ON MAIN CONJECTURES OF
GEOMETRIC IWASAWA THEORY
AND RELATED CONJECTURES

DAVID BURNS

ABSTRACT. We prove the main conjecture of non-commutative Iwasawa theory
for flat, smooth sheaves on schemes that are separated and of finite type over a
finite field. This result gives a natural non-commutative generalisation of the main
conjectures that were proved by Crew and by Emerton and Kisin. By using the
relevant descent formalism we then deduce a range of explicit consequences including
an equivariant refinement of a leading term formula proved by Lichtenbaum, the
proof of Chinburg’s ‘Q(3)-Conjecture’ for global functions fields and a non-abelian
generalisation of Deligne’s proof of the Brumer-Stark Conjecture.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We fix a power ¢ of a prime p, write F, for the finite field of cardinality ¢ and fix
a separable closure Fy of F,. We also fix a separated variety X that is of finite type
over F, and a geometric point T of X. We then consider compact p-adic Lie groups
G which lie in a commutative diagram of continuous homomorphisms of the form

TX,T

(1) ™ (X, T) w’l’(Fq,Fg)
A

where 7y z is the canonical homomorphism to the maximal pro-p quotient 77 (F,, Fs)
of m (IFq,IFg) and 7y is surjective. In any such case the composite homomorphism
m1(Fy, Fy) — Gal(F;/F,) — Z,, where the first map is the canonical isomorphism
and the second sends the (arithmetic) Frobenius automorphism x +— x4 to 1, induces
an identification of im(7yz) = im(mg) with an open subgroup of Z,. Motivated by
the approach of Coates, Fukaya, Kato, Sujatha and Venjakob in [15], we therefore
write A(G) for the p-adic Iwasawa algebra of G, set H := ker(mg) and consider the
(left and right) Ore set of non-zero divisors in A(G) that is defined by setting

S:={f € AG): A(G)/A(G)f is a finitely generated A(H)-module}.

G
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We write A(G)g for the localisation of A(G) at S and DZ(A(G)) for the full tri-
angulated subcategory of the derived category of A(G)-modules comprising perfect
complexes C* for which A(G)s ®%(G) C* is acyclic. We also write 0g : K1(A(G)s) —
Ko(A(G),A(G)s) for the connecting homomorphism of relative algebraic K-theory
(normalised as in [10, §1.2]) and recall that any complex C* in D3(A(G)) has a
canonical ‘refined Euler characteristic’ x**'(C*®) in Ko(A(G), A(G)s) (see §2.1).

We recall that a continuous representation of the form p : G — GL,,(0,), with O,
a finite extension of Z, in Qf, is said to be an ‘Artin representation of G’ if p(G) is
finite. Any such p gives rise to a flat, smooth O,-sheaf £, on X. We further recall
that for any such p and any element ¢ of the Whitehead group K;(A(G)g) one can
define the ‘leading term of £ at p’ as a non-zero element £*(p) of Q5 (see §2.3).

For any finite extension O of Z,, and any flat, smooth O-sheaf £ on X, we write
Z(X,L,t) for the associated Zeta function in a formal variable ¢t (see §4.1.1). We
write 7, for the algebraic order of Z(X, L,t) at t = 1 and define the leading term

Z0(X,L£,1) = lim(1 =) 2 Z(X, L,t) € Q.

The following result is then a non-abelian generalisation of a result of Emerton and
Kisin [18, Cor. 1.8] and hence also of the ‘main conjecture’ proved by Crew in [16].

Theorem 1.1. Let sx : X — Spec(F,) be a separated morphism of finite type. Let G
be any compact p-adic Lie group as in (1) and write f 1Y — X for the corresponding
pro-covering of X of group G. Let L be a flat, smooth Z,-sheaf on X.

Then the complex RT'(Spec(Fy)et, Rsx [« f*L) belongs to DY(A(G)) and there exists
an element x g of Ki(A(G)g) with

Oc(éx.c.c) = —X""(RT(Spec(Fy)e, Rsx, fif* L))
and such that for all Artin representations p of G one has
5;(,G,£(p) = Z*(Xa L ® ‘CPa 1)

If X is an affine curve, G is abelian and £ has abelian monodromy, then our proof
of Theorem 1.1 can be reduced to the main result of Lai, Tan and the present author
in [4, Appendix| and hence relies on Weil’s formula for the Zeta function in terms
of (-adic cohomology for any prime ¢ # p and thus avoids any use of crystalline
cohomology. However, our proof of Theorem 1.1 in the general case uses a result of
[18] which itself relies on important aspects of the theory of F-crystals. (It is with the
results of [18] in mind that we have phrased Theorem 1.1 in terms of higher direct
images with proper support rather than cohomology with compact support.) The
result of Theorem 1.1 is a natural p-adic analogue of the ¢-adic (¢ # p) results proved
by Witte in [42] and is also related to the p-adic results proved for elliptic curves over
function fields by Ochiai and Trihan [29] and in greater generality in forthcoming
work of Trihan and Vauclair.
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To state a first consequence of Theorem 1.1 we introduce some notation concerning
the theory of Weil-étale cohomology. For any scheme Y’ of finite type over F, we
write Yy, for the Weil-étale site on Y’ that is defined by Lichtenbaum in [24, §2].

We also write ¢ for the geometric Frobenius automorphism z — 7 in Gal(Fs /TF,),
6 for the element of H'(Spec(F,)we,Z) = Hom({¢),Z) that sends the Frobenius
automorphism to 1 (and hence sends ¢ to —1) and 6y for the pullback of 6 to
HY (Y&, Z). We recall that, for any sheaf F on Y, taking cup product with 6y~
gives a complex of the form

U@Y/ UGY, UGY,

(2) 0 — H (Y, F) —— H'(YVye, F) —— H* Yy, F) —= -+
For any finite Galois covering f : Y — X of group G we set
Z(fit) = Y, LA™Y, x,b)ey
x€Ir(9)
where Ir(G) denotes the set of irreducible complex characters of G and for each y we
write LA™M(Y y,t) for the Artin L-function defined by Milne in [25, Exam. 13.6(b)]
and e, for the primitive central idempotent x(1)|G|™' 3" s x(97")g in C[G]. Each

function LA™"(Y y, ) is known to be a rational function of ¢ and we write r;,, for its
order of vanishing at ¢ = 1. We further recall that the leading term

21 = Yl — ) LAY,y e
x€lr(9)
of Z(f,t) at t = 1 belongs to ((Q[G])*, where we write ((A) for the centre of any
ring A. We also write dg : ((Q[G])* — Ko(Z[G],Q[G]) for the ‘extended boundary
homomorphism’ defined by Flach and the present author in [8, Lem. 9] and x&*(—, —)
for the refined Euler characteristic sze[fg]@[g](—, —) discussed in §2.1.

By combining a special case of Theorem 1.1 with the descent formalism developed
by Venjakob and the present author in [10] we will also prove the following result.

Corollary 1.2. We assume to be given a Cartesian diagram

y I,y

(3) fl lf’

X L. Xx
in which " is a finite Galois covering of group G, X is geometrically connected, X'
and Y are proper and j and jy are open immersions. We also assume that
(i) in each degree i the group H'(Y{y, jvaZ) is finitely generated, and
(ii) the complex (2) with F = jy,Z has finite cohomology groups.
Then RU(Yyy 4, jyviZ) belongs to DP(Z[G]) and in Ko(Z[G], Q[G]) one has

66(Z*(f,1)) = —x6" (RT (Yiyer, dvaZ), €1.5)
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where € is the exact sequence of Q[G]-modules induced by (2) with F = jy,Z.

In the case Y = X' (so Y = X and G is trivial) the equality of Corollary 1.2
coincides with the leading term formula proved by Lichtenbaum in [24, Th. 8.2]. In
fact the latter result also shows that (for any G) the conditions (i) and (ii) in Corollary
1.2 are valid if X = X’ (so j is the identity) and Y’ is both smooth and projective,
or if Y’ is a curve, or if both Y and Y’ are smooth surfaces. In general, however,
if Y’ is either non-smooth or non-proper, then condition (i) is not always satisfied
(and the validity of condition (ii) is related to Tate’s conjecture on the bijectivity of
the cycle-class map). In a more general setting it is natural to ask if our methods
can prove a result similar to Corollary 1.2 for the theory of ‘arithmetic cohomology’
recently introduced by Geisser.

In the special case that X is an affine curve and F, is isomorphic to the field of
constants of the function field of X we show that Corollary 1.2 has the following
(unconditional) consequence.

Corollary 1.3. The central conjecture of [3] is valid.

For an explicit statement of this result see Theorem 10.1. For the moment, we
merely note that Corollary 1.3 is both a non-abelian generalisation of the main result
of [4] and validates a natural function field analogue of an important special case of
the ‘equivariant Tamagawa number conjecture’ formulated in [8] (for more details of
this connection see [3, Rem. 2, Rem. 3]), and that the approach of [4, Rem. 3.3]
also gives an interpretation of Corollary 1.3 in terms of integral congruences between
families of suitably normalised leading terms of Artin L-series.

In the remainder of this section we describe several interesting consequences of
Corollary 1.3. Before stating the first such result we recall that the ‘Q2-Conjectures’
formulated by Chinburg in [11, §4.2] are natural function field analogues of the central
conjectures of Galois module theory that were formulated by Chinburg in [12, 13].

Corollary 1.4. Let F/k be a finite Galois extension of global function fields.
(i) The 2(3)-Congecture is valid for F/k.
(ii) If F/k is tamely ramified, then all Q-conjectures are valid for F/k.

Corollaries 1.3 and 1.4 are strong improvements of previous results in this area.
Indeed, as far as we are aware, before now neither the central conjecture of [3] or either
the ©(1)- or 2(3)-Conjecture has been proved for any non-abelian Galois extension
F/k of degree divisible by p.

With F/k as in Corollary 1.4 we set G := Gal(F/k) and fix a finite non-empty set
of places ¥ of k that contains all places which ramify in F'/k. For any intermediate
field E of F/k we write ¥(FE) for the set of places of E above those in ¥, Oy, for
the subring of £ comprising all elements that are integral at places outside X(E), Cx
for the affine curve Spec(Opyx) and [ e C%Z — CF for the morphism induced by
the inclusion Oy, € Opyx. We fix ¢ so that F, identifies with the constant field of
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k, regard each fb% /) 8S & morphism of F,-schemes and note that C} is geometrically
connected as a scheme over F,. We also fix a finite non-empty set of closed points
T of C¥ and define a “I-modified’ Zeta function ZT(fE/k,t) in the usual way (see

(38)). The Brumer-Stark Conjecture asserts that if G is abelian, then ZT(fE/k, 1)

belongs to Z[G] and annihilates Pic’(F), and we recall that this conjecture is proved
by the argument of Deligne that is given in [37, Chap. V]. The next consequence of
Corollary 1.3 that we state is a non-abelian generalisation of Deligne’s theorem.

Before stating this result we note that for every natural number m and every matrix
H in M,,(Z[G]) there is a unique matrix H* in M,,(Q[G]) with HH* = H*H =
Nrdgig)(H) - I, and such that for every primitive central idempotent e of Q[G] the
matrix H*e is invertible if and only if Nrdgjg (H)e is non-zero. We then define a
¢(Z[G])-module by setting

A(Z[G)) == {z € C(Q[G)) : ifd >0 and H € My(Z[G]) then zH* € My(Z[G])}.

It is easy to see that A(Z[G]) = ((Z[G]) if G is abelian and, in general, that |G|M C
A(Z[G]) € ((Z][G]), where M is the integral closure of ((Z[G]) in ((Q[G]) (cf. 5,
Rem. 2.3.2]).

We let Z' be any finitely generated subring of Q for which the G-module Z’ ® Fx
has finite projective dimension (so one can take Z' = Z if, for example, the highest
common factor of ¢ — 1 and |G| is invertible in Z'). For each v in ¥ we fix a place
w(v) of F' above v and write G, for the decomposition subgroup of w(v) in G.

Corollary 1.5. Fiz F/k,q,% and T as above and set G := Gal(F/k). Then for all
a in A(Z[G]) the element aZT(fg/k, 1) belongs to Z|G]. Further, for any v in ¥ and

any a’ in Anngg)(Z[G/Guw)]) the element a’aZT(fE/k, 1) annihilates 7' @ Pic’(F).

We believe that a more detailed analysis of our methods is likely to show that,
using the notation of Corollary 1.5, the element aZr( f?/k: 1) annihilates Pic’(F) in
all cases but we shall not pursue this possibility any further here. In fact, we also
deduce Corollary 1.5 as a consequence of a more general result (Theorem 11.1) which
uses values of higher-order derivatives of Zr( fg/k, t) to construct explicit annihilators
of ideal class groups.

The final consequence of Corollary 1.3 that we record here concerns a range of
explicit integral refinements of Stark’s Conjecture. For more details see §11.2.

Corollary 1.6. Natural non-abelian generalisations of all of the following refinements
of Stark’s conjecture are valid for all global function fields.

(i) The Rubin-Stark Conjecture [35, Conj. B’].

(ii) The ‘guess’ formulated by Gross in [19, top of p. 195].

(i) The ‘refined class number formula’ of Gross [19, Conj. 4.1].

(iv) The ‘refined class number formula’ of Tate [38] (see also [39, (x)]).

(v) The ‘refined class number formula’ of Aoki, Lee and Tan [1, Conj. 1.1].
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(vi) The ‘refined p-adic abelian Stark Conjecture’ of Gross [19, Conj. 7.6].

In addition to the above consequences of Corollary 1.3 we shall also derive from it
(in Proposition 11.2) an explicit description of the non-commutative Fitting invariants
of certain natural Weil-étale cohomology groups.

The main contents of this article is as follows. In §2 we recall relevant background
material regarding the K-theory and Iwasawa algebras of non-commutative p-adic Lie
groups. In §3 we recall background material regarding pro-coverings and pro-sheaves
including an important observation of Witte, and also prove a technical result that
will be very useful in later sections. In §4 we make several important reductions to
Theorem 1.1 and use a result of Emerton and Kisin to give a full proof of it in the
case that GG is abelian. In §5 we describe the general strategy for the remainder of the
proof of Theorem 1.1 and also recall an important algebraic result of Kakde. In §6
we describe a natural variant of the classical theory of integral group logarithms (of
Oliver and M. Taylor) in the setting of certain non-commutative power series rings
and in §7 we combine this construction with arguments of Kakde to prove that, in
certain contexts, families of power series satisfy a range of explicit congruences. In §8
we combine the results of §7 with certain continuity arguments to complete the proof
of Theorem 1.1. In §9 we prove Corollary 1.2 by combining a special case of Theorem
1.1 with the descent formalism in non-commutative Iwasawa theory developed by
Venjakob and the present author and in §10 we prove Corollary 1.3 by combining
a special case of Corollary 1.2 with an explicit computation of certain cup product
morphisms. Finally, in §11 we derive several explicit consequences of Corollary 1.3
including Corollaries 1.5 and 1.6.

It is a great pleasure to thank Dick Gross, Kazuya Kato and John Tate for their
generous encouragement and helpful conversations concerning this project. I am also
very grateful to Cornelius Greither and Jan Nekovar for stimulating discussions. Most
of the results described here were discussed in a lecture course given at the CRM in
Barcelona in February and April 2010. I am very grateful to the CRM for providing
this opportunity and to Francesc Bars for his wonderful hospitality throughout my
visits.

2. K-THEORY AND IWASAWA ALGEBRAS

2.1. Modules are to be understood, unless explicitly stated otherwise, as left mod-
ules. For any associative, unital, left noetherian ring R we write D(R) for the derived
category of R-modules and D~ (R), resp. DP(R), for the full triangulated subcate-
gory of D(R) comprising complexes that are isomorphic to an object of the category
C~(R), resp. CP(R), of bounded above complexes of projective R-modules, resp. of
bounded complexes of finitely generated projective R-modules.

For any homomorphism R — R’ of rings as above one can define a relative algebraic
K-group Ko(R, R'). We recall that if C* is any object of DP(R), then any exact
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sequence of R-modules of the form
€: 00— = RegH(C*) - R H(C*) - R @r H*(C®*) — --- =0

gives a canonical ‘refined Euler characteristic’ x5z (C*,€) in Ko(R, R') (for more
details of this construction see [2]). In particular, if R’ is the total quotient ring of
R and R’ ®% C* is acyclic, then we write }i5'(C*®) is place of x™(C*, ) where €,
denotes the exact sequence of zero modules. If R and R’ are clear from context, then
we often abbreviate x5z (C*, €) and x5 (C*) to x**'(C*®, €) and x**(C*) respectively.

2.2.  For any profinite group G and any finite extension O of Z, (for any prime ¢) we
write Ap(G) for the O-Iwasawa algebra lim ~O[G/U] of G, where U runs over the set
ON(G) of open normal subgroups of G (partially ordered by inclusion) and the limit
is taken with respect to the obvious transition morphisms. We also write Qo (G) for
the total quotient ring of Ap(G), and if O = Z,, then we omit the subscripts from
both Ap(G) and Qe (G).

We fix a group G as in (1) and set H := ker(mg). We also fix an algebraic closure
Qp of Q, and write O for the valuation ring of a finite extension of @, in Qf. We
write S for the multiplicatively closed left and right Ore set of non-zero divisors of
Ao(G) described in [15, §2] and Ap(G)g for the corresponding localisations of Ap(G)
(we caution the reader that this notation does not explicitly indicate that S depends
upon both O and G) and we often use the following canonical commutative diagram
of exact sequences of abelian groups

Ei(Ao(G)) —— Ki(Ao(G)s[;]) —— Ko(Ao(G) Ao(G)sl;)

(@) | | |

Ki(Ao(G) 2% Ki(Ao(@)s) 2% Ko(Ao(G), Ao(G)s)
(for a full discussion of such exact sequences see, for example, [36, Chap. 15]). We
recall that if G has no element of order p, then Ky(Ao(G),Ao(G)s) is isomorphic
to the Grothendieck group of the category of finitely generated Ap(G)-modules M
with the property that Ap(G)s ®a, () M vanishes (for an explicit description of this
isomorphism see, for example, [10, §1.2]).

2.3.  Using the same notation as in diagram (1) we set I' := 7{(F,, F;) and T'x :=
im(7yz) = im(7g) C I'. We also write vy for the image of the (arithmetic) Frobenius
automorphism z + 29 under the natural projection Gal(F;/F,) — I' and note that
v is a topological generator of T'.

If O is the valuation ring of a finite extension of Q, in Q7 and O C ', then
each continuous representation p : G — GL,(Q’) gives rise to a ring homomorphism
Ko(G)s — Mo(0) 80/ Qo (") = M, (Qov(T)) that sends every g in G to pl(g) 7 (g).
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This homomorphism induces a group homomorphism

(5) P05, Ki(Ao(G)s) — Ki(M,(Qor(I'x))) = Ki(Qo(I'x))
= Qo (F'x)* € Qou(T)* = Q(O[[u]])*

where O'[[u]] denotes the ring of power series over O in the formal variable u, the
first isomorphism is induced by Morita equivalence, the second by taking determinants
(over Qor(I'x)) and the last by sending v — 1 to u. We often abbreviate ®o ¢ s, to
D¢ ,, believing that O and S will be clear from context.

The ‘leading term’ £*(p) at p of an element £ of K;(Ao(G)s) is then defined to be
the leading term at u = 0 of ®p ¢ g,(£). This construction applies in particular to
any element p of the set A(G) of Artin representations of G.

In the sequel we will abbreviate XTZ(G),Q@(G)<_> —) to Xlng<_, —).

3. PRO-COVERINGS, PRO-SHEAVES AND PERFECT COMPLEXES

In §3.1-§3.3 we review some standard material concerning pro-coverings and perfect
complexes of pro-sheaves and recall a result of Witte (the reader can find a nice
treatment of all of this material in Witte’s articles [41] and [42].) Then in §3.4 we
prove a technical result that will be very useful in later sections.

3.1. Let X be a connected scheme over F, and write FEt/X for the category of X-
schemes that are finite and étale over X. For any geometric point T of X the functor
that takes each scheme Y to the set F(Y) := Homx(Z,Y) of geometric points of
Y that lie over T gives an equivalence of categories between projective systems in
FEt/X and the category of projective systems of finite sets upon which 71 (X, ) acts
continuously (on the left).

For any morphism f :Y — X in FEt/X, the finite group Autx(Y’) acts naturally
on F(Y) (on the right) and if Y is connected, then it is said to be ‘Galois over X if
for any ¢ in Fz(Y) the map Autx(Y) — Fz(Y) given by ¢ — o o ¢ is bijective.

If now G is any continuous quotient of m;(X,7) and O(G) denotes the set of open
subgroups of G, then there exists a canonical projective system (fy : Yy — X, dvy)
in FEt/X where U and V run over O(G) and for each inclusion V' C U the transition
morphism ¢yy : Yy — Yy is surjective. We denote this system by (f : Y — X, G),
or more simply f : Y — X, and refer to it as the ‘pro-covering of X of group G’. We
recall that each Yy is connected and that if U is normal in G, then fy : Yy — X is
Galois and Auty(Yy) is canonically isomorphic to the quotient G/U.

For any closed subgroup H of G the morphisms { ¢y } m<y <y constitute a projective
system which we denote by fg : Yg — X. We note that this system corresponds
(under the equivalence of categories described above) to the natural action of 71 (X, T)
on the set of cosets of H in G and that if H is normal, resp. open, then fy is a pro-
covering of X of group G/H, resp. can be identified with the morphism Yy — X in
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FEt/X discussed above. For each open subgroup U of G we write fU : Y — Yy for
the pro-covering of Yy, of group U that is given by the projective system {dvy }veow)-

3.2. Fix a prime number ¢, a finite extension O of Z, and an étale sheaf of O-modules
L on X. Then for any morphism h :Y — X in FEt/X the sheaf h,h*L is the sheaf
of O-modules that is associated to the pre-sheaf U — @y, wy) £(U) where the
transition morphisms @y, (vy) £V) = Buomywy) LU) for each a : U — V are
given by mapping (wy )y to ., L(a)(zy).

If h is Galois, then the right action of G := Autx(Y) induces a right action on
Homy (U,Y) and hence a left action on h,h*L by permuting the components. For the
stalks at T one therefore has an isomorphism of O[G]-modules

(6) (hh* L)z = €D Fr = O[G] ®0 Lz

Fz(Y)

where the second map results from the fact that (since h is Galois) any choice of an
element & of F(Y') induces an isomorphism o +— o o £ of G-sets G = F(Y).

We now fix a pro-covering f : Y — X of X of group G as in §3.1 and a flat,
smooth O-sheaf £ on X. We assume given a cofinal subset ON'(G) of ON(G) and
for each U in ON'(G) a power ny of £ such that ny divides ny whenever V' C U and

the natural homomorphism Ap(G) — lim__ . ( G)(O /nu)[G/U] is bijective (where the

limit is taken with respect to the natural transition morphisms (O/ny)[G/V] —
(O/ny)[G/U] for V. C U). Then the above description shows that for each pair
of subgroups U and V in ON'(G) with V' C U the natural morphisms of sheaves
fvafo(L/nyv) = fu.fi;(L/ny) induces an isomorphism of (O/ny)|G/U]-sheaves

(7) (O/n)|G/U] @)y v fv(L/nv) = fufi(L/nu).
We write f,f*L or sometimes just L for the associated projective system of O-
sheaves { fu. fi;L/nu fveon'c)-

Since s : X — Spec(F,) is separated we may fix a factorisation s = s’ o j with
j : X — X' an open immersion and s’ : X’ — Spec(F,) a proper morphism. We then
define the direct image with proper support RsiLs of L to be the inverse system of
complexes of O-sheaves {s,G% (ji fu..ft;(L/nv)) fveon (@), where we write G%(K) for
the Godement resolution of an étale sheaf K on X.

We note that these constructions are independent, to within canonical isomor-
phisms, of the system {(U, ny)}veon (o) used above.

3.3.  For any affine scheme Spec(A) and any complex of étale sheaves F* on Spec(A)
we abbreviate RI'(Spec(A)g, F*) to RI'(A, F*).

We fix a cofinal system {(U,ny)}ueon () as in §3.2. Then a standard argument
allows one to combine for each U in ON'(G) the isomorphisms (6) (with & replaced by
fv and L by L£/ny) and (7) in order to deduce that there exists a bounded above com-
plex P of projective (O/ny)[G/Ul]-modules that is isomorphic in D((O/ny)[G/U])
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to RI'( X, fu.fi;(L£L/ny)) and such that for each V' C U the natural projection
morphism RT¢(Xet, fv.fiL/nv) — RU(Xet, fusfi£/ny) induces an isomorphism
(O/ny) |G /U@ my)c/v) Py = Py of complexes of (O/ny)[G/V]-modules. We write
RT'(X4, L) for the inverse limit lim Fj of any such system of complexes and note
that, regarded as an object of D(Ap(G)) in the natural way, this limit is unique up
to canonical isomorphism.

By a similar construction with X and each sheaf fy . f;L/ny replaced by X’ and
IfosfoL/nu = fufoiL/ny, resp. by Spec(F,) and s,G%/ (ji fu.fi;£/nv), we define
the cohomology with compact support RI.(Xe,Ls) and the higher direct image
with proper support RI'(F,, RsxiL¢s). The argument of Deligne in [17, Arcata, IV,
§5] shows that these complexes are each independent, up to natural isomorphism in
D(Ao(G)), of the chosen compactification s = s’ o j.

We write s. for the natural morphism Spec(F;) — Spec(F,) and recall that ¢
denotes the geometric Frobenius automorphism in Gal(F;/F,). We note that there is

a natural action of ¢ on the the complex RI'(IFg, s;Rsx,Lq).

Proposition 3.1. Let G be any continuous quotient of m(X,Z) and f:Y — X the
corresponding pro-covering of group G. Let O be a finite extension of Zy and L a flat
and smooth O-sheaf on X.
(i) RI'(F,, Rsx.Lq) is naturally isomorphic to RT'.(Xet, La).
(ii) RT'(Fy, Rsx Lg) and RU(F, s;Rsx,La) belong to DP(Ap(G)).
(iii) There is a canonical exact triangle in DP(Ao(G)) of the form
RT(FS, st Rsx L) —> RT(FS, 5% Rsx L) — RT(Fy, Rsx,La)[1] — .
(iv) (Witte) If £ = p and G is any group as in (1), then RI'(F,, Rsx Lq) belongs
to DY (Ao (G)).

Proof. We first recall that Rsx, can be computed as Rsx 07 for a factorisation sx =
sx:0j asin §3.2. Claim (i) is thus true because for any natural number n and any sheaf
of O/¢"-modules F on X one has RI'(F,, sx/.G% (7iF)) = RI'(F,, Rsx/ (i F)) =
RT (X}, jiF).

Claim (ii) directly follows from [17, p. 95, Th. 4.9] and the fact that (6) implies
that each stalk of L is a finitely generated projective Ap(G)-module.

Claim (iii) is a well known consequence of the Hochschild-Serre spectral sequence

and claim (iv) is proved by Witte in [42, Th. 8.1]. O

Remark 3.2. For an alternative (and more concrete) proof of Proposition 3.1(iv) in
the case that X is an affine curve see [4, Prop. 4.1(iii)].

3.4.  We now make a technical construction concerning the complexes introduced in
§3.3 that will be very useful in later sections. We assume in this subsection that ¢ = p
and that G has rank one as a p-adic Lie group and recall that in this case the total
quotient ring Qo(G) of Ap(G) is both semisimple and Artinian.
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Proposition 3.3. We assume that ¢ = p and that G is any group as in (1) that has
rank one as a p-adic Lie group. Let P* be a complexr in CP?(Ap(G)) that is quasi-
isomorphic to RF(]F;, siRsx1Lq). Then there exists an endomorphism ¢ of P* which
15 such that 1 — (;5’ 15 injective in each degree i and there exists a commutative diagram
in DP(Ao(Q)) of the form

P* —— RIU(F¢, s:Rsx,Lc)

7 Zc

(8) 1—4{ 11_¢

P —> RP(IFC S RSXIEG)

@ “c

wn which v 1s a quasi-isomorphism. In each degree i the homomorphism 1 — gZAf imduces
an automorphism of Qo(G) ®ry () P', the product

Z(;(l . ng) H<1 . ¢z ‘ QO( )®A0 )Pi>(—1)i+1

belongs to im(K; (Ao (G)s) — [él(QO(G))) and in Ko(Ao(G),Ao(G)s) one has
(9) 0.6(Za(1 = 0)) = =XSl6(RU(Fy, Rsx,La)).

The proof of this result occupies the rest of this subsection. We thus assume
throughout that G has rank one as a p-adic Lie group. We note that Qo(G) =
A@(G)S[%] is obtained by inverting all non-zero divisors in Ap(C) for any central
open subgroup C of G and that for any finitely generated Ap(G)-modules M and N
and any integer a the group Ext} ) (M, N) is a finitely generated Ap(C)-module.

Proposition 3.1(i) implies that there exists an endomorphism gzg : P* — P®in
CP(Ao(G)) such that there is a commutative diagram (8). This diagram combines
with Proposition 3.1(ii) and (iii) to imply that in each degree i the kernel of H'(1—¢)
is a torsion A@(G) module. Hence, by using Lemma 3.4 below (with e = 1 — ¢E) we
may change gb by a homotopy in order to ensure 1 — qﬁ’ is injective in each degree i.
Choosing ¢ in this way we set o := 1 — ¢ and find that in each degree i there is a
short exact sequence of (bounded) complexes of finitely generated Ap(G)-modules

(10) 0— P* < P* — cok(a)®* — 0

where cok(a)® = cok(a’) in each degree i and the differentials of cok(a)® are induced
by those of P®. This sequence implies that for each i the complex cok(a)'[—i] is

- ot

isomorphic in DP(Ap(G)) to P — P!, where the first term occurs in degree i — 1,
and also satisfies

X" (cok(a)'[=i]) = (=1)'H (P, o', P') = (1)1 00,c((id @ 0'|Qo(G) @ro(c) P))

where the second equality is a consequence of our normalisation of dp .
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From the exact sequence (10), the commutativity of (8) and the exact triangle
(3.1) one finds that cok(a)® is isomorphic in DP(Ap(G)) to RI'(F,, Rsx1Ls)[1] and
hence that —x* (RT(F,, Rsx1Lq)) = X"(RI(F,, Rsx1Lc)[1]) = x"*'(cok(a)®) (by
[2, Prop. 5.6]). Now in each degree i there is an obvious exact sequence of complexes
0 — cok(a)![—i] — 7<;(cok(a)®) — 7<;_1(cok(a)®) — 0 where 7«4 denotes naive
truncation in degree d. By applying [2, Th. 5.7] to each of these exact sequences we
obtain an equality x™(cok(a)®) = >, X" (cok(a)’[—i]) and hence

Ze(1— ¢) = doc(J[(1d® o' | Qo(G) @ap) PHI™)
=D~ x(cok(a)'[=i]) = x""(cok(a)®) = —x"(RI(Fy, Rsx L))

This completes the proof of Proposition 3.3.

Lemma 3.4. Let € : P* — P* be a morphism in C?(Ao(G)) for which ker(H"(¢))
is Ao(G)-torsion in each degree i. Then there exists a morphism é : P* — P* in
C?(Ao(Q)) that is homotopic to o and injective in each degree i.

Proof. In each degree i there are tautological exact sequences of Ap(G)-modules
(11) 0—>Zi—>Pid—i>Bi+1—>O,O—>Bi—>Zi—>Hi—>0
where B?, Z® and H® are the corresponding coboundaries, cocycles and cohomology
of P*. Now, since G has rank one, every submodule of a finitely generated projective
A@(G)[Ilo]—module (such as BZ[%]) is itself both finitely generated and projective. In
particular, the first sequence of (11) splits after inverting p and so we can choose a
Ao(G)-submodule B! of P* such that BN Z* = 0 and B! /d'(B™*1) is p-torsion.
In each degree ¢ the natural map Z* — P'/B*"! is injective with p-torsion cokernel
and so there exists a complex of Ap(C)-modules

HomAO(G)(Pi/Bi—H? Bz) L Hoon(G)(Bia BZ) - EXt}\o(G)(Hi<P.)7 BZ)

which has p-torsion cohomology at the central term, where 7 is induced by the com-
posite B € P! — P'/Bi*!. The Ap(C)-module cok(n') is therefore torsion because
Ext}xo(G)(Hi(P’), B') is torsion (as follows, for example, from [27, Prop. (5.4.17) and
Prop. (5.5.3)(ii)] and the fact that é’[i] is a projective A@(G)[g—lj]—module).

Since B™!/d!(B™") is p-torsion the map Homy, @) (B, BY) — Homy,q)(B7, BY)
sending k to d"~! ok od'~! has p-torsion kernel and cokernel. As each module cok(n®)
is Ap(C)-torsion we may therefore choose k' in HomAO(G)(Pi/BiH, B so that the
cokernel of d"~'oa’ +d~! o k' o di~' € Homy, ) (B?, BY) is Ap(C)-torsion. In each
degree i we then set &' :=a' — (d" 1o k' + k' o d').
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This gives a morphism of complexes & that is homotopic to a via the homotopy
{—k?};ez and such that, in each degree i, the quotient B /di(&'(Bit1)) is Ap(C)-
torsion. Since the cokernel of each map d' : B — B is p-torsion the cokernel of each
map &' B — Bl is also Ap(C)-torsion. But H'(&) = H'(«) is also Ap(C)-
torsion in each degree ¢ and so, by an easy exercise involving the sequences (11),
one finds that cok(a') is Ap(C)-torsion in each degree i. By considering dimensions
over the field Q(C) it follows that ker(&') is Ap(C)-torsion in each degree i. Since
each Ap(C)-module P’ is finitely generated and projective it follows that in each
degree i the homomorphism &', resp. Qo(G) QAo (@) &', is injective, resp. bijective,
as required. 0

Remark 3.5. The final equality of Proposition 3.3 combines with the sequences
in (4) to imply that the existence of a diagram (8) determines Zg(1 — ¢) up to
multiplication by an element of im(ap ). An alternative approach of Witte in [42]
relies on an interpretation of K;(Ao(G)g) in terms of Waldhausen K-theory due to
Muro and Tonks [26] and can be used to show that Zg(1—¢) (and a natural analogue
for higher rank ) is uniquely determined by a diagram of the form (8). However,
since we only use this fact (via the results of Emerton and Kisin in §4.2) in the case
that G is abelian and in this case it can be proved directly as in [17, p. 115, Cor. 1.13],
the concrete approach of Proposition 3.3 allows us to avoid any use of Waldhausen
K-theory and the rather delicate constructions that it requires.

4. SOME REDUCTION STEPS

In this section we make several important reductions to Theorem 1.1 by combining
the general approach introduced in [6] together with results of [3] and of Emerton
and Kisin [18].

4.1. In this subsection we fix sx and G as in Theorem 1.1 and for any open subgroup
U of G we write sy, for the induced structure morphism sy fi; : Yoy — Spec(F,).

We recall that a p-adic Lie group is said to be ‘p-elementary’ if it is a direct product
of the form H x P with H a finite abelian group of order prime to p and P a pro-p
p-adic Lie group.

The main result of this subsection is then the following.

Proposition 4.1. Theorem 1.1 is valid as stated if for each open subgroup U of G it
is valid with sx and G replaced by sy, and U/J respectively, where J runs over all
open subgroups of ker(ng) that are normal in U and such that the quotient U/J is a
(rank one) p-elementary group.

We shall deduce this result from the general reduction result of [6, Cor. 8.3].
However, before doing so, we need to make several preliminary observations. To do
this we fix a pro-covering (f : Y — X @) as in Theorem 1.1, a finite extension O of
Z, and a flat, smooth O-sheaf £ on X.
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4.1.1. We first describe the relevant functorial properties of RI'(F,, Rsx L) and
RI'(F¢, stRsx Lq) under change of G.

q°c
Lemma 4.2.

(i) If U is an open subgroup of G, then the complex RI'(F,, Rsx Lq) is naturally
isomorphic to RU(F,, Rsy, (f;;£)u) in DP(Ap(U)).

(ii) If H is a closed normal subgroup of G, then fy : Yg — X is a Galois pro-
covering of group Q) := G/H and there is a natural isomorphism in DP(Ao(Q))
of the form Ao(Q) ®H1§@(G) RU(F,, Rsx,Lg) = RU(F,, Rsx.,Lg).

(iii) Claims (i) and (ii) remain valid if one replaces each occurrence of F, by Fg
and each occurrence of Rs by s:Rs.

Proof. We fix a factorisation sx = sxs o j as in §3.2 and set s := sx and s’ := sx.

To prove claim (i) we recall that one can construct (via, for example, the explicit
approach used by Witte in (Step 2 of) the proof of [41, Prop. 4.4.3]) a commutative
diagram

(12)

Spec(F,)

in which ji is an open immersion and f{;, and hence also s7;, are proper. In particular,
since sy, = so fy we can compute the functor Rsy,, 1 as R(s o f{;). o ju,. In addition,
since fy and f[; are both proper, for any torsion étale sheaf 7 on Y{; there are canonical
identifications jifu.7 = fy;,ju,7 and hence G% (jifu.7T) = f’Uy*G;% (JuaT) (ctf. the
proofs of [41, Props 4.3.14(i) and 4.3.16(i)]). Now Rs L identifies with the projective
system {s,G% (ji fv.firL/nv)}veow) and for each V in O(U) one has fy = ¢vy o fu
and hence fv’*f{;[,/nv = fU,*ﬁVU with ﬁVU = (ﬁVU,*gzﬁ*VUff;E/nV. For each such V'
one therefore has s.G%. (jifv.fvL/nv) = s.G% (i fusLvy) = (s’ o f{])*Gg% (JuiLvy)
and this induces an identification of projective systems Rs\ Lo = R(s o fu)(fiL)u,
as required to prove claim (i).

The first assertion of claim (ii) is clear. We next recall the cofinal system {(U, ny)}
fixed in §3.2 and for each U in ON'(G) we set Ay := Z,/ny. Then the second assertion
of claim (ii) is true because if P is any complex C?(Ay[G/U]) that is isomorphic in
D(Ay[G/U]) to T(F,, s.G% (i fufi;(L/ny)) and U’ is any subgroup in ON'(G) that
contains HU, then Ay:[G/U'| @, (/v P belongs to CP(Ay/[G/U']) and is isomorphic
in D(AU/[G/U/]) to
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Ap|G/U'] @yl T'(Ey, .G (i fus fi (L/nw)))
=0(Fy, 5.G% (A [G/U') @nyiayv) fusf(L/nw))))
=0(Fy, 5.G% G (fure [ (L)1)
where the last isomorphism is induced by the fact that the natural morphism of
sheaves Ap/ (G /U'| @ay1a/01 fusfi(L/nu) — for s fi(£/nor) is an isomorphism.
To prove claim (iii) one can use the following commutative diagram (in which both
squares are Cartesian)

;C

Xe¢ J X'e x'e SpeC(Fg)

LA

j Sx/

X X — Spec(F,).

In this diagram the composition sxj¢ is a compactification of the structure morphism
sxe := Sxtx. One also knows that s¥sx/ . = sxr.t% (by [41, Lem. 4.3.1]) and that
for any torsion sheaf F on X taking global sections of the natural morphism of
complexes

Sesx/ G (WF) = sx0e sl G (W F) = sx0e slxrx0 2 Ge (U 1 F)
= SXIC,*tj(/tX/7*G3(/c (th}f) — SXIC’*GX/C <]| txf)

induces an isomorphism in D(Ao(G)) since both complexes I'(IFg, sisx/ . G%/ (71.F))
and I'(F7, sxre .G%e (j{tx F)) compute the cohomology with compact support of 3 F
(cf. [41, Prop. 4.6.5(2)]). This observation implies that one can prove claim (iii) by
simply repeating the arguments given above but with F,, X, Yy and £ replaced by
Fg, X¢ Yy xx X and ¢5 L respectively. O

4.1.2.  We next describe the relevant functorial properties of Zeta functions. To do
this we write X for the set of closed points of X and for each z in X° we write d(z)
for the degree of x over IF,. We choose an identification of the residue field of x with
the subfield Fja@) of Fy, and denote by = an Fg-valued point of X lying over z. Then
for any complete commutative noetherian Z,-algebra A and any flat, smooth A-sheaf
L on X the stalk L5 is a free A-module equipped with an action of ¢¢®*). For any
bounded complex of such sheaves £* we may therefore define

Za(X, £0t) =[] [] deta(l — ¢*@4® | £y e 1+ A[[t]].

1€Z xe X0

In the case A = Z, we write Z(X, L®,t) in place of Z4(X, L*,1).
Lemma 4.3. Let L be a flat, smooth Z,-sheaf on X.
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(i) If U is an open subgroup of G, then for each representation p’ in A(U) one
has Z(X, L& Liyag . t) = Z(Yu, [{L® Ly, ).

(i) If Q is a quotient of G, then for each p in A(Q) one has Z(X,L® L,,t) =
Z(X, L® Clnfgp, t).

Proof. We set Y := Yy, F:= L ® Ly45,, and F':= frL ® Ly and for each « in X0
we write Y (x) for the set of points of Y above z. Then to prove claim (i) it is enough
to show that for each such x one has

(13) dety, (1 — ¢"t'0) | By = [ dety, (1 — ¢*@t'®) | 7).

yeY (z)
Now there is a natural isomorphism of sheaves on Y of the form f;F = fiL ®
foLragy = [HL ® (MG) @aw) Ly) = MG) @a@) F' and for any g, in F5(Y) the
map g — ¢(7,) induces a bijection between the set of cosets of U in G and the set
Fz(Y'). One therefore has a decomposition

== D 5

yeFz(Y)
Further, if y is the point of ¥ below 7 and we set e,/, = d(y)/d(z), then the
action of ¢, := ¢4® induces isomorphisms F’ m(g) = = F, for each integer m in the set
Yz i=1{m:1 <m < ey, }. In particular, one has ¢5"/* () = 7 and the isomorphism
f; v/ (g & F7 is induced by the action of " = ¢3® . One can therefore decompose
Fz Ias a direct sum
(14) F= P PF

yeY () Fz(y)

where F3(y) is the set of geometric points of Y over y and ¥ is a choice of element
of I+(y) and on each module P . ) 77 the endomorphism 1 — ¢1@14®) acts via the
matrix

1 0 ... 0 —¢iw@®
—td(@) 1 0 . 0

0 —d@ 1 . 0

0 . 0 —td@ 1

Now by using elementary row operations this matrix is reduced to an upper triangular
matrix in which the last diagonal entry is 1 — ¢d®)¢4®) and all other diagonal entries
are equal to 1 and so one has
dets (1 — ¢*@t1@) | B Fy) = deta(1 — ¢*Wi®) | 7).
Fz(y)

The required equality (13) thus follows from the decomposition (14).
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Claim (ii) follows immediately from the fact that there is a natural identification
L,= £Inf8 , of sheaves on X. O

4.1.3. We now relate the diagram (1) to the analogous diagrams that are obtained
by replacing X by Yy for any open subgroup U of GG, and G by any suitable quotient
of U.

For any diagram (1) we set dy := |T'/T'x| = |T'/ im(7g)|.

Lemma 4.4. Let QQ be a rank one subquotient of G of the form U/J where J is
any open subgroup of ker(wg) that is normal in U (and so U is open in G). Fizx
a geometric point Y of Yy above T. Then there exists a natural analogue of the
commutative diagram (1) in which 7 (X, ) and G are replaced by m (Yu,Yy) and Q
respectively and one has dy, = dx|I'x /ma(U)|.

Proof. Since J C ker(ng) the restriction of 7 to U factors through a homomorphism
mq : Q — m (I, Fe). Tt therefore suffices to show that there exists a commutative
diagram of homomorphisms

Ty, .
ﬂ-l(YUayU) L 7-‘-Il)(IE‘q?IFq)
X 7TX,§
/ T (X7 E) e
T -
Q
X
U G
ﬂbz
Q@

in which mxz, 7, and 7 are as in diagram (1), 7" is the natural homomorphism and
To, and T 5 are both surjective. Indeed, by setting 7, 1= 7, o 1, such a dia-
gram provides the required analogue of (1) and also shows that I'y, := im(my, 3,) =
im(mq) = 76(U) so dy, := [I'/T'y,| = [I'/im(ne)||im(7e)/ma(U)] = dx|I'x /7a(U)],
as claimed.

To verify the existence of a diagram as above we note that the upper and left
hand triangles are the only parts of the diagram that do not obviously both exist and
commute. It thus suffices to note that the commutativity of the upper triangle can
be shown by comparing the explicit definitions of 7y, 5, ,7xz and 7’ (cf. [21, Exp.
V, §7]) and using the fact that for any finite étale covering Z — Spec(F,) there is a
natural isomorphism Yy X x (X Xgpee(r,) Z) = Y Xspec(r,) £ of Spec(IF,)-schemes, and
that the existence of a homomorphism 7, ; making the left hand triangle commute
follows from the fact im(7’) is equal to the stabiliser of 7 in m(X,Z) whilst U is
equal to the stabiliser of 7j;; in G. O
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4.1.4. We next interpret Theorem 1.1 in terms of the formalism introduced in [6].
To do this we note that the element vy := 49X is a topological generator of I'y and
hence that G := (G, 7, 7x) is a triple of the sort defined in [6, §1.1.1].

For any representations p; and py in A(G) there are natural isomorphisms of sheaves
Lo, = L, ® L, and, if p; is isomorphic to ps, also £, = L,,. This gives
equalities of functions Z(X,L® L, 4,,,t) = Z(X, L& L, ,)Z(X, LR L,,,t) and if
p1 is isomorphic to py also Z(X,L® L,,,t) = Z(X, LR L,,,1).

Thus, if for any G as in (1), any sheaf £ and any p in A(G) we write {7,
for the leading term of Z(X,L ® L£,,t) at t = 1 and r,(X, Lq) for the integer
ro(RI(F,, Rsx1(L¢))[1]) defined in [6, §2.1.1], then the data {d;p(x’ﬁc)fzp}peA(@
is ‘leading term interpolation data’ in the sense of [6, §1.2.1].

We abbreviate the statement MC*(G, RI'(F,, Rsx La)[1], {d}rﬁ(x’ﬁ)fzp}p) formu-
lated in [6, §1.2.2] to MC*(X, G, £).

Lemma 4.5. Theorem 1.1 is valid if and only if MC*(X, G, L) is valid.

Proof. In view of Proposition 3.1(iv), it suffices to prove that there exists an element
¢x.c.c as in Theorem 1.1 if and only if MC*(X, G, £) is valid.

For each p in A(G) the homomorphism ®p g, defined in [6, (3)] is obtained
from the homomorphism ®p ¢ s, we defined in (5) by replacing the composite map
Qor(T'x)* € Qo(T)* = Q(O[[u]])* by the isomorphism Qor(I'x)* = Q(O'[[u]))*
that sends yx — 1 = 4% — 1 to w. This implies in particular that for each ¢ in
K1(A(G)g) one has £*(p) = T"(E)ﬁG( ) where £5(p) is the leading term defined in [6,
61.1.3] and 7,(&) the integer defined in [6, §2.1.1].

If now ¢ is any element of K;(A(G)s) with 9g(¢) = x™ (RU(F,, Rsx1(Lg))[1]) =
—x"*(RT(F,, Rsx1(Lg))), then for every p in A(G) one has r,(£) = r,(X,Ls) and
hence &5 (p) = dy* @& (p) = d "™ €e*(p). This implies € validates MC*(X, G, £) if
and only if it is a suitable choice for the element £x ¢  in Theorem 1.1, as required. [

4.1.5. We are now ready to prove Proposition 4.1. We thus consider rank one sub-
quotients of G of the form ) = U/J where J is an open subgroup of ker(m¢) that is
normal in U. Then U is open in GG and from Lemma 4.2 there is a natural isomorphism
in DP(A(Q)) of the form

(15) AMQ) ®% o resﬁﬁ RI(F,, Rsx.La) = RU(Fy, Rsy, (fiL)v).

We fix a representation 1 in A(Q) and set I§(¢)) := Ind$InfY o By combining the iso-
morphism (15) with the result of [6, Lem. 3.6(iv)] (with £ taken to be any element with
0a(€) = x™(RT(F,, Rsx.(Lc))[1])) one finds that 18 (1) (X, L) = ry(Yu, (f5L)v)-
From Lemma 4.3 it therefore follows that

7TIG(IZJ)(X7E) " —r Y f
(16) dy N 55,18@ =dy vt 5wa
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In addition, the result of [6, Cor. 8.3] combines with Lemma 4.5 and the isomor-
phism (15) to imply that Theorem 1.1 is valid if for all subquotients @ = U/J as
above there exists an element &g of K;(A(Q)s) with

a7 9a(€0) = X" (RT(E,, Ry o(f£)0) (1)
and such that for all ¢ in A(Q) one has

. —ro (Yu,(f5L TG () (L) " r N .
(18)  ((@lo() =dqg (05 )U)dX ¢ 55718(1&) = (dqdx) ”"(YU’(fUE)U)ﬁfg;L,w

where dg denotes the index of ker(7)U in G and @ the triple (Q, g, fy;l(Q) and the
second equality follows from (16). Now dg = |im(ng)/7a(U)| = |I'x/7mc(U)| and
so Lemma 4.4 implies dgdx = dy,,. The argument of Lemma 4.5 (with X, G and
L replaced by Yy, @ and f; L respectively) therefore shows that the existence of an
element & satisfying (17) and (18) is equivalent to the validity of Theorem 1.1 with
X,G and L replaced by Yy, @ and ;5L respectively, and so completes the proof of

Proposition 4.1.

4.2. In this subsection we assume that G is abelian and of rank one and deduce this
case of Theorem 1.1 from a result of Emerton and Kisin.

4.2.1. Since G is assumed to be abelian and of rank one it is isomorphic to a direct
product P’ x P with P’ finite abelian of order prime to p and P a rank one abelian
pro-p p-adic Lie group (which we may regard as both a subgroup and quotient of
G). The algebra A(G) is therefore isomorphic to the product [ [, pi. Az, y)(P) where
P™ := Hom(P',Q¢*) and Z,[¢] is the finite (unramified) extension of Z, generated
by {¢(g9) : ¢ € P'}. In addition, for each flat, smooth Z,-sheaf £ on X there is
an isomorphism Lo =2 Gyepr+(L @ Ly)p and for each irreducible representation p in
A(G) an isomorphism of sheaves £ ® L, = (L ® Lyp) @ Lyp.

Given these facts, it is clear that the validity of Theorem 1.1 in the case that
G = P’ x P is abelian follows by applying (Proposition 4.1 and) the following result
with G = P and F = L ® Ly, for each ¢ € P™.

Theorem 4.6. Let G be a rank one abelian pro-p p-adic Lie group as in (1). Fiz a
finite unramified extension O of Z,, and a flat and smooth O-sheaf F on X. Then the
complex RT(F,, Rsx 1 F¢) belongs to DS(Ao(G)) and there exists a unique element &x
Of Kl(A@<G)S) with

(19) do.c(&r) = —X6.a(RT (Fy, Rsx, Fa))

and such that for all representations p in A(G) one has

(20) §r(p) = Zo(X, F @ L), 1).
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Remark 4.7. If X is an affine curve and F has abelian monodromy, then (after
translating from the language of graded invertible modules to that of relative algebraic
K-theory in the natural way) the argument of Lai, Tan and the present author in [4,
§A.2] can be used to give a proof of Theorem 4.6 that relies solely on Weil’s formula
for the Zeta function in terms of ¢-adic cohomology for any prime ¢ # p (and hence
avoids any use of crystalline cohomology).

If an element {7 exists as in Theorem 1.1, then it is unique as a consequence of [6,
Lem. 3.4 and Rem. 3.5]. In the rest of this subsection we will deduce its existence
from a special case of [18, Cor. 1.8].

4.2.2. We start with a convenient reduction.
Lemma 4.8. It is enough to prove Theorem 4.6 in the case that ¢ = p.

Proof. We write X for the scheme X regarded as defined over F,. Then it is enough to
show that an element £ satisfies (19) and (20) if and only if it satisfies the analogous
equalities that are obtained by replacing X by X.

We write s, : Spec(F,) — Spec(F,) for the morphism induced by the inclusion
F, C F, and set sg := s,sx. Since s, is proper any compactification sx = s'yj of
sx gives rise to a compactification sy = (s,5%)j of sg¢. From the natural isomor-
phisms RI'(F,, Rsg Fa) = RI(F,, R(s, o s')(71Fa)) = RI(F,, Rs,(Rsx (1 Fc))) =
RT(F,, Rsy(71Fc)) = RT(F,, Rsx,F¢) it is thus clear that the validity of (19) does
not change if we replace X by X.

To consider (20) we write m for the degree of F, over F, and set T' := 7?(F,,, Fe).

Then for each p in A(G) one has Zo(X,F ® L,,t) = Zo(X,F @ L,,t™) and hence
ZH(X, FR Ly 1) =m"»ZH(X, F® L, 1)

where 7/ denotes the order of vanishing of Zo(X, F®L,t) at t = 1.

We now write 7¢ for the homomorphism G — T' obtained from the analogous dia-
gram to (1) with X replaced by X and ®¢ ¢ g, for the homomorphism K, (Ap(G)s) —
Q(O'[[u]])* defined as in (5) but with the roles of mg, I' = 77 (Fy, F7) and + replaced
by 7, I and the image 7 of the Frobenius automorphism z — z? in I'. Then, since ¢
is the composite of ¢ and the natural inclusion I' & Gal(F,/F;) C Gal(F,/F;) = r
and v = 4™, one has (i07075’p = [m] o ®o s, with [m] the endomorphism of
Q(O[[u]])* that sends w to (1 + u)™ — 1. This implies that for any element &z
the order of vanishing r, of é@}G“S',p(S}‘) at u = 0 is equal to the order of vanishing
of o, 5,(Ex) at u =0 and also that the corresponding leading terms are related by
<T>@7G,S,p(§f)*(0) = m"®o .5,(67)*(0). Comparing this equality with the displayed
formula above it is clear that the equalities (20) for X and X are equivalent provided
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that r, = r/, for all p in A(G). Since the equalities r, = 77, are an immediate conse-
quence of Lemma 4.9 below (with {x = Zy,(¢)(X, Fg,1)), this completes the proof
of the claimed result. O

4.2.3. We now assume that G and O are as in the statement of Theorem 4.6 and
(following Lemma 4.8) that ¢ = p. In this case the ring Ap(G) is local and we write
m for its maximal ideal and Ap(G)(t) for the m-adic completion of the polynomial
ring Ap(G)[t]. We also write F& for the complex comprising F¢ placed in degree
0. Then the function L(X,Fg&,t) defined in [18, (1.7)] is equal to Zx, ) (X, Fa, ).
Further, if 7 denotes the geometric point Spec(IF;) of Spec(F,), then [25, Chap. II,
Th. 3.2(a)] (with 7 = s.) implies that the complex of stalks (Rsx F¢)s identifies
with RI'(F¢, s¥Rsx 1 Fq). From [17, p. 115, Cor. 1.13] it follows that

prTc

L(F,, Rsx , Fo,t) = HdetAo(G)(l — ¢t | PHEYT e 1+ tAo(G)[[H]

1EL

where L(IF,, Rsx,F¢,t) is defined as in [18] and ¢ and P* are chosen as in Proposition
3.3. In particular, Proposition 3.3 implies that the series L(FF,, Rsx 1 F&,t) converges
at t = 1 to an element of Ap(G)§ = im(K1(Ao(G)s) — K1(Qo(G))) and also satisfies

(21) Oo,c(L(Fp, Rsx 1 Fe, 1)) = —X6.a(RU(F,, Rsx,Fe)).
In addition, the result of Emerton and Kisin in [18, Cor. 1.8] implies that
(22) Zpo) (X, Fout) = (X, Fo t) L(F,, Rsx  F&.t) € 1 +tAo(G)][[t]]

for an element v(X, F&,t) of 1 + mtAo(G)(t).

Any series in 1 + mtAp(G)(t) converges at ¢t = 1 to give an element of Ap(G)*
and so (22) implies that Z, ) (X, Fg,t) converges at ¢ = 1 to the value {r =
Zro@) (X, F& 1) =v(1)L(F,, Rsx 1 F&, 1) € Ao(G)g, where we set v(1) := v(X, F&, 1).
Thus, since v(1) belongs to Ap(G)*, the equality (21) implies that

O0o.c(&r) = 0o,c(v(1)L(F,, RsxF&, 1))
= 0o.q(L(F,, Rsx,Fe, 1)) = —ngG(Rr(]Fp, Rsx.Fq)).

In addition, if for each p in A(G) we write (as in the proof of Lemma 4.8) r, for the
order of vanishing of the function ®¢ ,(¢£) at w = 0, then Lemma 4.9 below implies
that & satisfies
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Ex(p) == Pa o (€4)7(0)
= lim u ™" Zo(X, F @ L, (1 +u) ™)
= lim(1 — )7t Zo(X, F © L,, 1)

= lim(1 = )" Zo(X, F & L, 1)
=75(X, F®L,1)

where the third equality follows by setting ¢ := (1 +u)™! (so u = (1 — ¢)¢t™'). The
given element £ therefore validates Theorem 4.6, as required.

Lemma 4.9. Fiz an Artin representation p : G — GL,,(O'), with O C O, and
identify Qo (T) with Q(O'[[u]]) by setting u :=y—1. Then Zo/(X, F Qo Ly, (1+u)™")
is well defined as an element of Q(O'[[u]]) and satisfies Zo/(X, F @0 L,, (1 +u)~t) =
P0,6,50(Zno(@) (X, F,1)).

Proof. By mimicking the construction of ®¢ ¢ s, in §2.3 one can define a composite
homomorphism

Po.aps : Ao (G)[[H]" = Ki(Ao(G)[[t]]) — K1 (Min(Q(Aor (Ux)[[])))
= Ki(Q(Ao (Tx)[[H]) = QAo (Tx)[IZ])*
< QAo (D[] " = QO [[u, )™

For ecach x € XY the inverse limit over all open normal subgroups U of G of the
isomorphism (6) with £ = F and h = fy; constitutes an isomorphism of Ay (G)[¢d®)]-
modules between F¢ 7 and Ap(G) ®o Fz, where on the latter module Ap(G) acts by
multiplication on the left on Ap(G) and ¢4®) acts diagonally (via its natural action on
Fz and its actions on the sets Fi(Yy) that are induced by its action on 7). By using
this explicit description of each stalk F¢ 7z one finds that ®p ¢, sends the element
Zro@) (X, F&t) of 1 +tAo(G)[[t]] C Ao(G)[[t]]* to the series

O(u,t) = ] detogu(l = ¢* @1 | Ou]] @0 Loz ©or Fr) ™ € O'f[u, 1],

reX0

where ¢3*) acts diagonally on the indicated tensor product, in the natural way on
the stalks £,z and Fr and as multiplication by (1 + u)~4® on O'[[u]].

We next note that if p is the maximal ideal of O then for any element w(u) of
1+ puO'{u) the series w((1 + u)~!) is well-defined as an element of 1 + pu@'[[u]]. In
particular, from the equality (22) with Ap(G) and L replaced by O’ and F @ L,
respectively, it follows that Zo/ (X, F® L,, (1+u)~") = 60(0, (1 +u)~!) is well defined
as an element of Q(O'[[u]]). On the other hand, the given action of ¢4®) on O[[u]]
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implies that 6(0, (1 +«)™!) is equal to 6(u, 1) and hence that in Q(O’[[u]]) one has

0,650 (Zno@) (X, F&: 1)) = P0.6.p1(Zao@) (X, Fé t))im1= 6(u, 1)
=000,(1+u) ™) =Z(X,FRL,, (1+u)™"),

as claimed. ]

5. THE GENERAL STRATEGY

The results of §4 imply that it suffices to prove Theorem 1.1 in the case that G
is a p-elementary group of rank one and in addition that this result is valid if G is
abelian. We quickly review the strategy introduced by the present author and Kato
that can be used to deduce Theorem 1.1 in the general case.

5.1.  We assume that G has rank one and that 3(G) is any set of (rank one abelian)
subquotients of G of the form U with U an open subgroup of G that has the following

property:
(¥) For each p in A(G) there is a finite subset {U" : i € I} of ¥(G) and for each
index 7 an integer m; and a degree one representation p; of U2® such that there

is an isomorphism of (virtual) representations p =% ., m; - Indgilnfg;b Pi-

We fix a finite unramified extension O of Z, and for each A = U*" in ¥(G) we write
go.a.s for the composite homomorphism

Ki(Ao(G)s) — Ki(Ao(U)s) — Ki(Ao(A)s) — Ao(A)s C Qo(A)*

where the first arrow is the natural restriction map, the second the natural projection
and the third is the isomorphism induced by taking determinants over Ap(A)s. We
then define a composite homomorphism

Noxe) : Ki(ho(G)) = Ki(Ao(G)s) — [] Qo(A)"
AeX(G)

where the first arrow is induced by the inclusion Ap(G) C Ap(G)s and the second is
the diagonal map [] , go,4,s. We abbreviate gz, 4.5 and Az, se) to gas and Ayxq).
We fix a flat, smooth Z,-sheaf £ on X and, following Theorem 4.6, for each A = U?P
in 3(G) we write {4 . for the unique element of K;(A(A)g) = A(A)g that validates
Theorem 1.1 with X, G and £ replaced by Yy, U and f;;L respectively.
For details of more general versions of the following result see [6, Th. 2.2 and Rem.
2.5] and [23, Prop. 2.5].

Proposition 5.1. Theorem 1.1 is valid if for every p-elementary group G of rank one,
and any set of subquotients ¥:(G) that satisfies property (%), there exists an element
¢ of Ki(A(G)s) which satisfies the following two conditions.

(i) 0c(&) = —x"'(RL(Fy, Rsx,La)).

(ii) The element (qa(§)™'Eac)a belongs to im(Asx ).
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Proof. Let v be any element of K;(A(G)) with Ay (v) := (qa(€)'€ac) . and write

u for the image of v under the natural homomorphism K;(A(G)) — Ki(A(G)s).

Then we claim that the element {x ¢ o := u validates the conditions of Theorem 1.1.
Firstly, since u belongs to ker(dg), condition (i) implies that

06(Ex..2) = O (u€) = 0a(€) = —x"" (RL(Fy, Rsx,La)).

To show that {x ¢ has the necessary interpolation properties we fix an Artin
representation p of G. Then the isomorphism p = Y., m; - IndU Imeab p; given by

condition (%) implies that

e p(€xc.c) H e ndg, . (s o (Ex.a.e)™

el

_Hq).Azpz qa,s(€x.ae))™ _Hq)Azpz Eanc)™

el el

where we set A; := U2, the first displayed equality is obvious, the second follows
from [6, Lem. 3.6(i)] and the last is valid because ¢4, s({x.¢.c) = £a,.c. Thus, since
each element £ 4, » is assumed to validate Theorem 1.1 with X, G and £ replaced by
Yu,, Ai and ff; £ respectively, one has

Ex.6.0(0) == P, (Exa.c)( H‘I’Az pi(Eap) (0)™
el
=1z, fr.L® L, )™
il
= Z (X, E ® Eziejmi'lndgiInfz;b(Pi)’ 1)

=7"(X,L® L,1),

where the fourth equality follows from Lemma 4.3. 0J

5.2.  We now recall Kakde’s explicit description of a set 3(G) as above and also of
the associated group im(Ayg)). In fact, we shall assume (as we may) that G is a
p-elementary group of rank one, with a corresponding direct product decomposition
G = P’ x P and then, just as in §4.2, we use the induced decompositions A(G) =
[Tyepr Az (P) and Lg = @yepr (L @ Ly)p. In particular, after replacing G, A(G)
and £ by P,Ao(P) and L ® L, we may (and will) henceforth assume that G is a
pro-p group of rank one.

We fix a lift T of I in G and use this to identify G with the semi-direct product
H x T with H := ker(rg). We also fix a natural number e such that T'*" is central in
G and set G := G/T" and R := Ap(I""). The algebra Ap(G) can be identified with

u+b

the twisted group ring R[G]™ with multiplication (h3%)7(R/3%)™ = 3715 (h3a . W30
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where [z] denotes the greatest integer less than or equal to z and for any g in G we
write g7 for its image in R[G].

For any subgroup P of G we write Up for the inverse image of P in G, write NgP
for the normaliser of P in G and set WP := NgP/P. We write C(G) for the set
of cyclic subgroups of G and note that for any P in C(G) the group Up is a rank

one abelian subquotient of G. For each P in C(G) we write Tp for the image of the
endomorphism of R[P]™ given by x — > geW(P) g"x(g7)"L. For any subgroups P and
P’ of G with [P, P') < P < P’ we write
nrg . Ao(U;l?)X - Ao(Up/[Up/, Up/])x,
75 Ao(UR) = Ao(Up/[Upr, Upr))
for the natural norm and projection maps respectively.

For any non-trivial cyclic subgroup P of G we fix a homomorphism wp : P — Qp*
of order p. We also fix a homomorphism w; = wy : I — Qp of order p and use
the same symbol to denote the endomorphism of Ap(Up)* that sends each g € Up
to wp(g)g. For each subgroup P of G we define a map ap from Ap(Up)g to itself in
the following way: if P is the trivial subgroup {1}, we set a3 (z) := 2Po(x) ! if P

is non-trivial and cyclic we set ap(z) := P( Zig_l wh(x))~1; if P is not cyclic, we

set ap(r) := zP. For each P in C (@) we write Cp(G) for the set of cyclic subgroups
P’ of G with P? = P and P’ # P. B .
Finally we note that the group G, and hence also G (since I'?" is central), acts on

the set {U& : P < G} by conjugation.

Proposition 5.2. (Kakde) Let G be a rank one pro-p group. Then the set 3(G) :=
{U% : P < G} satisfies the condition (x) in §5.1. Further, an element (€4)4 of
[Tacse) Ao(A)* belongs to im(Ao s () if and only if it satisfies all of the following
three conditions.

(i) For all subgroups P and P' of G with [P', P'] < P < P’ one has nrb’ (fU;?) =

iy <§U}%b)'

(ii) For all subgroups P of G and all g in G one has §guabg—1 = ng;bgfl.

(iii) For all P € C(G) one has ap(&yar) = [Ipreo, @) ap/(gU;L;) (mod pTp).

Proof. The first claim follows directly from the proof of [22, Prop. 86] and the second
is the result of [22, Th. 48]. O

6. LOGARITHMS FOR POWER SERIES

The first step in our proof of Theorem 1.1 will be to prove an analogue of the
congruences that occur in Proposition 5.2 for certain kinds of power series. To do
this we need to introduce a variant of the logarithmic techniques introduced by Oliver
and M. Taylor and this is what we describe in this section. The constructions that
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we make here are analogues of those first made by Ritter and Weiss in [34] (and then
later by Kakde in [22]).

In this section we use the notation and hypotheses of §5.2 and hence assume, in
particular, that G is pro-p. We set R := Ap(I'?") and R; := R[[t]]. For any subgroup
P of G we set Rp; := Ap(Up)[[t]] = R;[P]” and write xp for the R;-linear map
Ri[P]” — R[Conj(P)]" which for each g in P sends ¢ to its conjugacy class in P.
We also write J(A) for the Jacobson radical of any ring A.

i+1zt
-

6.1. In the next result we use the p-adic logarithm series Log(1+z) := -, (—1)

Proposition 6.1. For each subgroup P of G the association 1 + x +— Log(1 + x) for
v in J(Rpy) induces a canonical homomorphism logp, : Ki(Rp;) — Ry [Conj(P)]T[%].
Proof. We claim first that for any « € J(Rp;) the series Log(1 + x) converges to an
element of .J (prt)[%]. To see this note that, since O/Z, is unramified, J(Rp;) is the
kernel of the natural homomorphism Ax(Up)[[t]] — (O/p)(I') and so is generated by
t,p and the augmentation ideal Iy of Ap(H')[[t]] where we write H' for the kernel
HNUp of the natural composite homomorphism Up C G — I'. But, since H' is a finite
p-group, one has I}, C pAp(H') for any large enough integer n. This implies that for
any natural number m there exists an integer m’ such that J(Rp:)" C (p, X)™Rp;
for all n > m/. For any given natural number M it follows that the coefficient of +* in
x' /i converges to 0 as 7 tends to infinity. It is therefore clear that for any x € J(Rp;)
the series Log(1 + x) converges to an element of RP,t[%] = Rt[P]T[%].

To construct logp, one can now copy arguments of Oliver. Firstly, the argument
used by Oliver to prove [30, Lem. 2.7] shows that for any x,y in J(Rp;) one has

Log((1 +)(1+9)) = Log(1 +) + Log(1+y) (mod (Res[y). J(Rrol])

and then the argument of [30, Th. 2.8] implies that the association 14z — Log(1+x)
for x in J(Rp;) induces a well-defined homomorphism
1
logp, : Ki(Rpys, J(Rpe)) = (J(Rpy)/[Rpy, T(Ree )]

Finally we note that Rp;/J(Rp;) is isomorphic to F, and hence that there is an exact
sequence

(23) 1 — Ky(Rpy, J(Rpy)) — Ki(Rpy) — Ki(Fp).

In particular, since K;(F,) = F is finite and (J(Rp;)/[Rpy, J(Rp7t)])[1%] is torsion-

free, it is clear that logp, extends uniquely to give the desired isomorphism logp,. [

Before stating the next result we note that if Up is abelian, then K;(Rp;) and
R;[Conj(P)]™ identify with R, and Rp; respectively.
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Lemma 6.2. Assume that Up is abelian and let I be any ideal of Ao(Up) = R[P]™
that belongs to pAo(Up). Then logp, induces an isomorphism between the groups
L+ I[[t] and I[[t]].

Proof. We fix x in I[[t]] and for each pair of non-negative integers m and n we write
c™(x) for the coefficient of ™ in x™.

We first claim that logp, maps 1 + I[[t] to I[[t]]. To see that note that, since
I C pR[P]™ one has I? C pl and hence I" C nl for all natural numbers n. In
particular, since ¢™(x) € I™, one has ¢(x)/n € I for all n > 1. As the series
Yo s1 (1)t (z) /n converges (by the argument in the proof of Proposition 6.1) it
must therefore converge to an element of 1. It follows that the series logp,(1 + z) =

> ome1 (Xt (1) e (x) /n)t™ belongs to I[[t]], as claimed.

We next claim that for each z in I the exponential series expp,(z) == Y 50 %
converges to an element of 1 + I[[t]]. The key point here is that I C pR[P|" so
I C J(R[P]") and I? C pI - J(R[P]7). By the same argument as given in [30, p. 52]
it thus follows that for any non-negative integer £ and any natural number n with
pb < n < p*! one has I" C n!l - J(R[P]")* and hence that ¢™(z)/n! belongs to
- J(R[P]")*. This implies that the series Y ., cp'(x)/n! converges to an element of
I and hence that the series expp,(z) = 1+, (3,5, ¢ (z)/n!)t™ converges to an
element of 1 + I[[t]]. -

Lastly we note that standard power series identities imply that logp,0expp,(z) = =
and expp,; o logp,(1 +2) = 1+ for all x in I and hence that logp, induces an
isomorphism from 1+ I[[¢]] to I[[t]], as claimed. O

6.2. For each pair of subgroups P and P’ of G with P < P’ we write
0« Ki(Ao(Up)[[t]]) = Ki(Rprs) — Ki(Rps) = Ki(Ao(Up)][[t]))
for the standard restriction map on K-groups. We also define an R;-linear map
Resp, : Ry[Conj(P)]” — Ri[Conj(P)]"

by setting, for each g in P’,
Respt kp(g Z/ﬁp ) (gx)T)

where x runs over all elements in a given set of left coset representatives of P in P’
which satisfy zgz=! € P. (It is straightforward to check that this recipe does indeed
give a well-defined homomorphism.)

We will use the following functorial property of the functions logp, under change
of group P.

Lemma 6.3. For each subgroup P of G the following diagram commutes.
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Ki(Ao(@)[H]) —24 Ry [Coni(@)][]

1
p
G G
0% l Resp l

logp ¢

Ei(Ao(Up)[[t]]) — Re[Conj(U)]"[;].
Proof. The same argument as used by Oliver and L. Taylor to prove [31, Th. 1.4]

shows that for all £ in Ap(G)[[t]] = R:|G|” one has

(24) logp, (0%, (1 + p€)) = ResG, (logg, (1 + p€)).

Now for any = € J(R[G]") the proof of Proposition 6.1 shows that there exists an
element ¢ of R,[G]” with

(L) =1+pd+a” =14+pf+17"¢ = 1+ 7)1+ ps(1+7¢) 7.
But t"¢" € J(R,[G]7) and £(1 4 tP"¢")~ € Ry[G]™ and so (24) implies

p"logp (03, (1 + 1))
—logp, (65,((1 +2)""))
:logP,t(eg,t(l + Pf(l + tpnf/)il)) + logP,t(eg,t(l + tpng»
=Resf, (logg, (1 + p&(1 + #"¢) ™)) + logp, (65,(1 + #"¢)))
—Res, (logg, (1 +2)"")) +logp, (05, (1 + 1"¢')) — Resf, (logg, (1 + £"¢)))
:p”Resgt(logé’t(l +x)) + logp7t(9g7t(1 + 7€) — Resgt(logat((l + 7" EN)).
It is clear that logg,t(l + 7" ¢") belongs to tP" R, [Conj(P)]T[]lJ} and easy to see that

05,(1+t7"€") =1+ t""Res$, & (mod K, (R,[P]",t" R,[P]")).

This implies that logpi(ﬁgt(l + t7"¢’)) and Resgt(logat((l +t7"¢"))) both belong
to t*" R, [Conj(P)]T[]l?] and hence, in conjunction with the above formula, that

D)

14 2) =
Resgt(logé’t(l + x)) and hence that the diagram in the statement of the lemma

commutes if one replaces K1(Ao(G)) = K1 (R:|G]") by Ki(R:G]™, J(R:]G]7)). How-

ever, the index of Ki(RG|™, J(RG]|")) in K;(R:[G]7) is finite (by (23)) and the
group Rt[Conj(P)]T[%] is torsion-free and so the given diagram must also commute,

as claimed. O

logRt(th(l +x)) = Resgt(logéjt(l +2)) (mod #*" R;[Conj(P)]™|

Sl

—~

Since this is true for all natural numbers n it follows that logpi(@gt
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6.3. We now define ¢, to be the map on R, = Ap(I'*)[[t] that is equal to the
Frobenius automorphism Fr on O and the p-th power map on I'** and in addition
sends each term # to . We extend this map, again denoted ¢, to R,[Conj(G)]™ by
mapping £(g") to £((g7)").

We then set Lg, == (1 — p~'yy) o logg,.

Proposition 6.4. One has Im(Lg,) C R;[Conj(G)]".

Proof. The index of Ky(R,[G]", J(R,[G]7)) in K;(R,[G]") is finite and prime to p (by
(23)) and so it is enough to prove that Lg(K1(R:[G]7, J(R[G]7))) € R¢[Conj(G)].
By a result of Vaserstein [40] every element of Ki(R;[G]|", J(R:[G]7)) is the image
(1 — ) of an element 1 — x with x € J(R, [5]7) Now for any such = one has

Loi(l-a)) = -3 4 2 zf”‘w

i>1 7>1 i>1 k>1
i

and so it suffices to prove that Y, (pk) "1 (zP* — ¢, (2*)) belongs to R;[Conj(G)]".
Since every prime other than p is invertible in R, it is thus enough to prove that
p (" — i (y?")) € Ry[Conj(G)]™ for all natural numbers n and all y € R,[G]". This
containment can be proved by simply mimicking the proof of [30, the first assertion
of Th. 6.2]. Indeed, only two points are worth mentioning in our context: for any set
of elements {g;, : 1 < j < q} of G one has ra(lTj=1 97) = Kaldr, ;:f_l 97,) (since
kg(g™hT) = rg(h™g") for all g and h in G) and for any element 7 = 3=, .- ¢;; (7" —1)"t/
of Ry with ¢;; € O for all ¢ and j, one has N

- Z Fr(cij)(vpyrl YitP = Z )PP = rP (mod pRy).

4,720 1,7>0

7. CONGRUENCES FOR POWER SERIES
In this section we continue to use the notation and hypotheses of §5.2.
7.1.  For any subgroups P and P’ of G with [P’, P'| < P < P’ we write
nrpy - Ao(UR)[[H]* — Ao(Up/[Upr, Up))|[H]*
he + Mo (UR)[[t]] — Ao(Up/[Up, Up)[[1]]

for the natural norm and projection maps respectively. For any subgroup P of G we
also write Ggfb for the natural composite homomorphism

Ki(Mo(G)[[1]) %, K1(Ao(Up)[[t]]) — Ki(Ao(U)[[t]]) = Ao(UR)][H]]"
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where the isomorphism is induced by taking determinants over Ao (U)[[t]].

For any non-trivial cyclic subgroup P of G we write wp, for the endomorphism of
Ao(Up)|[[t]]* that sends each element gt' with g in Up to wp(g)gt’. We also write
wi 4 == wpy, for the endomorphism of Ap(Ugy)[[t]* = Ao(TP")[[t]* that sends each
gt' to wp(g)gt® for g in T and i > 0. For each subgroup P of G we define a map
ap; from Ap(Up)[[t]]* to itself in the following way: if P is the trivial subgroup
{1}, we set aqy(x) = 2P, (x)7!; if P is non-trivial and cyclic we set apy(z) =
xP( ],:g_l why(x))~"; if P is not cyclic, we set apy(x) := a?.

The main result that we shall prove in this section is the following

Theorem 7.1. Fiz an element &(t) of Ki(Ao(G)[[t]]) and for all subgroups P of G
set Ep(t) := 057" (E(1)) € Ao(UR)[[H]

(i) For all subgmups P and P' of G with P < P’ and [P',P'] < P one has
el (€ (1)) = 7L (€0 (1) B
(ii) For all subgroups P of G and all g in G one has &,p,—1(t) = g€p(t)g~?
(iii) Forall P € C(G) one has api(Ep(t)) = [1pecpq) @r+(Ep (1) (mod pTp[[t]]).

Our proof of this result combines the logarithmic constructions made in §6 with a
straightforward modification of arguments of Kakde in [22].

7.2.  Before proving Theorem 7.1 we first recall how the homomorphisms eﬁfb can
be computed explicitly.

To do this we set npp := [P’ : P] = [Up : Up]. We also note that, since
Ao(Up)[[t]] is a local ring, the natural homomorphism ¢p from Ae(Up)[[t]]* to
Ky (Ao(Up)|[[t]]) is surjective. For any & in Ki(Aeo(Up/)[[t]]) we therefore choose an
element & of Ao(Up)[[]* with ¢p(€) = € and a set of left coset representatives
C(P,P):={c:1<i<npp}ofUpin Up and write Mc(pgp)(g) for the matrix
in My, ,(Ao(Up)|[[t]]) of the automorphism of the A(Up)[[t]]-module Ao(Up/)[[{]] =
@Z 17" Ao(Up)][t]]¢; that is given by multiplying on the right by €. Then HP AP(€) s

equal to det (""" (Mo(p.py(€))) € Ao(UE)([t]* where 7p: p is the natural prOJection

Mo, , (Ao(UP)[[ 1) = Ma,, , (Ao (UR)[[H)-

It is now clear that Theorem 7.1(i) is valid because the diagram given below
commutes, where mp/; and 7p; denote the natural maps. (Note that the upper
quadrilateral in this diagram obviously commutes, whilst the lower quadrilateral
commutes because C'(P, P’) can also be regarded as an Ao (Up/[Upr, Up/])[[t]]-basis of
Ao(U2)[[t]].) Indeed, the commutativity of this diagram implies that the image under
nrplt of the projection of € to Ao (U2)[[t]] is equal to Wpt(det( 2 (Meoppn(€)))) =

7rPt(9P/ *b(€)), as required.
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K1 (Ao (G)[[t])

- 0%,
e ,
= \L \

Kl(AO(\LUP’)HtH) ep,\bfﬁ (AOT]P)M)
Ao (UR)[[H)] \ / UR)[[H)
o(Up/[Up, Upr))

To prove Theorem 7.1(ii) we first compute explicitly each term &p(t) = Qg’tab(ﬁ (1))

by using the recipe above (with £ equal to §(t)). We then set C' := C(P, G) and
note that for any ¢ in G the set gCg~! := {gcig™ : 1 < i < [P’ : P]} is a set
of left coset representatives of gUpg™' = Uyp,—1 in G. It is easily checked that

Myeg1(g€g™") = gMo(€)g™". Since qg(9€g™") = qa(€) = &(t) it therefore follows
that

Egpg1 (1) = det(mg 4p,1 (9Mc(€)g ™)) = gdet(mg p(Mc(€))g ™" = gép(t)g ™",
as required to prove claim (ii).
7.3. To prove Theorem 7.1(iii) we need a preliminary result. In this result we use
the following notation: for each subgroup P of G we define np; to be the R;-linear

endomorphism of R;[P|” which for each g € P sends ¢” to 0, resp. g7, if P is cyclic
and ¢ is not a generator of P, resp. otherwise.

Lemma 7.2. For all  in Ki(Ao(G)[[t]]) and all P in C(G) one has
(o Oa0)
Pt HP’GCP(G) prt (91% (2))

Proof. Tt is enough to prove that there is a commutative diagram of the form

) = p(nps o Resg,t)([’é,t(a:))-

IOgé,t

Ky (Ao(G)[[H]) Ry[Conj(G)]"
(eg,gpl (Resggpl
Mpee EKAoUa)) " T pec@ RIPIT2]

— DTN

rec@ Fu[P17[}]
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where the upper diagonal arrow sends x to (npvt(Resgt((l —pte)(z)))p and the

aQ.i(zq)
Hprecqa) ap ilzp) ))Q

lower diagonal arrow sends (zp)p to (p~'logg,(

Lemma 6.3 for each P € C'(G) implies that the square in the diagram commutes
and so it suffices to prove that the central diagonal arrow can be chosen so that
the two triangles commute. The methods of Kakde show that this is possible if the
central diagonal arrow sends each element (zp)p to the element with P-component
1= precpc) Prlap) — dpp~toi(xp) with dp equal to 1, resp. 0, if P is non-trivial,
resp. trivial. Indeed, with this definition, the commutativity of the upper triangle
follows from natural analogues of [22, Lem. 78] and the first commutative diagram in
[22, Lem. 74], whilst the commutativity of the lower triangle follows from a natural
analogue of [22, Lem. 76].

To obtain these analogues one makes the following notational changes. In the proof
of 22, Lem. 74] one replaces the terms Ap(Up), log, ap, np and wp by Ao (Up)[[t]] =
Ry[P]", logp,, aps, npy and wp, respectively. With these changes of notation the

argument proceeds exactly as in loc. cit.. In the argument of [22, Lem. 76] one
replaces Ao(I'""), Ao(UZ’), Ao(Up) and ¢ by Ry, Ao(U)[[t]], Ao(Up)[[t] = Ri[P]7

and ¢; respectively. One must also replace the maps 3§ and 3Y by 51% and ¢ =
(ﬁgt) p<c respectively, where ﬁgt : Ry[Conj(G)]” — R;[P]™ is defined in the same
way as 6? in [22, Def. 50] but with R = Ap(I'P") replaced by R;. We also replace v$ by
the homomorphism vg’t  [Towa Ao (UEP)[[t]] — Ao(Uz")[[t] which is defined as in [22,
Def. 75] but with vers’ replaced by the A(I'?)-linear map vergt : Ry[P'" — RP|”
which acts as p-th power on P’ and sends each term t* to t”7. It then suffices to check
that the analogues of the diagrams in [22, Lem. 76] commute on each element of the
form kz(g7)t" with g € G and ¢ > 0, and this is done by the same argument as in loc.

cit. (after taking into account the above changes of notation). Finally, in following
the argument of [22, Lem. 78] one must make the changes described above and also

replace v%, resp. u“, by the endomorphism (vgt) p<c of [Ip<g Ao(UR)[[t]], resp. by
the endomorphism of [[.z Ao(UZ)[[t]]* defined just as in [22, Def. 77] but with
very now replaced by very,. O

Now, since pTp[[t]] C pR:[G] the result of Lemma 6.2 with I = pR[G]™ combines
with Proposition 6.4 and Lemma 7.2 to imply that the congruence of Theorem 7.1 is
valid provided that np; o Resgt maps R;[Conj(G)]™ to Tp[[t]]. Since it is clear that
nps preserves Tp[[t]], the required containment therefore follows directly from the
next result.

Lemma 7.3. Res§,(R,[Conj(G)]") C T[[t]].

Proof. A typical element of R;[Conj(G)]™ has the form @ := 37 (3, cqreir(9))t',
with r,; € R for all g and i. Now Resg,t = Resp, o Resg’t with H := Ng(P) and so
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Resgt(x) = Zizo(zgeéTgviResg’t(Resgt(/i(g))))ti. Further, for each h,h’ € H one
has h™'W'h € P if and only if // € P and for any such A’ one has

ZwEW@(P) kp((z7)"'hT2"), if B € P,
0, otherwise.

Resg,t(’fH(h/» = {
This implies that each element r4;Res} t(Resgt(/ﬁ(g))) belongs to Tp as required. [

8. THE PROOF OF THEOREM 1.1

8.1. If n is an endomorphism of a finitely generated projective Ap(G)-module M,
then for any series f(n,t) := Y 20 D ;50 Mijn't! in Z[n][[t]] one obtains a well-defined
automorphism of the associated finitely generated projective Ap(G)|[[t]]-module M, :=
O[[tl] ®@o M by setting f(n,t)(A@m) := 3724 > isemit! A@n'(m) for each X € O[[t]]
and m € M. We write (f(n,t) | M,) for the corresponding element of K (Ao (G)[[t]]).

In particular, for any flat, smooth O-sheaf £ on X we obtain well-defined elements
of K1(Ao(G)[[t]]) by setting

Za(X, Layt) = ([ [ 1 = ¢" @t | (Lag)e)

e X0

and _
Zo(1 = o,t) == [[(1 = 't | PHD™
1EZL
where the endomorphism ¢ and complex P* in CP(Ap(G)) are chosen as in Proposi-
tion 3.3.

Lemma 8.1. We fiz a subgroup P of G and set Q := U2P.

(i) Hgfb(ZG(X, L, t) = ZyowsyYup, [7Lq, 1)
(ii) There exists an endomorphism QASQ of a complex Pgy in CP(Ao(Q)) that satisfies
all of the following conditions:
(a) ¢q lies in a commutative diagram of the form (8) but with RI(F¢, st Rsx, 1 La)
replaced by RI(F¢, st Rsy, (5 £)a);

_ Soe .
(b) 057" (Za(1 = ¢,1)) = Zo(1 = ¢q, 1) in Kr(Ao(Q)[[1]]) = Ao(Q)[[H]
(c) each endomorphism 1—gz§é? induces an automorphism of Qo(Q) ®a,(Q) Pé
and one has 05 (Za(1 — 9)) = Zo(1 — ¢g) in K1(Qo(Q)) = Qo(Q)*.
Proof. We set U := Up. For any endomorphism « of a Ap(G)-module, or complex

of Ap(G)-modules, M we write ag for the induced endomorphism id ® a of Mg :=

Ao (G
Ao (Q) @no) reSAﬁgagM-
Then claim (i) is valid because
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05" (Za(X, La,t)) = detagu( [] (1= 6674 ) ™ | (Low)on)

z€X0
d(z T)\—

= [T detaorum((1 = 657 4°) " | (Low)au)

zeX0
= H deta, (o) (1 — ¢dQ(I)td(x) | (Loz)o)™

zeX0
= [ detroix( — 651 | AQ) ®aw) (fiL)ug) ™

yeyy

= Zpoway(Yu, (S L)1)
where the fourth equality follows from the same type of argument as used in Lemma
4.3(i).
Regarding claim (ii) we first observe that Lemma 4.2(iii) implies there are natural
isomorphisms in DP(A@(Q))

AQ) @A(U) resA RF(IFC siRsx.1La) = Ao (Q) ®H&O @) RT(F;, stRsyy, 1(fi L))

qc q~c

= RU(Fg, scRsy, (fr L)),

q c

and hence that ngQ and Fj do indeed lie in a commutative diagram of the form
described in claim (a). Claim (b) is then true because

Hgfb(ZG(l — g& t)) — Hgg,tab“l . qut | Pti>)(_1)i+1

1€EZL
2 i \(=1)t1
= [ [ detaun(t — ¢t | PS5
i€EZL

It is also clear that each endomorphism 1 — Q =(1- ngSl)Q induces an automorphism

of Qo(Q) @y (@) Ph and hence that the element Zg(1 —¢0) in claim (c) is well-defined.
The equality in claim (c) then follows by an exact analogue of the argument used to
prove claim (b). O

8.2.  We are now ready to prove Theorem 1.1. In view of the observations made at
the beginning of §5.2, we may (and will) assume that G is a rank one pro-p group
and that £ is a flat, smooth O-sheaf on X for a finite unramified extension O of Z,,.

By combining the equality (9) with the result of Proposition 3.1(iv) and the exact
commutative diagram (4) one finds that the element Zg(1 — ¢) belongs to the image
of Ki(Ao(G)s) — Ki1(Qo(G)). In this subsection we shall prove Theorem 1.1 by

showing that any pre-image € of Zg(1 — ¢) in K;(Ao(G)s) satisfies the conditions of
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Proposition 5.1 with respect to the set of subgroups ¥(G) described in Proposition
5.2.

That such an element ¢ satisfies condition (i) of Proposition 5.1 follows immediately
from the equality (9). To discuss condition (ii) we first recall that for each subgroup
P of G Theorem 4.6 implies that {yav := Zy ,war)(Yvp, (/7. £)yav, 1) is the (unique)
element of K;(Ap(U)) = Ap(U2)* that validates Theorem 1.1 with X, G, A(G) and
L replaced by Yy,,, Up>, Ao(Up") and f§;, L respectively. Thus, since Lemma 8.1(ii)(c)

implies Qg’ab(f) = Zya»(1 = gngan)7 we can deduce from the equality (22) that

05 () = Zngway (Yup, [5,L:1) Zyan (1 = dyw) ™ = vp(1) € Ao (Up)"

where we set vp(t) := v(Yu,, f§,L,t) € 1+tmAo(U")(t) and m denotes the maximal
ideal of the local ring Ap(U%). To verify condition (i) of Proposition 5.1 it therefore
suffices to use the criteria of Proposition 5.2 to show that the element (vp(1))p.a
belongs to im(Ap s(a))- -

To do this we set £(t) == Zg(1 — ¢,t) ' Za(X, La,t) € Ao(G)[[t]]*. Then Lemma
8.1 implies that for all subgroups P of G one has

G,a n —
052" (£() = Zyap (1= byaw, )™ Zs o iy Yo, Lugps t) = vp(t).

From Theorem 7.1 it follows that the series vp(t) for P < G satisfy all of the explicit
conditions that are stated in that result. But each series vp(t) converges at t = 1
and so to deduce that the limit elements vp(1) for P < G satisfy the conditions of
Proposition 5.2, as is required to complete the proof of Theorem 1.1, we now need
only apply the following result with each fp(t) equal to the series vp(t).

Lemma 8.2. For each subgroup P of G we assume to be given a series fp(t) in
Ao (UR)[[t]]* that converges at t =1 to an element of Ao(U)*.
(i) For all subgroups P and P' of G with P < P’ and [P', P'] < P the series
nrf;’/t(fp/ (t)) converges at t = 1 to the value nrh (fpi(1)).
(ii) For all subgroups P and P' of G with P < P’ and [P, P'] < P the series
W]I;:t(fp(t» converges at t = 1 to the value 75 (fp(1)).
(iii) For all subgroups P of G and all g in G the series gfp(t)g~" converges at
t =1 to the value gfp(1)g".
(iv) For all P in C(G) the series ap;(fp(t)) converges att = 1 to ap(fp(1)) €
A(9<Up)><. .
(v) If P belongs to C(G) and aps(fp(t))) = [1pecp@ ap(fr () (mod pTr[[t]),
then also ap(fp(1)) = [pcc, @) ap (fr(1)) (mod pIp).

Proof. In the context of claim (i) we set R’ := Ap(Up/[Upr,Up/]) and R := Ao (U2")
and fix a set of coset representatives U := {u; : 1 < i < n} of Pin P’. Then U can
be regarded both as an R-basis of R’ and as an R[[t]]-basis of R'[[t]]. This implies
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that nrp,(fp/(t)) is equal to the determinant of the matrix Mpr; in M, (R[[{]]) that
represents, with respect to U, the endomorphism of R'[[¢]] given by multiplication by
fpr(t) whilst nrh'(fp/(1)) is equal to the determinant of the matrix Mp: in M, (R)
that represents, with respect to U, the endomorphism of R’ given by multiplication
by fp/(1). An easy check shows that each entry of Mp:, converges at ¢ = 1 to the
corresponding entry of Mps; and hence that det(Mp/ ;) converges at t = 1 to the
value det(Mpr 1), as required to prove claim (i).

Claim (ii) is an obvious consequence of the definitions of WII;’; and 75" and claim (iii)
follows immediately from the fact that the map z — gzg~! is continuous on Ap(G).

Claim (iv) is a consequence of the fact that for all P in C(G) each map w% :
Ao(P)* — Ap(P)*, and hence also the map ap : Ao(P)* — Ap(P)*, is continuous.
To consider claim (v) we write A(t) for the series ap:(fp(t)) = [Ipccp @) @ (fr (1))
in Ao(P)[[t]]. Then the hypothesis of claim (v) is that A(¢) belongs to pTp[[t]] and
so Lemma 8.3 below implies that A(t) = p> i1 A;(¢)T'(g;) with A;(t) € R, for each
index 7. Since claim (iv) implies that A(t) converges at ¢ = 1 it follows that each
series A;(t) converges at t = 1 (to an element of R) and hence that the element

A1) = p3IZ0 Aj(1)T(gs) belongs to pTp, as required to prove claim (v). O

Lemma 8.3. For each g in P set T(g) := Ewewa(P) wlgw € O[P]. Then there

exists a subset {g; : 1 < i < n} of P such that the set {T(g;) : 1 < i < n} is an
Ry-basis of Tp[[t]].

Proof. 1t is clear that the R;-module Tp[[t]] is spanned by the set B := {T'(g) : g € P}
and so it suffices to show this set is linearly independent over R;. Set n := |B| and
choose a minimal subset {g; : 1 <i < n} of P with B = {T(¢;) : 1 <i <n}. Since
for each i # j one has T'(g;) # T(g;) the sets {w ™ gw : w € Wg(P)} and {w'g;w :
w € Wg(P)} are disjoint. Thus, if for each i we write n; for the number of summands

in T'(g;) that are equal to g;, then in any expression of the form x = ;ZL r;T(g;),
with r; € R, for each j, the coefficient of each element g; is equal to n,r;. Hence if
x = 0, then r; = 0 for all 7, as required. O

This completes our proof of Theorem 1.1.

Remark 8.4. At each geometric point T of X the A(G)-module L¢ 7 is isomorphic
to A(G) ®z, Lz and so is free of rank, d say, independent of Z. In particular, if we
fix a A(G)-basis of Lz and write M(¢4®) for the matrix that corresponds to the
action of ¢3*) on Lz, then after choosing an ordering of X° we obtain an element
of GL4(A(G)[[t]]) by setting Z(X, La,t) := [Lexo(Id — M (¢3®)d)) -1,

The natural homomorphism GL4(A(G)[[t]]) — Ki(A(G)[[t]]) sends Zg(X, L, t) to
the element Z; (X, Lg,t) that plays a key role in the proof of Theorem 1.1. However,
the validity of Theorem 1.1 does not imply that ZG(X ,Lg,t) converges at t = 1.
Indeed, if Zg(X, Lg,t) does converge at t = 1 (for any choice of A(G)-bases of the
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stalks L5z and any ordering of X°), then it can be used to generalise the approach
to Theorem 1.1 discussed in Remark 4.7.

9. THE PROOF OF COROLLARY 1.2

In this section we fix a Cartesian diagram (3) and assume both that X is geomet-
rically connected and the conditions (i) and (ii) in Corollary 1.2 are satisfied. We
note in particular that I'x = I" under these hypotheses (by [21, Exp. V, Prop. 6.9]).

: f ot ref ref
We also abbreviate the Euler characteristics Xz?[g],@[g]<_> —) and x7, [Q],Qe[g](_’ —) for

each prime ¢ that are discussed in §2.1 to xg'(—, —) and x§5(—, —) respectively.

9.1. For each prime ¢ we consider the complex of Z,[G]-modules

50 ﬁl 52
(25) 0 — HS(Xéta f*f*Zf) ﬂ) HCI(Xét7 f*f*Ze) ﬂ) H(?(Xét, f*f*Zg) & .

where 5},@ denotes the composite homomorphism
Hé(Xém f*f*Zé) = Hi(an RSX,!f*f*Zé) - Hl(Ing SzRSX,!f*f*ZZ)

— HYF,, Rsx1fof 7)) 2 HYY(Xey, fof*Z0)

where the arrows denote the maps that occur in the cohomology sequence of the exact
triangle in Proposition 3.1(iii) with G and L replaced by G and Z, respectively.
We also write dg ¢ for the composite homomorphism

C(Q[G])* — K1 (Qu[G]) — Ko(Z[G],Q.[G])

where the first map is induced by the inverse of the (bijective) reduced norm map
Nrdg,(g) and the second map is the standard connecting homomorphism of relative
K-theory.

We fix an isomorphism ¢ : C = C,, and for each x in Ir(G) we use this isomorphism
to identify the composite character ¢ o y with any fixed choice of representation in
A(G) that has character ¢ o .

Proposition 9.1. The complex RTU(X{y 4, fif*517Z) belongs to DP(Z[G]) and for each
prime { the complex RU.(Xet, fof*Ze) belongs to DP(Zy[G)). Further, the cohomology
groups of the complex (25) are finite and Corollary 1.2 is valid if and only if in

Ky(Z,|G],Q,[G]) one has
(26) S0.0(Z5(X. 1)) = =X (RUo(Xar, fof*Zp), 1)

where we set

ZH(X 1) = Y Z%(X, Lioy, Dewy € C(Q[G])*

X€EIr(G)

and write (¢, for the exact sequence of Q,[G]-modules induced by (25) with ¢ = p.
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Proof. Since f] is exact (as f’ is finite), f"ji = jy,f* and f"*Z = Z on Yj4 there
are natural isomorphisms RI'(Y{y ¢, iviZ) = RU(Yiyg, [ 0Z) = RU(X{ye, frf I 7Z)
in D(Z[G]). In particular, condition (i) of Corollary 1.2 implies that each module
HY(RT(X{yy, fLf* 7)) is a finitely generated abelian group and so the criterion of
[17, Rapport, Lem. 4.5.1] shows that RI'(X{,, f.f*iZ) belongs to DP(Z[G]) if and
only if it has finite Tor-dimension. In view of the isomorphisms proved in Lemma
9.2 below it is therefore enough to show that RI'.(Xe, fif*Z¢) belongs to DP(Z[G])
for each prime ¢. But at each ¢ the stalk of f,f*Z, at any geometric point of X is
isomorphic to Z,[G], regarded as a (finitely generated, flat) left Z,[G]-module in the
natural way, and so [17, Rapport, Th. 4.9] implies that RI.(Xe, f«f*Z¢) belongs to
DP(Z4[G]).

We now set z := 6g(Z*(f, 1)) + x§ (RD (Ve jvaZ), €15) € Ko(Z[G],Q[G]) and for
each prime ¢ write 7, : Ko(Z[G], Q[G]) — Ko(Z,[G], Q¢[G]) for the natural map. Then,
since (), ker(m) = 0 (where the intersection runs over all primes), Corollary 1.2 is
valid if and only if 7y(z) vanishes for every /.

For each prime ¢ we write 6§, for the element of the group H'(Spec(F,)s, Ze) =
Homont (Gal(Fg /Fy), Zg) that sends the Frobenius automorphism to 1 (and hence
sends ¢ to —1). For each scheme Z over F, we write 0z, for the pullback of 6, to
HY(Zg,Zy). Taking cup product with 6z, then gives for any sheaf F of Z,[G]-modules
on Z a complex of Z,[G]-modules of the form

Wbz, Uz Ubz,¢

(27) 0— HS(Zét,f) — H(}(Zét,f) — Hg(Zét,f) — ...

Now from Lemma 9.2 below we know that condition (i) of Corollary 1.2 implies
that the complex (27) with Z = X and F = f,f*Z, has finite cohomology groups
and moreover that

m(Xg" (BT (Viver, jviZ), €1.4)) = Xgu(Ze ® BT (Yiye, jvaZ), Qe @g €5,5)
= XGU(RTe(Xet, fuf *Zs), €50)
= \5Y(RT (X, £ f*Ze), Bre).

Here we write e;, and [, for the exact sequences of Qy[G]-modules that are induced
by (27) with Z = X and F = f.f*Z, and by (25) respectively, the second equality uses
the (obvious) fact that the identifications of Lemma 9.2 induce an equality Q,®qef; =
ese and the final equality is valid because, as originally observed by Rapoport and
Zink in [33, 1.2] (see also [9, §3.2.1]), the description on the level of complexes of
taking cup product with 6x , shows that €, and 3, coincide.

On the other hand, if ¢, denotes the natural inclusion ¢(Q[G])* C ¢((Q¢[G])*, then

the explicit definition of dg implies that the following diagram commutes
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(QIE)* 2~ Ko(Z[G),Q[g))

Le e

C(@if6)* 5 KolZ[6).Qu[6).
It follows that 7,(x) vanishes if and only if in Ko(Z[G], Q,[G]) one has

(28) 0g.6(Z*(f.1)) = —XGu (BT o(Xet, fof "Ze), Br.o)-

For each prime ¢ # p this equality is proved in Proposition 9.3 below. It is therefore
clear that Corollary 1.2 is valid if and only if (28) is valid in the case £ = p. The
statement of the proposition is thus true because LA™Y, y,t) = Z(X, Loy, t) for
each x in Ir(G) so Z(f,t) = Zg(X,t) and hence Z*(f,1) = Z5(X,1). O

Lemma 9.2. For every prime { there are natural isomorphisms in D~ (Z,[G]) of the
form

Z4[G] ®@716) BT Yy, jvaZ) = Z[G) @716) RU Xy, fof ™ HZ)
= RU( XY, fuf " 31Ze) =2 RU(Xg, g fuf " Ze) = RU(Xes, fuf " Za).

Proof. The complex RI'(X., jif.f*Z,) identifies with RI.(X, f«f*Z¢) by the very
definition of compactly supported étale cohomology, and the functor Z[G] ®zg —
identifies with the exact functor Z, ® —. Since we have already shown that the com-
plexes RI(Yy 4, jvaZ) and RU(X{y. fLf*51Z) are naturally isomorphic it is there-
fore enough to prove that there are natural isomorphisms in D(Z[G]) of the form
Ly @ RU(Xjye, [ Z) = RU(Xg, fLf" 51 Ze) = R (Xet, jufs f* ).

To construct such an isomorphism we set £ := f.f*jZ and L/ := fLf™*j(Z/(")
for each natural number n. We also fix an object P* of C~(Z[G]) that is isomorphic in
D= (Z[G]) to RT'(X{y, L) and an object Q* of C~(Z,[G]) isomorphic in D(Z,[G]) to
RY (X, jif«f*Zy). For each natural number n we set A,, := Z/¢"[G]. Then the exact

sequence 0 — P* X2 pe s pe /0™ — 0 combines with the natural exact triangle
RI (X, £) < BT (X, £) = RT(Xiyees £/07) = BT (Xige, £)[1

to give an isomorphism P*/¢" = RI'(X{y, £/0") in DP(A,). In a similar way there
is an isomorphism Q°*/¢" = RI'(Xe, jifof*Z/0") in D(A,,). Next we note that there
are natural isomorphisms in D(A,,)

RT(Xyey, £/€") = R (Xg, L/07) = RU (X, juf o f*(Z/7))

where the first isomorphism is by [24, Prop. 2.4(g)] and the second is because
JejvaT = jifusT for any torsion sheaf (by the general observation made just after
diagram (12)) and hence £/0% = f1 f*u(Z)") = fLijyaf*(Z/0") = jf. f*(Z]0).
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The observations above imply that there is a natural isomorphism «,, : Q°®/{" =
P*/¢™ in D~(A,) and it may be shown that, as n varies, the isomorphisms «,, are
such that the diagram

 —_ Qo/gn ”—f?) Q./fn_l —_— ...

ol

»
[ P./En TI'—n) PO/E’I’L*l _— ..

commutes in D~ (A,,), where 79 and 7 denote the natural quotient maps. Since

however Q*/¢™ consists of projective A,-modules and P*/¢" of A,-modules we can

realize each o, as an actual map of complexes. Moreover, o, _; o 79 will then be

homotopic to 72’ o ay,, i.e.

Ozn,loﬂg—ﬂfoan:doh—i—hod

for some map h : Q°*/¢" — P*/{""'[-1]. But, for each 4, the projection P'/{" —
Pt/¢m1 is surjective and Q°/¢™ is a projective A,-module and so we can lift & to a
map h' : Q*/¢" — P*/{"[—1]. If we then replace «, by a, + doh' + I’ od, the
above diagram will actually be a commutative diagram of maps of complexes. So
by induction we may assume that, taken together, the maps «,, constitute a map of
inverse systems of complexes. The inverse limit of such a compatible system then
gives an isomorphism in D~ (Z,[G]) of the form

R (Xet, jufe f*2e) = Q° = lim Q° /€™ = lim P* /0"
=2 ® P =L ® RU(Xiye, fLf"IZ),
as required. O

Proposition 9.3. The equality (28) is valid for each prime £ # p.
Proof. Tn each degree i we define Q,[G]-modules V} := Q, @z, H (F¢, s*Rsx. [« f*Zs)

g °c

and VZ’O := ker(1 — ¢ | V). Then, as the complex (25) has finite cohomology groups,
the composite tautological homomorphism V;** C Vi — cok(1 — ¢ | V) is bijective
(so that, in the standard terminology, the action of 1 — ¢ on V/ is ‘semisimple at 0).
We may therefore fix a Qy[G][#]-equivariant direct complement D} to V;* in V;. By
applying [10, Prop. 5.10] (or, equivalently, [3, Prop. 3.1]) to the exact triangle of
Proposition 3.1(iii) with G replaced by G, O = Z, and L = Z,; we then obtain an
equality

(29)  —XGURT(Xet, [ [ Za), Bre) = = Y (—1)'0c4(Nrdg, (1 — ¢ | D}))
i€Z

= b ] [ Nedg,ig(1 — ¢ | DYV,

€7
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We next claim that the result of Grothendieck in [20] implies that for each prime
¢ # p there is an equality in ((Q.[G])[[t]]

(30) [ Nrdg (1 = ¢-t: V)

€L

'L+1

= Z(f,1).

To explain this equality we fix an identification of C with C, and for each y in Ir(G) a
finite extension €2, of Q, and a representation G — Autq, (V,) of character x. Then
our definition of Z(f,t) in §1 implies that (30) is valid provided that for each x in
Ir(G) one has an equality in €2, [[¢]]

LAY,y ) = [ [ deta, (1 — ¢ - £ - Homg, (g)(Vy, @y ®g, V7))V
i€z
But, since each space Homg g(Vy, Qy ®q, V//) identifies with H(X§, E,) with E)
the sheaf of (2,-vector spaces on X that is defined by the contragredient of x, the
last displayed equality follows directly from the exposition of Grothendieck’s results
given by Milne in [25, Chap. VI, Th. 13.3 and Exam. 13.6(b)].
Now in each degree i there is a direct sum decomposition of Q[G][¢]-modules

Vi = D; @ V" and hence an equality in ¢(Q.[G])[[t]]
Nrdg,(g)(1 — ¢t : V) = Nrdgy(g(1 — ¢ - £ : Dj)Nrdgg (1 — ¢ : V")
Nedggg(1— 662 D) Y (1 - 1)he,

x€Ir(9)

with ! := dimg, (Homg, g(Vy, Qy ®g, V;°)). Taken in conjunction with (30) these
equalities imply that Z*(f,1) = [],., Nrdg,iq(1 — ¢ | Di)V"" and by substituting
this formula into (29) we deduce that the equality (28) is valid for every prime ¢ # p,
as required. 0

Remark 9.4.

(i) The occurrence of the unit series v(X, Fg,t) in the formula (22) of Emerton
and Kisin implies that there is no direct analogue of Grothendieck’s formula (30) in
the case that ¢ = p and hence prevents one from using [10, Prop. 5.10] to give a more
direct proof of Theorem 1.1.

(i) The result of Proposition 9.3 can also be proved by combining the main result
of Witte in [42] together with the descent formalism developed by Venjakob and the
present author in [10].

9.2. We write H; for the kernel of the projection homomorphism (X, 7) — G.
Using the notation of diagram (1) we also set Hy := ker(mxz) and note that this
group corresponds to the pro-covering f. : Xoo — X of group 'y =1' = Z,. We
set H := Hy N Hy and G := (X, %)/H and write f : Y — X for the corresponding
pro-covering of group GG. Then the group G lies in a commutative diagram (1) with
ker(mg) equal to the finite group Hy/H and in this subsection we shall deduce the



42 DAVID BURNS

required equality (26) by combining Theorem 1.1 together with the isomorphism
RY (X, fof*Zy,) = RU(Xa, fuf*Zy,) = RU(F,, Rsx,f.f*Z,) coming from Lemma
9.2 and the descent formalism developed in [10].

We set £ := Lo = f.[*Z, and also define auxiliary pro-sheaves E=f.f *Z, and
Eno = foonfiZ, and complexes K* := RI'(F,, Rsx,E) and K* := RT'(F,, Rsx.E).
We endow the complex Z,[G] @z, K* with a left action of Z,[G] x A(G) in such a way
that (z,9)(z' @ k%) = z2'(7) ' ® g(k?) for all z and 2’ in Z,[G], g in G and k* in K*,
where g denotes the image of g under the natural projection homomorphism G — G.
With this action Lemma 4.2 gives a natural isomorphism Z,[J] ®%(G) K* ~ K*
RT'.(Xe, &) in DP(Z,[G]) and hence induces an exact triangle in D(Z,[G])

(1-v)®id
—_—

(31) A(T) @a(e) (Z,[G) ®z, K*) A(T) ®a(q) (Zy[G) ®z, K*)

— RL(Xa, &) = AD) @) (Z[G) ©z, K*)[1]
where, as before, v denotes the image in I' of the Frobenius automorphism x — 9.
We thereby obtain a complex of Z,[G]-modules

0 I 3
(32) 0— H( X, &) L2 HY (X, &) L% H? (X4, E) L5 -

in which each B},p is equal to the composite homomorphism
Hé(Xét,g) — HZJFI(A(F) ®A(G) (Zp[g] ®Zp K’)) — HéJrl(Xét, S)

where both arrows are induced by the long exact cohomology sequence of (31).
The next result applies the descent formalism of [10] in our present setting.

Lemma 9.5. If the cohomology groups of (32) are finite in each degree, then in
Ko(Zy[G),Q,[G]) one has 6g,(Z5(X, 1)) = —xG5 (R o(Xer, E), Brp) where By, is the
exact sequence of Q,[G]-modules that is induced by (32).

Proof. We note first that, in view of the normalisations that we fixed in §2.1, for
each complex C* in D%(A(G)) one has —x™(C*) = x(C*), where the latter Euler
characteristic is as defined in [10, §1.4]. In addition, if the cohomology groups of
(32) are finite in each degree, then the complex K* is, in terms of the terminology
used in [10], semisimple at each irreducible representation of G over Q5. Given these
facts and our explicit definition of the leading term Z3(X, 1), the claimed equality
follows directly upon applying the descent formalism of [10, Th. 2.2] to the result of
Theorem 1.1 with f replaced by f. (In making this deduction note that the triangle
(31) differs from the corresponding triangle A(twg(K*),~) defined in [10, §5.2.4] in
that we use the morphism induced by 1 — « rather than v — 1. However, by using
the explicit formula of [10, Lem. 5.5(iv)], one can take account of this difference by
omitting the terms (—1)"9*) that occur in the formula of [10, Th. 2.2] and this is
what we have done.) O
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To deduce the requlred equality (26) from Lemma 9.5 it suffices to show that the
sequences (r, and 6f7p coincide. Indeed, if this is true then ﬁf p is exact so that
the cohomology groups of (32) are finite in each degree and in addition the terms
XE?;(RF (Xa,E), Brp) and X6 (RTo(Xet, ), Byp) are equal. Our proof of Corollary
1.2 is therefore completed by the following result.

Lemma 9.6. There are morphisms of exact triangles in D(Z,[G]) of the form

AT) @n) (Z,[G) @2, K*) L2225 A(T) @q) (Z,[6] @2, K*) — K* —

(—7*1®id)oalT alT idT

(33)  RI(F,, Rsx.(Ex ®z,E))  —  RD(Fy, Rsxi(Ex @z, E)) — K* —

. 8 J
RT(F¢, s* Rsx.,€)[—1] =% RI(FS,s:Rsx,&)[-1] — K* —

g Se g Sc

in which the upper row is (81), the central row is induced by the natural short exact

sequence of sheaves 0 — Ey, @z, € {-9eid, Eoo ®z, € — & — 0 and the lower Tow s

the —1-shift of the exact triangle in Proposition 3.1(iii) with O = Z, and L = Z,,. In
particular, the sequences By, and By, coincide.

Proof. For each continuous quotient Q of G we write A(Q)# for the set A(Q) regarded
as a A(Q x m(X,T))-module in such a way that (z,g)(z') = za'kg(g)™! for all
r € AQ), 2 € AMQ)* and g € m(X,T) where kg is the natural homomorphism
(X, T) — Q.

The modules A(T") ®z, Z,[G] ®z, A(G)# and A(I')# ®;, Z,[G]* are then endowed
with continuous actions of A(T' x G x G x m(X,T)) and A(T' x G x 71(X,T)) which
satisfy (a, b, ¢, d)(r@y®2) = ar@byc ' @czrg(d) " and (a,b,d)(x®y) = axkr(d) ' ®
ykg(d) "t foralla e T,b € G,c € G,d € m(X,T),z € A(I'),y € Z,[G] and z € A(G).
With respect to these actions one has a commutative diagram of short exact sequences
of left Z,[G] x A(m (X, Z))-modules

A() ®aa) (Z,[G] ®2, AG)#) 2> A(T) ®n() (Z,[G] ®2, A(G)#) > 7, G

(—'yl®id)od1T le idT

AT @3, Z,[G]#< & A(D)* ®g, Z,[G]# —"

where for each z € A(T')#,y € Z,[G]# and z € A(G)# one has 01 (z @) (y Rz, 2)) =
(1=7)z®@ar@) (¥Y®z,2), Oa(z@n) (Y®2z,2)) = e(x)ym(2), L (z®Y) = 2@ @) (Y®2,1),
O3(x @z, y) = (1 =7 1)z ®z, y and O4(z Qz, y) = e(x)y with € : A(I') — Z, and
7 : AN(G)* — Z,|G]* the natural homomorphisms.
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Converting the above diagram into a diagram of sheaves on X (via the correspon-
dence discussed in [25, Chap. V, Rem. 1.2(b)]) we obtain a commutative diagram of
of short exact sequences of sheaves of Z,[G]-modules of the form

0 — A(T) ®n(c) (Z,[0] @z, €) 2% A(D) @) (Z,[0] @2, E) — € — 0

(—fl@id)odﬂ @’IT idT

—$)®i 0
0 — Eoo ®z, € L-oer, Eoo Bz, € - £ = 0.

The upper morphism of exact triangles in (33) now results by applying the functor
RI(F,, Rsx,—) to this diagram and noting RT'(F,, Rsx,(A(T) ®xq) (Z,[G) ®z, £)))
is naturally isomorphic to A(T") ®q) (Z,[G] ®z, RT(F,, Rsx,€)) in D(A(T)).

To complete the construction of (33) it remains to define the morphism ay in
such a way that the two lower squares commute. To do this we note that £, ®z, € is
naturally isomorphic to the projective system fo . f2 & (cf. [42, Prop. 6.3]) and hence
that RI'(Fy, Rsx 1 (Ex ®z, €)) can be computed (in the manner described in §3.3) as
the inverse limit lim RT(Fyn, sk Rsx,E,) with respect to the natural corestriction
morphisms &, : RI'(Fpnt1, s}, Rsx1Lni1) — RI(Fpn,s;Rsx,Ly,), where for each
natural number n we write s,, for the natural morphism Spec(F,») — Spec(F,) and
set &, := &/p". For each natural number n the analogue of the exact triangle of
Proposition 3.1(iii) in which ¢ is replaced by ¢*" and Lg by &, induces a morphism
0, @ RI(F¢, siRsx,&,)[—1] — RIU(Fpn, siRsx &) in D((Z,/p")[G]) and as n varies

Q) 7c
these morphisms lie in commutative diagrams in D((Z,/p")[G])

1 6; 1
RU(FS, 8 Rsx1Ens1)[—1] 25 RD(F i, 57,y RsxaEnrn) " RU(F,, Rsx1Eni1)

qQ’~c
iﬂ'n lﬁn lﬂ';,l
6/

RT(FS, 5% Rsx.1En)[—1] —2— RT(Fyn, 5% Rsx1En) — = RT(Fy, Rsx.1Ep)

¢ “c

where 7, and 7/, are induced by the natural projection &,.1 — &,, each §/, is the
natural corestriction morphism and the composite ¢;, o §,, is equal to the morphism
that is induced by the triangle of Proposition 3.1(iii) with Lg replaced by &,. We
define as to be the inverse limit of d,, with respect to the transition morphisms given
by the first commutative square in the above diagram and it is then straightforward
to check that the lower squares in (33) commute.

It remains to show that the sequences (3¢, and Bf,p coincide. Using the notation
that occurs in (33) in each degree i we set V"’ := Q, ®z, ker(H'((1 — 7) ® id)),
Vig = Q, ®z, cok(H'((1 = 7) ®id)), V;* = Q, @3, ker(H'(1 — ¢)) and Vy, =
Q) @z, cok(H'(1 — ¢)). In particular, under the given hypotheses we may (and will)
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identify V;"* with Vi, and v, with V. Then in each degree i the diagram (33)
gives a commutative diagram of the form

Qp ®Zp Hé(Xéta g) - lH_170 L} ‘Gi,—(g_l - Qp ®Zp Hi+1 (Xéta 6)

Q, ®z, Hi(Xe, &) —— V3 =% Vi) —— Q, &y, H (X4, &)

H fHH'l(aloag)T THH'I(aloag)

in which all unlabeled maps are induced by the exact sequences of cohomology of
the corresponding row of (33). Now the upper composite homomorphism in this
diagram is by definition equal to the homomorphism Q, ®z, 6},73 that occurs in the

sequence B .» and, because of the —1-shift in the lower row of (33), the lower composite
homomorphism is equal to the homomorphism Q, ®z, ﬁ;}’p that occurs in the sequence

Brp- From the commutativity of the latter diagram it thus follows that Q, ®z, ﬁA%p =

Q, Rz, ﬁ},p in each degree ¢ and hence that the sequences Bf,p and B¢, coincide, as
required. O

10. THE PROOF OF COROLLARY 1.3

10.1.  We first quickly review the notation introduced just after Corollary 1.4. For
any global function field £ we write Cg for the unique geometrically irreducible
smooth projective curve with function field £. We fix a finite Galois extension of
such fields F'/k and set G := Gal(F/k). We also fix a finite non-empty set of places
Y of k that contains all places which ramify in F//k and, with £ denoting either k or
F, we write C% for the affine curve Spec(Ogy), jr : C5 — Cg for the corresponding
open immersion and f : C¥ — CF and f’ : Cr — C}, for the morphisms induced by
the inclusion & C F. We fix ¢ so that I, identifies with the constant field of k and
regard all of the above morphisms as morphisms of Fy-schemes. We also write O,
for the unit group of Opy,, set Bpy, := @, Z where w runs over X(F') and write B%’z
for the kernel of the homomorphism Bry, — Z sending (1), to ), n,. We note
that each of the groups Oz, Ofy,, Bry and By, has a natural action of G.

10.2. It is known that the complex K}y, := R (CFye, Gi) belongs to DP(Z[G]), is
acyclic outside degrees 0 and 1 and is such that the explicit computations of [7] induce
identifications of H°(K}.y;) and Q®z H'(K}y) with Oy, and Q®z By, respectively
(cf. [3, Lem. 1]).

We identify each place w of F' with the corresponding (closed) point of Cr and
write val,, for the associated valuation on F' and d(w) for the degree of w over F,.
We let DYy, : Ofy — Y2y denote the homomorphism which sends each element u

of Opy, to (val,(u)d(w))wes(r). Then the induced map Q ®z D%y, is bijective and so
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induces an exact sequence of Q[G]-modules

(] Q®ZDQ7 [ ] [ ]
ery 10— Q&g HO(KF,Z) —5 Q02 Hl(KF,E) = Q®z HQ(KF,E) S
We write z — z# for the Q-linear involution of ((Q[G]) that is induced by setting
g” := g~ ! for each g in G.
We can now give a more explicit statement of Corollary 1.3.

Theorem 10.1. dg(Z*(f,1)%) = x§"' (RT(CEwet> Gm), €rx).-

Remark 10.2. Let m be the degree of IF; over F,,. Then Z(f,t) and D%y, are related
to the function Zp/x(t) and homomorphism Dpy that occur in [3, Lem. 2] by
the equalities Zr/px(t) = Z(f,t") and Dpy = [m] o D}, where [m] denotes the
endomorphism of ng,z given by multiplication by m. This implies (by an argument
similar to that used in Lemma 4.8) that the equality in Theorem 10.1 is equivalent
to the equality of [3, (3)] and hence that [3, Lem. 2] implies Theorem 10.1 verifies
the central conjecture (Conj. C(F/k)) of [3]. The computation of [3, Prop. 4.1] also
then implies that Theorem 10.1 is equivalent to the function field case of [5, Con].
LTC(F/k)]. Finally, we recall that the argument of [24, proof of Th. 6.5] gives a
canonical isomorphism in DP(Z[G])

A RU(CRwer Gim) = RHomg (RT(Crwer, jryZ), Z]—2])

where the linear dual complex is endowed with the contragredient action of G. The
isomorphism A combines with Lemma 9.2 to show that Theorem 10.1 generalises the
main result (Theorem 3.1) of [4].

10.3. In this subsection we prove Theorem 10.1. For each z in ((Q[G])* one can
show that dg(z7) = —1*(dg(x)). Here we write 1* for the involution of Ky (Z[G], Q[G])
which sends (P, i, Q) to (Homgz(P,Z), Homg(u, Q)~!, Homz(Q,Z)) for each finitely
generated projective Z[G]-modules P and @) and each isomorphism of Q[G]-modules
p:Q®z P — Q®zQ, where the linear duals are endowed with the contragredient
action of G and so are projective Z[G]-modules. Given this equality, the isomorphism
RHomg(A,Z[—2]) implies that Theorem 10.1 is valid if and only if one has

(34) 0g(Z*(£.1)) = —=xg" (RT(Crwe, jriZ), €ix)

where €}y, is the exact sequence of Q[G]-modules obtained by taking the Q-linear dual
of epy and using Homg(Q ®z H*(A), Q) to identify Homg(Q ®z H'(CE e Gm), Q)
with Q ®z H* " (Crwe, jr17Z).

We shall deduce (34) from Corollary 1.2 with our present choice of f (so that
Y =C5 Y =Cr, X =C, X' = Cy, j = jr and jy = jr). Now X is geo-
metrically connected and, since Y’ is a curve, the conditions (i) and (ii) of Corol-
lary 1.2 are satisfied (by [24, Th. 8.2]) and so that result implies og(Z*(f,1)) =
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—X8" (RT(Crwet, jriZ), €55, )- To deduce (34) it is thus enough to show that the ex-
act sequences €ry and €y, coincide. This is in turn a direct consequence of the
following result.

Lemma 10.3. There is a commutative diagram of Q|G]-modules

, Homgz(H(A),Q
Q @z H' (Crwet, jri L) Lo D), Homg (BY:y,, Q)

Q®Z(U0Y)J( lHomz(D'},pQ)

) Homyz (H(A),Q)
Q ®z H*(Crwer, jraZ) ————> Homgz(OF ., Q).

Proof. It is enough to prove that the diagram commutes after applying Q, ®q —
for any prime ¢. We therefore fix a prime ¢ and, following Lemma 9.2, we consider
Hi(ck7ét,jgfg) Wlth] = jk and fg = f*f*Zg rather than Hi(CFVWét,jFJZ).

We write Z* for the complement of C¥ in Cj, and write i : Z* — C}, for the
natural closed immersion. If y is a place of any subfield of F', then we write x(y)
for the residue field of y and set Z, := Spec(k(y)). For each y € ¥ we also write
iy : Z, — Cj, for the natural closed immersion and S, (F') for the set of places of F
above y. Now Fy = j*F, with F, := f,f"7Zy so there is a natural exact sequence of
Zy|G]-sheaves 0 — jF; — F; — i,i*F, — 0 on C} and hence a composite morphism
in D(Z,[G]) of the form

¢ @ RU(Zy e, i F)) = RU(Chogr, 14" F;) — RT(Char, 1 F2) (1]
YyeY
This morphism induces in turn a commutative diagram of Z,[G]-modules

- HO(¢) . Homz(H'(A),Q¢)
®yez HO(Zy,étJy é) - Hl(ck,ém]!fé) S L N

(35) l(—l)X(UGZy,z)y lUOY,Z

HomZ(B%E, Q)

Homz(H®(A),Q¢)

. Hi(e 4
Dyex H' (Zy 1,15 F7) LE, H2(Cp, i F) Homz(Or 5, Qv)

where the factor —1 occurs in the left vertical homomorphism because £ maps to the
1-shift of RF(Ck,ét,j!JTg).
Now each complex & := RI'(Z,«,1,F;) is canonically isomorphic to the direct

sum over w in S,(F) of the complexes Z[Gu,/GO|#* 2% Z4[G./GO]# where the first
term occurs in degree 0, G, and G° are the decomposition and inertia groups of w
in G and o, the frobenius automorphism in G,,/G° = Gal(x(w)/r(v)). To compute
the groups H z(é’; ) explicitly we must use the conventions of [7] (since they underlie
the explicit descriptions of the cohomology of K}y given above). We therefore use
the isomorphism & = @,,cs, () RU(Zy 6, 74[Gw/GY)) induced by the morphism (of
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complexes of Z;[G,,/G°]-modules)
ZilGu/Gol " ZilGu /GOl
(36) H J_aw

Z4[Gu/GS) —" Zi[Gu/GY).
We then identify HO(Zyjét, Zg[gw/gg]]) and Hl(Zy’ét, Zg [Qw/gg]) with HO(Zwét? Zg) =
Zo and HY(Zy 41, Zo) = Homeon (Gal(k(w)¢/k(w)), Z¢) = Zy in the natural way, where
the last map evaluates each homomorphism at the topological generator ¢~4() of
Gal(k(w)¢/k(w)). By passing to cohomology in this diagram, we obtain a commuta-
tive diagram

D, D, Q) = D, Q @z, H(E) > Homz(Bhy, Qo)
(37) GZl l(*l)X(U(’Zy,z)y

P,D., Q) — B,Q @z, H'(E;) — Homz(Ofy, Q)
where y runs over 3 and w over Sy(F'), ap and a; are the homomorphisms induced by
the upper and lower rows of (35) respectively and as is defined to make the first square
commute. Now the composite upper, resp. lower, horizontal map in (37) is equal to
Homg(az, Q,)~" with a3 equal to the natural map By, C Brs = @, (D, Z), resp.
with a3 equal to the map Opy — @, (D, Z) sending u to (—val,(u)), where the
minus sign occurs because the morphism (36) induces —idy, on cohomology in degree
1. In particular, since the upper horizontal map in (37) is surjective the existence
of a commutative diagram as claimed will follow from (35) and (37) provided that
ay sends each element (), to (—d(w)z,), and this is clear since (—1) x 6, maps
¢~ to —d(w). O

11. COMPLETION OF THE PROOFS

In this section we derive several explicit consequences of Theorem 10.1 including
Corollaries 1.4, 1.5 and 1.6. We fix a finite Galois extension of global function fields
F/k, fix ¢ so that F, identifies with the constant field of k£ and set G := Gal(F/k).

11.1. In [3, Th. 4.1] it is shown that [3, Conj. C(F/k)] implies the validity of
Chinburg’s 2(3)-Conjecture for F'/k. Corollary 1.4(i) is therefore a direct consequence
of Theorem 10.1. To prove Corollary 1.4(ii) we now assume that F/k is tamely
ramified. In this case Chinburg has proved the validity of his ‘©2(2)-Conjecture’ (this
follows upon combining [11, §4.2, Th. 4] with [14, Cor. 4.10]). In view of Corollary
1.4(i) we therefore need only recall that Chinburg has also proved that if the Q(2)-
Conjecture and €(3)-Conjecture are both valid for an extension F'/k, then the €(1)-
Conjecture is automatically valid for F'/k (this is a consequence of [11, §4.1, Th. 2
and the remarks which follow it]).
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This completes the proof of Corollary 1.4.

11.2.  We now fix a finite Galois cover f: CF — CF of affine curves (over F,), as in
Corollary 1.5. We also fix a finite non-empty set of closed points of C7* and then set

(38) Zr(f,) = (] [ Nedgigy([1 = Nt - B '],)) Z (£, 1)

teT
where t is any (closed) point of C% above ¢, and for any z in Q[G] we write [x], for the
endomorphism y — yz of Q[G], regarded as a left Q[G]-module in the obvious way.
For each integer m we then define an ‘m-th order Stickelberger function’ by setting

20 (£,6) = (3 (=)™ We) Zn(£,1).
x€lr(9)
For each homomorphism ¢ in Homg(Ofy, Xk x) we also define a ((Q[G])-valued
regulator by setting R(¢) := Nrdgig)((D}5) ™' 0 (Q® ¢)).

In the next result we label, and so order, the elements of ¥ as {v; : 0 <1i < |S|—1}.
(This labeling is convenient but does not effect the validity of any of our results.) We
fix a non-negative integer r and assume that every place in 3, := {v; : 1 <i < r} splits
completely in F/k. We recall that in this case the function Z:(Fr)( f,t) is holomorphic
at t =1 (cf. [5, Lem. 2.2.1]).

For each subgroup H of G we write I(H) for the two-sided ideal of Z[G] generated
by the set {h—1:h € H}. We write G; for the decomposition subgroup of any place
of F' above v; and consider the following set of matrices

Mu(G) :={M = (My;) € My(Z[G]) : d = [X] =1, 7 < j < |Z| = My; € 1(G))}-
Theorem 11.1. Fiz ¢ in Homg(Opy,, Xpx) and a in A(Z[G]).

(i) Z}r)(f, 1)R(¢) is a finite integral linear combination of elements Nrdgg (M)
with M in Mx(Z[G]) and so aZ:(,,T)(f, 1)R(¢) belongs to Z[G].
(ii) aZr_(pr)(f, 1)R(¢) annihilates Z* @ Cl(Opx, u(wy) for any v € X\ 5,.
(iii) Corollary 1.5 is valid.

Proof. After allowing for the differences in normalisations that are used here and in
[5] (as discussed in Remark 10.2), claims (i) and (ii) follow directly by combining
Corollary 1.3 with [5, Th. 4.1.1].

To prove claim (iii) we now deduce Corollary 1.5 from claim (ii). If » = 0, then
Yo is empty and so we may apply this case of claim (ii) to any non-empty set X for

which f is étale. Further, one has Zéo)(f,l)R(¢) = Zr(f,1) (cf. the proof of [5,
Prop. 3.5.1]) and so claim (ii) asserts that aZ7(f, 1) annihilates Z* ® Cl(Op,)). We
write B, for the free abelian group on the places of F' above v and note that Bp,, is
isomorphic, as a G-module, to Z[G/G\]. If B}, is the kernel of the homomorphism



50 DAVID BURNS

Bp, — Z sending each place above v to 1, then there is a natural exact sequence of
G-modules BY,, — Pic’(F) — Cl(Op )

Since aZr(f,1) annihilates Z’' @ Cl(Op,}) and any @’ in Anngq)(Z]|G/G,]) annihi-
lates BY., the above sequence implies a’aZr(f, 1) annihilates Z' ® Pic’(F), as claimed
by Coroilary 1.5. U

If G is abelian, then A(Z[G]) = Z[G] (so we can choose a = 1 in Theorem 11.1)
and the argument of [5, Prop. 3.4.1] shows that this case of Theorem 11.1(i) is a
refinement of the Rubin-Stark Conjecture [35, Conj. B’|]. Theorem 11.1(i) therefore
constitutes a natural non-commutative generalisation of [35, Conj. B’], as claimed by
Corollary 1.6(i). Further, the results of [5, Th. 7.5.1 and Rem. 7.5.2(ii)] combine with
Corollary 1.3 to imply that the matrices M (¢) in Theorem 11.1(i) can be chosen so
that their columns satisfy certain mutual congruence relations which, in the case that
G is abelian, constitute natural ‘higher order’ generalisations of the p-adic abelian
Stark conjecture of Gross [19, Conj. 7.6], the ‘guess’ formulated by Gross in [19, top
of p. 195], and of the refined class number formulas conjectured by Gross [19, Conj.
4.1], by Tate [39, ()] and by Aoki, Lee and Tan [1, Conj. 1.1]. This completes the
proof of Corollary 1.6.

11.3. As a final application of Theorem 10.1 we show that it gives information about
the Galois structure of certain Weil-étale cohomology groups. Before stating this
result we recall that a natural non-commutative generalisation of the classical no-
tion of Fitting ideal was introduced by Parker in his thesis [32] and that such ‘non-
commutative Fitting invariants’ have more recently been developed extensively by
Nickel [28]. In the sequel we shall (for the reader’s convenience) use the terminology
of [28, §3]. We recall that I, identifies with the constant field of k£ and continue to
use the morphism of F,-schemes f : C3 — CF that was introduced in §11.2.

Proposition 11.2. Let 7' be any finitely generated subring of Q for which the G-
module Z! ®F is cohomologically-trivial (this is automatically the case if, for example,
the highest common factor of ¢ — 1 and |G| is invertible in Z'). Then there are non-
commutative Fitting invariants Frig)(FY) and Fzig)(H' (Che, Gm)) for which

Z(f,1) Z' @z Frg)(Fy ) = Z' @z Foe)(H' (Crwer Gm)).
In particular, if G is abelian, then in Q[G] one has
Z(f,1) - Z' ®z Annge)(F)) = Z' ®z Fitgie)(H' (CRwe Gm))-

Proof. We set K* := RT(CEy,Gm) and define an idempotent eq := 3° e, of
¢(Q[G]) where in the sum x runs over all elements of Ir(G) for which the module
e, (Q° ® H°(K*®)) vanishes. We also set 2 := Z/[G]e and A := Q|G]e and for any
G-module M write My for the A-module A ®zg M.

Since K* belongs to DP(Z[G]), is acyclic outside degrees 0 and 1 and is such that
H°(K*) identifies with Oj; y; the natural inclusion F;* C Ojy, induces an exact triangle
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(Fy)a1[0] — ARG K* — H'(K*)a[-1] — (F)a[1] in DP(2) in which all cohomology
groups of all complexes that occur are finite. This triangle implies that in Ky(2, A)
one has

Xoia (A @7cy K*,0) = —xaa(Fy)al=1], 0) + xgla (H' (K*)a[~1], 0).

Now for each character x in Ir(G) the order of vanishing of e, Z(f,t) at t = 1
is equal to (1)~ dimge (e, (Q° ® H°(K*))) (this follows from [37, p. 111]) and so
one has Z(f,1) = Z*(f,1)e € ((A)*. Thus, if we write 7y for the natural scalar
extension homomorphism Ky(Z[G], Q[G]) — Ko (2, A), then the equality of Theorem
10.1 combines with the last displayed equation (and the naturality with respect to
change of algebra of the extended boundary homomorphism) to imply that

Sa(Z(f, 1)) + xoa(F)al=1],0) =0a(Z*(f, 1)e) + xaa((F; )a[-1],0)
=ma(0a(Z"(f,1))) + xaa(Fy )a[~1],0)
:Wm(sze[fg],Q[g} (K* erx)) + Xg,fA((F;)m[—lL 0)
=Xaoa (2 @716 K*,0) + xia(Fy)2)[-1],0)
=Xara(H'(K*)a[-1],0).

Since the finite A-modules (F) ) and H'(K*)q are of projective dimension at most
one, an easy exercise comparing the definitions of Fitting invariants Fzg)(—) and

refined Euler characteristics x§ 4(—, —) (which we leave to the reader) shows the

last displayed equality implies that Z(f, 1) - Fa((F)a) = Fa(H' (CFer Gm)a). The
first equality of the proposition is therefore true because [28, Lem. 3.4] implies that
Fa(My) = A ®z16) Frig(M) for any finitely generated G-module M.

Now if G is abelian, then for every finitely generated G-module M the Fitting
invariant Fyg) (M) corresponds to the classical Fitting ideal Fityg (M) in such a way
that equalities of Fitting invariants correspond to equalities of Fitting ideals (by [28,
Rem. 1(ii)]). The second equality of the proposition therefore follows directly from
the first equality and the fact that F)* is cyclic so Fityg)(F;) = Anngg (F). O
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