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Abstract. We extend and refine the theory of ‘organising modules’ of
Mazur and Rubin to construct a canonical class of matrices that encodes
a wide range of detailed information about certain natural families of com-
plexes in arithmetic. We also describe a variety of concrete applications of
the general theory including the proof of new results on the explicit struc-
tures of Galois groups, ideal class groups, wild kernels in higher algebraic
K-theory and Mordell-Weil and Selmer groups of elliptic curves. Our ap-
proach also leads to the formulation of several explicit refinements of the
Birch and Swinnerton-Dyer Conjecture for abelian varieties that predict, for
example, precise integral congruence relations between the heights of distin-
guished points on a wide range of elliptic curves and the values at s = 1 of
derivatives of the Hasse-Weil L-functions of dihedral twists of these curves.

Introduction

Let E be an elliptic curve defined over a number field K, p a rational prime and K∞
a Zp-power extension of K. The possibility of a theory of ‘organising modules’ for E
over K∞ was first mooted by Mazur and Rubin in [34, 35] as a means of encoding
in a single skew-Hermitian matrix with entries drawn from the Iwasawa algebra of
K∞/K detailed information about the Mordell-Weil groups and their p-adic height
pairings, and the Tate-Shafarevich groups and their Cassels pairings, of E over all
finite extensions of K in K∞. A little later, Mazur and Rubin successfully constructed
such a theory in [36] under some not-too-stringent conditions on E and K by using
the Selmer complexes that were introduced by Nekovář in [40].
In the present article we shall both extend and refine the above theory by associating
a canonical family of ‘organising matrices’ to a wide variety of arithmetic complexes,
including the compactly supported étale cohomology of general Tate modules and both
the Nekovář-Selmer complexes and finite support cohomology complexes of a natural
class of critical motives. We show that these matrices simultaneously encode a wide
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range of detailed arithmetic information concerning, for example, the explicit Galois
structure of Tate-Shafarevich and Selmer groups (in the sense of Bloch and Kato),
the evaluation of canonical algebraic height pairings, the computation of canonical
extension classes (for example, in class field theory) and the nature of explicit families
of congruence relations between the characteristic elements (including, conjecturally,
the special values of p-adic Zeta functions and complex L-functions) that are associated
to the given arithmetic complexes. The methods that we develop can equally well be
used to construct such classes of matrices in the context of arbitrary compact p-adic
Lie extensions of number fields but in the present article we focus on the case of finite
(possibly non-abelian) Galois extensions.
Not surprisingly, given the amount of data that they incorporate, the explicit compu-
tation of organising matrices is a difficult problem that retains scope for much future
research. Nevertheless, at this stage our understanding of the theory does allow us to
prove a generalisation (from results concerning the values of L-functions of motives
twisted by abelian characters to results concerning the values of higher derivatives of
L-functions of motives twisted by general characters) of both the theory of annihilators
of Bloch-Kato Selmer modules developed by Barrett and the first author in [3] and of
the theory of integral congruences for the values of motivic L-functions developed by
the first author in [9, §9].
To give an idea of the usefulness of our general approach we then combine the appro-
priate special case together with recent results of Ritter and Weiss and of Kakde on
the main conjecture of non-commutative Iwasawa theory for totally real fields and of
the first author on the equivariant Tamagawa number conjecture for Tate motives to
prove, modulo the assumed vanishing of certain classical µ-invariants, several new and
rather concrete results including an explicit analogue for general (non-abelian) Galois
extensions of totally real fields of Brumer’s Conjecture, a refinement and non-abelian
generalisation of the main results of Oriat in [43] concerning the explicit structure
of certain Galois groups and an analogue involving leading terms of p-adic Artin L-
functions at strictly positive (rather than negative) integers of the refined version of the
Coates-Sinnott conjecture studied by Greither and the first author in [15]. By using
the same approach in a different setting we also formulate a ‘strong main conjecture’
for the values at s = 1 of Hasse-Weil L-functions of abelian varieties over non-abelian
Galois extensions of precisely the sort that Mazur and Tate explicitly ask for (in the
abelian case) in [38, Remark after Conj. 3] and give an (unconditional) construction of
a family of elliptic curves E and totally real dihedral extensions Fn of Q of degree 2pn

(for arbitrarily large n) for which the Mordell-Weil group E(Fn) has exact rank pn,
the Galois structures of Zp ⊗Z E(Fn) and Zp ⊗Z Hom(Sel(E/Fn

),Q/Z) are explicitly
known and the validity of the p-part of the equivariant Tamagawa number conjecture
of [14, Conj. 4] for the pair (h1(E/Fn

)(1),Z[Gal(Fn/Q)]) is equivalent to a family of
explicit integral congruence relations between the height of a distinguished point in
E(Fn) and the values at s = 1 of derivatives of the twisted Hasse-Weil L-functions
that are associated to E/Fn

. We note, in particular, that these examples are the first
in which the predictions of [14, Conj. 4] have been made completely explicit for a
class of extensions of arbitrary degree and a class of elliptic curves of arbitrarily large
Mordell-Weil rank and that they have since enabled Wuthrich to provide the first nu-
merical verifications of the p-part of [14, Conj. 4] in the technically most demanding
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case of a prime p that divides the degree of Fn/Q and an elliptic curve E for which
E(Fn) is infinite (and has a non-trivial action of Gal(Fn/Q)).
In a little more detail, the main contents of this article is as follows. In §1 we discuss
preliminaries concerning homological algebra and Euler characteristics, introduce the
categories of complexes to which our results apply, describe important examples of
these complexes from arithmetic and introduce a suitable notion of ‘characteristic
element’. In §2 we define several classes of organising matrices, describe their basic
properties and discuss connections to a range of existing results and conjectures in
arithmetic. In §3 we prove all of the main results that are stated in §2. In §4 we use
the theory of organising matrices to show that the vanishing of certain µ-invariants
implies a variety of new and rather explicit results on the structures of Galois groups,
ideal class groups and wild kernels in higher algebraic K-theory. In §5 we apply
the theory of organising matrices to both the Nekovář-Selmer complexes and finite
support cohomology complexes (in the sense of Bloch and Kato) of abelian varieties to
prove some unconditional results concerning the explicit structure of classical Selmer
and Tate-Shafarevich groups and also use it to show that the equivariant Tamagawa
number conjecture (and non-commutative Tamagawa number conjecture of Fukaya
and Kato) implies a range of explicit refinements of the Birch and Swinnerton-Dyer
Conjecture.
The authors are very grateful indeed to Christian Wuthrich for several useful discus-
sions and also for providing supporting numerical evidence for the refinement of the
Birch and Swinnerton-Dyer Conjecture that is formulated in §5.3.2.

1. Preliminaries

All modules are to be regarded, unless explicitly stated otherwise, as left modules. For
any noetherian ring Λ we write Dp(Λ) for the derived category of perfect complexes
of Λ-modules.
For any module N we write Ntor for its torsion submodule and set Ntf := N/Ntor

which we regard as embedded in the associated space Q⊗Z N .

1.1. Categories of complexes. We first introduce the categories of complexes to
which our main algebraic results apply. To do this we fix a Dedekind domain R of
characteristic 0 with field of fractions F , a finite group G and a direct factor A of the
group ring R[G] and we set A := F ⊗R A.

1.1.1. Admissible complexes. We write Dwa(A) for the full subcategory of Dp(A) com-
prising complexes C = (Ci)i∈Z which satisfy the following four assumptions:

(wa1) C is an object of Dp(A);
(wa2) the Euler characteristic of A⊗A C in the Grothendieck group K0(A) vanishes;
(wa3) C is acyclic outside degrees 1, 2 and 3;
(wa4) H1(C) is R-torsion-free.

We will refer to an object of Dwa(A) as a ‘weakly-admissible complex of A-modules’.
We will also refer to an object of Dwa(A) that is acyclic outside degrees 1 and 2 as
an ‘admissible complex of A-modules’ and we write Da(A) for the full subcategory of
Dwa(A) comprising admissible complexes.
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1.1.2. Gorenstein algebras. We now assume that A is endowed with an R-linear anti-
involution ι and use it to regard the R-linear dual M∗ := HomR(M, R) of each left
A-module M as a left A-module by the rule a(f)(m) := f(ι(a)(m)) for each a ∈ A, f ∈
M∗ and m ∈ M . We assume also that A is Gorenstein (with respect to ι) in the sense
that A∗ is a projective A-module. To give an example of such an algebra we write ι
for the R-linear map on R[G] that inverts elements of G. Then for any idempotent e
of ζ(R[G]) that is invariant under ι the algebra A := R[G]e is Gorenstein with respect
to the anti-involution obtained by restricting ι.
Then for any finitely generated projective A-module Q the module Q∗ is finitely
generated and projective and so the category Dp(A) is preserved by the functor
C 7→ C∗ := R HomR(C, R). Further, for each C in Dp(A) the universal coefficient
spectral sequence implies that in each degree i there is a canonical short exact se-
quence

0 → HomR(H4−i(C)tor, F/R) → Hi(C∗[−3]) → HomR(H3−i(C), R) → 0.

These sequences imply that (if A is Gorenstein, then) the functor C 7→ C∗[−3] pre-
serves each of the categories Dwa(A) and Da(A).

1.1.3. Symmetric admissible complexes. In this subsection we continue to assume that
A is Gorenstein (with respect to a given anti-involution ι). We define a ‘symmetric,
resp. skew-symmetric, admissible complex of A-modules’ to be a pair (C, δ) comprising
an object C of Da(A) and an isomorphism δ : C ∼= C∗[−3] in Dp(A) which lies in a
commutative diagram in Dp(A) of the form

(1)

C
δ−−−−→ C∗[−3]

ε

y
∥∥∥

(C∗[−3])∗[−3]
εδ·δ∗[−3]−−−−−−→ C∗[−3]

where ε is the natural identification and εδ is equal to 1 if (C, δ) is symmetric and to
−1 if (C, δ) is skew-symmetric.
We shall say that two such pairs (C, δ) and (C, δ′) are isomorphic if there exists a
commutative diagram in Dp(A) of the form

C
δ−−−−→ C∗[−3]

κ

y
y(κ∗[−3])−1

C ′ δ′−−−−→ C ′∗[−3]

in which κ, and hence also (κ∗[−3])−1, is an isomorphism.

1.1.4. Annihilation idempotents. If C is an object of Dwa(A), then for each integer i
in {1, 2, 3} we write ei = ei(C) for the sum over all primitive idempotents of ζ(A) that
annihilate the module Hi(Qp ⊗Zp C). We note that the conditions (wa2) and (wa3)
combine to imply that e2 = e1e3.
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1.2. Arithmetic examples. Each of the classes of complexes introduced in §1.1
arises naturally in arithmetic. To describe some important examples we set GL/K :=
Gal(L/K) for any Galois extension of fields L/K. We also fix an algebraic closure Kc

of K and set GK := GKc/K . We assume to be given a finite Galois extension of num-
ber fields F/k that is unramified outside a finite set of places S and fix a continuous
Zp[Gk]-module T that is both finitely generated and free over Zp. We set T ∗(1) :=
HomZp

(T,Zp(1)) and endow this with the following commuting actions of GF/k and
Gk: for each a ∈ Zp[GF/k], σ ∈ Gk, f ∈ T ∗(1) and t ∈ T one has a(f)(t) = f(a(t))
and σ(f)(t) = σ(f(σ−1(t)). We also set V := Qp ⊗Zp

T , V ∗(1) = Qp ⊗Zp
T ∗(1),

W := V/T and W ∗(1) := V ∗(1)/T ∗(1) ∼= HomZp(T, (Qp/Zp)(1)), each endowed with
the actions of Zp[GF/k] and Gk that are induced from the respective actions on T and
T ∗(1). For each closed subgroup U of Gk and each continuous Zp[U ]-module M we
set MF := Zp[GF/k] ⊗Zp T and we regard this as a module over Zp[GF/k] × Zp[U ]
in the following way: GF/k acts via multiplication on the left and each u ∈ U acts
as x ⊗Zp t 7→ xū−1 ⊗Zp u(t) for each x ∈ Zp[GF/k] and t ∈ T where ū denotes the
image of u in GF/k. For any finite group Γ and any Zp[Γ]-module M we write M∨ for
the Pontryagin dual HomZp(M,Qp/Zp) which we endow with the usual contragredient
action of Zp[Γ].

1.2.1. Compactly supported étale cohomology. The compactly supported étale coho-
mology complex C(TF ) := RΓc(Ok,S [ 1p ], TF ) of TF is always an object of Dwa(Zp[G])
and there exists a natural surjection from H2(C(TF )) to Sel(T ∗(1)F )∨ where
Sel(T ∗(1)F ) is the Selmer module of T ∗(1)F (in the sense of Bloch and Kato). If
the group H0(k, W ∗(1)F ) vanishes, then C(TF ), and hence also C(TF )∗, is an object
of Da(Zp[G]). (For proofs of all of these claims see [3, Lem. 3.1]).

1.2.2. Nekovář-Selmer Complexes. Let V be the p-adic realisation of a critical mo-
tive M over k = Q that has good ordinary reduction at p. Then there exists a
unique GQp -stable Qp-subspace V 0 of V with the property that the natural map
DdR(Qp, V

0) → DdR(Qp, V ) ³ tp(V ) induces an identification DdR(Qp, V
0) ∼= tp(V )

(cf. [46]). We then fix a full GQ-stable Zp-sublattice T of V and thereby obtain a
full GQp -stable Zp-sublattice of V 0 by setting T 0 := T ∩ V 0. We also fix a finite
totally real Galois extension F of Q and write C(TF , T 0

F ) for the Nekovář-Selmer com-
plex SC(Ok,S [ 1p ], TF , T 0

F ) that is considered by Fukaya and Kato in [26, §4.1.2.]. If the
spaces H0(Qp, VF /V 0

F ), H0(Qp, (V 0
F )∗(1)) and H0(Q`, VF ) for each prime ` /∈ Σ all van-

ish, then [3, Prop. 4.1] shows that the vanishing of H0(k, W ∗
p (1)F ) implies C(TF , T 0

F )
is an object of Da(Zp[G]) and that the Zp[G]-module Sel(T ∗p (1))∨ is isomorphic to a
subquotient of H2(C(TF , T 0

F )).

1.2.3. Finite Support Cohomology. Let E be an elliptic curve that is defined over k
and let K be an intermediate field of F/k. For each non-archimedean place v of F let
Ẽv be the reduction of the minimal model of E/K at v and write Fv for the residue
field of v. Let SK

r , resp. SK
b , denote the finite sets of places of K which ramify

in F/k, resp. at which E has bad reduction, and recall that for each v in SK
b the

index [E(Kv) : E0(Kv)] is the Tamagawa number in the Birch and Swinnerton-Dyer
Conjecture for E/K . We let p be an odd prime which satisfies both of the following
conditions:
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• p - disc(F/Q)cond(E)|E(K)tor|
∏

v∈SK
r
|Ẽv(Fv)|∏v∈SK

b
[E(Kv) : E0(Kv)].

• The extension F/K is of p-power degree and is unramified at all primes of bad
reduction for E/K .

Under these conditions, a natural generalisation of the proof of [9, Lem. 12.1.2] shows
that the complex Cf (TF ) := RΓf (k, TF ) of cohomology with finite support that is
defined in [12] is an object of Da(Zp[G]) for which H1(Cf (TF )) and H2(Cf (TF )) are
canonically isomorphic to Zp ⊗Z E(F ) and Selp(E/F )∨ respectively, where we write
Selp(E/F ) for the p-primary Selmer module of E/F . (It is also easy to see that for a
given elliptic curve E there are infinitely many primes p, and for each such p infinitely
many fields F and K, which satisfy all of the above conditions.)

1.3. Characteristic elements. In this section we associate a natural notion of char-
acteristic element to complexes in Dwa(A).

1.3.1. Relative K-theory. For any field E that contains F and any A-module M , resp.
A-homomorphism φ, we write ME for the associated E ⊗R A-module E ⊗R M , resp.
φE for the associated E ⊗R A-homomorphism E ⊗R φ. For any such E, we write
K0(A, E ⊗R A) for the relative algebraic K-group of the ring inclusion A ⊂ E ⊗R A,
and recall that there exists a canonical exact commutative diagram

(2)

K1(A)
∂2

A,F−−−−→ K1(A)
∂1

A,F−−−−→ K0(A, A)
∥∥∥ ιE

y ι′E

y

K1(A)
∂2

A,E−−−−→ K1(E ⊗R A)
∂1

A,E−−−−→ K0(A, E ⊗R A).

Here the homomorphisms ιE and ι′E are induced by scalar extension and are both
injections (indeed, we shall often regard these maps as inclusions). The homomorphism
∂2

A,E is induced by the inclusion A ⊂ E ⊗R A and ∂1
A,E is the homomorphism that

sends the class of an automorphism φ of (E ⊗R A)n to [An, An, φ]. We also write
δA,A : ζ(A)× → K0(A, A) for the ‘extended boundary homomorphism’ that is defined
in [14] and we recall that δA,A ◦ nrA = ∂1

A,F where nrA denotes the homomorphism
K1(A) → ζ(A)× induced by taking reduced norms.
In the sequel, for any ring R and any (left) R-modules M and N we write IsR(M, N)
for the set of R-module isomorphisms M → N .

1.3.2. Characteristic elements and Fitting invariants. Recall that to each pair (C, t)
with C in Dp(A) and t in IsE⊗RA(

⊕
i∈ZH2i(C)E ,

⊕
i∈ZH2i+1(C)E) one can associate

a canonical Euler characteristic element χref(C, t) in K0(A, E⊗R A) (for details of this
construction see, for example, [14, §2.8]). We shall say that an element L of ζ(A)× is
a ‘characteristic element’ for such a pair (C, t) if one has

ι′E(δA,A(L)) = χref(C, t),

and that L is a characteristic element for C if it is a characteristic element for (C, t)
for any t as above.
From the lower exact sequence in (2) it is clear that characteristic elements for (C, t)
are unique up to multiplication by elements of nrE⊗RA(im(∂2

A,E)). For later use we
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also recall that if A is semi-local (which is automatic if R = Zp), then the natural
homomorphism A× → K1(A) is surjective.
Note that, as the algebra A is semisimple, for any complex C that satisfies the condi-
tions (wa2) and (wa3) the A-modules H2(C)F and H1(C)F ⊕H3(C)F are isomorphic.
Hence, if C also satisfies (wa1), then there exist characteristic elements for C in the
above sense.
The following result shows that in a special case these characteristic elements are
related to the ‘non-commutative Fitting invariants’ that are introduced by Nickel in
[41, §3] (and, in fact, earlier by Parker in [44]).

Lemma 1.1. Let R be a discrete valuation ring. If M is any finite A-module that
has finite projective dimension, then the complex M [−3] belongs to Dwa(A) and the
(non-commutative) Fitting invariant FittA(M) is well-defined. Further, any generat-
ing element (in ζ(A)×) of FittA(M) is a characteristic element for M [−3].

Proof. It is clear that M [−3] belongs to Dwa(A). In addition, since G is finite, R is a
discrete valuation ring and A is a direct factor of R[G], there exists a resolution of M
of the form

(3) 0 → P
h−→ P → M → 0

where P is a finitely generated free A-module. The invariant FittA(M) is therefore
well-defined by [41, Th. 3.2(2)] and indeed any generator of FittA(M) is of the form
Lh := NrdA(F⊗Rh) for an endomorphism h as above. On the other hand, the sequence
(3) induces an isomorphism in Dp(A) between M [−3] and the complex F

h−→ F ,
where the first term is placed in degree 2, and so the definition of the connecting
homomorphism ∂1

A,A implies that δA,A(Lh) = ∂1
A,A(F ⊗R h) = χref(M [−3], 0) and

hence that Lh is a characteristic element for M [−3], as required. ¤
1.3.3. Basic properties. For later purposes, we record two useful results regard-
ing characteristic elements. For any complex of A-modules X we set τ(X) :=
IsA(H2(X),H1(X)⊕H3(X)).

Lemma 1.2. Let C1 → C2 → C3 → C1[1] be an exact triangle in D(A) in which
each Ci satisfies the conditions (wa1), (wa2) and (wa3). Then there are characteristic
elements L1 and L3 for C1 and C3 such that L1L3 is a characteristic element for C2.

Proof. It suffices to construct elements tj of τ((Cj)F ) such that the pairs (Cj , tj) for
j ∈ {1, 2, 3} satisfy the additivity criterion of [8, Cor. 6.6]. Indeed, in any such
case, one has χref(C2, t2) = χref(C1, t1) + χref(C3, t3) in K0(A, A) and so it is clear
that if L1 and L3 are characteristic elements for (C1, t1) and (C3, t3), then L1L3 is a
characteristic element for (C2, t2).
Let A =

∏
i∈I Ai be the decomposition of A as a product of simple algebras. This

induces a decomposition ζ(A)× =
∏

i∈I ζ(Ai)× and τ(C) =
⊕

i∈I τ(Ci) for each com-
plex of A-modules C, where we set Ci := Ai ⊗LA C. In particular, since the criterion
of [8, Cor. 6.6] takes the form of an equality in ζ(A)×, it suffices to construct for each
i ∈ I and j ∈ {1, 2, 3} an element tji of τ(Cji) which together satisfy the projection
to ζ(Ai)× of the criterion of [8, Cor. 6.6]. Now if each complex {Cji : j ∈ {1, 2, 3}} is
acyclic, then the equality of [8, Cor. 6.6] is obviously satisfied. On the other hand, if
Cji is not acyclic for any given j, then for any t in τ(Cji) and any λ in ζ(Ai)× there
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exists an element t′ of τ(Cji) with NrdAi
(t′ ◦ t−1) = λ. The latter fact implies, in

particular, that for any given choice of elements tki of τ(Cki) for k ∈ {1, 2, 3} \ {j},
one can construct an element tji of τ(Cji) so that {tki : k ∈ {1, 2, 3}} satisfies the
criterion of [8, Cor. 6.6]. ¤

Remark 1.3. Let C be a complex that satisfies (wa1), (wa2) and (wa3) and is also
such that the A-module H1(C)tor has finite projective dimension. Then there is an
exact triangle H1(C)tor[−1] → C → C ′ → H1(C)tor[0] in D(A). Further, in this case
the complex C ′ belongs to Dwa(A) and Lemmas 1.1 and 1.2 combine to imply that if
Φ is any generator of FitA(H1(C)tor) and L′ is a characteristic element for C ′, then
ΦL′ is a characteristic element for C.

Lemma 1.4. Let R be a complete discrete valuation ring. Fix a complex C in Dwa(A),
write e2 for the idempotent e2(C) defined in §1.1.4 and set A2 := Ae2, A2 := Ae2 and
C2 := A2 ⊗LA C. Then C2 belongs to Dwa(A2) and for any characteristic element L2

(in ζ(A2)×) of C2 there exists a characteristic element L of C such that e2L = L2.

Proof. Since R is complete the algebras A and A2 are semi-local, so the natural ho-
momorphisms A× → K1(A) and A×2 → K1(A2) are surjective, and in addition the
homomorphisms nrA and nrA2 are both bijective. The exact sequence (2) therefore
gives rise to the central and lower rows in the following exact commutative diagram

(4)

ζ(A′2)
× ζ(A′2)

×

⊆
y α

y
A× −−−−→ ζ(A)× δ−−−−→ K0(A, A) −−−−→ 0

π′2

y π2

y π′′2

y
A×2 −−−−→ ζ(A2)×

δ2−−−−→ K0(A2, A2) −−−−→ 0
y

y
y

0 0 0

In this diagram we also set A′2 := A(1− e2), write π′2 and π2 for the homomorphisms
induced by multiplication by e2 and define α and π′′2 by the commutativity of the
upper and lower right hand squares. The central column of (4) is obviously exact and
(since A is semi-local) the homomorphism π′2 is surjective as a consequence of Bass’
Theorem (cf. [30, Chap. 7, (20.9)]) and so the Snake Lemma implies that the right
hand column of (4) is also exact.
We now fix an element L′ of ζ(A)× with L′e2 = π2(L′) = L2. Then for any t in
IsA(H2(C)F ,H1(C)F ⊕ H3(C)F ) one has π′′2 (χref(C, t)) = χref(C2, 0) = δ2(L2) =
π′′2 (δ(L′)), where the last equality follows from the commutativity of the lower right
hand square in (4). The exactness of the right hand column in (4) therefore implies
that there exists an element u of ζ(A′2)

× with χref(C, t) = δ(L′) + α(u) = δ(L′u).
Since π2(L′u) = π2(L′) = L2 one therefore obtains an element of the required sort by
setting L := L′u. ¤
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2. Organising matrices

In this section we associate to each admissible complex of Zp[G]-modules a class of
‘organising matrices’ that generalises and refines the ‘organising modules’ introduced
in special cases by Mazur and Rubin in [36]. The observation made in Remark 1.3
allows one to extend many of the results proved both in this section and in §4 to a
larger class of complexes, but for simplicity we shall leave the precise formulation of
all such generalisations to an interested reader.
Throughout this section we use the following convention: if Ψ belongs to Mm(Zp[G])
for any natural number m, then we use the standard basis of the direct sum Zp[G]m

of m copies of Zp[G] to regard Ψ as an element of EndZp[G](Zp[G]m). For each normal
subgroup J of G we also write ΨJ for the image of Ψ in Mm(Zp[G/J ]) and for each C
in Dp(Zp[G]) we write CJ for the associated object Zp[G/J ]⊗LZp[G] C of Dp(Zp[G/J ]).
For any Zp[G]-module M we also set aG(M) := Annζ(Zp[G])(M).

2.1. Weakly organising matrices. In this subsection we assume to be given data
of the following sort:

• a complex C in Dwa(Zp[G]);
• a non-zero element α = βγ with β ∈ aG(H3(C)) ∩ ζ(Qp[G]e3)× and γ ∈

ζ(Zp[G]) ∩ ζ(Qp[G]e3).

2.1.1. Statement of the main result. In the following result we write IG,p for the kernel
of the natural augmentation homomorphism Zp[G] → Zp. We also recall that a Zp[G]-
module M is said to have a ‘quadratic presentation’ if there exists a natural number
n and an exact sequence of Zp[G]-modules of the form Zp[G]n → Zp[G]n → M → 0.
We finally set I(Zp[G]e3) := Zp[G] ∩Qp[G](1− e3).

Theorem 2.1. For each complex C and element α as above there exists a natural
number d and a matrix Φ = ΦC,α in Md(Zp[G]) that satisfies the following conditions.

(i) The Zp[G]-module ker(Φ) is isomorphic to H1(C) ⊕ I(Zp[G]e3)g3(C), where
g3(C) is the minimal number of generators of H3(C) as a Zp[G]-module.

(ii) The Zp[G]-module cok(Φ) lies in an exact sequence of the form

0 → H2(C) → cok(Φ) → Mα → 0

where the module Mα is annihilated by α.
(iii) If H3(C) is finite, then one can take α to be |H3(C)| and in this case the

Zp[G]-module H2(C) is isomorphic to a finite index submodule of cok(Φ) and
Φ can be chosen so that precisely dimQp(Qp ⊗Zp H2(CG)) of its columns have
all of their entries in IG,p. In particular, if H3(C) vanishes, then the Zp[G]-
module H2(C) is isomorphic to cok(Φ) and so has a quadratic presentation.

(iv) For each characteristic element L of C one has αg3(C)Le1 = nrQp[G](Φ)uL
where uL belongs to nrQp[G](Zp[G]×).

Definition 2.2. We shall call any matrix ΦC,α constructed as in Theorem 2.1 a
‘weakly-organising matrix’ for the complex C and element α. If α = 1 (so that β
belongs to Zp[G]× and H3(C) vanishes), then we say that ΦC,α is a weakly-organising
matrix for C.
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In the rest of this section we derive several concrete consequences which follow from
the existence of the matrices described in Theorem 2.1.

2.1.2. The structure of H2(C). It is immediately clear from Theorem 2.1(ii) and (iii)
that weakly-organising matrices determine explicit aspects of the structure of H2(C).
In this subsection we show that Theorem 2.1(iv) also provides an explicit link between
characteristic elements for C and certain structural invariants of H2(C).
For each non-negative integer n we write I

[n]
G,p for the ζ(Zp[G])-submodule of ζ(Qp[G])

that is generated by elements of the form nrQp[G](N) where N belongs to Mm(Zp[G])
for some m ≥ n and all entries in the first n columns of N belong to IG,p. For every
matrix H in Mm(Zp[G]) we also note that there is a unique matrix H ′ in Mm(Qp[G])
with HH ′ = H ′H = nrQp[G](H)Im and such that for every primitive central idempo-
tent e of Qp[G] the matrix H ′e is invertible if and only if nrQp[G](H)e is non-zero. We
follow Nickel [41] in defining the following ζ(Zp[G])-submodule of ζ(Qp[G])

Ap(G) := {x ∈ ζ(Qp[G]) : if m > 0 and H ∈ Mm(Zp[G]) then xH ′ ∈ Mm(Zp[G])}.
For more details about the modules I

[n]
G,p and Ap(G) see Remark 2.4 below.

Before stating the next result we note that if H3(C) vanishes, then the Zp[G]-module
H2(C) has a quadratic presentation (by Theorem 2.1(iii)) and hence that the (non-
commutative) Fitting invariant FittZp[G](H2(C)) of H2(C) is well-defined.

Corollary 2.3. Let C and L be as in Theorem 2.1.
(i) Let δ be any element of Ap(G), β any element of aG(H3(C)) and γ any element

of ζ(Zp[G]) ∩ ζ(Qp[G]e3). Then one has (βγ)g3(C)δLe1 ∈ aG(H2(C)).
(ii) If H3(C) is finite, then there exists a weakly organising matrix Φ for C and

|H3(C)| with the property that |H3(C)|g3(C)Le1 = nrQp[G](Φ) ∈ I
[n]
G,p with

n = dimQp(Qp ⊗Zp H2(CG)).
(iii) If H3(C) vanishes, then Le1 generates FitZp[G](H2(C)).

Proof. Regarding claim (i), we may clearly assume that βγ is non-zero. The definition
of e3 implies that β ∈ Qp[G]e3, so that actually β = βe3. We may and will now choose
a large enough multiple m of |G||H3(C)tor||H2(C)tor| to ensure that β′ := β + me3

belongs to ζ(Qp[G]e3)× ∩ aG(H3(C)). Set α := β′γ. Theorem 2.1(iv) implies that
αg3(C)δLe1 = δnrQp[G](ΦC,α)uL and Theorem 2.1(ii) implies that aG(cok(ΦC,α)) ⊆
aG(H2(C)). Since β′g3(C)e1 = (β + m)g3(C)e2, the binomial theorem implies that
(βγ)g3(C)δLe1 belongs to aG(H2(C)) if and only if αg3(C)δLe1 does. It is thus enough
to prove that δnrQp[G](ΦC,α) belongs to aG(cok(ΦC,α)) and this is proved by Nickel in
[41, Th. 4.2].
Claim (ii) follows directly by combining the equality in Theorem 2.1(iv) together with
the following two facts: one has uL = nrQp[G](UL) for some matrix UL in GLd(Zp[G]); if
Φ′ is any weakly organising matrix for C and |H3(C)| with the property that precisely
n of its columns have all entries in IG,p (as constructed in Theorem 2.1(iii)), then
Φ := Φ′ ·UL is also a weakly organising matrix for C and |H3(C)| which has precisely
n of its columns with all entries in IG,p.
Claim (iii) follows directly by combining the equality in Theorem 2.1(iv) with the
isomorphism cok(ΦC,1) ∼= H2(C) in Theorem 2.1(iii) and the very definition of non-
commutative Fitting invariants. ¤
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Remark 2.4.
(i) In the context of Corollary 2.3 we note that for each natural number n the projection
map G → Gab induces a surjective homomorphism of finite abelian groups πG,n :
I
[n]
G,p/I

[n+1]
G,p → In

Gab/In+1
Gab . Groups of the form In

Gab,p/In+1
Gab,p

are extensively studied
in the literature (see, for example, the survey article [45]) but it seems likely that
ker(πG,n) is in general non-trivial.
(ii) If H = Id, then H ′ = Id and so Ap(G) ⊆ ζ(Zp[G]). This inclusion is an equality if
G is abelian. In general, for each H in Md(Zp[G]) the matrix H ′ belongs to Md(M)
for any maximal order M in Qp[G] that contains Zp[G] (cf. [41, Lem. 4.1]) and so
Jacobinski’s description in [28] of the central conductor of M in Zp[G] implies that for
any Qc

p-valued character ψ of G the element ψ(1)−1|G|eψ belongs to Zp[ρ]⊗Zp
Ap(G)

where Zp[ρ] is the subring of Qc
p that is generated over Zp by the values of ρ.

(iii) If G is abelian, then Corollary 2.3(iii) recovers the result of [9, Th. 8.2.1]. In
particular, it follows from [9, Rem. 8.2.5] that Corollary 2.3(iii) gives in the setting
of §1.2.3 a (non-commutative generalization of a) ‘strong main conjecture’ of the kind
that Mazur and Tate ask for in [38, Remark after Conj. 3]. For a more general version
of this result in the setting of §1.2.2 see Remark 5.2(ii).
(iv) Corollary 2.3(i) both refines and generalizes the main algebraic result of Snaith
in [49] (which, amongst other conditions, required G to be abelian).

2.1.3. The structure of H1(C). Theorem 2.1(i) implies that weakly-organising matri-
ces completely determine, at least in theory, the structure of H1(C). In this subsection
we show that, in certain cases, the elementary properties of such matrices can also give
some remarkably explicit information about H1(C).
For any subgroup J of G and any Φ in Md(Zp[G]) we set dJ := d[G : J ] and write ΦJ

for the image of Φ under the homomorphism Md(Zp[G]) → MdJ (Zp[J ]) → MdJ (Zp),
where the first map is induced by a set of coset representatives of J in G and the second
by the natural ring homomorphism Zp[J ] → Zp. We say that ΦJ is ‘saturated’ if it
is conjugate to a block matrix

(
Ψ 0dJ ,dJ−rk(ΦJ )

)
where, for any natural numbers

m and n, we write 0m,n for the m × n zero-matrix. (This notion is independent of
the choice of coset representatives and corresponds to the assumption that im(ΦJ) is
Zp-saturated as a submodule of ZdJ

p .)
For any H we also write Zp[G/H] for Zp[G]⊗Zp[H]Zp, regarded as a left Zp[G]-module
in the obvious way. We will see in §5.3 that the following result has some important
consequences in the context of §1.2.2 and §1.2.3.

Corollary 2.5. Assume that the Sylow p-subgroups of G are cyclic. Assume also that
H3(C) vanishes and fix a weakly-organising matrix Φ for C. If ΦJ is saturated for
each non-trivial subgroup J of a given Sylow p-subgroup P , then the Zp[G]-module
H1(C) decomposes as a finite direct sum of modules, each of which is isomorphic to a
direct summand of Zp[G/J ] for some subgroup J of P .

Proof. Fix a Sylow p-subgroup P of G. Let {ci : 1 ≤ i ≤ d} be the standard Zp[G]-
basis of Zp[G]d, with d as specified by Theorem 2.1 and, by abuse of notation, denote
by Φ the endomorphism of Zp[G]d which is represented by the matrix Φ with respect
to this basis. For any non-trivial subgroup J of P , fix a set of coset representatives
{jk : 1 ≤ k ≤ [G : J ]}, let {c(i,k) : 1 ≤ i ≤ d, 1 ≤ k ≤ [G : J ]} be the standard
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Zp-basis of ZdJ
p (ordered lexicographically) and, by abuse of notation, denote by ΦJ

the endomorphism of ZdJ
p which is represented by the matrix ΦJ , defined by our choice

of coset representatives of J , with respect to this basis. We have for each such J a
commutative diagram of Zp-modules

Zp ⊗Zp[J] Zp[G]d
Zp⊗Zp[J]Φ−−−−−−−→ Zp ⊗Zp[J] Zp[G]d

∼=
y

y∼=

ZdJ
p

ΦJ

−−−−→ ZdJ
p

in which the vertical arrows send each product jkci to c(i,k). The modules cok(ΦJ)
are by assumption Zp-torsion-free, and hence so are the modules cok(Zp ⊗Zp[J] Φ) ∼=
Zp⊗Zp[J] cok(Φ) ∼= Zp⊗Zp[J] H

2(C), where the last isomorphism follows from the final
sentence in Theorem 2.1(iii). But for each subgroup J of P , the Tate cohomology
group Ĥ−1(J,H2(C)) is a finite group of p-power order (which is trivial if J is the
trivial group) and hence identifies with a finite submodule of Zp ⊗Zp[J] H2(C). We
deduce that Ĥ−1(J,H2(C)) vanishes for all subgroups J of P . Since C is perfect
and acyclic outside degrees 0 and 1, one easily shows that Ĥ1(J,H1(C)) vanishes
for all J , and since J is cyclic, its Tate cohomology is periodic of order 2 and hence
Ĥ−1(J,H1(C)) also vanishes for each subgroup J of P . Now Yakovlev proves in [53,
Th. 2.4] that every indecomposable Zp[G]-module M which is both free of finite
rank as a Zp-module and such that Ĥ−1(J,M) vanishes for each subgroup J of P
is isomorphic to a direct summand of Zp[G/J ] for some such J . Since H1(C) is
Zp-torsion-free by assumption (wa4), and every finitely generated Zp[G]-module is
noetherian, we can therefore deduce that it decomposes as a finite direct sum of Zp-
torsion-free, indecomposable modules, each of which is isomorphic to a direct summand
of Zp[G/J ] for some subgroup J of P , as required. ¤

2.2. Organising matrices. In this section we use the following general notation con-
cerning a finitely generated Zp[G]-module M : for each character χ in Irp(G) we fix
a left Qc

p[G]-module Vχ which realises χ and then set Mχ := HomQc
p[G](Vχ,MQc

p
) and

rχ(M) := dimQc
p
(Mχ).

By a ‘permutation module’ we shall then mean a direct sum of (left) Zp[G]-modules of
the form

⊕i=n
i=1 Πi where each Πi is a direct summand of Zp[G/Hi] for some subgroup

Hi of G. We note in passing that if the group Hi is both normal and of p-power index
in G, then a result of Coleman (cf. [19, Th. 32.13]) implies that Πi = Zp[G/Hi].

2.2.1. The assumptions. In the rest of §2.2 we assume to be given the following data:
• a complex C in Da(Zp[G]);
• a permutation module Π =

⊕i=n
i=1 Πi and a surjective homomorphism of Zp[G]-

modules π : H2(C) → Π which induces, upon passage to G-coinvariants, an
isomorphism H2(C)G,tf

∼= ΠG.
We will also assume that there exists a non-negative integer r (with r ≤ n) so that the
Zp[G]-module Πi is projective for each i with 1 ≤ i ≤ r and we then set Πpr :=

⊕i=r
i=1 Πi

and Πnpr :=
⊕i=n

i=r+1 Πi. We note, in particular, that π induces a composite surjection
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(5) λΠ : H2(C) → Π = Πpr ⊕Πnpr → Πpr

and hence implies that rχ(H2(C)) ≥ rχ(Πpr) for each character χ in Irp(G).
Before proceeding we give three examples to show that input data of the above kind
exists in a wide variety of interesting cases.

Example 2.6. The general case For any given complex C in Da(Zp[G]) one obtains
data of the above kind by setting Π := H2(C)G,tf and r := 0 (so that Πpr is trivial)
and taking π to be the canonical homomorphism πC : H2(C) → H2(C)G,tf .

Example 2.7. Tate motives In this example we assume that p is odd, we use the
notation and hypotheses of §1.2.1 and for any integer m we set Cm := C(Zp(m)F )∗[−3].
We also assume that H0(k,W ∗

F (1)) vanishes and hence (by the arguments of §1.1.2)
that Cm belongs to Da(Zp[G]).
(i) m = 0. In this case H0(k, W ∗

F (1)) vanishes if and only if F contains no non-
trivial p-th roots of unity. In addition, Kummer theory and class field theory give
identifications of H1(C0),H2(C0)tor and H2(C0)tf with Zp ⊗Z O×F,S ,Zp ⊗Z Cl(OF,S)
and the kernel XF,S of the homomorphism

∏
w∈S(F ) Zp → Zp that sends each (nw)w

to
∑

w∈S(F ) nw respectively. We assume |S| > 1, set n := |S|−1, label the elements of
S as {vi : 0 ≤ i ≤ n} and let rsp be any integer such that each place vi with 1 ≤ i ≤ rsp

splits completely in F/k. Then there is a canonical surjective homomorphism from
XF,S to the permutation module YF,S\{v0} :=

⊕i=n
i=1 (

⊕
w|vi

Zp). We can thus set

Π := YF,S\{v0}, define Πpr to be the free Zp[G]-module
⊕i=rsp

i=1 (
⊕

w|vi
Zp), set r := rsp

and take π to be the canonical surjective homomorphism H2(C0) → H2(C0)tf =
XF,S → YF,S\{v0}.
(ii) m < 0. In this case H0(k, W ∗

F (1)) vanishes if and only if any abelian extension of F
of exponent −m contains no non-trivial p-th roots of unity. In addition, the modules
H1(Cm) and H2(Cm)tor identify with Zp ⊗Z K1−2m(OF ) and Zp ⊗Z K−2m(OF,S)
respectively (see Remark 2.9 below). Also, if we write s1 and s2 for the number of real
and complex places of k and set dk,m := s2 + 1

2 (1 + (−1)m)s1, then the Zp[G]-module
H2(Cm)tf is isomorphic to a direct sum of dk,m modules, each of which is a direct
summand of Zp[G] (cf. [9, Lem. 11.1.1(iii)]) and so we can set Π = Πpr := H2(Cm)tf
and r = dk,m and take π to be the canonical homomorphism H2(Cm) → H2(Cm)tf .

Example 2.8. Cyclic Sylow p-subgroups We now assume that Sylow p-subgroups of
G are cyclic. Then in certain cases one can deduce from Corollary 2.5 that the Zp[G]-
module H2(C)tf is a permutation module and hence one can take π to be the canonical
homomorphism H2(C) → H2(C)tf =: Π. Such example arise naturally in the setting
of elliptic curves and either cyclic or dihedral extensions of number fields and in many
of these cases one can also take r > 0 so that Πpr is non-trivial. (For more details
about such examples see §5.3.)

Remark 2.9. Assume the notation of Example 2.7(ii). Then for each i ∈ {0, 1} the
Quillen-Lichtenbaum Conjecture predicts that the p-adic étale Chern class homomor-
phism K2(1−m)−i(OF,S)p → Hi(OF,S ,Zp(1−m)) is bijective. It is known, by work of
Suslin, that this conjecture is a consequence of the conjecture of Bloch and Kato relat-
ing Milnor K-theory to étale cohomology. Following fundamental work of Voevodsky
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and Rost, Weibel has recently completed the proof of the Bloch-Kato Conjecture and
hence also of the Quillen-Lichtenbaum Conjecture (cf. [51]). The explicit description
of the modules H1(Cm) and H2(Cm)tor given above relies on this fundamental result.
(The authors are very grateful to Chuck Weibel for advise in this regard.)

2.2.2. Regulators. For each isomorphism t in IsCp[G](H1(C)Cp
,H2(C)Cp

) and each ho-
momorphism θ in HomZp[G](H1(C),H2(C)) we define a ζ(Cp[G])-valued regulator by
setting

Rt(θ) := nrCp[G](θCp
◦ t−1).

We note that Rt(θ) belongs to ζ(Cp[G])× if and only if θ is injective.

2.2.3. Statement of the main results. For each integer i with 1 ≤ i ≤ n we write
N(Hi) for the normaliser of Hi in G and I(Πi) for the kernel of the natural composite
homomorphism Zp[G] ³ Zp[G/Hi] ³ Πi.
We also write Υpr for the subset of Irp(G) comprising characters χ for which the
inequality rχ(H2(C)) ≥ rχ(Πpr) in §2.2.1 is an equality. We note that Υpr is a union
of conjugacy classes under the natural action of Gal(Qc

p/Qp) on Irp(G) and hence that
the associated idempotent epr :=

∑
χ∈Υpr

eχ belongs to ζ(Qp[G]).

Theorem 2.10. We fix a complex C and homomorphism π as in §2.2.1 and also use
the notation of §2.2.2. Then there exists a natural number d (with d ≥ n) and a canon-
ical family M(C, π) of weakly-organising matrices Φ for C that belong to Md(Zp[G])
and in addition satisfy all of the following conditions.

(i) If J is a normal subgroup of G, then ΦJ is a relation matrix for the Zp[G/J ]-
module H2(CJ). In addition, if G is a p-group, then ΦG is a block matrix(

0d,n Ψ
)

where Ψ is a relation matrix for the Zp-module H2(CG)tor.
(ii) If i is any integer with 1 ≤ i ≤ n, then every element of the i-th column of Φ

belongs to I(Πi). Further, if r < i ≤ n, then the i-th column of Φ computes a
natural algebraic height pairing

H1(CN(Hi))⊗Zp[G/N(Hi)] HomZp(H2(CN(Hi)),Zp) → N(Hi)ab.

(iii) For each θ in HomZp[G](H1(C), H2(C)) there exists an ‘augmented’ matrix
Φ(θ) in Md(Zp[G]) which agrees with Φ in all but the first r columns and has
the following property: for each t in IsCp[G](H1(C)Cp ,H2(C)Cp) and each char-
acteristic element Lt for the pair (C, t) one has Rt(θ)Ltepr = nrQp[G](Φ(θ))uLt

where uLt belongs to nrQp[G](Zp[G]×).
(iv) If Φ and Φ′ belong to M(C, π), then Φ′ = UΦV for suitable matrices U and V

in GLd(Zp[G]).

Definition 2.11. We shall call any matrix that belongs to the family M(C, π) con-
structed in Theorem 2.10 an ‘organising matrix’ for C and π.

The following result (which will be proved in §3.2.6) describes an important conse-
quence of the existence of organising matrices. We will see that this result has several
interesting arithmetic consequences.

Corollary 2.12. We use the hypotheses and notation of Theorem 2.10. Then for
every a in Ap(G), t in IsCp[G](H1(C)Cp ,H2(C)Cp) and θ in HomZp[G](H1(C), H2(C)),
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the element aRt(θ)Ltepr belongs to aG(ker(λΠ)). In particular, every such element
aRt(θ)Ltepr belongs to ζ(Zp[G]) and annihilates the module H2(C)tor

⊕
Πnpr.

Remark 2.13. The containment aRt(θ)Ltepr ∈ ζ(Zp[G]) that occurs in Corollary 2.12
can be interpreted as a family of explicit congruence relations between the elements
aRt(θ)Lteρ as ρ varies. To explain this we define for each ρ in Irp(G) an element A(ρ)
of Cp by the equality

A(ρ)eρ =

{
aRt(θ)Lteρ, if eρepr = eρ

0, otherwise.

We write E for the field generated over Qp by {ψ(g) : g ∈ G,ψ ∈ Irp(G)}. Then the
containment aRt(θ)Ltepr ∈ ζ(Zp[G]) implies that each A(ρ) belongs to the valuation
ring O of E and also satisfies ω(A(ρ)) = A(ω ◦ ρ) for all ω ∈ GE/Qp

. Further, for
differing ρ, the elements A(ρ) must satisfy a family of mutual congruence relations
that are together equivalent to the condition that an element of the integral closure
of Zp in ζ(Qp[G]) should actually belong to ζ(Zp[G]). For example, if |G| = p, then
the required condition is that A(ρ) ≡ A(ρ0) (mod p) for every ρ ∈ Irp(G), where ρ0 is
the trivial character of G and p the maximal ideal of O. However, explicating these
congruences in any very general setting seems to be a difficult algebraic problem.

Remark 2.14. Let Φ be an organising matrix for C and π as in Theorem 2.10 and
(since H3(C) vanishes) use Theorem 2.1(i) and (ii) (with α = 1) to fix identifications
of ker(Φ) and cok(Φ) with H1(C) and H2(C) respectively. Then the tautological exact
sequence

0 → ker(Φ) → Zp[G]d Φ−→ Zp[G]d → cok(Φ) → 0

determines an element ε(C) of the Yoneda ext-group YExt2Zp[G](H
2(C),H1(C)) that

can be shown to depend only upon C. Such extension classes can encode highly
significant arithmetic data. For example, if C = C0 (as in Example 2.7(i)), and S is
sufficiently large to ensure that Cl(OF,S) is trivial, then [13, Prop. 3.5] shows that
ε(C0) is equal to the ‘canonical class’ that is defined by Tate in [50] by using class field
theory.

2.2.4. Arithmetic examples. In §4 and §5 we will show that Theorem 2.10 and Corol-
lary 2.12 give rise to a variety of new results and conjectures in the setting of the
arithmetic examples discussed in §1.2. In this subsection we give an early indication
of the usefulness of our approach by discussing links between the theory discussed
above and several results and conjectures in the literature.

Example 2.15. The general case. In this example we fix an arbitrary complex C
in Da(Zp[G]) and use the same notation as in Example 2.6. In this case the Zp[G]-
module Π is isomorphic to Zn

p with n = dimQp(Qp ⊗Zp H2(C)G) and Theorem 2.10
can be applied with r = 0 (so that epr = e1 = e2 in the notation of §1.1.4 and
also Rt(θ)epr = epr) and both N(Hi) = G and I(Πi) = IG,p for each integer i with
1 ≤ i ≤ n. In particular, if G is abelian, then Corollary 2.3(ii) (with h = 1) implies
that Le1 belongs to In

G,p for any characteristic element L of C and the same argument
that deduces [9, Th. 9.2.2] from the equality of [9, (36)] shows that Theorem 2.10(ii)
and (iii) combine to imply a formula for the residue class of Le1 modulo In+1

G,p in terms



16 David Burns and Daniel Macias Castillo

of the discriminant of a natural algebraic height pairing. Specialising to the setting
of §1.2.3 this result combines with the equivariant Tamagawa number conjecture to
predict a refinement of the Birch and Swinnerton-Dyer conjecture that is in precisely
the same spirit as (but more general than) the congruences for modular symbols that
are conjectured by Mazur and Tate in [38]. (In this context we also believe, but have
not yet been able to prove, that the height pairings that occur in Theorem 2.10(ii)
coincide with the G-valued height pairings defined in [38].) For a version of this
conjectural framework in the setting of §1.2.2 see Remark 5.2(ii).

Example 2.16. Tate motives. In this example we use the same hypotheses and
notation as in Example 2.7.
(i) m = 0. We write t0 for the isomorphism Cp⊗ZO×F,S → Cp⊗Zp

XF,S induced by the
Dirichlet regulator map. Then [10, Th. 4.1.1] shows that the equivariant Tamagawa
number conjecture implies the existence of a characteristic element L0 for (C0, t0) such
that L0epr is equal, up to multiplication by an element of ζ(Zp[G])×, to the image in
ζ(Cp[G])× of the ‘r-th order (non-abelian) Stickelberger element’ that is introduced
in [10]. In addition, the result of [10, Th. 7.5.1] shows that the height pairings that
occur in Theorem 2.10(ii) with C = C0 coincide with the pairings

(Zp ⊗Z O×F N(Hi),S
)⊗Zp

⊕

w∈Svi
(F N(Hi))

Zp → N(Hi)ab

that are induced by local reciprocity maps. In this way the results of Theorem 2.10
and Corollary 2.12 specialise to recover the main results of [10]. In this regard we
recall that the central conjectures of [10] constitute a universal refinement of Stark’s
Conjecture that incorporates simultaneous strengthenings of well-known conjectures
of Gross, of Rubin and of Tate.
(ii) m < 0. In this case we write tm for the isomorphism H1(Cm)Cp → H2(Cm)Cp that
is induced by combining the descriptions of H1(Cm) and H2(Cm) given in Example
2.7(ii) together with −1 times the Beilinson regulator map. Then the argument of [9,
§11.1] shows that the equivariant Tamagawa number conjecture implies the existence
of a characteristic element for (Cm, tm) that is constructed from the leading terms at
m of the Artin L-functions of characters of G. In this context the result of Corollary
2.12 can be used to give a different proof of the main result (Theorem 4.1) of Nickel
in [42].

2.3. Symmetric organising matrices. Given a symmetric, resp. skew-symmetric,
admissible complex (C, δ) as defined in §1.1.3 it is natural to ask if the family M(C, π)
that is constructed in Theorem 2.10 (with π specified as, for instance, in Example
2.15) contains a matrix that is symmetric, resp. skew-symmetric? If this is the case,
then Theorem 2.10 would provide a strong restriction on the structure of both Tate-
Shafarevich and Selmer groups as Zp[G]-modules. We are not yet able to answer this
question. Nevertheless, in the following result we do associate to (C, δ) a canoni-
cal family of symmetric, resp. skew-symmetric, matrices which, whilst having fewer
properties than the matrices in M(C, π), does provide a natural generalisation of the
constructions made by Mazur and Rubin in [36].
For any finitely generated projective Zp[G]-module Q that is self-dual (that is, iso-
morphic to its Zp-linear dual Q∗) we write Q• for the complex Q

0−→ Q∗ where the
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first term is placed in degree 1, and δQ for the isomorphism of complexes Q• → Q•,∗

that is induced by the canonical identification (Q∗)∗ ∼= Q. Then for any such module
Q, and any symmetric, resp. skew-symmetric, admissible complex of Zp[G]-modules
(C, δ), the pair (C⊕Q•, δ⊕δQ) is also a symmetric, resp. skew-symmetric, admissible
complex of Zp[G]-modules.

Theorem 2.17. Assume that p is odd and let (C, δ) be a symmetric, resp. skew-
symmetric, admissible complex of Zp[G]-modules.

(i) If G is a p-group, then there exists a natural number d (with d ≥ n) and
a canonical family M(C, δ) of matrices Φ in Md(Zp[G]) that have all of the
properties described in Theorem 2.1 (with α = 1) and in addition satisfy all of
the conditions listed below.
(a) Φ is symmetric, resp. skew-symmetric, and any other matrix in M(C, δ)

has the form UΦU tr with U in GLd(Zp[G]).
(b) For each normal subgroup J of G the matrix ΦJ is a relation matrix for

the Zp[G/J ]-module H2(CJ).
(c) For each normal subgroup J of G there is a canonical non-degenerate

symmetric, resp. skew-symmetric, G/J-invariant pairing

ρJ : cok(ΦJ)tor × cok(Φtr
J )tor → Qp/Zp.

The pairing H2(CJ)tor × H2(CJ)tor → Qp/Zp that sends (x, y) to the
image of x under H2(R HomZp[G](Zp[G/J ], δ))(y) is induced by ρJ .

(ii) In general, there exists a finitely generated projective self-dual Zp[G]-module Q
that is unique up to isomorphism and such that all of the assertions in claim
(i) are valid after one replaces (C, δ) by (C ⊕Q•, δ ⊕ δQ).

Definition 2.18. We call any matrix in the set M(C, δ) a ‘symmetric organising
matrix’, resp. ‘skew-symmetric organising matrix’, for the symmetric, resp. skew-
symmetric, admissible complex (C, δ).

Remark 2.19. If one specialises to the cases considered by Mazur and Rubin in [36],
then our proof of Theorem 2.17(i) will show that elements of M(C, δ) are simply the
matrix representatives of the differential that occurs in the complex Φ• that is defined
in [36, Def. 6.3] for any basic skew-Hermitian module Φ that is associated to a skew-
symmetric admissible complex (C, δ) by [36, Prop. 6.5]. It follows in particular that
[36, Rem. 7.9] provides concrete examples of the construction of Theorem 2.17 in this
particular situation.

3. The proofs of Theorems 2.1, 2.10 and 2.17

3.1. The proof of Theorem 2.1. Since C is both perfect (by assumption (wa1)) and
acyclic outside degrees 1, 2 and 3 (by assumption (wa3)) a standard argument shows

that it is isomorphic in Dp(Zp[G]) to a complex of the form F • : F 1 d1

−→ F 2 d2

−→ F 3

where F 1 occurs in degree 1, F 2 and F 3 are finitely generated free Zp[G]-modules
with rkZp[G](F 3) equal to the minimal number g3(C) of generators of H3(C) as a
Zp[G]-module, and F 1 is a finitely generated Zp[G]-module that has finite projective
dimension (cf. [20, Rapport, Lem. 4.7]). Set d := rkZp[G](F 2). Now ker(d1) ∼= H1(C)
is Zp-free (by assumption (wa4)) and im(d1) is a submodule of the free Zp-module
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F 2 and so the tautological exact sequence 0 → ker(d1) → F 1 → im(d1) → 0 implies
that F 1 is Zp-free. It follows that F 1 is a projective Zp[G]-module since any finitely
generated Zp[G]-module that is both Zp-free and of finite projective dimension is
projective (cf. [1, Th. 8]). In addition, since Qp[G]⊗Zp[G] F

2 and Qp[G]⊗Zp[G] F
3 are

both free Qp[G]-modules and the Euler characteristic of Qp[G]⊗Zp[G] F
• in K0(Qp[G])

vanishes (by assumption (wa2)) the Qp[G]-module Qp[G]⊗Zp[G] F 1 is also free and of
rank d − g3(C). By Swan’s Theorem [19, (32.1)], this implies that F 1 is a (finitely
generated) free Zp[G]-module of rank d− g3(C).
Let α = βγ with β ∈ aG(H3(C)) ∩ ζ(Qp[G]e3)× and γ ∈ ζ(Zp[G]) ∩ ζ(Qp[G]e3).
Fix a Zp[G]-basis {b1, . . . , bg3(C)} of F 3. Then there exists a subset {c1, . . . , cg3(C)}
of F 2 such that d2(ci) = βbi for each i. Let η : F 3

Qp
→ F 2

Qp
be the associated

homomorphism which sends each element bi to β−1ci (where β−1 denotes the inverse
of β in ζ(Qp[G]e3)). Then the restriction of η to F 3

Qp
e3 is a section to the restriction

of d2
Qp

to F 2
Qp

e3, and one has η(αF 3) = (γβ)η(F 3) ⊆ (γe3)F 2 ⊆ F 2, where the last
inclusion is valid since our choice of γ implies that γe3 ∈ Zp[G]. We now define

ϕ = ϕC,α : F 1 ⊕ F 3 → F 2

by setting ϕ((f1, f3)) := d1(f1) + η(αf3) for any (f1, f3) ∈ F 1 ⊕ F 3. This map is a
homomorphism between free Zp[G]-modules (of rank d) and we shall define Φ = ΦC,α

to be a matrix representative of ϕ with respect to a suitable choice of Zp[G]-bases.
Suppose first that (f1, f3) ∈ ker(ϕ). Then one has 0 = d2(ϕ((f1, f3))) = d2(d1(f1))+
d2(η(αf3)) = αf3, and hence also 0 = ϕ((f1, f3)) = d1(f1). So, if by abuse of
notation, we let α : F 3 → F 3 denote the map given by the action of α, then one has
ker(ϕ) = H1(C)⊕ ker(α) ∼= H1(C)⊕ I(Zp[G]e3)g3(C).
Note now that the natural map from H2(C) to cok(ϕ) is an injection; indeed, if
d1(f1) + η(αf3) ∈ ker(d2) for some (f1, f3) ∈ F 1 ⊕ F 3, then αf3 = 0 and hence
d1(f1) + η(αf3) = d1(f1) ∈ im(d1). Furthermore, α(cok(ϕ)/ im(H2(C))) = 0; indeed,
for any f ∈ F 2, we have that αf − η(αd2(f)) ∈ ker(d2). Claim (ii) is hence satisfied
with Mα := cok(ϕ)/ im(H2(C)).
We now suppose given t in IsQp[G]((H1(C)⊕H3(C))Qp ,H2(C)Qp) and a characteristic
element L for the pair (C, t). To proceed we first recall that χref(C, t) is defined to be
equal to [F 1 ⊕ F 3, F 2, λ] ∈ K0(Zp[G],Qp[G]) where λ is any composite isomorphism
of Qp[G]-modules of the form

(F 1 ⊕ F 3)Qp

∼→ (im(d1)⊕ im(d2)⊕H1(C)⊕H3(C))Qp(6)
∼→ (im(d1)⊕ im(d2)⊕H2(C))Qp

∼→ (im(d2)⊕ ker(d2))Qp

∼→ F 2
Qp

.

Here the first, third and fourth arrows are induced by a choice of splitting of the
short exact sequences of Qp[G]-modules that are obtained by scalar extension of the
following tautological sequences
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0 → H1(C) → F 1 d1

→ im(d1) → 0,

0 → im(d2) → F 3 → H3(C) → 0,

0 → im(d1) → ker(d2) → H2(C) → 0,

0 → ker(d2) → F 2 d2

→ im(d2) → 0,

and the second arrow in (6) is induced by the given isomorphism t. It is straightforward
to show that the element [F 1 ⊕ F 3, F 2, λ] is indeed independent of all these choices.
Further, since the restriction of η to F 3

Qp
e3 is a section to the restriction of d2

Qp
to

F 2
Qp

e3, we may and will make the relevant choices of section so that the restriction of
λ to (F 1

Qp
⊕ F 3

Qp
)e2 coincides with the restriction of d1

Qp
⊕ η.

In the sequel we (choose bases and so) fix identifications of F 1⊕F 3 and F 2 with Zp[G]d

and hence regard λ and ϕ as elements of AutQp[G](Qp[G]d) and EndZp[G](Zp[G]d) ⊂
EndQp[G](Qp[G]d) respectively. Then

∂1
Zp[G],Qp

(nr−1
Qp[G](L)) = [F 1 ⊕ F 3, F 2, λ] = ∂1

Zp[G],Qp
([Qp[G]d, λ])

and so the exactness of (the top row of) (2) implies that nr−1
Qp[G](L) − [Qp[G]d, λ]

belongs to ker(∂1
Zp[G],Qp

) = im(∂2
Zp[G],Qp

), and hence that L · nrQp[G](λ)−1 belongs
to nrQp[G](im(∂2

Zp[G],Qp
)). But, since Zp[G] is semi-local, the natural homomorphism

Zp[G]× → K1(Zp[G]) is surjective and so there exists an element UL of Zp[G]× such
that

(7) L = nrQp[G](UL)nrQp[G](λ).

We set uL := nrQp[G](UL).
Now if eχ is any primitive idempotent of ζ(Qp[G]) such that H1(C)Qpeχ is non-trivial,
then our explicit description of ker(ϕ) implies that ker(ϕ)Qpeχ is also non-trivial and
hence that eχnrQp[G](ϕ) = 0. It follows that e1nrQp[G](ϕ) = nrQp[G](ϕ). Combining
this equality with (7), our choice of λ and our definitions of uL and of ϕ, we deduce
that

αg3(C)Le1 = e2α
g3(C)L

= uLαg3(C)e2nrQp[G](λ)

= uLαg3(C)nrQp[G]e2(λ|(F 1 ⊕ F 3)Qpe2)

= uLαg3(C)nrQp[G]e2(d
1
Qp
⊕ η|(F 1 ⊕ F 3)Qpe2)

= uLe2α
g3(C)nrQp[G](d1

Qp
⊕ η)

= uLe1α
g3(C)nrQp[G](d1

Qp
⊕ η)

= uLe1nrQp[G](ϕ)

= nrQp[G](ϕ)uL,

as required to prove claim (ii).
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All that is now left is to prove Theorem 2.1(iii). To do this we assume that H3(C) is
finite and let h be any integer multiple of |H3(C)|, so that H2(C)Qp

∼= cok(ϕC,h)Qp
.

Then (ϕC,h)G : (F 1 ⊕ F 3)G → F 2
G is a homomorphism of free Zp-modules of rank d,

and it is clear that one can choose Zp-bases of (F 1 ⊕ F 3)G and F 2
G so that the corre-

sponding matrix in Md(Zp) has precisely n′ := dimQp(cok((ϕC,h)G)Qp) zero columns.
In particular, if we assume (as we may) that the Zp[G]-bases of F 1 ⊕ F 3 and F 2 that
we fixed above map under the natural projections to our chosen bases of (F 1 ⊕ F 3)G

and F 2
G, then the matrix Φ = ΦC,h in Md(Zp[G]) that represents ϕC,h with respect to

this choice of bases has precisely n′ columns that have all of their entries in IG,p. It
therefore only remains to check that n = n′ and this is true because H3(C) is finite
and so

n := dimQp
(H2(CG)Qp

) = dimQp
((H2(C)G)Qp

)

= dimQp
((cok(ϕC,h)G)Qp

)

= dimQp(cok((ϕC,h)G)Qp) =: n′.

The assertion of claim (iii) is now obtained by setting α = h = |H3(C)|. This completes
the proof of Theorem 2.1.

3.2. The proofs of Theorem 2.10 and of Corollary 2.12. In this section we set
R := Zp[G] and write J(R) for the Jacobson radical of R and A for the semisimple
algebra R/J(R). We recall that R is semiperfect (cf. [19, p. 132]) so [19, Th. (6.23)]
implies that for every finitely generated R-module M there exists a ‘projective cover’
$ : P → M in which P is a finitely generated projective R-module and $ is a
homomorphism of R-modules such that A⊗R $ is bijective. We recall that any such
homomorphism is unique up to isomorphism in the sense that if $′ : P ′ → M is
any other projective cover of M , then Nakayama’s Lemma implies that there exists a
commutative diagram of R-modules

(8)

P
$−−−−→ M

ι

y
∥∥∥

P ′ $′
−−−−→ M

in which ι is an isomorphism.

3.2.1. A convenient resolution. In the following result we use the surjective homomor-
phism π : H2(C) → Π that is assumed to be given in Theorem 2.10. We recall that
Π =

⊕i=n
i=1 Πi and that each module Πi is a direct summand of Zp[G/Hi] for some

subgroup Hi of G.

Lemma 3.1. There exists a class C(H2(C)) of surjective homomorphisms of R-
modules $ : F → H2(C) with all of the following properties:

(i) F is a finitely generated free R-module of rank d (for some integer d ≥ n).
(ii) There exists an R-basis b := {bi : 1 ≤ i ≤ d} of F with the following two

properties:
(a) For each integer i with 1 ≤ i ≤ n the element π($(bi)) is an R-generator

of Πi.
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(b) For each integer i with n < i ≤ d one has π($(bi)) = 0.
(iii) If $̃ : F̃ → H2(C) is any other homomorphism in C(H2(C)), then there exists

a commutative diagram of R-modules

(9)

F
$−−−−→ H2(C)

ι

y
∥∥∥

F̃
$̃−−−−→ H2(C)

in which ι is an isomorphism.

Proof. We first choose for each integer i a projective cover %′1i : P1i → Πi of Πi. Since
each Πi is a cyclic R-module, each module P1i is isomorphic to a direct summand of
R. Setting P1 :=

⊕i=n
i=1 P1i we thus obtain a projective cover %′1 :=

⊕i=n
i=1 %1i of Π and

we then choose a lift %1 : P1 → H2(C) of %′1 through π. We next choose a projective
cover %2 : P2 → ker(π) of ker(π), set P := P1 ⊕ P2 = (

⊕i=n
i=1 P1i) ⊕ P2 and write

% : P → H2(C) for the homomorphism that is equal to %1 on P1 and to %2 on P2. It
is straightforward to see that % is surjective (but is not in general a projective cover
of H2(C)).
We claim that for any other set of data {%̃1i}1≤i≤n, P̃ :=

⊕i=n
i=1 P̃1i, %̃1 : P1 → Π,

%̃2 : P̃2 → ker(π), P̃ := P̃1 ⊕ P̃2 and %̃ : P̃ → H2(C) that is constructed as above,
there exists a commutative diagram of R-modules

(10)

P
%−−−−→ H2(C)

ι′
y

∥∥∥
P̃

%̃−−−−→ H2(C)

in which ι′ is an isomorphism. To show this we first use the property (8) of projective
covers to deduce that there is a commutative diagram

P2
%2−−−−→ ker(π)

ι′2

y
∥∥∥

P̃2
%̃2−−−−→ ker(π)

in which ι′2 is an isomorphism. We next choose a lift ι′1 : P1 → P̃ of %1 through the
surjection %̃ : P → H2(C) and write ι′ : P → P̃ for the homomorphism that is equal
to ι′1 on P1 and to ι′2 on P2. It is then clear that ι′ lies in a commutative diagram of
the form (10) and also easy to check (since %1 and %̃1 are projective covers of Π) that
the composite homomorphism P1 → P̃ → P̃1 induced by ι′1 is bijective. This implies
that ι′ is itself an isomorphism and hence gives us the required diagram (10).
We now choose a projective R-module Q2 of minimal Zp-rank such that F2 := P2⊕Q2,
and hence also F̃2 := P̃2 ⊕ Q2, is a free R-module and for each integer i a projective
R-module Q1i such that F1i := P1i ⊕ Q1i, and hence also F̃1i := P̃1i ⊕ Q1i, is a free
rank one R-module, and we set Q := (

⊕i=n
i=1 Q1i)⊕Q2, resp. Q̃ := (

⊕i=n
i=1 Q̃1i)⊕ Q̃2.

We also then set F := (
⊕i=n

i=1 F1i)⊕ F2 = P ⊕Q and F̃ := (
⊕i=n

i=1 F̃1i)⊕ F̃2 = P̃ ⊕ Q̃
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and write $ : F → H2(C), resp. $̃ : F̃ → H2(C), for the surjective homomorphism of
R-modules that is equal to % on P , resp. to %̃ on P̃ and to the zero map on Q, resp. Q̃.
It is then clear that (10) extends to give a commutative diagram of R-modules of the
form (9) in which ι is the isomorphism that restricts to give the map ι′ : P → P̃ ⊂ F̃

on P and to give the inclusion map Q ⊂ F̃ on Q.
To obtain an R-basis of F of the required sort we write d for the rank of the free
R-module F , choose for each integer i a generator bi of the free rank one R-module
F1i and fix an R-basis {bi : n < i ≤ d} of F2. The set {bi : 1 ≤ i ≤ d} is then an
R-basis of F which has the properties described in claim (ii). ¤

3.2.2. Basic complexes. In the following result we construct an analogue of the notion
of ‘basic complex’ that is introduced by Mazur and Rubin in [36, Def. 5.2 and Lem.
5.3] in the special case that G is abelian. (We remark that the explicit methods used
in loc. cit. do not generalise to the non-abelian case and so we have had to use a
different approach.) We continue to write R in place of Zp[G].

Proposition 3.2. Let C be an object of Da(R). Then there exists a class C(C) of
bounded complexes of finitely free R-modules F • with each of the following properties.

(i) F • has the form F
φ−→ F , where F is the domain of a homomorphism $ that

belongs to the class C(H2(C)) and the first term is placed in degree 1.
(ii) One has H1(F •) = ker(φ) = H1(C) and H2(F •) = cok(φ) = H2(C).
(iii) There exists an isomorphism ϑ : F • → C in Dp(R) such that for both i = 1, 2

the map Hi(ϑ) is the identity map (with respect to the identification Hi(F •) =
Hi(C) given in claim (ii)).

(iv) If F̃ • is any other complex in C(C) that is constructed by using a homomor-
phism $̃ : F̃ → H2 in C(H2(C)), then there exists a commutative diagram of
R-modules

0 −−−−→ H1(F •) −−−−→ F
φ−−−−→ F −−−−→ H2(F •) −−−−→ 0

∥∥∥ ι1

y
yι2

∥∥∥

0 −−−−→ H1(F̃ •) −−−−→ F̃
φ̃−−−−→ F̃ −−−−→ H2(F̃ •) −−−−→ 0

in which both ι1 and ι2 are isomorphisms.

Proof. We set Hi := Hi(C) for both i = 1, 2. Since C is acyclic outside degrees 1
and 2 we can assume without loss of generality that C has the form C1 d−→ C2. Since
H1 = ker(d) and H2 = cok(d) the complex C thus gives rise to a tautological exact
sequence 0 → H1 → C1 d−→ C2 → H2 → 0 and hence corresponds to an element ε(C)
of YExt2R(H2,H1).
We next choose a surjective homomorphism of R-modules $ : F → H2 from the
class C(H2) that is constructed in Lemma 3.1 and then consider the following exact
commutative diagram of R-modules
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(11)

0 −−−−→ ker(d′) ⊆−−−−→ F ′ d′−−−−→ F
$−−−−→ H2 −−−−→ 0

φ

y φ′
y

∥∥∥
∥∥∥

0 −−−−→ H1 η−−−−→ P
d′′−−−−→ F

$′
−−−−→ H2 −−−−→ 0.

In this diagram we use the following notation: F ′ is a finitely generated free R-module
and d′ is such that im(d′) = ker($); φ is a homomorphism which represents ε(C)
when the group YExt2R(H2,H1) ∼= Ext2R(H2,H1) is computed by using the truncated
free resolution of H2 given by the upper row in (11); P is the module obtained as
the push out of φ and the inclusion ker(d′) ⊂ F ′ and the homomorphisms η, φ′ and
d′′ are induced by the push-out construction. In particular, our choice of φ implies
that the lower row of (11) represents ε(C). This implies that the complexes C and

P
d′′−→ F (in which the first term occurs in degree 1) are isomorphic in D(R); the

complex P
d′′−→ F therefore belongs to Dp(R) and since F is both finitely generated and

projective this implies that P is finitely generated over R and also cohomologically-
trivial as a G-module. In addition, since H1 and F are both free Zp-modules (the
former by condition (wa4) in the definition of admissible complexes), it follows from
the exactness of the lower row of (11) that P is Zp-free and hence from [1, Th. 8] that
P is a finitely generated projective R-module. Now, since the Qp[G]-modules H1

Qp
and

H2
Qp

are isomorphic (by condition (wa2) and the fact that C is acyclic outside degrees
1 and 2), the exactness of the lower row of (11) combines with the Krull-Schmidt
theorem to imply that the Qp[G]-modules PQp and FQp are isomorphic. Since both P
and F are also projective R-modules Swan’s Theorem [19, Th. 32.1] thus implies that
there exists an isomorphism κ : P → F of R-modules. The resulting exact sequence

0 → H1 κ◦η−−→ F
d′′◦κ−1

−−−−−→ F
$′
−−→ H2 → 0 gives a complex F • with the properties

described in claims (i) and (ii) in which φ = d′′ ◦ κ−1. Since the latter sequence
represents the Yoneda extension class ε(C) it is also clear that the property in claim
(iii) is satisfied.
To prove claim (iv) we consider the following diagram

(12)

0 −−−−→ H1 −−−−→ F
φ−−−−→ F

$−−−−→ H2 −−−−→ 0∥∥∥ ι′
y

yι

∥∥∥

0 −−−−→ H1 −−−−→ F̃
φ̃−−−−→ F̃

$̃−−−−→ H2 −−−−→ 0.

In this diagram the lower row is constructed as above but with the role of $ replaced
by $̃ and ι is the isomorphism of R-modules constructed in Lemma 3.1(iii). Since
both rows of this diagram represent the same element of YExt2R(H2,H1) there is then
a homomorphism of R-modules ι′ that makes the diagram commute. By an easy
application of the Five Lemma it follows that ι′ is an isomorphism, as required. ¤

3.2.3. The matrices. We define M(C, π) to be the set of matrix representatives, with
respect to the basis b of F as codomain and a suitably chosen basis of F as domain,
of any of the homomorphisms φ that occur in Proposition 3.2. In this subsection we
show that any such matrix Φ satisfies the conditions of Theorem 2.10(i) and (iv).
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We note first that Proposition 3.2(iv) implies that any such matrix is unique up to
pre- and post-multiplication by elements of GLd(R), as required by Theorem 2.10(iv).
We note next that for such a matrix Φ the first assertion of Theorem 2.10(i) is also
clear since ΦJ is a representative of the endomorphism φJ of F J induced by φJ and

the associated complex F J φJ

−−→ F J is isomorphic to CJ in D(Zp[G/J ]). This gives an

exact sequence of Zp[G/J ]-modules F J φJ

−−→ F J → H2(CJ ) → 0 which in turn implies
that φJ is a relation matrix for the module H2(CJ).
To prove the second assertion of claim (i) we note that if G is a p-group, then Πi =
R ⊗Zp[Hi] Zp for each integer i and so $ induces both an identification FG

1
∼= F1,G

∼=
ΠG

∼= H2
G,tf and a surjection FG

2
∼= F2,G → ker(H2

G → H2
G,tf) = H2

G,tor. This implies
that im(φG) ⊆ FG

2 and hence that ΦG is a block matrix (0d,n | Φ′) where Φ′ is the

matrix of the homomorphism θ in the exact sequence FG θ−→ FG
2 → H2

G,tor → 0 that
is induced by φG. This proves that Φ satisfies the second assertion of claim (i).

3.2.4. Height pairings. In this subsection we show that any matrix Φ as above has
the properties described in Theorem 2.10(ii). We first fix an element x in F and
write φ(x) =

∑i=d
i=1 µibi, with µi ∈ R for each i. Then, since φ(x) ∈ ker($), Lemma

3.1(ii)(b) implies 0 = π($(x)) =
∑i=d

i=1 µiπ($(bi)) =
∑i=n

i=1 µiπ($(bi)). From Lemma
3.1(ii)(a) it thus follows that µi belongs to I(Πi) for each integer i with 1 ≤ i ≤ n.
This shows that Φ satisfies the first assertion in Theorem 2.10(ii).
We now fix an integer i with r < i ≤ n and define an algebraic height pairing of the
form described in Theorem 2.10(ii). (This construction is motivated by the general
formalism of algebraic height pairings introduced by Nekovář in [40, §11].) To do this
we set Ni := N(Hi), Gi := G/Ni, Ri := Zp[Gi], Ii for the two-sided ideal {n− 1 : n ∈
Ni} of R and Ci for the complex CNi . Then the natural projection homomorphism
R → Ri gives rise to short exact sequence 0 → Ii → R → Ri → 0 and by tensoring
this sequence with C we obtain an exact triangle in D(R) of the form

Ii ⊗LR C → C → Ci → Ii ⊗LR C[1].

Since C is acyclic in degrees greater than 2 there are identifications H2(Ii ⊗LR C) ∼=
Ii⊗R H2(C) and H2(C)Ni

∼= H2(Ci). The cohomology sequence of the above triangle
therefore induces a ‘Bockstein homomorphism’ of R-modules

βC,i : H1(Ci) → H2(Ii ⊗LR C) ∼= Ii ⊗R H2(C) → Ii/I2
i ⊗R H2(Ci),

where the last arrow is induced by passing to Ni-coinvariants, and hence also a pairing

H1(Ci)⊗R HomZp(H2(Ci),Zp) → Ii/I2
i
∼= Nab

i .

where the last map is the isomorphism induced by sending each element n− 1 with n
in Ni to the image of n in Nab

i .
The following result justifies the second assertion of Theorem 2.10(ii). In this result
we set Ti :=

∑
g∈J g ∈ R and often identify FNi and FNi by the map which sends each

Ti(bj) to the image bji of bj in FNi . We also write ρ′i for the projection Ii → Ii/I2
i

and ρi for the composite Fi,Ni ⊂ FNi

$Ni−−−→ H2(C)Ni = H2(Ci).



Organising matrices for arithmetic complexes 25

Lemma 3.3. We fix the R-basis b of F as codomain and assume that b′ is the basis of
F (as domain) that is used when the matrix Φ = (Φkl)1≤k,l≤d represents φ. For each
i with r < i ≤ n we set Fi := R · bi and write φi for the element of HomR(FNi , Fi,Ni

)
that sends each element Ti(b′k) to Φkibii. Then for each x in H1(Ci) ⊆ FNi

∼= FNi

one has φi(x) ∈ Ii ⊗R Fi,Ni
and βC,i(x) = (ρ′i ⊗R ρi)(φi(x)).

Proof. We write πi for the natural projection F → Fi,Ni
. Then βC,i is equal to

the connecting homomorphism which arises when applying the Snake lemma to the
following commutative diagram (in which both rows and the third column are exact
and the first column is a complex)

ker(φNi)
y

0 −−−−→ Ii ⊗R F
⊆−−−−→ F

Ti−−−−→ FNi −−−−→ 0
yid⊗Z[G]φ

yφ

yφNi

0 −−−−→ Ii ⊗R F
⊆−−−−→ F

Ti−−−−→ FNi −−−−→ 0yρ′i⊗R(ρi◦πi)

Ii/I2
i ⊗R H2(Ci).

We may write the given element x of H1(Ci) = ker(φNi) as
∑s=d

s=1 µsTi(b′s) with µs in
R for each index s. Then the commutativity of the above diagram implies the element

s=d∑
s=1

µsφ(b′s) =
u=d∑
u=1

(
s=d∑
s=1

µsΦsu)⊗R bu

belongs to Ii ⊗R F , and hence that φi(x) =
∑s=d

s=1 µsΦsi ⊗R bii belongs to Ii ⊗R Fi,Ni ,
as claimed. An explicit computation of the connecting homomorphism in the above
diagram also then shows that

βC,i(x) = (ρ′i ⊗R (ρi ◦ πi))(
s=d∑
s=1

µsφ(b′s))

= (ρ′i ⊗R (ρi ◦ πi))(
u=d∑
u=1

(
s=d∑
s=1

µsΦsu)⊗R bu)

= (ρ′i ⊗R ρi)(
s=d∑
s=1

µsΦsi ⊗R bii)

= (ρ′i ⊗R ρi)(φi(x)),

as claimed. ¤
3.2.5. Semisimplicity. In this subsection we refine the choice of Φ in order to satisfy
the condition described in Theorem 2.10(iii). The key observation is provided by the
following result.
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Lemma 3.4. There exists an R-basis b′ of F with the following property: if Φ is the
matrix of the homomorphism φ in Proposition 3.2 with respect to b′ and b (as bases
of F as domain and codomain respectively), then for every character χ in Υpr the
subspaces ker(Φ)χ and im(Φ)χ of Fχ are linearly-disjoint.

Proof. We write Ir′(G) for the set of irreducible Qp-valued characters of G and for any
R-module M and ψ in Ir′(G) we write M ′

ψ for the Qp[G]-module eψ(Qp ⊗Zp M). We
write g(W ) for the minimal number of generators of a finitely generated Qp[G]-module
W . For natural numbers m and m′ we also set 〈m〉 := {a ∈ Z : 1 ≤ a ≤ m} and
〈m,m′〉 := 〈m〉 × 〈m′〉 and we order elements of the latter set lexicographically.
We recall the homomorphism λΠ from (5) and note that χ belongs to Υpr if and only
if im(φ)χ = ker(λΠ ◦$)χ. Since the homomorphisms φ, ϕ and λΠ are all defined over
Zp it is thus enough to construct an automorphism ε in AutR(F ) for which

(13) F ′ψ = ker(φ ◦ ε)′ψ ⊕ im(φ ◦ ε)′ψ

for each ψ in Ir′(G) with im(φ)′ψ = ker(λΠ ◦$)′ψ. (The claimed result then follows by
taking b′ to be the image of b under ε−1.)
We set I := ker(φ)∩ im(φ) and write Υ for the subset of Ir′(G) comprising characters
ψ for which im(φ)′ψ = ker(λΠ ◦ $)′ψ but F ′ψ 6= ker(φ)′ψ ⊕ im(φ)′ψ (or equivalently
I ′ψ 6= {0}).
For each ψ in Υ we write eψ as a sum

∑i=dψ

i=1 fi,ψ of primitive (mutually orthogonal)
idempotents of eψQp[G]. For each x ∈ 〈d, dψ〉 we set bx,ψ := fx2,ψbx1 and Vx,ψ :=
Qp[G] ·bx,ψ. Then F ′ψ =

⊕
x∈〈d,dψ〉 Vx,ψ and im(φ)′ψ = ker(λΠ ◦$)′ψ =

⊕
x∈Σ∗ψ

Vx,ψ for
some subset Σ∗ψ of 〈d, dψ〉. We set Σψ := 〈d, dψ〉 \Σ∗ψ and Wψ :=

⊕
x∈Σψ

Vx,ψ, so that
F ′ψ = Wψ ⊕ im(φ)′ψ. We write %ψ and %x,ψ for each x for the projections F ′ψ → Wψ

and F ′ψ → Vx,ψ.
We next set gψ := g(I ′ψ) and Zψ := %ψ(ker(φ)′ψ). Then g(Zψ) = g(ker(φ)′ψ) − gψ =
g(Wψ) − gψ and so [10, Lem. 6.4.2] (with W = Wψ and V = Vx,χ for any x ∈ Σψ)
implies there exists a subset Σ′ψ of Σψ with |Σ′ψ| = gψ and such that the Qp[G]-module
Xψ := ⊕x∈Σ′ψVx,ψ is a direct complement of Zψ in Wψ.
We now choose a minimal set of generators {wi,ψ : i ∈ 〈gψ〉} of the Qp[G]-module I ′ψ.
For each i in 〈gψ〉 and each x in Σ∗ψ we then choose an element µi,x,ψ of Qp[G] such that
wi,ψ =

∑
x∈Σ∗ψ

µi,x,ψbx,ψ and consider the associated gψ × |Σ∗ψ|-matrix M = (µi,x,ψ),
where the rows are indexed by i ∈ 〈gψ〉 and the columns by x ∈ Σ∗ψ. After changing
the elements wi,ψ (using ‘elementary row operations’) if necessary, we can assume M
contains gψ columns which together form an identity matrix. We then fix a subset
Σ∗ψ

′ of Σ∗ψ corresponding to a set of columns of M which together constitute a gψ×gψ

identity matrix, a bijection of sets ιψ : Σ∗ψ
′ → Σ′ψ and for each x ∈ Σ∗ψ

′ an element θx,ψ

of IsQp[G](Vx,ψ, Vιψ(x),ψ) (such isomorphisms exist since each Qp[G]fxi,ψ is a minimal
left ideal of the simple algebra eψQp[G]). We also fix a natural number mx,ψ large
enough to ensure that mx,ψ · im(θx,ψ ◦ %x,ψ) ⊂ F . We now define mutually-inverse
elements ε+(ψ) and ε−(ψ) of AutR(F ) by setting

ε±(ψ) := id±
∑

y∈Σ∗ψ
′
my,ψθy,ψ ◦ %y,ψ
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(Since %y,ψ◦θy′,ψ◦%y′,ψ = 0 for any elements y and y′ of Σ∗ψ
′ it is clear that ε+(ψ)◦ε−(ψ) =

idF .) We finally define ε to be the composite (in any order) of the automorphisms ε−(ψ)

as ψ varies over Υ and in the remainder of the proof we verify that this automorphism
has the property (13). To do this we fix κ in Ir′(G) for which im(φ)′κ =

⊕
x∈Σ∗κ

Vx,κ.
If firstly κ /∈ Υ, then F ′κ = ker(φ)′κ ⊕ im(φ)′κ (by definition of Υ) and eκ(ε) = idF ′κ
(because eκVx,χ vanishes for all χ ∈ Υ). The equality (13) is thus clear.
We henceforth assume that κ ∈ Υ. We define an automorphism ξ := eκ(ε) = eκ(ε−(κ))
of F ′κ and note that ker(φ◦ε)′κ = ξ−1(ker(φ)′κ). For each x in Σ′κ we write x′ = (x′1, x

′
2)

for the element ι−1
κ (x) of Σ∗ψ

′ and we recall that (by our assumptions on M) there
is a unique integer i in 〈gκ〉 such that wi,κ = bx′,κ. Since bx′,κ ∈ ker(%y,κ) for all
y ∈ Σ∗κ

′ \ {x′} one therefore has

ξ−1(wi,κ) = eκ(ε+(κ))(bx′,κ)

= bx′,κ +
∑

y∈Σ∗κ′
my,κθy,κ ◦ %y,κ(bx′,κ)

= bx′,κ + mx′,κθx′,κ(bx′,κ)

and so mx′,κθx′,κ(bx′,κ) = %κ(ξ−1(wi,κ)) belongs to %κ(ker(φ ◦ ε)′κ). Since the Qp[G]-
module Xκ is generated by the set {mx′,κθx′,κ(bx′,κ) : x′ ∈ Σ∗κ

′} it follows that
Xκ ⊆ %κ(ker(φ ◦ ε)′κ). But for every w ∈ ker(φ)′κ the definition of eκ(ε) implies that
%κ(ξ−1(w))−%κ(w) ∈ Xκ and so %κ(ker(φ◦ε)′κ) = %κ(ker(φ)′κ)+Xκ = Zκ +Xκ = Wκ.
Since g(Wκ) = g(ker(φ ◦ ε)′κ) this implies that ker(φ ◦ ε)′κ is disjoint from ker(%κ)′κ =
im(φ)′κ = im(φ ◦ ε)′κ and hence that (13) is valid, as required. ¤

In the rest of this section we assume that Φ represents φ with respect to the bases
specified in Lemma 3.4, or equivalently, that Φ represents φ ◦ ε with respect to the
basis b of F for ε in AutR(F ) constructed as in the proof of Lemma 3.4. Let ε0

denote the isomorphism from ker(φ ◦ ε) to ker(φ) = H1(C) given by the restriction
of ε, and ε1 denote the obvious isomorphism from cok(φ ◦ ε) to cok(φ) = H2(C). Fix
θ ∈ HomR(H1(C),H2(C)). We write ρ for the surjective restriction homomorphism
HomR(F, Πpr) → HomR(ker(φ ◦ ε), Πpr) and fix θ ∈ HomR(F, Πpr) such that ρ(θ) =
λΠ ◦θ◦ε0. Fix also an R-section ι3 to the surjective homomorphism λΠ ◦$ : F → Πpr.
We define the augmented matrix Φ(θ) in Md(R) to be the matrix of

(14) ι3 ◦ θ + φ ◦ ε ∈ HomR(F, F )

with respect to the basis b of F . By Lemma 3.1(ii), Φ(θ) agrees with Φ in all but the
first r columns.
The algebra Qp[G] is semisimple and so there are Qp[G]-equivariant sections ι1 and
ι2 to the surjections FQp → im(φ ◦ ε)Qp and FQp → H2(C)Qp

∼= cok(φ ◦ ε)Qp that are
induced by φ ◦ ε and ε1 ◦ $ respectively. If we let E denote either Qp or Cp, this
induces a direct sum decomposition of E[G]-modules

FE = ker(φ ◦ ε)E ⊕ (E ⊗Qp ι1)(im(φ ◦ ε)E)

and so for τ in HomE[G](H1(C)E , H2(C)E) there is a unique 〈τ, φ ◦ ε, ι1, ι2〉 in
HomE[G](FE , FE) that is equal to (E ⊗Qp ι2) ◦ (ε1)−1

E ◦ τ ◦ ε0E on ker(φ ◦ ε)E and
to (φ ◦ ε)E on (E ⊗Qp ι1)(im(φ ◦ ε)E).



28 David Burns and Daniel Macias Castillo

Lemma 3.5. Fix t in IsCp[G](H1(C)Cp
,H2(C)Cp

) and a characteristic element Lt

for the pair (C, t). Then for any choice of sections ι1 and ι2, the endomorphism
〈t, φ◦ε, ι1, ι2〉 is invertible and, furthermore, there exists an element uLt

of nrQp[G](R×)
with Lt = uLtnrCp[G](〈t, φ ◦ ε, ι1, ι2〉).
Proof. The definition of 〈t, φ ◦ ε, ι1, ι2〉 implies that 〈t, φ ◦ ε, ι1, ι2〉((Cp ⊗Qp ι1)(im(φ ◦
ε)Cp

)) = im(φ◦ ε)Cp
and 〈t, φ◦ ε, ι1, ι2〉(ker(φ◦ ε)Cp

) = (Cp⊗Qp
ι2)(cok(φ◦ ε)Cp

). Since
FCp

is equal to the direct sum of im(φ◦ε)Cp
and (Cp⊗Qp

ι2)(cok(φ◦ε)Cp
) one therefore

has im(〈t, φ ◦ ε, ι1, ι2〉) = FCp and so 〈t, φ ◦ ε, ι1, ι2〉 is invertible.
After identifying F with Rd and recalling the notation of §1.3, we have by commu-
tativity of the diagram (2) that ∂1

R,Cp
(ιCp

(nr−1
Qp[G](Lt))) = ι′Cp

(∂1
R,Qp

(nr−1
Qp[G](Lt))) =

χref(C, t) = ∂1
R,Cp

([Cp[G], 〈t, φ ◦ ε, ι1, ι2〉]) (independently of our choices of sections
ι1 and ι2) and hence, by the exactness of the bottom row of the diagram (2),
that ιCp(nr−1

Qp[G](Lt)) − [Cp[G], 〈t, φ ◦ ε, ι1, ι2〉] ∈ ker(∂1
R,Cp

) = im(∂2
R,Cp

), so that
Lt · nrCp[G](〈t, φ ◦ ε, ι1, ι2〉)−1 ∈ nrCp[G](im(∂2

R,Cp
)). Since the natural map GLd(R) →

K1(R) is surjective (by [19, (40.41),(40.42)]), there is a matrix ULt in GLd(R) such
that Lt = nrQp[G](ULt)nrCp[G](〈t, φ ◦ ε, ι1, ι2〉). Setting uLt := nrQp[G](ULt) completes
the proof of the lemma. ¤

Comparing now the explicit definitions of 〈t, φ◦ ε, ι1, ι2〉 and 〈θCp , φ◦ ε, ι1, ι2〉 one finds
that 〈t, φ ◦ ε, ι1, ι2〉−1 ◦ 〈θCp , φ ◦ ε, ι1, ι2〉 is the identity on (Cp⊗Qp ι1)(im(φ ◦ ε)Cp) and
equal to (ε0)−1

Cp
◦ t−1 ◦ θCp ◦ ε0Cp

on ker(φ ◦ ε)Cp . This fact combines with Lemma 3.5
to imply that

LtRt(θ) =uLtnrCp[G](〈t, φ ◦ ε, ι1, ι2〉)nrCp[G]((ε0)−1
Cp
◦ t−1 ◦ θCp ◦ ε0Cp

)

=uLtnrCp[G](〈t, φ ◦ ε, ι1, ι2〉)nrCp[G](〈t, φ ◦ ε, ι1, ι2〉−1 ◦ 〈θCp , φ ◦ ε, ι1, ι2〉)
=uLtnrQp[G](〈θQp , φ ◦ ε, ι1, ι2〉).

The proof of Theorem 2.10(iii) will hence be completed if we prove the following:

Lemma 3.6. eprnrQp[G](〈θQp , φ ◦ ε, ι1, ι2〉) = nrQp[G](Φ(θ)).

Proof. It suffices to prove that eχeprnrQp[G](〈θQp , φ ◦ ε, ι1, ι2〉) = eχnrQp[G]((ι3 ◦ θ +φ ◦
ε)Qp) for all χ ∈ Irp(G). If χ does not belong to Υpr then eχepr = 0 and so we must
show (ι3 ◦ θ + φ ◦ ε)χ is singular. But in this case the inclusion im(φ)χ ⊂ ker(λΠ ◦$)χ

is strict and so dimCp(im((ι3 ◦ θ + φ ◦ ε)χ)) ≤ dimCp(im(ι3)χ) + dimCp(im(φ)χ) <
dimCp(Fχ) − dimCp(ker(λΠ ◦ $)χ) + dimCp(ker(λΠ ◦ $)χ) = dimCp(Fχ) and hence
(ι3 ◦ θ + φ ◦ ε)χ is not surjective, as required.
In the rest of the argument we fix χ ∈ Υpr. In this case eχepr = eχ and the map λΠ,χ

is bijective. Since nrQp[G](〈θQp , φ ◦ ε, ι1, ι2〉) is independent of the choice of sections
ι1 and ι2, we assume henceforth that ι2 is chosen so that ι2,χ = ι3,χ ◦ λΠ,χ ◦ ε1χ. The
endomorphism 〈θQp , φ ◦ ε, ι1, ι2〉χ is then equal to ξχ with

(15) ξ := (ι3 ◦ θ)Qp ◦ ι̂1 + (φ ◦ ε)Qp ∈ HomQp[G](FQp , FQp),

where we write ι̂1 for the homomorphism FQp → ker(φ ◦ ε)Qp that is induced by the
decomposition FQp = ker(φ ◦ ε)Qp ⊕ ι1(im(φ ◦ ε)Qp). By Lemma 3.4, we have that
Fχ = ker(φ ◦ ε)χ ⊕ im(φ ◦ ε)χ and so we obtain an ordered Cp-basis B of Fχ by
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concatenating ordered Cp-bases B1 of ker(φ ◦ ε)χ and B2 of im(φ ◦ ε)χ (in this order).
This also implies that the restriction (φ ◦ ε)′χ : im(φ ◦ ε)χ → im(φ ◦ ε)χ of (φ ◦ ε)χ is
bijective and so we may assume that the section ι1 is chosen so that ι1,χ = ((φ◦ε)′χ)−1.
The direct sum decomposition Fχ = ι2,χ(cok(φ ◦ ε)χ)⊕ im(φ ◦ ε)χ also shows that we
obtain an ordered Cp-basis B′ of Fχ by concatenating an ordered Cp-basis B′

1 of
ι2,χ(cok(φ ◦ ε)χ) with the basis B2 of im(φ ◦ ε)χ. Now, using the above choice of ι1,
the matrices with respect to the bases B and B′ of the endomorphisms (ι3 ◦θ+φ◦ ε)χ

and ξχ are block matrices of the form
(

Aχ 0
Cχ Bχ

)
, resp.

(
Aχ 0
0 Bχ

)

where Aχ is the matrix of ι2,χ ◦ (ε1)−1
χ ◦ θχ ◦ ε0χ ∈ HomCp(ker(φ ◦ ε)χ, ι2,χ(cok(φ ◦ ε)χ))

with respect to the bases B1 and B′
1 and Bχ is the matrix of (φ◦ ε)′χ ∈ HomCp

(im(φ◦
ε)χ, im(φ◦ ε)χ) with respect to the basis B2. It is therefore clear that, computing with
respect to the bases B and B′, the determinants of (ι3 ◦ θ + φ ◦ ε)χ and ξχ are both
equal to det(Aχ)det(Bχ), and in particular are equal to each other, as required. ¤

3.2.6. The proof of Corollary 3.2.6. Let $ belong to C(H2(C)) and let b be an R-basis
of F constructed as in Lemma 3.1 (we continue to write R in place of Zp[G]). Let
F • belong to C(C). Let Φ belong to M(C, π) and let φ′ be an R-endomorphism of F
which is represented by Φ with respect to b, and for any θ in HomR(H1(C),H2(C))
let φ′(θ) be an R-endomorphism of F which is represented by Φ(θ) with respect to b.
It is clear that H2(C)tor is a submodule of ker(λΠ) because Πpr has no Zp-torsion and
that ker(λΠ) surjects onto Πnpr via the restriction of π. By combining [41, Th. 4.2]
and Theorem 2.10 (iii), we know that aRt(θ)Ltepr belongs to aG(cok(φ′(θ))) for any
a, t, Lt and θ. It will hence be enough to prove that cok(φ′(θ)) surjects onto ker(λΠ)
for any such θ.
We have an exact commutative diagram of the form

F
φ′(θ)−−−−→ F −−−−→ cok(φ′(θ)) −−−−→ 0∥∥∥ α

y α′
y

F
φ′−−−−→ F

π−−−−→ H2(C) −−−−→ 0

λΠ◦$
y λΠ

y
Πpr Πpr.

In this diagram α is the endomorphism of F which satisfies α(bi) = 0 for i ∈ 〈r〉
and α(bi) = bi for i ∈ 〈d〉 \ 〈r〉, and the first upper square commutes because Φ(θ)
agrees with Φ in all but the first r columns and im(φ) = ker($) ⊆ ⊕i=d

i=r+1 Zp[G] · bi.
We then define α′ to be the unique homomorphism which makes the second upper
square commute. The central column is exact by our choice of $ and b, and the
commutativity of the diagram then implies that the final column is exact and hence
that there is a surjection from cok(φ′(θ)) to ker(λΠ), as required.
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3.3. The proof of Theorem 2.17. Throughout this section we assume that p is
odd and we set R := Zp[G]. Our construction of the family M(C, δ) is a natural
generalisation of the construction (in the setting of Zp-power extensions of number
fields) of ‘organising matrices’ by Mazur and Rubin in [36] and for this reason we will
be rather brief with some arguments.

3.3.1. Preliminary results. We start by recording a useful technical result.

Lemma 3.7. For both i = 1, 2 we suppose given a complex Ci in Dp(R) of the form
C1

i
d1−→ C2

i , where the first term is placed in degree 1 and the tautological homomor-
phism πi : C2

i → H2(Ci) is a projective cover of the R-module H2(Ci). Then any
isomorphism τ : C ∼= C ′ in Dp(R) can be realised as a morphism of complexes

C1
1

d1−−−−→ C2
1

κ1

y
yκ2

C1
2

d1−−−−→ C2
2

in which both κ1 and κ2 are isomorphisms.

Proof. By a general result, any isomorphism C ∼= C ′ in Dp(R) can be realised as a
morphism of complexes κ : C → C ′ and so it suffices to show that in any such case the
homomorphisms κ1 and κ2 are both bijective. To show this we consider the following
exact commutative diagram

(16)

0 −−−−→ H1(C1)
⊆−−−−→ C1

1
d1−−−−→ C2

1
π1−−−−→ H2(C1) −−−−→ 0

H1(κ)

y κ1

y
yκ2

yH2(κ)

0 −−−−→ H1(C2)
⊆−−−−→ C1

2
d2−−−−→ C2

2
π2−−−−→ H2(C2) −−−−→ 0.

Since H2(κ) is bijective, both π1 and π2 are projective covers and the third square
commutes, Nakayama’s Lemma implies that κ2 is bijective. Since H1(κ) is bijective
and the diagram commutes an application of the Five Lemma implies that κ1 is also
bijective, as required. ¤

For the remainder of this subsection we fix a pair (C, δ) as in §1.1.3 and set εδ := 1,
resp. εδ := −1, if (C, δ) is symmetric, resp. skew-symmetric.

Proposition 3.8. There exists a finitely generated projective R-module P̃ and a ho-
momorphism of R-modules h : P̃ → P̃ ∗ which together satisfy all of the following
properties.
We write ηP̃ : P̃ → (P̃ ∗)∗ for the natural identification and P̃ • for the complex

P̃
h−→ P̃ ∗, where the first term is placed in degree 1.

(i) One has im(h) ⊆ J(R) · P̃ ∗ and the homomorphism h∗ : P̃
η−→ (P̃ ∗)∗ → P̃ ∗

that is induced by the Zp-linear dual of h is equal to εδ · h.
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(ii) There exists an isomorphism P̃ • → C in Dp(R), with respect to which the
diagram (1) corresponds to the obvious diagram

P̃
h−−−−→ P̃ ∗

η

y
∥∥∥

(P̃ ∗)∗ εδ·h∗−−−−→ P̃ ∗.

(iii) Let (C ′, δ′) be a symmetric, resp. skew-symmetric, pairing that is isomorphic

to (C, δ) (in the sense described in §1.1.3). Let P̃ ′• be a complex P̃ ′ h′−→ P̃ ′∗

that is related to (C ′, δ′) in the same way that P̃ • is related to (C, δ). Then
there exists a commutative diagram of R-modules

P̃
h−−−−→ P̃ ∗

α

y
y(α∗)−1

P̃ ′ h′−−−−→ P̃ ′∗

in which α, and hence also (α∗)−1, is an isomorphism.

Proof. We first fix a projective cover π : P → H2(C) of the R-module H2(C). Then
the same construction as in the proof of Proposition 3.2(i) shows that there is an exact
sequence of R-modules

0 → H1(C) ι−→ P ′ d−→ P
π−→ H2(C) → 0

with the following property: P ′ is finitely generated and projective and writing P • for
the complex P ′ d−→ P , where the first term is placed in degree 1 and the cohomology
is identified with H1(C) and H2(C) using the maps ι and π in the above sequence,
there exists an isomorphism ϑ : P • → C in D(R) such that Hi(ϑ) is the identity map
on Hi(C) for both i = 1, 2. The induced isomorphism (ϑ∗)−1 : P •,∗ ∼= C∗ then gives
an exact sequence

0 → H1(C∗[−3]) → P ∗ d∗−→ P ′∗ π′−→ H2(C∗[−3]) → 0

in which im(d∗) ⊆ J(R) · P ′∗ (since im(d) ⊆ J(R) · P as π is a projective cover) and
so π′ is a projective cover of H2(C∗).
Applying Lemma 3.7 with C1 = P •, C2 = P •,∗ and τ = ϑ∗ ◦ δ ◦ ϑ we deduce that τ is
induced by a commutative diagram

P ′ d−−−−→ P

α

y α′
y

P ∗ d∗−−−−→ P ′∗

in which both α and α′ are bijective. This diagram is an appropriate replacement for
the first commutative square that occurs in the proof of [36, Prop. 6.5]. Noting that
any two morphisms of complexes of R-modules P • → P •,∗[−3] that induce the same
morphism in Dp(R) are homotopic, and that p is assumed to be odd, one can then
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simply mimic the remainder of the proof of [36, Prop. 6.5] to deduce claims (i) and
(ii) (and with P̃ = P ′).
Regarding claim (iii) we first note that Lemma 3.7 combines with claim (ii) to imply
that any isomorphism C ∼= C ′ can be realised as a morphism of complexes

P̃
h−−−−→ P̃ ∗

α

y β

y

P̃ ′ h′−−−−→ P̃ ′∗

in which both α and β are bijective. This diagram is the appropriate generalisation
of the first diagram that occurs in the proof of [36, Prop. 6.6]. Claim (iii) can then
be shown to be a consequence of this diagram by using the same argument as in loc.
cit. ¤
3.3.2. The proof. Returning to the proof of Theorem 2.17 we fix a representative of
C of the form P̃ • described in Proposition 3.8. We then choose a finitely generated
projective R-module Q that is of minimal Zp-rank and such that F := P̃ ⊕ Q, and
hence also F ∗ = P̃ ∗⊕Q∗, is a free R-module, of rank d say. The Krull-Schmidt implies
that these conditions specify Q up to isomorphism and, since Swan’s Theorem implies
that the R-modules P̃ and P̃ ∗ are isomorphic (by the same argument as in Proposition
3.2), also imply that Q is isomorphic to Q∗. Further, if G is a p-group, then [19, Th.
32.13] implies that P̃ is itself a free R-module so one has Q = {0} and F = P̃ .
Next we note that the diagrams in Proposition 3.8(ii) and (iii) obviously extend to
give commutative diagrams

(17)

F
h⊕0−−−−→ F ∗

ηF

y
∥∥∥

(F ∗)∗
εδ(h⊕0)∗−−−−−−→ F ∗

F
h⊕0−−−−→ F ∗

α⊕idQ

y
y(α⊕idQ)∗,−1

F ′ h′⊕0−−−−→ F ′∗

with F ′ := P̃ ′ ⊕Q. Thus if we fix an R-basis of F and compute the matrix represen-
tative Φ of h ⊕ 0 with respect to this basis and the corresponding dual basis of F ∗,
then the first of these diagrams implies that Φ is symmetric, resp. skew-symmetric,
whilst the second implies that any other matrix Φ′ constructed in this way will satisfy
Φ′ = UΦU tr for some U in GLd(R). This proves Theorem 2.17(i)(a) and the analogous
claim in Theorem 2.17(ii).
The claim in Theorem 2.17(i)(b) and the analogous claim in (ii) is then proved by the
same argument used in the proof of Theorem 2.10(i) that is given in §3.2.3.
In order to prove the claim in Theorem 2.17(i)(c) and the analogous claim in (ii), we
fix a normal subgroup J of G and set CJ := RHomZp[G](Zp[G/J ], C). Then, since
each term of C is perfect, there is a natural isomorphism in Dp(Zp[G/J ]) between CJ ,
resp. CJ , and the complex which in each degree i is equal to (Ci)J , resp. (Ci)J , and
in which the differentials are induced by those of C. For this reason, the action of∑

g∈J g on each module Ci induces an isomorphism in Dp(Zp[G/J ]) from CJ to CJ .
The homomorphism H2(RHomZp[G](Zp[G/J ], δ)) therefore induces an isomorphism of
Zp[G/J ]-modules
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H2(CJ)tor ∼= H2(CJ )tor ∼= H2(C∗[−3]J)tor ∼= H2((CJ)∗[−3])tor
∼= HomZp

(H2(CJ)tor,Qp/Zp)

where the last isomorphism is induced by the universal coefficient spectral sequence
(cf. §1.1.2), and hence also a non-degenerate pairing

(18) H2(CJ)tor ×H2(CJ )tor → Qp/Zp.

We now show that this pairing is also induced by an explicit non-degenerate symmetric,
resp. skew-symmetric, G/J-invariant pairing

ρJ : cok(ΦJ)tor × cok(Φtr
J )tor → Qp/Zp.

To define ρJ we fix (x, y) ∈ cok(ΦJ)tor × cok(Φtr
J )tor = cok(hJ)tor × cok(h∗J )tor. Then

there exist elements a ∈ Zp, α ∈ F ∗J and α′ ∈ FJ such that ax = 0, the class of α
in cok(hJ) equals x and hJ(α′) = aα. Analogously, the first commutative diagram in
(17) implies that there exist elements b ∈ Zp, β ∈ F ∗J and β′ ∈ FJ such that by = 0,
the class of β in cok(h∗J) equals y and h∗J((ηF )J(α′)) = bβ. We then define

ρJ (x, y) := (ab)−1hJ(α′)(β′) (mod Zp).

The element ρJ(x, y) of Qp/Zp is then independent of the choices of a, b, α′ and β′

and the first commutative diagram in (17) implies that ρJ is symmetric, resp. skew-
symmetric. It is also straightforward to check that ρJ induces the pairing (18).

4. Tate motives

In this section we apply the theory of organising matrices in the setting of §1.2.1.
For any Galois extension of fields F/E we set GF/E := Gal(F/E). We also set Gk :=
Gkc/k and recall that Gk,Σ denotes the Galois group over k of the maximal extension
of k inside kc that is unramified outside Σ.

4.1. The general set up. Let M be a motive over k and F a finite Galois extension
of k inside kc. We fix an odd prime p and a full Gk-stable sublattice T in the p-adic
realisation V of M . We also fix a finite set of places Σ of k containing all archimedean
places, all which ramify in F/k, all at which M has bad reduction and all above p.
Then TF is an étale sheaf of free Zp[G]-modules on Spec(Ok,Σ) and, as in §1.2.1, we
obtain an object of Dwa(Zp[G]) by setting C(TF ) := RΓc(Ok,Σ, TF ). If we regard
MF := h0(Spec(F )) ⊗h0(Spec(k)) M as a motive defined over k and with an action of
Q[G] via the first factor in the tensor product, then the ‘non-commutative Tamagawa
number conjecture’ of Fukaya and Kato [26, Conj. 2.3.2] for MF conjectures the
existence of a characteristic element L for C(TF ) for which e2(C(TF ))L is equal to
the value at s = 0 of the ζ(C[G])-valued complex L-function of MF normalised by
a product of suitable regulators and periods. This means that when combined with
Corollary 2.3 the relevant case of [26, Conj. 2.3.2] predicts explicit annihilators of
the Zp[G]-module Sel(T ∗(1)F ) in terms of the values of complex L-functions. In a
very similar fashion, one can use Corollary 2.3 to show that the relevant (generalised)
main conjecture of Iwasawa theory predicts the existence of explicit annihilators for
Sel(T ∗(1)F ) that are constructed from the values of p-adic L-functions. By means of
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an explicit example, in this section we consider in detail the latter Iwasawa-theoretic
approach to the Tate motives M = h0(Spec k)(r).

4.2. Annihilation results. In this section we shall combine Corollary 2.3 with re-
cent results of Ritter and Weiss, of Kakde and the first author concerning the main
conjectures of non-commutative Iwasawa theory to prove an explicit restriction on the
Galois structures of certain Galois groups, ideal class groups and wild kernels in higher
algebraic K-theory.
For any CM-field E we write E+ for its maximal (totally) real subfield. In this
subsection we fix a totally real field k and a finite CM Galois extension F of k inside
kc, set G := GF/k and write τ for the unique non-trivial element of GF/F+ . We write
µ(F, p) for the Iwasawa-theoretic (p-adic) µ-invariant of F and recall that Iwasawa has
conjectured in [27] that µ(F, p) = 0. We fix a finite set of places Σ of k containing all
archimedean places, all which ramify in F/k and all above p. For each integer m we
regard Zp(r)F as an étale sheaf of free Zp[G]-modules on Spec(Ok,Σ) in the natural
way and thus, following §1.2.1, we obtain an object of Dwa(Zp[G]) by setting

(19) Cm(F/k) := RΓc(Ok,Σ,Zp(m)F ).

We write eF/k,m for the idempotent e2(Cm(F/k)) that is defined in §1.1.4.
For any torsion abelian group A we write Ap for its p-primary part and, as in §2.1.2,
we set aG(M) := Annζ(Zp[G])(M) for any Zp[G]-module M . For each integer a we
write µ⊗a

F,p for the Zp[G]-module H0(F,Qp/Zp(a)) (so that µ⊗1
F,p identifies with the

group µF,p of p-power order roots of unity in F ) and if a > 0 we also write Kw
2a(OF )

for the ‘wild kernel’ of higher algebraic K-theory that is defined by Banaszak in [2].
We set ζ(IG,p) := ζ(Zp[G]) ∩ IG,p and write x 7→ x# for the Qp-linear involution on
ζ(Qp[G])× that is induced by inverting each element of G. Finally we write ωk for the
Teichmüller character Gk → Z×p .

Theorem 4.1. Let F/k and Σ be as above. For each integer m write Irm(G) for
the subset of Ir(G) comprising representations ρ : G → GLρ(1)(Qc

p) for which ker(ρ̃)
contains eF/k,m.

(i) If ρ belongs to Irm(G), then (−1)m+1τ ∈ ker(ρ) and Lp,Σ(m,ω1−m
k ρ) 6= 0,

where Lp,Σ(m,ω1−m
k ρ) is the value at s = m of the Σ-truncated p-adic L-

function of the character ω1−m
k ρ. In particular, for each integer m we obtain

a well-defined element of emζ(Qp[G])× by setting

LF/k,Σ,m :=
∑

ρ∈Irm(G)

eρLp,Σ(m, ω1−m
k ρ).

In the sequel we assume that µ(F, p) = 0 if p divides |G|.
(ii) If m = 1, resp. m 6= 1, then for any non-zero element α which can be expressed

as the product of an element of ζ(IG,p) ∩ ζ(Qp[G](1 − eG))× and an element
of ζ(IG,p), resp. for any non-zero element α of aG(µ⊗(1−m)

F,p ) ∩ ζ(Qp[G])×,
there exists a weakly-organising matrix Φ for the pair Cm(F/k) and α which
satisfies nrQp[G](Φ) = αLF/k,Σ,m.

(iii) One has

(20) Ap(G)ζ(IG,p)2LF/k,Σ,1 ⊆ aG(Gal(MΣ(k)/F ))
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and

(21) Ap(G)(aG(µF,p)#L#
F/k,Σ,0 + ζ(IG,p)2LF/k,Σ,1) ⊆ aG(Cl(OF )p),

and for each m > 1 also

(22) Ap(G)(aG(µ⊗m
F,p )#L#

F/k,Σ,1−m + aG(µ⊗(m−1)
F,p )LF/k,Σ,m) ⊆ aG(Kw

2m−2(OF )p).

Remark 4.2.
(i) In the special case that G is abelian the inclusion (21) is a natural counterpart
to Brumer’s Conjecture and hence, if F is abelian over Q (in which case Ferrero
and Washington [23] have proved that µ(F, p) = 0 and so (21) is unconditional), to
Stickelberger’s Theorem. Indeed, whilst the latter uses values of Dirichlet L-functions
at s = 0 to produce annihilators of Cl(OF )p that lie inside Zp[G](1 − τ), (21) uses
the values of p-adic L-functions at s = 1 to produce annihilators of Cl(OF )p that lie
inside Zp[G](1 + τ).
(ii) The inclusions in Theorem 4.1(iii) specialise to give a strict improvement of the
annihilation results that are proved in the case that G is abelian by Barrett and the
first author in [3, Cor. 3.4 and Cor. 3.7]. In addition, the observations made in
[3, Rem. 3.6(iii)] show that the inclusion (20) constitutes a natural generalisation to
non-abelian extensions of the main results of Oriat in [43].
(iii) If the ‘p-adic Stark conjecture at s = 1’ of Serre and Tate (for a precise statement
of which see [16, Conj. 5.2, Rem. 5.3]) is valid for all characters of G, then the element
LF/k,Σ,1 can be re-expressed explicitly in terms of the values at s = 1 of Σ-truncated
Artin L-functions. In any such case it would therefore be interesting to compare the
inclusions of (20) and (21) with the conjectures and theorems regarding the structure
of Cl(OF )p that are proved by Castillo and Jones in [18].

Remark 4.3.
(i) The argument used in the proof of [3, Cor. 3.7], and hence also in our proof of the
inclusion (22), relies on the recent verification of the Quillen-Lichtenbaum Conjecture.
For more details see Remark 2.9.
(ii) To properly understanding Theorem 4.1 one needs an explicit description of the
set Irm(G), and hence also of the idempotent em, and the proofs of [3, Cor. 3.4
and Cor. 3.7] give information in this regard. In particular, if for each integer m
we set e(m) := (1 − (−1)mτ)/2, then the arguments given in [3] show the following:
em = e(m) for each m < 0; the validity of Leopoldt’s Conjecture for F at p implies
that e1 = e(1) − eχ0 where χ0 is the trivial character of G; if m > 1 and the group
H2(OF,Σ,W (1 − m)) vanishes (as is conjectured by Schneider in [48, p. 192]), then
em = e(m) (and so, in particular, the expression on the left hand side of (22) has finite
index in aG(Kw

2m−2(OF )p)).

We end this subsection by proving the first assertion of Theorem 4.1(i). To do
this it is clearly enough to show that any idempotent of ζ(Qp[G]) which annihi-
lates H2

c (Ok,Σ,Qp(m)F ) must also annihilate the space
⊕

v|∞H0(kv,Qp(m)F ) ∼=
H0(GC/R,

∏
F→CQp(m)), where on the product term GC/R acts diagonally and G

acts via F .
If m = 0, then the required claim follows from the isomorphism of Qp[G]-modules
HomQp(H2

c (Ok,Σ,Qp(0)F ),Qp) ∼= H1(Ok,Σ,Qp(1)F ) ∼= Qp ⊗Zp O×F,Σ coming from
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global duality and Kummer theory and the fact that Qp ⊗Zp
O×F,Σ contains a Qp[G]-

submodule isomorphic to H0(GC/R,
∏

F→CQp) ∼= ∏
w Qp where w runs over all

archimedean places of F .
On the other hand, if m 6= 0, then the cohomology sequence of the exact tri-
angle [3, (7)] with F = Zp(m)F combines with the fact that H0(Ok,Σ,Qp(m)F )
vanishes to induce an injective homomorphism from

⊕
v|∞H0(kv,Qp(m)F ) to

H1
c (Ok,Σ,Qp(m)F ) and this implies the required claim since any idempotent which an-

nihilates H2
c (Ok,Σ,Qp(m)F ) must also annihilate H1

c (Ok,Σ,Qp(m)F ) (since C belongs
to Dwa(Zp[G]) and H3(C) is finite). This completes the proof of the first assertion of
Theorem 4.1(i).

4.3. Characteristic elements. The following result provides a key step in our proof
of Theorem 4.1. We recall the complex Cm(F/k) defined in (19).

Theorem 4.4. Let F/k and Σ be as in Theorem 4.1 and assume that µ(F, p) = 0
if p divides |G|. Then there exists a characteristic element Lm for Cm(F/k) which
satisfies eF/k,mLm = LF/k,Σ,m.

The proof of this result will occupy the rest of this section.
For any subfield F ′ of F we write F ′∞ for the cyclotomic Zp-extension of F ′. For any
continuous quotient G of the group GF∞/k we write Λ(G) for the completed group
ring lim←−U

Zp[G/U ] where U runs over all open subgroups of G and Q(G) for the total
quotient ring of Λ(G). For each integer m we write Λ(G)#(m) for the set Λ(G) upon
which Λ(G) acts via multiplication and Gk,Σ acts in the following way: each σ in
Gk,Σ acts as multiplication by the element χcyc(σ)mσ̄−1 where χcyc is the cyclotomic
character Gk,Σ → Z×p and σ̄ denotes the image of σ in G. We regard τ as an element
of GF∞/F+

∞ and hence also for each integer m we regard the idempotent e(m) defined
in Remark 4.2(iv) as an element of ζ(Λ(GF∞/k)). If E is the subfield of F∞ with
GE/k = G then, following Nekovář [40] and Fukaya and Kato [26, §2.1.1], we obtain
an object of Dp(Λ(G)) by setting

(23) CE/k,m := RΓc(Ok,Σ, e(m)Λ(G)#(m)).

To study this complex we write S for the Ore set of non-zero divisors in Λ(G) compris-
ing elements f for which the quotient Λ(G)/ Λ(G)f is a finitely generated Zp-module
and Λ(G)S for the corresponding localisation of S. We recall that for each element ξ
of K1(Λ(G)S) and each representation ρ in A(G) there is a well-defined notion of the
‘value of ξ at ρ’ and that this element ξG(ρ) belongs to Qc

p ∪ {∞}. We write ∂G,S for
the natural connecting homomorphism K1(Λ(G)S) → K0(Λ(G), Λ(G)S) and χref(C)
for the canonical element of K0(Λ(G),Λ(G)S) that is associated to any object C of
Dp(Λ(G)) such that Λ(G)S ⊗Λ(G) C is acyclic.
The following result verifies the case of the main conjecture of non-commutative Iwa-
sawa theory that is relevant to Theorem 4.4. This result is itself a special case of [11,
Cor. 9.4] and is proved in loc. cit. by using the results of Ritter and Weiss in [47].

Proposition 4.5. Let k be a totally real number field and F a finite CM Galois
extension of k such that µ(F, p) = 0 if p divides [F : k]. We fix a finite set of places Σ
of k that contains all places which ramify in F/k (and hence all archimedean places)
and all places that divide p. We also set G := GF∞/k and fix an integer m.
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(i) Then Λ(G)S ⊗Λ(G) C•F∞/k,Σ(m) is acyclic.

(ii) There exists an element ξ̃m of K1(Λ(G)S) that satisfies both of the following
conditions:
(a) for all irreducible ρ ∈ A(G) one has

ξ̃m,G(ρ) =

{
Lp,Σ(m, ω1−m

k ρ), if (−1)m+1τ ∈ ker(ρ)
1, otherwise;

(b) ∂G,S(ξ̃m) = χref(CF∞/k,Σ(m)).

To deduce Theorem 4.4 from Proposition 4.5 we set em := eF/k,m and Cm,0 :=
Zp[G]em ⊗LZp[G] Cm(F/k) where the complex Cm(F/k) is as defined in (19). Then
the first assertion of Theorem 4.1(i) (already proved at the end of §4.2) implies
eme(m) = em and hence that there is a natural isomorphism in Dp(Zp[G]em) of the
form

(24) Zp[G]em ⊗LRm
CF∞/k,m

∼= Zp[G]em ⊗Le(m)Zp[G] CF/k,m

∼= Zp[G]em ⊗LZp[G] Cm(F/k) = Cm,0

where the first isomorphism is induced by the canonical descent isomorphism
Zp[G]e(m) ⊗LRm

CF∞/k,m
∼= CF/k,m.

Now, by the very definition of the idempotent em, the complex Qp⊗Zp Cm,0 is acyclic
and so the isomorphism (24) makes it clear that CF∞/k,m is semisimple at ρ (in the
terminology of [17]) for all ρ ∈ A(G) which factor through the algebra homomorphism
Λ(G) → Zp[G]em. Thus, by combining Proposition 4.5 with the isomorphism (24) and
the descent formalism of [17, Th. 2.2 and Rem. 2.3] one deduces that there exists a
characteristic element ξm,F/k for Cm,0 which satisfies Lp,Σ(m,ω1−m

k ρ) = eρξm,F/k 6= 0
for all ρ in Irm(G). The result of Theorem 4.4 is now an immediate consequence of
Lemma 1.4 (with A = Zp[G] and C = CF/k,m so e2 = em).

4.4. The proof of Theorem 4.1. To prove Theorem 4.1 we combine Theorem 4.4
with Theorem 2.1 and Corollary 2.3. We shall also need the following result.

Lemma 4.6. There are canonical identifications

(25) Sel(Zp(m)F )e(m)
∼=





Kw
2m−2(OF )pe(m), if m > 1,

Cl(OF )pe(m), if m = 1,

Cl(OF )∨p e(m), if m = 0,

Kw
−2m(OF )∨p e(m), if m < 0,

and

(26) H3(Cm(F/k)e(m)) ∼=
{
Zp, if m = 1,
(µ⊗(1−m)

F,p )∨ ∼= µ
⊗(m−1)
F,p , if m 6= 1.

Proof. From any representation T as in §1.2.1 the explicit definition of the Bloch-
Kato Tate-Shafarevich group X(TF ) of TF gives rise to a canonical exact sequence of
Zp[G]-modules

(27) 0 → Qp/Zp ⊗Zp H1
f (k, TF ) → Sel(TF ) →X(TF ) → 0.
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One also knows that the module H1
f (k,Zp(m)F ) vanishes if m ≤ 0 and identifies

with K2m−1(Ok) ⊗ Zp if m > 0. For each integer m it follows that the module
H1

f (k,Zp(m)F )e(m) vanishes and hence that Sel(Zp(m)F )e(m) = X(Zp(m)F )e(m). In
[24] Flach shows that X(Zp(1)F ) is canonically isomorphic to Cl(OF )⊗Zp and if m >
1, then it is known that X(Zp(m)F ) is canonically isomorphic to Kw

2m−2(OF )⊗Zp (see
the proof of [3, Cor. 3.7]). The isomorphisms in (25) for m < 0 then follow because the
Gk-module Zp(m)∗F (1) identifies with Zp(1−m)F and because Flach’s generalisation
of the Cassels-Tate pairing induces a canonical isomorphism X(TF ) ∼= X(T ∗F (1))∨ for
every representation T .
The isomorphisms in (26) result from the isomorphisms

H3(Cm(F/k)e(m)) = H3(Cm(F/k))e(m)
∼= H0(F,Qp/Zp(1−m))∨e(m)

= (µ⊗(1−m)
F,p )∨e(m)

∼= µ
⊗(m−1)
F,p e(m) = µ

⊗(m−1)
F,p

where the first indicated isomorphism is induced by global duality and the second is
obvious. ¤

We first recall that Theorem 4.1(i) was proved at the end of §4.2. To prove Theorem
4.1(ii) and (iii) we apply Theorem 2.1 and Corollary 2.3(i) respectively, with the
complex C equal to Cm := Cm(F/k) for each integer m and with the characteristic
element Lm as described in Theorem 4.4.
If m = 1, resp. m 6= 1, then the isomorphism (26) shows that in this set-
ting we may apply Theorem 2.1 by taking α to be the product of any element of
ζ(IG,p) ∩ ζ(Qp[G](1 − eG))× and any element of ζ(IG,p), resp. by taking α to be
any element of aG(µ⊗(1−m)

F,p ) ∩ ζ(Qp[G])×, and in either case with g3(Cm) = 1. Then
for any m one has by Theorem 2.1(iv) that αLF/k,Σ,m = αeF/k,mLm = αe1e3Lm =
αe1Lm = nrQp[G](ΦCm,α)uLm = nrQp[G](ΦCm,α)nrQp[G](ULm) = nrQp[G](ΦCm,α · ULm)
for some weakly-organising matrix ΦCm,α ∈ Md(Zp[G]) for Cm and α and some
ULm ∈ GLd(Zp[G]). Noting that Φ := ΦCm,α · ULm ∈ Md(Zp[G]) is also a weakly-
organising matrix for Cm and α completes the proof of Theorem 4.1(ii).
If m = 1, resp. m 6= 1, then the isomorphism (26) shows that in this setting we may
apply Corollary 2.3(i) by taking β and γ to be any elements of ζ(IG,p), resp. by taking
β to be any element of aG(µ⊗(1−m)

F,p ) and γ = 1, and in either case with g3(Cm) = 1,
and in this way one deduces that

(28)





Ap(G)aG(µ⊗(m−1)
F,p )LF/k,Σ,m ⊆ aG(H2(Cm)), if m > 1,

Ap(G)ζ(IG,p)2LF/k,Σ,m ⊆ aG(H2(Cm)), if m = 1,
Ap(G)aG(µ∨F,p)LF/k,Σ,m ⊆ aG(H2(Cm)), if m = 0,
Ap(G)aG((µ⊗(1−m)

F,p )∨)LF/k,Σ,m ⊆ aG(H2(Cm)), if m < 0.

The inclusions of Theorem 4.1 are then a direct consequence of (28) because for every
integer m the module Sel(Zp(1 − m)F )∨e(m) is isomorphic to a quotient of H2(Cm)
(as already observed in §1.2.1) and so the isomorphism (25) implies that
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aG(H2(Cm)) ⊆





aG(Kw
2m−2(OF )p)e(m), if m > 1,

aG(Cl(OF )p)e(m), if m = 1,

aG(Cl(OF )p)#e(m), if m = 0,

aG(Kw
−2m(OF )p)#e(m), if m < 0,

where (for each m ≤ 0) we use the fact that aG(M∨) = aG(M)# for any finite Zp[G]-
module M .

5. Critical motives

In this section we fix notation and hypotheses as in §1.2.2 and also set e1 :=
e1(C(TF , T 0

F )). We recall that in [26, Th. 4.1.12] Fukaya and Kato have proved
that the (local and global) non-commutative Tamagawa number conjectures for the
pair (MF ,Zp[G]) combine to predict the existence of a characteristic element L for
C(TF , T 0

F ) such that e1L is equal to the value at s = 0 of the ζ(C[GF/Q])-valued
complex L-function of MF multiplied by a suitable combination of natural regulators,
periods and Euler factors. When combined with Corollary 2.3 this observation predicts
the existence of explicit restrictions on the values at s = 0 of the complex L-functions
L(M,χ, s) for χ ∈ Ir(G) and also predicts that these values should influence the ex-
plicit structure of the Zp[G]-module Sel(T ∗F (1)). By means of an explicit example, in
the next subsection we shall consider in greater detail the case of abelian varieties.

5.1. Abelian varieties. In this subsection we fix an abelian variety A that is defined
over Q and has good ordinary reduction at p and write At for the dual abelian variety.
We write T for the p-adic Tate module of At (so that V 0 can be identified with the
Qp-space spanned by the p-adic Tate module of the formal group of At [16, Exam.
6.3]). We regard the motive MF := h1(A/F )(1) as defined over Q and with coefficients
Q[GF/Q].
We fix an isomorphism of fields C ∼= Cp and henceforth use this to identify the sets
of irreducible C-valued and Cp-valued characters of G. We also fix an isomorphism β
as in [26, §4.2.24] and then define LΣ,β(A/F , 1) to be the unique element of ζ(Cp[G])
such that for every ρ ∈ Ir(G) one has

(29) eρLΣ,β(A/F , 1) = eρ
LΣ(A, ρ̌, 1)
Ω∞(M(ρ̌))

Ωp,β(M(ρ̌))ΓQp(V 0
F )−1

PL,p((V 0
ρ̌ )∗(1), 1)

PL,p(V 0
ρ̌ , 1)

.

Here LΣ(A, ρ̌, 1) denotes the value at s = 1 of the Σ-truncated Hasse-Weil L-function
of A twisted by the contragredient representation ρ̌, M(ρ̌) is the tensor product of
h1(A)(1) with the Artin motive associated to ρ̌, V 0

ρ̌ is the representation V 0⊗Vρ̌ where
Vρ̌ is a representation of character ρ̌ and the archimedean and p-adic periods Ω∞(M(ρ̌))
and Ωp,β(M(ρ̌)), non-zero rational number ΓQp(V 0

F ) and Euler factors PL,p(−, s) are
all as defined by Fukaya and Kato in [26, §4.1.11, §3.3.6, Lem. 4.1.7]. (For a more
explicit description of the formula (29) in the case that A is an elliptic curve see §5.2.)
If B denotes either A or At, then we write X(B/F ) and Selp(B/F ) for the (classical)
Tate-Shafarevich and p-primary Selmer groups of B over F respectively. We also write
B(F )[p∞] for the Sylow p-subgroup of B(F )tor.
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Theorem 5.1. Let A, p, F/Q and Σ be as above. We assume that At(F )[p∞] vanishes,
that X(At

/F ) is finite and that the relevant cases of all of the conjectures discussed by
Fukaya and Kato in [26, §2 and §3] are valid (see Remark 5.2(i) for more details about
these conjectures).

(i) For each multiple h of |A(F )[p∞]|, there exists a weakly-organising matrix
Φ for C(TF , T 0

F ) and h for which one has hgLΣ,β(A/F , 1) = nrQp[G](Φ) ∈
I
[rk(A(Q))]
G,p , where g denotes the minimal number of generators of the Zp[G]-

module A(F )[p∞]∨.
(ii) One has Ap(G)(aG(A(F )[p∞])g)#LΣ,β(A/F , 1) ⊆ aG(Selp(A/F )∨).
(iii) If A(F )[p∞] vanishes, then LΣ,β(A/F , 1) generates FitZp[G](H2(C(TF , T 0

F ))).

Proof. In this argument we set C := C(TF , T 0
F ) and LΣ,β = LΣ,β(A/F , 1).

At the outset we recall that if X(A/F ) is finite, then [6, Prop. 5.4] implies that
Sel(T ∗F (1)) is canonically isomorphic to Selp(A/F ) and that the space H1

f (Q, VF ) ∼=
H1

f (F, V ) identifies with Qp ⊗Z At(F ) = Qp ⊗Q H1
f (MF ). We also recall that in

this case the spaces H0(Qp, VF /V 0
F ), H0(Qp, (V 0

F )∗(1)) and H0(Q`, VF ) for each prime
` /∈ Σ all vanish (cf. [16, Exam. 6.3]) as required by the discussion in §1.2.2. In
addition, the group H0(ZΣ,WF ) identifies with At(F )[p∞] and so [3, (26)] implies
aG(At(F )tor) ⊆ aG(H1(C)tor). Our assumption p - |At(F )tor| therefore implies that C
is an object of Dwa(Zp[G]). The key point now is that if the conjectures discussed in
[26, §2 and §3] are valid in the relevant cases, then there exists a characteristic element
L of C for which

(30) e1L = e1LΣ,β = LΣ,β

where LΣ,β is as defined above. Indeed, the existence of a characteristic element L
that satisfies the first equality follows directly from [26, Th. 4.1.12] and the second
equality follows from the validity of the Deligne-Beilinson Conjecture (in the form of
[26, §2.2.8, (1)]) with M = MF and K = Q[G]. To explain the latter point note that
a character ρ in Ir(G) belongs to Ir0(G) := {ρ ∈ Ir(G) : LΣ(A, ρ̌, 1) 6= 0} if and only if
eρ(Qc

p ⊗Qp H1
f (Q, VF )) = 0, or equivalently e1eρ = eρ. One therefore has

LΣ,β =
∑

ρ∈Ir(G)

eρLΣ,β =
∑

ρ∈Ir0(G)

eρLΣ,β =
∑

ρ∈Ir0(G)

e1eρLΣ,β = e1LΣ,β ,

as claimed.
Next we note that H0(ZΣ,W ∗

F (1)) identifies with A(F )[p∞] and so [3, (26)] implies
the existence of a surjective homomorphism

(31) A(F )[p∞]∨ ³ H3(C).

This surjection implies that H3(C) is finite, that the integer g in claims (i) and (ii)
satisfies g ≥ g3(C) and that |A(F )[p∞]| is a multiple of |H3(C)|. To prove claim (i) we
note that the complex CG identifies with C(T, T 0) and that Qp⊗ZA(Q) is isomorphic
to a subspace of H2(Qp ⊗Zp C(T, T 0)) and so dimQp(Qp ⊗Zp H2(CG)) ≥ rk(A(Q)).
Claim (i) therefore results directly from applying Corollary 2.3(ii) to the complex C
and using the equality (30).
We may also apply Corollary 2.3(i) to the complex C with β any element of
aG(A(F )[p∞]∨) = aG(A(F )[p∞])# and with e1L = LΣ,β . This implies claim (ii).
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Regarding claim (iii) we note that if A(F )[p∞] vanishes, then the surjection (31)
implies that H3(C) vanishes. Claim (iii) thus follows directly by applying Corollary
2.3(iii) to the complex C and using the equality (30). ¤

Remark 5.2.
(i) The conjectures from [26, §2 and §3] that are being assumed in Theorem 5.1 are as
follows: [26, §2.2.8] (the Deligne-Beilinson conjecture) for the motive MF and algebra
K = Q[G]; [26, Conj. 2.3.2] (the non-commutative Tamagawa number conjecture), [26,
Conj. 3.4.3] (the local non-commutative Tamagawa number conjecture) and [26, Conj.
3.5.5] (compatibility of the above conjectures with the relevant functional equation),
in each case for the ring Λ = Zp[G] and sheaf T = TF .
(ii) If G is abelian, then the techniques of [9, §9] combine with the properties of Φ
described in Theorem 2.10(ii) and (iii) to show Theorem 5.1(i) implies an explicit con-
gruence for the residue class of LΣ,β(A/F , 1) modulo I

rk(A(Q))+1
G,p in terms of the discrim-

inant of a natural algebraic height pairing H1(C(T, T 0))⊗H2(C(T, T 0)) → IG,p/I2
G,p.

Such conjectural formulas constitute a natural generalisation of the congruences for
modular symbols that are conjectured by Mazur and Tate in [38]. In addition, Theo-
rem 5.1(iii) constitutes a (non-abelian) ‘strong main conjecture’ of the kind that Mazur
and Tate explicitly ask for in [38, Remark after Conj. 3] (see also Remark 5.4 below).
In particular, it would also be interesting to know if there are any connections between
this (conjectural) equality and the explicit conjectural formulas for the Fitting ideals
of Selmer groups that are formulated (in certain special cases) by Kurihara in [29].

5.2. Elliptic curves: the rank zero component. The predictions of Theorem 5.1
can be made even more explicit if A is equal to an elliptic curve E. To do this we let u
in Z×p be the unit root of the polynomial 1− apX + pX2 where ap := p + 1− |Ẽp(Fp)|
with Ẽp the reduction of E modulo p. We set G := GF/Q and for each ρ ∈ Ir(G) we
fix a Qc

p[G]-module Vρ of character ρ, regarded as a module over GQ via the natural
projection GQ ³ G, and then define a polynomial

Pp(ρ,X) := detQc
p
(1− ϕpX | H0(Ip, Vρ)) ∈ Qc

p[X]

where Ip is the inertia subgroup of p in G and ϕp the geometric frobenius of p in G/Ip.
We also write pfρ for the p-part of the conductor of ρ and εp(ρ) for the local ε-factor
of ρ at the prime p. We note in passing that if both ρ(1) = 1 and fρ 6= 0, then (ρ is
non-trivial, irreducible and of degree 1 and Ip acts non-trivially on Vρ so) the space
H0(Ip, Vρ) vanishes and hence Pp(ρ, X) is identically 1.
We also use the period ΩE :=

∫
γ

ω where ω is the Néron differential of E and γ is a
generating element for the (free rank one Z-) module H0(GC/R,H1(E(C),Z)).

Corollary 5.3. Let LΣ(E, 1) denote the unique element of ζ(Cp[G]) which at each ρ
in Ir(G) satisfies

(32) eρLΣ(E, 1) = eρ
LΣ(E, ρ̌, 1)

Ωρ(1)
E

εp(ρ)u−fρ
Pp(ρ, u−1)
Pp(ρ̌, up−1)

.

Then if the conjectures discussed in §5.1 are valid with A = E all of the following
claims are also valid.

(i) LΣ(E/F , 1) belongs to I
[rk(E(Q))]
G,p and generates FitZp[G](H2(C(TF , T 0

F ))).
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(ii) Ap(G)LΣ(E/F , 1) ⊆ Annζ(Zp[G])(Selp(E/F )∨).
(iii) For every ρ in Ir(G) one has ρ(1)−1|G|eρLΣ(E, 1) ∈ Zp[ρ][G], where Zp[ρ] is

the extension of Zp that is generated by the values of ρ.

Proof. Since F is assumed to be totally real, the same argument as used in the proof
of [17, Prop. 7.8] shows that the expressions on the right hand sides of (29) and (32)
coincide (when A = E). (It is important to note here that the argument of [17, Prop.
7.8] uses the explicit computation of [26, Th. 4.2.26] and hence relies upon choosing
the isomorphism β which arises in the definition of the p-adic period Ωp,β(M(ρ̌)) as in
[26, §4.2.24].) In addition, in this case one has Et(F ) = E(F ) and so our assumptions
imply that the group E(F )[p∞] vanishes.
Given these facts, claim (i) follows directly from Theorem 5.1(i) and (iii) and claim
(ii) follows from Theorem 5.1(ii). Finally we note that claim (iii) follows by combining
claim (ii) with the observation in Remark 2.4(ii). ¤

Remark 5.4. Let E, p and F/k be as in §1.2.3. If also F is totally real and k = Q,
then [9, Prop. 4.3.2] shows that the equivariant Tamagawa number conjecture of [14,
Conj. 4.1] implies that the approach of §5.1 can also be used after replacing C(TF , T 0

F )
by Cf (TF ) and LΣ(E, 1) by the (unique) element LΣ(E, 1)′ of ζ(Cp[G]) which at each
ρ in Ir(G) satisfies

eρLΣ(E, 1)′ = eρΩ
−ρ(1)
E τ∗(ρ)LSr(E, ρ̌, 1),

where τ∗(ρ) is the adjusted Galois-Gauss sum defined in [9, §4.3] and Sr the set
of rational primes that ramify in F/Q. In particular, under these conditions the
predictions in Corollary 5.3(i) and (ii) should also be valid after replacing LΣ(E/F , 1)
and H2(C(TF , T 0

F )) by LΣ(E, 1)′ and Selp(E/F )∨ respectively.

5.3. Elliptic curves: dihedral extensions. Corollary 2.2.1 can be combined with
Theorem 2.10 to give analogues of the predictions in Corollary 5.3 in which twisted
Hasse-Weil L-functions are replaced by their higher order derivatives. In [33] the
second author has investigated this approach in the setting of cyclic p-power degree
extensions of Q and, in particular, has shown that it gives strong refinements of the
conjectures formulated by Fearnley and Kisilevsky in [21, 22]. In this subsection we
therefore focus on the case of dihedral extensions. The results of Mazur and Rubin in
[37] play a key role in this subsection.

5.3.1. Explicit structures. If E is an elliptic curve defined over K, then for any exten-
sion K ′ of K we write Selp(E/K′) and Xp(E/K′) for the p-primary Selmer module and
the maximal p-torsion subgroup of the Tate-Shafarevich group X(E/K′) of E over K ′

respectively. In the following result we also use the notation introduced in §1.2.3.

Theorem 5.5. Let p be an odd prime, let F/k be a dihedral extension of number
fields of degree 2pn and let E an elliptic curve defined over k. For each integer i with
0 ≤ i ≤ n write Ki for the (unique) intermediate field in F/k with [Ki : k] = 2pi and
set K := K0. Write SK

r and SK
b for the finite sets of places of K which ramify in F/k

and at which E/K has bad reduction respectively.
Assume that all of the following conditions are satisfied:

(a) p - cond(E)|E(K)tor|
∏

v∈SK
r
|Ẽv(Fv)|∏v∈SK

b
[E(Kv) : E0(Kv)].
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(b) Every place in SK
b is unramified in F/K.

(c) Either
(1) p - disc(F/Q), or
(2) E has ordinary reduction at all places above p; for v in SK

b either E(Kv)
has no point of order p or E(Kun

v )[p∞] is divisible; F is contained in a
Zd

p-extension K ′ of K which is Galois over k and such that Selp(E/K′)∨

is a torsion Λ(GK′/K)-module.
(d) For each i with 0 ≤ i ≤ n the group X(E/Ki

) is finite.
We fix an element τ of G that has order 2. Then all of the following claims are valid.

(i) If for each i < n one has p - |X(E/Ki
)|, then Zp ⊗Z E(F ) is a permutation

module.
(ii) If all places of k above p are split in K/k, the group E(K) has odd rank and

for each i < n one has p - |X(E/Ki
)|, then the Zp[G]-module Zp ⊗Z E(F ) has

a direct summand that is isomorphic to Zp[G]eE,F/k with

eE,F/k :=

{
1
2 (1− τ), if E(k) is finite
1
2 (1 + τ), otherwise.

(iii) If all places of k above p are split in K/k, the group E(K) has rank one
and p - |X(E/K)|, then p - |X(E/F )| and the Zp[G]-module Zp ⊗Z E(F ) is
isomorphic to Zp[G](1− (−1)rk(E(k))τ).

Proof. For each integer i we write Pi for the normal subgroup GF/Ki
of G and set

Gi := GKi/k. We note that P := Pn is the unique Sylow p-subgroup of G (and is
normal). We also note that, since F/K is a p-extension, the assumption p - |E(K)tor|
(in (a)) combines with Nakayama’s Lemma to imply that p - |E(F )tor|.
We write Tp for the p-adic Tate module of E. Then the hypotheses of (a), (b) and
(c)(1) combine to imply that the assumptions in §1.2.3 are satisfied and hence that
each complex Cf,i := Cf (Tp,Ki) belongs to Da(Zp[Gi]) and is such that H1(Cf,i) =
Zp ⊗Z E(Ki) and H2(Cf,i) = Selp(E/Ki

)∨. Thus, under these hypotheses, Corollary
2.5 implies that Zp⊗ZE(F ) is a permutation module if any weakly-organising matrix Φ
for Cf (Tp,F ) is such that ΦPi is saturated for each integer i < n. But the construction
of Cf (Tp,F ) in [12] implies that Zp[Gi]⊗LZp[G] Cf (Tp,F ) is isomorphic in Dp(Zp[Gi]) to
Cf,i and hence that ΦPi is a weakly-organising matrix for Cf,i. Thus, since (d) implies
H2(Cf,i)tor = Zp ⊗Z X(E/Ki

)∨, the assumption that p - |X(E/Ki
)| implies ΦPi is

saturated, as required. This proves claim (i) under the condition (c)(1).
We now assume that the conditions (c)(2) is satisfied. In this case all of the hypotheses
listed by Mazur and Rubin in [36, (7.1)-(7.4)] are satisfied and so the observations
made in loc. cit. (which rely on constructions of Nekovář in [40, §9.7]) imply that
CK′/k := Selp(E/K′)∨[−2] belongs to Dp(Λ(GK′/k)). Further, the ‘Perfect Control
assumption’ of [36, (7.5)] is satisfied (as a consequence of [36, Cor. A.3] and our
assumptions (a) and (c)(2)) and so the finiteness of X(E/Ki

) combines with [36, Th.
7.7] to imply that each complex Ci := Zp[Gi]⊗LΛ(GK′/k) CK′/k belongs to Da(Zp[Gi])

and that H1(Ci) = Zp ⊗Z E(Ki) and H2(Ci) = Selp(E/Ki
)∨. Since the definition

of Cn makes it clear that Zp[Gi] ⊗LZp[G] Cn identifies with Ci one can now prove
that Zp ⊗Z E(F ) is a permutation module by copying the argument in the preceding
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paragraph (with the role of Cf (Tp,F ) in that paragraph now played by Cn). This
completes the proof of claim (i).
To prove claim (ii) we use the main result of Mazur and Rubin in [37]. To be precise,
the assumptions that are made in claim (ii) imply that the hypotheses of [37, Th. B]
are valid and so the latter result implies the Q[P ]-module Q⊗Z E(F ) has a summand
that is isomorphic to Q[P ]. We set e := eE,F/k. Then, since the Zp[P ]-module
Zp[G/Pi] = Zp[G/Pi]e⊕Zp[G/Pi](1−e) = Zp[P/Pi]e⊕Zp[P/Pi](1−e) has a summand
that is isomorphic to Zp[P ] if and only if i = 0, it follows that the permutation
module Zp ⊗Z E(K) has at least one summand that is isomorphic to either Zp[G]e or
Zp[G](1− e). The result of claim (ii) then follows because (Zp[G](1 + τ))G ∼= Zp and
(Zp[G](1− τ))G vanishes, whilst (Zp ⊗Z E(F ))G = Zp ⊗Z E(k) vanishes if and only if
E(k) is finite.
We prove claim (iii) by induction on n. The case n = 0 is obvious and so we assume
n > 0 and (by induction) that p - |X(E/Ki

)| for all i < n. Then claim (ii) applies to
imply that Zp ⊗Z E(F ) has a summand isomorphic to Zp[G]e. As (Zp ⊗Z E(F ))P =
Zp ⊗Z E(K) and (Zp[G]e)P are both of rank one, the Zp[G]-module Zp ⊗Z E(F ),
and hence also (Selp(E/F )∨)tf ∼= HomZp(Zp ⊗Z E(F ),Zp), is thus itself isomorphic to
Zp[G]e. Since Zp[G]e is a free Zp[P ]-module the exact sequence 0 → Xp(E/F )∨ →
Selp(E/F )∨ → Zp[G]e → 0 therefore splits. In addition, our assumptions imply that
(Selp(E/F )∨)P is isomorphic to Selp(E/K)∨ and so, since (Zp[G]e)P is torsion-free, we
obtain an identification of (Xp(E/F )∨)P with (Selp(E/K)∨)tor = Xp(E/K)∨. Since
the latter group vanishes, Nakayama’s lemma implies that Xp(E/F )∨, and hence also
Xp(E/F ), vanishes, as claimed. To complete the proof of claim (iii) we now need only
note that since, under the present hypotheses, rk(E(k)) is either 0 or 1 the definition
of e ensures that 2e = 1− (−1)rk(E(k))τ . ¤

5.3.2. Explicit congruences. There are considerable technical difficulties involved in
obtaining numerical evidence in support of the finer predictions for the leading terms
of Hasse-Weil L-functions that are made by the conjectures of Fukaya and Kato dis-
cussed in Remark 5.2(i) and by the equivariant Tamagawa number conjecture of [14,
Conj. 4] (in this regard see, for example, the impressive work of Bley in [4, 5]). How-
ever, our next result shows that in certain cases the structural results of Theorem 5.5
allow an interpretation of these predictions that is much more amenable to numerical
computations. We thereby obtain the first examples in which the predictions of [14,
Conj. 4] have been made completely explicit for a class of extensions of arbitrary
degree and a class of elliptic curves of arbitrarily large Mordell-Weil rank.
We fix an odd prime p, a totally real dihedral extension F of Q of degree 2pn and
an elliptic curve E over Q. We write Sr for the set of primes that ramify in F/Q,
set nr := |Sr| and let n′r denote the number of primes in Sr that split in the unique
quadratic extension K of Q in F . For each ` in Sr we fix a place w of F above ` and
write Iw for its inertia subgroup in G. We write dK for the discriminant of K/Q, P
for the subgroup of G of order pn and Nf(φ) for the absolute norm of the conductor
of each φ in Ir(P ). For each ρ in Ir(G) we fix a representation space Vρ of character ρ
and set Tρ :=

∑
g∈G ρ(g−1)g ∈ ζ(C[G]). We also fix elements τ and σ of G that have

orders 2 and pn respectively and write 1 for the trivial character of G and ε for the
unique non-trivial linear character of G.
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We assume that all Hasse-Weil L-functions that arise in the following have an analytic
continuation to s = 1 (as predicted by [14, Conj. 4(i)]). We also assume that X(E/F ),
and hence also X(E/K), is finite and recall that in this case [14, Conj. 4(iv)] for the
pair (h1(E/F )(1),Z[G]) asserts the validity of an equality in the group K0(Z[G],R[G]).
We shall therefore say that the ‘p-part’ of [14, Conj. 4] is valid for (h1(E/F )(1),Z[G])
if in this case [14, Conj. 4(ii)] is valid and the equality of [14, Conj. 4(iv)] is valid
modulo the kernel of the natural homomorphism K0(Z[G],R[G]) → K0(Z(p)[G],R[G]),
where we write Z(p) for the p-localisation of Z. We write ΩE for the period of E.

Theorem 5.6. Fix an odd prime p, a totally real dihedral field F of degree 2pn and an
elliptic curve E as above. Assume that this data satisfies the hypotheses of Theorem
5.5(a), (b), (c)(1) and (d), that p splits in K/Q, that E(K) has rank one and that
p - |X(E/K)|.
Then there exists a point Q in E(F ) which satisfies τ(Q) = −(−1)rk(E(Q))Q and
generates a Z[ 12 ][G]-module that is both isomorphic to Z[ 12 ][G](1− (−1)rk(E(Q))τ) and
has finite, prime-to-p, index in Z[ 12 ]⊗Z E(F ). In the sequel we fix such a point Q.
We write ρ′E for the character of the action of G on C⊗Z E(K) and ρE for the only
other linear character of G and for each ρ in Ir(G)\{ρE} we define a non-zero complex
number hF,ρ(Q) := |G|−1〈Tρ(Q), Tρ̌(Q)〉F where 〈·, ·〉F is the C-bilinear extension of
the Néron-Tate height pairing on E, defined relative to the field F .
Then the p-part of [14, Conj. 4] is valid for the pair (h1(E/F )(1),Z[G]) if and only
if all of the following conditions are satisfied by any (and therefore every) point Q as
above.

(i) If ρ′E is equal to ε, resp. 1, then the order of vanishing at s = 1 of LSr(E, s)
is equal to zero, resp. one. For each φ in Ir(P ) the order of vanishing at s = 1
of LSr(E/K , φ̌, s) is equal to one. For each ρ in Ir(G) we may therefore define
a non-zero complex number

Qρ :=





(−1)nrΩ−1
E LSr(E, 1), if ρ = 1 = ρE

(−1)nr(ΩEhF,1(Q))−1L′Sr
(E, 1), if ρ = 1 = ρ′E

(−1)n′r(ΩEL′Sr
(E, 1))−1

√
dKL′Sr

(E/K , 1), if ρ = ε = ρE

(−1)n′r(ΩEhF,ε(Q)−1LSr(E, 1))−1
√

dKL′Sr
(E/K , 1), if ρ = ε = ρ′E

uρ(Ω2
EhF,ρ(Q))−1

√
dKNf(φ)L′Sr

(E/K , φ̌, 1), if ρ = IndG
P (φ)

with φ ∈ Ir(P ),

where for each ρ in Ir(G) we write uρ for the ‘non-ramified characteristic’∏
`∈Sr

det(−Frw | V Iw
ρ )−1.

(ii) For each ρ in Ir(G) the number Qρ defined above belongs to Z[ρ], is a unit
above p and satisfies (Qρ)α = Qρα for all α in Gal(Q(ρ)/Q).

(iii) For all integers i in the range 0 ≤ i < pn one has

(33) QρE
Qρ′E ≡ −

∑
ρ

φ(σ)iQρ (mod pnZ(p)),

or equivalently

(−1)nr+n′r+1

√
dKL′Sr

(E/K , 1)
Ω2

EhF,ρ′E (Q)
≡

∑
ρ

φ(σ)iuρ

√
dKNf(φ)L′Sr

(E/K , φ̌, 1)
Ω2

EhF,ρ(Q)
(mod pnZ(p)),
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where in both sums ρ = IndG
P (φ) runs over the (pn − 1)/2 irreducible degree two

characters of G.

Proof. Throughout this argument we fix an identification of fields C ∼= Cp and so
freely interchange between modules over C and Cp. We also set Z′ := Z[ 12 ] and M ′ :=
Z′ ⊗Z M for any G-module M . For any subgroup H of G we identify ζ(Cp[H])× with∏

ρ∈Irp(H) Cp in the natural way and write (ξρ)ρ for the corresponding decomposition
of each element ξ of ζ(Cp[H])×.
Theorem 5.5(iii) combines with Roiter’s Lemma ([19, (31.6)]) to imply the existence of
an exact sequence of Z′[G]-modules 0 → Z′[G](1− (−1)rk(E(Q))τ) → E(F )′ → X → 0
where X is finite and of order prime to p. It follows that the image in E(F )′ of
(1− (−1)rk(E(Q))τ) multiplied by a large enough power of 2 is a point Q of E(F ) that
has the properties described above. We fix such a point Q in what follows.
The above exact sequence also implies that the C[G]-module C⊗ZE(F ) is isomorphic
to C[G](1− (−1)rk(E(Q))τ) and, by an explicit computation, one then finds that

dimC(HomC[G](Vρ̌,C⊗Z E(F ))) =

{
0, if ρ = ρE

1, otherwise.

Taken in conjunction with the inductivity property of Hasse-Weil L-functions this
formula shows that [14, Conj. 4(ii)] is equivalent to the order of vanishing assertions
given in (i).
We next note that the final congruences in (iii) are obtained from those in (33) by
direct substitution of the definition of each term Qρ and hence that it suffices to
prove that the p-part of [14, Conj. 4(iv)] is valid for the pair (h1(E/F )(1),Z[G]) if
and only if both the conditions in (ii) and the congruences in (33) are valid. To do
this we write Cf for the 1-shift of the complex Cf (TF ) in Da(Zp[G]) that is defined
in §1.2.3. Then H0(Cf ) identifies with E(F )p := Zp ⊗Z E(F ) and, since Theorem
5.5(iii) combines with our present hypotheses on p,E(K) and X(E/K) to imply that
p - |X(E/F )|, the group H1(Cf ) also identifies with E(F )∗p := HomZp(E(F )p,Zp).
We write tNT for the element of IsCp[G](H0(Cf )Cp ,H1(Cf )Cp) that is induced by the
Néron-Tate height pairing for E relative to F and L for the element of ζ(Cp[G])× with
Lρ := Ω−ρ(1)

E τ∗(ρ)L∗Sr
(E, ρ̌, 1) for all ρ in Ir(G), where τ∗(ρ) is the modified Galois-

Gauss sum that occurs in Remark 5.4 and L∗Sr
(E, ρ̌, 1) the leading term at s = 1 of

LSr(E, ρ̌, s).
Now the argument of [9, Prop. 4.3.1] shows that if the assertions in (i) are valid, then
the p-part of [14, Conj. 4] is valid for the pair (h1(E/F )(1),Z[G]) if and only if L is a
characteristic element for the pair (Cf , tNT). Lemma 5.7 below then implies that this
condition on L is satisfied if and only if both the assertions in (ii) and the congruences
in (33) are valid with each term Qρ replaced by LρhF,ρ(Q)−1. The claimed result will
therefore follow if we can show that LρhF,ρ(Q)−1 = Qρ for all ρ in Irp(G) and, given
the inductivity properties of Hasse-Weil L-functions, this is quickly reduced to proving

τ∗(ρ) :=





(−1)nr , if ρ = 1
(−1)n′r

√
dK , if ρ = ε

uρ

√
dKNf(φ), if ρ = IndG

P (φ) with φ ∈ Ir(P ).
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To do this we first recall τ∗(ρ) is by definition equal to τ(Q, ρ)uρ where τ(Q, ρ) is
the Galois-Gauss sum defined in [25, Chap. I, §5]. If firstly ρ = 1, then τ(Q, ρ) = 1
and V Iw

ρ = Cp for each ` in Sr so τ∗(ρ) = uρ = (−1)nr , as claimed. If now ρ = ε,
then uρ = (−1)n′r since det(−Frw | V Iw

ρ ) is equal to −1, resp. 1, if ` splits in K/Q,
resp. otherwise. Since ρ = IndG

P (1P ) − ε with 1P the trivial character of P , one
also has τ(Q, ρ) = τ(Q, IndG

P (1P ))τ(Q,1)−1 = τ(Q, IndG
P (1P )) =

√
dK , where the

last equality is true because K is totally real, and so the claimed formula for τ∗(ρ)
is also clear in this case. In a similar way, if ρ = IndG

P (φ) with φ a non-trivial
element of Ir(P ), then the behaviour of Galois-Gauss sums under induction implies
τ(Q, ρ) = τ(K,φ)τ(Q, IndG

P (1P )) = τ(K, φ)
√

dK . This implies the claimed formula in
this case as τ(K, φ) =

√
Nf(φ) by [7, Lem. 4.4(2)]. ¤

Lemma 5.7. An element L of ζ(Cp[G])× is a characteristic element for the pair
(Cf , tNT) if and only if both the conditions of Theorem 5.6(ii) and the congruences in
(33) are valid with each term Qρ replaced by LρhF,ρ(Q)−1, where we set hF,ρE (Q) := 1
and hF,ρ(Q) := |G|−1〈Tρ(Q), Tρ̌(Q)〉F for all ρ in Ir(G) \ {ρE}.

Proof. We write C for the complex E(F )p
0−→ E(F )∗p, where the first term is placed

in degree zero, and note Theorem 5.5(iii) implies C belongs to Dp(Zp[G]). We also
write θQ for the (unique) generator of the Zp[G]-module E(F )∗p that sends Q to 1
and g(Q) to zero for each non-trivial element g of P and define a resolvent RQ :=∑

g∈P 〈Q, g(Q)〉F g ∈ Cp[G]. Then tNT(Q) = RQ(θQ) and, using this fact, an easy
explicit computation shows nrC[G](λQ) is a characteristic element for (C, tNT) where
λQ is the element of AutC[G](C ⊗Z E(F )) that sends Q to RQ(Q). Now if ρ = ρE ,
then HomCp[G](Vρ̌,C ⊗Z E(F )) vanishes and so nrC[G](λQ)ρ = 1 = hF,ρE

(Q). If ρ ∈
Ir(G) \ {ρE}, then E(F )ρ := HomCp[G](Vρ̌,C⊗Z E(F )) = C[G] · Tρ(Q) has dimension
one as a complex vector space and so one has nrC[G](λQ)ρ · Tρ(Q) = λQ(Tρ(Q)) =
Tρ(λQ(Q)) = RQ · Tρ(Q). Noting that the element |G|−1Tρ̌(θQ) of HomC(E(F )ρ,C)
sends Tρ(Q) to 1 one finds that the last equation implies that

nrC[G](λQ)ρ = |G|−1Tρ̌(θQ)(RQ · Tρ(Q))

= |G|−1Tρ̌(RQ(θQ))(Tρ(Q))

= |G|−1Tρ̌(tNT(Q))(Tρ(Q))

= |G|−1tNT(Tρ̌(Q))(Tρ(Q))

= |G|−1〈Tρ(Q), Tρ̌(Q)〉F
=: hF,ρ(Q)

where the second equality follows from the fact that RQ is invariant under the C-
linear involution of C[P ] that inverts elements of P and the third from the equality
tNT(Q) = RQ(θQ).
Now, as H1(Cf ) ∼= E(F )∗p is a projective Zp[G]-module, there exists an isomorphism
Cf

∼= C in Dp(Zp[G]) which induces the identity map on Hi(Cf ) for i ∈ {0, 1}. It
follows that an element L is a characteristic element for (Cf , tNT) if and only if it
is a characteristic element for (C, tNT), or equivalently that E := L · nrC[G](λQ)−1

belongs to the kernel of the homomorphism δp := δZp[G],Cp[G]. Since the computation
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above implies Eρ = LρhF,ρ(Q)−1 for all ρ in Ir(G) it is thus enough to show that δp(E)
vanishes if and only if both the conditions of Theorem 5.6(ii) and the congruences in
(33) are valid with each term Qρ replaced by Eρ.
To investigate δp(E) we fix a maximal Zp-order Mp in Qp[G] that contains Zp[G].
Then δp(E) belongs to the subgroup K0(Zp[G],Qp[G])tor of K0(Zp[G],Cp[G]) if and
only if E belongs to nrQp[G](M×

p ) and this condition is satisfied if and only if the
conditions of Theorem 5.6(ii) are valid with each term Qρ replaced by Eρ (for more
details of these equivalences see, for example, the proof of [14, Lem. 11]). Given this,
it suffices to show that an element E ′ of nrQp[G](M×

p ) belongs to ker(δp) if and only if
the congruences in (33) are valid with each term Qρ replaced by E ′ρ. To prove this we
use the diagram

nrQp[G](M×
p ) res′−−−−→ M′×

p

δp

y δ′p

y
K0(Zp[G],Qp[G])tor

res−−−−→ K0(Zp[P ],Qp[P ])tor,

where we write M′
p for the integral closure of Zp in Qp[P ], δ′p for δZp[P ],Cp[G], ‘res’

for the natural restriction homomorphism and ‘res′’ for the homomorphism that sends
each element (ξρ)ρ∈Ir(G) of nrQp[G](M×

p ) ⊂ ζ(Cp[G])× to (ξφ)φ∈Ir(P ) with ξ1P := ξ1ξε

and ξφ := ξIndG
P (φ) for each φ in Ir(P ) \ {1P }. Breuning has shown that this diagram

commutes (by [7, Lem. 3.9]) and that res is injective (by [7, Prop. 3.2(2)]) and so
δp(E ′) = 0 if and only if res′(E ′) ∈ ker(δ′p) = Zp[P ]×. We now need only note that
[7, Lem. 3.5] implies that res′(E ′) belongs to Zp[P ]× if and only if the congruences in
(33) are valid with each term Qρ replaced by E ′ρ. ¤

Example 5.8. We are very grateful to Christian Wuthrich for pointing out that,
despite the long list of conditions that are imposed on the curve E and field F in
the first paragraph of Theorem 5.6, it is not difficult to find suitable examples. For
instance, if one takes p = 3 then with E equal to 40a1 (with equation y2 = x3−7x−6)
and F the splitting field of x3 − 4x + 1 all conditions are satisfied and ρ′E = ε, whilst
with E equal to 43a1 (with equation y2 + xy = x3 + x2) and F the splitting field
of x3 − 4x + 2 all conditions are satisfied and ρ′E = 1. In both of these examples
Wuthrich has also numerically verified all of the assertions in Theorem 5.6(i), (ii)
and (iii) and hence also numerically verified the 3-part of [14, Conj. 4] for the pair
(h1(E/F )(1),Z[G]) (for more details see [52]). It should be noted that his examples
are the first in which this conjecture has been (numerically) verified in the technically
most difficult case of a prime p that divides |G| and an elliptic curve E for which E(F )
has strictly positive rank.
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