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ABSTRACT. We discuss an explicit integral refinement of Stark’s Con-
jecture in the general (non-abelian) case. We show that, upon special-
ization to the case of odd irreducible degree two complex characters of
Gal(Q/Q) for which the associated L-function vanishes to order one
at s = 0, our conjecture refines a question of Stark and a conjecture
of Chinburg. As supporting evidence for our conjecture we give a full
proof in the function field case and (in the number field case) a proof
for rational valued characters and for degree one characters of either
Gal(Q/Q) or Gal(Q/k) for suitable imaginary quadratic fields k. *
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INTRODUCTION

The principal conjecture of Stark, as interpreted by Tate in [21], asserts
(roughly speaking) that the leading term at s = 0 of Artin L-functions is
equal, to within an undetermined algebraic factor, to a regulator constructed
from algebraic units. For Artin L-functions associated to characters that fac-
tor through abelian Galois extensions, subsequent refinements of this conjecture
(due firstly to Stark [19] with later refinements and generalisations by, amongst
others, Gross, Tate and Rubin) have had the effect of bounding the denom-
inator of the undetermined algebraic factor. An analogous refinement in the
general (non-abelian) case would have significant advantages over the original
conjecture of Stark (not least for the purposes of obtaining evidence via com-
puter calculations - see the discussion of Dummit in [10, §14]). Indeed, for
the special case of odd irreducible complex representations of Gal(Q/Q) that
are of degree 2 and such that the associated L-function vanishes to order 1 at
s = 0, the connection to modular forms provided by the theorem of Deligne
and Serre first led Stark [20] to investigate the possibility of an explicit such

1The author was supported by a Leverhulme Research Fellowship
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‘integral’ refinement and then Chinburg [8] to formulate a precise conjecture for
this special case (see the discussion of [21, Ch. III, §4]). Computer calculations
of, amongst others, Chinburg [8], Fogel [12] and Jehanne, Roblot and Sands
[14] have since given credence to this conjecture (which is referred to in loc.
cit. as the ‘Stark-Chinburg Conjecture’). However, it has been a long-standing
problem to give a more conceptual approach to Stark’s question and to Chin-
burg’s conjecture and perhaps thereby suggest an explicit integral refinement
of Stark’s Conjecture in a more general setting.

In §2 of this article we shall now formulate, as Conjecture 2.1, an explicit inte-
gral refinement of Stark’s Conjecture in the most general possible case (that is,
for any non-trivial irreducible complex representation that is associated to any
finite Galois extension of any global field). This conjecture is in effect a natural
non-abelian analogue of the conjecture formulated by Rubin in [18, Conj. B].
Further, in §3 we show that, upon specialisation to the cases considered by
Stark and Chinburg, Conjecture 2.1 refines both the original question posed by
Stark in [20] and also (in any case in which the Euler factors of all primes which
ramify in the given Galois extension are trivial) the Stark-Chinburg Conjecture
itself. At the end of §3 we shall also make an explicit correction to the paper of
Jehanne, Roblot and Sands [14]. In §4 we first prove an important reduction of
Conjecture 2.1 and then use this to deduce the validity of Conjecture 2.1 in the
function field case from a result of Bae in [1] and to show in the number field
case that Conjecture 2.1 is a consequence of the ‘Strong-Stark Conjecture’ that
is formulated by Chinburg in [7]. Further, the latter result (Theorem 4.1(v))
combines directly with, for example, a result of Tate to show that Conjecture
2.1 is valid for all (non-trivial irreducible) complex representations with ratio-
nal valued character and with results of Ritter and Weiss, and of Flach, to
show that Conjecture 2.1 is valid for all degree one complex representations
of Gal(Q/Q). In addition, since the Strong-Stark Conjecture has been shown
to follow from the ‘equivariant Tamagawa number conjecture’ formulated by
Flach and the present author in [5], Theorem 4.1(v) shows that Conjecture 2.1
follows from the general formalism of Tamagawa number conjectures that orig-
inates with Bloch and Kato in [3] and hence provides a much more conceptual
approach to the original work of Stark and Chinburg. Indeed, when combined
with the main result of [4] (which deals with the abelian case), Theorem 4.1(v)
now shows that the equivariant Tamagawa number conjecture underlies all of
the ‘integral’ refinements to Stark’s Conjecture of which the present author is
aware.

To the best of our knowledge, Tate was the first to ask (in 1999) whether the
equivariant Tamagawa number conjecture might provide an ‘explanation’ for
the type of explicit integral refinements of Stark’s (non-abelian) Conjecture
that had been considered by both Stark and Chinburg. Somewhat belatedly,
this article now proves that his intuition was indeed correct. Finally, we would
like to thank Jonathan Sands for some helpful remarks.
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1. ALGEBRAIC PRELIMINARIES

We fix a finite group G, an irreducible finite dimensional complex character y
of G and a subfield E of C which is both Galois and of finite degree over Q
and over which x can be realised. We let ey denote the central idempotent
% > gec X(9)g of E[G] and fix an indecomposable idempotent f; of E[Glex.
We write O for the ring of algebraic integers in F, choose a maximal O-order
M in E[G] which contains fy and define an O-torsion-free right O[G]-module
by setting T, := f3x9. The associated right E[G]-module V,, := F ®¢ T), has
character . For any (left) G-module M we set M x| := T, ®z M, upon which
G acts on the left by t ®z m — tg~! ®z g(m) for each t € T,m € M and
g € G. Then there is a natural isomorphism of (left) O[G]-modules

(1) MIx] = Homop(Ty, 0 ®z M)

where G acts in the usual (diagonal) manner on the Hom-set and T3 :=
Homo (T, O) is endowed with the natural left G-action and hence spans a
left F[G]-module of character .

For any G-module M, subgroup J of G and integer i we write H'(J, M) for
the Tate cohomology in degree i of M with respect to J. We also write M7,
resp. M, for the maximal submodule, resp. maximal quotient module, of M
upon which J acts trivially. Then we obtain a left, resp. right, exact functor
M +— MX, resp. M +— M, from the category of left G-modules to the category
of O-modules by setting MX := M[x] and M, := M[x]¢ = Ty ®zjc) M. For
any homomorphism of G-modules f : M — N we write f, : M,, — N, and
X : MX — NX for the induced homomorphisms of O-modules. The action of
>_geg 9 on M[x] induces a homomorphism of O-modules (M, x) : My — MX
with kernel H~1(.J, M[x]) and cokernel H(.J, M[x]). Thus t(M, x) is bijective
whenever M, and hence also M[x], is a cohomologically trivial G-module. If
M is finitely generated and torsion-free, then we shall always regard MX as
an O-submodule of O ®z M by means of the identification described in the
following result.

LEMMA 1.1. Let M be a finitely generated torsion-free G-module. Then the E-
linear map E[G]®@zM — E®zM that sends o @zm to o(m) for each o € E[G]
and m € M induces an identification (E[G] ®7 M)¢ = E @z M. With respect
to this identification, one has MX C x(1)~t- MX C O @z M.

Proof. The first claim is clear. To prove the second claim we set N := O ®z M
and N* := Hompg) (N, O[G]). Then, as Nio; = 0, one has N = {x € E®o N :
O(z) € O[|G] for all § € N*}. Thus, with n := x(1), it suffices to show that
O(MX) C n - O[G] for each § € N*. But §(MX) C Z[G]* and, since Z[G]
is cohomologically-trivial and Z[G], = T, one has Z[G]X = im(¢(Z[G], x)) =
|G| - T). Thus it suffices to note that |G|- T = |G| fx2M C |G|-exP C n-O[G],
where the latter inclusion follows from Jacobinski’s description in [13] of the
central conductor of M in O[G] (see also [9, Th. (27.13)]). O
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For any G-module, resp. O-module, M we write M;,, for the (Z-)torsion
submodule of M and set M := M /M., which we identify as a submodule of
Q®z M, resp. E®p M, in the natural way. If M is a G-module and m € M,
then we write fyx(m) for the image of fy ®zig) m € M, under the natural
surjection M, — ﬁx

2. STATEMENT OF THE CONJECTURE

We fix a finite Galois extension of global fields K/k and a non-trivial irreducible
finite dimensional complex character x of G := Gal(K/k). For any finite non-
empty set of places S of k we write S(K) for the set of places of K which lie
above those in S, Y for the free abelian group on S(K) and Xg for the kernel
of the homomorphism Ys — Z which sends each element of S(K) to 1. If S
contains the set S, of all archimedean places of &k (in the number field case),
then we write Ug for the multiplicative subgroup of K* consisting of those
elements that are units at all places outside S and g : R ®z Us — R ®7 Xg
for the isomorphism of R[G]-modules which at each u € Ug satisfies

(2) As(u)=— > logluls -7

TeS(K)
where | - |, denotes the normalised absolute value at w. Now, since Xg is
torsion-free, the bijectivity of Ag combines with [9, §6, Exer. 6] to imply the
existence of injective homomorphisms of G-modules of the form ¢ : Xg — Ug
and for any such ¢ we set

Ri(x) = detc[((c Xr /\S) o (C X7z QD) | ((C RF VX) ®Z[G] Xs] e C*.

Then, after taking account of the isomorphism (1), Stark’s Conjecture (as in-
terpreted in [21, Ch. I, Conj. 5.1]) states that for each oo € Aut(C) one has

L% (0, x™ L(0,
3) s —a ()
RZ(x") RZ(X)
where LE(0, x) denotes the leading non-zero coefficient in the Taylor expansion
at s = 0 of the S-truncated Artin L-function Lg(s,x) and x* := a o .

For each place v in k we fix a place w of K above v, write GG, for its decompo-
sition subgroup in G and set

rg = Z dimE(VXG“’).

veS

Then, since x is non-trivial, one has
rs = dimE(VX ®Z[G] XS) = dlmE(E Ro XS7X)

and the function Lg(s, x) vanishes to order rg at s = 0 (by [21, Ch. I, Prop.
3.4]). Further, after unwinding the definition of Ri(X), one finds that (3)
implies

(4) L5(0,x) - A& (Vy @zi¢) Xs) = A (N5 (Vi ®zic) Us))
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where
A s Cop (N (Vy @216 Us)) = C@p (A5 (Vy 2101 Xs))

is the isomorphism of C-spaces that is induced by Ag.

We assume henceforth that the finite (non-empty) set S contains both S, (in
the number field case) and also all places which ramify in K/k. To formulate a
conjectural refinement of (4) in this case we find it convenient to avoid compli-
cations that arise from the torsion subgroup of Ug by using the same method
as Tate [21, Ch. IV] and Rubin [18]. Thus, we fix a finite non-empty set of
places T of k which is disjoint from S and set

L57(0,x) = L5(0,x) [] dete(1 — Nv-Fr,)' | V) € C*
veT

where Fr,, is the Frobenius automorphism of w in G, and Nuv is the absolute
norm of v. We also write Ug 1 for the (finite index) subgroup of Ug consisting
of those elements that are congruent to 1 modulo all of the places in T'(K).
We note that if Ug 7, and hence U, g‘,T, is torsion-free, then the exterior power
N U §7T is also torsion-free and so can be regarded as an (O-submodule of
Ng (Vy ®zia) Us).

We can now state our conjectural refinement of (4).

CONJECTURE 2.1. Let S be any finite non-empty set of places of k which con-
tains S and all places which ramify in K/k. Let T be any finite non-empty
set of places of k that is disjoint from S and such that Ugr is torsion-free.
Then (3) is valid for all a € Aut(C) and in C®p (AN (Vy ®zi6) Xs)) one has

|G|™s L 7(0, X) - A5 Xs.x C Fito(H (G, Xs[x])) - A (A5 UX 1)

We will see (in Proposition 4.8) that it is in fact reasonable to expect that the
inclusion of Conjecture 2.1 is an equality for any set S which is ‘large enough’.
In §3 we shall also describe some consequences of Conjecture 2.1 of a much more
explicit nature. However, we now end this section by making some clarifying
remarks.

REMARK 2.2. (The set T) If K is a (global) function field, then Ug 1 is torsion-
free for any non-empty set 7. If K is a number field, then Ug r is torsion-free
if, for example, not all of the places in T" have the same residue characteristic
or if T' contains a place with residue characteristic greater than |Usg tor|.

REMARK 2.3. (The term Fito(H (G, Xs[x]))) It is easy to describe an ex-
plicit lower bound for the ideal Fito (H (G, Xg[x])) in Conjecture 2.1. Indeed,
the exact sequence of O[G]-modules 0 — Xg[x] — Ys[x] — Z[x] — 0 gives rise
to an exact sequence of O-modules

H(G,Z[x]) 2 H™(G, Xs[x]) — H™(G, Ys[x]) = H (G, Z[\))
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and hence to an equality

_ Fito(H (G, Ys[x)))Fito (im(9))Fito (cok(<))
Fito (H=1(G, Z[x]))

~ Tles Fito (H (G, Ty))Fito(im(9))Fite (cok(e))

B Fito (H~H(G, Z[x]))

Fito(H (G, X5s[x]))

G
veS IndeTX'

Also, if vy is any fixed place in S such that VXG“’1 = 0, for w; the chosen

where the last equality follows from the isomorphism Yg[x] = P

place of K above vy, then TXG“’1 = Tf = 0 and so there is a surjective
homomorphism of finite O-modules H'(Gyw,,Ty) = (Ty)a,, - (Ty)a =
(Z[X))¢ = H7'(G,Z[x]) and hence an inclusion Fito(H '(Gy,,Ty)) <
Fito(H~'(G,Z[x])). Thus one has

Fito(H (G, Xsx]) €[] Fito(H(Gw,Ty)) € [ Fito((Ty)a.,)
veS\{v1} v

where the last product is over all places v in S with v # v; and VXGw =0.
We finally note that if G, is a non-trivial group of prime power order, then
Nakayama’s lemma implies that Fitp((Ty)q,,) is a non-trivial (integral) ideal
and hence the term Fito(H (G, Xs[x])) represents a non-trivial integrality
constraint on the elements that we discuss in §3 below.

REMARK 2.4. (Special cases) In the following two special cases we are aware
of an explicit integral refinement of Stark’s conjecture that is actually stronger
than Conjecture 2.1.

(i) The case rg = 0. In this case (3) implies Lg (0, x) belongs to E and Con-
jecture 2.1 further predicts that Lg 7 (0, x) belongs to Fito (H (G, Xs[x])). In
fact, by using a natural notion of ‘non-commutative Fitting invariant’, Parker
has recently shown that the equivariant Tamagawa number conjecture leads to
a stronger restriction on Lg 7 (0, x) in this case (for details see [16]).

(ii) The abelian case. If x has degree one, then it factors through the abelian-
isation G® of G. Also, if VXGW = 0 and G2 denotes the image of G,, in G?P,
then Fito((Ty)a,,) is equal to the image of the kernel of the projection map
Z[G*"] — Z[G*"/G2P] under the homomorphism Z[G®P] — O that is induced
by x. By taking this (and Remark 2.3) into account, one can show that in this
case the inclusion of Conjecture 2.1 is a consequence of the finer congruence
properties of Lg 1(0, x) that are discussed in [4]. In particular, in this way one
sees that Conjecture 2.1 can be interpreted as a natural non-abelian analogue
of the conjecture formulated by Rubin in [18, Conj. BJ.

3. STARK UNITS

In this section we shall describe some explicit consequences of Conjecture 2.1.
Before stating the first such result we note that if Ug is torsion-free, then
Lemma 1.1 allows us to regard the exterior power Ay (x(1)~! - Usy) as a

submodule of O ®z A Us 7.
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We set cg := Fito(H (G, Xs[x])).

PROPOSITION 3.1. Assume that there exists a place v in S for which VXGW =0
(for any fized place w of K above v). For each integer i with 1 < i < rg fix
a place w; in S(K) and let ¥ denote the ordered set {w; : 1 < i < rg}. If
Conjecture 2.1 is valid, then for any element d' of cgl there exists a unique
element us(d') of N5 (x(1)™"-Ug ) CO @z A7 Us for which

d|G|s
x(1)rs

(5) A (us(d) = L2(0,3) - NS fe(wa).

Proof. The existence of a place v in S with VXGw = 0 combines with the (as-
sumed) non-triviality of x to imply that the natural map Ys — Z induces
a surjection (Ysy)tor = Z, and hence that the inclusion Xg C Yy induces
an identification X5, = Ys,. The element A!Z}% fx(w;) therefore belongs
to Agy Xs,x and so the existence of an element ux(d’) of AG (x(1)~" - Ugp)
which satisfies (5) follows directly from the inclusion of Conjecture 2.1. The

uniqueness of ux(d') then follows from the injectivity of /\(SX). O

In the rest of this section we describe more explicit versions of Proposition
3.1 in the case that rg = 1. In this case there exists a unique place v = v
in S with VXGw1 # 0 for any fixed place w; of K above v;. In addition,
the fact that rg = 1 is the multiplicity of x in the Q-rational representation
C®z Xs = CRg (Q®z Xg) implies that the Schur index of x is equal to 1 and
so we can take the field F in Proposition 3.1 to be the field of values of x. We
also set ' := Gal(E/Q) and write Dg for the different of the extension E/Q.
For each v € I" we write Ly (0, x”) for the value at s = 0 of the first derivative
of Lg (s, x7).

PROPOSITION 3.2. Assume that rg = 1 and |S| > 1. Let vy be the unique

place in S with VXG“’1 # 0 (for any fixed place w1 of K above v1) and set
Sy := Soo U{v1}. If Conjecture 2.1 is valid, then for any element d of cnggl
there exists an element uy, (d) of Us, v which at each place w of K satisfies

(6)

07 Zf w Jf V1,
—10g [tis, () = { 2oser Zonea,, VDX (9h)Ls (0, x7), if w = g(wr)
any g € G.

Proof. We assume throughout this argument that Conjecture 2.1 is valid. We
also note that, since both rg = 1 and |S| > 1, there exists a place v in S with
VXGW = 0 and so Proposition 3.1 applies in this context.

We set n := x(1) and pr, := n!|Glex = >gec X(9)g € O[G] and let ex =

ii? %.; be the decomposition of ey as a sum of indecomposable idempotents

in E[G], with fg1 = f¢. We also fix d’ € ¢g' and d” € D' and set d := d'd”
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(note that, by linearity, it suffices to consider elements d of this form). For
each index j as above we then define

. d|G| Lsr(0,x)
n(d, x, j) = 6] 2o x)

n Rg(X) ' (C ®o <Px)(f¥,j(w1)) eC R0 Ug(,T

where, just as in Proposition 3.1, we regard f5 ;(w1) as an element of E®o X .
Now L% 1(0,x) = L5 1(0, x) because rs = 1 and hence, since fx,1(w1) is a non-
zero element of the dimension one C-space C ®o Xy, the definition of Rg(x)
implies that As(n(d,x,1)) = d|Gln"'Ls1(0,x) - fg,1(w1). Thus n(d,x,1) is
equal to the element d” - ug,,y(d") of n_lD_l UX T that is described by
Proposition 3.1. But V¢ = 0 for all v € S\ {v1} so S\S = 0 and hence
the natural exact sequence 0 — Us, 7 — Usr — Yg\g, implies U§ 7 =
Ug’T. After recalling Lemma 1.1 we therefore deduce that 7(d, x, 1) belongs to
D' @7 Us, 1

Upon replacing fy = fx.1 by fx,; (for any given index j) in the definition of
Ty, the same argument proves that 7(d, x,j) belongs to Dgl ®z Us, 7 and
satisfies As(1(d, x, 7)) = d|GIn~"Lig 1(0, x) - fx.j(w1). The element 7(d,x) :=
Z] T n(d,x, ) of D' ®z Us,  therefore satisfies

dLis (0,x) Zleln_lLs:r 0,X) - fxi(w1) = As(n(d; x))-

Further, the assumed Vahdlty of (3) combines with the definition of each ele-
ment 7(d, x, j) to imply that n(y(d), x”) = v(n(d, x)) for each v € I', where on
the right hand side we use the natural semi-linear action of I" on ’Dgl ®zUs, 7.
Thus, if we set uy, (d) := > crv(n(d; X)), then the last displayed formula
implies that

(7) D AL p(0.X7) - prys (wi) = As (t, ()
yel
But Tr/0(Pg") € Z and so u,, (d) belongs to Trgo(Pg') ®z Us, v C Us, .

It now only remains to note that the definition of Ag in (2) implies that (7) is
equivalent to the claimed equalities (6). |

An elementary exercise in Galois theory shows that (6) implies that the field
K*r(X) is generated over k by the G-conjugates of ., (d)" for any large enough
integer N (cf. [21, Ch. III, §3.3]). However, to discuss further properties of
the conjectural elements u.,, (d) we now assume in addition that k is a number
field, that x has degree two and that vy is (real) archimedean. In this case G,
has order two (since VXG Yt £V, ) and we write 7 for its non-trivial element.

We also fix an embedding of K in C that corresponds to w; and use this to
regard K as a subfield of C.

PROPOSITION 3.3. We assume that k is a number field, that rg =1 and |S| > 1,
that the unique place v in S with VXG“’1 % 0 is archimedean and that x has
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degree two. If Conjecture 2.1 is valid, then for each element d of cgll)]gl the
element

e(d) = exp(— > ¥(d)Lis (0, x7))
yel

is a real unit in K which satisfies all of the following conditions:-

o cither €(d) or —e(d) is congruent to 1 modulo all of the places in T(K);
e |e(d)|w =1 if w is any place of K which does not lie above vy;
e for each g € G one has

1

—log|g™ " (e(d)|w, = Y _ 7(d) +x7(97)) Lis (0, X7)-

yel’

Proof. Since, by assumption, both dimg(V,) = 2 and dimE(VXGwl) = 1 the set
of eigenvalues of the action of 7 on V,, is equal to {—1,+1} and hence x(7) = 0.
From the equality (6) (with g the identity element of G)) we therefore find that

Wy (d) - 7 (s, (d)) = [ty () wy = exp(=2Y_ (d) Lis (0, X7)) = e(d)*.

But from (6) we also know that |7(ty, (d))|w = |tw, (d)| for all places w of K
(indeed, this is clear if w t v1 and in the case w = g(w;) follows easily from the
explicit formula given in (6) and the fact that x is a class function on G) and so
the element (e(d)/uw, (d))? = 7(tw, (d))/tw, (d) belongs to Ug, 7 Nker(\g) =
(Us, 7)tor- Hence, by our choice of T, we find that (e(d)/uy,(d))? =1 and so
€(d) = fuy, (d). From this equality we deduce that e(d) belongs to Ug, and so
is a unit in K (since S; = S). On the other hand, the last displayed equality
implies that €(d)? is a positive real number and hence that €(d) is itself real.
Lastly, the properties of w,, (d) that are described in (6) imply directly that
€(d) = fuy, (d) satisfies all of the conditions listed in Proposition 3.3. O

Following Proposition 3.3, we now further specialise to the case that k = Q
and v is archimedean. For simplicity, we also assume that O is generated as
a Z-module by the set {x(g) : g € G} (as is the case, for example, for all of
the examples considered by Fogel in [12] and by Jehanne, Roblot and Sands in
(14]). Then [14, Prop. 2.7, Prop. 2.12] shows that, if we replace the condition
de cleE that occurs in Proposition 3.3 by the stronger condition d € Dy !
and take S equal to the set Sy consisting of v; and all rational primes Wthh
ramify in K/Q, then the question of the existence of real units in K which
satisfy the conditions listed in Proposition 3.3 was first considered by Stark in
[20]. Also, under our stated assumption about O, the subsequent conjecture
[8, Conj. 1] of Chinburg differs from Stark’s question only in that Lg, (s, x) is
replaced by the primitive L-function L(s,x). Thus, modulo these differences
(and the occurrence of the auxiliary set of places T), the factor c¢g, which occurs
in Proposition 3.3 predicts that the units that occur in Stark’s question and
in Chinburg’s conjecture should be N-th powers of real units in K* where N
is the largest integer such that c¢g, € N - O. We remark that the possibility
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of such ‘extra divisibility’ in the Stark-Chinburg Conjecture has already been
observed numerically in both [12] and [14] (but see Remark 3.5 below).

REMARK 3.4. (Numerical investigations) As above we write Sy for the set
consisting of So, = {v1} and all rational primes which ramify in K/Q. It is
natural to ask whether the numerical verifications of [8, Conj. 1] that are given
in [8], [12] and [14] are compatible with Conjecture 2.1, at least in all cases
for which the first derivative L (s,x) does not vanish at s = 0. To check
this one must first compute the difference between Lfgo (0, x) and the value at
s = 0 of the first derivative of L(s, x). In this regard we note that three of the
five tetrahedral representations considered by Chinburg have the property that
L' (0,x) # 0 and for these [8, Table VIII] implies L (0,x) = ¢(p,»L'(0,x)
with ¢,y equal to 2, 2(1 —4) and 2(1 + 1) if (p,r) is equal to (19,7), (7,83)
and (31,4) respectively (in the notation of loc. cit.). Fogel considers seven
octahedral representations that arise from 3-torsion points on elliptic curves
and [12, Prop. 3.3.3] implies L (0,x) = L'(0,x) in six of these examples
and that LY (0, x) = 2L'(0, x) in the remaining example (corresponding to the
case Ng = 89 in the notation of loc. cit.). Jehanne, Roblot and Sands consider
fourteen icosahedral representations, but in each of these cases it is not possible
to deduce the value of L (0, x)/L(0,x) from the data given in loc. cit.

REMARK 3.5. (A correction to the paper of Jehanne, Roblot and Sands) The
displayed formula which occurs in [14, Rem. 2.10] is incorrect. Indeed, since (in
the notation of loc. cit.) the norm || — || is attached to a complex place whilst
the element e(d) is real, the left hand side of the given formula should read
‘e(d)?’ rather than ‘e(d)’. Corresponding corrections are then also required
in the calculations that are made in [14, §4] and hence in the data listed in
[14, Table 3]. In particular, this error accounts for the fact that, as explicitly
remarked at the beginning of [14, §4.2], the authors found that ‘the unit €(d)
was a square in /C. In fact, in almost all examples, it is actually a fourth power’.
Indeed, taking account of the necessary corrections, this assertion should have
read ‘the unit ¢(d) belongs to K. In fact, in almost all examples, it is actually
a square’. However, despite these errors, [14, Th. 4.2] remains valid as stated.

4. THE MAIN RESULT

In this section we first prove an important reduction of Conjecture 2.1 and then
use this reduction to deduce the following result.

THEOREM 4.1. Conjecture 2.1 is valid in each of the following cases:-
(1) k is a global function field;

(ii) k is a number field and x is rational valued;

(iii) k= Q and x has degree one;

(iv) k is an imaginary quadratic field of class number one and x is a de-
gree one character whose order is divisible only by primes which split

completely in k/Q;
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(v) k is a number field and the ‘Strong-Stark Congecture’ of [7, Conj. 2.2
is valid for K/k.

REMARK 4.2. (An A4 example) In [6, §3] it is shown that [7, Conj. 2.2] is a
consequence of the ‘equivariant Tamagawa number conjecture’ of [5, Conj. 4]
for the pair (h°(Spec K),Z[G]). Theorem 4.1(v) thus combines with a recent
result of Navilarekallu in [15, Th. 3] to verify Conjecture 2.1 in an example
with & = Q, G isomorphic to the alternating group of order 12, x the unique
irreducible degree three character of G and rg = 2 (with S = Sy as defined in
Remark 3.4).

4.1. A USEFUL REDUCTION. In this section we use the same notation as in
Conjecture 2.1. In addition, for each finite non-empty set of places ¥ of k that
contains S, we write Oy, for the subring of K consisting of those elements that
are integral at all places outside X(K).

PROPOSITION 4.3. It suffices to prove Conjecture 2.1 in the case that both of
the following conditions are satisfied:-

(i) Pic(Os) = 0;

(ii) There exists an exact sequence of G-modules of the form

0= Usy = Us = FX—0

where FY. denotes the direct sum of the multiplicative groups of the

residue fields of all places in T(K).
This result follows directly upon combining the next two lemmas.

LEMMA 4.4. There exists a finite set S of places of k which do not belong to
SUT, are each totally split in K/k and are such that the conditions (i) and
(#i) of Proposition 4.3 are satisfied with S replaced by S’ .= SUS".

Proof. With S’ as in the statement of the lemma, there exists a natural exact
sequence of G-modules of the form

0= Ugr = Usi — F} — Pic(Og)r — Pic(Og/) — 0,

where Pic(Og:)r is the quotient of the group of fractional ideals of Og- that are
prime to T'(K) by the subgroup of principal ideals with a generator congruent
to 1 modulo all places in T(K) (cf. [18, (1)]). It is therefore enough to show
that we may choose S” so that Pic(Og/)r = 0. But class field theory identifies
Pic(Og/)r with Gal(Hg r/K) where Hg/ r is the maximal abelian extension
of K which is unramified outside T'(K) and is such that all places in S’(K),
resp. in T(K), are totally split, resp. at most tamely ramified. The existence
of a suitable set S” thus follows as a consequence of Tchebotarev’s Density
Theorem. |

LEMMA 4.5. Let S” be any finite set of places of k which do not belong to SUT
and are each totally split in K/k and set 8" := S US". If Conjecture 2.1 is
valid with S replaced by S’, then it is also valid as stated.
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Proof. An obvious reduction allows us to assume that S” = {v} for some place
v of k which does not belong to S UT and splits completely in K/k. We fix a
place w of K above v and write F' for the free abelian group on the set of prime
ideals of Og which lie above v. Then F' is a free Z[G]-module with basis the
prime ideal p that corresponds to w and there exists a natural exact sequence
of G-modules of the form 0 — Ug s, Usi 1 = F.

We set n := x(1). If necessary, after replacing E by a larger field, we can
assume that T), is a free O-module and then fix a basis {b; : 1 < ¢ < n}. For
each such index i we then define ¥; € Homo (Ug, 1, O) to be the composite

X -1 € *
Gy o ST SNy /) N )
Here we use the fact that (since F is a free G-module) FX = im(¢(F,x)) =
|G|-F, € EQe F), the isomorphism ¢ is induced by the map F = Z[G] sending
p to 1 and b} is the element of Home (T}, ©) which satisfies b} (b;) = d;; for
each j with 1 < j < n. We also set r := rg and v’ := rg = r + n and write

O:FQ®o /\gUg(, — FE®o A%Ug(/
for the homomorphism that is induced by A!=749;. Now, since im(cX) is a
torsion-free, and hence projective, O-module, the exact sequence

X
0— Uy = UY r = FX

implies that we can choose a direct sum decomposition of O-modules Ugf,,T =
U, @ M in such a way that ¢X induces an isomorphism M = im(cX). Then

i=r'

NoUS =Y NoUSp @0 N "M = NpUX 1 ®@0 A M,

i=0

where the second equality follows from the fact that U . and M are projective

O-modules of rank r and n respectively. Since U§,T C ker(1¥;) for each index ¢
one therefore has

(8) ONpUS 1) = (NZ1I)(NEM) - NoUg 7 € NoUs -

We next set F' := Z[G] - w C Yg and observe that the natural projection
Yo — F’ gives rise to a (split) exact sequence of G-modules

0— Xg S X L F 0.
We also fix an arbitrary element x of A, Xg,,, and pre-images b; of each element
_—  d ’

b; under the surjection Xg/ —> F — Z[G]y = Ty where ¢ is induced by
the isomorphism F’ 2 Z[G] which sends w to 1. Then z Ao /\;i?bj belongs to

A5 Xgr . Also, since F' is a free G-module, the last displayed exact sequence
induces an isomorphism of O-modules H (G, Xs[x]) & H (G, Xs/[x]) and
thus an equality Fito(H (G, Xgs/[x])) = ¢s := Fito(H (G, Xs[x])). Hence,
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by the assumed validity of Conjecture 2.1 for S/, there exists an element &, of
Cg - /\gU;QT such that

GI" Ly (0, X) (@ Ao NZ1D;) = A5 (€,).

For each index ¢ with 1 < ¢ < n we now let l;f € Homop(Xs/ ., O) denote the
composite

KXo x 2 FL S Z[Gy = Ty =5 0.
Then (AIZ7b})(AJZ1D;) = (AIZ0b})(AJZ1'b;) = 1. Hence, since X, C ker(b;)

1=1"
for each index 1, one has

GI"Lsr(0,X) -2 = (IGI" L2 (0, x)(z Ao NZTH;)

b;)
><<|G|log<Nw>>*”|G\T’L1;/,T<o, X)(@ Ao AIZ0E5))
1) 0 AS (G log(Nw)) ¢,

B(E,)),

where the second equality is valid because L, 1(0,x) = (log(Nw))" L% (0, x)
and the last equality follows from Lemma 4.6 below. Finally we observe that
(8) implies that the element ®(E,) belongs to cg - )\(SX)(/\ZQ Ug ) and so the last
displayed formula validates Conjecture 2.1. This completes the proof of Lemma
4.5 and hence also of Proposition 4.3. O

LEMMA 4.6. On C @0 AU, 1 one has
(NZEB) 0 A = (IGllog(Nw))™ - A o @.

Proof. We write v: C®p F, =2 C®p F>/< for the isomorphism of C-spaces that
is induced by the isomorphism of G-modules F' — F’ which sends p to w and
we set ¢ := |G|log(Nw). Then the definitions of the maps Ag/,cX,d,, € and
¢ combine to ensure the commutativity of the following diagram of surjective
homomorphisms

Coo(|G|~"eX) CRoe

C®o U?S(QT C®o Fy, —— C®pZGly=C®oTy

As/l lt"y lt'id
C®o Xsry L®odx, C®o F’ oo, C®o ZGly =C Q0 Ty.

We write k1 and ko for the composite homomorphisms given respectively by
the upper and lower row of this diagram. It is clear that Ag/ restricts to give a
surjection from the kernel C®o Ug 1 of C®o (|G|~ -¢X) to the kernel C@o Xis,,
of C ®o dy and that ko(b;) = b; for each index j. Hence for each j we can
fix u; in C ®o Ug p with both k;(u;) = b; and )\S/(uj) =t-b;. Now if x

is any non-zero element of C ®¢ /\EU;(#T, then = Ac /\ —Ju; is a C-basis of
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C®o /\gUé,,T. The claimed equality of homomorphisms is thus valid because

(NIZF0F) 0 AG)) (@ Ae NZTuy) = (NZ155) (A () Ae A2 A (1))
= " A (2) Ac (NZRB) (M)
=" A (@) Ac (NS (N ha ()
=" AP (@) Ac ( 2? DN uy)
=" (A 0 ®)(x Ac AIZTuy).

Here we have used the equalities C ®o ¥; = (C ®0 b}) o 1 and the fact
that (A;Z707)(AJZ1'D;) and (A;ZF0]) (A=) K1 (uy)) = (AJZ1D]) (A=) 'b;) are both
equal to 1. O

4.2. THE PROOF OF THEOREM 4.1. If S contains S, then the validity of (3)
for each o € Aut(C) implies that L%(0, X)/Rg(x) belongs to E. If, as we hence-
forth assume, S is as in Proposition 4.3, then the ‘Strong-Stark Conjecture’ of
Chinburg further predicts that
L5(0,x) -1
9 20 = q(y) 7,
) s 0 = a0

where 1, denotes the composite homomorphism of O-modules

t(Us,
Xsx wa (Us;x)

Us

and we use the following general notation: for any homomorphism of finitely
generated O-modules f : M — N which has both finite kernel and finite
cokernel we define a fractional O-ideal by setting

Fito (cok(f))
Fito(ker(f))"

REMARK 4.7. (The Strong Stark Conjecture) After taking account of the iso-
morphism (1), it is straightforward to check that if & is a number field, resp.
a global function field, then (9) is equivalent to the conjecture formulated by
Chinburg in [7, Conj. 2.2], resp. to the conjecture discussed by Bae in [1, §3.1]
as a natural analogue of [7, Conj. 2.2].

q(f) ==

PROPOSITION 4.8. If S is as in Proposition 4.3 and (9) is valid, then
IGI™ Ly 7(0,X) - NG Xsix = Fito(H (G, Xs[x)) - A& (NG U p)-

Proof. We set r :=rg, X := Xg, U := Ug and Up := Ug . We also write
ip : Uy — UX for the homomorphism that is induced by the inclusion Up — U.

LEMMA 4.9. L5 1(0,x) - O = L5(0, x) - q(ir) C C.
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Proof. For each place v in T we fix a place w of K above v and write F,, for
the residue field of w. Then, since v is unramified in K/k there is an exact
sequence of GG,-modules of the form

-(1-Nwv-Fr ')
—_—

0 — Z[Gy) Z|Gy| = F) — 0.

Inducing this sequence from G, to G and then summing over all places in T
gives an exact sequence of G-modules

(10) 0— @zla) L2 Prie) - Fi — 0

veT veT

in which p,, denotes the endomorphism of Z[G] given by z +— z(1 — Nv-Fr').
This sequence implies that F7, and hence also F7[x], is a cohomologically-
trivial G-module and this fact combines with the exact sequence

0—Urlx] = U] = FrIx] =0

coming from Proposition 4.3(ii) to imply that the induced map on cohomology
HY(G,Urlx]) — HY(G,U][x]) is bijective. The last displayed sequence therefore
gives rise to an exact sequence of O-modules 0 — U¥ X, UX — (FZ)x — 0.
Thus, since Uf . = 0 (by our choice of T'), one has q(ir) = Fito((F7)X).

Now the sequence (10) also induces an exact sequence of O-modules

0— Pzic) L Pziax - Fp)x -0

veT veT

and hence, since Z[G]X is a projective O-module, one has Fito((F})X) =
([T e dete(py)) - O. But, with respect to the natural identification of Z[G]X
with T, the endomorphism pY corresponds to the action of 1 — Nwv - Fr;1 on
Ty. The ideal q(i7) = Fito ((F7)X) is therefore equal to

_ L +(0,x)
(I] dete(p))) - © = ([] dete(1 — Nv-Fr' | V) - O = % L0,
veT veT S X
as required. O

From Lemma 4.9 it follows that Lg 1(0,x) - A X is equal to
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(1) L300 alin) by = RIS AR,
- ZEB08 o (€00 £ (6T
oy 06
TG

= |G| Fito(Xytor)AS (AGUX).

Indeed, the first equality here follows from (9), the second from the definition
of RS (x) and the fourth from the equality q(vy) = q(t(U, x))q(py) which is a
consequence of the kernel-cokernel sequence of the composite 1, = t(U, x) o py.
The third, fifth and sixth equalities in (11) follow by applying the following
lemma with f equal to ¢, : Xy — Uy, t(U,x) : Uy — UX and ip : UF — UX
respectively.

LEMMA 4.10. If f : M — N is any homomorphism of finitely generated O-
modules which has both finite kernel and finite cokernel, then

NL(E ®o [)(NSM) = q(f)Fito(Mtor) d~

Fito (Nior) €
with d ;== dimg(F ®o M).

Proof. We consider the following exact commutative diagram

0 0
| |
ker(fior) ———= ker(f) 0
| | |
0 —— My —— M —— M ——0
foor | /| 7|
0 —— Ny —— N —— — 0

0 —— cok(fior) — cok(f) —— cok(f) —— 0
| I l
0.

0 0
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Here fior and f denote the homomorphisms that are induced by the given
map f; the equality ker(fio:) = ker(f) and the injectivity of f both follow
from the assumption that ker(f) is finite and the exactness of the bottom row
follows by an application of the Snake lemma. Now M, and hence also N since
cok(f) is finite, is a projective O-modules of rank d and so the definition of
Fito(cok(f)) implies that A%L(E ®o f)(ALM) = Fito(cok(f)) - ALN. On the
other hand, the exactness of the bottom row and left hand column of the above
diagram combines with the multiplicativity of Fitting ideals on exact sequences
of finite O-modules and the definition of ¢(f) to imply that Fite(cok(f)) =
Fito (cok(f))Fito(cok(fior)) ™' = q(f)Fito(Mor)Fito(Nior)~!. The claimed

equality is thus clear. O

To deduce the equality of Proposition 4.8 from (11) it is enough to show that
Xytor = H7Y(G, X[x]). But, since XX C X[x] is torsion-free, this follows

directly from the exact sequence 0 — H (G, X[x]) — X, X, x, This

completes the proof of Proposition 4.8. O

Proposition 4.8 shows that a stronger version of Conjecture 2.1 follows from
the equality (9) for any set S as in Proposition 4.3. It also shows that Theo-
rem 4.1(v) follows directly from Remark 4.7 and the result of Proposition 4.3.
Further, all of the remaining claims of Theorem 4.1 now follow by combining
the same observation with the fact that the equality (9) is known to be valid
in each of the following cases:-

e k is a global function field: in this case (9) was proved by Bae in [1,
Th. 3.5.4];

e k is a number field and y is rational valued: in this case (9) was proved
by Tate in [21, Ch. II, Th. 6.8];

e &k = Q and x has degree one: if 2 is unramified in K/Q, then (9)
was proved by Ritter and Weiss in [17] and the remaining 2-primary
difficulties were subsequently resolved by Flach (indeed this follows by
combining the first assertion of Remark 4.2 with the results of [11, Th.
5.1, Th. 7.1(c)]);

e k is an imaginary quadratic field of class number one and x is a de-
gree one character whose order is divisible only by primes which split
completely in k/Q: in this case (9) follows from (the first assertion of
Remark 4.2 and) the result of Bley in [2, Th. 4.2].
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