p, to any component, i.e., taking any of
(1,0,...,0), (0,1,0,...,0),...,(0,...,0,1) to be p, defines the same cocycle class
(up to coboundaries).
Set Beye = Z{;()l Bi. Then we have
tro(Beye) = (0,...,0),
1y (Beye) = (g5(m), ..., g5 ()
for some g, € F{[r]]. Since (¢ — 1)g}(7) = 0, we must in fact g/ (7) = ¢/, € F.

In particular g; = v. Moreover vy +— gi/ defines a homomorphism I' — F. Thus if
v = 7" modulo I's, then

i+1

))-

/U"Y(chc) = Vﬁ’Y(L s 1)

Lemma 6.6. The extensions By, Bo,...,Bj_1 € Extl(MG7 MG) are linearly inde-
pendent, so that they form a basis.

Proof. Suppose that E = By, +0B0Bo+---+08¢—_1Bf_1 is a coboundary. By adding
some coboundary B we have

cotip(E+ B) = B+ fo(—H(7") + H(m)) + Bu(—H (") + H(x"))) + -
+ Bp—a(~H @' )+ Hw?' 7)) + B (~H(x?") + H(x?
=B+ PoH(m)+ (81 — Bo)H(7P) + - -
+ (Br-1 — 5f—2)H(7Tpf_l) - 5;‘—1H(7Tpf)

= (@ -1)(Q_bn’)

Jj=s

)

for some .- bjml € F((r)). Equating constant terms gives 3 = 0. If 871 # 0,
then s =1 —p, BoH (1) = —(b1_pm' P+ -+ b_yr ) and By =1 = -+ = Bf_1.
It follows that £ = 3;_4 Z'Z:_Ol B; is cohomologous to 3y_1Bcyc, and therefore that
Beye is coboundary. Thus there exists (bo(7),...,bs—1(7)) € F((r))¥ such that

(o —1)(bo(m),...,bp—1(m)) = (0,...,0),

(€= Dbo(7), -+, 051 () = —v(1,..., 1),
which is impossible as the former implies by(7) = -+ = by_1(m) € F, so that
(& —=1)(bo(m),...,bp—1(m)) = 0. Thus, fs_1 =0.

If 0 < i < f—2is the largest such that 3; # 0, then val; (eou,(E+B)) = p* T (1—
p), which leads to an easy contradiction. Thus, §; =0 for all 0 < i < f —2. (]
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We now assume f = 2 and compute the spaces of bounded extensions. We then
have the following cases to consider:
J=8S,a0=a1=p—1;
J={1}, bo =1, a1 = p (for V;");
J {1}, bo = p, a1—1 (for V;7);

={0}, ap =p, by =1 (for V+)
J:{O},ao—l,bl p (for V;7);
J = (Z), bo = b1 =p— 1.

Proposition 6.7. Suppose that f =2, C=1,c= 0 and A € F*.
(1) Vs = Ext* (Mg, Mg);
(2) V, { y = = (Byy, B;) fori=0,1;
(3) V{ } = (Byy) fori=0,1;
(4) Vo = {0}.

Proof. (1) We have (¢) = (7P~1,7P~1) and it is strightforward to check that (B,
By and (B, are bounded.

(2) Suppose S = {1}. Then (¢) = (7P~ 1) and it is straightforward to check that
¢By and ¢By,; are bounded. Therefore it suffices to prove that ¢Bcy. is not bounded.
So suppose that B is a coboundary such that ¢(Beye + B) has p, € F[[r]]® and
pe € 7F[[r]]¥. Then

to(Beye + B) = pp(B) = (b1(7") — bo(m), bo (") — b1 (7))

for some by(m),b1(m) € F((r)), and (AxP~1, 7PP=V)y (B) € F[[x]]°. Letting
vg = val,(bo(7)) and v; = val,(by()), we see that vy > 1—p and v; > 0. Therefore

pie(Beye + B) = (v + (£ = 1)bo(7), —v + (£ = 1)bi (7)),

and since —v + (£ — 1)by () has constant term —v, we arrive at a contradiction.

The case S = {0} is the same.

(3) Suppose again that S = {1}. Now we have (¢) = (1,717P) and it is clear
that ¢By, is bounded. Therefore it suffices to prove that if E = GyBy + (61 B1 with
Bo, 01 is such that F is bounded, then Gy = #; = 0. The argument in the proof
of Lemma, 6.6 shows that 8y = (1, so we are reduced to proving that (B, is not
bounded. The proof of this similar to part (2).

The case S = {0} is the same.

(d) Now we have (¢) = (7'7P,7'7P), and if LE is bounded then u,(F + B) €
7P~ 1F([r]]® for some coboundary B. The proof of Lemma 6.6 then shows that
E is cohomologous to a multiple of By, and the boundedness of ¢Bcy. yields a
contradiction as above. [l

i

Y

6.3. p=2. We assume p = 2 throughout this section. Now I" is not pro-cyclic; we
write I' = A x T'y where A = (n) with x(n) = —1, so A has order 2, and we choose
a topological generator & of T's.

Lemma 6.8. We have A, = 1 + 7 mod 72 F[[x]]. If v € Ta, then A, = 1 mod
73F|[x]].

Proof. The first assertion follows from the fact that
2f-1 _ _ -1
A =n(r)/m=(14+mn)
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For the second assertion, note that if v € I'y, then x(y) = 1 mod 4, so y(7)/7 =
1 mod m3F[[r]]. O

Let C € F* and ¢ = (cg,...,cy—1) € {0,1} with some ¢; = 0 be given. First
assume that C' # 1if @ = 0, so that C7>°® —1 : F[[x]] — F[[x]] defines a valuation-
preserving bijection for all j € S. As in the case p > 2, we we will define for each
i € S an element H;(m) € F((m)) such that

(AT = 1) H;() € F[]]
for all y € T. If ¢; = 0, we let H;(m) = 7~ 1; otherwise we use the following lemma:

Lemma 6.9. Suppose that ¢; =1, and r € 0,..., f — 1 is such that ¢;41 = -+ =
Citr =0 and ¢j4p41 = 1. Let

H;(r) = 7r1’2T+2 + 7T1+2T72T+2.
Then (AJi¢y — 1)H;(n) € F|[x]] for all v € T.

Proof. Note that we can assume f > 2. We have

1727‘4»2
. _or+2 ) Vi _or+2 . f_ _or+2 _or+2
)\Z“Yﬂl 27 % y(m) o172 @ -na-2rt?) 1ot
¥ ¥ T ¥

Note that ¥; = 1ifr = f —1 and ¥; = 1 +2"+! mod 272 otherwise. In either case
we have ¥; + (27 — 1)(1 — 2772) = 27! mod 2712, Tt follows that

Wiy = 1)) = (2 — 172" mod F[[r]).
Similarly we find that
(A = (227 = (4 = )2 mod F[]).

Lemma 6.8 gives )\%S =1+ 72" mod 2 for s > 0, and it follows that

ortt 1—27+2 _ o7 1427 —27+2 _ j4ortl_or+2
()\n - = (/\77 - =7 mod F[x]].
Therefore the lemma holds for v = 1. We also get that /\38 = 1mod 732" for
v € T'y, from which it follows that ()\%T+1 - 1)7r1_2r+2 and ()\%T - 1)7r1'*‘2r_2r+2
are in F[[n]]. The lemma therefore holds for v € T'y as well, and we deduce from
Lemma 4.5 that it holds for all v € T. (]

By the bijectivity of Cm>°® — 1, for each v € T' we have a unique G;(7) =
G () € F[[x]] such that (C7*0¢® —1)(G;(m)) = (AFi¢y —1)(H;(w)). Then letting

MQO(B'L) = (0,...,0,H7;(7T),0,...,0)7
pry(Bi) = (Go(m),...,Gi(n),...,Gf_1(m)),
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where - ,
- k3
Go(m) = Opcot2at+2" Teimiq(r2")

Gy (71-) - 7701+262+‘“+21720i—1Gi(ﬂ-QFI),

Gi_1(m) = w1 Gy(?),
G,

it1(m) = chi+1+20i+2”'+2f720“1 G; (7T2f71 )

Groa(m) = Ot 2 (x® ™),
gives rise to an extension B; € Ext'(Mz, Mcz). By almost identical arguments to
the case p > 2, one finds that By,...,By_; are linearly independent, so that they
form a basis.
Now suppose C' = 1 and @ = 0. We can define, similarly to the p > 2 case,
By, ...,By_2,By_1 such that

MQD(BO) = (7T72+ﬂ-71707"'70)7
po(B1) = (0,772 +7710,...,0),

/’(‘LP(Bf—l) = (O’ s 7Oaﬂ-_2 + ﬂ-—l)'
As before each B; is cohomologous to Bj] with
/Lip(Bl) = (Oa AR Oaﬂ-ila 7771707 s 70)7
the non-zero entries being in the 4,7 + 1 coordinates (unless f = 1, in which case
pe(Bo) = 0). We again set Beye = Ef;_ol B!, and define an extension By, by by
setting
to(Bne) = (1,0,...,0),
fry(Bnr) = (0,0,...,0)
for all v € T.
The difference now is that if p = 2, then dimg Ext! (Mg, M) = f+2, so we need
one more basis element. We define By, by
po(Bar) = (0,0,...,0),
.u"/(Bnr) = n’Y(lv 1a R 1)
where n, = 0if v € T's Unl'3, and n, = 1 otherwise (so v +— n, defines a
homomorphism I' — F). One checks as in the case p > 2 that the elements
By, By, B1, ..., By_1, By, are linearly independent, hence form a basis for Extl(Mﬁ, Mj).

Finally we assume f = 2 and compute the spaces of bounded extensions. There
are three possibilites to consider:
(1) €=(0,1) or (1,0);
(2) €= (0,0) and C' # 1,
(3) €=(0,0) and C = 1.
We omit the proofs of the following which are essentially the same as for p > 2:
Proposition 6.10. If &= (0,1) or (1,0), then

[ VS = Eth(MG, Mcg),‘
e if@=(0,1), then V{o} = V{l} =FBy;
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e if ¢=(1,0), then Vioy = V13 = FBy;
o Vp=0.
Proposition 6.11. If ¢= (0,0) and C € F* with C # 1, then

. VS’+ = V; = Eth(M(), MCG)"
(] V+} = F(BO + Bl);

{1
(] {E} = F(CB() + Bl),'

- _ - _ + _ -
*Viy=Via =% =V =0.

Proposition 6.12. If &= (0,0) and C =1, then
° VS+ =Vg = Eth(M67M5),'
o Vi, =FBy ®FB; fori=0,1;

{
° V{;} =FBy, fori=0,1;
° VQJr =V, =0

Remark 6.13. With a view towards relating bounded extensions to crystalline
ones, we would have liked Vg = FB,,; ® FBy ® FB; in the trivial case. This could
have been achieved with a more restrictive definition of boundedness, requiring for
example that p1, € m2F[[7]]° for v € I'y if p = 2. However we opted instead for the
definition we found most uniform and easiest to work with.

7. CRYSTALLINE = BOUNDED

The paper [BDJ] formulates conjectures concerning weights of mod p Hilbert
modular forms in terms of the associated local Galois representations G — GLa(F).
X1
0
of weights is determined by the associated class in H'(Gr,F(x1x5")), or more
precisely whether the class lies in certain distinguished subspaces. These subspaces
are defined in terms of reductions of crystalline extensions of crystalline characters.
Our aim is to relate these to the spaces of bounded extensions we computed in the
preceding sections. The idea is to show that Wach modules over A} .. associated to
crystalline extensions have bounded reductions. This is easily seen to be true when
the Wach module itself is the extension of two Wach modules; the problem is that
this is not always the case. Recall that Theorem 2.17 establishes an equivalence
of categories between crystalline representations and Wach modules over B};. We
note however that N does not define an exact functor from G -stable lattices to
A};—modules.

Example 7.1. Let K = Q, and V = Q,(1 — p) & Q,. The corresponding Wach
module is N(V) = Bapel P B5p62 with

When the local representation is reducible, i.e., of the form * ), the set
2

o ple1) = ¢" ler and y(er) = (v(m)/x(v)m)P" e for v € T
e  and I' acting trivially on es.

Let fi; = p~!(e; — ™" les) and consider the Aap-lattice N = Aapfl &) Aapeg in
N(V). Then it is straightforward to check that N is a Wach module over Aap,

hence corresponds to a G'q,-stable lattice 7" in V. Such a lattice necessarily fits
into an exact sequence

0—-2,1-p)—»T—2Z,—0
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of Z,-representations of Gq,, but there is no surjective morphism o : N — A+p.

Indeed the image would have to be generated over Aap by elements a(f1) and a(eq)

satisfying pa(f1) = 7"~ *a(ez), and hence could not be free over Aap. This example
is somewhat special since V' is split and T can also be written as an extension

0—-2,—T—7Z,(1-p)—0,

which does correspond to an extension of Wach modules. However it illustrates
the problem, which we shall see also occurs for lattices in non-split extensions of
Q,-representations.

We will prove under certain hypotheses that the relevant extensions of Z,-
representations do in fact correspond to extensions of Wach modules. In particular
we will show this holds in the generic case, and in all but a few special cases when
f = 2. As a result, we will be able to give a complete description of the distin-
guished subspaces in [BDJ] in terms of (¢,I')-modules in the generic case and the
case f = 2.

7.1. The extension lemma. We first establish a general criterion for a Wach
module over A;y  to arise from an extension of two Wach modules. We consider
extensions of crystalline representations of arbitrary dimension since it is no more
difficult than the case of one-dimensional representations.

Suppose that we have an exact sequence

of crystalline Q,-representations of G with Hodge-Tate weights in [0, b] for some
b > 0. We shall identify V; with a subrepresentation of V. By Theorem 2.17, we
have an exact sequence of corresponding Wach modules over B};:

0—-M - M— My —20

where M = N(V), M; = N(V1) = N(V) nD(V;) and M, is the image of N(V) in
D(V3). Now suppose that T' is a G k-stable lattice in V. Letting 77 = T'NV; and
Ty = T /Ty, we have an exact sequence

0—-T1Ty —>T—T5,—0
of Z,-representations of G . Letting N = N(T') = M ND(T') be the Wach module
in M = N(V) corresponding to T, we see that Ny := N N M; = N(T}) since
NNM; =N(T)nD(V1) = D(T)NN(V)ND(V1) = D(T)NN(V;) = D(T1)NN(V4).
The quotient Ny := N/N; is a finitely generated torsion-free A}—module with
an action of ¢ and I' such that ¢’ Ny C ¢*(No) and I' acts trivially on Ny /7 Ns.
Furthermore N(T') — N(75) induces an injective homomorphism No — N(T%)

which becomes an isomorphism on tensoring with B};.
Letting Ef. = A}, /pAj, N = N/pN and N; = N;/pN;, we know also that

N[1/n] = Ex gL N and N;[1/7] = Eg Omt N,

for i = 1,2 are the (¢, I')-modules over Ex corresponding to the reductions mod p
of the corresponding G i-stable lattices. Moreover N1 and N are free over E; and
the homomorphism N; — N is injective; we identify N; with a submodule of N.

Lemma 7.2. The following are equivalent:
(1) the homomorphism N(T) — N(T3) is surjective;
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(2) Na =N(T')/N(T1) is free over A,

Proof. If N(T) — N(T3) is surjective, then Ny = N(T3) is free over Aj.. Conversely
if Ny is free, then N(7') maps onto a Wach module over A} in N(V3), which by
Theorem 2.17 is of the form N(T3) for some G g-stable lattice T3 in Va; moreover
N(T3) C N(Tz) implies that Ty C T5. On the other hand, since N(T') maps to
N(T3), D(T) maps to D(T3), hence T maps to T4, and therefore T = T3.

Since B} Dat Ny =2 N(V3) is free of rank dy := dimg, V> over B;}, it follows
from Nakayama’s Lemma that N5 is free over Af{ if and only if No/pNy = N/N;
is free of rank dy over E}'( Since N and N, are free over E}'{ and the difference
of their ranks is do, this in turn is equivalent to N/N; being torsion-free over E},
which in turn is equivalent to Ny = N N Ny[1/7]. O

Example 7.3. Returning to Example 7.1, note that since e; — 7?7~ ey € pN, we
have 7P~18, = —¢; € N, s0 &, = —7'P¢; € N, where Ny = N N N;[1/x]. Thus
we find in this case that N; = F[[r]]e, but Nll = 7!1=PF,[[x]]é1, so the criterion
of the lemma is not satisfied.

We remark that everything above holds with coefficients; in particular if
0—-T1 —-T—-T5,—0

is an exact sequence of Gi-stable Op-lattices in crystalline representations, then
the sequence
0— N(T}) > N(T) - N(Tz) — 0
of A}}’ p-modules is exact if and only if
N(T1)/wrpN(Ty) = (N(T)/wpN(T)) N D(T1 /owrTh).

7.2. Extensions of rank one modules. We now specialize to the case where V;
and V5 are one-dimensional over F', with labelled Hodge-Tate weights (bs_1,bo, ..., br_2)
and (af,l7 ag, ... 7af,g) where each a;,b; > 0. Suppose that we have an exact se-
quence

0—-Vi—-V-—->V,—=0
of crystalline F-representations of G, and T is a Gi-stable Op-lattice in V. We
thus have exact sequencea

0Ty —-T—->T,—0 and 05T T —Ts—0

where each T; is a G g-stable Op-lattices in V; and - denotes reduction modulo wp.
We let N = N(T') be the Wach module over ARF corresponding to T, and N its
reduction modulo wg. Thus N is a free rank one E}} p-module with an action of ¢
and I such that T acts trivially modulo N /7 N. Furthermore Ex gt ,FN ~D(T)
as (¢,T')-modules over Ex . Letting Ny = D(T;) NN and Ny = N/N, we see
that each N; is an E}F—lattice in D(T;), stable under ¢ and I' with T' acting
trivially modulo 7.

From the classification of rank one (p,I')-modules over Eg r, we know that
D(T,) = Mgz = Ex re for some C € F* and ¢ € Z5. Under this isomorphism,
Nll corresponds to a submodule of the form (7", 7™, ... ,wafl)E;’Fe. Since I’
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acts trivially on Ej pe/mEf e and on Ny /aNy, we see that (p — 1)|r; for i =
0,...,f —1. It follows that

p*(Ny) = (x@=D%, . 7@=D¥—1yN)
for some by, ..., b/f—lﬁ all non-negative since Nll is stable under . Similarly we
have
J— ’ ’ -/
p*(Ny) = (x@=Deo _ ab=Dara)N,
for some ay, .. ., a}_l > 0.

For the following lemma, recall that ¥;(¢) = Zfz_ol ¢i+;p" where ¢y, is defined for
k € Z by setting ¢, = ¢ if k = k' mod f. We also define a partial ordering on Z*
by ¢< & if ¢; < ¢ for all i.

Proposition 7.4. With the above notation, we have:
(1) min(a;,b;) < a} < max(ai,bi), min(a;, b;) < b, < max(a;,b;) and a; + b, =
a; +b; fori—O B
(2) If@<b orb<a, then {a b}—{a v}
(3) =5(@) = %5(@), T;(¥) < 5,(b) = (5)
;(b) mod (p/ —1) forj=0,...,f—
(4) d=a' if and only ifb=10if and only if N(T) — N(T3) is surjective.

Proof. (1) We first prove that a;+b; = a;+b; fori =0, ..., f—1. The A}’F—module
/\i+ N(T) inherits actions of ¢ and T making it a Wach module in /\]23+ N(V)
K,F

B K,F
N(A%V), hence it corresponds to an Op-lattice in A%ZV. The same is true of
N(T) ® AL, N(T3); since any two such lattices are scalar multiples of each other,

= %;(a@) mod (pf — 1) and 2;(V) =

\g

it follows that the corresponding Wach modules over A;’ p are isomorphic, and
hence that

Ny @y Ny =ng N=(NT)/@rNT)) @y (N(T2)/@rN(T)

as Ef. p-modules. Moreover the isomorphisms are compatible with the action of ¢,
so @ + b, = a; + b; for all s.

For the inequalities, suppose first that min(a;, b;) = 0 for each i. Then we know
that a} +b; < max(a;,b;) for each i, and the result follows. The general case follows
by twisting 7' by a character with the correct Hodge structure and N(7T') by the
corresponding Wach module.

(2) By twisting we can agaln reduce to the case where min(a;,b;) = 0 for each
i. The condition @ < b or b < @ becomes @ or b = 0, and we must show that @ or
b = 0. The result then follows from the equality @+ b = @ + b’ proved in (1).

@ # 0and b’ # 0, then o (W;) C WNQ for i = 1,2, so that >/ (N) C 7 N. This
means that ¢ is topologically nilpotent on N in the sense that ¢(N) C (w,wp)N
for some n > 0.

On the other hand, the F-representation V of Gk is ordinary in the sense that
there is an exact sequence

0—-Vo—=V-=V/Vy—0
where V) is unramified, V/Vj is positive crystalline, and each is one-dimensional

over F. (If b= 6, then take V) = Vq; if b =+ Oand @ = 6, then the sequence 0 — V; —
V — Vo — 0 splits and we can take Vj to be the image of V5.) Since Deyys(Vp) C
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Derys(V) = N(V)/7N(V) and N/7N is a p-stable lattice in N(V)/7N(V), we see
that there is an element ey € N/ N such that eg & wrp(N/mN) and ¢(eg) = ueg
for some v € (Op ® Og)*. Choosing a lift & € N of eg, we have that p(éy) €
uéy + (m,wr)N, contradicting that ¢ is topologically nilpotent on N.

(3) Since Ny = N(T1)/wrN(T}) is contained in Nll, we can write N =

(wlo,mt ... wti=1)N; for some integers to,t1,...,tr—1 > 0. We therefore have
*(N;) = pt1 _pt2 ptr—1 _pto) A* N’
¢( 1)_7T YT Ty ey T y T )d)( 1)
’ / ’ ’ -
_ (,/.rb0+pt177.rb1+17t2’ o ’,/be,fhvtf—l , ,/be,ﬁrpto)Nl.

On the other hand, we also have
¢*(Ny) = (x%, 7t .. 7wbr=1)(Ny)
—

— (7Tb0+t0’7Tb1+t17. . 77be71+tf71)N1.

It follows that 3;(b) + Y120 0" = $;(0) + /20 iy ap™™?, and therefore that
%;(b) = t;j(pf —1) + %;(1). The assertions concerning ¥;(b') follow, and those
concerning ¥ ;(d’) then follow using (1).

(4) We see from the proof of (3) that the hypotheses of Lemma 7.2 are satisfied
if and only if Ny = Nll if and only if £ = 0. On the other hand b =10 if and only
if t; = ptiyq for i = 0,..., f — 1, which implies that t; = p/t; for i =0,...,f — 1,
hence is equivalent to # = 0. That @ = @ if and only if b = & follows from (1). [J

7.3. Generic case. In this section, we specialize to the generic case in the sense
of §5.2, namely 0 < ¢; < p—1 for all 7. Recall that if J C S, then there are integers
a; and b; for i € S such that

e 1<ag;<pified,anda;, =0if i & J,;

o 1< <pifigJ,and b, =0if i€ J,;

e Y icsbib =Y cgaip' =305 cip’ mod pl — 1.
Moreover the a; and b; are uniquely determined by ¢ and J except in the case where
we can take either a; = p fori € Jand b; =1fori ¢ J, or a; = 1 for ¢ € J and
bi=pfori¢gJ.
Lemma 7.5. Suppose that 0 < ¢; <p—1 for all i. Then a; < p and b; < p for all
i unless¢=1, J =0 and b= D, or ¢ = pTQ), J =S5 and a = p. In particular, d
and b are uniquely determined by ¢ and J except in the above two cases where we
can also have b or @ = 1 instead of p.
Proof. Suppose that b; = p and consider ¥;(). We have 3;() = % (b) — (@) mod
(p! — 1) and

Ltpto+p T ER@ S - ) = (),

If 3 (b) — 24(@) € [0,p/ —1), then (&) = %;(b) — (@) = 0 mod p, so ¢; = 0, giving
a contradiction. If ;(b) — £4(a@) € [L—p7,0), then (&) = pf — 1+ %4(b) — 54(a) =
p — 1 mod p, so ¢; = p— 1, giving a contradiction. If Zz(l_;) — %;(@) > pf — 1, then
0 < %i(b) —24(@) — (pf =1) <14 +p/ =1, giving (&) = 1+---+pf~1, so that
g=1,J=0and b=p. If £;(b) — %;(@) < 1 — pf, then similar considerations give
a contradiction. The proof in the case a; = p is similar (in fact, one can exchange
¢ with pr — ¢, J with its complement and @ with l;), giving ¢ = pTé, J =S and
a=rp. O
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Suppose that Vi = F(x1) and Vo = F(x2) where x; and x5 are crystalline charac-
ters of G with labelled Hodge-Tate weights (bs_1,bo,...,bs_2) and (ay_1, ag,...,ar—2)
respectively, V' is an extension

0—-Vi—-V->V—=0

of representations of G over F, and T is a Gg-stable Op-lattice in V. Letting
Ty =TNV; and Ty, = T /Ty, we have

0—-T1Ty —-T—1T5—0.

Lemma 7.6. Suppose that ¢ € Z° is generic and d’,g € Z° are as above. If V is
crystalline, then

0—N(Ty) > N(T)—> N(Tz) — 0

s exact.

Proof. Since V is crystalline, there is a Wach module N = N(T') over A} ,. cor-
responding to T. Since ¢ is generic, we have max(a;,b;) < p — 1 for all 4, unless
{a,b} = {6, p}. If max(a;,b;) < p—1 for all 4, then by Proposition 7.4 (1) and (3),
we have

e 0 < a} <max(a;,b;) <p—1 for all ¢, and

=1 70— - i
. Z{:o aip' = Z{:ol a;p* mod (pf —1).
— -, = 5 . .
These conditions imply that @ = @ (unless {@,d'} = {0,p — 1}, which would give
. - — — = -

{a@,b} = {0,p — 1} and hence that &= 0 is not generic). If {d,b} = {0, p}, then we
instead use parts (2) and (3) of Proposition 7.4 to conclude that @ = @’. Thus in
either case, we conclude from part (4) of the proposition that N(T)) — N(T») is
surjective, and therefore the sequence of Wach modules is exact. O

Now consider a character ¢ : Gxg — F*. By the classification of rank one (¢, T')-
modules over Ex , there is a unique pair C € F*, ¢'¢ Z5 with0 < ¢; <p—1and
some ¢; < p — 1, such that D(F(¢))) & Mcz. Suppose that J C S and a@,b € Z5
satisfying the usual conditions, and that A, B € F* with BA~! = C. Recall then
that we have defined a subspace Ext!yqq(Magz, Mp;) of Ext!(M gz, Mpp) and an
isomorphism

L Eth(Ma, MCE) — Eth(MA(i, MBE),

well-defined up to an element of F*. We then define V; as the preimage of
Extlpgq(Magz, M ). This space is independent of the choices of A and B such
that BA~! = C, but for certain J there are two choices for the pair @, 5; we denote
by VJJr the space gotten by taking a; = p for all i € J and b; = 1 for all i ¢ J, and
by V;~ the one gotten by taking a; = 1 for all i € J and b; = p for all i ¢ J.

We now also recall the definition of the subspaces of H (G, F (1)) used in [BDJ],
but we modify the notation from there to be more consistent with this paper. (For
the translation between the notations, see the remark below.) For 1, J, @, b as
above, we consider a crystalline lift ¢ : Gx — F* of ¢ with labeled Hodge-Tate
weights (hy_1,ho,...,hy_o) where h; = —a; if i € J and h; = b; if i ¢ J. Such a
character 1/;,] is uniquely determined up to an unramified twist, which we specify
by requiring that v (g9) be the Teichmiiller lift of ¢(g) for g € Gk corresponding

-,

via local class field theory to the uniformizer p € K*. When (@, b) is not uniquely



46 SEUNGHWAN CHANG AND FRED DIAMOND

determined by J, we adopt the notation )% as usual. Recall that H}(Gk, F(y))
denotes the space of cohomology classes corresponding to crystalline extensions

0— F@)—>V —>F—=0.

We then define the space L/, as the image in H'(Gg,F(¢)) of the preimage in
HY(Gg,Op(1y)) of H}(GK,F(wJ)). We set L; = L'} except in the following two
cases:
e If ¢ is cyclotomic, J = S and @ = p, we let L; = HY (G, F(v)).
o If 9 is trivial and J # S, we let L; be the span of L’; and the unramified
class.

As usual we disambiguate using the notation Lf. (In particular, the first ex-

ceptional case above applies to LT.) We identify L (or Lf) with subspaces of
Ext!' (Mg, Mcz) via the isomorphisms

H'(Gie, F(1) 2 Ext' g, (F, F()) = Ext! (D(F), D(F($))) = Ext! (My, Mo),
the last of these given by an isomorphism D(F(¢)) &
an element of F*.

Mz which is unique up to

Remark 7.7. The article [BDJ] (after Lemma 3.9) defines spaces L, C H'(Gk,F, (1))
for certain pairs (V,J) where J C S and V is an irreducible representation of
GLg(k). The relation between the spaces is that Ly, ;) = L; ®@p F, where
J=Aili—1€ J}and if V & ®jes (detmi ®rSym™i "1 k2 Ok, r; fp), then we
take a; = n; 1 ifi € J and b; = n;_y if i ¢ J. (The space Ly, is in fact inde-
pendent of 7, and when there are two choices of 7 compatible with ¢ and J’, the
resulting spaces Ly, ;) are gotten from L? in the evident way.)

We now prove our main result in the generic case.

Theorem 7.8. Suppose that ¢ is generic.
(1) Suppose that J # S (resp. J £ 0) if ¢=p—2 (resp. ¢ # f) ThenVjy =Ly,
s0 Ly = ®icgLly-
(2) Ifé=p—2and J=S, then Vi = L%, so L} = ®iesLyy if f > 1.
(3) Ifé=1 and J =0, then Vi = LT = {0}.
Proof. We first prove (1). Suppose that @ € Lj, so z is a class of extensions
0— Mgz — E— Mz —0
corresponding via D to a class of extensions of Galois representations
0—-F@)—T—F—0.
The assumption that x € L; means that there is an extension
O_>OF(1)[;J)—>T—>OF—>O

whose reduction mod wp is T and such that F®ep,T is crystalline. Let ¢9 : Gg —
F* be a crystalline character with labeled Hodge-Tate weights (af—1,ao,...,a5_2)
and let ¢ = 1;]'[/12. Then ¢, is crystalline with Hodge-Tate weights (by—1,bo,...,bf—2)
and we have an exact sequence

0—1T —T(pg) = To —0
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where T; = Op(¢;) and F ®0, T(1)2) is crystalline. By Lemma 7.6, the correspond-
ing sequence of Wach modules over A;r() P

0—-N(Th) = N—>N(Ty) —0

is exact. Reducing mod wp, we obtain an exact sequence of free E; p-modules
with commuting ¢ and I' actions such that I' acts trivially mod «. Tensoring with
Exk r yields an exact sequence

O—>MBE—>E'—>MA,3—>O

of (¢, T')-modules, bounded with respect to a basis for N. It follows that E’ defines
an element of Ext!ygq(Magz, M 55)- Moreover this exact sequence is gotten from the
one defining x by twisting with M4z, so we have shown that «(z) is bounded, and
hence that x € V;. Thus L; C Vj.

By Proposition 5.3 of this paper and Lemma 3.10 of [BDJ], we have that dimg V; =
|J| = dimg L; = |J|; therefore L; = V;. The assertion that Lj = @;csL{; then
also follows from Proposition 5.3.

The proof of (2) and (3) is exactly the same as (1), except that for (2) in the
cyclotomic case one uses Proposition 6.4. (]

Remark 7.9. We see from the proof of the theorem that in the definition of L,
1]) s can be replaced by its twist by any unramified character Gx — O with trivial
reduction mod wp. This can also be proved using Fontaine-Laffaille theory.

However in the case where 1 is cyclotomic, J = S and @ = p, we defined L as
H'(Gg,F(y)) rather than L’;. In fact L', has codimension one and depends on
the unramified twist, as the next proof shows.

As a further application, we show that in the generic case, bounded extensions
“lift” to extensions of Wach modules.

Corollary 7.10. Suppose that ¢ € Z° is generic and &',5 € Z° are as above and
that

0= Mgy — FE— Mazg —0
is a bounded extension of (p,I')-modules over Ex p. In the case A = B, ¢ =

p—2 and a = p, assume F is ramified. Then the extension E arises by applying
EK,F®A; . to an exact sequence over A}’F of Wach modules of the form

0—=N(¥1) = N —N(t) =0

where 1 (resp. 2) is a crystalline character with labeled Hodge-Tate weights
(bf_l, bo, ceey bf_g) (resp. (af_l,ao, ey af_g)).

Proof. First assume we are not in the exceptional case where A = B, ¢ = m and
a = p. Since the extension class defined by F is bounded, the equality V; = L;
of the preceding theorem shows that E arises by applying D to the reduction mod
wr of a crystalline extension

0— Op(¥1) =T — Op(y2) — 0

where 11 and 1o have the required Hodge-Tate weights. Lemma 7.6 then gives the
desired extension of Wach modules over AR PR

Suppose now that A = B, ¢=p — 2 and @ = p. Consider the class z := ((E) €
Ext! (Mj, M=) = HY(Gk,F(x)) where x denotes the cyclotomic character. We
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claim that there is an unramified character p : Gx — O with trivial reduction
mod wr so that x is in the image of H(G g, Or(xPu)). (This is essentially proved
in Proposition 3.5 of [KW09] or Section 3.2.7 of [KW], but there it is assumed
that x is trés ramifié, so we recall the argument here.) The long exact sequence
associated to

0— Or(x"n) =5 Op(x*n) — F(x) — 0

shows that the image of H* (G, Op(xPu)) is the kernel of the connecting homo-
morphism

HY (G, F(x) — H*(Gx, Or(x* ).
By Tate duality this is the space orthogonal to the image of the connecting homo-
morphism
HY(Gk,(F/Op)(x'Pu")) — HY(Gk,F)

arising from the dual short exact sequence. Letting o denote the homomorphism
Gk — F defined by (x!™? — 1)/p, and 3 the unramified homomorphism sending
Frobg to 1, we find that the image of the connecting homomorphism is spanned
by 8 if 4 # 1 mod pOp (which is possible as F is ramified over Q,,) and by «+ A8
if u(Frobg) =1+ pA mod powpOp. If xU S = 0 then we can take p # 1 mod pOp,
and if x U8 # 0 then there is a unique A so that A(xUS) = —x U« and we choose p
accordingly. Now since H' (G, F(x"p)) = Hj (G, F(xP)), we see that E arises
from the reduction of a crystalline extension of the required form, and the result
again follows from Lemma 7.6. O

7.4. f = 2. In this section we will show that if f = 2, then L; = V; (or LT = V)
unless ¢ = 6; in other words, the space of bounded extensions coincides with the
one gotten from reductions of crystalline extensions of the corresponding weights
unless the ratio of the characters is unramified. Furthermore, we give a complete
description in this exceptional case.

Before treating the case f = 2, we note what happens in the case f = 1. The
case C # 0 is already treated by the results of the preceding section. Assume for
the moment that p > 2. Then the proof goes through just the same if @ = 0 and
J =8 = {0}. Suppose then that &= 0 and J = 0. If C # 1, then Vj = Ly = {0}, so
there is nothing to prove. If C'= 1, then we have Vj = {0}, but Ly = Hl(GQp,F).
Indeed all such classes arise as reductions of lattices in representations of the form
Q, @ Q,(x' Pu) with p unramified; the corresponding Wach module is described
just as in Example 7.1 and so does not give rise to a bounded extension. If p = 2,
there are differences in the case C' =1 (see Remark 6.12). In that case

Vi =Vg =L§ = H'(Gq,,F) = (Bur, Beye, Bur)

and V;DJF =V, = {0}, but Ly = Ly = (Bur, Beyc) and Lar = (Bp;, Byy). (For
the explicit descriptions, note that the extensions of Galois representations are
unramified twists of ones on which Hg acts trivially, and if Hg acts trivially on T,
then D(T) =Ex ®T.)

We now turn our attention to f = 2. We maintain the notation of the preceding
section, without the assumption that ¢ is generic. In particular J C S and a, b sat-
isfy the usual conditions, V; and V5 are one-dimensional crystalline representaions
with labelled Hodge-Tate weights (b1,b9) and (a1, ap), V is an extension of V5 by
Vi, T is a Gg-stable Op-lattice in V., Ty = TNV, and Ty = T/T;. The refinement
of Lemma 7.6 is the following:
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Lemma 7.11. Suppose that f =2 and @ # 0. If V is crystalline, then
0— N(Th) = N(T) - N(T3) — 0
15 exact.

Proof. Since the generic case is covered by lemma 7.6, we can assume (interchanging
embeddings if necessary) that ¢ = (i,0) for some i € {1,...,p—2} or €= (i,p— 1)
for some ¢ € {0,...,p — 2}. The cases where J = () or J = S are covered by the
same argument (using parts (2), (3) and (4) of Proposition 7.4), as are the cases
where ¢ = (i,0) or J = {1} (using parts (1), (3) and (4) of the proposition). We are
thus left with the case where ¢ = (i,p — 1) for some ¢ € {0,...,p—2} and J = {0},
in which case @ = (p — 4,0) and b= (0,p). In the notation of Proposition 7.4, the
possible values of & are (0,p) and (1,0). To complete the proof, we must rule out
the latter possibility, which we accomplish by considering the reduction of N(T')
modulo p?. From the exact sequence
0—-D(Th) - D(T)—D(Tz) =0

and the description in [Dou07] of rank one (¢, I')-modules recalled in §3, we see
that there is a basis {e1,e2} for D(T') over Ak r in terms of which the matrices
describing the actions of ¢ and v € I are

o < (Bbqp) e > ad G, = ( (plA2). 42 4 ity )

for some A, B € OF. On the other hand, since V is crystalline, there is a basis
{el,e5} for D(T) over Ak  in terms of which the matrices P’ and G, describing
these actions lie in GLq (A}F), with G/, = I mod mMy (A}’F). If we assume that

further that &' = (1,0) (and so @ = (p — i — 1,p)), then we can choose ¢}, ¢}, that
—r (Bﬂ'p*l,l) * — ()\7,)\1)) *
P = < 0 (Aﬂ(p—i—l)(p—l) ap(p—1) > and G, = ( 0 ! (>\p2+p—i—1 /\pz—ip)
’ gt 1Ny
where = denotes reduction modulo wp. Since D(T) = Ak DAt N(T), we can
write (e}, e5) = (e1,e2)Q for some Q € GL2(Ak r), and then we have
P' = Q 'Pyp(T) and Gl = Q'Gy(Q) forallyeTl.

a(g™h1) *
0 B(q,1) > ©

Claim: @ = RS mod pAg r for some matrices R =

GL2(Ak,p) witha,3 € OF, and S € I + wFMQ(AEF).
Since F' may be ramified over Q,, we prove the claim by showing inductively
that @ = R, Sy, mod wi A p for some matrices R,,, Sy, of the prescribed form

form=1,...,e where e = e(F/Q,).
(1) 0 )
0 (g1
S P — (BrP=11) *
Ry Po(Ro) = < 0 (Ax(P=9)@=1) zr(p=1)) > :
So if we write R = Ry.Sg, then

_ (Bﬂ'Pfl’l) * - (Bﬂpfl,l) N B
So < 0 (Ax®P=DP=1) zp(p=1)) | = 0 (ArP=D@=1)_7p(p=1)) »(Sh).

To prove the statement for m = 1, note that setting Ry = <

gives

).
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0 3
lifts o, 6 € Of and § € Ak p and setting Ry = Ry ( 0 3 ) gives the result for
m = 1.

Suppose now that m € {1,...,e — 1} and that Q@ = R,, Sy, mod wi Ak p with

Ry, S, of the prescribed form. Setting Q,, = R,,'QS,!, we have Q,,, = [+w@"Q.,
for some @), € Ma(Ak r). Define

Py = R,'Pp(Ry), Gym = B Goy(Rn),
P, =S5 'P'p(Sy) and G, =S.'G v(Sm),
so that P}, = Q' Pnp(Qn) and G, =Q,'G  7(Qn).
Note that P, € MQ(A};’F), Gl . € I—|—7r1\/I2(AI+{’F)7 P,, = P! mod wMa(Ak ),
Gym = Gﬁyym mod wPMy(Ak ),

It follows easily that Sy = < ) for some @, 3 € F*, § € Ex . Choosing

_( (BrP~1,1) *
P = < 0 (Are=-D0-1) ppe-1y | MedPM2(Axr)
Ay A *
and G, = ( ( 70 3 ()J’z*p*i*l )\pzﬂ.p) ) mod pMa(Ak F).

Note that since m 4+ 1 < e, the last two congruences hold mod ™!, and that

=1 - w@wPqQ!, mod wF+1M2(AK 7). It follows that

P, = (I - @i Q,,)Pn(l +@we(Q),))
= P + @3 (Prp(Q),) — Q) Pr) mod @i M My (A g r),
and therefore that

B (Pne(Q,) — Q' Py) = P —Pme?(;C i)modw?“Mg(AK’F)

m

with z,z,w € A'}}F. Note that P,, = Pl, so we have ?Qp(@lm) - @lmﬁl =

( : g} > for some z, z,w € B}, § € Ex p. Similarly we find that @;7(@;) -

— —
QnG., = > for some x.y,zy,w,YEWEKF, iy € Ex p.

Writing

@’ _ (ro,m1)  (s0,51)

m (t07t1) (’U,(),’U,l)
with ro,71,...,up, u1 € F((m)), the condition that z € E;F becomes PP~ V¢, ()P —
ty (), Ar(P=i=0=1¢, (7P) — BrP~lto(r) € F[[r]], from which one deduces that
valz(to) > 1 — p and val,(t1) > 0. The condition that Z, € 7TEI+<7F then be-
comes that 'y(to))\?f*p*i’? —to € wF[[r]]. Lemma 4.2 rules out the possibil-
ity that 1 — p < val;(tg) < 0, and Lemma 4.4 rules out the possibility that
val,(tp) = 1 — p. Therefore (to,t;) € E}. .. Since P e Mz (E} 1), the condition
that z € E}F then becomes that 7P~1(ry(7P) — ro(m)), ro(7?) — r1(7) € F[r]],
which implies that (rg,71) € E;F(F The condition that w € E} » becomes
that wP=1=D®=D (y; (7P) — ug(n)), 7?P~ Dy (7P) — ui(r) € F[[x]], which implies
that val;(ug) > 1 — p and val,(u1) > i+ 2 — p. Since (to,t1) € E}}F and



EXTENSIONS OF RANK ONE (¢,I')-MODULES AND CRYSTALLINE REPRESENTATIONS51

é; = I mod My (E} z), the condition that W, € TE; 5 becomes that 7(u;) —u; €
wE}F for i = 0,1, so that Lemmas 4.2 and 4.4 again imply that (ug,u1) € E;r( P

We can thus lift @, to a matrix Z ® ) € My(Ak.p) with rt,u € AT o
. o 1 @f's | 1+ wpr 0
Setting R;11 = Rm < 0 1 > and S;,4+1 = < — T ) S,, then

gives @ = Ry,41Sm+1 mod w}"HMg(AKp) with Ry,41,9m+1 of the prescribed
form, and completes the proof of the claim.

To derive a contradiction from the claim, we proceed as in the proof of the
induction step above, but with m = e and working modulo w?“. More precisely,
we define Q., Q¢, Pe, G, P, and G/ , as above; the difference now is that the

congruences satisfied by P, and G . modulo p are not satisfied modulo pwp. In

particular, the upper-left hand entry of P, is (Aq, ¢ /©(q)), and a straightforward
calculation shows that

g - -
——=1+4p(g(r?) — gz~ ") + f(r)) mod p’Aq,
(q)
where g(X) =
Ql FI . (
0,c(g(m=P)—g(m=1)) + E}F for some ¢ € F* (the reduction of p/w%). Similarly

PN (=X)i/i and f(r) € Aap. As before, we have P o(Q.) —

ISNES M

&I

with z € E; p since P, is upper-triangular, but now z €

we have éﬁﬂ(@;) - @;é; = ( Z g): ) with z, € WE}F. So just as before
we get (to,t1) € E};,F, but this implies that 7?~1(ry(7P) — ro(7)) € F[[x]] and
ro(mP) — ri(7) € c(g(rmP) — g(n~1))) + F[[r]], which leads to a contradiction and
completes the proof of the lemma. (Il

Theorem 7.12. Suppose that f =2 and ¢# 0. Then V; = Ly (or Vif = Lf) for
all J C S. In particular Loy = L1y if and only if ¢ = (i,p — 1) or (p — 1,4) for
some i€ {1,...,p—2}.

Proof. The proof of the first assertion is exactly the same as for Theorem 7.8. The
second then follows from the corresponding result for V; in §5.3. ([

Theorem 1.2 of the introduction now follows in view of Corollary 3.4.

Remark 7.13. Again we see that in the definition of L, ¢; can be replaced by its
twist by any unramified character with trivial reduction; the cases where some a;
or b; is p (with J = {0} or {1}) are outside the range of Fontaine-Laffaille theory.

Note also that the case where we had to work the hardest in the proof of
Lemma 7.11 is precisely the one where Loy = Ly1;.

By the same proof as Corollary 7.10, we obtain:

Corollary 7.14. Suppose that f = 2 and ¢ # 0 and &',5 € Z° are as above and
that

O—»MBE—>E—>MA5—>O
is a bounded extension of (p,T')-modules over Ex p. In the case A = B, ¢ =

p—2 and d = p, assume F is ramified. Then the extension E arises by applying
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EK’F®A;+<,F to an exact sequence over A}F of Wach modules of the form

0 — N(¢1) = N — N(¢p2) — 0

where 1y (resp. 12) is a crystalline character with labeled Hodge-Tate weights
(b17b0) (7"65]7. (alvao))'

We now say what we can in the case @ = 0. First note that the proof of

Lemma 7.11 goes through in the following cases:

e J =5, in which cased’:m (or 2 if p = 2);

o J={0},@=(p,0),b=(0,1) (the + case);

o J={1},@=(0,p), b= (1,0) (the + case).
The proof of Theorem 7.12 goes through in these cases unless J = S, p = 2,
@ =1, C =1 where we get Ly C Vg, but dimLg = 3 # dimVg = 4 (see
Remark 6.12). In this case however we know that Lg consists of the peu ramifiée
extensions. To compute the corresponding (¢, I')-modules, note that V{Jg} = L?o}
contains the classes arising from reductions of Galois stable lattices in F(u1)?) @
F(¢7) where ¢ : Gg — Of is a crystalline character with labeled Hodge-Tate
weights (0,1), o is the non-trivial element of Gal(K/Qz), and p: Gg — OF is an
unramified character with trivial reduction mod wpg. These classes correspond to
homomorphisms G g — F whose restriction to inertia is a multiple of the reduction
of 1/2(179=2 — 1)|1,. One can compute these explicitly using class field theory
and check that they are peu ramifiée. It follows that Lfo} C Ly, and similarly

le} C Lg, so that Ly = (Bu,, Bo, B1).

If J =0, we have V3 = {0}, and Ly = {0} unless C = 1. If C = 1, one
can compute the extensions and associated (¢, I')-modules explicitly since they are
unramified twists of representations on which Hg acts trivially. If p # 2, one
gets Ly = (Bur, Beye). If p = 2, one gets LI = (Bury Beye) (with b = f) and
Ly = (Bur, Byy) (with b = 9).

The most interesting is the — case when S = {0} or {1}. For example if S = {0},
@ = (p,0) and b = (0,1), the proof of Lemma 7.11 breaks down, but we see that
if the associated sequence of Wach modules is not exact, then @ = (0,1) and
V' = (p,0), so the extension of (¢,I')-modules associated to T is in VH} Since
V{_o} C VH}, it follows that L{_o} C V{—il_}’ and dimension counting implies equality.
We therefore have that V{_o} is contained in L{_o} = V{"I} = L?‘l}. with codimension
one. Sir.nilarly V{;}- is contained in Lfl} = V{Jg} = LE“O} with codimension one.
Putting everything together we get:

Theorem 7.15. Suppose that f =2, @=0.

(1) If C #1, then:
ifp>2then Lg =Vg = Eth(MG, MCG)"
if p=2 then LS = V5 = Ext' (Mg, M5);

- _v- — - _7t+ _yt + ot .
Vioy = Viny =10}, and Lygy = Ly = Viyy # Viy = Lioy = Lyys
if p> 2 then Ly =V = {0};

o if p=2 then Ly = V5 ={0}.
(2) If C =1, then:
e ifp>2then Lg =Vg = Eth(MG, M@),’
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o if p=2then Lt = Vi = Ext' (Mg, M) and Ly = (Bur, Bo, B1);
- _ - — - _ 7+ _yt _ - _
L4 g(_)} = Vg_l} = <Bnr>; {0} — L{l} = V{l} = <BnrvBl>> and L{l} =
L{O} = V{O} = <Bnr7B0>;
e if p> 2 then Vjy = {0} and Ly = (Bur, Beye);
o if p=2 then V;" = {0}, L} = (Bur, Beye) and Ly = (Buy:, Bu).

Note that the strict inequality V{B} C L{_o} implies the existence of non-split
crystalline extensions 0 — F(i1) — V — F(¢2) — 0 with Galois stable Op-
lattices T such that the corresponding sequence of Wach modules over A}}y r is not
exact (with 11 and 15 of labeled Hodge-Tate weights (p, 0) and (0, 1) respectively).

As in Remark 7.13, we see that the definitions of L; are independent of the
choice of unramified twist, unless C = 1, J = () and F is ramified, in which case
twisting by an unramified character which is trivial mod wp but not mod p would
give L'; = Lj = (Byy).

Finally we remark that the proof of Corollary 7.14 goes through when & = 0
except in the following two cases where C' = 1:

o If p=2and @ = 1, then only classes in Ly lift (see Remark 6.12).
e If 3= (1,0) and b = (0,p) (or @ = (0,1) and b = (p,0)), then we have not
determined whether B, lifts.
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