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ABSTRACT. We extend and refine the theory of ‘organising modules’ of
Mazur and Rubin to construct a canonical class of matrices that encodes
a wide range of detailed information about certain natural families of com-
plexes in arithmetic. We also describe a variety of concrete applications of
the general theory including the proof of new results on the explicit struc-
tures of Galois groups, ideal class groups, wild kernels in higher algebraic
K-theory and Mordell-Weil and Selmer groups of elliptic curves. Our ap-
proach also leads to the formulation of several explicit refinements of the
Birch and Swinnerton-Dyer Conjecture for abelian varieties that predict, for
example, precise integral congruence relations between the heights of distin-
guished points on a wide range of elliptic curves and the values at s = 1 of
derivatives of the Hasse-Weil L-functions of dihedral twists of these curves.

INTRODUCTION

Let E be an elliptic curve defined over a number field K, p a rational prime and K,
a Zp-power extension of K. The possibility of a theory of ‘organising modules’ for £
over Ko, was first mooted by Mazur and Rubin in [34, 35] as a means of encoding
in a single skew-Hermitian matrix with entries drawn from the Iwasawa algebra of
K /K detailed information about the Mordell-Weil groups and their p-adic height
pairings, and the Tate-Shafarevich groups and their Cassels pairings, of E over all
finite extensions of K in K. A little later, Mazur and Rubin successfully constructed
such a theory in [36] under some not-too-stringent conditions on F and K by using
the Selmer complexes that were introduced by Nekovar in [40].

In the present article we shall both extend and refine the above theory by associating
a canonical family of ‘organising matrices’ to a wide variety of arithmetic complexes,
including the compactly supported étale cohomology of general Tate modules and both
the Nekovar-Selmer complexes and finite support cohomology complexes of a natural
class of critical motives. We show that these matrices simultaneously encode a wide
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range of detailed arithmetic information concerning, for example, the explicit Galois
structure of Tate-Shafarevich and Selmer groups (in the sense of Bloch and Kato),
the evaluation of canonical algebraic height pairings, the computation of canonical
extension classes (for example, in class field theory) and the nature of explicit families
of congruence relations between the characteristic elements (including, conjecturally,
the special values of p-adic Zeta functions and complex L-functions) that are associated
to the given arithmetic complexes. The methods that we develop can equally well be
used to construct such classes of matrices in the context of arbitrary compact p-adic
Lie extensions of number fields but in the present article we focus on the case of finite
(possibly non-abelian) Galois extensions.

Not surprisingly, given the amount of data that they incorporate, the explicit compu-
tation of organising matrices is a difficult problem that retains scope for much future
research. Nevertheless, at this stage our understanding of the theory does allow us to
prove a generalisation (from results concerning the values of L-functions of motives
twisted by abelian characters to results concerning the values of higher derivatives of
L-functions of motives twisted by general characters) of both the theory of annihilators
of Bloch-Kato Selmer modules developed by Barrett and the first author in [3] and of
the theory of integral congruences for the values of motivic L-functions developed by
the first author in [9, §9].

To give an idea of the usefulness of our general approach we then combine the appro-
priate special case together with recent results of Ritter and Weiss and of Kakde on
the main conjecture of non-commutative Iwasawa theory for totally real fields and of
the first author on the equivariant Tamagawa number conjecture for Tate motives to
prove, modulo the assumed vanishing of certain classical p-invariants, several new and
rather concrete results including an explicit analogue for general (non-abelian) Galois
extensions of totally real fields of Brumer’s Conjecture, a refinement and non-abelian
generalisation of the main results of Oriat in [43] concerning the explicit structure
of certain Galois groups and an analogue involving leading terms of p-adic Artin L-
functions at strictly positive (rather than negative) integers of the refined version of the
Coates-Sinnott conjecture studied by Greither and the first author in [15]. By using
the same approach in a different setting we also formulate a ‘strong main conjecture’
for the values at s = 1 of Hasse-Weil L-functions of abelian varieties over non-abelian
Galois extensions of precisely the sort that Mazur and Tate explicitly ask for (in the
abelian case) in [38, Remark after Conj. 3] and give an (unconditional) construction of
a family of elliptic curves F and totally real dihedral extensions F;, of Q of degree 2p™
(for arbitrarily large n) for which the Mordell-Weil group E(F,,) has exact rank p",
the Galois structures of Z, ®z E(F,) and Z, ®z Hom(Sel(E,p, ), Q/Z) are explicitly
known and the validity of the p-part of the equivariant Tamagawa number conjecture
of [14, Conj. 4] for the pair (h*(E,p,)(1), Z[Gal(F,/Q)]) is equivalent to a family of
explicit integral congruence relations between the height of a distinguished point in
E(F,) and the values at s = 1 of derivatives of the twisted Hasse-Weil L-functions
that are associated to E/p,. We note, in particular, that these examples are the first
in which the predictions of [14, Conj. 4] have been made completely explicit for a
class of extensions of arbitrary degree and a class of elliptic curves of arbitrarily large
Mordell-Weil rank and that they have since enabled Wuthrich to provide the first nu-
merical verifications of the p-part of [14, Conj. 4] in the technically most demanding
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case of a prime p that divides the degree of F},/Q and an elliptic curve E for which
E(F,) is infinite (and has a non-trivial action of Gal(F,,/Q)).

In a little more detail, the main contents of this article is as follows. In §1 we discuss
preliminaries concerning homological algebra and Euler characteristics, introduce the
categories of complexes to which our results apply, describe important examples of
these complexes from arithmetic and introduce a suitable notion of ‘characteristic
element’. In §2 we define several classes of organising matrices, describe their basic
properties and discuss connections to a range of existing results and conjectures in
arithmetic. In §3 we prove all of the main results that are stated in §2. In §4 we use
the theory of organising matrices to show that the vanishing of certain p-invariants
implies a variety of new and rather explicit results on the structures of Galois groups,
ideal class groups and wild kernels in higher algebraic K-theory. In §5 we apply
the theory of organising matrices to both the Nekovai-Selmer complexes and finite
support cohomology complexes (in the sense of Bloch and Kato) of abelian varieties to
prove some unconditional results concerning the explicit structure of classical Selmer
and Tate-Shafarevich groups and also use it to show that the equivariant Tamagawa
number conjecture (and non-commutative Tamagawa number conjecture of Fukaya
and Kato) implies a range of explicit refinements of the Birch and Swinnerton-Dyer
Conjecture.

The authors are very grateful indeed to Christian Wuthrich for several useful discus-
sions and also for providing supporting numerical evidence for the refinement of the
Birch and Swinnerton-Dyer Conjecture that is formulated in §5.3.2.

1. PRELIMINARIES

All modules are to be regarded, unless explicitly stated otherwise, as left modules. For
any noetherian ring A we write DP(A) for the derived category of perfect complexes
of A-modules.

For any module N we write Ny, for its torsion submodule and set Ni¢ := N/Nior
which we regard as embedded in the associated space Q ®z N.

1.1. Categories of complexes. We first introduce the categories of complexes to
which our main algebraic results apply. To do this we fix a Dedekind domain R of
characteristic 0 with field of fractions F', a finite group G and a direct factor 2 of the
group ring R[G] and we set A := F @ 2.

1.1.1. Admissible complezes. We write DV2(2L) for the full subcategory of DP(2() com-
prising complexes C' = (C%);cz which satisfy the following four assumptions:

(waq) C is an object of DP(2);

(way) the Euler characteristic of A ®gy C' in the Grothendieck group Ky(A) vanishes;

(wag) C is acyclic outside degrees 1,2 and 3;

(way) H'(C) is R-torsion-free.
We will refer to an object of D¥*(2) as a ‘weakly-admissible complex of A-modules’.
We will also refer to an object of D"*(2) that is acyclic outside degrees 1 and 2 as
an ‘admissible complex of 2-modules’ and we write D*(2() for the full subcategory of
D¥2(A) comprising admissible complexes.



4 DAviD BURNS AND DANIEL MACIAS CASTILLO

1.1.2. Gorenstein algebras. We now assume that 2 is endowed with an R-linear anti-
involution ¢ and use it to regard the R-linear dual M* := Hompg(M, R) of each left
A-module M as a left A-module by the rule a(f)(m) := f(c(a)(m)) for eacha € A, f €
M* and m € M. We assume also that 2 is Gorenstein (with respect to ¢) in the sense
that A* is a projective A-module. To give an example of such an algebra we write ¢
for the R-linear map on R[G] that inverts elements of G. Then for any idempotent e
of ((R[G]) that is invariant under ¢ the algebra 2 := R[G]e is Gorenstein with respect
to the anti-involution obtained by restricting ¢.

Then for any finitely generated projective 2A-module @ the module Q* is finitely
generated and projective and so the category DP(2l) is preserved by the functor
C — C* := RHompg(C, R). Further, for each C' in DP(2) the universal coefficient
spectral sequence implies that in each degree i there is a canonical short exact se-
quence

0 — Homp(H*"*(C)tor, F/R) — H'(C*[-3]) — Hompg(H**(C), R) — 0.

These sequences imply that (if 2 is Gorenstein, then) the functor C — C*[—3] pre-
serves each of the categories DV*(2() and D?*(21).

1.1.3. Symmetric admissible complexes. In this subsection we continue to assume that
2 is Gorenstein (with respect to a given anti-involution ¢). We define a ‘symmetric,
resp. skew-symmetric, admissible complex of 2-modules’ to be a pair (C, §) comprising
an object C' of D*(2() and an isomorphism ¢ : C' = C*[—3] in DP(2) which lies in a
commutative diagram in DP(2() of the form

% C*[-3]

C
» ] |

* * € '6*[73] *
(C*[=3])[-3] ——— C*[-3]
where € is the natural identification and €5 is equal to 1 if (C, ) is symmetric and to
—1if (C,¢) is skew-symmetric.
We shall say that two such pairs (C, ) and (C, ") are isomorphic if there exists a
commutative diagram in DP(2) of the form

c —2 C*[-3]

f{ l(m*[—i’)])’l

o 2 o3

in which &, and hence also (k*[—3])~!, is an isomorphism.

1.1.4. Annihilation idempotents. If C is an object of D¥*(2l), then for each integer i
in {1,2, 3} we write e¢; = ¢;(C) for the sum over all primitive idempotents of ((A) that
annihilate the module H*(Q, ®z, C). We note that the conditions (way) and (wag)
combine to imply that e; = ejes.
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1.2. Arithmetic examples. Each of the classes of complexes introduced in §1.1
arises naturally in arithmetic. To describe some important examples we set G/ =
Gal(L/K) for any Galois extension of fields L/K. We also fix an algebraic closure K°
of K and set Gk := G k. We assume to be given a finite Galois extension of num-
ber fields F'/k that is unramified outside a finite set of places S and fix a continuous
Zy[Gg]-module T that is both finitely generated and free over Z,. We set T*(1) :=
Homgz, (T,7Zy,(1)) and endow this with the following commuting actions of G/, and
Gy: for each a € Zy[Gp/i), 0 € Gy, f € T*(1) and t € T one has a(f)(t) = f(a(t))
and o(f)(t) = o(f(c7'(t)). We also set V := Q, @z, T, V*(1) = Q, ®z, T*(1),
W :=V/T and W*(1) := V*(1)/T*(1) = Homgz, (T, (Q,/Zy)(1)), each endowed with
the actions of Z,[G p/;] and G}, that are induced from the respective actions on 7" and
T*(1). For each closed subgroup U of Gy and each continuous Z,[U]-module M we
set Mp = Zy|Gp/i] ®z, T and we regard this as a module over Z,[G /] x Z,[U]
in the following way: Gr/ acts via multiplication on the left and each u € U acts
as ¥ @z, t — xt~' @z, u(t) for each © € Zy[Gp)] and t € T where u denotes the
image of u in Gp/;. For any finite group I and any Z,[I'-module M we write M" for
the Pontryagin dual Homgz, (M, Q,/Z,) which we endow with the usual contragredient
action of Z,[I'].

1.2.1. Compactly supported étale cohomology. The compactly supported étale coho-
mology complex C(TF) := Rl—‘c((')k,s[%L Tr) of Tr is always an object of DV*(Z,[G))
and there exists a natural surjection from H?(C(Tr)) to Sel(T*(1)r)Y where
Sel(T*(1)F) is the Selmer module of T*(1)r (in the sense of Bloch and Kato). If
the group H°(k, W*(1)r) vanishes, then C(TF), and hence also C(Tr)*, is an object
of D*(Z,|G]). (For proofs of all of these claims see [3, Lem. 3.1]).

1.2.2. Nekovdr-Selmer Complexes. Let V' be the p-adic realisation of a critical mo-
tive M over k = Q that has good ordinary reduction at p. Then there exists a
unique Gg,-stable Q,-subspace VO of V with the property that the natural map
Dar(Q,, VY) — Dar(Q,, V) — t,(V) induces an identification Dar(Q,, V?) 2 ¢,(V)
(cf. [46]). We then fix a full Gg-stable Z,-sublattice T' of V' and thereby obtain a
full Gg,-stable Z,-sublattice of V° by setting 7° := T'N V°. We also fix a finite
totally real Galois extension F of Q and write C (T, T2) for the Nekovai-Selmer com-
plex SC(Ok,S[%], Tr,TY) that is considered by Fukaya and Kato in [26, §4.1.2.]. If the
spaces HY(Q,, Ve /VE), H*(Qp, (V2)*(1)) and H°(Q, V) for each prime ¢ ¢ X all van-
ish, then [3, Prop. 4.1] shows that the vanishing of H°(k, W (1)r) implies C(Tr,Tp)
is an object of D*(Z,[G]) and that the Z,[G]-module Sel(T,(1))" is isomorphic to a
subquotient of H2(C(Tr,TY)).

1.2.3. Finite Support Cohomology. Let E be an elliptic curve that is defined over k
and let K be an intermediate field of F/k. For each non-archimedean place v of F' let
Ev be the reduction of the minimal model of E/k atv and write [, for the residue
field of v. Let SKX, resp. S/, denote the finite sets of places of K which ramify
in F/k, resp. at which E has bad reduction, and recall that for each v in Sé( the
index [E(K,) : Eg(K,)] is the Tamagawa number in the Birch and Swinnerton-Dyer
Conjecture for E,. We let p be an odd prime which satisfies both of the following
conditions:
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e ptdisc(F/Q)cond(E)|E(K)tor| Hvesf |Ev(Fv)‘ HveS{f [E(Ky) : Eo(Ky)]-
e The extension F'/K is of p-power degree and is unramified at all primes of bad
reduction for B, .

Under these conditions, a natural generalisation of the proof of [9, Lem. 12.1.2] shows
that the complex C;(TF) := RI'¢(k,Tr) of cohomology with finite support that is
defined in [12] is an object of D*(Z,[G]) for which H*(C¢(Tr)) and H?(C¢(TF)) are
canonically isomorphic to Z, ®z E(F) and Sel,(E,r)" respectively, where we write
Sel,(E,r) for the p-primary Selmer module of E/r. (It is also easy to see that for a
given elliptic curve E there are infinitely many primes p, and for each such p infinitely
many fields F' and K, which satisfy all of the above conditions.)

1.3. Characteristic elements. In this section we associate a natural notion of char-
acteristic element to complexes in DV?(2l).

1.3.1. Relative K -theory. For any field E' that contains F' and any 2-module M, resp.
-homomorphism ¢, we write Mg for the associated E @ A-module £ ®p M, resp.
¢ for the associated F ®p 2A-homomorphism E ®p ¢. For any such E, we write
Ko, E @A) for the relative algebraic K-group of the ring inclusion A C F ®p 2,
and recall that there exists a canonical exact commutative diagram

2
an,F

K@) ——  Ki(4) Ko(2, A)

g | ‘|

0% 1 2L
Kl(gl) Emm— Kl(E®RQ[) EEmm— K()(Q[,E@RQ[)

1
an,F

Here the homomorphisms (g and ¢ are induced by scalar extension and are both
injections (indeed, we shall often regard these maps as inclusions). The homomorphism
93 p is induced by the inclusion A C E ®g 2 and dy 5 is the homomorphism that
sends the class of an automorphism ¢ of (E @p 2)™ to [A™, A", ¢]. We also write
Og9,4 : C(A)* — Ko(2, A) for the ‘extended boundary homomorphism’ that is defined
in [14] and we recall that dg 4 onry = 8%’ # where nry denotes the homomorphism
K1 (A) — ¢(A)* induced by taking reduced norms.

In the sequel, for any ring R and any (left) R-modules M and N we write Isg(M, N)
for the set of R-module isomorphisms M — N.

1.3.2. Characteristic elements and Fitting invariants. Recall that to each pair (C,t)
with C' in DP(2) and ¢ in I ,o(D;cr H* (C) g, @, H* 71 (C) ) one can associate
a canonical Euler characteristic element x™f(C,t) in Ko(A, E@g2) (for details of this
construction see, for example, [14, §2.8]). We shall say that an element £ of {(A)* is
a ‘characteristic element’ for such a pair (C,t) if one has

Up(Sa,4(L)) = X" (O 1),
and that £ is a characteristic element for C' if it is a characteristic element for (C,t)
for any t as above.
From the lower exact sequence in (2) it is clear that characteristic elements for (C,t)
are unique up to multiplication by elements of nrgg o (im(d3 5)). For later use we
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also recall that if 2 is semi-local (which is automatic if R = Z,), then the natural
homomorphism 2A* — K7 (2() is surjective.

Note that, as the algebra A is semisimple, for any complex C' that satisfies the condi-
tions (wag) and (wag) the A-modules H?(C)p and H'(C)r ® H?(C)p are isomorphic.
Hence, if C also satisfies (wa;), then there exist characteristic elements for C' in the
above sense.

The following result shows that in a special case these characteristic elements are
related to the ‘non-commutative Fitting invariants’ that are introduced by Nickel in
[41, §3] (and, in fact, earlier by Parker in [44]).

Lemma 1.1. Let R be a discrete valuation ring. If M is any finite >A-module that
has finite projective dimension, then the complex M[—3] belongs to DV*(A) and the
(non-commutative) Fitting invariant Fittg (M) is well-defined. Further, any generat-
ing element (in C(A)*) of Fittg (M) is a characteristic element for M[—3].

Proof. Tt is clear that M[—3] belongs to DV?(2(). In addition, since G is finite, R is a
discrete valuation ring and 2 is a direct factor of R[G], there exists a resolution of M
of the form

(3) 0P P M0

where P is a finitely generated free 2-module. The invariant Fitte (M) is therefore
well-defined by [41, Th. 3.2(2)] and indeed any generator of Fitty (M) is of the form
Ly, := Nrda(F®gh) for an endomorphism h as above. On the other hand, the sequence
(3) induces an isomorphism in DP(2() between M[—3] and the complex F rF ,
where the first term is placed in degree 2, and so the definition of the connecting
homomorphism 9 , implies that dg a(Lp) = 5‘%[)A(F ®pr h) = x*H(M[-3],0) and
hence that £}, is a characteristic element for M[—3], as required. ]

1.3.3. Basic properties. For later purposes, we record two useful results regard-
ing characteristic elements. For any complex of A-modules X we set 7(X) :=
IsA(H?(X), H' (X) ® H3(X)).

Lemma 1.2. Let C; — Cy — C3 — C1[1] be an exact triangle in D() in which
each C; satisfies the conditions (way), (wag) and (wag). Then there are characteristic
elements L1 and L3 for C1 and C3 such that £L1L3 is a characteristic element for Cs.

Proof. It suffices to construct elements ¢; of 7((C;)r) such that the pairs (C;,t;) for
Jj € {1,2,3} satisfy the additivity criterion of [8, Cor. 6.6]. Indeed, in any such
case, one has x"(Cq,t2) = x**H(O1,t1) + x*H(Cs,t3) in Ko(A, A) and so it is clear
that if £ and L3 are characteristic elements for (Cy,t;) and (Cs,t3), then £1L3 is a
characteristic element for (Cs,ts).

Let A = [];c; Ai be the decomposition of A as a product of simple algebras. This
induces a decomposition ((A)* = [],c; ((4;)* and 7(C) = @,; 7(C;) for each com-
plex of A-modules C', where we set C; := A; ®H§1 C. In particular, since the criterion
of [8, Cor. 6.6] takes the form of an equality in ((A)*, it suffices to construct for each
i€ and j € {1,2,3} an element t;; of 7(C};) which together satisfy the projection
to ((A;)* of the criterion of [8, Cor. 6.6]. Now if each complex {C}; : j € {1,2,3}} is
acyclic, then the equality of [8, Cor. 6.6] is obviously satisfied. On the other hand, if
Cj; is not acyclic for any given j, then for any ¢ in 7(C};) and any X in ((A4;)* there
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exists an element ¢’ of 7(Cj;) with Nrda, (¢’ ot=!) = X. The latter fact implies, in
particular, that for any given choice of elements ty; of 7(Cy;) for k € {1,2,3}\ {j},
one can construct an element t;; of 7(Cj;) so that {tx; : k € {1,2,3}} satisfies the
criterion of [8, Cor. 6.6]. O

Remark 1.3. Let C be a complex that satisfies (wa), (waz) and (wag) and is also
such that the 2-module H'(C);,, has finite projective dimension. Then there is an
exact triangle H(C)o;[—1] — C — C" — H*(C)40,[0] in D(2). Further, in this case
the complex C’ belongs to D¥*(2() and Lemmas 1.1 and 1.2 combine to imply that if
® is any generator of Fite (H'(C)ior) and L' is a characteristic element for C’, then
® L' is a characteristic element for C'.

Lemma 1.4. Let R be a complete discrete valuation ring. Fix a complex C in DV*(21),
write eq for the idempotent eo(C) defined in §1.1.4 and set Ao 1= Ueq, Ay := Aeg and
Cy = Ay ®H§l C. Then Cy belongs to D¥*(2sy) and for any characteristic element Lo
(in ((A2)™ ) of Cy there exists a characteristic element L of C' such that eoL = Ls.

Proof. Since R is complete the algebras 2 and 20s are semi-local, so the natural ho-
momorphisms A% — K;(™A) and A} — K;(2s) are surjective, and in addition the
homomorphisms nr4 and nr, are both bijective. The exact sequence (2) therefore
gives rise to the central and lower rows in the following exact commutative diagram

((Ap) === ((AY)*

- a

A —— (A —2 Ko A) —— 0

(4) al > ny

AL —— ((A2)* —2 Koz, Ay) — 0

0 0 0

In this diagram we also set Af := A(1 — eg), write w5 and 7o for the homomorphisms
induced by multiplication by es and define o and 7§ by the commutativity of the
upper and lower right hand squares. The central column of (4) is obviously exact and
(since 2 is semi-local) the homomorphism 7/ is surjective as a consequence of Bass’
Theorem (cf. [30, Chap. 7, (20.9)]) and so the Snake Lemma implies that the right
hand column of (4) is also exact.

We now fix an element £’ of ((A)* with L'es = m2(L’) = L3. Then for any ¢ in
Isa(H?(C)p, HY(C)r @ H3(C)r) one has 75 (x™ (C,t)) = x*H(C2,0) = 02(L2) =
75 (6(L')), where the last equality follows from the commutativity of the lower right
hand square in (4). The exactness of the right hand column in (4) therefore implies
that there exists an element u of ((A45)* with x™{(C,t) = 6(L') + a(u) = (L u).
Since mo(L'u) = ma (L") = L5 one therefore obtains an element of the required sort by
setting L := L u. |
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2. ORGANISING MATRICES

In this section we associate to each admissible complex of Z,[G]-modules a class of
‘organising matrices’ that generalises and refines the ‘organising modules’ introduced
in special cases by Mazur and Rubin in [36]. The observation made in Remark 1.3
allows one to extend many of the results proved both in this section and in §4 to a
larger class of complexes, but for simplicity we shall leave the precise formulation of
all such generalisations to an interested reader.

Throughout this section we use the following convention: if ¥ belongs to M,,(Z,[G])
for any natural number m, then we use the standard basis of the direct sum Z,[G]™
of m copies of Z,[G] to regard ¥ as an element of Endy 5)(Z,[G]™). For each normal
subgroup J of G we also write ¥ for the image of ¥ in M,,(Z,[G/J]) and for each C
in DP(Z,[G]) we write C for the associated object Z,[G/J] ®Hip[G] C of DP(Z,|G/J)).
For any Z,[G]-module M we also set ag(M) := Ann¢z, a) (M).

2.1. Weakly organising matrices. In this subsection we assume to be given data
of the following sort:

e a complex C in DV?*(Z,[G]);
e a non-zero element a = By with 8 € ag(H?*(C)) N ((Q,[Gles)* and v €
((Zp[G]) N C(Qp[Gles).

2.1.1. Statement of the main result. In the following result we write I, for the kernel
of the natural augmentation homomorphism Z,[G] — Z,. We also recall that a Z,[G]-
module M is said to have a ‘quadratic presentation’ if there exists a natural number
n and an exact sequence of Z,[G]-modules of the form Z,[G]|" — Z,[G]" — M — 0.
We finally set I(Z,[Gles) := Z,[G] N Q,[G](1 — e3).

Theorem 2.1. For each complex C' and element « as above there exists a natural
number d and a matriz ® = ®c o in Mg(Z,[G]) that satisfies the following conditions.
(i) The Z,[G]-module ker(®) is isomorphic to H'(C) & I(Z,[Gle3)9(©), where
g3(C) is the minimal number of generators of H*(C) as a Z,|G]-module.
(ii) The Z,[G]-module cok(®) lies in an exact sequence of the form

0 — H?*(C) — cok(®) - M, — 0

where the module M, is annihilated by .

(iii) If H3(C) is finite, then one can take o to be |H3(C)| and in this case the
Z,|G]-module H*(C') is isomorphic to a finite index submodule of cok(®) and
® can be chosen so that precisely dimg, (Q, ®z, H*(Cg)) of its columns have
all of their entries in I . In particular, if H3(C) vanishes, then the Z,|G]-
module H?(C) is isomorphic to cok(®) and so has a quadratic presentation.

(iv) For each characteristic element L of C one has a9 Le; = nro, (¢ (®)uc
where ug belongs to nrq, () (Zp[G]*).

Definition 2.2. We shall call any matriz ®c o constructed as in Theorem 2.1 a
‘weakly-organising matriz’ for the complex C and element «. If o = 1 (so that 3
belongs to Z,|G]* and H?(C) vanishes), then we say that ®c,, is a weakly-organising
matriz for C.
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In the rest of this section we derive several concrete consequences which follow from
the existence of the matrices described in Theorem 2.1.

2.1.2. The structure of H*(C). It is immediately clear from Theorem 2.1(ii) and (iii)
that weakly-organising matrices determine explicit aspects of the structure of H?(C).
In this subsection we show that Theorem 2.1(iv) also provides an explicit link between
characteristic elements for C' and certain structural invariants of H?(C).

For each non-negative integer n we write I gf ]p for the ((Z,[G])-submodule of ¢(Q,[G])
that is generated by elements of the form nrg (V) where N belongs to M,,,(Z,[G])
for some m > n and all entries in the first n columns of N belong to Ig ,. For every
matrix H in M,,(Z,[G]) we also note that there is a unique matrix H’ in M,,,(Q,[G))
with HH' = H'H = nrg, (¢ (H)Iy and such that for every primitive central idempo-
tent e of Q,[G] the matrix H'e is invertible if and only if nrg, ¢ (H)e is non-zero. We
follow Nickel [41] in defining the following {(Z,[G])-submodule of ((Q,[G])

Ay (G) :={z € {(Q,[G]) : if m >0 and H € M,,,(Z,[G]) then zH' € M,,,(Z,[G])}.

For more details about the modules Igi ]p and A, (G) see Remark 2.4 below.

Before stating the next result we note that if H3(C) vanishes, then the Z,[G]-module
H?(C) has a quadratic presentation (by Theorem 2.1(iii)) and hence that the (non-
commutative) Fitting invariant Fitty ;c(H*(C)) of H*(C) is well-defined.
Corollary 2.3. Let C and L be as in Theorem 2.1.

(i) Letd be any element of A,(G), B any element of ac(H?(C)) and v any element
of ¢(Z,[G)) N ¢(Qp[Gles). Then one has (By)%*éLer € ag(H?(C)).

(i) If H3(C) is finite, then there exists a weakly organising matriz ® for C' and
|H3(C)| with the property that |H3(C)|9(%)Le; = nrg,c)(®) € I[Gn)]p with
n= dime (@p ®ZP HQ(Og))

(iii) If H3(C) vanishes, then Ley generates Fity () (H?(C)).

Proof. Regarding claim (i), we may clearly assume that 8+ is non-zero. The definition
of eg implies that 5 € Q,[G]es, so that actually 3 = Be3. We may and will now choose
a large enough multiple m of |G||H3(C)or||H?(C)tor| to ensure that 8’ := 3 + me3
belongs to ¢(Qp[Gles)™ Nag(H?*(C)). Set o := ('y. Theorem 2.1(iv) implies that
a9 Le; = onrg, c)(®c,a)ue and Theorem 2.1(ii) implies that ag(cok(®ca)) C
ac(H?(C)). Since 393 @e; = (B + m)9(©ey, the binomial theorem implies that
(B7)93(9)5Le; belongs to ag(H?(C)) if and only if a9(“)§Le; does. Tt is thus enough
to prove that dnrg, (6)(®c,«) belongs to ag(cok(®c o)) and this is proved by Nickel in
[41, Th. 4.2].

Claim (ii) follows directly by combining the equality in Theorem 2.1(iv) together with
the following two facts: one has uz = nrg, g (Ur) for some matrix Ur in GL4(Z,[G]); if
@’ is any weakly organising matrix for C' and |H3(C)| with the property that precisely
n of its columns have all entries in I, (as constructed in Theorem 2.1(iii)), then
® := @’ - U, is also a weakly organising matrix for C' and |H?3(C)| which has precisely
n of its columns with all entries in I ;.

Claim (iii) follows directly by combining the equality in Theorem 2.1(iv) with the
isomorphism cok(®¢ 1) = H?(C) in Theorem 2.1(iii) and the very definition of non-
commutative Fitting invariants. |



ORGANISING MATRICES FOR ARITHMETIC COMPLEXES 11

Remark 2.4.
(i) In the context of Corollary 2.3 we note that for each natural number n the projection
map G — G*" induces a surjective homomorphism of finite abelian groups mg., :

I [n] oL Il n“ — I7., /1% Groups of the form I Gav p/ Igjbl are extensively studied
in the hterature (see, for example, the survey artlcle [45}) but it seems likely that
ker(mg,,) is in general non-trivial.

(ii) If H = I, then H' = I; and so A,(G) C ((Z,[G)). This inclusion is an equality if
G is abelian. In general, for each H in M4(Zy[G]) the matrix H' belongs to Mg(M)
for any maximal order M in Q,[G] that contains Z,[G] (cf. [41, Lem. 4.1]) and so
Jacobinski’s description in [28] of the central conductor of M in Z,[G] implies that for
any Qg-valued character ¢ of G the element ¥ (1) ~!|Gey, belongs to Zy[p] ®z, Ap(G)
where Z,[p] is the subring of Qf, that is generated over Z, by the values of p.

(iii) If G is abelian, then Corollary 2.3(iii) recovers the result of [9, Th. 8.2.1]. In
particular, it follows from [9, Rem. 8.2.5] that Corollary 2.3(iii) gives in the setting
of §1.2.3 a (non-commutative generalization of a) ‘strong main conjecture’ of the kind
that Mazur and Tate ask for in [38, Remark after Conj. 3]. For a more general version
of this result in the setting of §1.2.2 see Remark 5.2(ii).

(iv) Corollary 2.3(i) both refines and generalizes the main algebraic result of Snaith
in [49] (which, amongst other conditions, required G to be abelian).

2.1.3. The structure of H*(C). Theorem 2.1(i) implies that weakly-organising matri-
ces completely determine, at least in theory, the structure of H(C). In this subsection
we show that, in certain cases, the elementary properties of such matrices can also give
some remarkably explicit information about H'(C).

For any subgroup J of G and any ® in My(Z,[G]) we set d; := d[G : J] and write &/
for the image of ® under the homomorphism My(Z,[G]) — My, (Z,[J]) — My, (Z,),
where the first map is induced by a set of coset representatives of J in G and the second
by the natural ring homomorphism Z,[J] — Z,. We say that ®7 is ‘saturated’ if it
is conjugate to a block matrix ( v ‘ Ody,dy—rk(®7) ) where, for any natural numbers
m and n, we write O, for the m x n zero-matrix. (This notion is independent of
the choice of coset representatives and corresponds to the assumption that im(®”) is
Z,-saturated as a submodule of Z2.)

For any H we also write Z, |G/ H] for Z,|G]|®z, 1] Zy, regarded as a left Z,[G]-module
in the obvious way. We will see in §5.3 that the following result has some important
consequences in the context of §1.2.2 and §1.2.3.

Corollary 2.5. Assume that the Sylow p-subgroups of G are cyclic. Assume also that
H3(C) vanishes and fir a weakly-organising matriz ® for C. If ®’ is saturated for
each non-trivial subgroup J of a given Sylow p-subgroup P, then the Z,[G]-module
HY(C) decomposes as a finite direct sum of modules, each of which is isomorphic to a
direct summand of Zy|G/J] for some subgroup J of P.

Proof. Fix a Sylow p-subgroup P of G. Let {¢; : 1 < i < d} be the standard Z,[G]-
basis of Z,[G]¢, with d as specified by Theorem 2.1 and, by abuse of notation, denote
by ® the endomorphism of Z,[G]¢ which is represented by the matrix ® with respect

to this basis. For any non-trivial subgroup J of P, fix a set of coset representatives
e s 1 <k < [G 2 J]}, let {cpy 1 <0 <d,1 <k <[G: J]} be the standard
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Z,-basis of ZgJ (ordered lexicographically) and, by abuse of notation, denote by &’
the endomorphism of ZgJ which is represented by the matrix ®”/, defined by our choice
of coset representatives of J, with respect to this basis. We have for each such J a
commutative diagram of Z,-modules

Zp®z, 0P
Zp ®ZP[J] Zp [G]d . Zp ®Z,,[J] ZP[G]d
ZdJ CI)J ZdJ
P P

in which the vertical arrows send each product jxc; to c(;x). The modules cok(®7)
are by assumption Z,-torsion-free, and hence so are the modules cok(Z, ®z 5 ®) =
Ly @1z, cOK(P®) = Zy @z, 1) H 2(C), where the last isomorphism follows from the final
sentence in Theorem 2.1(iii). But for each subgroup J of P, the Tate cohomology
group H=1(J, H2(C)) is a finite group of p-power order (which is trivial if .J is the
trivial group) and hence identifies with a finite submodule of Z, ®z, 5 H*(C). We
deduce that }AI_I(J, H?(C)) vanishes for all subgroups J of P. Since C is perfect
and acyclic outside degrees 0 and 1, one easily shows that H L(J,H'(C)) vanishes
for all J, and since J is cyclic, its Tate cohomology is periodic of order 2 and hence
H~Y(J,H'(C)) also vanishes for each subgroup J of P. Now Yakovlev proves in [53,
Th. 2.4] that every indecomposable Z,[G]-module M which is both free of finite
rank as a Zp-module and such that H ~1(J, M) vanishes for each subgroup J of P
is isomorphic to a direct summand of Z,[G/J] for some such J. Since H'(C) is
Zy-torsion-free by assumption (was), and every finitely generated Z,[G]-module is
noetherian, we can therefore deduce that it decomposes as a finite direct sum of Z,-
torsion-free, indecomposable modules, each of which is isomorphic to a direct summand
of Z,[G/J] for some subgroup J of P, as required. O

2.2. Organising matrices. In this section we use the following general notation con-
cerning a finitely generated Z,[G]-module M: for each character x in Ir,(G) we fix
a left Qf[G]-module V;, which realises x and then set M, := Homge[g)(Vy, Mgg) and
rx (M) := dimge (My).

By a ‘permutation module’ we shall then mean a direct sum of (left) Z,[G]-modules of
the form @i? IT; where each II; is a direct summand of Z,[G/H;] for some subgroup
H; of G. We note in passing that if the group H; is both normal and of p-power index
in G, then a result of Coleman (cf. [19, Th. 32.13]) implies that II; = Z,(G/H;].

2.2.1. The assumptions. In the rest of §2.2 we assume to be given the following data:

e a complex C in D*(Z,[G));

e a permutation module IT = @Z? II; and a surjective homomorphism of Z,[G]-
modules 7 : H?(C) — II which induces, upon passage to G-coinvariants, an
isomorphism H? (g =g

We will also assume that there exists a non-negative integer r (with » < n) so that the
Z,[G]-module 11, is projective for each ¢ with 1 < 4 < r and we then set IIP" := @Z; 11,

and IT"P" := @;~" | II;. We note, in particular, that 7 induces a composite surjection
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(5) A H2(C) — T = TIPF @ TI%" — [1P

and hence implies that r, (H?(C)) > r, (IIP") for each character y in Ir,(G).
Before proceeding we give three examples to show that input data of the above kind
exists in a wide variety of interesting cases.

Example 2.6. The general case For any given complex C in D*(Z,[G]) one obtains
data of the above kind by setting IT := H?(C)g s and 7 := 0 (so that IIP* is trivial)
and taking 7 to be the canonical homomorphism 7 : H2(C') — H?(C)g -

Example 2.7. Tate motives In this example we assume that p is odd, we use the
notation and hypotheses of §1.2.1 and for any integer m we set C,, :== C(Z,(m)r)*[—3].
We also assume that H(k, W} (1)) vanishes and hence (by the arguments of §1.1.2)
that C,, belongs to D*(Z,[G]).

(i) m = 0. In this case H°(k, W5(1)) vanishes if and only if F contains no non-
trivial p-th roots of unity. In addition, Kummer theory and class field theory give
identifications of H*(Cy), H*(Co)tor and H?(Co)is with Z, @z OF g, Zp @z Cl(OF,s)
and the kernel Xp g of the homomorphism [],,. S(F) Z, — Z, that sends each (1)
t0 > ,es(r) Mw Tespectively. We assume |S| > 1, set n := | S| —1, label the elements of
S as {v; : 0 <i<n} and let rg, be any integer such that each place v; with 1 < i <r,
splits completely in F'/k. Then there is a canonical surjective homomorphism from
Xrs to the permutation module Yr g\ (v} = @i2) (D, Zp)- We can thus set

IT:= Yp g\ vy}, define ITP" to be the free Z,[G]-module @Zj{p(@wlv Zy), set r = rgp
and take m to be the canonical surjective homomorphism H?(Cy) — H?(Cp)y =
Xrs = YES\{vo}-

(ii) m < 0. In this case H%(k, W5(1)) vanishes if and only if any abelian extension of F
of exponent —m contains no non-trivial p-th roots of unity. In addition, the modules
Hl(Cm) and HQ(C,,L)tor 1dent1fy with Zp X7z K1_27n(OF) and Zp X7 K—2m(oF,S)
respectively (see Remark 2.9 below). Also, if we write s and s9 for the number of real
and complex places of k and set dy, ,, := s2 + 3(1+ (—1)™)s1, then the Z,[G]-module
H?(C,,)4t is isomorphic to a direct sum of dy ., modules, each of which is a direct
summand of Z,[G] (cf. [9, Lem. 11.1.1(iii)]) and so we can set II = ITP" := H%(C,, )it
and 7 = dj, ., and take 7 to be the canonical homomorphism H?(C,,) — H?(Cy,)ss-

Example 2.8. Cyclic Sylow p-subgroups We now assume that Sylow p-subgroups of
G are cyclic. Then in certain cases one can deduce from Corollary 2.5 that the Z,[G]-
module H?(C)y; is a permutation module and hence one can take 7 to be the canonical
homomorphism H?(C) — H?(C) =: II. Such example arise naturally in the setting
of elliptic curves and either cyclic or dihedral extensions of number fields and in many
of these cases one can also take r > 0 so that IIP" is non-trivial. (For more details
about such examples see §5.3.)

Remark 2.9. Assume the notation of Example 2.7(ii). Then for each i € {0,1} the
Quillen-Lichtenbaum Conjecture predicts that the p-adic étale Chern class homomor-
phism K1 _m)—i(OF,s)p — HY(OF,s,Z,(1 —m)) is bijective. It is known, by work of
Suslin, that this conjecture is a consequence of the conjecture of Bloch and Kato relat-
ing Milnor K-theory to étale cohomology. Following fundamental work of Voevodsky
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and Rost, Weibel has recently completed the proof of the Bloch-Kato Conjecture and
hence also of the Quillen-Lichtenbaum Conjecture (cf. [51]). The explicit description
of the modules H'(C,,) and H?(C,,)tor given above relies on this fundamental result.
(The authors are very grateful to Chuck Weibel for advise in this regard.)

2.2.2. Regulators. For each isomorphism ¢ in Isc, () (H' (C)c,, H*(C)c,) and each ho-
momorphism 6 in Homg, ()(H'(C), H*(C)) we define a ((C,[G])-valued regulator by
setting

Rt(G) = NIg,[G] (ch o t_l).
We note that R;(0) belongs to ((C,[G])* if and only if 6 is injective.

2.2.3. Statement of the main results. For each integer ¢ with 1 < i < n we write
N (H,;) for the normaliser of H; in G and I(Il;) for the kernel of the natural composite
homomorphism Z,[G] — Z,|G/H;] — II,.

We also write Y, for the subset of Ir,(G) comprising characters y for which the
inequality 7, (H?(C)) > r, (II*") in §2.2.1 is an equality. We note that T, is a union
of conjugacy classes under the natural action of Gal(Q;/Q,) on Ir,(G) and hence that
the associated idempotent epr := 3 .y €y belongs to ((Q,[G]).

Theorem 2.10. We fiz a complex C and homomorphism w as in §2.2.1 and also use
the notation of §2.2.2. Then there exists a natural number d (with d > n) and a canon-
ical family M(C, ) of weakly-organising matrices ® for C that belong to My(Z,[G])
and in addition satisfy all of the following conditions.
(i) If J is a normal subgroup of G, then ®; is a relation matric for the Zy(G/J]-
module H?(Cy). In addition, if G is a p-group, then ®g is a block matriz
( 0d,n ‘ v ) where W is a relation matriz for the Z,-module H?(Cg)tor-
(ii) If i is any integer with 1 < i < n, then every element of the i-th column of ®
belongs to I(11;). Further, if r < i < n, then the i-th column of ® computes a
natural algebraic height pairing

HY(Cn,)) ©z,1c/n () Homz, (H*(Cnm,y), Zp) — N(Hi)™.

(iii) For each 0 in Homg [)(H'(C), H*(C)) there exists an ‘augmented’ matriz
®(8) in Ma(Z,[G]) which agrees with ® in all but the first r columns and has
the following property: for eacht inlIsc, (g (H! C)c,, H? (C)c,) and each char-
acteristic element Ly for the pair (C,t) one has Ry(0)Liep: = nrg, (q)(P(0))uc,
where ug, belongs to nrg,q)(Zy[G]™).

(iv) If ® and @' belong to M(C, ), then ®' = UDV for suitable matrices U and V
in GLy4(Z,[G)).

Definition 2.11. We shall call any matrix that belongs to the family M(C,x) con-
structed in Theorem 2.10 an ‘organising matrix’ for C' and .

The following result (which will be proved in §3.2.6) describes an important conse-
quence of the existence of organising matrices. We will see that this result has several
interesting arithmetic consequences.

Corollary 2.12. We use the hypotheses and notation of Theorem 2.10. Then for
every a in Ay(G), t inIsc, ¢ (H' (C)c,, H*(C)c,) and 6 in Homg, ) (H'(C), H*(C)),

P



ORGANISING MATRICES FOR ARITHMETIC COMPLEXES 15

the element aRy(0)Liepy belongs to ag(ker(Am)). In particular, every such element
aRt(0)Liepy belongs to ((Z,|G]) and annihilates the module H?(C)tor € IIPPT.

Remark 2.13. The containment aR,(6)Liepr € ((Z,[G]) that occurs in Corollary 2.12
can be interpreted as a family of explicit congruence relations between the elements
aR(8)Lie, as p varies. To explain this we define for each p in Ir,(G) an element A(p)
of C, by the equality

aR(0)Lie,, if ejepr =e,

A(p)e, = {

We write E for the field generated over Q, by {¢(g) : g € G,¢ € Ir,(G)}. Then the
containment aR;(0)Liepr € ((Z,]G]) implies that each A(p) belongs to the valuation
ring O of £ and also satisfies w(A(p)) = A(w o p) for all w € Gg/qg,. Further, for
differing p, the elements A(p) must satisfy a family of mutual congruence relations
that are together equivalent to the condition that an element of the integral closure
of Z, in ¢(Q,[G]) should actually belong to ((Z,[G]). For example, if |G| = p, then
the required condition is that A(p) = A(po) (mod p) for every p € Ir,(G), where py is
the trivial character of G and p the maximal ideal of O. However, explicating these
congruences in any very general setting seems to be a difficult algebraic problem.

0, otherwise.

Remark 2.14. Let ® be an organising matrix for C' and 7 as in Theorem 2.10 and
(since H3(C) vanishes) use Theorem 2.1(i) and (ii) (with o = 1) to fix identifications
of ker(®) and cok(®) with H'(C) and H?(C') respectively. Then the tautological exact
sequence
0 — ker(®) — Z,[G]* 2> Z,[G]* — cok(®) — 0

determines an element €(C) of the Yoneda ext-group YEXt%p[G] (H?(C),H'(C)) that
can be shown to depend only upon C. Such extension classes can encode highly
significant arithmetic data. For example, if C' = Cy (as in Example 2.7(i)), and S is
sufficiently large to ensure that Cl(Opg) is trivial, then [13, Prop. 3.5] shows that
€(C)) is equal to the ‘canonical class’ that is defined by Tate in [50] by using class field
theory.

2.2.4. Arithmetic examples. In §4 and §5 we will show that Theorem 2.10 and Corol-
lary 2.12 give rise to a variety of new results and conjectures in the setting of the
arithmetic examples discussed in §1.2. In this subsection we give an early indication
of the usefulness of our approach by discussing links between the theory discussed
above and several results and conjectures in the literature.

Example 2.15. The general case. In this example we fix an arbitrary complex C
in D*(Z,|G]) and use the same notation as in Example 2.6. In this case the Z,[G]-
module IT is isomorphic to Z7 with n = dimg, (Q, ®z, H*(C)g) and Theorem 2.10
can be applied with r = 0 (so that e,, = e; = ey in the notation of §1.1.4 and
also R;(8)epr = epr) and both N(H;) = G and I(II;) = I, for each integer ¢ with
1 < i < n. In particular, if G is abelian, then Corollary 2.3(ii) (with h = 1) implies
that Ley belongs to I , for any characteristic element £ of C' and the same argument
that deduces [9, Th. 9.2.2] from the equality of [9, (36)] shows that Theorem 2.10(ii)

and (iii) combine to imply a formula for the residue class of Le; modulo [ g;l in terms
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of the discriminant of a natural algebraic height pairing. Specialising to the setting
of §1.2.3 this result combines with the equivariant Tamagawa number conjecture to
predict a refinement of the Birch and Swinnerton-Dyer conjecture that is in precisely
the same spirit as (but more general than) the congruences for modular symbols that
are conjectured by Mazur and Tate in [38]. (In this context we also believe, but have
not yet been able to prove, that the height pairings that occur in Theorem 2.10(ii)
coincide with the G-valued height pairings defined in [38].) For a version of this
conjectural framework in the setting of §1.2.2 see Remark 5.2(ii).

Example 2.16. Tate motives. In this example we use the same hypotheses and
notation as in Example 2.7.

(i) m = 0. We write to for the isomorphism C, ®z O 4 — C,®z, Xr s induced by the
Dirichlet regulator map. Then [10, Th. 4.1.1] shows that the equivariant Tamagawa
number conjecture implies the existence of a characteristic element L for (Cy, tp) such
that Loep, is equal, up to multiplication by an element of ((Z,[G])*, to the image in
C(C,[G])* of the ‘r-th order (non-abelian) Stickelberger element’ that is introduced
in [10]. In addition, the result of [10, Th. 7.5.1] shows that the height pairings that
occur in Theorem 2.10(ii) with C' = Cj coincide with the pairings

(Zy ®2 Ofniny o) 2, €D Zp— N(H)™
WES,,; (FNH:))

that are induced by local reciprocity maps. In this way the results of Theorem 2.10
and Corollary 2.12 specialise to recover the main results of [10]. In this regard we
recall that the central conjectures of [10] constitute a universal refinement of Stark’s
Conjecture that incorporates simultaneous strengthenings of well-known conjectures
of Gross, of Rubin and of Tate.

(ii) m < 0. In this case we write t,, for the isomorphism H'(Cy,)c, — H?(Ci,)c, that
is induced by combining the descriptions of H!(C,,) and H?(C,,) given in Example
2.7(ii) together with —1 times the Beilinson regulator map. Then the argument of [9,
§11.1] shows that the equivariant Tamagawa number conjecture implies the existence
of a characteristic element for (Cy,,t,,) that is constructed from the leading terms at
m of the Artin L-functions of characters of G. In this context the result of Corollary
2.12 can be used to give a different proof of the main result (Theorem 4.1) of Nickel
in [42].

2.3. Symmetric organising matrices. Given a symmetric, resp. skew-symmetric,
admissible complex (C, ) as defined in §1.1.3 it is natural to ask if the family M(C, )
that is constructed in Theorem 2.10 (with 7 specified as, for instance, in Example
2.15) contains a matrix that is symmetric, resp. skew-symmetric? If this is the case,
then Theorem 2.10 would provide a strong restriction on the structure of both Tate-
Shafarevich and Selmer groups as Z,[G]-modules. We are not yet able to answer this
question. Nevertheless, in the following result we do associate to (C,d) a canoni-
cal family of symmetric, resp. skew-symmetric, matrices which, whilst having fewer
properties than the matrices in M(C, ), does provide a natural generalisation of the
constructions made by Mazur and Rubin in [36].

For any finitely generated projective Z,[G]-module @ that is self-dual (that is, iso-

morphic to its Z,-linear dual Q*) we write Q°® for the complex @ LR @Q* where the
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first term is placed in degree 1, and dg for the isomorphism of complexes Q°* — Q**
that is induced by the canonical identification (Q*)* = @. Then for any such module
@, and any symmetric, resp. skew-symmetric, admissible complex of Z,[G]-modules
(C,6), the pair (CHQ*®,IPdg) is also a symmetric, resp. skew-symmetric, admissible
complex of Z,[G]-modules.

Theorem 2.17. Assume that p is odd and let (C,8) be a symmetric, resp. skew-
symmetric, admissible complex of Z,|G]-modules.

(i) If G is a p-group, then there exists a natural number d (with d > n) and
a canonical family M(C,0) of matrices ® in My(Z,[G]) that have all of the
properties described in Theorem 2.1 (with « = 1) and in addition satisfy all of
the conditions listed below.

(a) @ is symmetric, resp. skew-symmetric, and any other matriz in M(C, §)
has the form U®U™ with U in GL4(Z,[G)).

(b) For each normal subgroup J of G the matriz ®; is a relation matriz for
the Z,[G/J]-module H?*(Cy).

(¢) For each mormal subgroup J of G there is a canonical non-degenerate
symmetric, resp. skew-symmetric, G/J-invariant pairing

pg 1 cok(®1)ior X cok(®)ior — Qp/Zyp.
The pairing H*(Cj)ior X H?(Cp)tor — Qp/Z, that sends (z,y) to the
image of x under H*(RHomg, ¢1(Zy[G/J],6))(y) is induced by p;.
(ii) In general, there exists a finitely generated projective self-dual Z,|G]-module Q

that is unique up to isomorphism and such that all of the assertions in claim
(i) are valid after one replaces (C,0) by (C & Q°®,d & dq).

Definition 2.18. We call any matrix in the set M(C,0) a ‘symmetric organising
matrix’, resp. ‘skew-symmetric organising matrix’, for the symmetric, resp. skew-
symmetric, admissible complex (C, 0).

Remark 2.19. If one specialises to the cases considered by Mazur and Rubin in [36],
then our proof of Theorem 2.17(i) will show that elements of M(C,¢) are simply the
matrix representatives of the differential that occurs in the complex ®* that is defined
in [36, Def. 6.3] for any basic skew-Hermitian module ® that is associated to a skew-
symmetric admissible complex (C,4) by [36, Prop. 6.5]. It follows in particular that
[36, Rem. 7.9] provides concrete examples of the construction of Theorem 2.17 in this
particular situation.

3. THE PROOFS OF THEOREMS 2.1, 2.10 AND 2.17

3.1. The proof of Theorem 2.1. Since C is both perfect (by assumption (wa;)) and
acyclic outside degrees 1,2 and 3 (by assumption (wag)) a standard argument shows
that it is isomorphic in DP(Z,[G]) to a complex of the form F*® : F! &, g2 & s
where F! occurs in degree 1, F? and F? are finitely generated free Z,[G]-modules
with rkz ¢(F?) equal to the minimal number g3(C) of generators of H3(C) as a
Z,|G]-module, and F! is a finitely generated Z,[G]-module that has finite projective
dimension (cf. [20, Rapport, Lem. 4.7]). Set d := rkz g (F?). Now ker(d') = H(C)
is Z,-free (by assumption (way)) and im(d') is a submodule of the free Z,-module
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F? and so the tautological exact sequence 0 — ker(d') — F! — im(d') — 0 implies
that F! is Z,-free. It follows that F' is a projective Z,[G]-module since any finitely
generated Z,[GJ-module that is both Z,-free and of finite projective dimension is
projective (cf. [1, Th. 8]). In addition, since Q,[G] ®z, ¢ F? and Q,[G] @z, () F* are
both free Q,[G]-modules and the Euler characteristic of Q,[G]®z, ) F'* in Ko(Qp[G])
vanishes (by assumption (waz)) the Q,[G]-module Q,[G] ®z, ¢ F' is also free and of
rank d — g3(C). By Swan’s Theorem [19, (32.1)], this implies that F! is a (finitely
generated) free Z,[G]-module of rank d — g3(C).

Let o = By with 3 € ag(H3(C)) N ¢(Qp[Gles)™ and v € ((Z,[G]) N ¢(Qp[Gles).
Fix a Z,[G]-basis {b1,...,bg, )} of F3. Then there exists a subset {c1,...,cg, (o)}
of F? such that d*(c;) = (b; for each i. Let n : Fg — Fg be the associated
homomorphism which sends each element b; to 3~ t¢; (where =1 denotes the inverse
of B in ((Qp[Gles)). Then the restriction of 7 to Fé;p es is a section to the restriction

of dép to Fépeg, and one has n(aF?) = (v8)n(F3) C (ye3)F? C F?, where the last
inclusion is valid since our choice of v implies that yes € Z,[G]. We now define

0 =¢ca: F'&F — F?

by setting o((f1, £2)) := d*(f') + n(af?) for any (f, f3) € F! @ F3. This map is a
homomorphism between free Z,[G]-modules (of rank d) and we shall define ® = ®¢ 4
to be a matrix representative of ¢ with respect to a suitable choice of Z,[G]-bases.
Suppose first that (f!, f3) € ker(y). Then one has 0 = d(o((f1, f3))) = d(d*(f1)) +
d*(n(af?)) = af3, and hence also 0 = o((f1, f3?)) = d*(f'). So, if by abuse of
notation, we let a : F3 — F3 denote the map given by the action of a, then one has
ker(¢) = HY(C) @ ker(a) = HY(C) @ I(Z,[Ges)9().

Note now that the natural map from H?(C) to cok(y) is an injection; indeed, if
d*(fY) + n(af?) € ker(d?) for some (f1, f3) € F' @ F3, then af?® = 0 and hence
d(fY) +n(af?) = d'(f') € im(d'). Furthermore, a(cok(p)/im(H?(C))) = 0; indeed,
for any f € F?, we have that af — n(ad?(f)) € ker(d?). Claim (ii) is hence satisfied
with M, = cok(p)/im(H?(C)).

We now suppose given ¢ in Isg (¢ ((H'(C)® H?*(C))q,, H*(C)q,) and a characteristic
element £ for the pair (C,t). To proceed we first recall that x**!(C,t) is defined to be
equal to [F* @ F3 F? )\ € Ko(Z,[G],Qy[G]) where X is any composite isomorphism
of Q,[G]-modules of the form

(6) (F'&F)q, =

P

im(d') @ im(d?) @ H'(C) @ H*(O))g
im(d") ® im(d®) & H%(C))g
im(d?) @ ker(d?))q,

—~

P

12

D

12

12
o

]

Here the first, third and fourth arrows are induced by a choice of splitting of the
short exact sequences of Q,[G]-modules that are obtained by scalar extension of the
following tautological sequences
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0— H'Y(C) - F' & im(d") — 0,
0 — im(d*) — F* — H3(C) — 0,
0 — im(d') — ker(d?) — H*(C) — 0,

0 — ker(d?) — F2 & im(d?) — 0,

and the second arrow in (6) is induced by the given isomorphism ¢. It is straightforward
to show that the element [F! @ F3, F2 )] is indeed independent of all these choices.
Further, since the restriction of 1 to Fép e is a section to the restriction of d?@p to

Fép e3, we may and will make the relevant choices of section so that the restriction of
A to (Fép ) Fép)@g coincides with the restriction of d(bp ®n.

In the sequel we (choose bases and so) fix identifications of F1@® F? and F? with Z,[G]?
and hence regard X and ¢ as elements of Autg, ¢(Qp[G]?) and Endyz, ¢ (Z,[G]?) C
Endg, [¢)(Qp[G]?) respectively. Then

02,1610, g, ) (L) = [F' @ F?, F? A = 0, 1.0, ([Qp[G], A)
and so the exactness of (the top row of) (2) implies that nrg [G( ) — [Qp[G]%, A
belongs to ker(@%p[GLQp) = im(&%p[G],Qp), and hence that £ - nrg g(A)~" belongs
to nrg, g (im(@%p[g]@p)). But, since Z,[G] is semi-local, the natural homomorphism

Z,|G]* — K1(Z,[G)) is surjective and so there exists an element Uz of Z,[G]* such
that

(7) L = nrg, (¢ (Ug)nrg, 6 (V)-

We set ug = nrg, ) (Ur)-

Now if e, is any primitive idempotent of ((Q,[G]) such that H*(C)q, ey is non-trivial,
then our explicit description of ker(y¢) implies that ker(y)q, ey is also non-trivial and
hence that e,nrg,(q(») = 0. It follows that einrg,(c)(¢) = nrg,(g)(¢). Combining
this equality with (7), our choice of A and our definitions of u, and of ¢, we deduce
that

a9 Le; = e C) L
= upa9(© eanrg, (G)(A)
A(F' & F)g, e2)

L on|(F' @ F?)g,e2)

= uca® g, e,

= u,gag"'( ner[G]EZ(

= u£62a93( nrq, [G]( @n)
= upe; a9 nrq, [G]( @n)
= u£61ner[G]( )

= nrg, (¢)(¥)uc,

as required to prove claim (ii).
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All that is now left is to prove Theorem 2.1(iii). To do this we assume that H3(C) is
finite and let h be any integer multiple of [H3(C)|, so that H?(C)q, = cok(¢c,n)q, -
Then (pc.p)e : (F' & F3)g — FZ is a homomorphism of free Z,-modules of rank d,
and it is clear that one can choose Z,-bases of (F'! & F3)g and Fg so that the corre-
sponding matrix in My(Z,) has precisely n’ := dimg, (cok((¢c,n)c)q,) zero columns.
In particular, if we assume (as we may) that the Z,[G]-bases of F! @ F? and F? that
we fixed above map under the natural projections to our chosen bases of (F! @ F3)g
and F2, then the matrix ® = ®¢ 5, in M4(Z,[G]) that represents ¢, with respect to
this choice of bases has precisely n’ columns that have all of their entries in I . It
therefore only remains to check that n = n’ and this is true because H3(C') is finite
and so

n := dimg, (H2(CG)QP) = dim@p((H2

(@ec)e,)
= dimg, ((cok(¢p
(¢

h)c)a,)
)a)g,) =

C.h
©C,h
h = |H3(C)|. This completes

= dimg, (cok(

The assertion of claim (iii) is now obtained by setting «
the proof of Theorem 2.1.

3.2. The proofs of Theorem 2.10 and of Corollary 2.12. In this section we set
R := Z,[G] and write J(R) for the Jacobson radical of R and A for the semisimple
algebra R/J(R). We recall that R is semiperfect (cf. [19, p. 132]) so [19, Th. (6.23)]
implies that for every finitely generated R-module M there exists a ‘projective cover’
w : P — M in which P is a finitely generated projective R-module and w is a
homomorphism of R-modules such that A ® g w is bijective. We recall that any such
homomorphism is unique up to isomorphism in the sense that if @’ : P/ — M is
any other projective cover of M, then Nakayama’s Lemma implies that there exists a
commutative diagram of R-modules

P =M

® I

’
P = M
in which ¢ is an isomorphism.

3.2.1. A convenient resolution. In the following result we use the surjective homomor-
phism 7 : H?(C) — II that is assumed to be given in Theorem 2.10. We recall that
II = @;-7II; and that each module II; is a direct summand of Z,[G/H;| for some
subgroup H; of G.

Lemma 3.1. There exists a class C(H?(C)) of surjective homomorphisms of R-
modules w : F — H?(C) with all of the following properties:

(i) F is a finitely generated free R-module of rank d (for some integer d > n).
(ii) There exists an R-basis b := {b; : 1 < i < d} of F with the following two
properties:
(a) For each integer i with 1 <i < n the element w(w(b;)) is an R-generator
Of Hi
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(b) For each integer i with n <i < d one has m(w(b;)) = 0.
(iii) If @ : F — H?*(C) is any other homomorphism in C(H?(C)), then there exists
a commutative diagram of R-modules

F—= . H(C)

© | H
F—= H2(C)
in which v is an isomorphism.

Proof. We first choose for each integer ¢ a projective cover g}, : Pi; — II; of II;. Since
each II; is a cyclic R-module, each module Pj; is isomorphic to a direct summand of
R. Setting P, := EBl 1 P1; we thus obtain a projective cover o) = @1:1 o1; of IT and
we then choose a lift g, : P — H?(C) of ¢} through 7. We next choose a projective
cover g2 : Py — ker(w) of ker(m), set P := P, & P, = (@l 1 Pii) @ P> and write
0: P — H?*(C) for the homomorphism that is equal to o; on P; and to oo on Py. It
is straightforward to see that o is surjective (but is not in general a projective cover
of H?(C)).
We claim that for any other set of data {Qh}1<l<n,P = @22? 1511', 01 : P — 11,
: Py — ker(7r), P=P@®Pandj: P — H?(C) that is constructed as above,
there exists a commutative diagram of R-modules

P —2 H2(C)
(10 ‘| H
P —2. m2C

in which ¢/ is an isomorphism. To show this we first use the property (8) of projective
covers to deduce that there is a commutative diagram

Py, —2 ker(n)

g |

P, —2 ker(n)

in which ¢} is an isomorphism. We next choose a lift ¢j : P — P of o1 through the
surjection g : P — H?(C) and write ¢/ : P — P for the homomorphism that is equal
to ¢j on P; and to t5, on Py. It is then clear that ¢/ lies in a commutative diagram of
the form (10) and also easy to check (since g1 and g1 are projective covers of II) that
the composite homomorphism P; — P — Py induced by ¢} is bijective. This implies
that ¢/ is itself an isomorphism and hence gives us the required diagram (10).

We now choose a projective R-module Q)2 of minimal Z,-rank such that F; := P, ©Q2,
and hence also Fb := P, ® Q,, is a free R-module and for each integer ¢ a projective
R-module Q); such that Fy; := Py; @ QM, and hence also Fh = Ph @ Qq4, is a free
rank one R-module, and we set Q := (@i T Qi) ® Qy, resp. Q = (@z ?Qh) ® Q.

We also then set F:= (@.=/ Fi,))®Fa=P®Qand F:= (@I F) o F,=P®Q
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and write @ : F — H?(C), resp. @ : ' — H?(C), for the surjective homomorphism of
R-modules that is equal to g on P, resp. to g on P and to the zero map on Q, resp. Q.
It is then clear that (10) extends to give a commutative diagram of R-modules of the
form (9) in which ¢ is the isomorphism that restricts to give the map /: P — PCF
on P and to give the inclusion map Q C F on Q.

To obtain an R-basis of F' of the required sort we write d for the rank of the free
R-module F', choose for each integer ¢ a generator b; of the free rank one R-module
Fy; and fix an R-basis {b; : n < i < d} of F5. The set {b; : 1 < i < d} is then an
R-basis of F' which has the properties described in claim (ii). O

3.2.2. Basic complezes. In the following result we construct an analogue of the notion
of ‘basic complex’ that is introduced by Mazur and Rubin in [36, Def. 5.2 and Lem.
5.3] in the special case that G is abelian. (We remark that the explicit methods used
in loc. cit. do not generalise to the non-abelian case and so we have had to use a
different approach.) We continue to write R in place of Z,[G].

Proposition 3.2. Let C be an object of D*(R). Then there exists a class C(C) of
bounded complexes of finitely free R-modules F'* with each of the following properties.

(i) F'* has the form F 2, F, where F is the domain of a homomorphism w that
belongs to the class C(H*(C)) and the first term is placed in degree 1.

(ii) One has HY(F*) = ker(¢) = HY(C) and H?(F*) = cok(¢) = H?(C).

(iii) There exists an isomorphism ¥ : F* — C' in DP(R) such that for both i = 1,2
the map H' (V) is the identity map (with respect to the identification H'(F®) =
H(C) given in claim (ii)).

(iv) If F* is any other complex in C(C) that is constructed by using a homomor-
phism @ : F — H? in C(H?(C)), then there exists a commutative diagram of
R-modules

0 —— HY(F*)

|

0 —— Hl(ﬁ“)

F H*(F*) —— 0
in which both ! and 1? are isomorphisms.

Proof. We set H' := H'(C) for both i = 1,2. Since C is acyclic outside degrees 1

and 2 we can assume without loss of generality that C' has the form 1 % C2. Since
H' = ker(d) and H? = cok(d) the complex C thus gives rise to a tautological exact

sequence 0 — H! — (! 4,02 — H? — 0 and hence corresponds to an element ¢(C')
of YExt%(H? H').

We next choose a surjective homomorphism of R-modules @ : F — H? from the
class C(H?) that is constructed in Lemma 3.1 and then consider the following exact
commutative diagram of R-modules
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0 — ker(d) —=— F' F H? 0
(1) ‘| g | H
0—— H' 2, p -2, p =, g 0.

In this diagram we use the following notation: F” is a finitely generated free R-module
and d’ is such that im(d’) = ker(w); ¢ is a homomorphism which represents ¢(C)
when the group YExt% (H?, H') = Ext%(H?, H') is computed by using the truncated
free resolution of H? given by the upper row in (11); P is the module obtained as
the push out of ¢ and the inclusion ker(d') C F’ and the homomorphisms 7, ¢’ and
d" are induced by the push-out construction. In particular, our choice of ¢ implies
that the lower row of (11) represents e(C'). This implies that the complexes C' and

PR (in which the first term occurs in degree 1) are isomorphic in D(R); the

complex P 2", F therefore belongs to DP(R) and since F is both finitely generated and
projective this implies that P is finitely generated over R and also cohomologically-
trivial as a G-module. In addition, since H! and F are both free Z,-modules (the
former by condition (wa4) in the definition of admissible complexes), it follows from
the exactness of the lower row of (11) that P is Z,-free and hence from [1, Th. 8] that
P is a finitely generated projective R-module. Now, since the Q,[G]-modules Hép and
Hép are isomorphic (by condition (wag) and the fact that C is acyclic outside degrees
1 and 2), the exactness of the lower row of (11) combines with the Krull-Schmidt
theorem to imply that the Q,[G]-modules Py, and Fg, are isomorphic. Since both P
and F are also projective R-modules Swan’s Theorem [19, Th. 32.1] thus implies that
there exists an isomorphism k : P — F of R-modules. The resulting exact sequence

0— H' =% F M F =, H? — 0 gives a complex F* with the properties
described in claims (i) and (ii) in which ¢ = d” o k=!. Since the latter sequence
represents the Yoneda extension class €(C) it is also clear that the property in claim
(iii) is satisfied.

To prove claim (iv) we consider the following diagram

0 H! F— . p_= . g 0
(12) H /| | |
0 H! F—? Fp_ =, g 0.

In this diagram the lower row is constructed as above but with the role of w replaced
by @ and ¢ is the isomorphism of R-modules constructed in Lemma 3.1(iii). Since
both rows of this diagram represent the same element of YExt%(H?, H') there is then
a homomorphism of R-modules ¢ that makes the diagram commute. By an easy
application of the Five Lemma it follows that ¢’ is an isomorphism, as required. O

3.2.3. The matrices. We define M(C, ) to be the set of matrix representatives, with
respect to the basis b of F' as codomain and a suitably chosen basis of F' as domain,
of any of the homomorphisms ¢ that occur in Proposition 3.2. In this subsection we
show that any such matrix ® satisfies the conditions of Theorem 2.10(i) and (iv).
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We note first that Proposition 3.2(iv) implies that any such matrix is unique up to
pre- and post-multiplication by elements of GL4(R), as required by Theorem 2.10(iv).
We note next that for such a matrix ® the first assertion of Theorem 2.10(i) is also
clear since ®; is a representative of the endomorphism ¢ of F” induced by ¢; and
the associated complex F'’ Ly is isomorphic to Cy in D(Z,[G/J]). This gives an
exact sequence of Z,[G/J]-modules F'’ +, F’ — H?*(C;) — 0 which in turn implies
that ¢7 is a relation matrix for the module H?(C).

To prove the second assertion of claim (i) we note that if G is a p-group, then II;
R ®z,(11,) Zy for each integer i and so @ induces both an identification Fi¥ = Fy ¢
I = HE ¢ and a surjection Fy' = Fy ¢ — ker(Hg — HE ) = HE .. This implies
that im(¢%) C F§' and hence that ®¢ is a block matrix (04, | ®') where ®’ is the

matrix of the homomorphism # in the exact sequence F¢ s, F§ — Hé’tor — 0 that

Il

is induced by ¢“. This proves that ® satisfies the second assertion of claim (i).

3.2.4. Height pairings. In this subsection we show that any matrix ® as above has
the properties described in Theorem 2.10(ii). We first fix an element z in F and
write ¢(x) = Zi‘f wib;, with p; € R for each i. Then, since ¢(z) € ker(w), Lemma
3.1(ii) (b) implies 0 = (e (x)) = =2 pim(w(bi)) = S2'=" pim(w(b;)). From Lemma
3.1(ii)(a) it thus follows that u; belongs to I(II;) for each integer ¢ with 1 < i < n.
This shows that ® satisfies the first assertion in Theorem 2.10(ii).

We now fix an integer ¢ with < ¢ < n and define an algebraic height pairing of the
form described in Theorem 2.10(ii). (This construction is motivated by the general
formalism of algebraic height pairings introduced by Nekovaf in [40, §11].) To do this
we set N; := N(H;), G; :== G/N;, R; := Z,[G;], I; for the two-sided ideal {n —1:n €
N;} of R and C; for the complex Cp,. Then the natural projection homomorphism
R — R, gives rise to short exact sequence 0 — I, - R — R; — 0 and by tensoring
this sequence with C' we obtain an exact triangle in D(R) of the form

Since C is acyclic in degrees greater than 2 there are identifications H?(I; ®% C) =
I; @ H?(C) and H%(C)n, = H?(C;). The cohomology sequence of the above triangle
therefore induces a ‘Bockstein homomorphism’ of R-modules

Bt HY(C;) — H*(I; @ C) 2 I; @ H*(C) — L/I? @ H*(C)),
where the last arrow is induced by passing to N;-coinvariants, and hence also a pairing
Hl(CZ) ®R HOHlZP (HQ(CZ'), Zp) — 12/112 = Nlab

where the last map is the isomorphism induced by sending each element n — 1 with n
in N, to the image of n in N2P.

The following result justifies the second assertion of Theorem 2.10(ii). In this result
we set T} := de.] g € R and often identify FVi and Fy, by the map which sends each
T;(bj) to the image bj; of b; in Fy,. We also write p} for the projection I; — I;/I?
and p; for the composite F; y, C Fl, T, H?(C)n, = H*(C;).
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Lemma 3.3. We fiz the R-basis b of F as codomain and assume that b’ is the basis of
F (as domain) that is used when the matriz ® = (Py;)1<k1<a represents ¢. For each
1 with r < i <n we set F; := R-b; and write ¢; for the element of HomR(FNi,Fi7Ni)
that sends each element T;(b,) to @by Then for each x in HY(C;) C Fy, = FNi
one has ¢;(x) € I; ®r Fy N, and Be,i(x) = (0] @r pi)(¢i(2)).

Proof. We write m; for the natural projection F — F;y,. Then (¢, is equal to
the connecting homomorphism which arises when applying the Snake lemma to the
following commutative diagram (in which both rows and the third column are exact
and the first column is a complex)

ker(pN?)

l

0 —— I; ®r F FNe 40

lid®z[c]¢ lqﬁ lqﬁN'i

0o I, 9p F E L, F )

N

lpg@’R(PiOm)
L)1} ®r H*(C;).

We may write the given element x of H'(C;) = ker(¢"?) as sz ws T (b)) with ps in
R for each index s. Then the commutativity of the above diagram implies the element

s=d u=d s=d
Z psp(by) = Z(Z s Psu) ®R by
s=1 u=1 s=1

belongs to I; ® F', and hence that ¢;(z) = Zzzf s Psi @R bi; belongs to I; g F; N,
as claimed. An explicit computation of the connecting homomorphism in the above
diagram also then shows that

s=d
Bei(e) = (0 @r (pi o 7)) (Y s (b))
Z;d s=d
= (,0; ®r (pio Wz))(Z(Z s ®su) @R by)
u=1 s=1
s=d
= (p; ®r Pi)(z 1sPsi g bii)

= (0} ®r pi)(¢i()),
as claimed. |
3.2.5. Semisimplicity. In this subsection we refine the choice of ® in order to satisfy

the condition described in Theorem 2.10(iii). The key observation is provided by the
following result.
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Lemma 3.4. There exists an R-basis b’ of F with the following property: if ® is the
matriz of the homomorphism ¢ in Proposition 3.2 with respect to b’ and b (as bases
of F' as domain and codomain respectively), then for every character x in Ty, the
subspaces ker(®), and im(®), of Fy are linearly-disjoint.

Proof. We write It' (G) for the set of irreducible Q,-valued characters of G and for any
R-module M and ¢ in It'(G) we write M, for the Qp[G]-module ey (Q, ®z, M). We
write g(TW) for the minimal number of generators of a finitely generated Q,[G]-module
W. For natural numbers m and m’ we also set (m) := {a € Z : 1 < a < m} and
(m,m’) := (m) x (m') and we order elements of the latter set lexicographically.

We recall the homomorphism A from (5) and note that x belongs to T}, if and only
if im(¢), = ker(Am o w)y. Since the homomorphisms ¢, ¢ and Ar are all defined over
Z, it is thus enough to construct an automorphism e in Autg(F') for which

(13) Fj, =ker(¢oe), ®im(¢poe)y,

for each ¢ in It’(G) with im(¢);, = ker(Anr ow@);,. (The claimed result then follows by
taking b’ to be the image of b under e~1.)

We set I := ker(¢) Nim(¢) and write T for the subset of It'(G) comprising characters
 for which im(¢);, = ker(Am o w);, but F,, # ker(¢);, & im(d))ip (or equivalently
1, # {0). |

For each ¢ in T we write e, as a sum E:sz fip of primitive (mutually orthogonal)
idempotents of e, Q,[G]. For each z € (d,dy) we set by y = fr, pbe, and Vg y =
Qp[G] -bg,p. Then F) = Gage(d,dw) Va,p and im(d))ip = ker(An ow)gp = eazeEij, Vi, for
some subset 37, of (d, dy). We set Xy := (d, dy) \ X}, and Wy, := @ﬁezw Vi, 50 that
FzL =Wy, ® im(gb)ip. We write o, and g, 4 for each z for the projections Fz/p — Wy
and F), — Vi .

We next set gy = g(I},) and Zy = oy(ker(¢),,). Then g(Zy) = g(ker(¢)y) — gy =
g(Wy) — gy and so [10, Lem. 6.4.2] (with W = W, and V =V, , for any z € Xy)
implies there exists a subset ), of ¥y, with [ | = gy and such that the Q,[G]-module
Xy = Drexy, V., is a direct complement of Z in Wy,

We now choose a minimal set of generators {w;y : i € (gy)} of the Q,[G]-module Ij;.
For each i in (gy) and each z in ¥, we then choose an element f1; ; » of Qp[G] such that
Wiy = dezfp Mi,z,wbz . and consider the associated gy x |37 |-matrix M = (4 z,4),
where the rows are indexed by ¢ € (gy) and the columns by z € ¥, After changing
the elements w; , (using ‘elementary row operations’) if necessary, we can assume M
contains g, columns which together form an identity matrix. We then fix a subset
EZ’ of 27, corresponding to a set of columns of M which together constitute a g, x gy
identity matrix, a bijection of sets ¢y, : 37" — ¥, and for each z € ¥} an element 0 4
of Isg, 6] (Va4 Viy(2),w) (such isomorphisms exist since each Q,[G]fz, 4 is a minimal
left ideal of the simple algebra e,;Q,[G]). We also fix a natural number m, , large
enough to ensure that mg ., - Im(0g .y © 054) C F. We now define mutually-inverse
elements 6:1/)) and €., of Autr(F) by setting

£
E(w) =1id £+ Z mgﬂpgg’w o Qgﬂ/’
yexy’
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(Since 0y, 00y, 400y 4 = 0 for any elements y and y’ of 37" it is clear that 6?_111) O€(y) =
idp.) We finally define € to be the composite (in any order) of the automorphisms €
as 1 varies over T and in the remainder of the proof we verify that this automorphism
has the property (13). To do this we fix x in Ir'(G) for which im(¢), = @, cx Var-
If firstly & ¢ Y, then F/ = ker(¢)!, @ im(¢),, (by definition of Y) and e, (e) = idp,
(because e,V , vanishes for all x € T). The equality (13) is thus clear.

We henceforth assume that x € T. We define an automorphism & := e, (€) = en(e(_ﬁ))
of F! and note that ker(¢oe)’ = £~ t(ker(¢)”). For each z in X/, we write 2’ = (2}, x})
for the element ¢! (z) of X7, and we recall that (by our assumptions on M) there
is a unique integer ¢ in (g.) such that w;, = by .. Since by . € ker(p, ) for all
y € X5\ {2} one therefore has -

571 (wi,n) = en(ea))(bym)

= by + § mgyneg-ﬁ o ng(%’ﬁ)
yeny’

= by i+ My k027 15 (ba’ 1)

and s0 My 0z k(b ) = 0x(E7H(wi ) belongs to g, (ker(¢ o €)’.). Since the Q,[G]-
module X, is generated by the set {my 0y (by ) + &' € 3%/} it follows that
X, C ox(ker(¢poe)l). But for every w € ker(¢)!. the definition of e, (e) implies that
Qm(fil(w)) —0x(w) € X,; and s0 o (ker(doe)) = ox(ker(d)) ) + X = Zo+ X, = W
Since g(W,,) = g(ker(¢ o €)!,) this implies that ker(¢ o ¢€). is disjoint from ker(gp,)). =
im(¢),. = im(¢ o €)/. and hence that (13) is valid, as required. O

In the rest of this section we assume that ® represents ¢ with respect to the bases
specified in Lemma 3.4, or equivalently, that ® represents ¢ o ¢ with respect to the
basis b of F for € in Autg(F) constructed as in the proof of Lemma 3.4. Let ¢
denote the isomorphism from ker(¢ o €) to ker(¢) = H'(C) given by the restriction
of ¢, and €! denote the obvious isomorphism from cok(¢ o €) to cok(¢) = H%(C). Fix
6 € Homp(H'(C), H%(C)). We write p for the surjective restriction homomorphism
Hompg(F,1IP") — Hompg(ker(¢ o €),IIP*) and fix § € Homp(F,IIP") such that p(f) =
Arrofoe’. Fix also an R-section 3 to the surjective homomorphism Ajow : F — IIP.
We define the augmented matrix ®(f) in My(R) to be the matrix of

(14) 1300+ ¢oec€ Homg(F, F)

with respect to the basis b of F. By Lemma 3.1(ii), ®(0) agrees with ® in all but the
first  columns.

The algebra Q,[G] is semisimple and so there are Q,[G]-equivariant sections ¢; and
L2 to the surjections Fy, — im(¢ o €)g, and Fy, — H?(C)g, = cok(¢ o €)g, that are
induced by ¢ o € and €' o w respectively. If we let E denote either Q, or C,, this
induces a direct sum decomposition of E[G]-modules

Fg =ker(¢poe)p @ (E ®q, t1)(im(¢poe€)p)

and so for 7 in Hompig(H'(C)p, H*(C)g) there is a unique (7,¢ o €,t1,t2) in

Homg(q)(FE, Fg) that is equal to (E ®q, t2) o (")t o7 o€l on ker(¢ o €)p and

to (poe)p on (£ ®q, t1)(im(¢o€)g).
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Lemma 3.5. Fiz t in Isc,¢)(H'(C)c,, H*(C)c,) and a characteristic element L,
for the pair (C,t). Then for any choice of sections 11 and 2, the endomorphism
(t, poe, L1, L2) is invertible and, furthermore, there exists an element uz, of nrg, (q)(R>)
with Ly = ug,nre, () ((t, ¢ 0 €, t1,12)).

Proof. The definition of (t,$ o €,11,12) implies that (t,¢ o€, 11,12)((C, ®q, t1)(im(¢ o
€)c,)) =im(poe)c, and (t,poe€, i1, 12)(ker(poe)c,) = (Cp ®q, t2)(cok(¢poe)c, ). Since
Ft, is equal to the direct sum of im(¢oe)c, and (C, ®q, t2)(cok(¢poe€)c, ) one therefore
has im((t, ¢ o €,11,12)) = Fc, and so (t,¢ o €,11,12) is invertible.

After identifying F' with R? and recalling the notation of §1.3, we have by commu-
tativity of the diagram (2) that 8}27%(%? (nr@pl[G] (L4))) =, (8}%@? (nr@;[G] (L)) =
(O, t) = ak’cp([Cp[G], (t,¢ o €,11,t2)]) (independently of our choices of sections
t1 and t2) and hence, by the exactness of the bottom row of the diagram (2),
that ch(nr@;[al(ﬁt)) — [Ch[G], (t, ¢ © €,11,12)] € ker(@}%,cp) = im(@%prL so that
Ly -nre,q((t,¢oe,t2)”" € nrg, g (im(@%ycp)). Since the natural map GL4(R) —
K1 (R) is surjective (by [19, (40.41),(40.42)]), there is a matrix Uz, in GL4(R) such
that £y = nrq, (6)(Ur, )nrc, () ((t, ¢ 0 €, 11, 12)). Setting ug, := nrg,(g)(Ur,) completes
the proof of the lemma. O

Comparing now the explicit definitions of (¢, poe,t1,12) and (fc,, poe, 1, 12) one finds
that (£, ¢ o€, 11,t2) " o (fc,,doe€, t1,12) is the identity on (C, ®q, ¢1)(im(¢o€)c,) and
equal to (60)6171 ot tofg, o e(%p on ker(¢ o €)c,. This fact combines with Lemma 3.5
to imply that
[:th(e) :uLtanp[G](
:ugtnrcp[g]( t, ¢ OE€, 1, Lg>)ﬂ1‘@p[g](<t, d) OE€, L, L2>_1 o <9(Cp’ gi) O€ L, L2>)

=Uc,NrQ, (G (<9Qp7 Boe tr,ta)).

typoe, i, L2>)1f11“<cp[c:]((60)(5201 ot tofg, 0t )

(
(

The proof of Theorem 2.10(iii) will hence be completed if we prove the following:
Lemma 3.6. ey nrg,(q((f0g,, ¢ 0 €, t1,12)) = nrg, () ($(0)).

Proof. 1t suffices to prove that e, ep,nrq, (q((0g,, o€, t1,12)) = eynrg, q)((¢3 00+ ¢o
€)g,) for all x € Ir,(G). If x does not belong to T}, then eyep = 0 and so we must
show (1300 + ¢oe), is singular. But in this case the inclusion im(¢), C ker(Ago @)y
is strict and so dimc, (im((t3 0 6 4+ ¢ 0 €))) < dimg, (im(z3)y) + dimg, (im(¢),) <
dimc, (Fy) — dimc, (ker(Anr 0 @), ) + dimc, (ker(Arp 0 @), ) = dimg, (F) and hence
(1300 + ¢ oe)y is not surjective, as required.

In the rest of the argument we fix x € Tp,. In this case eye,, = e, and the map A
is bijective. Since ner[G]((Q@p, ¢ o€, 11,L2)) is independent of the choice of sections
t1 and to, we assume henceforth that tp is chosen so that ta, =3, 0 Ay 0 €)1<. The
endomorphism (fg,, ¢ o €, 11,12)y is then equal to &, with

(15) §:= (1300)q, ol1 + (¢ 0 €)q, € Homg,(¢)(Fo,, Fo, )

where we write 7 for the homomorphism Fg, — ker(¢ o €)g, that is induced by the
decomposition F, = ker(¢ o €)g, @ t1(im(¢ o €)g,). By Lemma 3.4, we have that
F, = ker(¢ o€), @im(¢ o¢€), and so we obtain an ordered C,-basis B of F, by
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concatenating ordered C,-bases B; of ker(¢ o ¢€), and By of im(poe€), (in this order).
This also implies that the restriction (¢ o €)| : im(¢oe), — im(doe€)y of (poe)y is
bijective and so we may assume that the section ¢ is chosen so that ¢1, = ((¢oe€);) "
The direct sum decomposition Fy = t2 , (cok(¢ o €)y) @ im(¢ o €), also shows that we
obtain an ordered C,-basis B’ of F, by concatenating an ordered C,-basis B/ of
L2,y (cok(¢ o €)y) with the basis By of im(¢ o €),. Now, using the above choice of i1,
the matrices with respect to the bases B and B’ of the endomorphisms (1300 + ¢ oe),
and &, are block matrices of the form

A, | 0 os A, | 0

C, By )P \T0 B,
where A, is the matrix of 1z o (¢"); ' 0y 0 €) € Homg, (ker(¢o€)y, 12y (cok(poe)y))
with respect to the bases %, and B} and B, is the matrix of (¢ o¢)) € Homg, (im(¢o
€)x,im(¢oe),) with respect to the basis Bs. It is therefore clear that, computing with

respect to the bases B and B’, the determinants of (13060 + ¢ o €), and &, are both
equal to det(A, )det(B, ), and in particular are equal to each other, as required. O

3.2.6. The proof of Corollary 3.2.6. Let @ belong to C(H?(C)) and let b be an R-basis
of F constructed as in Lemma 3.1 (we continue to write R in place of Z,[G]). Let
F* belong to C(C). Let ® belong to M(C,x) and let ¢’ be an R-endomorphism of F
which is represented by ® with respect to b, and for any 6 in Homg(H'(C), H*(C))
let ¢’(6) be an R-endomorphism of F' which is represented by ®(0) with respect to b.
It is clear that H?(C)ior is a submodule of ker(Ar) because IIP™ has no Z,-torsion and
that ker(Arr) surjects onto IT"P* via the restriction of 7. By combining [41, Th. 4.2]
and Theorem 2.10 (iii), we know that aR;(0)Lie,, belongs to ag(cok(¢'(6))) for any
a, t, L; and 0. Tt will hence be enough to prove that cok(¢’(0)) surjects onto ker(Ar)
for any such 6.

We have an exact commutative diagram of the form

F29, cok(¢/(8)) ——— 0
— “
F-2 . F ", HC) ——0
)\nowl )\nl
1P —— IIPr,

In this diagram « is the endomorphism of F' which satisfies «(b;) = 0 for i € (r)
and a(b;) = b; for i € (d) \ (r), and the first upper square commutes because ®(6)
agrees with @ in all but the first r columns and im(¢) = ker(w) C @ifﬂ Zy[G] - b;.
We then define o/ to be the unique homomorphism which makes the second upper
square commute. The central column is exact by our choice of w and b, and the
commutativity of the diagram then implies that the final column is exact and hence
that there is a surjection from cok(¢’(9)) to ker(Arm), as required.
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3.3. The proof of Theorem 2.17. Throughout this section we assume that p is
odd and we set R := Z,[G]. Our construction of the family M(C,J) is a natural
generalisation of the construction (in the setting of Z,-power extensions of number
fields) of ‘organising matrices’ by Mazur and Rubin in [36] and for this reason we will
be rather brief with some arguments.

3.3.1. Preliminary results. We start by recording a useful technical result.

Lemma 3.7. For both i = 1,2 we suppose given a complex C; in DP(R) of the form

C} 4, C?, where the first term is placed in degree 1 and the tautological homomor-
phism m; : C? — H?*(C;) is a projective cover of the R-module H?(C;). Then any
isomorphism 7 : C =2 C' in DP(R) can be realised as a morphism of complezxes

d
Ct —— %

T

d
Ci —— (3

in which both k' and k% are isomorphisms.

Proof. By a general result, any isomorphism C = C’ in DP(R) can be realised as a
morphism of complexes x : C — C’ and so it suffices to show that in any such case the
homomorphisms ' and k2 are both bijective. To show this we consider the following
exact commutative diagram

0 —— HYCy) —S— ¢} —8 s 02 ™, g2(0y) —— 0
(16) Hl(ﬁ)l ,ﬁll l,«u? le(n)
0 —— HY(Cy) —=— 0} —2 02 — =, g2(Cy) — 0.

Since H?(k) is bijective, both m; and 7y are projective covers and the third square
commutes, Nakayama’s Lemma implies that x? is bijective. Since H'(x) is bijective
and the diagram commutes an application of the Five Lemma implies that ! is also
bijective, as required. O

For the remainder of this subsection we fix a pair (C, ) as in §1.1.3 and set €5 := 1,
resp. €5 := —1, if (C,0) is symmetric, resp. skew-symmetric.

Proposition 3.8. There exists a finitely generated projective R-module P and a ho-
momorphism of R-modules h : P — P* which together satisfy all of the following
properties.

We write np : P — (f’*)* for the natural identification and P* for the complex

P P*, where the first term is placed in degree 1.

(i) One has im(h) C J(R) - P* and the homomorphism h* : P L (P*)* — P*
that is induced by the Zy,-linear dual of h is equal to €5 - h.
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(ii) There exists an isomorphism P* — C in DP(R), with respect to which the
diagram (1) corresponds to the obvious diagram

p . px

| |

es-h™

(Pryr e, pr

(iii) Let (C',8") be a symmetric, resp. skew-symmetric, pairing that is isomorphic
to (C,0) (in the sense described in §1.1.3). Let P'* be a complex P’ L, pre

that is related to (C',d') in the same way that P* is related to (C,5). Then
there exists a commutative diagram of R-modules

P
| e
]5/

1

in which «, and hence also (a*)™', is an isomorphism.

Proof. We first fix a projective cover 7 : P — H?(C) of the R-module H?(C). Then
the same construction as in the proof of Proposition 3.2(i) shows that there is an exact
sequence of R-modules

0 H(C) L P L PI HXC)—0
with the following property: P’ is finitely generated and projective and writing P*® for

the complex P’ 4, P, where the first term is placed in degree 1 and the cohomology
is identified with H(C) and H?(C) using the maps ¢ and 7 in the above sequence,
there exists an isomorphism 9 : P* — C in D(R) such that H*(4) is the identity map
on H!(C) for both i = 1,2. The induced isomorphism (9*)~! : P** = C* then gives
an exact sequence

0— HYC*[-3]) — P* L P = H2(C*[-3]) — 0
in which im(d*) C J(R) - P™* (since im(d) C J(R) - P as 7 is a projective cover) and
so 7' is a projective cover of H?(C*).
Applying Lemma 3.7 with C; = P®, Cy = P** and 7 = 9¥* 0 § 09 we deduce that 7 is
induced by a commutative diagram

P* dr Pl*

in which both a and o' are bijective. This diagram is an appropriate replacement for
the first commutative square that occurs in the proof of [36, Prop. 6.5]. Noting that
any two morphisms of complexes of R-modules P* — P**[—3] that induce the same
morphism in DP(R) are homotopic, and that p is assumed to be odd, one can then
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simply mimic the remainder of the proof of [36, Prop. 6.5] to deduce claims (i) and
(ii) (and with P = P’).

Regarding claim (iii) we first note that Lemma 3.7 combines with claim (ii) to imply
that any isomorphism C' = C’ can be realised as a morphism of complexes

15 *
oL

Pl W P’*
in which both a and § are bijective. This diagram is the appropriate generalisation
of the first diagram that occurs in the proof of [36, Prop. 6.6]. Claim (iii) can then
be shown to be a consequence of this diagram by using the same argument as in loc.
cit. (|

3.3.2. The proof. Returning to the proof of Theorem 2.17 we fix a representative of
C of the form P* described in Proposition 3.8. We then choose a finitely generated
projective R-module @) that is of minimal Z,-rank and such that F' := P®Q, and
hence also F* = P*@&Q*, is a free R-module, of rank d say. The Krull-Schmidt implies
that these conditions specify () up to isomorphism and, since Swan’s Theorem implies
that the R-modules P and P* are isomorphic (by the same argument as in Proposition
3.2), also imply that @ is isomorphic to @*. Further, if G is a p-group, then [19 Th.
32.13] implies that P is itself a free R-module so one has Q = {0} and F = P.

Next we note that the diagrams in Proposition 3.8(ii) and (iii) obviously extend to
give commutative diagrams

Fo 2, pr Foe0 . p
(17) nFl H a@idQJ( l(a@idQ)***l
(F*)* €5 (h®0)" F* F/ h' @0 FI*

with F/ := P’ ® Q. Thus if we fix an R-basis of F and compute the matrix represen-
tative ® of h & 0 with respect to this basis and the corresponding dual basis of F*,
then the first of these diagrams implies that ® is symmetric, resp. skew-symmetric,
whilst the second implies that any other matrix ® constructed in this way will satisfy
&’ = UdU' for some U in GL4(R). This proves Theorem 2.17(i)(a) and the analogous
claim in Theorem 2.17(ii).

The claim in Theorem 2.17(i)(b) and the analogous claim in (ii) is then proved by the
same argument used in the proof of Theorem 2.10(i) that is given in §3.2.3.

In order to prove the claim in Theorem 2.17(i)(c) and the analogous claim in (ii), we
fix a normal subgroup J of G and set C7 := RHomg (¢(Zy[G/J],C). Then, since
each term of C' is perfect, there is a natural isomorphism in DP(Z,[G/J]) between C,
resp. C”, and the complex which in each degree i is equal to (C?) s, resp. (C?)”, and
in which the differentials are induced by those of C. For this reason, the action of
>_ges 9 on each module C" induces an isomorphism in DP(Z,[G/J]) from C; to C7.
The homomorphism H?(RHomy, (¢)(Z,[G/J],)) therefore induces an isomorphism of
Z,|G/J]-modules
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Hz(C’J)tor = H2(Cj)tor = HQ(C*[_B]J)tOr = Hz((cl)* [_3])““
= Homzp (H2 (CJ)tora QP/ZP)

where the last isomorphism is induced by the universal coefficient spectral sequence
(cf. §1.1.2), and hence also a non-degenerate pairing

(18) H?*(Cp)ior X H*(C)tor — Qp/Zy.

We now show that this pairing is also induced by an explicit non-degenerate symmetric,
resp. skew-symmetric, G/J-invariant pairing

pJ 1 cok(Pg)tor X cok(fbf}“)tor — Qp/Z,.

To define p; we fix (x,y) € cok(®))or X cOK(PF)ior = cok(hs)tor X cOk(h¥)or- Then
there exist elements a € Z,, o € Fj and o' € Fy such that ax = 0, the class of «
in cok(hy) equals x and hy(a') = ac. Analogously, the first commutative diagram in
(17) implies that there exist elements b € Z,,, 3 € F; and 8’ € Fy such that by = 0,
the class of 3 in cok(h%) equals y and h%((nr)s(a’)) = b3. We then define

pa(z,y) = (ab) "' h(a')(6) (mod Zp).

The element p;(z,y) of Q,/Z, is then independent of the choices of a,b,a/ and 3
and the first commutative diagram in (17) implies that p; is symmetric, resp. skew-
symmetric. It is also straightforward to check that p; induces the pairing (18).

4. TATE MOTIVES

In this section we apply the theory of organising matrices in the setting of §1.2.1.
For any Galois extension of fields F//E we set G/ := Gal(F/E). We also set Gy :=
Ge /i and recall that G, x denotes the Galois group over k of the maximal extension
of k inside k€ that is unramified outside X.

4.1. The general set up. Let M be a motive over k and F' a finite Galois extension
of k inside k¢. We fix an odd prime p and a full Gg-stable sublattice T' in the p-adic
realisation V' of M. We also fix a finite set of places ¥ of k containing all archimedean
places, all which ramify in F/k, all at which M has bad reduction and all above p.
Then Tr is an étale sheaf of free Z,[G]-modules on Spec(Oy x) and, as in §1.2.1, we
obtain an object of DV*(Z,[G]) by setting C(Tr) := RI'(Ok5,Tr). If we regard
Mp = hP(Spec(F)) ®@pospec(k)) M as a motive defined over k and with an action of
Q[G] via the first factor in the tensor product, then the ‘non-commutative Tamagawa
number conjecture’ of Fukaya and Kato [26, Conj. 2.3.2] for Mp conjectures the
existence of a characteristic element £ for C(Tr) for which es(C(TF))L is equal to
the value at s = 0 of the ((C[G])-valued complex L-function of Mp normalised by
a product of suitable regulators and periods. This means that when combined with
Corollary 2.3 the relevant case of [26, Conj. 2.3.2] predicts explicit annihilators of
the Z,[G)-module Sel(T*(1)r) in terms of the values of complex L-functions. In a
very similar fashion, one can use Corollary 2.3 to show that the relevant (generalised)
main conjecture of Iwasawa theory predicts the existence of explicit annihilators for
Sel(T*(1)r) that are constructed from the values of p-adic L-functions. By means of
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an explicit example, in this section we consider in detail the latter Iwasawa-theoretic
approach to the Tate motives M = h®(Speck)(r).

4.2. Annihilation results. In this section we shall combine Corollary 2.3 with re-
cent results of Ritter and Weiss, of Kakde and the first author concerning the main
conjectures of non-commutative Iwasawa theory to prove an explicit restriction on the
Galois structures of certain Galois groups, ideal class groups and wild kernels in higher
algebraic K-theory.

For any CM-field F we write ET for its maximal (totally) real subfield. In this
subsection we fix a totally real field k£ and a finite CM Galois extension F' of k inside
k¢, set G := Gy, and write 7 for the unique non-trivial element of G/ p+. We write
w(F, p) for the Iwasawa-theoretic (p-adic) p-invariant of F' and recall that Iwasawa has
conjectured in [27] that u(F,p) = 0. We fix a finite set of places ¥ of k containing all
archimedean places, all which ramify in F'/k and all above p. For each integer m we
regard Z,(r)r as an étale sheaf of free Z,[G]-modules on Spec(Oy x) in the natural
way and thus, following §1.2.1, we obtain an object of D“*(Z,[G]) by setting

(19) Cm(F/k) = RFC(Okyg,Zp(m)F).

We write ep)in, for the idempotent e (Cyy, (F'/k)) that is defined in §1.1.4.

For any torsion abelian group A we write A, for its p-primary part and, as in §2.1.2,
we set ag(M) = Anngz gy (M) for any Z,[G]-module M. For each integer a we
write M%Z, for the Z,[G]-module H(F,Q,/Z,(a)) (so that u%}p identifies with the
group pp, of p-power order roots of unity in F') and if a > 0 we also write K3, (Op)
for the ‘wild kernel’ of higher algebraic K-theory that is defined by Banaszak in [2].
We set ((Ig,p) := ((Zy|G]) N Ig,p and write  — a# for the Q,-linear involution on
C(Q,[G])* that is induced by inverting each element of G. Finally we write wy, for the
Teichmiiller character Gy — Z;.

Theorem 4.1. Let F/k and ¥ be as above. For each integer m write Ir,,(G) for
the subset of Ir(G) comprising representations p : G — GL,1)(Q5) for which ker(p)

CONLAINS €F /i, m -
(i) If p belongs to Tr,,(G), then (—1)"*'7 € ker(p) and Ly x(m,w; ™p) # 0,
where Lp,g(m,wifmp) is the value at s = m of the X-truncated p-adic L-

function of the character w,ifmp. In particular, for each integer m we obtain
a well-defined element of e, ((Q,[G])* by setting

Leppsm =Y, eplps(m,wy™p).
pElry (G)
In the sequel we assume that u(F,p) =0 if p divides |G]|.

(ii) Ifm =1, resp. m # 1, then for any non-zero element o which can be expressed
as the product of an element of ((Ig,p) N C(Qp[G](1 — eg))™ and an element
of C(Ig,p), Tesp. for any non-zero element o of ag(,u?(pl_m)) N ¢(Q,IG)) ™,
there exists a weakly-organising matriz © for the pair Cp,(F/k) and o which
satisfies nrg, () (®) = AL p/k5,m-

(iii) One has

(20) Ap(G)C(I6.p)* Lrjkpa C ag(Gal(Ms(k)/F))
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and
(21) AP(G)(CLG(MFW)#‘C?&/th +C(Iap)’Lrksi) € ac(CHOF),),

and for each m > 1 also
(22)  Ap(G) acUiE LY s+ a6 D) L) € ag (K s(O)y).

Remark 4.2.

(i) In the special case that G is abelian the inclusion (21) is a natural counterpart
to Brumer’s Conjecture and hence, if F is abelian over Q (in which case Ferrero
and Washington [23] have proved that u(F,p) = 0 and so (21) is unconditional), to
Stickelberger’s Theorem. Indeed, whilst the latter uses values of Dirichlet L-functions
at s = 0 to produce annihilators of Cl(O), that lie inside Z,[G](1 — 7), (21) uses
the values of p-adic L-functions at s = 1 to produce annihilators of C1(Op), that lie
inside Z,[G](1 + 7).

(i) The inclusions in Theorem 4.1(iii) specialise to give a strict improvement of the
annihilation results that are proved in the case that G is abelian by Barrett and the
first author in [3, Cor. 3.4 and Cor. 3.7]. In addition, the observations made in
[3, Rem. 3.6(iii)] show that the inclusion (20) constitutes a natural generalisation to
non-abelian extensions of the main results of Oriat in [43].

(iii) If the ‘p-adic Stark conjecture at s = 1’ of Serre and Tate (for a precise statement
of which see [16, Conj. 5.2, Rem. 5.3]) is valid for all characters of G, then the element
Lr/k,x,1 can be re-expressed explicitly in terms of the values at s = 1 of 3-truncated
Artin L-functions. In any such case it would therefore be interesting to compare the
inclusions of (20) and (21) with the conjectures and theorems regarding the structure
of Cl(OF), that are proved by Castillo and Jones in [18].

Remark 4.3.

(i) The argument used in the proof of [3, Cor. 3.7], and hence also in our proof of the
inclusion (22), relies on the recent verification of the Quillen-Lichtenbaum Conjecture.
For more details see Remark 2.9.

(ii) To properly understanding Theorem 4.1 one needs an explicit description of the
set Ir,,,(G), and hence also of the idempotent e,,, and the proofs of [3, Cor. 3.4
and Cor. 3.7] give information in this regard. In particular, if for each integer m
we set e() = (1 — (=1)"7)/2, then the arguments given in [3] show the following:
€m = €(m) for each m < 0; the validity of Leopoldt’s Conjecture for F' at p implies
that e; = e1) — ey, where xq is the trivial character of G; if m > 1 and the group
H?(Opx,W(1 —m)) vanishes (as is conjectured by Schneider in [48, p. 192]), then
em = €(m) (and so, in particular, the expression on the left hand side of (22) has finite
index in ag(K3),_2(Or)p)).

We end this subsection by proving the first assertion of Theorem 4.1(i). To do
this it is clearly enough to show that any idempotent of ((Qp[G]) which annihi-
lates H2(Ok s, Qp(m)r) must also annihilate the space Sy HO(ky, Qp(m)p) =
HO(GC/R,HFHC Qp(m)), where on the product term Gg¢/p acts diagonally and G
acts via F.

If m = 0, then the required claim follows from the isomorphism of Q,[G]-modules

Homg, (HZ (O 5, Qp(0)r), Qp) = H'(Okz,Qp(1)r) = @ @z, Ofyy coming from
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global duality and Kummer theory and the fact that Q, ®z, (’);E contains a Q,[G]-
submodule isomorphic to H®(G¢ mollrocQp) = [, Qp where w runs over all
archimedean places of F'.

On the other hand, if m # 0, then the cohomology sequence of the exact tri-
angle [3, (7)] with F = Z,(m)r combines with the fact that H°(Ox,Q,(m)r)
vanishes to induce an injective homomorphism from B, ., H Y(ky,Qp(m)F) to
H}! (O 5,Q,(m)r) and this implies the required claim since any idempotent which an-
nihilates H2(Ok 5;, Q,(m) ) must also annihilate H! (O, x, Q,(m)r) (since C belongs
to D¥*(Z,|G]) and H3(C) is finite). This completes the proof of the first assertion of
Theorem 4.1(3).

4.3. Characteristic elements. The following result provides a key step in our proof
of Theorem 4.1. We recall the complex C,,(F/k) defined in (19).

Theorem 4.4. Let F/k and ¥ be as in Theorem 4.1 and assume that p(F,p) = 0
if p divides |G|. Then there exists a characteristic element Ly, for Cp(F/k) which

satisfies ep/kmLm = LF/k,sm-

The proof of this result will occupy the rest of this section.

For any subfield F’ of F we write F. for the cyclotomic Z,-extension of F’. For any
continuous quotient G of the group Gg_/, we write A(G) for the completed group
ring lim,; Zy[G/U| where U runs over all open subgroups of G and Q(G) for the total
quotient ring of A(G). For each integer m we write A(G)# (m) for the set A(G) upon
which A(G) acts via multiplication and Gy x acts in the following way: each ¢ in
Gy, acts as multiplication by the element chc(a)’"&*l where xcyc is the cyclotomic
character Gy x; — Z, and ¢ denotes the image of o in G. We regard 7 as an element
of Gp JFE and hence also for each integer m we regard the idempotent e,,) defined
in Remark 4.2(iv) as an element of ((A(Gp_/x)). If E is the subfield of F., with
GE/r = G then, following Nekovar [40] and Fukaya and Kato [26, §2.1.1], we obtain
an object of DP(A(G)) by setting

(23) CE/k,m = ch(oka,e(m)/\(g)#(m)).

To study this complex we write S for the Ore set of non-zero divisors in A(G) compris-
ing elements f for which the quotient A(G)/ A(G)f is a finitely generated Z,-module
and A(G)s for the corresponding localisation of S. We recall that for each element &
of K1(A(G)s) and each representation p in A(G) there is a well-defined notion of the
‘value of § at p’ and that this element {g(p) belongs to Qp U {oc}. We write dg s for
the natural connecting homomorphism K;(A(G)s) — Ko(A(G),A(G)s) and x™f(C)
for the canonical element of Ky(A(G),A(G)s) that is associated to any object C of
DP(A(G)) such that A(G)s ®x(g) C is acyclic.

The following result verifies the case of the main conjecture of non-commutative Iwa-
sawa theory that is relevant to Theorem 4.4. This result is itself a special case of [11,
Cor. 9.4] and is proved in loc. cit. by using the results of Ritter and Weiss in [47].

Proposition 4.5. Let k be a totally real number field and F a finite CM Galois
extension of k such that u(F,p) =0 if p divides [F : k]. We fix a finite set of places ¥
of k that contains all places which ramify in F/k (and hence all archimedean places)
and all places that divide p. We also set G := Gr_ /i, and fix an integer m.
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(i) Then A(G)s ®a(g) C}m/kLZ(m) is acyclic.
(ii) There exists an element &,, of K1(A(G)s) that satisfies both of the following

conditions:
(a) for all irreducible p € A(G) one has

£ olp) = { Ermmue o) if (21T € kex(p)
g 1, otherwise;

(b) 9g,5(&m) = X*N(Cr k5 (m)).
To deduce Theorem 4.4 from Proposition 4.5 we set e, = ep/pm and Cpo =
Zp|Glem ®Hip[G] Cm(F/k) where the complex Cp,(F/k) is as defined in (19). Then
the first assertion of Theorem 4.1(i) (already proved at the end of §4.2) implies

€m€(m) = em and hence that there is a natural isomorphism in DP(Z,[G]e,,) of the
form
(24) Ly [Glem ®H1‘2m CFoo/k7m = Zyp [Glem ®£(m)Zp[G} OF/kJn
 2,[Glem ®%, 1) Com (F/K) = Cmg
where the first isomorphism is induced by the canonical descent isomorphism
Zp|Glem) @5, Cro sk = Cr/km-
Now, by the very definition of the idempotent e, the complex Q, ®z, Cp, o is acyclic
and so the isomorphism (24) makes it clear that Cp_ k., is semisimple at p (in the
terminology of [17]) for all p € A(G) which factor through the algebra homomorphism
A(G) — Zp|Gles,. Thus, by combining Proposition 4.5 with the isomorphism (24) and
the descent formalism of [17, Th. 2.2 and Rem. 2.3] one deduces that there exists a
characteristic element &, /. for Cy, o which satisfies L, s(m, w,i_mp) =epém,r/k 70
for all p in Ir,,(G). The result of Theorem 4.4 is now an immediate consequence of
Lemma 1.4 (with % = Z,[G] and C = Cg/p, 50 €2 = €,).

4.4. The proof of Theorem 4.1. To prove Theorem 4.1 we combine Theorem 4.4
with Theorem 2.1 and Corollary 2.3. We shall also need the following result.

Lemma 4.6. There are canonical identifications

Kéﬂmfz((')p)pe(m), ifm>1,

- ) ClOF)pem), ifm=1,
(25) Sel(Zy(m) 7 )e (m) = pim) T
CI(OF);D €(m)> me =0,
KEQm(OF»;e(m)a if m <0,
and
Ly, ifm=1,
(26) H(Cn(F/R)em)) =3 Poiom m— )
T T = g, i m L

Proof. From any representation 7' as in §1.2.1 the explicit definition of the Bloch-
Kato Tate-Shafarevich group III(T%) of Tr gives rise to a canonical exact sequence of
Zyp|G]-modules

(27) 0— Qp/Zy @z, Hj(k,Tr) — Sel(Tr) — II(TF) — 0.
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One also knows that the module Hj(k,Z,(m)r) vanishes if m < 0 and identifies
with Kop—1(Ok) ® Z, if m > 0. For each integer m it follows that the module
H}c(k,Zp(m)F)e(m) vanishes and hence that Sel(Z,(m)r)en) = I(Zy(m)r)eqn). In
[24] Flach shows that ITI(Z, (1) r) is canonically isomorphic to Cl(Op)®Z,, and if m >
1, then it is known that ITI(Z,(m) ) is canonically isomorphic to K%, _o(Op)®Z, (see
the proof of [3, Cor. 3.7]). The isomorphisms in (25) for m < 0 then follow because the
Gr-module Z,(m)3 (1) identifies with Z,(1 —m)p and because Flach’s generalisation
of the Cassels-Tate pairing induces a canonical isomorphism II(7TF) = II(T}(1))Y for
every representation 7.

The isomorphisms in (26) result from the isomorphisms

H*(Con(F/k)e(m)) = H (Con(F/k))e(my = H(F,Qp/Zyp(1 — m))" e(m)

1-m ~ m—1 m—1
= (g ™) e = upy Ve = uipy" Y

where the first indicated isomorphism is induced by global duality and the second is
obvious. ]

We first recall that Theorem 4.1(i) was proved at the end of §4.2. To prove Theorem
4.1(ii) and (iii) we apply Theorem 2.1 and Corollary 2.3(i) respectively, with the
complex C equal to Cy, := C,,(F/k) for each integer m and with the characteristic
element £,,, as described in Theorem 4.4.
If m = 1, resp. m # 1, then the isomorphism (26) shows that in this set-
ting we may apply Theorem 2.1 by taking « to be the product of any element of
CUa,p) NCQyG)(1 — e(;))X and any element of ((Ig,p), resp. by taking a to be
any element of ag (,u?(pl ™) )N ¢(Qp[G])*, and in either case with g3(Cy,) = 1. Then
for any m one has by Theorem 2.1(iv) that aLlp/psm = aep/pmlnm = aeiesly, =
ae1 Ly = nrg,[c)(Pc,.,a)uc,, = nrg,c)(Pc,, )t 6 (Us,,) = nrg,¢)(®c,,.a - Us,,)
for some weakly-organising matrix ®¢, o € Mg(Z,[G]) for C,, and « and some
Ue,, € GL4(Zy[G]). Noting that & := ®¢,, o - Ur,, € My(Z,[G]) is also a weakly-
organising matrix for C,, and « completes the proof of Theorem 4.1(ii).
If m =1, resp. m # 1, then the isomorphism (26) shows that in this setting we may
apply Corollary 2.3(i) by taking 8 and -y to be any elements of (/¢ ), resp. by taking
(3 to be any element of QG(/L%(I m)) and v = 1, and in either case with g3(C,,) = 1,
and in this way one deduces that

Ap(Glac (N%(pm )['F/k s.m C ag(H?*(Cw)), if m > 1,

(28) Ap(G)C(Ia p)? Lp/ksm Cag(H 2(Cw)), ifm=1,
Ap(Glac (IU/Fp)‘CF/kZ s,m € ag(H 2(C)), if m=0,

A @ ac (13 ™)) Lrpsm € ac(H(Cr)), if m < 0.

The inclusions of Theorem 4.1 are then a direct consequence of (28) because for every
integer m the module Sel(Zy,(1 — m)p)¥e(y) is isomorphic to a quotient of H?(C,y,)
(as already observed in §1.2.1) and so the isomorphism (25) implies that
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ac(Kgp 2(Op)plegny,  ifm>1,

(
9 ag(ClOF)p)em), ifm=1,
aG(H (Cm» g ag(CI(OF) ) e(m), ifm = O,

( —2m(OF) ) €(m)> ifm < 0,

where (for each m < 0) we use the fact that ag(M") = ag(M)# for any finite Z,[G]-
module M.

5. CRITICAL MOTIVES

In this section we fix notation and hypotheses as in §1.2.2 and also set e; :=
e1(C(Tr,T2)). We recall that in [26, Th. 4.1.12] Fukaya and Kato have proved
that the (local and global) non-commutative Tamagawa number conjectures for the
pair (Mp,Z,[G]) combine to predict the existence of a characteristic element £ for
C(Tr,Tp) such that e;£ is equal to the value at s = 0 of the ((C[GF/q])-valued
complex L-function of My multiplied by a suitable combination of natural regulators,
periods and Euler factors. When combined with Corollary 2.3 this observation predicts
the existence of explicit restrictions on the values at s = 0 of the complex L-functions
L(M,x,s) for x € Ir(G) and also predicts that these values should influence the ex-
plicit structure of the Z,[G]-module Sel(T7(1)). By means of an explicit example, in
the next subsection we shall consider in greater detail the case of abelian varieties.

5.1. Abelian varieties. In this subsection we fix an abelian variety A that is defined
over Q and has good ordinary reduction at p and write A’ for the dual abelian variety.
We write T for the p-adic Tate module of A® (so that V° can be identified with the
Q,-space spanned by the p-adic Tate module of the formal group of A* [16, Exam.
6.3]). We regard the motive Mp := h'(A,p)(1) as defined over Q and with coefficients
Q[Gr/ql-

We fix an isomorphism of fields C = C,, and henceforth use this to identify the sets
of irreducible C-valued and C,-valued characters of G. We also fix an isomorphism 3
as in [26, §4.2.24] and then define Ly, 5(A,p,1) to be the unique element of ((C,[G])
such that for every p € Ir(G) one has

Ls(A,p,1) _ 1 Prp((V3) (1), 1)
epmgp s(M(p))Lq, (Vp) PL,pE)Vf,O, 0

Here Ly (A, p,1) denotes the value at s = 1 of the X-truncated Hasse-Weil L-function
of A twisted by the contragredient representation p, M(p) is the tensor product of
h'(A)(1) with the Artin motive associated to g, V; is the representation V°®V; where
V; is a representation of character p and the archimedean and p-adic periods Q. (M (p))
and Q, 3(M(p)), non-zero rational number I'g (V) and Euler factors Pp,(—,s) are
all as defined by Fukaya and Kato in [26, §4.1.11, §3.3.6, Lem. 4.1.7]. (For a more
explicit description of the formula (29) in the case that A is an elliptic curve see §5.2.)
If B denotes either A or A’, then we write III(B,) and Sel,(B,p) for the (classical)
Tate-Shafarevich and p-primary Selmer groups of B over F' respectively. We also write
B(F)[p*>] for the Sylow p-subgroup of B(F)toy.

(29)  elsp(Ajp,1) =
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Theorem 5.1. Let A, p, F/Q and ¥ be as above. We assume that A'(F)[p™] vanishes,
that HI(A;F) is finite and that the relevant cases of all of the conjectures discussed by
Fukaya and Kato in [26, §2 and §3] are valid (see Remark 5.2(i) for more details about
these conjectures).

(i) For each multiple h of |A(F)[p*]|, there exists a weakly-organising matriz
® for C(Tp,Tp) and h for which one has h9Ls g(A/p,1) = nrg,g)(P) €

ngp(A(Q))], where g denotes the minimal number of generators of the Z,[G]-

module A(F)[p=]".
(i) One has Ap(G)(ac(A(F)[p>])?)#Ls g(A/r,1) C ac(Sel,(A/r)Y).
(iii) If A(F)[p™] vanishes, then Ly, 3(A,;p,1) generates Fity g)(H*(C(Tp, T§))).

Proof. In this argument we set C':= C(Tp,Tp) and Ly g = Ly, 3(A/r,1).

At the outset we recall that if III(A,p) is finite, then [6, Prop. 5.4] implies that
Sel(T(1)) is canonically isomorphic to Sel,(A,r) and that the space H}(Q,Vr) =
H}(F, V) identifies with Q, ®z AY(F) = Q, ®q H}(MF) We also recall that in
this case the spaces H*(Q,, Vr/VE), H°(Q,, (V2)*(1)) and H°(Qy, VF) for each prime
¢ ¢ % all vanish (cf. [16, Exam. 6.3]) as required by the discussion in §1.2.2. In
addition, the group H®(Zs, Wr) identifies with A*(F)[p>] and so [3, (26)] implies
ag (A (F)ior) C ag(HY(C)ior). Our assumption p f |AH(F)ior| therefore implies that C
is an object of DV?*(Z,[G]). The key point now is that if the conjectures discussed in
[26, §2 and §3] are valid in the relevant cases, then there exists a characteristic element
L of C for which

(30) eif =eilyg=Lsp

where Ly g is as defined above. Indeed, the existence of a characteristic element £
that satisfies the first equality follows directly from [26, Th. 4.1.12] and the second
equality follows from the validity of the Deligne-Beilinson Conjecture (in the form of
(26, §2.2.8, (1)]) with M = My and K = Q[G]. To explain the latter point note that
a character p in Ir(G) belongs to Irg(G) := {p € Ir(G) : Lx(A, p,1) # 0} if and only if
ep(Q5 ®q, H}(Q,Vr)) = 0, or equivalently eje, = e,. One therefore has

Leg= Y elsp= Y elusg= Y eelng=eilng,
pEIX(G) pEIro (G) pE€Iro(G)

as claimed.
Next we note that H?(Zy, W} (1)) identifies with A(F)[p>] and so [3, (26)] implies
the existence of a surjective homomorphism

(31) A(F)[p™]Y - H*(C).

This surjection implies that H?(C) is finite, that the integer g in claims (i) and (ii)
satisfies g > ¢3(C) and that |A(F)[p>°]| is a multiple of |H3(C)|. To prove claim (i) we
note that the complex C¢ identifies with C(T, T) and that Q, ®z A(Q) is isomorphic
to a subspace of H?(Q, ®z, C(T,T°)) and so dimg, (Q, ®z, H*(Cg)) > rk(A(Q)).
Claim (i) therefore results directly from applying Corollary 2.3(ii) to the complex C
and using the equality (30).

We may also apply Corollary 2.3(i) to the complex C' with 3 any element of
ac(A(F)[p™]Y) = ag(A(F)[p™])# and with e;£ = Ly 5. This implies claim (ii).
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Regarding claim (iii) we note that if A(F)[p>°] vanishes, then the surjection (31)
implies that H3(C) vanishes. Claim (iii) thus follows directly by applying Corollary
2.3(iii) to the complex C' and using the equality (30). O

Remark 5.2.

(1) The conjectures from [26, §2 and §3] that are being assumed in Theorem 5.1 are as
follows: [26, §2.2.8] (the Deligne-Beilinson conjecture) for the motive Mp and algebra
K = Q|[G]; [26, Conj. 2.3.2] (the non-commutative Tamagawa number conjecture), [26,
Conj. 3.4.3] (the local non-commutative Tamagawa number conjecture) and [26, Conj.
3.5.5] (compatibility of the above conjectures with the relevant functional equation),
in each case for the ring A = Z,[G] and sheaf T = Tp.

(ii) If G is abelian, then the techniques of [9, §9] combine with the properties of @
described in Theorem 2.10(ii) and (iii) to show Theorem 5.1(i) implies an explicit con-
gruence for the residue class of Ly 5(A4,/r, 1) modulo Igi;A(Q))H in terms of the discrim-
inant of a natural algebraic height pairing H*(C(T,T°)) ® H*(C(T,T°)) — Ia /1%,
Such conjectural formulas constitute a natural generalisation of the congruences for
modular symbols that are conjectured by Mazur and Tate in [38]. In addition, Theo-
rem 5.1(iii) constitutes a (non-abelian) ‘strong main conjecture’ of the kind that Mazur
and Tate explicitly ask for in [38, Remark after Conj. 3] (see also Remark 5.4 below).
In particular, it would also be interesting to know if there are any connections between
this (conjectural) equality and the explicit conjectural formulas for the Fitting ideals
of Selmer groups that are formulated (in certain special cases) by Kurihara in [29].

5.2. Elliptic curves: the rank zero component. The predictions of Theorem 5.1
can be made even more explicit if A is equal to an elliptic curve E. To do this we let u
in ZX be the unit root of the polynomial 1 — a, X + pX? where a, :=p+1— |E,(F)|
with Ep the reduction of £ modulo p. We set G := G'r/g and for each p € Ir(G) we
fix a Q5[G]-module V), of character p, regarded as a module over G via the natural
projection Gg — G, and then define a polynomial

Py(p, X) := detogy (1 — ¢, X | H(I),V;)) € Q[ X]

where I, is the inertia subgroup of p in G and ¢,, the geometric frobenius of p in G/I,.
We also write pf for the p-part of the conductor of p and €(p) for the local e-factor
of p at the prime p. We note in passing that if both p(1) = 1 and f, # 0, then (p is
non-trivial, irreducible and of degree 1 and I, acts non-trivially on V,, so) the space
HO(I,,V,) vanishes and hence P,(p, X) is identically 1.

We also use the period Qp := fy w where w is the Néron differential of E and ~ is a

generating element for the (free rank one Z-) module H°(G¢ g, H1(E(C),Z)).
Corollary 5.3. Let Ly,(E,1) denote the unique element of ((C,[G]) which at each p
in Ir(G) satisfies
LE(Eaﬁa 1) —f P;D(pauil)
—— 5 P S

ar R )
Then if the conjectures discussed in §5.1 are valid with A = E all of the following
claims are also valid.

(i) Le(E/p,1) belongs to IgifE(Q))] and generates Fity q)(H*(C(Tp, T}))).

(32) e,Lx(E,1) =€,
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(ii) .Ap(G)Lz(E/F, 1) g AnnC(ZP[G])(Selp(E/F)V).
(iii) For every p in Ir(G) one has p(1)7'|Gle,Ls(E,1) € Z,[p][G], where Zy|p] is
the extension of Z, that is generated by the values of p.

Proof. Since F' is assumed to be totally real, the same argument as used in the proof
of [17, Prop. 7.8] shows that the expressions on the right hand sides of (29) and (32)
coincide (when A = F). (It is important to note here that the argument of [17, Prop.
7.8] uses the explicit computation of [26, Th. 4.2.26] and hence relies upon choosing
the isomorphism 3 which arises in the definition of the p-adic period 2, g(M(p)) as in
[26, §4.2.24].) In addition, in this case one has E*(F) = E(F) and so our assumptions
imply that the group E(F)[p>°] vanishes.

Given these facts, claim (i) follows directly from Theorem 5.1(i) and (iii) and claim
(ii) follows from Theorem 5.1(ii). Finally we note that claim (iii) follows by combining
claim (ii) with the observation in Remark 2.4(ii). O

Remark 5.4. Let E,p and F/k be as in §1.2.3. If also F is totally real and k = Q,
then [9, Prop. 4.3.2] shows that the equivariant Tamagawa number conjecture of [14,
Conj. 4.1] implies that the approach of §5.1 can also be used after replacing C(Tr, T%)
by C¢(Tr) and Lx(E, 1) by the (unique) element Ly (E, 1)" of ((C,[G]) which at each
p in Ir(G) satisfies

epLs (B, 1) = ¢,0." 7 (p)Ls, (E. p, 1),

where 7*(p) is the adjusted Galois-Gauss sum defined in [9, §4.3] and S, the set
of rational primes that ramify in F/Q. In particular, under these conditions the
predictions in Corollary 5.3(i) and (ii) should also be valid after replacing Lsx.(E/p, 1)
and H*(C(Tr,TR)) by Le(E,1) and Sel,(E,r)Y respectively.

5.3. Elliptic curves: dihedral extensions. Corollary 2.2.1 can be combined with
Theorem 2.10 to give analogues of the predictions in Corollary 5.3 in which twisted
Hasse-Weil L-functions are replaced by their higher order derivatives. In [33] the
second author has investigated this approach in the setting of cyclic p-power degree
extensions of Q and, in particular, has shown that it gives strong refinements of the
conjectures formulated by Fearnley and Kisilevsky in [21, 22]. In this subsection we
therefore focus on the case of dihedral extensions. The results of Mazur and Rubin in
[37] play a key role in this subsection.

5.3.1. Explicit structures. If E is an elliptic curve defined over K, then for any exten-
sion K’ of K we write Sel,,(E/ ) and II1,,(E, /) for the p-primary Selmer module and
the maximal p-torsion subgroup of the Tate-Shafarevich group (£, k) of E over K’
respectively. In the following result we also use the notation introduced in §1.2.3.

Theorem 5.5. Let p be an odd prime, let F/k be a dihedral extension of number
fields of degree 2p™ and let E an elliptic curve defined over k. For each integer i with
0 <i < n write K; for the (unique) intermediate field in F/k with [K; : k] = 2p® and
set K := Ko. Write SK and SE for the finite sets of places of K which ramify in F/k
and at which E,k has bad reduction respectively.

Assume that all of the following conditions are satisfied:

(2) pfcond(E)|E(K )wor| [T,esx [Bo(Fo)l Tl esx [EEL) : Eo(Ky)].
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(b) Every place in SE is unramified in F/K.
(¢) Either
(1) ptdisc(F/Q), or
(2) E has ordinary reduction at all places above p; for v in SE either EB(K,)
has no point of order p or E(K'™)[p>] is divisible; F is contained in a
Z8-extension K' of K which is Galois over k and such that Sel,(E k)Y
is a torsion A(G g, )-module.
(d) For each i with 0 <i < n the group UI(Ek,) is finite.
We fix an element T of G that has order 2. Then all of the following claims are valid.
(i) If for each i < n one has p { |II(E/g,)|, then Z, ®z E(F) is a permutation
module.
(ii) If all places of k above p are split in K/k, the group E(K) has odd rank and
for each i <n one has p{ |[IL(E/k,)|, then the Z,[G]-module Z,, ®7 E(F) has
a direct summand that is isomorphic to Zy[Gleg, r/i, with

€E.F/k = {5(1 =), if E(k) is finite

1(147), otherwise.

(iii) If all places of k above p are split in K/k, the group E(K) has rank one
and p { |II(E, k)|, then p { [II(E,p)| and the Zy[G]-module Z, @z E(F') is
isomorphic to Z,[G)(1 — (—1)™kEE) ),

Proof. For each integer i we write P; for the normal subgroup Gr g, of G and set
G;i == Gg, /- We note that P := P, is the unique Sylow p-subgroup of G' (and is
normal). We also note that, since F//K is a p-extension, the assumption p 4 |E(K)tor|
(in (a)) combines with Nakayama’s Lemma to imply that p { |E(F)tor|-

We write T}, for the p-adic Tate module of E. Then the hypotheses of (a), (b) and
(c)(1) combine to imply that the assumptions in §1.2.3 are satisfied and hence that
each complex Cy; := C¢(T, k,) belongs to D*(Z,[G;]) and is such that H*(C};) =
Z, @z E(K;) and H*(Cy,;) = Sel,(E,,)". Thus, under these hypotheses, Corollary
2.5 implies that Z,®z E(F) is a permutation module if any weakly-organising matrix @
for C¢(T,r) is such that @ is saturated for each integer i < n. But the construction
of Cy(T)p,r) in [12] implies that Z,[G;] ®HZ“p i) C#(Tp,r) is isomorphic in DP(Z,[G;]) to
C¢,; and hence that &% is a weakly-organising matrix for C t,i- Thus, since (d) implies
H?*(Cyi)tor = Zp @z II(E)g,)", the assumption that p t |[IIL(E,k,)| implies ® is
saturated, as required. This proves claim (i) under the condition (c¢)(1).

We now assume that the conditions (c¢)(2) is satisfied. In this case all of the hypotheses
listed by Mazur and Rubin in [36, (7.1)-(7.4)] are satisfied and so the observations
made in loc. cit. (which rely on constructions of Nekovér in [40, §9.7]) imply that
Ckr i = Selp(E k)" [—2] belongs to DP(A(Gkv/y)). Further, the ‘Perfect Control
assumption’ of [36, (7.5)] is satisfied (as a consequence of [36, Cor. A.3] and our
assumptions (a) and (c)(2)) and so the finiteness of III(E,k,) combines with [36, Th.
7.7] to imply that each complex C; := Z,[G;] ®]I;\(GK//I¢) Ck ) belongs to D*(Z,[G;])
and that H'(C;) = Z, ®z E(K;) and H?*(C;) = Sel,(E/k,)". Since the definition
of C,, makes it clear that Z,[G,] ®Hip[c] C,, identifies with C; one can now prove
that Z, ®z E(F') is a permutation module by copying the argument in the preceding
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paragraph (with the role of Cf(T}, r) in that paragraph now played by C,). This
completes the proof of claim (i).

To prove claim (ii) we use the main result of Mazur and Rubin in [37]. To be precise,
the assumptions that are made in claim (ii) imply that the hypotheses of [37, Th. B]
are valid and so the latter result implies the Q[P]-module Q ®z E(F') has a summand
that is isomorphic to Q[P]. We set e := eg p/p. Then, since the Z,[P]-module
Z,|G/P)) = Z,|G/Ple®Z,|G/P;|(1—e) = Z,[P/P;)e®Z,[P/P;](1—e) has a summand
that is isomorphic to Z,[P] if and only if ¢ = 0, it follows that the permutation
module Z, ®z E(K) has at least one summand that is isomorphic to either Z,[G]e or
Z,[G](1 — ). The result of claim (ii) then follows because (Z,[G](1 + 7))¢ = Z, and
(Z,|G)(1 — 7)) vanishes, whilst (Z, ®z E(F))¢ = Z, ®z E(k) vanishes if and only if
E(k) is finite.

We prove claim (iii) by induction on n. The case n = 0 is obvious and so we assume
n > 0 and (by induction) that p { [III(E/g,)| for all i < n. Then claim (ii) applies to
imply that Z, ®z E(F) has a summand isomorphic to Z,[Gle. As (Z, ®7 E(F))F =
Z, ®z E(K) and (Z,[Gle)¥ are both of rank one, the Z,[G]-module Z, ®7 E(F),
and hence also (Sel,(E/r)" )y = Homg, (Z, ®z E(F),Zy), is thus itself isomorphic to
Zy|Gle. Since Zy[Gle is a free Zy[P]-module the exact sequence 0 — I, (E,p)" —
Sel,(E/p)Y — Zp[Gle — 0 therefore splits. In addition, our assumptions imply that
(Sel,(E/p)Y)p is isomorphic to Sel,(E, k)" and so, since (Z,[G]e)p is torsion-free, we
obtain an identification of (I, (E,p)")p with (Sel,(E, k)" )tor = I, (E/k)". Since
the latter group vanishes, Nakayama’s lemma implies that I, (E, 7)Y, and hence also
HI,(E/F), vanishes, as claimed. To complete the proof of claim (iii) we now need only
note that since, under the present hypotheses, rk(E(k)) is either 0 or 1 the definition
of e ensures that 2e = 1 — (—1)™ E®) 7, O

5.3.2. Explicit congruences. There are considerable technical difficulties involved in
obtaining numerical evidence in support of the finer predictions for the leading terms
of Hasse-Weil L-functions that are made by the conjectures of Fukaya and Kato dis-
cussed in Remark 5.2(i) and by the equivariant Tamagawa number conjecture of [14,
Conj. 4] (in this regard see, for example, the impressive work of Bley in [4, 5]). How-
ever, our next result shows that in certain cases the structural results of Theorem 5.5
allow an interpretation of these predictions that is much more amenable to numerical
computations. We thereby obtain the first examples in which the predictions of [14,
Conj. 4] have been made completely explicit for a class of extensions of arbitrary
degree and a class of elliptic curves of arbitrarily large Mordell-Weil rank.

We fix an odd prime p, a totally real dihedral extension F of Q of degree 2p™ and
an elliptic curve FE over Q. We write S, for the set of primes that ramify in F/Q,
set ny := |S;| and let n, denote the number of primes in S, that split in the unique
quadratic extension K of Q in F. For each ¢ in S, we fix a place w of F' above £ and
write I,, for its inertia subgroup in G. We write dk for the discriminant of K/Q, P
for the subgroup of G of order p™ and Nf(¢) for the absolute norm of the conductor
of each ¢ in Ir(P). For each p in Ir(G) we fix a representation space V,, of character p
and set T, := 3 ¢ p(g~ g € ¢(C[G]). We also fix elements 7 and o of G that have
orders 2 and p™ respectively and write 1 for the trivial character of G and e for the
unique non-trivial linear character of G.
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We assume that all Hasse-Weil L-functions that arise in the following have an analytic
continuation to s = 1 (as predicted by [14, Conj. 4(i)]). We also assume that III(E,r),
and hence also (£, k), is finite and recall that in this case [14, Conj. 4(iv)] for the
pair (h'(E/r)(1), Z[G]) asserts the validity of an equality in the group Ko(Z[G], R[G]).
We shall therefore say that the ‘p-part” of [14, Conj. 4] is valid for (h'(E,p)(1), Z[G])
if in this case [14, Conj. 4(ii)] is valid and the equality of [14, Conj. 4(iv)] is valid
modulo the kernel of the natural homomorphism Ko (Z[G], R[G]) — Ko(Z(,)[G], R[G]),
where we write Z,) for the p-localisation of Z. We write (g for the period of E.

Theorem 5.6. Fix an odd prime p, a totally real dihedral field F' of degree 2p™ and an
elliptic curve E as above. Assume that this data satisfies the hypotheses of Theorem
5.5(a), (b), (c)(1) and (d), that p splits in K/Q, that E(K) has rank one and that
pf[II(E/x)|-

Then there exists a point Q in E(F) which satisfies 7(Q) = —(—=1)™E@)Q and
generates a Z[3][G]-module that is both isomorphic to Z[1][G](1 — (—1)™E@)r) and
has finite, prime-to-p, index in Z[%] ®z E(F). In the sequel we fix such a point Q.
We write p'y for the character of the action of G on C @z E(K) and pg for the only
other linear character of G and for each p in Ir(G)\{pr} we define a non-zero complex
number hr,,(Q) = |G| HT,(Q), T5(Q))r where (-,-)p is the C-bilinear extension of
the Néron-Tate height pairing on E, defined relative to the field F'.

Then the p-part of [14, Conj. 4] is valid for the pair (h'(E,r)(1),Z[G]) if and only
if all of the following conditions are satisfied by any (and therefore every) point Q as
above.

(i) If py is equal to €, resp. 1, then the order of vanishing at s =1 of Lg,(E,s)
is equal to zero, resp. one. For each ¢ in Ir(P) the order of vanishing at s =1
of Ls,(E/k, ®, s) is equal to one. For each p in Ir(G) we may therefore define
a non-zero complexr number

(_1)nrQ51L5’r(E7 1), ifp=1=pg
(=1)"(Qehra(Q) 'L, (B, 1), if p=1=pl

Q, = (=" (QELis'r( 1)~ IFL/ (E/k,1), ifp=ec=pg
7T (1) (Qehp Q) Ls, (B, 1) WAk L (Ejx, 1), if p=e=ply
up (gl ))_1\/dKN—f(¢>L/ST(E/K7é71)7 if p=Ind%(¢)
with ¢ € Tr(P),

where for each p in Ir(G) we write u, for the ‘non-ramified characteristic’
[Ises, det(—Fry, | VPIW)’1
(ii) For each p in Ir(G) the number Q, defined above belongs to Z[pl], is a unit

above p and satisfies (Q,)* = Qpo for all a in Gal(Q(p)/Q).
(iii) For all integers i in the range 0 < i < p™ one has

(33) Qs Qpy, = — Z¢ 'Q, (mod p"Zy)),

or equivalently

netnl +1mLS E/Ka ZQZ/) i \/ dKNf((é)LiQT(E/Kvévl)

- i ( i, (Q)

(mod an(p))a
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where in both sums p = Ind%(¢) runs over the (p" — 1)/2 irreducible degree two
characters of G.

o~

Proof. Throughout this argument we fix an identification of fields C = C, and so
freely interchange between modules over C and C,,. We also set Z' := Z[3] and M’ :=
Z' @z M for any G-module M. For any subgroup H of G we identify ((C,[H])* with
11 petr, (i) Cp in the natural way and write (&), for the corresponding decomposition
of each element & of ((C,[H])*.

Theorem 5.5(iii) combines with Roiter’s Lemma ([19, (31.6)]) to imply the existence of
an exact sequence of Z/'[G]-modules 0 — Z/'[G](1 — (—1)**F@)7) = B(F) — X — 0
where X is finite and of order prime to p. It follows that the image in E(F)" of
(1 — (=1)"™(E@)7) multiplied by a large enough power of 2 is a point Q of E(F) that
has the properties described above. We fix such a point ) in what follows.

The above exact sequence also implies that the C[G]-module C ®z E(F') is isomorphic
to C[G](1 — (=1)**(E(@)7) and, by an explicit computation, one then finds that

dim¢ (Homeg)(V;, C @z E(F))) = {1 otherwise

Taken in conjunction with the inductivity property of Hasse-Weil L-functions this
formula shows that [14, Conj. 4(ii)] is equivalent to the order of vanishing assertions
given in (i).

We next note that the final congruences in (iii) are obtained from those in (33) by
direct substitution of the definition of each term @, and hence that it suffices to
prove that the p-part of [14, Conj. 4(iv)] is valid for the pair (h'(E,p)(1),Z[G]) if
and only if both the conditions in (ii) and the congruences in (33) are valid. To do
this we write Cy for the 1-shift of the complex C¢(Tr) in D*(Z,[G]) that is defined
in §1.2.3. Then HY(Cy) identifies with E(F), := Z, ®z E(F) and, since Theorem
5.5(iii) combines with our present hypotheses on p, E(K) and II(E,) to imply that
p 1 |[II(E/p)|, the group H'(Cy) also identifies with E(F)3 := Homg, (E(F),, Zy).
We write txr for the element of Isc, o (H(Cy)c,, H' (Cf)c,) that is induced by the
Néron-Tate height pairing for E relative to F' and £ for the element of {(C,[G])* with
L, := Qgp(l)f*(p)Lgr (E, p,1) for all p in Ir(G), where 7*(p) is the modified Galois-
Gauss sum that occurs in Remark 5.4 and L§ (£, p, 1) the leading term at s = 1 of
LSr (Ea 2 5)

Now the argument of [9, Prop. 4.3.1] shows that if the assertions in (i) are valid, then
the p-part of [14, Conj. 4] is valid for the pair (h'(E,r)(1),Z[G]) if and only if £ is a
characteristic element for the pair (Cf,tnT). Lemma 5.7 below then implies that this
condition on L is satisfied if and only if both the assertions in (ii) and the congruences
in (33) are valid with each term Q, replaced by £,hp,,(Q)'. The claimed result will
therefore follow if we can show that £,hr,(Q)~! = Q, for all p in Ir,(G) and, given
the inductivity properties of Hasse-Weil L-functions, this is quickly reduced to proving

T (p) = (), ifp=e
up,/dg Nf(9), if p=Ind% () with ¢ € Ir(P).
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To do this we first recall 7%(p) is by definition equal to 7(Q, p)u, where 7(Q, p) is
the Galois-Gauss sum defined in [25, Chap. I, §5]. If firstly p = 1, then 7(Q,p) = 1
and Vv = C, for each £ in S, so 7*(p) = u, = (=1)™, as claimed. If now p = e,
then u, = (—1)"; since det(—Fr,, | VPI“’) is equal to —1, resp. 1, if ¢ splits in K/Q,
resp. otherwise. Since p = IndIGD(lp) — € with 1p the trivial character of P, one
also has 7(Q,p) = 7(Q,Ind$(1p))7(Q,1)"! = 7(Q,Ind%(1p)) = Vdx, where the
last equality is true because K is totally real, and so the claimed formula for 7*(p)
is also clear in this case. In a similar way, if p = Ind%(¢) with ¢ a non-trivial
element of Ir(P), then the behaviour of Galois-Gauss sums under induction implies

7(Q,p) = 7(K, §)T (Q,IndG(lp)) = 7(K, ¢)v/dr. This implies the claimed formula in
this case as 7(K, ¢) = \/Nf(¢) by [7, Lem. 4.4(2)]. O

Lemma 5.7. An element £ of ((C,[G])* is a characteristic element for the pair
(Cy,tnr) if and only if both the conditions of Theorem 5.6(ii) and the congruences in
(33) are valid with each term Q, replaced by L,hr ,(Q)~", where we set hp ,,(Q) :=1

and hr,(Q) = |GI~HT,(Q), Ty(@Q))r for all p in Tr(G)\ {pz}.

Proof. We write C for the complex E(F'), LR E(F);, where the first term is placed
in degree zero, and note Theorem 5.5(iii) implies C' belongs to DP(Z,[G]). We also
write 0 for the (unique) generator of the Z,[G]-module E(F'); that sends Q to 1
and ¢(Q) to zero for each non-trivial element g of P and define a resolvent Rg :=
> 0er(@:9(Q))rg € CplGl. Then int(Q) = Rg(fg) and, using this fact, an easy
explicit computation shows nrgg(Ag) is a characteristic element for (C,txt) where
Aq is the element of Autcjg)(C ®z E(F)) that sends Q to Ro(Q). Now if p = ppg,
then Homgc,(¢(Vj, C @z E(F)) vanishes and so nreig)(Ag), = 1 = hr,,(Q). If p €
Ir(G) \ {pEe}, then E(F), := Homg, [)(V;, C ®z E(F)) = C[G] - T,(Q) has dimension
one as a complex vector space and so one has nrcig(Ag), - Tp(Q) = Ao(T,(Q)) =
T,(Aq(Q)) = Rg - T,(Q). Noting that the element |G|™*T;(fg) of Homc(E(F),,C)
sends 7,(Q) to 1 one finds that the last equation implies that

nrei)(AQ)p = |G T(00) (Rq - T,(Q))
=G T3(Rq(0))(T,(Q))

= |G Tt (@)(TH(Q))

= |G| tnr (TH(Q))(T,(Q))

|GIHT,(Q), Ti(

= hF,p(Q)

where the second equality follows from the fact that Rg is invariant under the C-
linear involution of C[P] that inverts elements of P and the third from the equality
tnt(Q) = Rq(bq).

Now, as H'(Cy) = E(F)% is a projective Z,[G]-module, there exists an isomorphism
Cy = C in DP(Z,|G]) which induces the identity map on H*(Cy) for i € {0,1}. It
follows that an element £ is a characteristic element for (Cy,¢nT) if and only if it
is a characteristic element for (C,tN1), or equivalently that £ := L - nr¢ G]()\Q)_
belongs to the kernel of the homomorphism 6, := ¢z, g],c,[c)- Since the computation

(7]
(7,
Q)r
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above implies £, = L,hF,,(Q) ™! for all p in Ir(G) it is thus enough to show that &,(&)
vanishes if and only if both the conditions of Theorem 5.6(ii) and the congruences in
(33) are valid with each term Q, replaced by &,.

To investigate 6,(€) we fix a maximal Zy-order M, in Q,[G] that contains Z,[G].
Then 0,(€) belongs to the subgroup Ko(Z,[G], Qp[G])tor of Ko(Z,[G], C,[G]) if and
only if £ belongs to nrg ¢(9M,) and this condition is satisfied if and only if the
conditions of Theorem 5.6(ii) are valid with each term Q, replaced by &, (for more
details of these equivalences see, for example, the proof of [14, Lem. 11]). Given this,
it suffices to show that an element £’ of nrg, ((9M,;) belongs to ker(d,) if and only if
the congruences in (33) are valid with each term Q, replaced by 5;). To prove this we
use the diagram

nrg, (M) m

5 1l
KO(ZP[GLQP[G])tor L KO(Zp[P]7Qp[P])tora

where we write 9, for the integral closure of Z, in Q,[P], &, for oz (p)c,a), ‘Tes’
for the natural restriction homomorphism and ‘res’” for the homomorphism that sends
each element (£,),cr(q) of nrg, [¢)(M) C C(Cy[G])* to (§p)ger(p) With &1, 1= &1
and &y = {ag (g for each ¢ in Ir(P) \ {1p}. Breuning has shown that this diagram
commutes (by [7, Lem. 3.9]) and that res is injective (by [7, Prop. 3.2(2)]) and so
0p(&') = 0 if and only if res’(£’) € ker(d,) = Z,[P]*. We now need only note that
[7, Lem. 3.5] implies that res’(£’) belongs to Z,[P]* if and only if the congruences in
(33) are valid with each term Q, replaced by &, O

Example 5.8. We are very grateful to Christian Wuthrich for pointing out that,
despite the long list of conditions that are imposed on the curve E and field F in
the first paragraph of Theorem 5.6, it is not difficult to find suitable examples. For
instance, if one takes p = 3 then with E equal to 40al (with equation y? = x3 — 7z —6)
and F the splitting field of 2® — 42 + 1 all conditions are satisfied and p; = €, whilst
with E equal to 43al (with equation y? + 2y = 2® + 2%) and F the splitting field
of 2% — 4z + 2 all conditions are satisfied and p% = 1. In both of these examples
Wauthrich has also numerically verified all of the assertions in Theorem 5.6(i), (ii)
and (iii) and hence also numerically verified the 3-part of [14, Conj. 4] for the pair
(hY(E/r)(1),Z[G]) (for more details see [52]). It should be noted that his examples
are the first in which this conjecture has been (numerically) verified in the technically
most difficult case of a prime p that divides |G| and an elliptic curve E for which E(F)
has strictly positive rank.
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