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Abstract. We prove the main conjecture of non-commutative Iwasawa theory
for flat, smooth sheaves on schemes that are separated and of finite type over a
finite field. This result gives a natural non-commutative generalisation of the main
conjectures that were proved by Crew and by Emerton and Kisin. By using the
relevant descent formalism we then deduce a range of explicit consequences including
an equivariant refinement of a leading term formula proved by Lichtenbaum, the
proof of Chinburg’s ‘Ω(3)-Conjecture’ for global functions fields and a non-abelian
generalisation of Deligne’s proof of the Brumer-Stark Conjecture.

1. Introduction and statement of main results

We fix a power q of a prime p, write Fq for the finite field of cardinality q and fix
a separable closure Fc

q of Fq. We also fix a separated variety X that is of finite type
over Fq and a geometric point x of X. We then consider compact p-adic Lie groups
G which lie in a commutative diagram of continuous homomorphisms of the form

(1) π1(X, x)
πX,x //

π′G ## ##GGGGGGGGG
πp

1(Fq,Fc
q)

G

πG

::uuuuuuuuuu

where πX,x is the canonical homomorphism to the maximal pro-p quotient πp
1(Fq,Fc

q)
of π1(Fq,Fc

q) and π′G is surjective. In any such case the composite homomorphism
π1(Fq,Fc

q) → Gal(Fc
q/Fq) → Zp, where the first map is the canonical isomorphism

and the second sends the (arithmetic) Frobenius automorphism x 7→ xq to 1, induces
an identification of im(πX,x) = im(πG) with an open subgroup of Zp. Motivated by
the approach of Coates, Fukaya, Kato, Sujatha and Venjakob in [15], we therefore
write Λ(G) for the p-adic Iwasawa algebra of G, set H := ker(πG) and consider the
(left and right) Ore set of non-zero divisors in Λ(G) that is defined by setting

S := {f ∈ Λ(G) : Λ(G)/Λ(G)f is a finitely generated Λ(H)-module}.
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We write Λ(G)S for the localisation of Λ(G) at S and Dp
S(Λ(G)) for the full tri-

angulated subcategory of the derived category of Λ(G)-modules comprising perfect
complexes C• for which Λ(G)S ⊗LΛ(G) C• is acyclic. We also write ∂G : K1(Λ(G)S) →
K0(Λ(G), Λ(G)S) for the connecting homomorphism of relative algebraic K-theory
(normalised as in [10, §1.2]) and recall that any complex C• in Dp

S(Λ(G)) has a
canonical ‘refined Euler characteristic’ χref(C•) in K0(Λ(G), Λ(G)S) (see §2.1).

We recall that a continuous representation of the form ρ : G → GLm(Oρ), with Oρ

a finite extension of Zp in Qc
p, is said to be an ‘Artin representation of G’ if ρ(G) is

finite. Any such ρ gives rise to a flat, smooth Oρ-sheaf Lρ on X. We further recall
that for any such ρ and any element ξ of the Whitehead group K1(Λ(G)S) one can
define the ‘leading term of ξ at ρ’ as a non-zero element ξ∗(ρ) of Qc

p (see §2.3).
For any finite extension O of Zp, and any flat, smooth O-sheaf L on X, we write

Z(X,L, t) for the associated Zeta function in a formal variable t (see §4.1.1). We
write rL for the algebraic order of Z(X,L, t) at t = 1 and define the leading term

Z∗(X,L, 1) := lim
t→1

(1− t)−rLZ(X,L, t) ∈ Qc×
p .

The following result is then a non-abelian generalisation of a result of Emerton and
Kisin [18, Cor. 1.8] and hence also of the ‘main conjecture’ proved by Crew in [16].

Theorem 1.1. Let sX : X → Spec(Fq) be a separated morphism of finite type. Let G
be any compact p-adic Lie group as in (1) and write f : Y → X for the corresponding
pro-covering of X of group G. Let L be a flat, smooth Zp-sheaf on X.

Then the complex RΓ(Spec(Fq)ét, RsX,!f∗f ∗L) belongs to Dp
S(Λ(G)) and there exists

an element ξX,G,L of K1(Λ(G)S) with

∂G(ξX,G,L) = −χref(RΓ(Spec(Fq)ét, RsX,!f∗f ∗L))

and such that for all Artin representations ρ of G one has

ξ∗X,G,L(ρ) = Z∗(X,L ⊗ Lρ, 1).

If X is an affine curve, G is abelian and L has abelian monodromy, then our proof
of Theorem 1.1 can be reduced to the main result of Lai, Tan and the present author
in [4, Appendix] and hence relies on Weil’s formula for the Zeta function in terms
of `-adic cohomology for any prime ` 6= p and thus avoids any use of crystalline
cohomology. However, our proof of Theorem 1.1 in the general case uses a result of
[18] which itself relies on important aspects of the theory of F -crystals. (It is with the
results of [18] in mind that we have phrased Theorem 1.1 in terms of higher direct
images with proper support rather than cohomology with compact support.) The
result of Theorem 1.1 is a natural p-adic analogue of the `-adic (` 6= p) results proved
by Witte in [42] and is also related to the p-adic results proved for elliptic curves over
function fields by Ochiai and Trihan [29] and in greater generality in forthcoming
work of Trihan and Vauclair.
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To state a first consequence of Theorem 1.1 we introduce some notation concerning
the theory of Weil-étale cohomology. For any scheme Y ′ of finite type over Fq we
write Y ′

W ét for the Weil-étale site on Y ′ that is defined by Lichtenbaum in [24, §2].

We also write φ for the geometric Frobenius automorphism x 7→ x
1
q in Gal(Fc

p/Fq),

θ for the element of H1(Spec(Fq)W ét,Z) = Hom(〈φ〉,Z) that sends the Frobenius
automorphism to 1 (and hence sends φ to −1) and θY ′ for the pullback of θ to
H1(Y ′

W ét,Z). We recall that, for any sheaf F on Y ′
W ét, taking cup product with θY ′

gives a complex of the form

(2) 0 → H0(Y ′
W ét,F)

∪θY ′−−−→ H1(Y ′
W ét,F)

∪θY ′−−−→ H2(Y ′
W ét,F)

∪θY ′−−−→ · · ·
For any finite Galois covering f : Y → X of group G we set

Z(f, t) :=
∑

χ∈Ir(G)

LArtin(Y, χ, t)eχ

where Ir(G) denotes the set of irreducible complex characters of G and for each χ we
write LArtin(Y, χ, t) for the Artin L-function defined by Milne in [25, Exam. 13.6(b)]
and eχ for the primitive central idempotent χ(1)|G|−1

∑
g∈G χ(g−1)g in C[G]. Each

function LArtin(Y, χ, t) is known to be a rational function of t and we write rf,χ for its
order of vanishing at t = 1. We further recall that the leading term

Z∗(f, 1) :=
∑

χ∈Ir(G)

lim
t→1

(1− t)−rf,χLArtin(Y, χ, t)eχ

of Z(f, t) at t = 1 belongs to ζ(Q[G])×, where we write ζ(A) for the centre of any
ring A. We also write δG : ζ(Q[G])× → K0(Z[G],Q[G]) for the ‘extended boundary
homomorphism’ defined by Flach and the present author in [8, Lem. 9] and χref

G (−,−)
for the refined Euler characteristic χref

Z[G],Q[G](−,−) discussed in §2.1.
By combining a special case of Theorem 1.1 with the descent formalism developed

by Venjakob and the present author in [10] we will also prove the following result.

Corollary 1.2. We assume to be given a Cartesian diagram

(3)

Y
jY−−−→ Y ′

f

y
yf ′

X
j−−−→ X ′

in which f ′ is a finite Galois covering of group G, X is geometrically connected, X ′

and Y ′ are proper and j and jY are open immersions. We also assume that

(i) in each degree i the group H i(Y ′
W ét, jY,!Z) is finitely generated, and

(ii) the complex (2) with F = jY,!Z has finite cohomology groups.

Then RΓ(Y ′
W ét, jY,!Z) belongs to Dp(Z[G]) and in K0(Z[G],Q[G]) one has

δG(Z∗(f, 1)) = −χref
G (RΓ(Y ′

W ét, jY,!Z), εf,j)
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where εf,j is the exact sequence of Q[G]-modules induced by (2) with F = jY,!Z.

In the case Y ′ = X ′ (so Y = X and G is trivial) the equality of Corollary 1.2
coincides with the leading term formula proved by Lichtenbaum in [24, Th. 8.2]. In
fact the latter result also shows that (for any G) the conditions (i) and (ii) in Corollary
1.2 are valid if X = X ′ (so j is the identity) and Y ′ is both smooth and projective,
or if Y ′ is a curve, or if both Y and Y ′ are smooth surfaces. In general, however,
if Y ′ is either non-smooth or non-proper, then condition (i) is not always satisfied
(and the validity of condition (ii) is related to Tate’s conjecture on the bijectivity of
the cycle-class map). In a more general setting it is natural to ask if our methods
can prove a result similar to Corollary 1.2 for the theory of ‘arithmetic cohomology’
recently introduced by Geisser.

In the special case that X is an affine curve and Fq is isomorphic to the field of
constants of the function field of X we show that Corollary 1.2 has the following
(unconditional) consequence.

Corollary 1.3. The central conjecture of [3] is valid.

For an explicit statement of this result see Theorem 10.1. For the moment, we
merely note that Corollary 1.3 is both a non-abelian generalisation of the main result
of [4] and validates a natural function field analogue of an important special case of
the ‘equivariant Tamagawa number conjecture’ formulated in [8] (for more details of
this connection see [3, Rem. 2, Rem. 3]), and that the approach of [4, Rem. 3.3]
also gives an interpretation of Corollary 1.3 in terms of integral congruences between
families of suitably normalised leading terms of Artin L-series.

In the remainder of this section we describe several interesting consequences of
Corollary 1.3. Before stating the first such result we recall that the ‘Ω-Conjectures’
formulated by Chinburg in [11, §4.2] are natural function field analogues of the central
conjectures of Galois module theory that were formulated by Chinburg in [12, 13].

Corollary 1.4. Let F/k be a finite Galois extension of global function fields.

(i) The Ω(3)-Conjecture is valid for F/k.
(ii) If F/k is tamely ramified, then all Ω-conjectures are valid for F/k.

Corollaries 1.3 and 1.4 are strong improvements of previous results in this area.
Indeed, as far as we are aware, before now neither the central conjecture of [3] or either
the Ω(1)- or Ω(3)-Conjecture has been proved for any non-abelian Galois extension
F/k of degree divisible by p.

With F/k as in Corollary 1.4 we set G := Gal(F/k) and fix a finite non-empty set
of places Σ of k that contains all places which ramify in F/k. For any intermediate
field E of F/k we write Σ(E) for the set of places of E above those in Σ, OE,Σ for
the subring of E comprising all elements that are integral at places outside Σ(E), CΣ

E

for the affine curve Spec(OE,Σ) and fΣ
E/k : CΣ

E → CΣ
k for the morphism induced by

the inclusion Ok,Σ ⊆ OE,Σ. We fix q so that Fq identifies with the constant field of
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k, regard each fΣ
E/k as a morphism of Fq-schemes and note that CΣ

k is geometrically
connected as a scheme over Fq. We also fix a finite non-empty set of closed points
T of CΣ

k and define a ‘T -modified’ Zeta function ZT (fΣ
F/k, t) in the usual way (see

(38)). The Brumer-Stark Conjecture asserts that if G is abelian, then ZT (fΣ
F/k, 1)

belongs to Z[G] and annihilates Pic0(F ), and we recall that this conjecture is proved
by the argument of Deligne that is given in [37, Chap. V]. The next consequence of
Corollary 1.3 that we state is a non-abelian generalisation of Deligne’s theorem.

Before stating this result we note that for every natural number m and every matrix
H in Mm(Z[G]) there is a unique matrix H∗ in Mm(Q[G]) with HH∗ = H∗H =
NrdQ[G](H) · Im and such that for every primitive central idempotent e of Q[G] the
matrix H∗e is invertible if and only if NrdQ[G](H)e is non-zero. We then define a
ζ(Z[G])-module by setting

A(Z[G]) := {x ∈ ζ(Q[G]) : if d > 0 and H ∈ Md(Z[G]) then xH∗ ∈ Md(Z[G])}.
It is easy to see that A(Z[G]) = ζ(Z[G]) if G is abelian and, in general, that |G|M ⊆
A(Z[G]) ⊆ ζ(Z[G]), where M is the integral closure of ζ(Z[G]) in ζ(Q[G]) (cf. [5,
Rem. 2.3.2]).

We let Z′ be any finitely generated subring of Q for which the G-module Z′ ⊗ F×q
has finite projective dimension (so one can take Z′ = Z if, for example, the highest
common factor of q − 1 and |G| is invertible in Z′). For each v in Σ we fix a place
w(v) of F above v and write Gw(v) for the decomposition subgroup of w(v) in G.

Corollary 1.5. Fix F/k, q, Σ and T as above and set G := Gal(F/k). Then for all
a in A(Z[G]) the element aZT (fΣ

F/k, 1) belongs to Z[G]. Further, for any v in Σ and

any a′ in AnnZ[G](Z[G/Gw(v)]) the element a′aZT (fΣ
F/k, 1) annihilates Z′ ⊗ Pic0(F ).

We believe that a more detailed analysis of our methods is likely to show that,
using the notation of Corollary 1.5, the element aZT (fΣ

F/k, 1) annihilates Pic0(F ) in
all cases but we shall not pursue this possibility any further here. In fact, we also
deduce Corollary 1.5 as a consequence of a more general result (Theorem 11.1) which
uses values of higher-order derivatives of ZT (fΣ

F/k, t) to construct explicit annihilators
of ideal class groups.

The final consequence of Corollary 1.3 that we record here concerns a range of
explicit integral refinements of Stark’s Conjecture. For more details see §11.2.

Corollary 1.6. Natural non-abelian generalisations of all of the following refinements
of Stark’s conjecture are valid for all global function fields.

(i) The Rubin-Stark Conjecture [35, Conj. B′].
(ii) The ‘guess’ formulated by Gross in [19, top of p. 195].
(iii) The ‘refined class number formula’ of Gross [19, Conj. 4.1].
(iv) The ‘refined class number formula’ of Tate [38] (see also [39, (∗)]).
(v) The ‘refined class number formula’ of Aoki, Lee and Tan [1, Conj. 1.1].
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(vi) The ‘refined p-adic abelian Stark Conjecture’ of Gross [19, Conj. 7.6].

In addition to the above consequences of Corollary 1.3 we shall also derive from it
(in Proposition 11.2) an explicit description of the non-commutative Fitting invariants
of certain natural Weil-étale cohomology groups.

The main contents of this article is as follows. In §2 we recall relevant background
material regarding the K-theory and Iwasawa algebras of non-commutative p-adic Lie
groups. In §3 we recall background material regarding pro-coverings and pro-sheaves
including an important observation of Witte, and also prove a technical result that
will be very useful in later sections. In §4 we make several important reductions to
Theorem 1.1 and use a result of Emerton and Kisin to give a full proof of it in the
case that G is abelian. In §5 we describe the general strategy for the remainder of the
proof of Theorem 1.1 and also recall an important algebraic result of Kakde. In §6
we describe a natural variant of the classical theory of integral group logarithms (of
Oliver and M. Taylor) in the setting of certain non-commutative power series rings
and in §7 we combine this construction with arguments of Kakde to prove that, in
certain contexts, families of power series satisfy a range of explicit congruences. In §8
we combine the results of §7 with certain continuity arguments to complete the proof
of Theorem 1.1. In §9 we prove Corollary 1.2 by combining a special case of Theorem
1.1 with the descent formalism in non-commutative Iwasawa theory developed by
Venjakob and the present author and in §10 we prove Corollary 1.3 by combining
a special case of Corollary 1.2 with an explicit computation of certain cup product
morphisms. Finally, in §11 we derive several explicit consequences of Corollary 1.3
including Corollaries 1.5 and 1.6.

It is a great pleasure to thank Dick Gross, Kazuya Kato and John Tate for their
generous encouragement and helpful conversations concerning this project. I am also
very grateful to Cornelius Greither and Jan Nekovář for stimulating discussions. Most
of the results described here were discussed in a lecture course given at the CRM in
Barcelona in February and April 2010. I am very grateful to the CRM for providing
this opportunity and to Francesc Bars for his wonderful hospitality throughout my
visits.

2. K-theory and Iwasawa algebras

2.1. Modules are to be understood, unless explicitly stated otherwise, as left mod-
ules. For any associative, unital, left noetherian ring R we write D(R) for the derived
category of R-modules and D−(R), resp. Dp(R), for the full triangulated subcate-
gory of D(R) comprising complexes that are isomorphic to an object of the category
C−(R), resp. Cp(R), of bounded above complexes of projective R-modules, resp. of
bounded complexes of finitely generated projective R-modules.

For any homomorphism R → R′ of rings as above one can define a relative algebraic
K-group K0(R, R′). We recall that if C• is any object of Dp(R), then any exact
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sequence of R′-modules of the form

ε : 0 → · · · → R′ ⊗R H i(C•) → R′ ⊗R H i+1(C•) → R′ ⊗R H i+2(C•) → · · · → 0

gives a canonical ‘refined Euler characteristic’ χref
R,R′(C

•, ε) in K0(R, R′) (for more
details of this construction see [2]). In particular, if R′ is the total quotient ring of
R and R′ ⊗LR C• is acyclic, then we write χref

R (C•) is place of χref(C•, ε0) where ε0

denotes the exact sequence of zero modules. If R and R′ are clear from context, then
we often abbreviate χref

R,R′(C
•, ε) and χref

R (C•) to χref(C•, ε) and χref(C•) respectively.

2.2. For any profinite group G and any finite extension O of Z` (for any prime `) we
write ΛO(G) for the O-Iwasawa algebra lim←−U

O[G/U ] of G, where U runs over the set

ON(G) of open normal subgroups of G (partially ordered by inclusion) and the limit
is taken with respect to the obvious transition morphisms. We also write QO(G) for
the total quotient ring of ΛO(G), and if O = Zp, then we omit the subscripts from
both ΛO(G) and QO(G).

We fix a group G as in (1) and set H := ker(πG). We also fix an algebraic closure
Qc

p of Qp and write O for the valuation ring of a finite extension of Qp in Qc
p. We

write S for the multiplicatively closed left and right Ore set of non-zero divisors of
ΛO(G) described in [15, §2] and ΛO(G)S for the corresponding localisations of ΛO(G)
(we caution the reader that this notation does not explicitly indicate that S depends
upon both O and G) and we often use the following canonical commutative diagram
of exact sequences of abelian groups

(4)

K1(ΛO(G)) −−−→ K1(ΛO(G)S[1
p
]) −−−→ K0(ΛO(G), ΛO(G)S[1

p
])∥∥∥

x
x

K1(ΛO(G))
αO,G−−−→ K1(ΛO(G)S)

∂O,G−−−→ K0(ΛO(G), ΛO(G)S)

(for a full discussion of such exact sequences see, for example, [36, Chap. 15]). We
recall that if G has no element of order p, then K0(ΛO(G), ΛO(G)S) is isomorphic
to the Grothendieck group of the category of finitely generated ΛO(G)-modules M
with the property that ΛO(G)S ⊗ΛO(G) M vanishes (for an explicit description of this
isomorphism see, for example, [10, §1.2]).

2.3. Using the same notation as in diagram (1) we set Γ := πp
1(Fq,Fc

q) and ΓX :=
im(πX,x) = im(πG) ⊆ Γ. We also write γ for the image of the (arithmetic) Frobenius
automorphism x 7→ xq under the natural projection Gal(Fc

q/Fq) → Γ and note that
γ is a topological generator of Γ.

If O′ is the valuation ring of a finite extension of Qp in Qc
p and O ⊆ O′, then

each continuous representation ρ : G → GLn(O′) gives rise to a ring homomorphism
ΛO(G)S → Mn(O′)⊗O′QO′(Γ) ∼= Mn(QO′(Γ)) that sends every g in G to ρ(g)⊗πG(g).
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This homomorphism induces a group homomorphism

(5) ΦO,G,S,ρ : K1(ΛO(G)S) → K1(Mn(QO′(ΓX))) ∼= K1(QO′(ΓX))

∼= QO′(ΓX)× ⊆ QO′(Γ)× ∼= Q(O′[[u]])×

where O′[[u]] denotes the ring of power series over O′ in the formal variable u, the
first isomorphism is induced by Morita equivalence, the second by taking determinants
(over QO′(ΓX)) and the last by sending γ − 1 to u. We often abbreviate ΦO,G,S,ρ to
ΦG,ρ, believing that O and S will be clear from context.

The ‘leading term’ ξ∗(ρ) at ρ of an element ξ of K1(ΛO(G)S) is then defined to be
the leading term at u = 0 of ΦO,G,S,ρ(ξ). This construction applies in particular to
any element ρ of the set A(G) of Artin representations of G.

In the sequel we will abbreviate χref
ΛO(G),QO(G)(−,−) to χref

O,G(−,−).

3. Pro-coverings, pro-sheaves and perfect complexes

In §3.1-§3.3 we review some standard material concerning pro-coverings and perfect
complexes of pro-sheaves and recall a result of Witte (the reader can find a nice
treatment of all of this material in Witte’s articles [41] and [42].) Then in §3.4 we
prove a technical result that will be very useful in later sections.

3.1. Let X be a connected scheme over Fq and write FEt/X for the category of X-
schemes that are finite and étale over X. For any geometric point x of X the functor
that takes each scheme Y to the set Fx(Y ) := HomX(x, Y ) of geometric points of
Y that lie over x gives an equivalence of categories between projective systems in
FEt/X and the category of projective systems of finite sets upon which π1(X, x) acts
continuously (on the left).

For any morphism f : Y → X in FEt/X, the finite group AutX(Y ) acts naturally
on Fx(Y ) (on the right) and if Y is connected, then it is said to be ‘Galois over X’ if
for any ξ in Fx(Y ) the map AutX(Y ) → Fx(Y ) given by σ 7→ σ ◦ ξ is bijective.

If now G is any continuous quotient of π1(X, x) and O(G) denotes the set of open
subgroups of G, then there exists a canonical projective system (fU : YU → X, φV U)
in FEt/X where U and V run over O(G) and for each inclusion V ⊆ U the transition
morphism φV U : YV → YU is surjective. We denote this system by (f : Y → X, G),
or more simply f : Y → X, and refer to it as the ‘pro-covering of X of group G’. We
recall that each YU is connected and that if U is normal in G, then fU : YU → X is
Galois and AutX(YU) is canonically isomorphic to the quotient G/U .

For any closed subgroup H of G the morphisms {φV U}H≤V≤U constitute a projective
system which we denote by fH : YH → X. We note that this system corresponds
(under the equivalence of categories described above) to the natural action of π1(X, x)
on the set of cosets of H in G and that if H is normal, resp. open, then fH is a pro-
covering of X of group G/H, resp. can be identified with the morphism YH → X in
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FEt/X discussed above. For each open subgroup U of G we write fU : Y → YU for
the pro-covering of YU of group U that is given by the projective system {φV U}V ∈O(U).

3.2. Fix a prime number `, a finite extension O of Z` and an étale sheaf of O-modules
L on X. Then for any morphism h : Y → X in FEt/X the sheaf h∗h∗L is the sheaf
of O-modules that is associated to the pre-sheaf U 7→ ⊕

HomX(U,Y ) L(U) where the

transition morphisms
⊕

HomX(V,Y ) L(V ) → ⊕
HomX(U,Y ) L(U) for each α : U → V are

given by mapping (xψ)ψ to
∑

ψ◦α L(α)(xψ).

If h is Galois, then the right action of G := AutX(Y ) induces a right action on
HomX(U, Y ) and hence a left action on h∗h∗L by permuting the components. For the
stalks at x one therefore has an isomorphism of O[G]-modules

(6) (h∗h∗L)x
∼=

⊕

Fx(Y )

Fx
∼= O[G]⊗O Lx

where the second map results from the fact that (since h is Galois) any choice of an
element ξ of Fx(Y ) induces an isomorphism σ 7→ σ ◦ ξ of G-sets G ∼= Fx(Y ).

We now fix a pro-covering f : Y → X of X of group G as in §3.1 and a flat,
smooth O-sheaf L on X. We assume given a cofinal subset ON′(G) of ON(G) and
for each U in ON′(G) a power nU of ` such that nU divides nV whenever V ⊆ U and
the natural homomorphism ΛO(G) → lim←−U∈O′(G)

(O/nU)[G/U ] is bijective (where the

limit is taken with respect to the natural transition morphisms (O/nV )[G/V ] →
(O/nU)[G/U ] for V ⊆ U). Then the above description shows that for each pair
of subgroups U and V in ON′(G) with V ⊆ U the natural morphisms of sheaves
fV,∗f ∗V (L/nV ) → fU,∗f ∗U(L/nU) induces an isomorphism of (O/nU)[G/U ]-sheaves

(7) (O/nU)[G/U ]⊗(O/nV )[G/V ] fV,∗f ∗V (L/nV ) ∼= fU,∗f ∗U(L/nU).

We write f∗f ∗L or sometimes just LG for the associated projective system of O-
sheaves {fU,∗f ∗UL/nU}U∈ON′(G).

Since s : X → Spec(Fq) is separated we may fix a factorisation s = s′ ◦ j with
j : X → X ′ an open immersion and s′ : X ′ → Spec(Fq) a proper morphism. We then
define the direct image with proper support Rs!LG of LG to be the inverse system of
complexes of O-sheaves {s′∗G•

X̃
(j!fU,∗f ∗U(L/nU))}U∈ON′(G), where we write G•

X̃
(K) for

the Godement resolution of an étale sheaf K on X̃.
We note that these constructions are independent, to within canonical isomor-

phisms, of the system {(U, nU)}U∈ON′(G) used above.

3.3. For any affine scheme Spec(A) and any complex of étale sheaves F• on Spec(A)
we abbreviate RΓ(Spec(A)ét,F•) to RΓ(A,F•).

We fix a cofinal system {(U, nU)}U∈ON′(G) as in §3.2. Then a standard argument
allows one to combine for each U in ON′(G) the isomorphisms (6) (with h replaced by
fU and L by L/nU) and (7) in order to deduce that there exists a bounded above com-
plex P •

U of projective (O/nU)[G/U ]-modules that is isomorphic in D((O/nU)[G/U ])
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to RΓ(Xét, fU,∗f ∗U(L/nU)) and such that for each V ⊆ U the natural projection
morphism RΓét(Xét, fV,∗f ∗VL/nV ) → RΓ(Xét, fU,∗f ∗UL/nU) induces an isomorphism
(O/nU)[G/U ]⊗(O/nV )[G/V ]P

•
V
∼= P •

U of complexes of (O/nV )[G/V ]-modules. We write
RΓ(Xét,LG) for the inverse limit lim←−U

P •
U of any such system of complexes and note

that, regarded as an object of D(ΛO(G)) in the natural way, this limit is unique up
to canonical isomorphism.

By a similar construction with X and each sheaf fU,∗f ∗UL/nU replaced by X ′ and
j!fU,∗f ∗UL/nU = fU,∗f ∗Uj!L/nU , resp. by Spec(Fq) and s′∗G

•
X′(j!fU,∗f ∗UL/nU), we define

the cohomology with compact support RΓc(Xét,LG) and the higher direct image
with proper support RΓ(Fq, RsX,!LG). The argument of Deligne in [17, Arcata, IV,
§5] shows that these complexes are each independent, up to natural isomorphism in
D(ΛO(G)), of the chosen compactification s = s′ ◦ j.

We write sc for the natural morphism Spec(Fc
q) → Spec(Fq) and recall that φ

denotes the geometric Frobenius automorphism in Gal(Fc
q/Fq). We note that there is

a natural action of φ on the the complex RΓ(Fc
q, s

∗
cRsX,!LG).

Proposition 3.1. Let G be any continuous quotient of π1(X, x) and f : Y → X the
corresponding pro-covering of group G. Let O be a finite extension of Z` and L a flat
and smooth O-sheaf on X.

(i) RΓ(Fq, RsX,!LG) is naturally isomorphic to RΓc(Xét,LG).
(ii) RΓ(Fq, RsX,!LG) and RΓ(Fc

q, s
∗
cRsX,!LG) belong to Dp(ΛO(G)).

(iii) There is a canonical exact triangle in Dp(ΛO(G)) of the form

RΓ(Fc
q, s

∗
cRsX,!LG)

1−φ−−→ RΓ(Fc
q, s

∗
cRsX,!LG) → RΓ(Fq, RsX,!LG)[1] → .

(iv) (Witte) If ` = p and G is any group as in (1), then RΓ(Fq, RsX,!LG) belongs
to Dp

S(ΛO(G)).

Proof. We first recall that RsX,! can be computed as RsX′,!◦j! for a factorisation sX =
sX′◦j as in §3.2. Claim (i) is thus true because for any natural number n and any sheaf
of O/`n-modules F on X one has RΓ(Fq, sX′,∗G•

X′(j!F)) ∼= RΓ(Fq, RsX′,∗(j!F)) ∼=
RΓ(X ′

ét, j!F).
Claim (ii) directly follows from [17, p. 95, Th. 4.9] and the fact that (6) implies

that each stalk of LG is a finitely generated projective ΛO(G)-module.
Claim (iii) is a well known consequence of the Hochschild-Serre spectral sequence

and claim (iv) is proved by Witte in [42, Th. 8.1]. ¤
Remark 3.2. For an alternative (and more concrete) proof of Proposition 3.1(iv) in
the case that X is an affine curve see [4, Prop. 4.1(iii)].

3.4. We now make a technical construction concerning the complexes introduced in
§3.3 that will be very useful in later sections. We assume in this subsection that ` = p
and that G has rank one as a p-adic Lie group and recall that in this case the total
quotient ring QO(G) of ΛO(G) is both semisimple and Artinian.
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Proposition 3.3. We assume that ` = p and that G is any group as in (1) that has
rank one as a p-adic Lie group. Let P • be a complex in Cp(ΛO(G)) that is quasi-

isomorphic to RΓ(Fc
q, s

∗
cRsX,!LG). Then there exists an endomorphism φ̂ of P • which

is such that 1− φ̂i is injective in each degree i and there exists a commutative diagram
in Dp(ΛO(G)) of the form

(8)

P • ι−−−→ RΓ(Fc
q, s

∗
cRsX,!LG)

1−φ̂

y
y1−φ

P • ι−−−→ RΓ(Fc
q, s

∗
cRsX,!LG)

in which ι is a quasi-isomorphism. In each degree i the homomorphism 1− φ̂i induces
an automorphism of QO(G)⊗ΛO(G) P i, the product

ZG(1− φ̂) :=
∏

i∈Z
〈1− φ̂i | QO(G)⊗ΛO(G) P i〉(−1)i+1

belongs to im(K1(ΛO(G)S) → K1(QO(G))) and in K0(ΛO(G), ΛO(G)S) one has

(9) ∂O,G(ZG(1− φ̂)) = −χref
O,G(RΓ(Fq, RsX,!LG)).

The proof of this result occupies the rest of this subsection. We thus assume
throughout that G has rank one as a p-adic Lie group. We note that QO(G) =
ΛO(G)S[1

p
] is obtained by inverting all non-zero divisors in ΛO(C) for any central

open subgroup C of G and that for any finitely generated ΛO(G)-modules M and N
and any integer a the group Exta

ΛO(G)(M, N) is a finitely generated ΛO(C)-module.

Proposition 3.1(i) implies that there exists an endomorphism φ̂ : P • → P • in
Cp(ΛO(G)) such that there is a commutative diagram (8). This diagram combines

with Proposition 3.1(ii) and (iii) to imply that in each degree i the kernel of H i(1− φ̂)

is a torsion ΛO(G)-module. Hence, by using Lemma 3.4 below (with ε = 1 − φ̂), we

may change φ̂ by a homotopy in order to ensure 1 − φ̂i is injective in each degree i.
Choosing φ̂ in this way we set α := 1 − φ̂ and find that in each degree i there is a
short exact sequence of (bounded) complexes of finitely generated ΛO(G)-modules

(10) 0 → P • α−→ P • → cok(α)• → 0

where cok(α)i = cok(αi) in each degree i and the differentials of cok(α)• are induced
by those of P •. This sequence implies that for each i the complex cok(α)i[−i] is

isomorphic in Dp(ΛO(G)) to P i αi−→ P i, where the first term occurs in degree i − 1,
and also satisfies

χref(cok(α)i[−i]) = (−1)i−1(P i, αi, P i) = (−1)i+1∂O,G(〈id⊗ αi|QO(G)⊗ΛO(G) P i〉)
where the second equality is a consequence of our normalisation of ∂O,G.
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From the exact sequence (10), the commutativity of (8) and the exact triangle
(3.1) one finds that cok(α)• is isomorphic in Dp(ΛO(G)) to RΓ(Fq, RsX,!LG)[1] and
hence that −χref(RΓ(Fq, RsX,!LG)) = χref(RΓ(Fq, RsX,!LG)[1]) = χref(cok(α)•) (by
[2, Prop. 5.6]). Now in each degree i there is an obvious exact sequence of complexes
0 → cok(α)i[−i] → τ≤i(cok(α)•) → τ≤i−1(cok(α)•) → 0 where τ≤d denotes naive
truncation in degree d. By applying [2, Th. 5.7] to each of these exact sequences we
obtain an equality χref(cok(α)•) =

∑
i∈Z χref(cok(α)i[−i]) and hence

ZG(1− φ̂) = ∂O,G(
∏

i∈Z
〈id⊗ αi | QO(G)⊗ΛO(G) P i〉(−1)i+1

)

=
∑

i∈Z
χref(cok(α)i[−i]) = χref(cok(α)•) = −χref(RΓ(Fq, RsX,!LG)).

This completes the proof of Proposition 3.3.

Lemma 3.4. Let ε : P • → P • be a morphism in Cp(ΛO(G)) for which ker(H i(ε))
is ΛO(G)-torsion in each degree i. Then there exists a morphism ε̂ : P • → P • in
Cp(ΛO(G)) that is homotopic to α and injective in each degree i.

Proof. In each degree i there are tautological exact sequences of ΛO(G)-modules

(11) 0 → Zi → P i di−→ Bi+1 → 0 , 0 → Bi → Zi → H i → 0

where Bi, Zi and H i are the corresponding coboundaries, cocycles and cohomology
of P •. Now, since G has rank one, every submodule of a finitely generated projective
ΛO(G)[1

p
]-module (such as Bi[1

p
]) is itself both finitely generated and projective. In

particular, the first sequence of (11) splits after inverting p and so we can choose a

ΛO(G)-submodule B̂i+1 of P i such that B̂i+1∩Zi = 0 and Bi+1/di(B̂i+1) is p-torsion.

In each degree i the natural map Zi → P i/B̂i+1 is injective with p-torsion cokernel
and so there exists a complex of ΛO(C)-modules

HomΛO(G)(P
i/B̂i+1, B̂i)

ηi−→ HomΛO(G)(B
i, B̂i) → Ext1

ΛO(G)(H
i(P •), B̂i)

which has p-torsion cohomology at the central term, where ηi is induced by the com-
posite Bi ⊂ P i → P i/B̂i+1. The ΛO(C)-module cok(ηi) is therefore torsion because

Ext1
ΛO(G)(H

i(P •), B̂i) is torsion (as follows, for example, from [27, Prop. (5.4.17) and

Prop. (5.5.3)(ii)] and the fact that B̂i[1
p
] is a projective ΛO(G)[1

p
]-module).

Since Bi+1/di(B̂i+1) is p-torsion the map HomΛO(G)(B
i, B̂i) → HomΛO(G)(B̂

i, Bi)
sending k to di−1 ◦k ◦di−1 has p-torsion kernel and cokernel. As each module cok(ηa)

is ΛO(C)-torsion we may therefore choose ki in HomΛO(G)(P
i/B̂i+1, B̂i) so that the

cokernel of di−1 ◦ αi + di−1 ◦ ki ◦ di−1 ∈ HomΛO(G)(B̂
i, Bi) is ΛO(C)-torsion. In each

degree i we then set α̂i := αi − (di−1 ◦ ki + ki+1 ◦ di).
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This gives a morphism of complexes α̂ that is homotopic to α via the homotopy
{−ki}i∈Z and such that, in each degree i, the quotient Bi+1/di(α̂i(B̂i+1)) is ΛO(C)-

torsion. Since the cokernel of each map di : B̂i+1 → Bi is p-torsion the cokernel of each
map α̂i+1 : Bi+1 → Bi+1 is also ΛO(C)-torsion. But H i(α̂) = H i(α) is also ΛO(C)-
torsion in each degree i and so, by an easy exercise involving the sequences (11),
one finds that cok(α̂i) is ΛO(C)-torsion in each degree i. By considering dimensions
over the field Q(C) it follows that ker(α̂i) is ΛO(C)-torsion in each degree i. Since
each ΛO(C)-module P i is finitely generated and projective it follows that in each
degree i the homomorphism α̂i, resp. QO(G) ⊗ΛO(G) α̂i, is injective, resp. bijective,
as required. ¤
Remark 3.5. The final equality of Proposition 3.3 combines with the sequences
in (4) to imply that the existence of a diagram (8) determines ZG(1 − φ̂) up to
multiplication by an element of im(αO,G). An alternative approach of Witte in [42]
relies on an interpretation of K1(ΛO(G)S) in terms of Waldhausen K-theory due to

Muro and Tonks [26] and can be used to show that ZG(1− φ̂) (and a natural analogue
for higher rank G) is uniquely determined by a diagram of the form (8). However,
since we only use this fact (via the results of Emerton and Kisin in §4.2) in the case
that G is abelian and in this case it can be proved directly as in [17, p. 115, Cor. 1.13],
the concrete approach of Proposition 3.3 allows us to avoid any use of Waldhausen
K-theory and the rather delicate constructions that it requires.

4. Some reduction steps

In this section we make several important reductions to Theorem 1.1 by combining
the general approach introduced in [6] together with results of [3] and of Emerton
and Kisin [18].

4.1. In this subsection we fix sX and G as in Theorem 1.1 and for any open subgroup
U of G we write sYU

for the induced structure morphism sXfU : YU → Spec(Fq).
We recall that a p-adic Lie group is said to be ‘p-elementary’ if it is a direct product

of the form H × P with H a finite abelian group of order prime to p and P a pro-p
p-adic Lie group.

The main result of this subsection is then the following.

Proposition 4.1. Theorem 1.1 is valid as stated if for each open subgroup U of G it
is valid with sX and G replaced by sYU

and U/J respectively, where J runs over all
open subgroups of ker(πG) that are normal in U and such that the quotient U/J is a
(rank one) p-elementary group.

We shall deduce this result from the general reduction result of [6, Cor. 8.3].
However, before doing so, we need to make several preliminary observations. To do
this we fix a pro-covering (f : Y → X,G) as in Theorem 1.1, a finite extension O of
Zp and a flat, smooth O-sheaf L on X.
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4.1.1. We first describe the relevant functorial properties of RΓ(Fq, RsX,!LG) and
RΓ(Fc

q, s
∗
cRsX,!LG) under change of G.

Lemma 4.2.

(i) If U is an open subgroup of G, then the complex RΓ(Fq, RsX,!LG) is naturally
isomorphic to RΓ(Fq, RsYU ,!(f

∗
UL)U) in Dp(ΛO(U)).

(ii) If H is a closed normal subgroup of G, then fH : YH → X is a Galois pro-
covering of group Q := G/H and there is a natural isomorphism in Dp(ΛO(Q))
of the form ΛO(Q)⊗LΛO(G) RΓ(Fq, RsX,!LG) ∼= RΓ(Fq, RsX,!LQ).

(iii) Claims (i) and (ii) remain valid if one replaces each occurrence of Fq by Fc
q

and each occurrence of Rs by s∗cRs.

Proof. We fix a factorisation sX = sX′ ◦ j as in §3.2 and set s := sX and s′ := sX′ .
To prove claim (i) we recall that one can construct (via, for example, the explicit

approach used by Witte in (Step 2 of) the proof of [41, Prop. 4.4.3]) a commutative
diagram

(12) YU

jU //

fU

²²

Y ′
U

f ′U
²² s′U

¾¾6
66

66
66

66
66

66
66

6

X

s ))RRRRRRRRRRRRRRRR
j // X ′

s′

$$IIIIIIIII

Spec(Fq)

in which jU is an open immersion and f ′U , and hence also s′U , are proper. In particular,
since sYU

= s◦ fU we can compute the functor RsYU ,! as R(s′ ◦ f ′U)∗ ◦ jU,!. In addition,
since fU and f ′U are both proper, for any torsion étale sheaf T on Y ′

U there are canonical
identifications j!fU,∗T = f ′U,∗jU,!T and hence G•

X(j!fU,∗T ) = f ′U,∗G
•
X′

U
(jU,!T ) (cf. the

proofs of [41, Props 4.3.14(i) and 4.3.16(i)]). Now Rs!LG identifies with the projective
system {s′∗G•

X′(j!fV,∗f ∗VL/nV )}V ∈O(U) and for each V in O(U) one has fV = φV U ◦ fU

and hence fV,∗f ∗VL/nV = fU,∗LV U with LV U := φV U,∗φ∗V Uf ∗UL/nV . For each such V
one therefore has s′∗G

•
X′(j!fV,∗f ∗VL/nV ) = s′∗G

•
X′(j!fU,∗LV U) = (s′ ◦ f ′U)∗G•

X′
U
(jU,!LV U)

and this induces an identification of projective systems Rs!LG = R(s ◦ fU)!(f
∗
UL)U ,

as required to prove claim (i).
The first assertion of claim (ii) is clear. We next recall the cofinal system {(U, nU)}

fixed in §3.2 and for each U in ON′(G) we set ΛU := Zp/nU . Then the second assertion
of claim (ii) is true because if P •

U is any complex Cp(ΛU [G/U ]) that is isomorphic in
D(ΛU [G/U ]) to Γ(Fp, s∗G•

X′(j!fU,∗f ∗U(L/nU)) and U ′ is any subgroup in ON′(G) that
contains HU , then ΛU ′ [G/U ′]⊗ΛU [G/U ]P

•
U belongs to Cp(ΛU ′ [G/U ′]) and is isomorphic

in D(ΛU ′ [G/U ′]) to
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ΛU ′ [G/U ′]⊗ΛU [G/U ] Γ(Fq, s∗G•
X′(j!fU,∗f ∗U(L/nU)))

∼=Γ(Fq, s∗G•
X′(j!(ΛU ′ [G/U ′]⊗ΛU [G/U ] fU,∗f ∗U(L/nU))))

∼=Γ(Fq, s∗G•
X′(j!(fU ′,∗f ∗U ′(L/nU ′))))

where the last isomorphism is induced by the fact that the natural morphism of
sheaves ΛU ′ [G/U ′]⊗ΛU [G/U ] fU,∗f ∗U(L/nU) → fU ′,∗f ∗U ′(L/nU ′) is an isomorphism.

To prove claim (iii) one can use the following commutative diagram (in which both
squares are Cartesian)

Xc
jc

//

tX

²²

X ′c

tX′
²²

sX′c // Spec(Fc
q)

sc

²²

X
j // X ′ sX′ // Spec(Fq).

In this diagram the composition sX′cjc is a compactification of the structure morphism
sXc := sXtX . One also knows that s∗csX′,∗ = sX′c,∗t∗X′ (by [41, Lem. 4.3.1]) and that
for any torsion sheaf F on X taking global sections of the natural morphism of
complexes

s∗csX′,∗G•
X′(j!F) = sX′c,∗t∗X′G•

X′(j!F) = sX′c,∗t∗X′tX′,∗G•
X′c(t∗X′j!F)

= sX′c,∗t∗X′tX′,∗G•
X′c(jc

! t
∗
XF) → sX′c,∗G•

X′c(jc
! t
∗
XF)

induces an isomorphism in D(ΛO(G)) since both complexes Γ(Fc
q, s

∗
csX′,∗G•

X′(j!F))
and Γ(Fc

q, sX′c,∗G•
X′c(jc

! t
∗
XF)) compute the cohomology with compact support of t∗XF

(cf. [41, Prop. 4.6.5(2)]). This observation implies that one can prove claim (iii) by
simply repeating the arguments given above but with Fq, X, YU and L replaced by
Fc

q, X
c, YU ×X Xc and t∗XL respectively. ¤

4.1.2. We next describe the relevant functorial properties of Zeta functions. To do
this we write X0 for the set of closed points of X and for each x in X0 we write d(x)
for the degree of x over Fq. We choose an identification of the residue field of x with
the subfield Fqd(x) of Fc

q, and denote by x an Fc
q-valued point of X lying over x. Then

for any complete commutative noetherian Zp-algebra A and any flat, smooth A-sheaf
L on X the stalk Lx is a free A-module equipped with an action of φd(x). For any
bounded complex of such sheaves L• we may therefore define

ZA(X,L•, t) :=
∏

i∈Z

∏

x∈X0

detA(1− φd(x)td(x) | Li
x)

(−1)i+1 ∈ 1 + tA[[t]].

In the case A = Zp we write Z(X,L•, t) in place of ZA(X,L•, t).
Lemma 4.3. Let L be a flat, smooth Zp-sheaf on X.
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(i) If U is an open subgroup of G, then for each representation ρ′ in A(U) one
has Z(X,L ⊗ LIndG

U ρ′ , t) = Z(YU , f ∗UL ⊗ Lρ′ , t).

(ii) If Q is a quotient of G, then for each ρ in A(Q) one has Z(X,L ⊗ Lρ, t) =
Z(X,L ⊗ LInfG

Qρ, t).

Proof. We set Y := YU , F := L ⊗ LIndG
U ρ′ and F ′ := f ∗UL ⊗ Lρ′ and for each x in X0

we write Y (x) for the set of points of Y above x. Then to prove claim (i) it is enough
to show that for each such x one has

(13) detZp(1− φd(x)td(x) | Fx) =
∏

y∈Y (x)

detZp(1− φd(y)td(y) | F ′
y).

Now there is a natural isomorphism of sheaves on Y of the form f ∗UF ∼= f ∗UL ⊗
f ∗ULIndG

U ρ′
∼= f ∗UL ⊗ (Λ(G) ⊗Λ(U) Lρ′) ∼= Λ(G) ⊗Λ(U) F ′ and for any y0 in Fx(Y ) the

map g 7→ g(y0) induces a bijection between the set of cosets of U in G and the set
Fx(Y ). One therefore has a decomposition

Fx
∼= (f ∗UF)y0

∼=
⊕

y∈Fx(Y )

F ′
y.

Further, if y is the point of Y below y and we set ey/x := d(y)/d(x), then the

action of φx := φd(x) induces isomorphisms F ′
φm

x (y)
∼= F ′

y for each integer m in the set

Σy/x := {m : 1 ≤ m ≤ ey/x}. In particular, one has φ
ey/x
x (y) = y and the isomorphism

F ′
φ

ey/x
x (y)

∼= F ′
y is induced by the action of φ

ey/x
x = φd(y). One can therefore decompose

Fx as a direct sum

(14) Fx =
⊕

y∈Y (x)

⊕

Fx(y)

F ′
y

where Fx(y) is the set of geometric points of Y over y and y is a choice of element
of Fx(y) and on each module

⊕
Fx(y)F ′

y the endomorphism 1− φd(x)td(x) acts via the
matrix 



1 0 . . . 0 −φd(y)td(x)

−td(x) 1 0 . . . 0
0 −td(x) 1 . . . 0
...

. . . . . . . . .
...

0 . . . 0 −td(x) 1




Now by using elementary row operations this matrix is reduced to an upper triangular
matrix in which the last diagonal entry is 1− φd(y)td(y) and all other diagonal entries
are equal to 1 and so one has

detA(1− φd(x)td(x) |
⊕

Fx(y)

Fy) = detA(1− φd(y)td(y) | F ′
y).

The required equality (13) thus follows from the decomposition (14).
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Claim (ii) follows immediately from the fact that there is a natural identification
Lρ = LInfG

Qρ of sheaves on X. ¤

4.1.3. We now relate the diagram (1) to the analogous diagrams that are obtained
by replacing X by YU for any open subgroup U of G, and G by any suitable quotient
of U .

For any diagram (1) we set dX := |Γ/ΓX | = |Γ/ im(πG)|.
Lemma 4.4. Let Q be a rank one subquotient of G of the form U/J where J is
any open subgroup of ker(πG) that is normal in U (and so U is open in G). Fix
a geometric point yU of YU above x. Then there exists a natural analogue of the
commutative diagram (1) in which π1(X, x) and G are replaced by π1(YU , yU) and Q
respectively and one has dYU

= dX |ΓX/πG(U)|.
Proof. Since J ⊆ ker(πG) the restriction of πG to U factors through a homomorphism
πQ : Q → πp

1(Fq,Fc
q). It therefore suffices to show that there exists a commutative

diagram of homomorphisms

π1(YU , yU)
πYU ,yU //

π′

&&MMMMMMMMMMM

π′Q,1

ÁÁ ÁÁ=
==

==
==

==
==

==
==

==
==

πp
1(Fq,Fc

q)

π1(X, x)

πX,x
55kkkkkkkkkkkkkk

π′G

## ##HHHHHHHHH

U
⊆ //

π′Q,2 $$ $$HHH
HHH

HHH
HH G

πG

DD©©©©©©©©©©©©©©©©©

Q

πQ

GG³³³³³³³³³³³³³³³³³³³³³³³³

in which πX,x, π
′
G and πG are as in diagram (1), π′ is the natural homomorphism and

π′Q,1 and π′Q,2 are both surjective. Indeed, by setting π′Q := π′Q,2 ◦ π′Q,1, such a dia-
gram provides the required analogue of (1) and also shows that ΓYU

:= im(πYU ,yU
) =

im(πQ) = πG(U) so dYU
:= |Γ/ΓYU

| = |Γ/ im(πG)|| im(πG)/πG(U)| = dX |ΓX/πG(U)|,
as claimed.

To verify the existence of a diagram as above we note that the upper and left
hand triangles are the only parts of the diagram that do not obviously both exist and
commute. It thus suffices to note that the commutativity of the upper triangle can
be shown by comparing the explicit definitions of πYU ,yU

, πX,x and π′ (cf. [21, Exp.
V, §7]) and using the fact that for any finite étale covering Z → Spec(Fq) there is a
natural isomorphism YU ×X (X×Spec(Fq) Z) ∼= YU ×Spec(Fq) Z of Spec(Fq)-schemes, and
that the existence of a homomorphism π′Q,1 making the left hand triangle commute
follows from the fact im(π′) is equal to the stabiliser of yU in π1(X, x) whilst U is
equal to the stabiliser of yU in G. ¤
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4.1.4. We next interpret Theorem 1.1 in terms of the formalism introduced in [6].
To do this we note that the element γX := γdX is a topological generator of ΓX and
hence that G := (G, πG, γX) is a triple of the sort defined in [6, §1.1.1].

For any representations ρ1 and ρ2 in A(G) there are natural isomorphisms of sheaves
Lρ1+ρ2

∼= Lρ1 ⊗ Lρ2 and, if ρ1 is isomorphic to ρ2, also Lρ1
∼= Lρ2 . This gives

equalities of functions Z(X,L ⊗ Lρ1+ρ2 , t) = Z(X,L ⊗ Lρ1 , t)Z(X,L ⊗ Lρ2 , t) and if
ρ1 is isomorphic to ρ2 also Z(X,L ⊗ Lρ1 , t) = Z(X,L ⊗ Lρ2 , t).

Thus, if for any G as in (1), any sheaf L and any ρ in A(G) we write ξ∗L,ρ

for the leading term of Z(X,L ⊗ Lρ, t) at t = 1 and rρ(X,LG) for the integer

rρ(RΓ(Fq, RsX,!(LG))[1]) defined in [6, §2.1.1], then the data {d−rρ(X,LG)
X ξ∗L,ρ}ρ∈A(G)

is ‘leading term interpolation data’ in the sense of [6, §1.2.1].

We abbreviate the statement MC∗(G,RΓ(Fq, RsX,!LG)[1], {d−rρ(X,L)
X ξ∗L,ρ}ρ) formu-

lated in [6, §1.2.2] to MC∗(X, G,L).

Lemma 4.5. Theorem 1.1 is valid if and only if MC∗(X, G,L) is valid.

Proof. In view of Proposition 3.1(iv), it suffices to prove that there exists an element
ξX,G,L as in Theorem 1.1 if and only if MC∗(X, G,L) is valid.

For each ρ in A(G) the homomorphism ΦO,G,S,ρ defined in [6, (3)] is obtained
from the homomorphism ΦO,G,S,ρ we defined in (5) by replacing the composite map
QO′(ΓX)× ⊆ QO′(Γ)× ∼= Q(O′[[u]])× by the isomorphism QO′(ΓX)× ∼= Q(O′[[u]])×

that sends γX − 1 = γdX − 1 to u. This implies in particular that for each ξ in

K1(Λ(G)S) one has ξ∗(ρ) = d
rρ(ξ)
X ξ∗G(ρ) where ξ∗G(ρ) is the leading term defined in [6,

§1.1.3] and rρ(ξ) the integer defined in [6, §2.1.1].
If now ξ is any element of K1(Λ(G)S) with ∂G(ξ) = χref(RΓ(Fp, RsX,!(LG))[1]) =

−χref(RΓ(Fp, RsX,!(LG))), then for every ρ in A(G) one has rρ(ξ) = rρ(X,LG) and

hence ξ∗G(ρ) = d
−rρ(ξ)
X ξ∗(ρ) = d

−rρ(X,L)
X ξ∗(ρ). This implies ξ validates MC∗(X, G,L) if

and only if it is a suitable choice for the element ξX,G,L in Theorem 1.1, as required. ¤

4.1.5. We are now ready to prove Proposition 4.1. We thus consider rank one sub-
quotients of G of the form Q = U/J where J is an open subgroup of ker(πG) that is
normal in U . Then U is open in G and from Lemma 4.2 there is a natural isomorphism
in Dp(Λ(Q)) of the form

(15) Λ(Q)⊗LΛ(U) res
Λ(G)
Λ(U)RΓ(Fq, RsX,!LG) ∼= RΓ(Fq, RsYU ,!(f

∗
UL)U).

We fix a representation ψ in A(Q) and set IGQ(ψ) := IndG
U InfU

Qψ. By combining the iso-
morphism (15) with the result of [6, Lem. 3.6(iv)] (with ξ taken to be any element with
∂G(ξ) = χref(RΓ(Fq, RsX,!(LG))[1])) one finds that rIGQ(ψ)(X,L) = rψ(YU , (f ∗UL)U).

From Lemma 4.3 it therefore follows that

(16) d
−r

IG
Q

(ψ)
(X,L)

X ξ∗L,IGQ(ψ) = d
−rψ(YU ,(f∗UL)U )

X ξ∗f∗UL,ψ.
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In addition, the result of [6, Cor. 8.3] combines with Lemma 4.5 and the isomor-
phism (15) to imply that Theorem 1.1 is valid if for all subquotients Q = U/J as
above there exists an element ξQ of K1(Λ(Q)S) with

(17) ∂Q(ξQ) = χref(RΓ(Fq, RsYU ,!(f
∗
UL)U)[1])

and such that for all ψ in A(Q) one has

(18) (ξQ)∗Q(ψ) = d
−rψ(YU ,(f∗UL)U )

Q d
−r

IG
Q

(ψ)
(X,L)

X ξ∗L,IGQ(ψ) = (dQdX)−rψ(YU ,(f∗UL)U )ξ∗f∗UL,ψ

where dQ denotes the index of ker(πG)U in G and Q the triple (Q, πQ, γ
dQ

X ) and the
second equality follows from (16). Now dQ = | im(πG)/πG(U)| = |ΓX/πG(U)| and
so Lemma 4.4 implies dQdX = dYU

. The argument of Lemma 4.5 (with X,G and
L replaced by YU , Q and f ∗UL respectively) therefore shows that the existence of an
element ξU satisfying (17) and (18) is equivalent to the validity of Theorem 1.1 with
X,G and L replaced by YU , Q and f ∗UL respectively, and so completes the proof of
Proposition 4.1.

4.2. In this subsection we assume that G is abelian and of rank one and deduce this
case of Theorem 1.1 from a result of Emerton and Kisin.

4.2.1. Since G is assumed to be abelian and of rank one it is isomorphic to a direct
product P ′ × P with P ′ finite abelian of order prime to p and P a rank one abelian
pro-p p-adic Lie group (which we may regard as both a subgroup and quotient of
G). The algebra Λ(G) is therefore isomorphic to the product

∏
ψ∈P ′∗ ΛZp[ψ](P ) where

P ′∗ := Hom(P ′,Qc×
p ) and Zp[ψ] is the finite (unramified) extension of Zp generated

by {ψ(g) : g ∈ P ′}. In addition, for each flat, smooth Zp-sheaf L on X there is
an isomorphism LG

∼= ⊕ψ∈P ′∗(L ⊗ Lψ)P and for each irreducible representation ρ in
A(G) an isomorphism of sheaves L ⊗ Lρ

∼= (L ⊗ Lρ|P ′)⊗ Lρ|P .
Given these facts, it is clear that the validity of Theorem 1.1 in the case that

G = P ′ × P is abelian follows by applying (Proposition 4.1 and) the following result
with G = P and F = L ⊗ Lψ for each ψ ∈ P ′∗.

Theorem 4.6. Let G be a rank one abelian pro-p p-adic Lie group as in (1). Fix a
finite unramified extension O of Zp and a flat and smooth O-sheaf F on X. Then the
complex RΓ(Fp, RsX,!FG) belongs to Dp

S(ΛO(G)) and there exists a unique element ξF
of K1(ΛO(G)S) with

(19) ∂O,G(ξF) = −χref
O,G(RΓ(Fq, RsX,!FG))

and such that for all representations ρ in A(G) one has

(20) ξ∗F(ρ) = Z∗
O(X,F ⊗ Lρ, 1).
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Remark 4.7. If X is an affine curve and F has abelian monodromy, then (after
translating from the language of graded invertible modules to that of relative algebraic
K-theory in the natural way) the argument of Lai, Tan and the present author in [4,
§A.2] can be used to give a proof of Theorem 4.6 that relies solely on Weil’s formula
for the Zeta function in terms of `-adic cohomology for any prime ` 6= p (and hence
avoids any use of crystalline cohomology).

If an element ξF exists as in Theorem 1.1, then it is unique as a consequence of [6,
Lem. 3.4 and Rem. 3.5]. In the rest of this subsection we will deduce its existence
from a special case of [18, Cor. 1.8].

4.2.2. We start with a convenient reduction.

Lemma 4.8. It is enough to prove Theorem 4.6 in the case that q = p.

Proof. We write X̃ for the scheme X regarded as defined over Fp. Then it is enough to
show that an element ξF satisfies (19) and (20) if and only if it satisfies the analogous
equalities that are obtained by replacing X by X̃.

We write sq : Spec(Fq) → Spec(Fp) for the morphism induced by the inclusion
Fp ⊆ Fq and set sX̃ := sqsX . Since sq is proper any compactification sX = s′Xj of
sX gives rise to a compactification sX̃ = (sqs

′
X)j of sX̃ . From the natural isomor-

phisms RΓ(Fp, RsX̃,!FG) = RΓ(Fp, R(sq ◦ s′X)(j!FG)) ∼= RΓ(Fp, Rsq(Rs′X(j!FG))) ∼=
RΓ(Fq, Rs′X(j!FG)) = RΓ(Fq, RsX,!FG) it is thus clear that the validity of (19) does

not change if we replace X by X̃.
To consider (20) we write m for the degree of Fq over Fp and set Γ̃ := πp

1(Fp,Fc
p).

Then for each ρ in A(G) one has ZO(X̃,F ⊗ Lρ, t) = ZO(X,F ⊗ Lρ, t
m) and hence

Z∗
O(X̃,F ⊗ Lρ, 1) = mr′ρZ∗

O(X,F ⊗ Lρ, 1)

where r′ρ denotes the order of vanishing of ZO(X̃,F ⊗ Lρ, t) at t = 1.

We now write π̃G for the homomorphism G → Γ̃ obtained from the analogous dia-
gram to (1) with X replaced by X̃ and Φ̃O,G,S,ρ for the homomorphism K1(ΛO(G)S) →
Q(O′[[u]])× defined as in (5) but with the roles of πG, Γ = πp

1(Fq,Fc
q) and γ replaced

by π̃G, Γ̃ and the image γ̃ of the Frobenius automorphism x 7→ xp in Γ̃. Then, since π̃G

is the composite of πG and the natural inclusion Γ ∼= Gal(Fq/Fc
q) ⊆ Gal(Fp/Fc

p)
∼= Γ̃

and γ = γ̃m, one has Φ̃O,G,S,ρ = [m] ◦ ΦO,G,S,ρ with [m] the endomorphism of
Q(O′[[u]])× that sends u to (1 + u)m − 1. This implies that for any element ξF
the order of vanishing rρ of Φ̃O,G,S,ρ(ξF) at u = 0 is equal to the order of vanishing
of ΦO,G,S,ρ(ξF) at u = 0 and also that the corresponding leading terms are related by

Φ̃O,G,S,ρ(ξF)∗(0) = mrρΦO,G,S,ρ(ξF)∗(0). Comparing this equality with the displayed

formula above it is clear that the equalities (20) for X and X̃ are equivalent provided
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that rρ = r′ρ for all ρ in A(G). Since the equalities rρ = r′ρ are an immediate conse-
quence of Lemma 4.9 below (with ξF = ZΛO(G)(X,FG, 1)), this completes the proof
of the claimed result. ¤

4.2.3. We now assume that G and O are as in the statement of Theorem 4.6 and
(following Lemma 4.8) that q = p. In this case the ring ΛO(G) is local and we write
m for its maximal ideal and ΛO(G)〈t〉 for the m-adic completion of the polynomial
ring ΛO(G)[t]. We also write F•

G for the complex comprising FG placed in degree
0. Then the function L(X,F•

G, t) defined in [18, (1.7)] is equal to ZΛO(G)(X,FG, t).
Further, if z denotes the geometric point Spec(Fc

p) of Spec(Fp), then [25, Chap. II,
Th. 3.2(a)] (with π = sc) implies that the complex of stalks (RsX,!FG)•z identifies
with RΓ(Fc

p, s
∗
cRsX,!FG). From [17, p. 115, Cor. 1.13] it follows that

L(Fp, RsX,!F•
G, t) =

∏

i∈Z
detΛO(G)(1− φ̂i · t | P i)(−1)i+1 ∈ 1 + tΛO(G)[[t]]

where L(Fp, RsX,!F•
G, t) is defined as in [18] and φ̂ and P • are chosen as in Proposition

3.3. In particular, Proposition 3.3 implies that the series L(Fp, RsX,!F•
G, t) converges

at t = 1 to an element of ΛO(G)×S ∼= im(K1(ΛO(G)S) → K1(QO(G))) and also satisfies

(21) ∂O,G(L(Fp, RsX,!F•
G, 1)) = −χref

O,G(RΓ(Fp, RsX,!FG)).

In addition, the result of Emerton and Kisin in [18, Cor. 1.8] implies that

(22) ZΛO(G)(X,F•
G, t) = υ(X,F•

G, t)L(Fp, RsX,!F•
G, t) ∈ 1 + tΛO(G)[[t]]

for an element υ(X,F•
G, t) of 1 + mtΛO(G)〈t〉.

Any series in 1 + mtΛO(G)〈t〉 converges at t = 1 to give an element of ΛO(G)×

and so (22) implies that ZΛO(G)(X,F•
G, t) converges at t = 1 to the value ξF :=

ZΛO(G)(X,F•
G, 1) = υ(1)L(Fp, RsX,!F•

G, 1) ∈ ΛO(G)×S , where we set υ(1) := υ(X,F•
G, 1).

Thus, since υ(1) belongs to ΛO(G)×, the equality (21) implies that

∂O,G(ξF) = ∂O,G(υ(1)L(Fp, RsX,!F•
G, 1))

= ∂O,G(L(Fp, RsX,!F•
G, 1)) = −χref

O,G(RΓ(Fp, RsX,!FG)).

In addition, if for each ρ in A(G) we write (as in the proof of Lemma 4.8) rρ for the
order of vanishing of the function ΦG,ρ(ξF) at u = 0, then Lemma 4.9 below implies
that ξF satisfies
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ξ∗F(ρ) := ΦG,ρ(ξF)∗(0)

= lim
u→0

u−rρZO(X,F ⊗ Lρ, (1 + u)−1)

= lim
t→1

(1− t)−rρtrρZO(X,F ⊗ Lρ, t)

= lim
t→1

(1− t)−rρZO(X,F ⊗ Lρ, t)

= Z∗
O(X,F ⊗ Lρ, 1)

where the third equality follows by setting t := (1 + u)−1 (so u = (1 − t)t−1). The
given element ξF therefore validates Theorem 4.6, as required.

Lemma 4.9. Fix an Artin representation ρ : G → GLm(O′), with O ⊆ O′, and
identify QO′(Γ) with Q(O′[[u]]) by setting u := γ−1. Then ZO′(X,F⊗OLρ, (1+u)−1)
is well defined as an element of Q(O′[[u]]) and satisfies ZO′(X,F ⊗O Lρ, (1+u)−1) =
ΦO,G,S,ρ(ZΛO(G)(X,FG, 1)).

Proof. By mimicking the construction of ΦO,G,S,ρ in §2.3 one can define a composite
homomorphism

ΦO,G,ρ,t : ΛO(G)[[t]]× ∼= K1(ΛO(G)[[t]]) → K1(Mm(Q(ΛO′(ΓX)[[t]])))

∼= K1(Q(ΛO′(ΓX)[[t]])) ∼= Q(ΛO′(ΓX)[[t]])×

⊆ Q(ΛO′(Γ)[[t]])× ∼= Q(O′[[u, t]])×.

For each x ∈ X0 the inverse limit over all open normal subgroups U of G of the
isomorphism (6) with L = F and h = fU constitutes an isomorphism of ΛO(G)[φd(x)]-
modules between FG,x and ΛO(G)⊗O Fx, where on the latter module ΛO(G) acts by
multiplication on the left on ΛO(G) and φd(x) acts diagonally (via its natural action on
Fx and its actions on the sets Fx(YU) that are induced by its action on x). By using
this explicit description of each stalk FG,x one finds that ΦO,G,ρ,t sends the element
ZΛO(G)(X,F•

G, t) of 1 + tΛO(G)[[t]] ⊂ ΛO(G)[[t]]× to the series

θ(u, t) :=
∏

x∈X0

detO′[[u]](1− φd(x)td(x) | O′[[u]]⊗O′ Lρ,x ⊗O′ Fx)
−1 ∈ O′[[u, t]],

where φd(x) acts diagonally on the indicated tensor product, in the natural way on
the stalks Lρ,x and Fx and as multiplication by (1 + u)−d(x) on O′[[u]].

We next note that if p is the maximal ideal of O′ then for any element $(u) of
1 + puO′〈u〉 the series $((1 + u)−1) is well-defined as an element of 1 + puO′[[u]]. In
particular, from the equality (22) with ΛO(G) and LG replaced by O′ and F ⊗ Lρ

respectively, it follows that ZO′(X,F ⊗Lρ, (1+u)−1) = θ(0, (1+u)−1) is well defined
as an element of Q(O′[[u]]). On the other hand, the given action of φd(x) on O′[[u]]
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implies that θ(0, (1 + u)−1) is equal to θ(u, 1) and hence that in Q(O′[[u]]) one has

ΦO,G,S,ρ(ZΛO(G)(X,F•
G, 1)) = ΦO,G,ρ,t(ZΛO(G)(X,F•

G, t))|t=1= θ(u, 1)

= θ(0, (1 + u)−1) = Z(X,F ⊗ Lρ, (1 + u)−1),

as claimed. ¤

5. The general strategy

The results of §4 imply that it suffices to prove Theorem 1.1 in the case that G
is a p-elementary group of rank one and in addition that this result is valid if G is
abelian. We quickly review the strategy introduced by the present author and Kato
that can be used to deduce Theorem 1.1 in the general case.

5.1. We assume that G has rank one and that Σ(G) is any set of (rank one abelian)
subquotients of G of the form Uab with U an open subgroup of G that has the following
property:

(∗) For each ρ in A(G) there is a finite subset {Uab
i : i ∈ I} of Σ(G) and for each

index i an integer mi and a degree one representation ρi of Uab
i such that there

is an isomorphism of (virtual) representations ρ ∼= ∑
i∈I mi · IndG

Ui
InfUi

Uab
i

ρi.

We fix a finite unramified extension O of Zp and for each A = Uab in Σ(G) we write
qO,A,S for the composite homomorphism

K1(ΛO(G)S) → K1(ΛO(U)S) → K1(ΛO(A)S) → ΛO(A)×S ⊂ QO(A)×

where the first arrow is the natural restriction map, the second the natural projection
and the third is the isomorphism induced by taking determinants over ΛO(A)S. We
then define a composite homomorphism

∆O,Σ(G) : K1(ΛO(G)) → K1(ΛO(G)S) →
∏

A∈Σ(G)

QO(A)×

where the first arrow is induced by the inclusion ΛO(G) ⊂ ΛO(G)S and the second is
the diagonal map

∏
A qO,A,S. We abbreviate qZp,A,S and ∆Zp,Σ(G) to qA,S and ∆Σ(G).

We fix a flat, smooth Zp-sheaf L on X and, following Theorem 4.6, for eachA = Uab

in Σ(G) we write ξA,L for the unique element of K1(Λ(A)S) ∼= Λ(A)×S that validates
Theorem 1.1 with X, G and L replaced by YU , Uab and f ∗UL respectively.

For details of more general versions of the following result see [6, Th. 2.2 and Rem.
2.5] and [23, Prop. 2.5].

Proposition 5.1. Theorem 1.1 is valid if for every p-elementary group G of rank one,
and any set of subquotients Σ(G) that satisfies property (∗), there exists an element
ξ of K1(Λ(G)S) which satisfies the following two conditions.

(i) ∂G(ξ) = −χref(RΓ(Fq, RsX,!LG)).
(ii) The element (qA(ξ)−1ξA,L)A belongs to im(∆Σ(G)).
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Proof. Let v be any element of K1(Λ(G)) with ∆Σ(G)(v) := (qA(ξ)−1ξA,L)A and write
u for the image of v under the natural homomorphism K1(Λ(G)) → K1(Λ(G)S).
Then we claim that the element ξX,G,L := uξ validates the conditions of Theorem 1.1.

Firstly, since u belongs to ker(∂G), condition (i) implies that

∂G(ξX,G,L) = ∂G(uξ) = ∂G(ξ) = −χref(RΓ(Fq, RsX,!LG)).

To show that ξX,G,L has the necessary interpolation properties we fix an Artin

representation ρ of G. Then the isomorphism ρ ∼= ∑
i∈I mi · IndG

Ui
InfUi

Uab
i

ρi given by

condition (∗) implies that

ΦG,ρ(ξX,G,L) =
∏
i∈I

Φ
G,IndG

Ui
Inf

Ui
Ai

(ρi)
(ξX,G,L)mi

=
∏
i∈I

ΦAi,ρi
(qAi,S(ξX,G,L))mi =

∏
i∈I

ΦAi,ρi
(ξAi,L)

mi

where we set Ai := Uab
i , the first displayed equality is obvious, the second follows

from [6, Lem. 3.6(i)] and the last is valid because qAi,S(ξX,G,L) = ξAi,L. Thus, since
each element ξAi,L is assumed to validate Theorem 1.1 with X, G and L replaced by
YUi

, Ai and f ∗Ui
L respectively, one has

ξ∗X,G,L(0) := ΦG,ρ(ξX,G,L)∗(0) =
∏
i∈I

ΦAi,ρi
(ξAi,L)

∗(0)mi

=
∏
i∈I

Z∗(YUi
, f ∗Ui

L ⊗ Lρi
, 1)mi

= Z∗(X,L ⊗ L∑
i∈I mi·IndG

Ui
Inf

Ui

Uab
i

(ρi)
, 1)

= Z∗(X,L ⊗ Lρ, 1),

where the fourth equality follows from Lemma 4.3. ¤

5.2. We now recall Kakde’s explicit description of a set Σ(G) as above and also of
the associated group im(∆Σ(G)). In fact, we shall assume (as we may) that G is a
p-elementary group of rank one, with a corresponding direct product decomposition
G = P ′ × P and then, just as in §4.2, we use the induced decompositions Λ(G) =∏

ψ∈P ′∗ ΛZp[ψ](P ) and LG
∼= ⊕ψ∈P ′∗(L ⊗ Lψ)P . In particular, after replacing G, Λ(G)

and L by P, ΛO(P ) and L ⊗ Lψ we may (and will) henceforth assume that G is a
pro-p group of rank one.

We fix a lift Γ̃ of Γ in G and use this to identify G with the semi-direct product
H o Γ with H := ker(πG). We also fix a natural number e such that Γ̃pe

is central in
G and set G := G/Γ̃pe

and R := ΛO(Γ̃pe
). The algebra ΛO(G) can be identified with

the twisted group ring R[G]τ with multiplication (hγ̃a)τ (h′γ̃b)τ = γ̃pe[a+b
pe ](hγ̃a · h′γ̃b)τ
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where [x] denotes the greatest integer less than or equal to x and for any g in G we
write gτ for its image in R[G]τ .

For any subgroup P of G we write UP for the inverse image of P in G, write NGP
for the normaliser of P in G and set WGP := NGP/P . We write C(G) for the set
of cyclic subgroups of G and note that for any P in C(G) the group UP is a rank
one abelian subquotient of G. For each P in C(G) we write TP for the image of the
endomorphism of R[P ]τ given by x 7→ ∑

g∈WG(P ) gτx(gτ )−1. For any subgroups P and

P ′ of G with [P ′, P ′] ≤ P ≤ P ′ we write

nrP ′
P : ΛO(Uab

P ′ )
× → ΛO(UP /[UP ′ , UP ′ ])

×,

πP ′
P : ΛO(Uab

P ) → ΛO(UP /[UP ′ , UP ′ ])

for the natural norm and projection maps respectively.
For any non-trivial cyclic subgroup P of G we fix a homomorphism ωP : P → Qc×

p

of order p. We also fix a homomorphism ω1 := ω{1} : Γ̃pe → Qc×
p of order p and use

the same symbol to denote the endomorphism of ΛO(UP )× that sends each g ∈ UP

to ωP (g)g. For each subgroup P of G we define a map αP from ΛO(UP )×S to itself in
the following way: if P is the trivial subgroup {1}, we set α{1}(x) := xpϕ(x)−1; if P

is non-trivial and cyclic we set αP (x) := xp(
∏k=p−1

k=0 ωk
P (x))−1; if P is not cyclic, we

set αP (x) := xp. For each P in C(G) we write CP (G) for the set of cyclic subgroups
P ′ of G with P ′p = P and P ′ 6= P .

Finally we note that the group G, and hence also G (since Γ̃pe
is central), acts on

the set {Uab
P : P ≤ G} by conjugation.

Proposition 5.2. (Kakde) Let G be a rank one pro-p group. Then the set Σ(G) :=
{Uab

P : P ≤ G} satisfies the condition (∗) in §5.1. Further, an element (ξA)A of∏
A∈Σ(G) ΛO(A)× belongs to im(∆O,Σ(G)) if and only if it satisfies all of the following

three conditions.

(i) For all subgroups P and P ′ of G with [P ′, P ′] ≤ P ≤ P ′ one has nrP ′
P (ξUab

P ′
) =

πP ′
P (ξUab

P
).

(ii) For all subgroups P of G and all g in G one has ξgUab
P g−1 = gξUab

P
g−1.

(iii) For all P ∈ C(G) one has αP (ξUab
P

) ≡ ∏
P ′∈CP (G) αP ′(ξUab

P ′
) (mod pTP ).

Proof. The first claim follows directly from the proof of [22, Prop. 86] and the second
is the result of [22, Th. 48]. ¤

6. Logarithms for power series

The first step in our proof of Theorem 1.1 will be to prove an analogue of the
congruences that occur in Proposition 5.2 for certain kinds of power series. To do
this we need to introduce a variant of the logarithmic techniques introduced by Oliver
and M. Taylor and this is what we describe in this section. The constructions that



26 DAVID BURNS

we make here are analogues of those first made by Ritter and Weiss in [34] (and then
later by Kakde in [22]).

In this section we use the notation and hypotheses of §5.2 and hence assume, in
particular, that G is pro-p. We set R := ΛO(Γ̃pe

) and Rt := R[[t]]. For any subgroup
P of G we set RP,t := ΛO(UP )[[t]] = Rt[P ]τ and write κP for the Rt-linear map
Rt[P ]τ → Rt[Conj(P )]τ which for each g in P sends gτ to its conjugacy class in P .
We also write J(A) for the Jacobson radical of any ring A.

6.1. In the next result we use the p-adic logarithm series Log(1+x) :=
∑

i≥1(−1)i+1 xi

i
.

Proposition 6.1. For each subgroup P of G the association 1 + x 7→ Log(1 + x) for
x in J(RP,t) induces a canonical homomorphism logP,t : K1(RP,t) → Rt[Conj(P )]τ [1

p
].

Proof. We claim first that for any x ∈ J(RP,t) the series Log(1 + x) converges to an
element of J(RP,t)[

1
p
]. To see this note that, since O/Zp is unramified, J(RP,t) is the

kernel of the natural homomorphism ΛO(UP )[[t]] → (O/p)(Γ) and so is generated by
t, p and the augmentation ideal IH′ of ΛO(H ′)[[t]] where we write H ′ for the kernel
H∩UP of the natural composite homomorphism UP ⊂ G → Γ. But, since H ′ is a finite
p-group, one has In

H′ ⊆ pΛO(H ′) for any large enough integer n. This implies that for
any natural number m there exists an integer m′ such that J(RP,t)

n ⊆ (p,X)mRP,t

for all n ≥ m′. For any given natural number M it follows that the coefficient of tM in
xi/i converges to 0 as i tends to infinity. It is therefore clear that for any x ∈ J(RP,t)
the series Log(1 + x) converges to an element of RP,t[

1
p
] = Rt[P ]τ [1

p
].

To construct logP,t one can now copy arguments of Oliver. Firstly, the argument
used by Oliver to prove [30, Lem. 2.7] shows that for any x, y in J(RP,t) one has

Log((1 + x)(1 + y)) ≡ Log(1 + x) + Log(1 + y) (mod [RP,t[
1

p
], J(RP,t)[

1

p
]])

and then the argument of [30, Th. 2.8] implies that the association 1+x 7→ Log(1+x)
for x in J(RP,t) induces a well-defined homomorphism

log′P,t : K1(RP,t, J(RP,t)) → (J(RP,t)/[RP,t, J(RP,t)])[
1

p
].

Finally we note that RP,t/J(RP,t) is isomorphic to Fp and hence that there is an exact
sequence

(23) 1 → K1(RP,t, J(RP,t)) → K1(RP,t) → K1(Fp).

In particular, since K1(Fp) ∼= F×p is finite and (J(RP,t)/[RP,t, J(RP,t)])[
1
p
] is torsion-

free, it is clear that log′P,t extends uniquely to give the desired isomorphism logP,t. ¤

Before stating the next result we note that if UP is abelian, then K1(RP,t) and
Rt[Conj(P )]τ identify with R×

P,t and RP,t respectively.
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Lemma 6.2. Assume that UP is abelian and let I be any ideal of ΛO(UP ) = R[P ]τ

that belongs to pΛO(UP ). Then logP,t induces an isomorphism between the groups
1 + I[[t]] and I[[t]].

Proof. We fix x in I[[t]] and for each pair of non-negative integers m and n we write
cm
n (x) for the coefficient of tm in xn.
We first claim that logP,t maps 1 + I[[t]] to I[[t]]. To see that note that, since

I ⊆ pR[P ]τ one has Ip ⊆ pI and hence In ⊂ nI for all natural numbers n. In
particular, since cm

n (x) ∈ In, one has cm
n (x)/n ∈ I for all n ≥ 1. As the series∑

n≥1(−1)n+1cm
n (x)/n converges (by the argument in the proof of Proposition 6.1) it

must therefore converge to an element of I. It follows that the series logP,t(1 + x) =∑
m≥1(

∑
n≥1(−1)n+1cm

n (x)/n)tm belongs to I[[t]], as claimed.

We next claim that for each x in I the exponential series expP,t(x) :=
∑

i≥0
xi

i!

converges to an element of 1 + I[[t]]. The key point here is that I ⊆ pR[P ]τ so
I ⊂ J(R[P ]τ ) and Ip ⊂ pI · J(R[P ]τ ). By the same argument as given in [30, p. 52]
it thus follows that for any non-negative integer k and any natural number n with
pk ≤ n < pk+1 one has In ⊂ n!I · J(R[P ]τ )k and hence that cm

n (x)/n! belongs to
I · J(R[P ]τ )k. This implies that the series

∑
n≥1 cm

n (x)/n! converges to an element of
I and hence that the series expP,t(x) = 1 +

∑
m≥0(

∑
n≥1 cm

n (x)/n!)tm converges to an
element of 1 + I[[t]].

Lastly we note that standard power series identities imply that logP,t◦expP,t(x) = x
and expP,t ◦ logP,t(1 + x) = 1 + x for all x in I and hence that logP,t induces an
isomorphism from 1 + I[[t]] to I[[t]], as claimed. ¤

6.2. For each pair of subgroups P and P ′ of G with P ≤ P ′ we write

θP ′
P,t : K1(ΛO(UP ′)[[t]]) = K1(RP ′,t) → K1(RP,t) = K1(ΛO(UP )[[t]])

for the standard restriction map on K-groups. We also define an Rt-linear map

ResP ′
P,t : Rt[Conj(P ′)]τ → Rt[Conj(P )]τ

by setting, for each g in P ′,

ResP ′
P,t(κP ′(g

τ )) :=
∑

x

κP ((xτ )−1(gx)τ )

where x runs over all elements in a given set of left coset representatives of P in P ′

which satisfy xgx−1 ∈ P . (It is straightforward to check that this recipe does indeed
give a well-defined homomorphism.)

We will use the following functorial property of the functions logP,t under change
of group P .

Lemma 6.3. For each subgroup P of G the following diagram commutes.
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K1(ΛO(G)[[t]])
logG,t−−−→ Rt[Conj(G)]τ [1

p
]

θG
P,t

y ResG
P,t

y

K1(ΛO(UP )[[t]])
logP,t−−−→ Rt[Conj(U)]τ [1

p
].

Proof. The same argument as used by Oliver and L. Taylor to prove [31, Th. 1.4]
shows that for all ξ in ΛO(G)[[t]] = Rt[G]τ one has

(24) logP,t(θ
G
P,t(1 + pξ)) = ResG

P,t(logG,t(1 + pξ)).

Now for any x ∈ J(Rt[G]τ ) the proof of Proposition 6.1 shows that there exists an

element ξ̃ of Rt[G]τ with

(1 + x)pn

= 1 + pξ′ + xpn

= 1 + pξ + tp
n

ξ′ = (1 + tp
n

ξ′)[1 + pξ(1 + tp
n

ξ′)−1].

But tp
n
ξ′ ∈ J(Rt[G]τ ) and ξ(1 + tp

n
ξ′)−1 ∈ Rt[G]τ and so (24) implies

pnlogP,t(θ
G
P,t(1 + x))

=logP,t(θ
G
P,t((1 + x)pn

))

=logP,t(θ
G
P,t(1 + pξ(1 + tp

n

ξ′)−1)) + logP,t(θ
G
P,t(1 + tp

n

ξ′))

=ResG
P,t(logG,t(1 + pξ(1 + tp

n

ξ′)−1)) + logP,t(θ
G
P,t(1 + tp

n

ξ′))

=ResG
P,t(logG,t((1 + x)pn

)) + logP,t(θ
G
P,t(1 + tp

n

ξ′))− ResG
P,t(logG,t((1 + tp

n

ξ′)))

=pnResG
P,t(logG,t(1 + x)) + logP,t(θ

G
P,t(1 + tp

n

ξ′))− ResG
P,t(logG,t((1 + tp

n

ξ′))).

It is clear that logG,t(1 + tp
n
ξ′) belongs to tp

n
Rt[Conj(P )]τ [1

p
] and easy to see that

θG
P,t(1 + tp

n

ξ′) ≡ 1 + tp
n

ResG
P,tξ

′ (mod K1(Rt[P ]τ , tp
n

Rt[P ]τ )).

This implies that logP,t(θ
G
P,t(1 + tp

n
ξ′)) and ResG

P,t(logG,t((1 + tp
n
ξ′))) both belong

to tp
n
Rt[Conj(P )]τ [1

p
] and hence, in conjunction with the above formula, that

logP,t(θ
G
P,t(1 + x)) ≡ ResG

P,t(logG,t(1 + x)) (mod tp
n

Rt[Conj(P )]τ [
1

p
]).

Since this is true for all natural numbers n it follows that logP,t(θ
G
P,t(1 + x)) =

ResG
P,t(logG,t(1 + x)) and hence that the diagram in the statement of the lemma

commutes if one replaces K1(ΛO(G)) = K1(Rt[G]τ ) by K1(Rt[G]τ , J(Rt[G]τ )). How-
ever, the index of K1(Rt[G]τ , J(Rt[G]τ )) in K1(Rt[G]τ ) is finite (by (23)) and the
group Rt[Conj(P )]τ [1

p
] is torsion-free and so the given diagram must also commute,

as claimed. ¤
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6.3. We now define ϕt to be the map on Rt = ΛO(Γ̃pe
)[[t]] that is equal to the

Frobenius automorphism Fr on O and the p-th power map on Γ̃pe
and in addition

sends each term ti to tip. We extend this map, again denoted ϕt, to Rt[Conj(G)]τ by
mapping κ(gτ ) to κ((gτ )p).

We then set LG,t := (1− p−1ϕt) ◦ logG,t.

Proposition 6.4. One has Im(LG,t) ⊆ Rt[Conj(G)]τ .

Proof. The index of K1(Rt[G]τ , J(Rt[G]τ )) in K1(Rt[G]τ ) is finite and prime to p (by
(23)) and so it is enough to prove that LG,t(K1(Rt[G]τ , J(Rt[G]τ ))) ⊆ Rt[Conj(G)].
By a result of Vaserstein [40] every element of K1(Rt[G]τ , J(Rt[G]τ )) is the image
〈1− x〉 of an element 1− x with x ∈ J(Rt[G]τ ). Now for any such x one has

LG,t(〈1− x〉) := −
∑
i≥1

xi

i
+

∑
j≥1

ϕt(x)

ip
= −

∑
i≥1
p-i

xi

i
+

∑

k≥1

xpk − ϕ(xk)

pk

and so it suffices to prove that
∑

k≥1(pk)−1(xpk − ϕt(x
k)) belongs to Rt[Conj(G)]τ .

Since every prime other than p is invertible in Rt it is thus enough to prove that
p−n(ypn −ϕt(y

pn
)) ∈ Rt[Conj(G)]τ for all natural numbers n and all y ∈ Rt[G]τ . This

containment can be proved by simply mimicking the proof of [30, the first assertion
of Th. 6.2]. Indeed, only two points are worth mentioning in our context: for any set

of elements {gij : 1 ≤ j ≤ q} of G one has κG(
∏j=q

j=1 gτ
ij
) = κG(gτ

iq

∏j=q−1
j=1 gτ

ij
) (since

κG(gτhτ ) = κG(hτgτ ) for all g and h in G) and for any element r =
∑

i,j≥0 cij(γ
pe−1)itj

of Rt with cij ∈ O for all i and j, one has

ϕt(r) =
∑
i,j≥0

Fr(cij)(γ
pe+1 − 1)itpj ≡

∑
i,j≥0

cp
ij(γ

pe − 1)pitpj ≡ rp (mod pRt).

¤

7. Congruences for power series

In this section we continue to use the notation and hypotheses of §5.2.

7.1. For any subgroups P and P ′ of G with [P ′, P ′] ≤ P ≤ P ′ we write

nrP ′
P,t : ΛO(Uab

P ′ )[[t]]
× → ΛO(UP /[UP ′ , UP ′ ])[[t]]

×

πP ′
P,t : ΛO(Uab

P )[[t]] → ΛO(UP /[UP ′ , UP ′ ])[[t]]

for the natural norm and projection maps respectively. For any subgroup P of G we

also write θG,ab
P,t for the natural composite homomorphism

K1(ΛO(G)[[t]])
θG
P,t−−→ K1(ΛO(UP )[[t]]) → K1(ΛO(Uab

P )[[t]]) ∼= ΛO(Uab
P )[[t]]×
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where the isomorphism is induced by taking determinants over ΛO(Uab
P )[[t]].

For any non-trivial cyclic subgroup P of G we write ωP,t for the endomorphism of
ΛO(UP )[[t]]× that sends each element gti with g in UP to ωP (g)gti. We also write
ω1,t := ω{1},t for the endomorphism of ΛO(U{1})[[t]]× = ΛO(Γ̃pe

)[[t]]× that sends each

gti to ωP (g)gti for g in Γpe
and i ≥ 0. For each subgroup P of G we define a map

αP,t from ΛO(UP )[[t]]× to itself in the following way: if P is the trivial subgroup
{1}, we set α{1},t(x) := xpϕt(x)−1; if P is non-trivial and cyclic we set αP,t(x) :=

xp(
∏k=p−1

k=0 ωk
P,t(x))−1; if P is not cyclic, we set αP,t(x) := xp.

The main result that we shall prove in this section is the following

Theorem 7.1. Fix an element ξ(t) of K1(ΛO(G)[[t]]) and for all subgroups P of G

set ξP (t) := θG,ab
P,t (ξ(t)) ∈ ΛO(Uab

P )[[t]]×.

(i) For all subgroups P and P ′ of G with P ≤ P ′ and [P ′, P ′] ≤ P one has
nrP ′

P,t(ξP ′(t)) = πP ′
P,t(ξP (t)).

(ii) For all subgroups P of G and all g in G one has ξgPg−1(t) = gξP (t)g−1.
(iii) For all P ∈ C(G) one has αP,t(ξP (t)) ≡ ∏

P ′∈CP (G) αP ′,t(ξP ′(t)) (mod pTP [[t]]).

Our proof of this result combines the logarithmic constructions made in §6 with a
straightforward modification of arguments of Kakde in [22].

7.2. Before proving Theorem 7.1 we first recall how the homomorphisms θP ′,ab
P,t can

be computed explicitly.
To do this we set nP ′,P := [P ′ : P ] = [UP ′ : UP ]. We also note that, since

ΛO(UP ′)[[t]] is a local ring, the natural homomorphism qP ′ from ΛO(UP ′)[[t]]
× to

K1(ΛO(UP ′)[[t]]) is surjective. For any ξ in K1(ΛO(UP ′)[[t]]) we therefore choose an

element ξ̃ of ΛO(UP ′)[[t]]
× with qP ′(ξ̃) = ξ and a set of left coset representatives

C(P, P ′) := {ci : 1 ≤ i ≤ nP ′,P} of UP in UP ′ and write MC(P ′,P )(ξ̃) for the matrix
in MnP ′:P (ΛO(UP )[[t]]) of the automorphism of the Λ(UP )[[t]]-module ΛO(UP ′)[[t]] =⊕i=nP ′,P

i=1 ΛO(UP )[[t]]ci that is given by multiplying on the right by ξ̃. Then θP ′,ab
P,t (ξ) is

equal to det(π
nP ′:P
P (MC(P,P ′)(ξ̃))) ∈ ΛO(Uab

P )[[t]]× where πP ′,P is the natural projection
MnP ′,P (ΛO(UP )[[t]]) → MnP ′,P (ΛO(Uab

P )[[t]]).

It is now clear that Theorem 7.1(i) is valid because the diagram given below
commutes, where πP ′,t and πP,t denote the natural maps. (Note that the upper
quadrilateral in this diagram obviously commutes, whilst the lower quadrilateral
commutes because C(P, P ′) can also be regarded as an ΛO(UP /[UP ′ , UP ′ ])[[t]]-basis of
ΛO(Uab

P ′ )[[t]].) Indeed, the commutativity of this diagram implies that the image under

nrP ′
P,t of the projection of ξ̃ to ΛO(Uab

P ′ )[[t]] is equal to πP ′
P,t(det(π

nP ′,P
P (MC(P,P ′)(ξ̃)))) =

πP ′
P,t(θ

P ′,ab
P,t (ξ)), as required.
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K1(ΛO(G)[[t]])
θG
P,t

,,ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

θG
P ′,t

²²
K1(ΛO(UP ′)[[t]])

θP ′,ab
P,t

,,ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

πP ′,t
²²

K1(ΛO(UP )[[t]])

πP,t

²²
ΛO(Uab

P ′ )[[t]]
×

nrP ′
P,t

**UUUUUUUUUUUUUUUU
ΛO(Uab

P )[[t]]×
πP ′

P,t

ttjjjjjjjjjjjjjjjj

ΛO(UP /[UP ′ , UP ′ ])[[t]]
×.

To prove Theorem 7.1(ii) we first compute explicitly each term ξP (t) = θG,ab
P,t (ξ(t))

by using the recipe above (with ξ equal to ξ(t)). We then set C := C(P, G) and
note that for any g in G the set gCg−1 := {gcig

−1 : 1 ≤ i ≤ [P ′ : P ]} is a set
of left coset representatives of gUP g−1 = UgPg−1 in G. It is easily checked that

MgCg−1(gξ̃g−1) = gMC(ξ̃)g−1. Since qG(gξ̃g−1) = qG(ξ̃) = ξ(t) it therefore follows
that

ξgPg−1(t) = det(πG,gPg−1(gMC(ξ̃)g−1)) = gdet(πG,P (MC(ξ̃)))g−1 = gξP (t)g−1,

as required to prove claim (ii).

7.3. To prove Theorem 7.1(iii) we need a preliminary result. In this result we use
the following notation: for each subgroup P of G we define ηP,t to be the Rt-linear
endomorphism of Rt[P ]τ which for each g ∈ P sends gτ to 0, resp. gτ , if P is cyclic
and g is not a generator of P , resp. otherwise.

Lemma 7.2. For all x in K1(ΛO(G)[[t]]) and all P in C(G) one has

logP,t(
αP,t(θ

G
P,t(x))∏

P ′∈CP (G) αP ′,t(θG
P ′,t(x))

) = p(ηP,t ◦ ResG
P,t)(LG,t(x)).

Proof. It is enough to prove that there is a commutative diagram of the form

K1(ΛO(G)[[t]])
logG,t //

(θG
P,t)P

²²

Rt[Conj(G)]τ

(ResG
P,t)P

²²

##GGGGGGGGGGGGGGGGGGGGGGGG

∏
P∈C(G) K1(ΛO(UP )[[t]])

(logP,t)P //

,,ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

∏
P∈C(G) Rt[P ]τ [1

p
]

))SSSSSSSSSSSSSS

∏
P∈C(G) Rt[P ]τ [1

p
]
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where the upper diagonal arrow sends x to (ηP,t(ResG
P,t((1 − p−1ϕt)(x)))P and the

lower diagonal arrow sends (xP )P to (p−1logQ,t(
αQ,t(xQ)∏

P ′∈CQ(G) αP ′,t(xP ′ )
))Q.

Lemma 6.3 for each P ∈ C(G) implies that the square in the diagram commutes
and so it suffices to prove that the central diagonal arrow can be chosen so that
the two triangles commute. The methods of Kakde show that this is possible if the
central diagonal arrow sends each element (xP )P to the element with P -component
1−∑

P ′∈CP (G) ϕt(xP ′)− δP p−1ϕt(xP ) with δP equal to 1, resp. 0, if P is non-trivial,
resp. trivial. Indeed, with this definition, the commutativity of the upper triangle
follows from natural analogues of [22, Lem. 78] and the first commutative diagram in
[22, Lem. 74], whilst the commutativity of the lower triangle follows from a natural
analogue of [22, Lem. 76].

To obtain these analogues one makes the following notational changes. In the proof
of [22, Lem. 74] one replaces the terms ΛO(UP ), log, αP , ηP and ωP by ΛO(UP )[[t]] =
Rt[P ]τ , logP,t, αP,t, ηP,t and ωP,t respectively. With these changes of notation the
argument proceeds exactly as in loc. cit.. In the argument of [22, Lem. 76] one
replaces ΛO(Γpe

), ΛO(Uab
C ), ΛO(UP ) and ϕ by Rt, ΛO(Uab

C )[[t]], ΛO(UP )[[t]] = Rt[P ]τ

and ϕt respectively. One must also replace the maps βG
P and βG by βG

P,t and βG =

(βG
P,t)P≤G respectively, where βG

P,t : Rt[Conj(G)]τ → Rt[P
ab]τ is defined in the same

way as βG
P in [22, Def. 50] but with R = ΛO(Γpe

) replaced by Rt. We also replace vG
P by

the homomorphism vG
P,t :

∏
C≤G ΛO(Uab

C )[[t]] → ΛO(Uab
P )[[t]] which is defined as in [22,

Def. 75] but with verP ′
P replaced by the Λ(Γ̃pe

)-linear map verP ′
P,t : Rt[P

′]τ → Rt[P ]τ

which acts as p-th power on P ′ and sends each term ti to tip. It then suffices to check
that the analogues of the diagrams in [22, Lem. 76] commute on each element of the
form κG(gτ )ti with g ∈ G and i ≥ 0, and this is done by the same argument as in loc.
cit. (after taking into account the above changes of notation). Finally, in following
the argument of [22, Lem. 78] one must make the changes described above and also

replace vG, resp. uG, by the endomorphism (vG
P,t)P≤G of

∏
P≤G ΛO(Uab

P )[[t]], resp. by

the endomorphism of
∏

C≤G ΛO(Uab
C )[[t]]× defined just as in [22, Def. 77] but with

verP ′
P now replaced by verP ′

P,t. ¤

Now, since pTP [[t]] ⊂ pRt[G]τ the result of Lemma 6.2 with I = pR[G]τ combines
with Proposition 6.4 and Lemma 7.2 to imply that the congruence of Theorem 7.1 is

valid provided that ηP,t ◦ ResG
P,t maps Rt[Conj(G)]τ to TP [[t]]. Since it is clear that

ηP,t preserves TP [[t]], the required containment therefore follows directly from the
next result.

Lemma 7.3. ResG
P,t(Rt[Conj(G)]τ ) ⊆ TP [[t]].

Proof. A typical element of Rt[Conj(G)]τ has the form x :=
∑

i≥0(
∑

g∈G rg,iκ(g))ti,

with rg,i ∈ R for all g and i. Now ResG
P,t = ResH

P,t ◦ ResG
H,t with H := NG(P ) and so
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ResG
P,t(x) =

∑
i≥0(

∑
g∈G rg,iResH

P,t(ResG
H,t(κ(g))))ti. Further, for each h, h′ ∈ H one

has h−1h′h ∈ P if and only if h′ ∈ P and for any such h′ one has

ResH
P,t(κH(h′)) =

{∑
x∈WG(P ) κP ((xτ )−1hτxτ ), if h′ ∈ P ,

0, otherwise.

This implies that each element rg,iResH
P,t(ResG

H,t(κ(g))) belongs to TP as required. ¤

8. The proof of Theorem 1.1

8.1. If η is an endomorphism of a finitely generated projective ΛO(G)-module M ,
then for any series f(η, t) :=

∑
j≥0

∑
i≥0 mijη

itj in Z[η][[t]] one obtains a well-defined

automorphism of the associated finitely generated projective ΛO(G)[[t]]-module Mt :=
O[[t]]⊗OM by setting f(η, t)(λ⊗m) :=

∑
j≥0

∑
i≥0 mijt

jλ⊗ηi(m) for each λ ∈ O[[t]]

and m ∈ M . We write 〈f(η, t) | Mt〉 for the corresponding element of K1(ΛO(G)[[t]]).
In particular, for any flat, smooth O-sheaf L on X we obtain well-defined elements

of K1(ΛO(G)[[t]]) by setting

ZG(X,LG, t) := 〈
∏

x∈X0

(1− φd(x)td(x))−1 | (LG,x)t〉

and

ZG(1− φ̂, t) :=
∏

i∈Z
〈1− φ̂it | P i

t 〉(−1)i+1

where the endomorphism φ̂ and complex P • in Cp(ΛO(G)) are chosen as in Proposi-
tion 3.3.

Lemma 8.1. We fix a subgroup P of G and set Q := Uab
P .

(i) θG,ab
P,t (ZG(X,LG, t)) = ZΛO(Uab

P )(YUP
, f ∗ULQ, t).

(ii) There exists an endomorphism φ̂Q of a complex P •
Q in Cp(ΛO(Q)) that satisfies

all of the following conditions:
(a) φ̂Q lies in a commutative diagram of the form (8) but with RΓ(Fc

q, s
∗
cRsX,!LG)

replaced by RΓ(Fc
q, s

∗
cRsYU ,!(f

∗
UL)Q);

(b) θG,ab
P,t (ZG(1− φ̂, t)) = ZQ(1− φ̂Q, t) in K1(ΛO(Q)[[t]]) ∼= ΛO(Q)[[t]]×;

(c) each endomorphism 1−φ̂i
Q induces an automorphism of QO(Q)⊗ΛO(Q)P

i
Q

and one has θG,ab
P (ZG(1− φ̂)) = ZQ(1− φ̂Q) in K1(QO(Q)) ∼= QO(Q)×.

Proof. We set U := UP . For any endomorphism α of a ΛO(G)-module, or complex
of ΛO(G)-modules, M we write αQ for the induced endomorphism id ⊗ α of MQ :=

ΛO(Q)⊗ΛO(U) res
ΛO(G)
ΛO(U)M .

Then claim (i) is valid because
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θG,ab
P,t (ZG(X,LG, t)) = detΛ(Q)[[t]](

∏

x∈X0

(1− φ
d(x)
Q td(x))−1 | (LG,x)Q,t)

=
∏

x∈X0

detΛO(Q)[[t]]((1− φ
d(x)
Q td(x))−1 | (LG,x)Q,t)

=
∏

x∈X0

detΛO(Q)(1− φ
d(x)
Q td(x) | (LG,x)Q)−1

=
∏

y∈Y 0
U

detΛO(Q)(1− φ
d(y)
Q td(y) | Λ(Q)⊗Λ(U) (f ∗UL)U,y)

−1

= ZΛO(Uab
P )(YU , (f ∗UL)Q, t)

where the fourth equality follows from the same type of argument as used in Lemma
4.3(i).

Regarding claim (ii) we first observe that Lemma 4.2(iii) implies there are natural
isomorphisms in Dp(ΛO(Q))

Λ(Q)⊗LΛ(U) res
ΛO(G)
ΛO(U)RΓ(Fc

q, s
∗
cRsX,!LG) ∼= ΛO(Q)⊗LΛO(U) RΓ(Fc

q, s
∗
cRsYU ,!(f

∗
UL)U)

∼= RΓ(Fc
q, s

∗
cRsYU ,!(f

∗
UL)Q),

and hence that φ̂Q and P •
Q do indeed lie in a commutative diagram of the form

described in claim (a). Claim (b) is then true because

θG,ab
P,t (ZG(1− φ̂, t)) =

∏

i∈Z
θG,ab

P,t (〈1− φ̂it | P i
t 〉)(−1)i+1

=
∏

i∈Z
detΛ(Q)[[t]](1− φ̂i

Qt | P i
Q,t)

(−1)i+1

= ZQ(1− φ̂Q, t).

It is also clear that each endomorphism 1− φ̂i
Q = (1− φ̂i)Q induces an automorphism

of QO(Q)⊗ΛO(Q)P
i
Q and hence that the element ZQ(1−φ̂Q) in claim (c) is well-defined.

The equality in claim (c) then follows by an exact analogue of the argument used to
prove claim (b). ¤
8.2. We are now ready to prove Theorem 1.1. In view of the observations made at
the beginning of §5.2, we may (and will) assume that G is a rank one pro-p group
and that L is a flat, smooth O-sheaf on X for a finite unramified extension O of Zp.

By combining the equality (9) with the result of Proposition 3.1(iv) and the exact

commutative diagram (4) one finds that the element ZG(1− φ̂) belongs to the image
of K1(ΛO(G)S) → K1(QO(G)). In this subsection we shall prove Theorem 1.1 by

showing that any pre-image ξ of ZG(1− φ̂) in K1(ΛO(G)S) satisfies the conditions of
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Proposition 5.1 with respect to the set of subgroups Σ(G) described in Proposition
5.2.

That such an element ξ satisfies condition (i) of Proposition 5.1 follows immediately
from the equality (9). To discuss condition (ii) we first recall that for each subgroup
P of G Theorem 4.6 implies that ξUab

P
:= ZΛO(Uab

P )(YUP
, (f ∗UP

L)Uab
P

, 1) is the (unique)

element of K1(ΛO(Uab
P )) = ΛO(Uab

P )× that validates Theorem 1.1 with X, G, Λ(G) and
L replaced by YUP

, Uab
P , ΛO(Uab

P ) and f ∗UP
L respectively. Thus, since Lemma 8.1(ii)(c)

implies θG,ab
P (ξ) = ZUab

P
(1− φ̂Uab

P
), we can deduce from the equality (22) that

θG,ab
P (ξ)ξUab

P
= ZΛO(Uab

P )(YUP
, f ∗UP

L, 1)ZUab
P

(1− φ̂Uab
P

)−1 = υP (1) ∈ ΛO(Uab
P )×

where we set υP (t) := υ(YUP
, f ∗UP

L, t) ∈ 1+tmΛO(Uab
P )〈t〉 and m denotes the maximal

ideal of the local ring ΛO(Uab
P ). To verify condition (ii) of Proposition 5.1 it therefore

suffices to use the criteria of Proposition 5.2 to show that the element (υP (1))P≤G

belongs to im(∆O,Σ(G)).

To do this we set ξ(t) := ZG(1 − φ̂, t)−1ZG(X,LG, t) ∈ ΛO(G)[[t]]×. Then Lemma
8.1 implies that for all subgroups P of G one has

θG,ab
P,t (ξ(t)) = ZUab

P
(1− φ̂Uab

P
, t)−1ZΛO(Uab

P )(YUP
,LUab

P
, t) = υP (t).

From Theorem 7.1 it follows that the series υP (t) for P ≤ G satisfy all of the explicit
conditions that are stated in that result. But each series υP (t) converges at t = 1
and so to deduce that the limit elements υP (1) for P ≤ G satisfy the conditions of
Proposition 5.2, as is required to complete the proof of Theorem 1.1, we now need
only apply the following result with each fP (t) equal to the series υP (t).

Lemma 8.2. For each subgroup P of G we assume to be given a series fP (t) in
ΛO(Uab

P )[[t]]× that converges at t = 1 to an element of ΛO(Uab
P )×.

(i) For all subgroups P and P ′ of G with P ≤ P ′ and [P ′, P ′] ≤ P the series
nrP ′

P,t(fP ′(t)) converges at t = 1 to the value nrP ′
P (fP ′(1)).

(ii) For all subgroups P and P ′ of G with P ≤ P ′ and [P ′, P ′] ≤ P the series
πP ′

P,t(fP (t)) converges at t = 1 to the value πP ′
P (fP (1)).

(iii) For all subgroups P of G and all g in G the series gfP (t)g−1 converges at
t = 1 to the value gfP (1)g−1.

(iv) For all P in C(G) the series αP,t(fP (t)) converges at t = 1 to αP (fP (1)) ∈
ΛO(UP )×.

(v) If P belongs to C(G) and αP,t(fP (t))) ≡ ∏
P ′∈CP (G) αP ′,t(fP ′(t)) (mod pTP [[t]]),

then also αP (fP (1)) ≡ ∏
P ′∈CP (G) αP ′(fP ′(1)) (mod pTP ).

Proof. In the context of claim (i) we set R′ := ΛO(UP /[UP ′ , UP ′ ]) and R := ΛO(Uab
P )

and fix a set of coset representatives U := {ui : 1 ≤ i ≤ n} of P in P ′. Then U can
be regarded both as an R-basis of R′ and as an R[[t]]-basis of R′[[t]]. This implies
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that nrP ′
P,t(fP ′(t)) is equal to the determinant of the matrix MP ′,t in Mn(R[[t]]) that

represents, with respect to U , the endomorphism of R′[[t]] given by multiplication by
fP ′(t) whilst nrP ′

P (fP ′(1)) is equal to the determinant of the matrix MP ′ in Mn(R)
that represents, with respect to U , the endomorphism of R′ given by multiplication
by fP ′(1). An easy check shows that each entry of MP ′,t converges at t = 1 to the
corresponding entry of MP ′,1 and hence that det(MP ′,t) converges at t = 1 to the
value det(MP ′,1), as required to prove claim (i).

Claim (ii) is an obvious consequence of the definitions of πP ′
P,t and πP ′

P and claim (iii)

follows immediately from the fact that the map x 7→ gxg−1 is continuous on ΛO(G).
Claim (iv) is a consequence of the fact that for all P in C(G) each map ωa

P :
ΛO(P )× → ΛO(P )×, and hence also the map αP : ΛO(P )× → ΛO(P )×, is continuous.
To consider claim (v) we write ∆(t) for the series αP,t(fP (t))−∏

P ′∈CP (G) αP ′,t(fP ′(t))

in ΛO(P )[[t]]. Then the hypothesis of claim (v) is that ∆(t) belongs to pTP [[t]] and

so Lemma 8.3 below implies that ∆(t) = p
∑i=n

i=1 ∆i(t)T (gi) with ∆i(t) ∈ Rt for each
index i. Since claim (iv) implies that ∆(t) converges at t = 1 it follows that each
series ∆i(t) converges at t = 1 (to an element of R) and hence that the element

∆(1) = p
∑i=n

i=1 ∆i(1)T (gi) belongs to pTP , as required to prove claim (v). ¤
Lemma 8.3. For each g in P set T (g) :=

∑
w∈WG(P ) w−1gw ∈ O[P ]. Then there

exists a subset {gi : 1 ≤ i ≤ n} of P such that the set {T (gi) : 1 ≤ i ≤ n} is an
Rt-basis of TP [[t]].

Proof. It is clear that the Rt-module TP [[t]] is spanned by the set B := {T (g) : g ∈ P}
and so it suffices to show this set is linearly independent over Rt. Set n := |B| and
choose a minimal subset {gi : 1 ≤ i ≤ n} of P with B = {T (gi) : 1 ≤ i ≤ n}. Since
for each i 6= j one has T (gi) 6= T (gj) the sets {w−1giw : w ∈ WG(P )} and {w−1gjw :
w ∈ WG(P )} are disjoint. Thus, if for each i we write ni for the number of summands

in T (gi) that are equal to gi, then in any expression of the form x =
∑j=n

j=1 rjT (gj),
with rj ∈ Rt for each j, the coefficient of each element gi is equal to niri. Hence if
x = 0, then ri = 0 for all i, as required. ¤

This completes our proof of Theorem 1.1.

Remark 8.4. At each geometric point x of X the Λ(G)-module LG,x is isomorphic
to Λ(G) ⊗Zp Lx and so is free of rank, d say, independent of x. In particular, if we

fix a Λ(G)-basis of LG,x and write M(φd(x)) for the matrix that corresponds to the
action of φd(x) on LG,x, then after choosing an ordering of X0 we obtain an element

of GLd(Λ(G)[[t]]) by setting ẐG(X,LG, t) :=
∏

x∈X0(Id−M(φd(x))td(x))−1.

The natural homomorphism GLd(Λ(G)[[t]]) → K1(Λ(G)[[t]]) sends ẐG(X,LG, t) to
the element ZG(X,LG, t) that plays a key role in the proof of Theorem 1.1. However,

the validity of Theorem 1.1 does not imply that ẐG(X,LG, t) converges at t = 1.

Indeed, if ẐG(X,LG, t) does converge at t = 1 (for any choice of Λ(G)-bases of the
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stalks LG,x and any ordering of X0), then it can be used to generalise the approach
to Theorem 1.1 discussed in Remark 4.7.

9. The proof of Corollary 1.2

In this section we fix a Cartesian diagram (3) and assume both that X is geomet-
rically connected and the conditions (i) and (ii) in Corollary 1.2 are satisfied. We
note in particular that ΓX = Γ under these hypotheses (by [21, Exp. V, Prop. 6.9]).
We also abbreviate the Euler characteristics χref

Z[G],Q[G](−,−) and χref
Z`[G],Q`[G](−,−) for

each prime ` that are discussed in §2.1 to χref
G (−,−) and χref

G,`(−,−) respectively.

9.1. For each prime ` we consider the complex of Z`[G]-modules

(25) 0 → H0
c (Xét, f∗f ∗Z`)

β0
f,`−−→ H1

c (Xét, f∗f ∗Z`)
β1

f,`−−→ H2
c (Xét, f∗f ∗Z`)

β2
f,`−−→ · · ·

where βi
f,` denotes the composite homomorphism

H i
c(Xét, f∗f ∗Z`) ∼= H i(Fq, RsX,!f∗f ∗Z`) → H i(Fc

q, s
∗
cRsX,!f∗f ∗Z`)

→ H i+1(Fq, RsX,!f∗f ∗Z)`) ∼= H i+1
c (Xét, f∗f ∗Z`)

where the arrows denote the maps that occur in the cohomology sequence of the exact
triangle in Proposition 3.1(iii) with G and L replaced by G and Z` respectively.

We also write δG,` for the composite homomorphism

ζ(Q`[G])× → K1(Q`[G]) → K0(Z`[G],Q`[G])

where the first map is induced by the inverse of the (bijective) reduced norm map
NrdQ`[G] and the second map is the standard connecting homomorphism of relative
K-theory.

We fix an isomorphism ι : C ∼= Cp and for each χ in Ir(G) we use this isomorphism
to identify the composite character ι ◦ χ with any fixed choice of representation in
A(G) that has character ι ◦ χ.

Proposition 9.1. The complex RΓ(X ′
W ét, f

′
∗f
′∗j!Z) belongs to Dp(Z[G]) and for each

prime ` the complex RΓc(Xét, f∗f ∗Z`) belongs to Dp(Z`[G]). Further, the cohomology
groups of the complex (25) are finite and Corollary 1.2 is valid if and only if in
K0(Zp[G],Qp[G]) one has

(26) δG,p(Z
∗
G(X, 1)) = −χref

G,p(RΓc(Xét, f∗f ∗Zp), βf,p)

where we set

Z∗
G(X, 1) :=

∑

χ∈Ir(G)

Z∗(X,Lι◦χ, 1)eι◦χ ∈ ζ(Qc
p[G])×

and write βf,p for the exact sequence of Qp[G]-modules induced by (25) with ` = p.



38 DAVID BURNS

Proof. Since f ′∗ is exact (as f ′ is finite), f ′∗j! = jY,!f
∗ and f ′∗Z = Z on Y ′

W ét there
are natural isomorphisms RΓ(Y ′

W ét, jY,!Z) ∼= RΓ(Y ′
W ét, f

′∗j!Z) ∼= RΓ(X ′
W ét, f

′
∗f
′∗j!Z)

in D(Z[G]). In particular, condition (i) of Corollary 1.2 implies that each module
H i(RΓ(X ′

W ét, f
′
∗f
′∗j!Z)) is a finitely generated abelian group and so the criterion of

[17, Rapport, Lem. 4.5.1] shows that RΓ(X ′
W ét, f

′
∗f
′∗j!Z) belongs to Dp(Z[G]) if and

only if it has finite Tor-dimension. In view of the isomorphisms proved in Lemma
9.2 below it is therefore enough to show that RΓc(Xét, f∗f ∗Z`) belongs to Dp(Z`[G])
for each prime `. But at each ` the stalk of f∗f ∗Z` at any geometric point of X is
isomorphic to Z`[G], regarded as a (finitely generated, flat) left Z`[G]-module in the
natural way, and so [17, Rapport, Th. 4.9] implies that RΓc(Xét, f∗f ∗Z`) belongs to
Dp(Z`[G]).

We now set x := δG(Z∗(f, 1)) + χref
G (RΓ(Y ′

W ét, jY,!Z), εf,j) ∈ K0(Z[G],Q[G]) and for
each prime ` write π` : K0(Z[G],Q[G]) → K0(Z`[G],Q`[G]) for the natural map. Then,
since

⋂
` ker(π`) = 0 (where the intersection runs over all primes), Corollary 1.2 is

valid if and only if π`(x) vanishes for every `.
For each prime ` we write θ` for the element of the group H1(Spec(Fq)ét,Z`) =

Homcont(Gal(Fc
q/Fq),Z`) that sends the Frobenius automorphism to 1 (and hence

sends φ to −1). For each scheme Z over Fq we write θZ,` for the pullback of θ` to
H1(Zét,Z`). Taking cup product with θZ,` then gives for any sheaf F of Z`[G]-modules
on Z a complex of Z`[G]-modules of the form

(27) 0 → H0
c (Zét,F)

∪θZ,`−−−→ H1
c (Zét,F)

∪θZ,`−−−→ H2
c (Zét,F)

∪θZ,`−−−→ · · ·

Now from Lemma 9.2 below we know that condition (i) of Corollary 1.2 implies
that the complex (27) with Z = X and F = f∗f ∗Z` has finite cohomology groups
and moreover that

π`(χ
ref
G (RΓ(Y ′

W ét, jY,!Z), εf,j)) = χref
G,`(Z` ⊗RΓ(Y ′

W ét, jY,!Z),Q` ⊗Q εf,j)

= χref
G,`(RΓc(Xét, f∗f ∗Z`), εf,`)

= χref
G,`(RΓc(Xét, f∗f ∗Z`), βf,`).

Here we write εf,` and βf,` for the exact sequences of Q`[G]-modules that are induced
by (27) with Z = X and F = f∗f ∗Z` and by (25) respectively, the second equality uses
the (obvious) fact that the identifications of Lemma 9.2 induce an equality Q`⊗Qεf,j =
εf,` and the final equality is valid because, as originally observed by Rapoport and
Zink in [33, 1.2] (see also [9, §3.2.1]), the description on the level of complexes of
taking cup product with θX,` shows that εf,` and βf,` coincide.

On the other hand, if ι` denotes the natural inclusion ζ(Q[G])× ⊂ ζ(Q`[G])×, then
the explicit definition of δG implies that the following diagram commutes
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ζ(Q[G])×
δG−−−→ K0(Z[G],Q[G])

ι`

y
yπ`

ζ(Q`[G])×
δG,`−−−→ K0(Z`[G],Q`[G]).

It follows that π`(x) vanishes if and only if in K0(Z`[G],Q`[G]) one has

(28) δG,`(Z
∗(f, 1)) = −χref

G,`(RΓc(Xét, f∗f ∗Z`), βf,`).

For each prime ` 6= p this equality is proved in Proposition 9.3 below. It is therefore
clear that Corollary 1.2 is valid if and only if (28) is valid in the case ` = p. The
statement of the proposition is thus true because LArtin(Y, χ, t) = Z(X,Lι◦χ, t) for
each χ in Ir(G) so Z(f, t) = ZG(X, t) and hence Z∗(f, 1) = Z∗

G(X, 1). ¤

Lemma 9.2. For every prime ` there are natural isomorphisms in D−(Z`[G]) of the
form

Z`[G]⊗LZ[G] RΓ(Y ′
W ét, jY,!Z) ∼= Z`[G]⊗LZ[G] RΓ(X ′

W ét, f
′
∗f
′∗j!Z)

∼= RΓ(X ′
ét, f

′
∗f
′∗j!Z`) ∼= RΓ(X ′

ét, j!f∗f ∗Z`) ∼= RΓc(Xét, f∗f ∗Z`).

Proof. The complex RΓ(X ′
ét, j!f∗f ∗Z`) identifies with RΓc(Xét, f∗f ∗Z`) by the very

definition of compactly supported étale cohomology, and the functor Z`[G] ⊗Z[G] −
identifies with the exact functor Z` ⊗−. Since we have already shown that the com-
plexes RΓ(Y ′

W ét, jY,!Z) and RΓ(X ′
W ét, f

′
∗f
′∗j!Z) are naturally isomorphic it is there-

fore enough to prove that there are natural isomorphisms in D(Z`[G]) of the form
Z` ⊗RΓ(X ′

W ét, f
′
∗f
′∗j!Z) ∼= RΓ(X ′

ét, f
′
∗f
′∗j!Z`) ∼= RΓ(Xét, j!f∗f ∗Z`).

To construct such an isomorphism we set L := f ′∗f
′∗j!Z and L/`n := f ′∗f

′∗j!(Z/`n)
for each natural number n. We also fix an object P • of C−(Z[G]) that is isomorphic in
D−(Z[G]) to RΓ(X ′

Wét,L) and an object Q• of C−(Z`[G]) isomorphic in D(Z`[G]) to
RΓ(Xét, j!f∗f ∗Z`). For each natural number n we set Λn := Z/`n[G]. Then the exact

sequence 0 → P • ×`n−−→ P • → P •/`n → 0 combines with the natural exact triangle

RΓ(X ′
Wét,L)

×`n−−→ RΓ(X ′
Wét,L) → RΓ(X ′

Wét,L/`n) → RΓ(X ′
Wét,L)[1]

to give an isomorphism P •/`n ∼= RΓ(X ′
Wét,L/`n) in Dp(Λn). In a similar way there

is an isomorphism Q•/`n ∼= RΓ(Xét, j!f∗f ∗Z/`n) in D(Λn). Next we note that there
are natural isomorphisms in D(Λn)

RΓ(X ′
Wét,L/`n) ∼= RΓ(X ′

ét,L/`n) ∼= RΓ(X ′
ét, j!f∗f ∗(Z/`n))

where the first isomorphism is by [24, Prop. 2.4(g)] and the second is because
f∗jY,!T = j!fU,∗T for any torsion sheaf (by the general observation made just after
diagram (12)) and hence L/`n = f ′∗f

′∗j!(Z/`n) = f ′∗jY,!f
∗(Z/`n) = j!f∗f ∗(Z/`n).
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The observations above imply that there is a natural isomorphism αn : Q•/`n ∼=
P •/`n in D−(Λn) and it may be shown that, as n varies, the isomorphisms αn are
such that the diagram

· · · −−−→ Q•/`n πQ
n−−−→ Q•/`n−1 −−−→ · · ·

αn

y αn−1

y

· · · −−−→ P •/`n πP
n−−−→ P •/`n−1 −−−→ · · ·

commutes in D−(Λn), where πQ
n and πP

n denote the natural quotient maps. Since
however Q•/`n consists of projective Λn-modules and P •/`n of Λn-modules we can
realize each αn as an actual map of complexes. Moreover, αn−1 ◦ πQ

n will then be
homotopic to πP

n ◦ αn, i.e.

αn−1 ◦ πQ
n − πP

n ◦ αn = d ◦ h + h ◦ d

for some map h : Q•/`n → P •/`n−1[−1]. But, for each i, the projection P i/`n →
P i/`n−1 is surjective and Qi/`n is a projective Λn-module and so we can lift h to a
map h′ : Q•/`n → P •/`n[−1]. If we then replace αn by αn + d ◦ h′ + h′ ◦ d, the
above diagram will actually be a commutative diagram of maps of complexes. So
by induction we may assume that, taken together, the maps αn constitute a map of
inverse systems of complexes. The inverse limit of such a compatible system then
gives an isomorphism in D−(Z`[G]) of the form

RΓ(Xét, j!f∗f ∗Z`) ∼= Q• ∼= lim←−
n

Q•/`n ∼= lim←−
n

P •/`n

∼= Z` ⊗ P • ∼= Z` ⊗RΓ(X ′
W ét, f

′
∗f
′∗j!Z),

as required. ¤
Proposition 9.3. The equality (28) is valid for each prime ` 6= p.

Proof. In each degree i we define Q`[G]-modules V i
` := Q` ⊗Z`

H i(Fc
q, s

∗
cRsX,!f∗f ∗Z`)

and V i,0
` := ker(1− φ | V i

` ). Then, as the complex (25) has finite cohomology groups,

the composite tautological homomorphism V i,0
` ⊆ V i

` → cok(1 − φ | V i
` ) is bijective

(so that, in the standard terminology, the action of 1− φ on V i
` is ‘semisimple at 0’).

We may therefore fix a Q`[G][φ]-equivariant direct complement Di
` to V i,0

` in V i
` . By

applying [10, Prop. 5.10] (or, equivalently, [3, Prop. 3.1]) to the exact triangle of
Proposition 3.1(iii) with G replaced by G, O = Z` and L = Z` we then obtain an
equality

−χref
G,`(RΓc(Xét, f∗f ∗Z`), βf,`) = −

∑

i∈Z
(−1)iδG,`(NrdQ`[G](1− φ | Di

`))(29)

= δG,`(
∏

i∈Z
NrdQ`[G](1− φ | Di

`)
(−1)i+1

).
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We next claim that the result of Grothendieck in [20] implies that for each prime
` 6= p there is an equality in ζ(Q`[G])[[t]]

(30)
∏

i∈Z
NrdQ`[G](1− φ · t : V i

` )(−1)i+1

= Z(f, t).

To explain this equality we fix an identification of C with C` and for each χ in Ir(G) a
finite extension Ωχ of Q` and a representation G → AutΩχ(Vχ) of character χ. Then
our definition of Z(f, t) in §1 implies that (30) is valid provided that for each χ in
Ir(G) one has an equality in Ωχ[[t]]

LArtin(Y, χ, t) =
∏

i∈Z
detΩχ(1− φ · t : HomΩχ[G](Vχ, Ωχ ⊗Q`

V i
` ))(−1)i+1

.

But, since each space HomΩχ[G](Vχ, Ωχ ⊗Q`
V i

` ) identifies with H i
c(X

c
ét, Eχ) with Eχ

the sheaf of Ωχ-vector spaces on X that is defined by the contragredient of χ, the
last displayed equality follows directly from the exposition of Grothendieck’s results
given by Milne in [25, Chap. VI, Th. 13.3 and Exam. 13.6(b)].

Now in each degree i there is a direct sum decomposition of Q`[G][φ]-modules
V i

` = Di
` ⊕ V i,0

` and hence an equality in ζ(Q`[G])[[t]]

NrdQ`[G](1− φ · t : V i
` ) = NrdQ`[G](1− φ · t : Di

`)NrdQ`[G](1− t : V i,0
` )

= NrdQ`[G](1− φ · t : Di
`)

∑

χ∈Ir(G)

(1− t)ri
χeχ

with ri
χ := dimΩχ(HomΩχ[G](Vχ, Ωχ ⊗Q`

V i,0
` )). Taken in conjunction with (30) these

equalities imply that Z∗(f, 1) =
∏

i∈ZNrdQ`[G](1 − φ | Di
`)

(−1)i+1
and by substituting

this formula into (29) we deduce that the equality (28) is valid for every prime ` 6= p,
as required. ¤
Remark 9.4.

(i) The occurrence of the unit series υ(X,FG, t) in the formula (22) of Emerton
and Kisin implies that there is no direct analogue of Grothendieck’s formula (30) in
the case that ` = p and hence prevents one from using [10, Prop. 5.10] to give a more
direct proof of Theorem 1.1.

(ii) The result of Proposition 9.3 can also be proved by combining the main result
of Witte in [42] together with the descent formalism developed by Venjakob and the
present author in [10].

9.2. We write H1 for the kernel of the projection homomorphism π1(X, x) → G.
Using the notation of diagram (1) we also set H2 := ker(πX,x) and note that this
group corresponds to the pro-covering f∞ : X∞ → X of group ΓX = Γ ∼= Zp. We

set H := H1 ∩H2 and G := π1(X, x)/H and write f̃ : Ỹ → X for the corresponding
pro-covering of group G. Then the group G lies in a commutative diagram (1) with
ker(πG) equal to the finite group H2/H and in this subsection we shall deduce the
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required equality (26) by combining Theorem 1.1 together with the isomorphism
RΓc(Xét, f∗f ∗Zp) ∼= RΓ(Xét, j!f∗f ∗Zp) ∼= RΓ(Fq, RsX,!f∗f ∗Zp) coming from Lemma
9.2 and the descent formalism developed in [10].

We set E := LG = f∗f ∗Zp and also define auxiliary pro-sheaves Ẽ := f̃∗f̃ ∗Zp and

E∞ := f∞,∗f ∗∞Zp and complexes K• := RΓ(Fq, RsX,!E) and K̃• := RΓ(Fq, RsX,!Ẽ).

We endow the complex Zp[G]⊗Zp K̃• with a left action of Zp[G]×Λ(G) in such a way

that (x, g)(x′ ⊗ ki) = xx′(g)−1 ⊗ g(ki) for all x and x′ in Zp[G], g in G and ki in K̃ i,
where g denotes the image of g under the natural projection homomorphism G → G.
With this action Lemma 4.2 gives a natural isomorphism Zp[G] ⊗LΛ(G) K̃• ∼= K• ∼=
RΓc(Xét, E) in Dp(Zp[G]) and hence induces an exact triangle in D(Zp[G])

(31) Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•)
(1−γ)⊗id−−−−−→ Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•)

→ RΓc(Xét, E) → Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•)[1]

where, as before, γ denotes the image in Γ of the Frobenius automorphism x 7→ xq.
We thereby obtain a complex of Zp[G]-modules

(32) 0 → H0
c (Xét, E)

β̂0
f,p−−→ H1

c (Xét, E)
β̂1

f,p−−→ H2
c (Xét, E)

β̂2
f,p−−→ · · ·

in which each β̂i
f,p is equal to the composite homomorphism

H i
c(Xét, E) → H i+1(Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•)) → H i+1

c (Xét, E)

where both arrows are induced by the long exact cohomology sequence of (31).
The next result applies the descent formalism of [10] in our present setting.

Lemma 9.5. If the cohomology groups of (32) are finite in each degree, then in

K0(Zp[G],Qp[G]) one has δG,p(Z
∗
G(X, 1)) = −χref

G,p(RΓc(Xét, E), β̂f,p) where β̂f,p is the
exact sequence of Qp[G]-modules that is induced by (32).

Proof. We note first that, in view of the normalisations that we fixed in §2.1, for
each complex C• in Dp

S(Λ(G)) one has −χref(C•) = χ(C•), where the latter Euler
characteristic is as defined in [10, §1.4]. In addition, if the cohomology groups of
(32) are finite in each degree, then the complex K̃• is, in terms of the terminology
used in [10], semisimple at each irreducible representation of G over Qc

p. Given these
facts and our explicit definition of the leading term Z∗

G(X, 1), the claimed equality
follows directly upon applying the descent formalism of [10, Th. 2.2] to the result of

Theorem 1.1 with f replaced by f̃ . (In making this deduction note that the triangle
(31) differs from the corresponding triangle ∆(twG(K̃•), γ) defined in [10, §5.2.4] in
that we use the morphism induced by 1 − γ rather than γ − 1. However, by using
the explicit formula of [10, Lem. 5.5(iv)], one can take account of this difference by

omitting the terms (−1)rG(K̃•) that occur in the formula of [10, Th. 2.2] and this is
what we have done.) ¤
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To deduce the required equality (26) from Lemma 9.5 it suffices to show that the

sequences βf,p and β̂f,p coincide. Indeed, if this is true then β̂f,p is exact so that
the cohomology groups of (32) are finite in each degree and in addition the terms

χref
G,p(RΓc(Xét, E), β̂f,p) and χref

G,p(RΓc(Xét, E), βf,p) are equal. Our proof of Corollary
1.2 is therefore completed by the following result.

Lemma 9.6. There are morphisms of exact triangles in D(Zp[G]) of the form

(33)

Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•)
(1−γ)⊗id−−−−−→ Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp K̃•) −→ K• −→

(−γ−1⊗id)◦α1

x α1

x id

x
RΓ(Fq, RsX,!(E∞ ⊗Zp E)) −→ RΓ(Fq, RsX,!(E∞ ⊗Zp E)) −→ K• −→

α2

x α2

x id

x
RΓ(Fc

q, s
∗
cRsX,!E)[−1]

1−φ−−→ RΓ(Fc
q, s

∗
cRsX,!E)[−1] −→ K• −→ .

in which the upper row is (31), the central row is induced by the natural short exact

sequence of sheaves 0 → E∞ ⊗Zp E
(1−φ)⊗id−−−−−→ E∞ ⊗Zp E → E → 0 and the lower row is

the −1-shift of the exact triangle in Proposition 3.1(iii) with O = Zp and L = Zp. In

particular, the sequences βf,p and β̂f,p coincide.

Proof. For each continuous quotient Q of G we write Λ(Q)# for the set Λ(Q) regarded
as a Λ(Q × π1(X, x))-module in such a way that (x, g)(x′) = xx′κQ(g)−1 for all
x ∈ Λ(Q), x′ ∈ Λ(Q)# and g ∈ π1(X, x) where κQ is the natural homomorphism
π1(X, x) → Q.

The modules Λ(Γ) ⊗Zp Zp[G] ⊗Zp Λ(G)# and Λ(Γ)# ⊗Zp Zp[G]# are then endowed
with continuous actions of Λ(Γ× G ×G× π1(X, x)) and Λ(Γ× G × π1(X, x)) which
satisfy (a, b, c, d)(x⊗y⊗z) = ax⊗byc−1⊗czκG(d)−1 and (a, b, d)(x⊗y) = axκΓ(d)−1⊗
yκG(d)−1 for all a ∈ Γ, b ∈ G, c ∈ G, d ∈ π1(X, x), x ∈ Λ(Γ), y ∈ Zp[G] and z ∈ Λ(G).
With respect to these actions one has a commutative diagram of short exact sequences
of left Zp[G]× Λ(π1(X, x))-modules

Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp Λ(G)#) Â Ä θ1 // Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp Λ(G)#)
θ2 // // Zp[G]#

Λ(Γ)# ⊗Zp Zp[G]#

(−γ−1⊗id)◦α̂1

OO

Â Ä θ3 // Λ(Γ)# ⊗Zp Zp[G]#

α̂1

OO

θ4 // // Zp[G]#

id

OO

where for each x ∈ Λ(Γ)#, y ∈ Zp[G]# and z ∈ Λ(G)# one has θ1(x⊗Λ(G) (y⊗Zp z)) =
(1−γ)x⊗Λ(G)(y⊗Zp z), θ2(x⊗Λ(G)(y⊗Zp z)) = ε(x)yπ(z), α̂1(x⊗y) = x⊗Λ(G)(y⊗Zp 1),
θ3(x ⊗Zp y) = (1 − γ−1)x ⊗Zp y and θ4(x ⊗Zp y) = ε(x)y with ε : Λ(Γ) → Zp and
π : Λ(G)# → Zp[G]# the natural homomorphisms.
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Converting the above diagram into a diagram of sheaves on X (via the correspon-
dence discussed in [25, Chap. V, Rem. 1.2(b)]) we obtain a commutative diagram of
of short exact sequences of sheaves of Zp[G]-modules of the form

0 −→ Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp Ẽ)
(1−γ)⊗id−−−−−→ Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp Ẽ) −→ E −→ 0

(−γ−1⊗id)◦α̂′1
x α̂′1

x id

x

0 −→ E∞ ⊗Zp E
(1−φ)⊗id−−−−−→ E∞ ⊗Zp E

θ′4−→ E −→ 0.

The upper morphism of exact triangles in (33) now results by applying the functor
RΓ(Fq, RsX,!−) to this diagram and noting RΓ(Fq, RsX,!(Λ(Γ) ⊗Λ(G) (Zp[G] ⊗Zp Ẽ)))

is naturally isomorphic to Λ(Γ)⊗Λ(G) (Zp[G]⊗Zp RΓ(Fq, RsX,!Ẽ)) in D(Λ(Γ)).
To complete the construction of (33) it remains to define the morphism α2 in

such a way that the two lower squares commute. To do this we note that E∞⊗Zp E is
naturally isomorphic to the projective system f∞,∗f ∗∞E (cf. [42, Prop. 6.3]) and hence
that RΓ(Fq, RsX,!(E∞ ⊗Zp E)) can be computed (in the manner described in §3.3) as
the inverse limit lim←−n

RΓ(Fpn , s∗nRsX,!En) with respect to the natural corestriction

morphisms κn : RΓ(Fpn+1 , s∗n+1RsX,!Ln+1) → RΓ(Fpn , s∗nRsX,!Ln), where for each
natural number n we write sn for the natural morphism Spec(Fpn) → Spec(Fq) and
set En := E/pn. For each natural number n the analogue of the exact triangle of
Proposition 3.1(iii) in which φ is replaced by φpn

and LG by En induces a morphism
δn : RΓ(Fc

q, s
∗
cRsX,!En)[−1] → RΓ(Fpn , s∗nRsX,!En) in D((Zp/p

n)[G]) and as n varies
these morphisms lie in commutative diagrams in D((Zp/p

n)[G])

RΓ(Fc
q, s

∗
cRsX,!En+1)[−1]

πn

²²

δn+1 // RΓ(Fpn+1 , s∗n+1RsX,!En+1)

κn

²²

δ′n+1 // RΓ(Fq, RsX,!En+1)

π′n
²²

RΓ(Fc
q, s

∗
cRsX,!En)[−1]

δn // RΓ(Fpn , s∗nRsX,!En)
δ′n // RΓ(Fq, RsX,!En)

where πn and π′n are induced by the natural projection En+1 → En, each δ′n is the
natural corestriction morphism and the composite δ′n ◦ δn is equal to the morphism
that is induced by the triangle of Proposition 3.1(iii) with LG replaced by En. We
define α2 to be the inverse limit of δn with respect to the transition morphisms given
by the first commutative square in the above diagram and it is then straightforward
to check that the lower squares in (33) commute.

It remains to show that the sequences βf,p and β̂f,p coincide. Using the notation

that occurs in (33) in each degree i we set V i,0
1 := Qp ⊗Zp ker(H i((1 − γ) ⊗ id)),

V i
1,0 := Qp ⊗Zp cok(H i((1 − γ) ⊗ id)), V i,0

2 := Qp ⊗Zp ker(H i(1 − φ)) and V i
2,0 :=

Qp ⊗Zp cok(H i(1− φ)). In particular, under the given hypotheses we may (and will)
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identify V i,0
1 with V i

1,0 and V i,0
2 with V i

2,0. Then in each degree i the diagram (33)
gives a commutative diagram of the form

Qp ⊗Zp H i
c(Xét, E) −−−→ V i+1,0

1
id−−−→ V i+1

1,0 −−−→ Qp ⊗Zp H i+1
c (Xét, E)∥∥∥ −Hi+1(α1◦α2)

x
xHi+1(α1◦α2)

∥∥∥
Qp ⊗Zp H i

c(Xét, E) −−−→ V i,0
2

−id−−−→ V i
2,0 −−−→ Qp ⊗Zp H i+1

c (Xét, E)

in which all unlabeled maps are induced by the exact sequences of cohomology of
the corresponding row of (33). Now the upper composite homomorphism in this

diagram is by definition equal to the homomorphism Qp ⊗Zp β̂i
f,p that occurs in the

sequence β̂f,p and, because of the−1-shift in the lower row of (33), the lower composite
homomorphism is equal to the homomorphism Qp⊗Zp βi

f,p that occurs in the sequence

βf,p. From the commutativity of the latter diagram it thus follows that Qp⊗Zp β̂i
f,p =

Qp ⊗Zp βi
f,p in each degree i and hence that the sequences β̂f,p and βf,p coincide, as

required. ¤

10. The proof of Corollary 1.3

10.1. We first quickly review the notation introduced just after Corollary 1.4. For
any global function field E we write CE for the unique geometrically irreducible
smooth projective curve with function field E. We fix a finite Galois extension of
such fields F/k and set G := Gal(F/k). We also fix a finite non-empty set of places
Σ of k that contains all places which ramify in F/k and, with E denoting either k or
F , we write CΣ

E for the affine curve Spec(OE,Σ), jE : CΣ
E → CE for the corresponding

open immersion and f : CΣ
F → CΣ

k and f ′ : CF → Ck for the morphisms induced by
the inclusion k ⊆ F . We fix q so that Fq identifies with the constant field of k and
regard all of the above morphisms as morphisms of Fq-schemes. We also write O×

F,Σ

for the unit group of OF,Σ, set BF,Σ :=
⊕

w Z where w runs over Σ(F ) and write B0
F,Σ

for the kernel of the homomorphism BF,Σ → Z sending (nw)w to
∑

w nw. We note
that each of the groups OF,Σ,O×

F,Σ, BF,Σ and B0
F,Σ has a natural action of G.

10.2. It is known that the complex K•
F,Σ := RΓ(CΣ

F,Wét,Gm) belongs to Dp(Z[G]), is
acyclic outside degrees 0 and 1 and is such that the explicit computations of [7] induce
identifications of H0(K•

F,Σ) and Q⊗ZH1(K•
F,Σ) with O×

F,Σ and Q⊗ZB0
F,Σ respectively

(cf. [3, Lem. 1]).
We identify each place w of F with the corresponding (closed) point of CF and

write valw for the associated valuation on F and d(w) for the degree of w over Fq.
We let Dq

F,Σ : O×
F,Σ → Y 0

F,Σ denote the homomorphism which sends each element u

of O×
F,Σ to (valw(u)d(w))w∈Σ(F ). Then the induced map Q⊗Z Dq

F,Σ is bijective and so
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induces an exact sequence of Q[G]-modules

εF,Σ : 0 → Q⊗Z H0(K•
F,Σ)

Q⊗ZDq
F,Σ−−−−−→ Q⊗Z H1(K•

F,Σ)
0−→ Q⊗Z H2(K•

F,Σ)
0−→ · · ·

We write x 7→ x# for the Q-linear involution of ζ(Q[G]) that is induced by setting
g# := g−1 for each g in G.

We can now give a more explicit statement of Corollary 1.3.

Theorem 10.1. δG(Z∗(f, 1)#) = χref
G (RΓ(CΣ

F,Wét,Gm), εF,Σ).

Remark 10.2. Let m be the degree of Fq over Fp. Then Z(f, t) and Dq
F,Σ are related

to the function ZF/k,Σ(t) and homomorphism DF,Σ that occur in [3, Lem. 2] by
the equalities ZF/k,Σ(t) = Z(f, tm) and DF,Σ = [m] ◦ Dq

F,Σ where [m] denotes the

endomorphism of Y 0
F,Σ given by multiplication by m. This implies (by an argument

similar to that used in Lemma 4.8) that the equality in Theorem 10.1 is equivalent
to the equality of [3, (3)] and hence that [3, Lem. 2] implies Theorem 10.1 verifies
the central conjecture (Conj. C(F/k)) of [3]. The computation of [3, Prop. 4.1] also
then implies that Theorem 10.1 is equivalent to the function field case of [5, Conj.
LTC(F/k)]. Finally, we recall that the argument of [24, proof of Th. 6.5] gives a
canonical isomorphism in Dp(Z[G])

∆ : RΓ(CΣ
F,Wét,Gm) ∼= R HomZ(RΓ(CF,Wét, jF,!Z),Z[−2])

where the linear dual complex is endowed with the contragredient action of G. The
isomorphism ∆ combines with Lemma 9.2 to show that Theorem 10.1 generalises the
main result (Theorem 3.1) of [4].

10.3. In this subsection we prove Theorem 10.1. For each x in ζ(Q[G])× one can
show that δG(x#) = −ψ∗(δG(x)). Here we write ψ∗ for the involution of K0(Z[G],Q[G])
which sends (P, µ, Q) to (HomZ(P,Z), HomQ(µ,Q)−1, HomZ(Q,Z)) for each finitely
generated projective Z[G]-modules P and Q and each isomorphism of Q[G]-modules
µ : Q ⊗Z P → Q ⊗Z Q, where the linear duals are endowed with the contragredient
action of G and so are projective Z[G]-modules. Given this equality, the isomorphism
R HomZ(∆,Z[−2]) implies that Theorem 10.1 is valid if and only if one has

(34) δG(Z∗(f, 1)) = −χref
G (RΓ(CF,Wét, jF,!Z), ε∗F,Σ)

where ε∗F,Σ is the exact sequence of Q[G]-modules obtained by taking the Q-linear dual

of εF,Σ and using HomQ(Q⊗Z H i(∆),Q) to identify HomQ(Q⊗Z H i(CΣ
F,Wét,Gm),Q)

with Q⊗Z H2−i(CF,Wét, jF,!Z).
We shall deduce (34) from Corollary 1.2 with our present choice of f (so that

Y = CΣ
F , Y ′ = CF , X = CΣ

k , X ′ = Ck, j = jk and jY = jF ). Now X is geo-
metrically connected and, since Y ′ is a curve, the conditions (i) and (ii) of Corol-
lary 1.2 are satisfied (by [24, Th. 8.2]) and so that result implies δG(Z∗(f, 1)) =
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−χref
G (RΓ(CF,Wét, jF,!Z), εf,jk

). To deduce (34) it is thus enough to show that the ex-
act sequences ε∗F,Σ and εf,jk

coincide. This is in turn a direct consequence of the
following result.

Lemma 10.3. There is a commutative diagram of Q[G]-modules

Q⊗Z H1(CF,Wét, jF,!Z)
HomZ(H1(∆),Q)−−−−−−−−−→ HomZ(B

0
F,Σ,Q)

Q⊗Z(∪θY )

y
yHomZ(D

q
F,Σ,Q)

Q⊗Z H2(CF,Wét, jF,!Z)
HomZ(H0(∆),Q)−−−−−−−−−→ HomZ(O×

F,Σ,Q).

Proof. It is enough to prove that the diagram commutes after applying Q` ⊗Q −
for any prime `. We therefore fix a prime ` and, following Lemma 9.2, we consider
H i(Ck,ét, j!F`) with j := jk and F` := f∗f ∗Z` rather than H i(CF,Wét, jF,!Z).

We write ZΣ for the complement of CΣ
k in Ck and write i : ZΣ → Ck for the

natural closed immersion. If y is a place of any subfield of F , then we write κ(y)
for the residue field of y and set Zy := Spec(κ(y)). For each y ∈ Σ we also write
iy : Zy → Ck for the natural closed immersion and Sy(F ) for the set of places of F
above y. Now F` = j∗F ′

` with F ′
` := f ′∗f

′∗Z` so there is a natural exact sequence of
Z`[G]-sheaves 0 → j!F` → F ′

` → i∗i∗F ′
` → 0 on Ck and hence a composite morphism

in D(Z`[G]) of the form

ξ :
⊕
y∈Σ

RΓ(Zy,ét, i
∗
yF ′

`)
∼= RΓ(Ck,ét, i∗i∗F ′

`) → RΓ(Ck,ét, j!F`)[1].

This morphism induces in turn a commutative diagram of Z`[G]-modules

(35)

⊕
y∈Σ H0(Zy,ét, i

∗
yF ′

`)
H0(ξ)−−−→ H1(Ck,ét, j!F`)

HomZ(H1(∆),Q`)−−−−−−−−−−→ HomZ(B
0
F,Σ,Q`)y(−1)×(∪θZy,`)y

y∪θY,`

⊕
y∈Σ H1(Zy,ét, i

∗
yF ′

`)
H1(ξ)−−−→ H2(Ck,ét, j!F`)

HomZ(H0(∆),Q`)−−−−−−−−−−→ HomZ(O×
F,Σ,Q`)

where the factor −1 occurs in the left vertical homomorphism because ξ maps to the
1-shift of RΓ(Ck,ét, j!F`).

Now each complex E•y := RΓ(Zy,ét, i
∗
yF ′

`) is canonically isomorphic to the direct

sum over w in Sy(F ) of the complexes Z`[Gw/G0
w]#

1−σw−−−→ Z`[Gw/G0
w]# where the first

term occurs in degree 0, Gw and G0
w are the decomposition and inertia groups of w

in G and σw the frobenius automorphism in Gw/G0
w
∼= Gal(κ(w)/κ(v)). To compute

the groups H i(E•y ) explicitly we must use the conventions of [7] (since they underlie
the explicit descriptions of the cohomology of K•

F,Σ given above). We therefore use

the isomorphism E•y ∼=
⊕

w∈Sy(F ) RΓ(Zy,ét,Z`[Gw/G0
w]) induced by the morphism (of
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complexes of Z`[Gw/G0
w]-modules)

(36)

Z`[Gw/G0
w]#

1−σw−−−→ Z`[Gw/G0
w]#∥∥∥

y−σw

Z`[Gw/G0
w]

1−σw−−−→ Z`[Gw/G0
w].

We then identify H0(Zy,ét,Z`[Gw/G0
w]) and H1(Zy,ét,Z`[Gw/G0

w]) with H0(Zw,ét,Z`) ∼=
Z` and H1(Zw,ét,Z`) ∼= Homcont(Gal(κ(w)c/κ(w)),Z`) ∼= Z` in the natural way, where
the last map evaluates each homomorphism at the topological generator φ−d(w) of
Gal(κ(w)c/κ(w)). By passing to cohomology in this diagram, we obtain a commuta-
tive diagram

(37)

⊕
y(

⊕
wQ`)

∼=−→ ⊕
yQ` ⊗Z`

H0(E•y )
a0−→ HomZ(B

0
F,Σ,Q`)

a2

y
y(−1)×(∪θZy,`)y

⊕
y(

⊕
wQ`)

∼=−→ ⊕
yQ` ⊗Z`

H1(E•y )
a1−→ HomZ(O×

F,Σ,Q`)

where y runs over Σ and w over Sy(F ), a0 and a1 are the homomorphisms induced by
the upper and lower rows of (35) respectively and a2 is defined to make the first square
commute. Now the composite upper, resp. lower, horizontal map in (37) is equal to
HomZ(a3,Q`)

−1 with a3 equal to the natural map B0
F,Σ ⊂ BF,Σ

∼= ⊕
y(

⊕
w Z), resp.

with a3 equal to the map O×
F,Σ → ⊕

y(
⊕

w Z) sending u to (−valw(u))w where the

minus sign occurs because the morphism (36) induces −idZ`
on cohomology in degree

1. In particular, since the upper horizontal map in (37) is surjective the existence
of a commutative diagram as claimed will follow from (35) and (37) provided that
a2 sends each element (xw)w to (−d(w)xw)w and this is clear since (−1) × θ` maps
φ−d(w) to −d(w). ¤

11. Completion of the proofs

In this section we derive several explicit consequences of Theorem 10.1 including
Corollaries 1.4, 1.5 and 1.6. We fix a finite Galois extension of global function fields
F/k, fix q so that Fq identifies with the constant field of k and set G := Gal(F/k).

11.1. In [3, Th. 4.1] it is shown that [3, Conj. C(F/k)] implies the validity of
Chinburg’s Ω(3)-Conjecture for F/k. Corollary 1.4(i) is therefore a direct consequence
of Theorem 10.1. To prove Corollary 1.4(ii) we now assume that F/k is tamely
ramified. In this case Chinburg has proved the validity of his ‘Ω(2)-Conjecture’ (this
follows upon combining [11, §4.2, Th. 4] with [14, Cor. 4.10]). In view of Corollary
1.4(i) we therefore need only recall that Chinburg has also proved that if the Ω(2)-
Conjecture and Ω(3)-Conjecture are both valid for an extension F/k, then the Ω(1)-
Conjecture is automatically valid for F/k (this is a consequence of [11, §4.1, Th. 2
and the remarks which follow it]).
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This completes the proof of Corollary 1.4.

11.2. We now fix a finite Galois cover f : CΣ
F → CΣ

k of affine curves (over Fq), as in
Corollary 1.5. We also fix a finite non-empty set of closed points of CΣ

k and then set

(38) ZT (f, t) = (
∏
t∈T

NrdQ[G]([1− Nt · Fr−1
t ]r))Z(f, t)

where t is any (closed) point of CΣ
F above t, and for any x in Q[G] we write [x]r for the

endomorphism y 7→ yx of Q[G], regarded as a left Q[G]-module in the obvious way.
For each integer m we then define an ‘m-th order Stickelberger function’ by setting

Z
(m)
T (f, t) := (

∑

χ∈Ir(G)

(1− t)−mχ(1)eχ)ZT (f, t).

For each homomorphism φ in HomG(O×
F,Σ, XK,Σ) we also define a ζ(Q[G])-valued

regulator by setting R(φ) := NrdQ[G]((D
q
F,Σ)−1 ◦ (Q⊗ φ)).

In the next result we label, and so order, the elements of Σ as {vi : 0 ≤ i ≤ |S|−1}.
(This labeling is convenient but does not effect the validity of any of our results.) We
fix a non-negative integer r and assume that every place in Σr := {vi : 1 ≤ i ≤ r} splits

completely in F/k. We recall that in this case the function Z
(r)
T (f, t) is holomorphic

at t = 1 (cf. [5, Lem. 2.2.1]).
For each subgroup H of G we write I(H) for the two-sided ideal of Z[G] generated

by the set {h− 1 : h ∈ H}. We write Gj for the decomposition subgroup of any place
of F above vj and consider the following set of matrices

MΣ(G) := {M = (Mij) ∈ Md(Z[G]) : d ≥ |Σ| − 1, r < j < |Σ| ⇒ Mij ∈ I(Gj)}.
Theorem 11.1. Fix φ in HomG(O×

F,Σ, XF,Σ) and a in A(Z[G]).

(i) Z
(r)
T (f, 1)R(φ) is a finite integral linear combination of elements NrdQ[G](M)

with M in MΣ(Z[G]) and so aZ
(r)
T (f, 1)R(φ) belongs to Z[G].

(ii) aZ
(r)
T (f, 1)R(φ) annihilates Z∗ ⊗ Cl(OF,Σr∪{v}) for any v ∈ Σ \ Σr.

(iii) Corollary 1.5 is valid.

Proof. After allowing for the differences in normalisations that are used here and in
[5] (as discussed in Remark 10.2), claims (i) and (ii) follow directly by combining
Corollary 1.3 with [5, Th. 4.1.1].

To prove claim (iii) we now deduce Corollary 1.5 from claim (ii). If r = 0, then
Σ0 is empty and so we may apply this case of claim (ii) to any non-empty set Σ for

which f is étale. Further, one has Z
(0)
T (f, 1)R(φ) = ZT (f, 1) (cf. the proof of [5,

Prop. 3.5.1]) and so claim (ii) asserts that aZT (f, 1) annihilates Z∗ ⊗Cl(OF,{v}). We
write BF,v for the free abelian group on the places of F above v and note that BF,v is
isomorphic, as a G-module, to Z[G/Gw]. If B0

F,v is the kernel of the homomorphism
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BF,v → Z sending each place above v to 1, then there is a natural exact sequence of
G-modules B0

F,v → Pic0(F ) → Cl(OF,{v}).
Since aZT (f, 1) annihilates Z′⊗Cl(OF,{v}) and any a′ in AnnZ[G](Z[G/Gw]) annihi-

lates B0
F,v the above sequence implies a′aZT (f, 1) annihilates Z′⊗Pic0(F ), as claimed

by Corollary 1.5. ¤
If G is abelian, then A(Z[G]) = Z[G] (so we can choose a = 1 in Theorem 11.1)

and the argument of [5, Prop. 3.4.1] shows that this case of Theorem 11.1(i) is a
refinement of the Rubin-Stark Conjecture [35, Conj. B′]. Theorem 11.1(i) therefore
constitutes a natural non-commutative generalisation of [35, Conj. B′], as claimed by
Corollary 1.6(i). Further, the results of [5, Th. 7.5.1 and Rem. 7.5.2(ii)] combine with
Corollary 1.3 to imply that the matrices M(φ) in Theorem 11.1(i) can be chosen so
that their columns satisfy certain mutual congruence relations which, in the case that
G is abelian, constitute natural ‘higher order’ generalisations of the p-adic abelian
Stark conjecture of Gross [19, Conj. 7.6], the ‘guess’ formulated by Gross in [19, top
of p. 195], and of the refined class number formulas conjectured by Gross [19, Conj.
4.1], by Tate [39, (∗)] and by Aoki, Lee and Tan [1, Conj. 1.1]. This completes the
proof of Corollary 1.6.

11.3. As a final application of Theorem 10.1 we show that it gives information about
the Galois structure of certain Weil-étale cohomology groups. Before stating this
result we recall that a natural non-commutative generalisation of the classical no-
tion of Fitting ideal was introduced by Parker in his thesis [32] and that such ‘non-
commutative Fitting invariants’ have more recently been developed extensively by
Nickel [28]. In the sequel we shall (for the reader’s convenience) use the terminology
of [28, §3]. We recall that Fq identifies with the constant field of k and continue to
use the morphism of Fq-schemes f : CΣ

F → CΣ
k that was introduced in §11.2.

Proposition 11.2. Let Z′ be any finitely generated subring of Q for which the G-
module Z′⊗F×q is cohomologically-trivial (this is automatically the case if, for example,
the highest common factor of q − 1 and |G| is invertible in Z′). Then there are non-
commutative Fitting invariants FZ[G](F×q ) and FZ[G](H

1(CΣ
F,Wét,Gm)) for which

Z(f, 1) · Z′ ⊗Z FZ[G](F×q ) = Z′ ⊗Z FZ[G](H
1(CΣ

F,Wét,Gm)).

In particular, if G is abelian, then in Q[G] one has

Z(f, 1) · Z′ ⊗Z AnnZ[G](F×q ) = Z′ ⊗Z FitZ[G](H
1(CΣ

F,Wét,Gm)).

Proof. We set K• := RΓ(CΣ
F,Wét,Gm) and define an idempotent e0 :=

∑
χ eχ of

ζ(Q[G]) where in the sum χ runs over all elements of Ir(G) for which the module
eχ(Qc ⊗ H0(K•)) vanishes. We also set A := Z′[G]e and A := Q[G]e and for any
G-module M write MA for the A-module A⊗Z[G] M .

Since K• belongs to Dp(Z[G]), is acyclic outside degrees 0 and 1 and is such that
H0(K•) identifies withO×

F,Σ the natural inclusion F×q ⊂ O×
F,Σ induces an exact triangle
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(F×q )A[0] → A⊗LZ[G]K
• → H1(K•)A[−1] → (F×q )A[1] in Dp(A) in which all cohomology

groups of all complexes that occur are finite. This triangle implies that in K0(A, A)
one has

χref
A,A(A⊗LZ[G] K

•, 0) = −χref
A,A((F×q )A[−1], 0) + χref

A,A(H1(K•)A[−1], 0).

Now for each character χ in Ir(G) the order of vanishing of eχZ(f, t) at t = 1
is equal to χ(1)−1 dimQc(eχ(Qc ⊗ H0(K•))) (this follows from [37, p. 111]) and so
one has Z(f, 1) = Z∗(f, 1)e ∈ ζ(A)×. Thus, if we write πA for the natural scalar
extension homomorphism K0(Z[G],Q[G]) → K0(A, A), then the equality of Theorem
10.1 combines with the last displayed equation (and the naturality with respect to
change of algebra of the extended boundary homomorphism) to imply that

δA(Z(f, 1)) + χref
A,A((F×q )A[−1], 0) =δA(Z∗(f, 1)e) + χref

A,A((F×q )A[−1], 0)

=πA(δG(Z∗(f, 1))) + χref
A,A((F×q )A[−1], 0)

=πA(χref
Z[G],Q[G](K

•, εF,Σ)) + χref
A,A((F×q )A[−1], 0)

=χref
A,A(A⊗LZ[G] K

•, 0) + χref
A,A((F×q )A)[−1], 0)

=χref
A,A(H1(K•)A[−1], 0).

Since the finite A-modules (F×q )A and H1(K•)A are of projective dimension at most
one, an easy exercise comparing the definitions of Fitting invariants FZ[G](−) and
refined Euler characteristics χref

A,A(−,−) (which we leave to the reader) shows the

last displayed equality implies that Z(f, 1) · FA((F×q )A) = FA(H1(CΣ
F,Wét,Gm)A). The

first equality of the proposition is therefore true because [28, Lem. 3.4] implies that
FA(MA) = A⊗Z[G] FZ[G](M) for any finitely generated G-module M .

Now if G is abelian, then for every finitely generated G-module M the Fitting
invariant FZ[G](M) corresponds to the classical Fitting ideal FitZ[G](M) in such a way
that equalities of Fitting invariants correspond to equalities of Fitting ideals (by [28,
Rem. 1(ii)]). The second equality of the proposition therefore follows directly from
the first equality and the fact that F×q is cyclic so FitZ[G](F×q ) = AnnZ[G](F×q ). ¤
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vol. 1965-1966, Benjamin (1966), exposé 306.
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[33] M. Rapoport, Th. Zink, Über die lokale Zetafunktion von Shimuravarietäten. Mon-
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