Equivariant Tamagawa Numbers and
Non-Commutative Fitting Invariants

Andrew James Cottridge Parker

A thesis submitted for the degree of
Doctor of Philosophy at

King's College London, University of London

Department of Mathematics
King's College London
Strand
London WC2R 2LS

United Kingdom

January 2007



Declaration

This thesis is a presentation of my original research work. Kérever contributions of
others are involved, every e ort is made to indicate this clarly, with due reference
to the literature.



Abstract

Motivated by the Equivariant Tamagawa Number Conjecture (HNC) of Burns and
Flach we develop an abstract framework of “equivariant leady term conjectures'. We
also de ne a natural Fitting invariant for modules over groy rings of arbitrary nite

groups and use this to derive explicit consequences of oumue@riant leading term
conjectures. We then describe applications of our approadat several concrete arith-
metic settings. In particular, by these means we derive cagtural non-commutative
generalizations of Brumer's Conjecture, of the Coates-S3iatt Conjecture and of the

"Strong Main Conjecture' of Mazur and Tate.
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Introduction

Let L=K be an abelian CM extension of number elds with Galois grou@ and T a
nite set of primes of K containing all primes which ramify inL=K . Let O_ be the
ring of integers ofL and | the roots of unity of L. Then the Brumer-Stickelberger
element is de ned to be

X
( T;L=K):= kt(;0) '2CG
2G

where the .1 (;s) is the partial zeta function given by

X
kT (;8):= Na ®
(aT)=1

(a;L=K )=
for all complex numberss with su ciently large real part. The set
Annzg( ) ( T;L=K) is known to be an ideal ofZG and so the following conjecture
is plausible.
Conjecture (Brumer) Annzg( L) ( T;L=K) Annzs(Pic(O.)).

It is reasonable to ask whether this conjecture can be genkrad to non-abelian
extensions. In this thesis our approach to this question is etivated by the for-

mulation of the Equivariant Tamagawa Number ConjecturdETNC) by Burns and

Flach in [9]. The ETNC is a leading term conjecture which cand applied to pairs
of the form (M; A), where M is a motive de ned over a number eld andA is an
“order' in the coe cient algebra of M. We denote the ETNC for a pair (M; A) by

ETNC(M; A). Both Brumer's conjecture and ETNCh®(Specl); ZG) are conjectures
concerning (T;L=K) and so one can ask whether ETN®C(SpeclL); ZG) recovers
Brumer's Conjecture. Moreover, since the ETNC makes no regition on the exten-
sion L=K being abelian one can ask whether this case of the ETNC coultb@ be



used to provide a non-abelian generalization to Brumer's @gecture.

We now let L=K denote an arbitrary Galois extension of number elds with Glois
group G and S a nite G-stable set of places of containing the set of archimedean
places ofL and the set of places which ramify in.=K . For the pair (h°(SpeclL); ZG)
one can show that the ETNC is equivalent to an equality in a rekive algebraicK -
group between the Euler characteristic of an "S-Tate Seque of L=K and the leading
term L4 (0) of the S-truncated equivariant L-function of L=K. To be more explicit,
an S-Tate sequence' is an exact sequence representing a caranaement Tg of
Ext5s(X1s;O.g), Where O, ¢ is the group ofS-units of L and X ;s is a ZG-lattice
of known structure. The leading termL ¢ (0) is an element of the multiplicative group
of the center (RG) of the group algebraRG, and one can view this as an element
of an algebraicK -group Ko(ZG; RG) via the extended boundary homomorphism
b (RG) ! Ko(ZG;RG). The assertion of ETNCH°(SpeclL); ZG) is then that

BLs(0) =  (Ts) 2 Ko(ZG;RG);

where (Ts) is a natural "Euler characteristic' of Ts calculated with respect to a
“trivialization' induced by the Dirichlet regulator map Regs.

Motivated by this reformulation of the ETNC we shall developa framework of "ab-
stract leading term conjectures’ and study some of their pperties. In order to
do this we de ne an augmented trivialized extension(or a.t.e. for short), which
is atriple = ( ; ;L ) comprising the following data. A “perfect extension’'
2 Ext2;(H*; HO where theH' are specied nitely generated G-modules, an iso-
morphism of RG-modules :R H?——R H?! and an elementL of (RG) .
The extension can be thought of as an "abstract Tate sequence’, as an "abstract
regulator map' andL as an "abstract leading term'. We then show that the vanishm
of the natural Euler characteristic that is associated to implies relations between

L and structural invariants of the modulesH'.

The ETNC for the pair (h°(SpecL);ZG) naturally gives rise to an a.te. o =
(Ts;Regs; L5(0)). Furthermore, our abstract framework is constructed n such a



way that the validity of ETNC( h°(SpecL); ZG) is equivalent to the vanishing of the
Euler characteristic of ;. When G is abelian, applying our general framework under
the assumption that ETNC(h®(SpeclL); ZG) is valid will give a relation between the
Fitting ideal of Pic(Oy.s) and the leading term of theL -function of h°(SpecL ), which
is precisely in the style of Brumer's Conjecture. Wheit is non-abelian the Fitting
ideal of a G-module is no longer de ned. In this situation we de ne a nattal no-
tion of Fitting invariant for G-modules. Applying our general framework under the
assumption ETNC(h°(SpecL); ZG) is valid will give a relation between the Fitting
invariant of Pic(O..s) and the leading term of theL-function of h°(SpecL). This
thereby gives a natural non-commutative generalization d@drumer's Conjecture.

The bene t of our abstract approach is that it applies not ony to ETNC(h°(SpecL);
ZG) but also to many other cases of the ETNC (see Chapter 6). Exates of these
cases include ETNC°(SpecL)(r);ZG) for r < 0 and, under certain hypotheses,
ETNC(h°(SpecL) hospeck) h*(E)(1); ZG) where E is an elliptic curve de ned over
K. Inthe rst case our abstract framework will recover the Cotes-Sinnott Conjecture
for L=K and indeed give a natural generalization of the conjecturetthe case that
L=K is non-abelian. In the second case this will give a "Strong MaConjecture' of
the kind that Mazur and Tate ask for in [29] and, again, give a atural generalization

when L=K is non-abelian.

Let S now be any nite G-stable set of places of containing all archimedean places.
The S-Tate sequence ofL.=K was originally de ned in [42] for largeS, where ‘large'
means thatS contains all the places which ramify inL=K and Pic(O_.s) is trivial,
and has been used in the study of the Galois module structuré©, . by Chinburg in
[16]. In [38] Ritter and Weiss remove the restriction thatS is large. They construct
an element of ExﬁG(r Ls: Opg) wherer s is @ module which ts into an exact

sequence of5-modules

O—/PiC(OL;s) /" L:S /b(L;S /b .

Their methods are fairly involved and it is unclear how theirconstruction, whenS is
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not large, relates to the ETNC. Furthermore, the module |.s is non-canonical in the
sense that it is only de ned up to isomorphisms which are thedentity on its torsion
submodule and its torsion free quotient. We resolve thesesiges by showing that
the Tate sequence constructed by Ritter and Weiss can be inpgeted canonically
in terms of certain etale cohomology complexes (when it mak sense to use etale
cohomology). This will give a concise and natural construicin of the Tate Sequence
of [38]. Furthermore, this approach will give a canonical deription of the module
r ..s inloc. cit. and prove natural functorial properties of the hte Sequence of loc.
cit.. It will also show how the Tate sequence of Ritter and Wes is related to the
general framework of the ETNC.

It should be noted that the more general Tate Sequence of Rt and Weiss has
already been used, for example, by Greither in [23] and Popesin [36].

The structure of this thesis is as follows. In Chapter 2 we ratt some basics, including
the relevant details on algebraid -theory and Fitting ideals. In Chapter 3 we de ne
a Fitting invariant for modules over arbitrary nite groups and investigate some
of its basic properties. In Chapter 4 we develop a general finework of abstract
leading term conjectures and interpret the vanishing of thduler characteristic of
an arbitrary a.t.e. in terms of equalities between Fitting nvariants. This chapter is
purely algebraic in nature and requires no prior knowledgef the ETNC. In Chapter
5 we quickly review the ETNC. In Chapter 6 we describe some diqit arithmetic
applications of the approach developed in Chapter 4. Fing|l Chapter 7 will be
devoted to the study of the Tate sequence of Ritter and Weiss [38] and can be read
independently from the preceding chapters.

11



Preliminaries

2.1 General Notation

In this thesis all rings will be both associative and unitalLet R be a ring. We write

(R) for the center ofR. By an idempotent ofR we shall always mean an idempotent
of (R). Unless stated otherwise, by afiR-module we shall mean a lefR-module. If
M is an R-module, then we write p¢ (M) for the projective dimension ofM over R.
We de ne PMod(R) to be the category of nitely generated projectiveR-modules.
Given a right R-module M and an R-module N we write M g N for the tensor
product over R. When the tensor productM N has no subscript we shall always
mean the tensor product oveZ. WhenR = ZG for a nite group G we write M gN
for the tensor product overZG. Given G-modulesM and N we can viewM as a
right G-module via the contragredientG-action, i.e. mg := g *m for all g 2 G and
m 2 M. In this way we can deneM ¢ N for any G-modulesM and N.

Given a ring homomorphismf :R! Swe write S g M in place ofS ¢ M, which
will cause no ambiguity as the homomorphisnfi will always be clear from context.
We will also frequently abbreviateS g M to Ms. Given a homomorphism ofR-
modules : M ! N we write S for the induced homomorphism ofS-modules
Ms! Ns.

For any Z-module M we write M, for the torsion submodule ofM and M for the
quotient module M=M, . Given a primep we write Z, for the localization of Z at p
and Z, for the completion ofZ at p. Given any Z-moduleM we setM, == Z;) M

and My ;= Z, M. WhenM is nite M, and M, both identify with the p-power
torsion submodule ofM .

If Gis a nite group and K is a eld, then we write Irr¢ (G) for the set of irreducible
K -valued characters ofG.

12



2.2 Algebraic K -Theory

In this section we recall the de nition and basic propertieof the relevant algebraic
K -groups. For a detailed discussion we refer the reader toy fexample, [19, Ch. 5]
or [40].

2.2.1 Ki(R)

The Whitehead GroupK 1(R) of aring R is de ned to be the abelian group generated
by symbols P;f], whereP is a nitely generated projective R-module andf is an
automorphism of P, subject to the following relations:-

i) For each exact commutative diagram of nitely generated pjective R-modules
0 /o /b I 00 /b

fO ‘f fOO

0 /po /b /oo 1H

we have P;f]1=[P%f 9+ [P%f %, wheref;f °and f “are R-automorphisms;

i) If P is a nitely generated projective R-module andf and g are automorphisms
of P, then [P;g f]=[P;g+[P;f].

Given a ring homomorphismR ! S one has an induced homomorphism of groups
rs - Ki(R) ! K4(S) given on generators byR;f] 7! [S rP;S f]. We thus see
that K.(R) is functorial in R.

We give an alternative description ofK ;(R) which will be useful later. Letn be a
natural number, i;j 2f1;:::;ngwith i 6 j and 2 R. We dene ann n matrix

Ejj ( ) by setting 8
31 k=1
(Eij ( N =3 k =il =]

0 otherwise
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We de ne the group ofn n elementary matricesk,(R) to be the group generated
by the E; ( ). For any natural number n we have an injectionGL,(R) ! GLn+1 (R)

given by A 7! 2 2 . The groupsGL(R) form a directed system under these maps

and we de ne the in nite general linear groupGL(R) of R to be the corresponding
direct limit Iim GL,(R). Similarly we can de neE(R) := Iim E.(R), since the above
directed sysiem maps elementary matrices to elementafy metes. One then has a
canonical isomorphismK ;(R) = GL(R)=E(R) given as follows. Let P;f] 2 K.(R)
and let P°be a nitely generated R-module such thatP  P%is free of rankn say.
From the relations inK 1(R) it is clear that [P%id] =0 andso [P;f] =[P P%f id],
hence we can assume th& is free. By choosing a basis ¢ we can represent by
an elementA; of GL,(R). The required map is given by mapping®;f ] to the class
of As in GL(R)=E(R). For a proof that this is an isomorphism we refer the reader
to [40].

2.2.2 Ko(R:S)

Let R ! S be a ring homomorphism. Therelative algebraicK -group Ko(R;S)

is de ned to be the abelian group generated by symbol®{";Q ], where P and Q

are nitely generated projective R-modules and' : Ps ! Qs is an isomorphism of
S-modules, subject to the following relations:-

i) Let 0O /430 lp /4300 /b and 0 /Qo /Q /Qoo /0 be

exact sequences of nitely generated projectiv@-modules. If there existS-isomorphi-

sms', ' %and’' % tting into an exact commutative diagram of S-modules

0——IPg—Ips —IpP b

)

0—/Q¢ —/Qs —/Q¥—0;

+ 00

then [P;;Q ]=[P%' ¢ Q9+ [P%" %9Q%:
||) |f[P;';Q];[Q; L ]2 KO(R;S), then [P, "L ]:[P;';Q]+[Q; L ]

14



We recall that Ky(R;S) is functorial in the following sense. Given a commutative

diagram of ring homomorphisms

R—'k

RO

/50

there is an induced homomorphism of grougso(R;S) ! Ko(R%S9 given on gener-
atorsby [P;;Q 17! [R® gP;S° R ® QI

2.2.3 The Localization Sequence

Let R! S be aring homomorphism. There is an exact sequence of abelgmoups
K1(R) ——K1(S) ——Ko(R; S)

where the right hand map is de ned as follows. As in2.2.1 we can assume that every
element ofK 1(S) is of the form [S";f]. One de nes rs([S";f]) :=[R";f;R"]. For
a proof of the exactness we refer the reader to [40, Th. 15.5)hen R! S is clear
from context we will drop the subscripts on r:s.

The maps in this localization sequenceare natural in the following sense. Given a
commutative diagram of ring homomorphisms

]

Ro_/lso

the following diagram commutes

15



R;S

K1(R) IK 1(S) —=—IK o(R; S)
K1(RY — 527K 4 (89 — 22 IK o(R% S9);

where the vertical maps arise from the functoriality of botiK( ) and Ko( ; ).

2.2.4 The Reduced Norm Map

Let L be eitherR, C, a number eld or a nite extension of Q, for some primep. For
any semi-simpleL -algebraA there exists areduced normmap

Nrda : A — (A)

which is de ned componentwise on each Wedderburn compone(af. [37, x9]). The
reduced norm map induces an injective homomorphism of alsli groups

Nrdy : K1(A) —// (A) (2.1)

which we also denote by Nrgd. We write Nrd for Nrd  if the algebraA is clear from
context.

We denote the image of the reduced norm map (2.1) bfA) *. A precise description
of (A) * is given by the Hasse-Schilling-Maass Norm Theorem [37, Gh.Th. 33.15].

A case of particular interest will be whenA = LG for some nite group G. If L is
either C or a nite extension of Q,, then (LG) * = (LG) . If G has no non-trivial
irreducible symplectic character, then (RG) * = (RG) . We note that if G is
abelian, then it satis es this hypothesis. IfG has a non-trivial irreducible symplectic
character, then (RG) * (RG) .

16



2.2.5 The Extended Boundary Homomorphism
One can de ne a canonicaéxtended boundary homomorphism
b: (RG) —Ko(ZG;RG)

as follows. Given any prime numbelp one has a canonical ma (ZG; QG) !
Ko(Z,G; QpG) arising from the functoriality of Ko( ; ). If X 2 Ko(ZG; QG), then
we denote byx, the image ofx under this map. One then has a canonical isomorphism

of groups
M
Ko(ZG;QG) —  Ko(ZpG; QpG) (2.2)

p
given by x 7! (Xp)p, Where the sum ranges over all prime numbers(see the discus-
sion following [19, (49.12)]). Ifx 2 (RG) , then one can choose, using the weak
approximation theorem (see [15, Ch. 1Ix6]) and the explicit description of (RG) *,
an element of (QG) suchthat x 2 (RG) *. One then de nes

X
B(x) = z6rs Nrdgg(x) 2,6:0,6  Nrdgig( )
p
where the sum is considered as an elementk§(ZG; RG) via (2.2). It can be shown
that this map is well de ned. Furthermore, it is clear from the de nition that if
x2 (RG) ™, then b(x) = zere Nrdgg(x). For a more conceptual description of
b we refer the reader to [5, Lemma 2.2].

Given an idempotente of QG one can de ne a homomorphisrrpe : (RGe) !
Ko(ZGe;RGe) in the same way ad. Furthermore, given two idempotentse; &€ of QG
such that e€ = € it is straightforward to check that the maps P, and Bo commute
with maps induced on the localization sequence by the comnatiive square

ZGe—RGe

72GeP—RGe”

17



Finally, given a commutative diagram of ring homomorphisms

ZGe—RGe

R——RGe

we have a composite maﬁe;R given by
(RGe) —/K((ZGe;RGe) —/K o(R; RGe):

In our applications the ring R will always be clear from context and so we will drop
the subscriptR on B,x.

2.3 Homological algebra

2.3.1 Complexes

Let R be a ring. We write Kom(R) for the category of complexes oR-modules
and D(R) for its derived category. Unless stated otherwise, given @omplex A of
R-modules we will denote thei™ dierential of A by dy. Given a morphism of
complexesf : A ! B we write Conef) for the ‘'mapping cone' complex whose
objects are Conef()' := A™  B' and whose di erentials ared, o« ,(@+1;h) :=
(dit (a+1); ™ (as1) ds(b)). We regard the derived category as triangulated
with respect to this choice of mapping cone. An exact trianglin D(R) will always
be written in the form

A 8 Ic I

For any complex ofR-modulesC we write C[n] for the shifted complex whose objects
areC[n]' := C'*" and whose di erentials aredy, := ( 1)"d¢". Given anR-module
M we write M [k] for the complex consisting oM concentrated in degree k and
hence have an equalitM [k][n] = M [k + n].

18



We write C°(PMod(R)) for the category of bounded complexes of nitely generate
projective R-modules. We say a complex dR-modules isperfect if it is isomorphic
in D(R) to an object of C’(PMod(R)). We write DP®(R) for the full triangulated

subcategory ofD(R) consisting of perfect complexes.

2.3.2 Derived Functors

We brie y discuss how to compute certain derived functors. Aull discussion of this
material can be found in [22, 111.6].

Let A and B be abelian categories an& : A! B a right exact functor. We say that
a class of objectdI of A is adapted toF if the following hypotheses hold:-

Every object of A is a quotient of an object ofT ;

T is closed under direct sums;

fo! A% Al APl 0is an exact sequence iif, then 0! F(A9 !

F(A)! F(A%! O0is exactinB.

Let D(A), resp. D(B), denote the derived category ofA, resp. B, and let D®(A)
denote the subcategory oD (A) of bounded complexes. Given a class adapted to
F one can compute the left derived functor oF,

L(F)( ):D*A)—ID(B);

as follows. LetC be an object ofDP(A) and choose a bounded above compldxall
of whose objects are i and such thatT is isomorphic toC in D(A). One de nes
L(F)(C) := F(T). It can be shown thatL(F)(C) is independent of the choice of,
i.e. given another choic& °, one has a canonical isomorphisf(T) = F(T9 in D(B).

19



2.3.3 Tate Cohomology

Let G be a nite group. Given a G-module M and an integeri we write lbi(G; M)
for the Tate cohomology group de ned in [15, Ch. IV]. We remasthat, by de nition,

lbi(G; M) = Ext Lo(Z; M) for all i 1. We say that M is cohomologically trivial
if the groups fb‘(J; M) vanish for all subgroupsJ of G and for all integersi. We
write M € for the largest submodule oM upon which G acts trivially and Mg for
the largest quotient module ofM upon which G acts trivially. For any G-modulesM
and N we have a natural identi cation of abelian groupgM N = (M N)g.

Lemma 2.3.1. A G-moduleM is cohomologically trivial if and only if pdg(M) 1.

Proof See [15, Ch. IV, Th. 9].

Lemma 2.3.2. Let M be a torsion freeG-module andC a cohomologically trivialG-
module. ThenM C is a cohomologically trivialG-module with respect to the diagonal
G-action. Furthermore, there is a canonical isomorphisnM s C = (M C)°.

Proof By Lemma 2.3.1 there exists an exact sequence@modules 0! P;! Py!
C! 0 with Py and P, projective. SinceM is torsion free, applying the functorv

to this exact sequence gives an exact sequencesemodules

o—M PL—M P,—M c—b (2.3)

Now if P is a projective G-module, thenM P is a cohomologically trivialG-module
(cf. [15, Ch. IV, x9]). Hence (2.3) implies thatM  C is a cohomologically trivial
G-module.

By de nition of the Tate cohomology groups there is a tautolgical exact sequence of

abelian groups
0—M G:M C)—AM C)e —/AM C)°—oG:M C)—b;

P
whereNg denotes multiplication by the element ,;gof ZG. AsM  C is coho-
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mologically trivial we therefore have a canonical isomorpm
Ng:(M C)¢—M C)°

and since M C)g identies with M g C we are done.

2.4 Fitting Ideals

In this section R is a commutative noetherian ring.

De nition 2.4.1. Let M be a nitely generatedR-module. Choose an exact sequence
of R-modules of the form

Rr —JRe — I — by

With respect to the standard basis we can identifywith a g r matrix over R. The
Fitting Ideal of M is de ned to be

Fitt o (M) 1= The ideal of R generated by al g minorsof ifg r
’ | otherwise

It is not di cult to show that this ideal is independent of the choice of presentation
of M (see [35, Th. 1]).

21



Non-Commutative Fitting Invariants

We now generalize the de nition of the Fitting ideal given inx2.4 to group ringsZG,
whereG is an arbitrary nite group. For an alternative de nition of Fitting invariants
over non-commutative rings we refer the reader to [25].

3.1 The De nition

Let G be a nite group and M a nitely generated G-module. LetK be a splitting
eld for QG and setMk := K M. We de ne

(M):=1 21Irrg(G)je M¢ =0g

wheree is the primitive (central) idempotent of KG corresponding to . We set

X
ev = e:

2(M)
There is a natural action of Aulp(K) on the set of irreducible idempotents oKG.
Given a character in ( M), all idempotents in the Autg(K)-orbit of e annihilate
Mk (since we can pick a basis & M which belongs toQ M). Thus ey is a
sum over Aulp(K )-orbits of idempotents and so belongs t®G. The de nition of
ey implies that the moduleZGe,, ¢ M is nite, which can be seen by applying the
functor Q

Let be either Z) or Z, for some primep, L the quotient eld of and e an
idempotent of QG.

Hypothesis Hyp (M; ;e) M is a G-module for which there exists an exact sequence
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of Ge-modules of the form
0—/N Ge"—N Ge" —/ Ge M —b: (3.1)

If e= ev, then we write Hyp(M; ) in place of Hyp(M; ;e).

Remark 3.1.1. From the de nition of ey it is easy to see that HypM; ;e) holds
only if eis an idempotent such thate:q, = e.

De nition 3.1.2. If Hyp(M; ;e) holds, then for any presentation of Ge ¢ M of
the form (3.1) we de ne

Fitt c(M;e):=Nrd ge(L )2 (LGe) mod Nrdge( cerce(Ki( Ge))):

Furthermore, if e= g, we setFitt (M) :=Fitt (M;ey) and call this theFitting
invariant of M.

In the next section we shall show that Fitt g(M;e) is independent of the choice of
the presentation in (3.1), but rst we describe criteria that are su cient to e nsure
that Hyp(M; ;e) is satis ed.

Proposition 3.1.3. Let M be aG-module which ts into an exact sequence d@&-
modules of the form

0—k e —IF —IMm 16 (3.2)

where F is nitely generated and free, C is nitely generated and cohomologically
trivial and Q C is isomorphic toQ F as QG-modules.

If pis any prime for which(K ), is @ cohomologically trivialG-module, thenHyp(M;
Zp)), HYP((Kor )p; Z(p)), HYP(M; Zp) and Hyp((K wr)p; Zp) all hold.

Proof We rst need the following auxiliary lemma.
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Lemma 3.1.4. Let , G ande be as above. Let

0 I o Igo It Iyt 1 (3.3)

be an exact sequence @&-modules withC® and C*' cohomologically trivial. The in-

duced sequence of Ge-modules

0—/{ Ge HY® —/Ge ¢CO'—/Ge ¢C*— Ge gH'—b
is exact, where Ge acts on the rst factor of the tensors in the natural way.
Proof Given a G-moduleM we make Ge M intoa Ge ZG-module via the

action (gue;@)(x m):= gixg,' gm. Since Geis torsion free, applying Ge
to (3.3) gives an exact sequence ofGe ZG-modules

0—"Ge H'— Ge c®— Ge ct—/ Ge H!—b: (34)

Applying the functor ( ), resp. ( )g, to (3.4) gives an exact sequence ofGe-

modules
0—/N Ge HO® —/ Ge C9° —/ Ge CHE;

resp.
Ge cCO— /' Ge Cct— Ge HI—b:

Lemma 2.3.2 implies that we have a canonical isomorphismGe C)¢ = Ge ¢C!
for both i = 0 and 1. Combining this with the previous two exact sequensegives

the exact sequence of the lemma.

Applying Lemma 3.1.4 to (3.2) gives an exact sequence oGe-modules

0—/N Ge K)°6—/Ge ¢C—' Ge gF— Ge ¢M —b:
(3.5)
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We sete= ey and write T for K, . By de nition of ewe see that ( Ge K)®is nite
and thus equal to ( Ge T)®. Let p be a prime such thatT, is a cohomologically
trivial G-module and x = Z. Lemma 2.3.2 implies that we have an isomorphism
of Z;)Ge-modulesZ,,Ge T, = (Z(pGe T,)©. Furthermore,Z,Ge T, identi es
with Z,)Ge ¢ T and so (3.5) gives an exact sequence Hf, Ge-modules

0—/Z(p)Ge G Tp —/Z(p)Ge G C —/Z(p)Ge cF —/z(p)Ge c M _/b:
(3.6)
We need the following lemma, which is @-local version of [15, Ch. IV, Th. 8].

Lemma 3.1.5. Let M be aG-module, T := My, andp a prime. If M and T, are
cohomologically trivial G-modules thenM () is a projective Z,) G-module.

Proof The proof will be similar to [15, Ch. IV, Th. 8]. Choose an exdsequence of
G-modules of the form

0—RQ —IF —IM=Tp, —0

with F free. We have a natural identi cationM () = Z,; M=T, and hence an exact
sequence oF ;) G-modules

0—Qp) —IFp —M () —6: (3.7)

As M (, is torsion free the functor Hom (M ,; ) is exact, thus applying this
functor to (3.7) gives a short exact sequence df, G-modules

0——Homz , (M (); Q) —/Homyz (M () F(py)) —/Homz, (M (5): M () —0;

whereG acts on the Hom-groups via the contragredient action. Applgg the functor
( )© to this exact sequence gives a sequenceZgfy-modules

0—/Homz,, c(M (p); Q(py)) —/Homz, (M (); Fpy) —Homz (M (5); M () —/0
(3.8)
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which will be exact if Ext%(p)G(Z(p); Homz, (M (); Q) = 0. If this is the case, then
any pre-image of the identity map iq,,L(p) in (3.8) will split (3.7), showing M ( is
projective as required.

Let G, be a Sylowp-subgroup of G. We recall that the Tate cohomology groups
ll?i(G;A) of a G-module A are annihilated byjGj ([15, Ch. IV, Cor. 1]). Hence ifT is
a nite G-module such that (Gj;jTj) = 1, then T is cohomologically trivial. We thus
see thatT =T, is a cohomologically trivialG,-module. Furthermore, since bottM and
T, are cohomologically trivial G,-modules, then so isM=T,. Thus applying the long
exact sequence of Tate cohomology to the tautological exas#quence oG,-modules

0— =T, —IM=T, — I —1b

shows thatM is a cohomologically trivial G,-module.

For all G-modulesN and integersi 1 we have a commutative diagram of groups

Extho(ZiN) @ —ExXtz 6(Zp): Nep) (3.9)

Exthe, (Z;N) —Ext, o (Z@:Nep);

where the horizontal arrows are the natural maps and the vadal arrows are the
restriction maps. The rst vertical map in (3.9) is injective since the restriction
map resg : Ri(G; A) —Ri(G,; A) is injective on the p-part of Ri(G;A) ([15,
Ch. IV, Cor. 3]). Now sinceM is a cohomologically trivial Go-module [loc. cit.,
Ch. IV, Th. 7] implies that Hom(M; Q) is a cohomologically trivial G,-module, i.e.
Ext‘ZGp(Z; Hom(M;Q)) =0 for all i 1. Furthermore, HomM;Q)p is isomorphic
to Homgz, (M (); Q(p)) @and so settingN = Hom(M; Q) in diagram (3.9) shows that
Ext}, c(Z(p); Hom(M; Q)y) = 0 as required.

Applying Lemma 3.1.5 to the G-module C shows that C, is a projective Zp G-
module. Furthermore, Cp identi es canonically with Z;,G ¢ C. There is a nat-

ural surjective Z ) Ge-homomorphismZ i Ge 7,6 Z(pG cC! ZpGe cC. As
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Zp»G ¢ Cis projective, Z(Ge 7,6 Zp)G ¢ C is torsion free and so this homo-

morphism is also injective. We thus see thaZ;Ge ¢ C is a projective Z,Ge-

module. One also sees, using the previous isomorphism, tlqf,Ge ¢ T, = (Z(,)Ge
cC)wr and so (3.6) induces an exact sequence ff,) Ge-modules

0—‘*2([,)Ge—GCQZ(p)Ge c F QZ(p)Ge s M _/b:

Recalling that e := ey, we see thatZ; e ¢ M is nite. Hence applying the functor
Q 2, tothe previous exact sequence shows th@ 2 ZGe  C isisomorphic
toQ z, ZpGe cF as aQG-module. The following well known result now shows
that Z,)Ge ¢ C is a freeZ;G-module and hence that Hypi/; Z ) holds.

Lemma 3.1.6. Let R be a discrete valuation ring with quotient eldK and G a nite
group. LetM and N be projectiveRG-modules such thak gM = K r N as
KG -modules. ThenM is isomorphic toN as RG-modules.

Proof See [19, Ch. 4, Th. 32.1].

Next, asT, is a cohomologically trivialG-module Lemma 2.3.1 implieJ, has a length
one projective resolution oveiZG. Applying Z to such a resolution gives an
exact sequence aof ;) G-modules

o—/p Jpo—r, /6 (3.10)

where P is a projective and, without loss of generalityP°is both nitely generated
and free. Applying Lemma 3.1.6 to (3.10) shows Hypf; Z(y) holds. Finally, the
hypotheses HypM; Z,) and Hyp(Tp; Zp) now clearly hold as the functorZ, z
is exact.
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3.2 Fitting Invariants are Well De ned

We now return to the situation that is either Z, or Z, for some primep. We x
a G-module M and an idempotente of QG such that Hyp(M; ;e€) holds.

Lemma 3.2.1. Given two exact sequences ofGe-modules of the form
0—/ Ge" — N Ge"— Ge sM —b

0—A Go" —N Ge" — Ge ¢M —0,

one has Nrq ) = Nrd( YNrd(u) for someu 2 (Ki( Ge)). In particular Fitt ¢(M;e)
is independent of the choice of presentation (3.1).

Proof To ease notation we set = GeandM.:= Ge ¢M.

Consider the exact sequence of -modules

0—Mn_din___ij\ b

Let f g, denote the standard basis of ". Clearly fm; := (;)gL, is a set of
generators ofM.. Let m be an element oM. and f %' denote the standard basis
of "™ Wedeneamap % "*''1 M, by setting

(m-l'n
=" "

m i=n+1;:

We now have an exact commutative diagram of -modules

0 /Il n /l n /Me /0

0— Ik vt 2 I, — b

where the middle vertical arrow is the natural injection of " into the rst n factors of
N1 K :=ker( 9 and the rst vertical arrow is the uniqgue map making the diagam
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commute. Completing the diagram via the Snake Lemma we obtaithe following
exact commutative diagram

0 0 0 (3.11)

where is the projection of the (1 + 1) component of "*! onto . We extract the
following split exact sequence from the diagram

0 Jin___ Ik i Iy

Let ( 1;:::; n;€) be a pre-image ok under . This pre-image de nes an isomor-
phism of -modulesK = "*1. Together with (3.11) this gives an exact commutative
diagram of -modules

0 /l n /I n

/Me
O_// n+1 /lne1 _° /Me

o

o

where, with respect to the standard basis, is represented by the matrix

0 0

/I m

Let 0 /I'n II'n M ¢ /6 and 0 /I"m M ¢ 6 be
exact sequences of -modules anfim;gl, , resp. f m°g, , the images of the standard
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basis vectors of ", resp. ™, under , resp. ° Using the above argument inductively

we obtain two exact sequences

0— S nem i nem I\ I

0— M nem " i nem —° U I

where, iff g, is the standard basis of "*™, then and °are de ned by

NNEE N Y

We can construct an exact commutative diagram of -modules

0—J nem Sl nem 2y b

\% U ‘
0— S nem " Jinem I I

where U is the obvious change of basis isomorphism making the righaihd square
commute andV is the unique map completing the diagram. The Snake Lemma irigs
that V is an isomorphism thus we can represed and V by elements ofGL ().
The equality = U ! %, together with (3.12) and the de nition of Nrd, implies
that Nrd( ) = Nrd( ) = Nrd( U Y)Nrd( 9Nrd(V) = Nrd( U )Nrd( INrd(V). Since
Nrd(U ) and Nrd(V) are clearly in Nrd( (K ())) we are done.
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3.3 Basic Properties

3.3.1 Abelian Groups

For this sectionG will be an abelian group. Let be asinx3.2,L the quotient eld of
and L an algebraic closure of . Let e be an idempotent ofQG and M a G-module

for which Hyp(M; ;e) holds. We setC(e) := f 2 Irr(G)je e6 0g, wheree is the

irreducible idempotent of LG corresponding to . There is a unique isomorphism of

L-algebras
Y oo _
L — L:
21l ~(G)

For any natural number m we denote by . the isomorphism ofL -algebras

Y _
2C(e)

induced by . We then have a commutative diagram

Y _
Mmn( Ge) —J/ Mm(L) (3.13)
2C(e)

det (det)

. Y
Ge—2C i L:
2C(e)

Since HypM; ;e) holds we can choose an exact sequence dbe-modules of the
form
0—/N Ge"— N Ge" — Ge M —b

We then have
Fitt Ge( Ge ¢ M) = det( ) Ge
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and
Fitt c(M;e)=Nrd |ge(L ) mod Nrd ge( (Ki( Ge))):

As G is abelian we have Nrgge ( (K1i( Ge€))) = o Ge) ). By de nition of the
reduced norm and the commutativity of diagram (3.13) we sedat Nrd ge(L ) =
e(det( )). We have thus proved the following result.

Lemma 3.3.1. Let G be an abelian group an1 a G-module for which HygM; ;e)
holds. Then Fitt ce( Ge ¢ M) is a principal ideal of Ge. Furthermore, if X is any
generator of this ideal then

Fitt g(M;e)= ¢(X) mod (( Ge) ):

In view of this lemma there should be no confusion in using theotation Fitt ( )
to denote both Fitting invariants and Fitting ideals.

Lemma 3.3.2. Let , G and e be as above anl a G-module. Then:-
i) Fitt ce( Ge M) =Fitt g(M)eg

i) If e= ey, thenFitt ¢(M)e=Fitt g(M).
Proof i) Choose an exact sequence ofG-modules
(6 —N G°—M—b

and identify with an s r matrix over G in the usual way. Applying the functor
Ge ¢ to this exact sequence gives an exact sequence @e-modules

(Gey —=  /{ Ges—— NI Ge M —b:
Clearly Ge is represented by the matrix obtained from by multiplying each of

its entries by e, hence det()e=det( Ge ). Claim i) now follows from De nition
2.4.1.
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X
ii) By de nition of ey we have 1 ey = e ; wheree is the primitive
2l HG)n( M)
idempotent of LG corresponding to . For any x 2 Fitt (M) one hasx = xey +

X(1 ew), thus it su ces to show that Fitt g(M)e =0forall 2lrr(G)n ( M).
Given such a character we let  be the ring extension of generated by the values
of andset := Ge . Choose an exact sequence of5-modules of the form

( G —/ G*—M —b:
Applying ¢ gives an exact sequence of -modules

s M

where = . De nition 2.4.1 implies that Fitt (M) =Fitt (M ) and
Vv Vv

furthermore that im( ° ) =Fitt (M )in ° S = . However, since 2

( M) we know that M has rank at least one over and thus im( ) has rank at

S

mosts 1. This in turn implies that im( ) is a torsion submodule of and is

thus zero as required.

3.3.2 Multiplicativity

For commutative rings Cornacchia and Greither have shown #t, under certain con-
ditions, Fitting ideals are "multiplicative’ on short exad sequences (cf. [18, Lemma
3]). We have the following analogous result in the non-comrative setting.

Proposition 3.3.3. Let be asinx3.3.1, G a nite group and

0 /M 0 /M /M 00 /b

a short exact sequence ofG-modules such that both Hy; ;e) and HygM % ;e)
hold and Tort ;( Ge;M% =0. Then Hyp(M% ;e€) holds and

Fitt ¢(M;e)=Fitt g(M%e)Fitt g(M%e):

33



Proof Let = Ge. Under the assumption that Tof ;( ;M%) = 0, applying G
to the exact sequence in the statement of the proposition g a short exact sequence
of -modules

o—  sMmMO— oM —  SMO—b: (3.14)

Since HypM; ;€) and Hyp(M % :e) both hold we can choose short exact sequences
of -modules of the form

0 /I n /I n /l s M b
0— M o2 lao___ gl N0y,

(3.15)

We will show that this implies the existence of a short exactegjuence

0— Mmoo 2o I MO—Ip

and that Nrd( ) = Nrd( YNrd( % in (LGe) .

For all -modules N the long exact sequence corresponding to (3.14) and the ftors
Ext' ( ;N), together with (3.15), shows that Exf( ¢ M%N) = 0. This implies
that pd ( s M9 1. Hence we can pick a projective resolution of ¢ M0 of

the form
0— tpo— a0l MO—Jb:

We obtain a commutative diagram of short exact sequences irhigh the solid lines
have already been given and the dotted lines are constructeing the Horseshoe
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Lemma

C‘) 0 0 (3.16)
0 /o M /Y /B V L —
0-— _/‘:)0 n® /[ no noo |/ M _/b
0 /I oo S/ I s Mo—1p

0 0 0

By applying Schanuel's Lemma ([19, (38.37)]) to the middleow of this diagram and
the free resolution of c M in (3.15), we can assume that all the objects in the
top left square of (3.16) are free. Furthermore, the maf can be represented by a
matrix of the form I
°l 0
00

Our claim now follows from the equality Nrd€) = Nrd( 9Nrd( 9.

Remark 3.3.4. It is natural to ask if the methods of this section can be adaged
to associate to each nitely generateds-moduleM a more general nhon-commutative
invariant. For example, one could try to construct an idealn a maximal order M
containing ZG as follows. Mimicking De nition 2.4.1 one could take a presgation
matrix A for M and look at the idealAg(A) of M generated by the reduced norms of
all g g submatrices ofA. However in order to show such an ideal is independent of
the choice of resolution oM one would need a proof similar to [35, Ch. 3, Lemma 2]
and this idea fails for the following reason. Given g g elementary matrix E it is an
easy exercise using the reduced norm to see that in gene#Ag(EA) 6 Ay(A). This
appears to be the obstacle in making other similar de nitios in the non-commutative

setting.
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Abstract Leading Term Conjectures

4.1 Euler Characteristics

Let R be a ring. For any gradedR-module C we de ne the following R-modules

M M
Cev = CI Codd = CI;

i even i odd
the sums being taken over integers

Let R now be a Dedekind domain of characteristic zerd; its eld of fractions and
A a nite dimensional semi-simpleF -algebra. We let be an R-algebra which is a
full R-lattice in A. Such anR-algebra is said to be arR-order in A.

De nition 4.1.1.  Let C be an object oDP"() and t : H®(Cg) ——/H4(C¢) an
isomorphism of A-modules. We say that is a trivialization of C and refer to the
pair (C;t) as atrivialized complex

To any trivialized complex (C;t) one can associate a canonical (re ned) Euler charac-
teristic A (C;t) in Ko( ;A). We will recall the basic ingredients of this construction
but for full details and properties the reader is referred t¢6].

Let C be an object ofDP®f() and t a trivialization of C. Choose a comple 2
C°(PMod(R)) which is quasi-isomorphic toC and splittings of the tautological exact

sequences
0—/Bi(Pe) — i (Pe) —HI(Pe) —o

4.1
0—I7Zi(Pe) — Pl —IBi*1 (Pp) —Jb; @y

whereB'(Pg), resp. Z'(Pr), denotes the degreé coboundaries, resp. degreiecocy-
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cles, ofPr. We obtain an isomorphism
pede B'(Pr)  H"(Pe)

MZ
= B'(Pr) H®(Pe)

i27

= ng

where the rst and third maps are obtained from the chosen sjlings of the exact
sequences in (4.1) and the second map is induced toy. We write (t 1) for this
isomorphism, which is clearly dependent upon the chosen igjirhgs.

One de nes
A(C;1) =[P4 (t 1):P®]2 Ko( ;A)

which can be shown to be independent of all choices made in tbenstruction. In
particular it is independent of the choice of splittings in 4.1).

We recall the following useful result.

Lemma 4.1.2. Let :=[ T[O] Q R /] be an exact triangle inD™"()
whereT is a nite -module. The complex [0] has a unique trivialization which we
denote by0. The triangle induces isomorphisms oA-modulesH ¢V(Qgr) = H®(RE)
and HY(Qr) = H®(Rg). Thus any trivialization t:H®(Qg) —/H(Qr) of
Q induces a trivialization of R, which we also denote by One has

A(Q:i) = a(T[OL0)+  a(R:1):

Proof See [6, Th. 2.8].

37



4.2 Trivialized Extensions and Abstract L -values

Let be a nitely generated subring of Q and G a nite group. Let H® and H?! be
nitely generated G-modules and x an element of Ext?;(H*; H°). Let

0 /H 0 /I o /I 1 /H 1 /b

be an exact sequence ofG-modules representing. One obtains a complex of G-
modules ©—/ 1 where the rst term is placed in degree zero an#’() = H
fori =0;1 (whilst the complex is dependent upon the choice of Yoneda extension
representing , we shall only make constructions which are independent dfis choice).
Conversely, given any complex which is concentrated in deges zero and one, one
obtains an element of Ext5(H() ;HC()) in the obvious way.

De nition 4.2.1.  An element of Ext?;(H?*; H?) is said to be aperfect extensionif
the complex is perfect. An augmented trivialized extension (a.t.e.)(with respect to

G)isatriple =( ; ;L ) comprising a perfect extension in Ext?;(H;HO),
an isomorphism ofRG-modules

'R H—/R H?

and an element. of (RG) . We shall callL the leading term of .

The existence of the isomorphism implies that ( H%) = ( H?') and so we write
() for this set ande for the idempotent associated to ). With respect to the
natural multiplicative action of (RG) on (RGe) wesetL =L e 2 (RG).

We will omit from the notation when the context is clear.

De nition 4.2.2. Given an a.t.e. = (;; L ) the Euler characteristic of is
de ned to be
()= aro( 5 )+ BL )2Ko( GRG):
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4.3 Euler Characteristics and Fitting Invariants

In this section we state and prove the main algebraic resultf ¢his thesis (Theorem
4.3.1). This shows that the vanishing of the Euler charactestic ( ) of an a.t.e.
gives explicit congruences between the leading term ofand structural invariants of
the modules associated to. In Chapter 6 we will show that a.t.e.'s arise naturally
in the context of the ETNC in such a way that the validity of the ETNC is equiva-
lent to the vanishing of the Euler characteristic of the give a.t.e.. In this way one
can therefore view the conjectural equality ( ) = 0 as an "abstract leading term
conjecture’.

Let G be a nite group, p a prime, either Z,, Z, or a nitely generated subring of
Q and L the quotient eld of . Forany G-moduleM we write M , resp. M -, for
the G-module Hom (M; ), resp. Hom (M;L=), endowed with the contragredient
G-action. Given a -order A in LG we say that A is relatively Gorensteinif A is
isomorphic to A as an G-module.

Let now be a nitely generated subring of Q. Let :=(;; L ) be an a.t.e. (with
respectto G). We setT := (H%)y, and write , resp. e, for ( ), resp.e .

Theorem 4.3.1. If () vanishes, then each of the following claims is valid.
i) L2 QG.

ii) If pis any prime such thafT, is a cohomologically trivialG-module, thenFitt z,6(T5)
and Fitt ,c(H) are both de ned and

Fitt 2,6(Ty)L = Fitt z,6(H}):

i) If G is abelian andp is a prime such that eitherT, is a cohomologically trivial
G-module orZ,,Ge is relatively Gorenstein, then

Fitt 7, c(T5)L = Fittz(p)G(H(lp)):
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Proof

Claim i): We have an isomorphism oRG-modules :R H?——/R H? which
implies the existence of an isomorphism dG-modules ' :Q H°—/Q H!?
(see, for example, the arguments in [39, Ch. 12]). We x sucmasomorphism' and
given 2lrr¢(G) we de ne

A():=L dete((C " 1) (C )imomeorvic H9))2C

whereV is a C-vector space realizing .

Remark 4.3.2. Our de nition of A. ( ) is motivated by Tate's formulation of the
Stark conjectures [41, Ch. 4].

Lemma 4.3.3. () is an element ofKo( G;QG) if and only if A. ( ') = A ()
forall 2lrrc( G) and! 2Aut(C).

Proof As in x4.2 we let be a complex of G-modules concentrated in degrees
zero and one and such that the extension class it de nes is Recall that () :=

sra( ; )+BL ). Let 2 (QG) suchthat L 2 (RG) * (such an element
exists after the discussion irx2.2.5). Then

bL )

be L) b))
sre Nrd Y( L) B()

and b( ) 2 Ko( G;QG). It will thus su ce to prove the result in the case that
L 2 (RG) *.

We have two trivializations of , one with respect toQG, namely' , and one with
respect toRG, namely . Using [6, Th. 2.1 (2)] one has

ere( ;) sas( :")= are(R H%MR " Y ]
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and so  gre( ;) cre(R H% MR ' 1) D modKy G;QG). Hence

() 2Ko( GQG)
0 sra( 5 )+ ars Nrd *(L )2 Ko( G;QG)
0 sre(R H%(R ' 1) D+ sre Nrd YL )2 Ko G;QG)
0 Nrd(R ' %) )L 2 (QG)
(4.2)

Furthermore, by de nition of Nrd we have Nrd(R ' 1) )L = (A ()) in
(CG) . Hence the condition thatA. ( )= A. ( )' forall and! is equivalent to
the bottom statement in (4.2) as (QG) = HY(Aut(C); (CG) ).

Recall the de nition of ( ) from 4.2.1 and that we dened := ( ). For any
2 we have (H° C)e =0andsoA ( )= L . Ourassumptionthat ( )=0
trivially implies that () 2 Ko( G;QG). By De nition 4.2.1, L is the element of

(RG) given by (

L= L if 2
0 otherwise
Since is stable under Aut(C), Lemma 4.3.3 implies thatL . = (L )' for all

I 2Aut(C)and 2 . Thus L2 (QG) which proves claim i) of Theorem 4.3.1.

Since claims ii) and iii) are local statements, for the restfdhe proof we will assume
= Z.

Claim ii): Let

0 Iy o /I o__d IFGs — 1 1H (4.3)

be an exact sequence @-modules representing and  the complex [ ! ZG®]
with 0 placed in degree zero. The assumption thatis a perfect extension is equiva-
lentto © being a cohomologically trivialG-module. We can thus apply Proposition
3.1.3 to deduce that the Fitting invariants in claim ii) of the theorem are both de ned.

We now x a prime p for which T, is a cohomologically trivial G-module. The func-
tor Zp is exact, thus applying it to (4.3) gives an exact sequence df)G-
modules 0—/Hg, — ) — 2G> —IHE, —Jb. Let () denote the
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complex [ ?p) ' ZpG®], where the rst term is placed in degree zero. Sinceis
perfect, the exactness oF implies that () 2 DP*" (Z(;G). The trivializa-

tion of induces a trivialization of (, and, furthermore, under the natural map
Ko(ZG;RG) ! Ko(Z(»G;RG) one has zgre( ; ) 7! z,6re( () )-

Let () be the complex [ ! Z,)G®] with the rst term placed in degree zero.
We have a tautological exact triangle inD(ZG)

To[0] I (o) I o It (4.4)

Now, Lemma 3.1.5 implies that 9, is a projective Z,G-module and so () 2
C’(PMod(Z,G)). Furthermore, since Hyp(Tp; Z(G) holds T,[0] 2 DPe" (Z(, G).
Thus (4.4) is an exact triangle inDP®" (Z(,)G) and so we can apply Lemma 4.1.2 to

obtain
20&Re( ()7 )= zp6ira(Tp[0]; 0) + Z(p)G;RG(_(p); ): (4.5)

We now compute this expression. By de nition of Z(p)G;RG( ;) we have
zmera( @ )=IZ@G (1) Opl;

where (') is dened in x4.1. Since HypT,; Z(,) holds we can choose an exact

sequence oF ;) G-modules of the form

0—2p)G — L, G" —IT, —b:

By de nition of 7 cre( ; ) we have zcre(Tpl0]0)=[ZpHG ;R ; ZpG'].
Hence the equality ( ) =0, together with (4.5), implies that

L )=[ZpG" R ;ZpG1+IZpG% (1) %m]2 KoZpGiRG): (4.6)

We write for the ring Z;Ge and, in keeping with our conventions, , for the ring
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Z,Ge. Consider the following natural commutative diagram of grops

(RG) ——/Ko(Z(;)G;RG) (4.7)

(RGe) ¢ Ko ;RGe):

We denote the right hand vertical map in (4.7) by . Given a homomorphism of
RG-modulesf : M I N we write fe for the induced mapfe : Me! Ne. Diagram
(4.7), together with (4.6), implies that

bLy=[ (R e "1+[ % ( YHe; o 912 Ko ;RGe): (4.8)

The argument directly following the proof of Theorem 3.1.5mplies that c Ois
a free -module. Furthermore, by de nition of Ko( ; ), the rank of c Oiss.
We choose a basis of ¢ 0 and henceforth make an identi cation of g © with

. Recall that e:= e and for bothi =0 and i =1 we havee = eyi. By de nition
ofeyi we have R H')e=0for i =0;1. Recall the mapd from (4.3). By de nition
of (1) we see that the isomorphism ( !)eis equal to the isomorphism

R o(Q 26922 p @ 9

Thus
[%5 ( Ye *1=[ %(Q de) 5 °12 Ko( ;QGe):

Likewise we have
[ (R e "T=[ 5(Q ey 12 Ko( ;QGe):
Hence (4.8) now implies

bL) =[ (@ e 1+[ 5(Q de & 9
=[ Q e 1 [%5(Q de; 9] (4.9)
= ree(l(QGE)";(Q el [(QGe)*;(Q d)e]);
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where the second equality follows from the relations i o( ; QGe).

Remark 4.3.4. Let o bethe complex [ ¢ °—2/ 4ZGS]: with the

rst term placed in degree zero, obtained by applying ¢ to the middle two

terms of (4.3). The cohomology of ¢ is nite and so we have a trivialized

complex (¢ ;0): It can be shown that the right hand side of (4.9) is equal to
reel & ;0). We leave the details for the interested reader.

In the case thatG has no non-trivial irreducible symplectic characters we law Nrdgg
is bijective, henceb, = ree Nrdgi,. Thus (4.9) implies we have the following
congruence in (QGe)

Lt Nrdoee((Q )& (Nrdoee(Q  d)e) * mod Nrdoge( (K1)

By de nition of the Fitting invariant of a Z;G-module this is equivalent to the
statement

Fitt z,,6(Tp)L = Fitt 2, c(Hp): (4.10)

Now, it is easy to see that the argument in the proof of [12, Lema 6] generalizes to
show that Fittz ,c(T5) = Fitt z,c(Tp). Thus (4.10) implies that

Fitt 2,6 (T5)L = Fitt 2z, c(H{,); (4.11)

which is the analogougp-local statement of Theorem 4.3.1 ii).

In the general case Nrgs can fail to be surjective and so we must "pass tp-
completions’. Since Nrd,ce is bijective we have the following commutative diagram

(QGe) : Ko( ;QGe) (4.12)

1
pipce Nrdgq

(Q:Ge) "PIK o p; QpGe):
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Together with (4.9) this implies that

L ' Nrdgee((Qy )€ Nrdg,ce((Qy d)e) " mod Nrdg,ce( (Ki( 1))

which, by de nition of the Fitting invariant of a Z,G-module, is equivalent to claim
i) of Theorem 4.3.1.

Claim iii): We recall that an abelian group has no non-trivid irreducible symplectic
characters. The statement of claim iii), under the hypothas that p is a prime for
which T, is a cohomologically trivial G-module, then follows from (4.11). Thus it
remains to prove that the same statement holds under the hygwesis that p is a
prime for which is relatively Gorenstein.

Using Lemma 3.1.4 we see that applying ¢ to the middle two terms of (4.3)
induces an exact sequence of -modules

0— N T —J o O Ns_ I yi_—Jp:

Let P be an object ofC°(PMod()) such that P is isomorphic to in D(ZG). The
left derived functorL( ¢ ) can be computed by applying ¢ to P. However,
given an exact sequence of cohomologically trivi@d-modules

0 /b 0 Ic /b 00 b :

Lemma 3.1.4 implies that the sequence

0— /I  SCO— I C— SCco—Jp

is also exact. This implies that cohomologically trivialG-modules are adapted to the
functor c . The discussion on derived functors ir2.3.2 therefore implies that we
cancomputeL( ¢ ) using resolutions of cohomologically trivial5-modules. Hence
we have a canonical isomorphism gP = c in D(). By de nition of the Euler

characteristic of a trivialized complex one thus sees thatinder the functorial map
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Ko(ZG;RG) —Ko( ;RGe); one has zgrs( ; )7' ree( o ;0). Thus the
equality ( ) =0 implies that

;RGe( G ;O) + ;RGe NrdRée(L) =0:

As in the proof of claim ii) we see that this expression belosgo Ko( ; QGe) and so
we can “pass t@-completions' to obtain

opGel p 6 10+ o NrdQ:-Ge(L):O: (4.13)

We need the following auxiliary result.

Lemma 4.3.5. Let C be a complex inC’(PMod(Z,Ge)) concentrated in degrees zero
and one and such thatH' := H'(C) is nite for all i. There exists a complex of
Z,Ge-modulesA := [A® I Al], with the rst term placed in degree zero, and an
isomorphism :C! A in D(Z,Ge) such that:-

i) A% and Al are nite;

") depGe(AO) = depGe(Al) = 1;

iy H'( ) is the identity map fori =0, 1.

Proof To ease notation we assume that ! is a cyclic module. The argument in the
general case is entirely similar. We also continue to denafgGe by .

If n is a su ciently large integer, then we can chose an exact seguoce of ,-modules

of the form
0—k — o=, —IH1—: (4.14)

This induces an exact sequence of Ext-groups
Pi—JExtt (KiH %) —Ext? (HYHO) —JExt® ( p=p" pHO) —L:
(4.15)

Since pd ( ,=p' ) =1 the group Extzp( p=p" p;H?) is trivial and so the map of
(4.15) is surjective. Let ] denote the class de ned byC in Extzp(H 1:H%). Chose a
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pre-image of C] under and let

0o—IHo—Ir —Ik %) (4.16)

be an exact sequence of,-modules representing the chosen pre-image. The de nition
of the map in terms of Yoneda extensions shows that “splicing' (4.16)itw (4.14)
gives an exact sequence of,-modules

0— o —Mr — 1 =p0 ,— 1 Ip

which is Yoneda equivalent to the tautological exact sequea

0 /H 0 /bo /tl /H 1 /0

induced by C. If we let A be the complexT ! ,=p' ,], with T placed in degree
zero, then we have shown that there exists an isomorphism: C ! A in D( p)

satisfying claim iii) of the lemma. Since the modul& in (4.14) is clearly nite, so

is T. Thus A satis es claim i) of the lemma. Furthermore, pd ( ,=p' p) =1 and

so to complete the proof it remains to show that pd(T) = 1. Since C is a perfect
complex, so isA. The tautological exact triangle

= ol U—IA—IT[o]—!

thus implies that T[0] is perfect, which is equivalent to pd,(T) < 1. AsZ,G is a
product of local rings of Krull dimension one, so is,. Thus using [1, Th. 1.9] we see
that pd | =1, which completes the proof of the lemma.

Let A be the complex given by Lemma 4.3.5whe@ = , ¢ . Applying Lemma
4.1.2 to the tautological exact triangle A*[ 1]——/A —/A°[0]—// one sees that

spcel p 6 :0) = 0:0pGe(A; 0)

orA1. 1 . (4.17)
p?QpGe(A [0]; 0) + p;QpGe(A [ 1] 0):
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The argument of [3, Lemma 2.6] shows tha o( ,; QyGe) can be identi ed with the
multiplicative group of invertible ,-lattices in Q,Ge. Moreover, under this identi -
cation the right hand side of (4.17) is Fitt ((A°) Fitt _(A') ! (sinceA® and A! have
projective dimension one) and ,.g,ce Nrdg ge(L) = L p. Thus (4.13) implies that

L ,=Fitt (A% *Fitt (A"): (4.18)

Applying [12, Lemma 5] to the tautological exact sequence of,-modules

o— , T)° Jjp0 I I, ¢ HI—b
implies that
Fitt (( » T)®)-) *Fitt ( , cHY=Fitt (A% 'Fitt  (AY);
which combines with (4.18) to give
Fitt ((( p T)®)-)L=Fitt (, cHY: (4.19)

Lemma 3.3.2 implies that Fitt ( , ¢ H?')=Fitt z,c(H?), thus (4.19) implies that,
after replacing completions by localizations,

Fitt ((( T)®)-)L =Fitt 2 c(H"): (4.20)

Lemma 4.3.6. Let G be a nite group, e an idempotent ofQG, a Z,-order in
QGeand Ta nite -module. One has an isomorphism of-modules

where and - have the contragredienG-action.
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Proof We have an isomorphism of -modules
( T)-=Homg, ( ;T-)

given by the "adjointness of Hom and '. Let fv,g;, be aZ,-basisof andletf g,
be the Z,-basis of Hom  ( ;Z(,) dual to fvigl,. We de ne a homomorphism of
-modules from Homz( ;T-) to T- by

xXo
f— f(v):

i=1
We leave it to the reader to check that this is an isomorphism.

For any G-moduleM it is well known that (M ©)- is canonically isomorphic to M1 -)¢.
We thus have

« M9 = T

= ( T-)c
= ( T-)e
= G T-:

where the second isomorphism follows from Lemma 4.3.6 andetlthird from the
assumption that is relatively Gorenstein. This isomorphsm, together with (4.20)
and Lemma 3.3.2, implies that

Fitt z,,(T-)L =Fitt 2z, c(H");

which completes the proof of Theorem 4.3.1.

4.4 A remark on Euler Characteristics

The following technical remark is not needed for the rest ohe thesis.

In [4] the authors give an alternative de nition of the Eulercharacteristic of a trivial-
ized complex. This in turn leads to an alternative de nitionof the Euler characteristic
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of an a.t.e. (used for example by Burns in [7]). We chose not tese this de nition in
order to keep this thesis as simple as possible, since thesatiative de nition involves
determinant functors and virtual objects. For any intereséd reader we now compare
the two de nitions and show that the di erence between the tvo does not a ect the
results in this thesis.

Let F, and A be as inx4.1 and recall the de nitions made inx4.2.1. For this
section only we write 0'3\( ; ) for the Euler characteristic of De nition 4.2.2 and

.a( ; ) for the Euler characteristic de ned in [4, Def. 5.5]. In [4,Th. 6.2] the
authors show that for any trivialized complex C;t) one has

ACi)= R(Cit N+ A((B*(Cr); id)): (4.21)

Given an atte. =(;; L )we write °9( ) for the Euler characteristic of given
in De nition 4.2.2. Asin x4.2 we let be a complex of G-modules concentrated in
degrees zero and one, such that the extension class it de nes. Furthermore, we
assume is of the form [ © L/F] , WwhereF is nitely generated and free. Using
the Euler characteristic of [4] an alternative de nition ofthe Euler characteristic of
an a.te.is

()= ers( ;) PUL):

Using (4.21) we have

() = 9oc( 5thH  ere(limde id) PL)
= 99()  gre(l(im d)g; id])

and thus in general the vanishing of ( ) is not equivalent to the vanishing of °d( ).

(4.22)

However, by de nition of e the complex [( $)e w’(FR)e] is acyclic and so

( 9e is a freeRGe -module. Thus under the natural map : Ko( G;RG) !

Ko( Ge ;RGe) the element g.re([(im d)r; id]) maps to zero. Hence (4.22) im-

plies that ( ()) = ( °9( ). Since the proof of Theorem 4.3.1 only requires
( °d( )) to vanish, one can replace the hypothesis®d( ) = 0 of the theorem by
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( ) = 0 without a ecting the validity of claims i), ii) and iii).
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The Equivariant Tamagawa Number Con-
jecture

Throughout this chapter we x the following notation. Let L=K be a Galois extension
of number elds with Galois group G. We write K for a xed algebraic closure of
K containing L and Gk for Gal(K=K). Let S be a nite G-stable set of places of
L containing the setS; of archimedean places. We writ&S(K), resp. S; (K), for
the set of places oK below those inS, resp. S; . Givenv 2 S; (K) we write
for a xed embeddingK ,! C which restricts to v. Given a placev of K we write
K, for the completion ofK at v, K, for a xed algebraic closure ofK, and G, for
Gal(K ,=K,). Finally we let X | SpecK) be a smooth projective variety overK .

5.1 Determinants and Virtual Objects

Let R be a ring and PModgs(R) the subcategory of PModR) consisting of the
same objects as PMod®) and whose morphism sets consist of all isomorphisms in
PMod(R).

In [20, x4] Deligne constructs a categoryv (R) of virtual objects and a universal
determinant functor
[ 1:PMod(R)is —/V(R):

By de nition V(R) is a Picard category (cf. [9x2.1] for basics on Picard categories),
whose tensor bi-functor we will denote by and [ ] is a functor satisfying certain
natural properties (see [loc. cit.x2.3]).

We X a unit object 1y gy of V(R) and write (V(R)) for the group of isomorphism
classes of objects iV(R) and 1(V(R)) for Auty r)(1lyr)). By the construction of
V(R) one has natural isomorphisms ;(V(R)) = K;(R) for i = 0;1. Furthermore,
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V(R) is functorial in R, i.e. given a ring homomorphismR ! S we get an induced
functor V(R) ! V(S), which we denote byS g

Let DP*(R) be the subcategory oDPe(R) consisting of the same objects &3°*"(R)
and whose morphism sets consist of all isomorphisms BP¢f(R). We have a full
embedding of categories PMod) ! D Pe"(R) given by P 7! P[0] and one can show
that [ ] extends to a determinant functor

[ 1:DP*(R)! V(R)

IS

(see [9, Prop. 2.1)).

We specialize the above construction to the following setij. Let A be a nite
dimensional semi-simpleQ-algebra, R a nitely generated subring of Q and A an
R-orderinA. WesetR:= 2 AandR:= 2 A where2isthe pro nite completion
of Z. Using the bre product of categories ([loc. cit. x2.2]) one de nes

V(A):= V(B) ,,V(A) and  V(AIR):= Py vy V(A)

where Py is the Picard category with unique object ¢, and Aut(lp,) = 0. Both
V(A) and V(A;R) are naturally Picard categories. Furthermore, the isomghisms

i(V(A)) = Ki(A)and ;(V(ARr)) = Ki(Ag) induce a natural isomorphism o(V(A;R))
= Ko(A; AR).

5.2 Motives

We view a motive as de ned in terms of its realizations as fals. The motive
M = h"(X)(r) is the following collection of data:-

i) For each prime ", a nite dimensional Q--vector spaceH-(M) := Hj (Xg; Q- )(r)
with a continuous action ofGg ;

i) For each archimedean place of K, aQ-Hodge structureH, (M) := H"( (X (C); (2
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1)'Q) over K;

i) A ltered K-spaceHqr(M) := HJz(X=K) with its natural decreasing ltration
fF'H[: (X=K )gi»z shifted by r.

To say that M has coe cients in a nite dimensional Q-algebra A will mean that
A acts on each of the above realizations &fl in such a way that the actions are
compatible under the various comparison isomorphisms.

Examples

i) If M = hO(SpecL)(r) for somer 2 Z, then H- (M) = H2(SpecL « K);Q:(r)),
Hy(M) = (2 i)"QG for each archimedean place of K and Hgr(M) = L, with
Fi(L)= L ifi r and F'(L) = 0 otherwise. The coe cients of M lie in QG where
G acts on bothH-(M) and Hgr(M) via L and onH,(M) in the obvious way.

i) Let E be an elliptic curve de ned overK. If M = h(E)_(1) where h}(E), :=
ho(SpecL) nospeck) *(E), then H- (M) = Q[G] z T-(E), where T-(E) is the -
adic Tate module ofE, H,(M) = HY( \E(C);(2i )QG) and Hyr(M)=F°Hgz (M) is
isomorphic toL ¢ HY(E; Og). The coe cients for M lie in QG, where G acts on
H-(M) on the left of G, on H,(M) in the obvious way and onHgg (M )=F°H gz (M)
via L.

For the rest of this chapterM will always denote a motive with the action of some
semi-simpleQ-algebraA.

5.3 The Fundamental Exact Sequence

Forv 2 S; (K) one de nes the Deligne cohomology dfi,(M) to be the cohomology
of the complex

R o(KyiHy(M) oR):=((Hy(M) oR)® —HH,(M) rK,)®=F
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where  is induced by the natural inclusionH,(M) oR! H,(M) K,. The
canonical comparison isomorphism
H/(M) oKy,—H®rM) « Ky
is Gy equivariant and so we can write
M
R p(KiM) := R p(Ky;Hv (M) QR)
2V281 3
M M
=4 (HV(M) Q R)Gv M HdR(M) K;v Kv=|:0 S
v2S; v2S;

where \ is de ned in the natural way. Fori = 0;1 one can also de ne the motivic
cohomologyH'(K;M ) of M and its nite parts H! (K;M ). They are A-modules with
HP(K;M ) nite dimensional over Q and H}(K; M ) conjecturally so.

Conjecture 5.3.1. There exists a canonical exact sequence of nitely genemct@g-
modules

0—IHOK;:M) oR—tker y —=HHMK;:M (1)) oR)

—IHMK;M ) oR—Jeoker y —HH(K;M (1)) oR) —b

where is the cycle class map into the singular cohomologys is the Beilinson
regulator map and is the height pairing. In the case of modules the superscript
denotes the linear dual and in the case of motives it denoté® tdual motive.

We de ne an element ofV (A) by setting

(M):= [HA(KM)] [HHKM) P [HAKM (1) ]
HP(KM @) T+ wes, HWM)®] 1 [Her(M)=F7]

where [ ]: DPe(A) ! V(A)is as inx5.1. Thus Conjecture 5.3.1 induces a canonical
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isomorphism
#1 AR A (M) = 1VAR

in V(AR).
Examples
i) M = h%SpecL)(r).

One hasM (1) = h°SpecL)(1 ),

L ( .
Q ifr=0 and HIK:M ) = Q Ky 1(Op) ifr 1

HP(K;M ) = , :
0 otherwise 0 otherwise

whereK;(O,) is the i" algebraicK -group of O_ as de ned by Quillen.

r=0

Let Y..s be the free abelian group generated fy. There exists a short exact sequence

of G-modules
0 —/b( L;S /NL;S /Z /b (5-1)

where the third map sends every element @& to 1 and X_.s is de ned to be the
kernel of this map. The Dirichlet S-regulator is the RG-equivariant isomorphism
O.s R—IK.s R which is de ned by

X
Regs(u) := logjuju:w

w2S

for all u2 O . and wherejujy, is the absolute value corresponding ter normalized
in the usual way. Using (5.1) one has M)=[Q O s, 1 [(Q Xgs,)] 'and
rs = Regg, .
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r<o

The r"-Beilinson regulator is aRG-equivariant isomorphism
!

M
Beil, :R  Kj (0. )—/ (i) 'R
L! C

+

M

where Gal(C=R) acts on (2i) "R diagonally and ( )* := H%Gal(C=R); ).
e L

One has (M) =[(Q KlL 2(00) 1 [ L, c21) "Q*] *and y =Beil,.

i) M = hi(E). ().

One hasM (1) = M, HX(K;M ) =0, HYK;M ) = E(L), (M) =[Q E(L)*?
[(Q E(L) T vesi iyHY( vE(C);(21)Q)] [HY(E; Oe)], ker( wm) =0, coker( w)
=0 and the map of Conjecture 5.3.1 is induced by the Neron-Tate height pang.

5.4 Motivic L-functions

Let v be a non-archimedean place dK and ~ a prime not equal to the residue
characteristic p of v. Let Frob, 2 G, be a choice of Frobenius of and |, denote the
inertia group of v in G,. We de ne

Ly(M;T):=Nrdq a(1 Frob,'TjH- (M)")2 (Q A)TI:
where the reduced norm extends to polynomial rings over sesimple algebras in the

obvious way.

A compatibility conjecture of Tate implies that L, (M; T) belongs to (A)[T] and is
independent of the choice of; this is known to be true if X has good reduction afp.
One de nes theS-truncated (equivariant motivic) L-function of M to be

Y

Ls(M;s) = Ly(M;Nv %) 12 (A¢) ;
v2S(K)
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which is de ned for s with su ciently large real part. If S =S; then we drop the
subscript S. We now assume thatLs(M;s) has analytic continuation to s = 0. We
regard ordi-oL(M;s) as a locally constant function on Spec(Ac)) in the obvious
way and then de ne the (equivariant) leading term ofLs(M;s) to be

Ls(M;s) = |i|m0 g Ords=o L(M;S)L(M;S) 2 (Ac) :
S!

When M is clear from context we will writeLg(s) for L5 (M;s).
Examples

i) Let M = h%(SpecL)(r) with r 0, andA = QG. Then for eachs 2 C one has

Y
Ls(M;s):= (Ls(L=K; Ts +r)) 2 C= (CG);
21rr ¢(G)

where Ls(L=K; 7s + r) is the S-truncated Artin L-function corresponding to the
character —. We remark that since complex conjugation is continuous, feachs in
R one hasLs(M;s) 2 (RG) and henceLs(M;s) 2 (RG) :

i) Let M = h}(E)_(1) and A = QG. Then for eachs 2 C one has

Y
Ls(M;s)=(Ls(E=K;7s +1)) 2 C= (CG);
21rr c(G)

whereLs(E=K; 7 1) is the S-truncated Hasse-WeilL -function corresponding to the
character—. As in Example i) we haveLs(M;s) 2 (RG) and Ls(M;s) 2 (RG)
for all sin R.

5.5 Projective Structures

Let R be a nitely generated subring ofQ.

De nition 5.5.1. Let A be anR-order in A. A projective A-structure T on M is
a setfT,0,2s, Where, for eachv, T, is a full projective A-lattice in H,(M) and for
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each prime” 2 SpecR) the imageT- of T, Z- under the comparison isomorphism
Hy (M) o Q = H- (M) is both independent of and stable under the action o6 .

Let A be anR-order in A, T a projective structure onM and S := S(K)[f vj g.
We denote byGs. the Galois group of the maximal unrami ed outsideS: extension
of K. Given a pro nite group H and a continuousH -module N we write C(H; N)
for the standard complex of continuous co-chains. Furtherone, for any continuous
Gs.-moduleN we setR ( Ok:s.;N) = C(Gs.;N) and

M
R (Oks.;N):=Cone(R ( Ox:s.;N)! C(Gy;N))[ 1]
v2S

where the displayed map of complexes is the restriction mapduced by any choice
of homomorphismG, ! Gk Gs .

Let V- := Q- 2 T-. One has a canonical conjectural isomorphism ([93.4])
# A A (M)—R (Oks ;V)]=A A [R o(Oxs ;T

We thus obtain an object R ¢(Okss.;T'); ( M);#]of V(A) vy V(A) which can
be shown to be independent of the choice fand S. Under the coherence hypothesis
of [loc. cit., x3.3] one can de ne an element

Y Y
((M);#):= [R «(Oks ;T (M);  #;#, 2 V(A;R):

We write R ( M; A) for the class of this element under the isomorphismy(V(A; R)) =
Ko(A; AR).

5.6 The Equivariant Conjecture

In x2.2.5 we de ned a canonical homomorphisrﬁ: (RG) ! Ko(ZG;RG) for any
nite group G. Let be any nitely generated subring of Q and A a -order in a
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nite dimensional semi-simple Q-algebraA. It is not dicult to see that one can
dene amap (Ar) ! Ko(A;AR) in the same way asd. We also denote any such
map by b

Conjecture 5.6.1. [9, Conj. 4]Let M be a motive with coe cients in A, let be a
nitely generated subring ofQ and let A be a -order in A.

i) The L-function Ls(M;s) can be analytically continued tes = 0.

i) Let T( M:A):= (L (M;0))+ R( M;A). ThenT ( M;A)=0.

We abbreviate this Conjecture to ETNCM; A).

Remark 5.6.2. Conjecture 4 of [9] in fact says more, however in this thesisewvill
not be interested in these additional predictions.

5.7 Proven Cases

We list the cases in which Conjecture 5.6.1 is known to be wali

Let L be a nite abelian extension ofQ and r an integer. Then in [11], [12],
[13] and [21], Burns, Flach and Greither have shown that ETN@°(SpecL )(r);
Z[Gal(L=Q)]) is valid.

Let k be an imaginary quadratic extension of), L an abelian extension ok,
p a prime which both splits ink=Q and does not divide the class number &.
Then in [2] Bley has shown that thep part' of ETNC( h°(Specl)); Z[Gal(L=k)])
is valid.

In [10] Burns and Flach have shown that, for a particular fanty of Galois exten-
sionsL=Q with Galois group isomorphic toQg, ETNC(h°(SpecL); Z[Gal(L=Q)])
is valid.

In [33] Navilarekallu has shown that, for an explicit GaloigxtensionL=Q with
Galois group isomorphic toA,, ETNC(h®(SpecL); Z[Gal(L=Q)]) is valid.

60



In [33] Navilarekallu has shown that, for an explicit GaloigxtensionL=Q with
Galois group isomorphic toS; and an explicit elliptic curve E (de ned over Q),
ETNC(h(E)_(1); Z[Gal(L=Q)]) is valid.
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Arithmetic Examples

Let L=K be a nite Galois extension of number elds andE an elliptic curve de-
ned over K. In this section we consider the motive’°(SpecL)(r) forr 0 and
h1(E).(1). We will show that for each of these motives there existsnaa.t.e. whose
Euler characteristic measures the failure of the validity fothe ETNC. We then apply
Theorem 4.3.1 to obtain explicit consequences of the ETNC &ach case.

6.1 h9SpeclL)

We x a Galois extension of number eldsL=K with Galois group G, and a nite
G-stable set of placesS of L containing the setS; of archimedean places and the
set S, Of places that ramify in L=K. We write S(K), resp. S;am (K), for the set
of places ofK below those inS, resp. S;am. Given a placev 2 S(K) we write G,
for a chosen decomposition group of in G and |, for the corresponding choice of
inertia group. We write O for the ring of integers ofL, Og for the ring of S-integers
of L and | for (O )ir. We recall the modulesYs := Y,.s, Xs := X_.s and the RG-
equivariant isomorphism Reg that were de ned in x5.3 Example i). Furthermore, we
recall the elementL(r) := Ls(h%(SpecL)(r);0) of (RG) de ned in x5.4 Example i).

Proposition 6.1.1. There exists an a.t.e.o=( ,; ,;L ,) satisfying the following
conditions:-

H® = Og; (H!)ir = Pic(Os) and (H1) = Xs;
, = Regs;
L , = Ls(0);
( o) =0 if and only if ETNC(h°(SpecL); ZG) is valid.
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Proof See [7, Prop. 4.2].

Remark 6.1.2. In Chapter 7 we will interpret  in terms of the extensions con-
structed by Ritter and Weiss in [38] (see Remark 7.2.5).

We sete := e,.

Corollary 6.1.3. If ETNC (h°(SpecL); ZG) is valid, then each of the following claims
is valid.

i) Ls(0) 2 QG.

i) If pis any prime such that( ), is a cohomologically trivial G-module, then
Fitt 2,6 (( L)p) and Fitt z,c(H*) are both de ned and

Fitt z,6(( L)p)Ls(0) = Fitt z,c(HY):

i) If G is abelian andp is any prime such that either( ), is a cohomologically
trivial G-module orZ,Gey is relatively Gorenstein, then

Fitt Z(p)G(( L)p)LS(O) = Fitt Z(p)G(H 10):

Proof Using the explicit formula for the order of vanishingr(S; ) of Ls(s; ) at
s = 0 (see [41, Ch. I, Prop. 3.4]) it can easily be seen that 2 ( ) if and only
if r(S; ) =0. Thus Ls(0) := Lg(0)ep. The Corollary now follows directly from
Theorem 4.3.1 and Proposition 6.1.1 after we note that, siac | is cyclic, | and ¢
are isomorphic asG-modules.

Remark 6.1.4. Corollary 6.1.3 is of particular interest when the data.=K, S and
p are chosen such that:-

There exists 2Irr¢(G) such that (1) > 1 andr(S; )=0;

p divides jGj and ( ), is a cohomologically trivial G-module.
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The following argument explains why such situations shouldxist.

Let n be an integer such thain 2 and Q4, denote the generalized quaternion group
de ned by

Qum =<s;tjs™" =1;t?=s";ts=s t>

Let be a primitive 2n'" root of unity and let V be a 2-dimensionalC-vector space
with G-action given by

(s) = 1) =

0 1 i 0
It is easily checked that this representation 04, is irreducible. We write for the
character of .

Now assume thatL=K is a Galois extension of number elds such thaK is totally
real, L is complex and Gall=K) = Q4,. Let S= S; [ Siam. For any non-trivial
irreducible character of G [41, Ch. I, Prop. 3.4] shows that

X
r(s; )= dimv®;
v2S(K)

whereV is a C-vector space realizing . Our choice ofL=K and S implies that G,
is non-trivial for all v 2 S(K). One can check that any non-trivial subgroupH of
Q4 must contain an element of the forns", wherer is an integer such thatrj2n and
r 6 2n. Fix such a subgroupH and assume that dinv" 6 0. Then there exists
v=(V1;Vp) 2V suchthat (s")v=y,i.e.

which impliesr =2n or v; = v, = 0. Thus for all non-trivial subgroups H of Q4, we
have dimv" =0 and sor(S; )=0 as required.

We now further assume that our extensiorL=K has order 4 wherep > 5 is a
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prime which does not ramify inK=Q. This implies that Q( p) \ K = Q. Thus if
( L)p 60, then p 1j4p which is nonsense. Thus ( ), = 0 and is hence obviously
cohomologically trivial.

We now formulate a non-commutative generalization of Brunms Conjecture. If L=K
is a CM extension with complex conjugation given by 2 G, then we write e for
the idempotent (1 j)=2 of QG (which is central as the subgroup oG generated by
] is normal).

Corollary 6.1.5. Let L=K be a CM extension with complex conjugation given by
j2GandS=S; [ Sam. Let p be an odd prime such that ), is a cohomologically
trivial G-module. Assume that all places which ramify ih=K contain j in their
decomposition group and that at least one place #$1has full decomposition group. If
ETNC(h°(SpecL); ZG) is valid, then Fitt z,6(( 1)p) and Fitt z c(Pic(O)e ) are both
de ned and

Fitt 7,6 (( 1)p)Ls(0) = Fitt z,6(Pic(O)e ):

Proof Let w be a place oL with full decomposition group inG and v the place ofK
beloww. Given our hypotheses we have anisomorphiss = o5 )y Z[G=CGvo]-
We must compute the idempotenig,. SinceXs is the quotient of H by a nite mod-
ule we see thate; = ex,. Itis clear that e (C Xs) =0 and since Z[G= < j > ]
appears as a direct summand of s one sees that in facke, = e .

Sincep is odd, Z,Ge is a projective Z,G-module and so Toth(ZpGe : Xs) = 0.
Furthermore, we haveZ,Ge ¢ Xs =0. Hence Proposition 3.3.3 implies that

Fitt Zpg(H 10) = Fitt ng(PiC(Os); e ):
Corollary 6.1.3 ii) then implies that
Fitt 2,6 (( L)p)Ls(0) = Fitt z,6(Pic(Os);e ) (6.1)

and, by de nition of the Fitting invariant of a module, the ri ght hand side of (6.1) is
equal to Fittz,c(Pic(Os)e ).
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Now, there is a natural exact sequence &-modules | s —/Pic(0) —/Pic(0s) —/b
where | s is the free abelian group on the non-archimedean places $1 Applying
Z,Ge ¢ to this sequence gives an isomorphism @,Ge -modulesZ,Ge ¢
Pic(O) = Z,Ge ¢ Pic(Os). We can thus replace theS-class group by the class
group on the right of (6.1), which completes the proof of thearollary.

We give one further application of Corollary 6.1.3.

Corollary 6.1.6. Set = Z[1=2]. Let L=K be an abelian CM extension with complex
conjugation given byj 2 G. Assume that all places which ramify i.=K containj in
their decomposition group and leB = S; [ Siam. If ETNC (h°(SpecL); G) holds,
then each of the following claims is valid.

i) Fitt c(( L) )Ls(0)=Fitt g(Pic(O) e ):
i) Assume that only one non-archimedean place rami es ih=K and that this place

has full decomposition group. Then

Fitt ,6( )L (0) = 2/St I Fitt ;6. (ZGe ¢ Pic(0O)):

Proof As in the proof of Corollary 6.1.5 we havey, = e . We claim that ZGe is
relatively Gorenstein. This is a consequence of the follavg more general fact. 1{G
is an abelian group ande 2 QG is an idempotent such thate 2 QC for some cyclic
subgroup ofG, then ZGe is relatively Gorenstein.

Corollary 6.1.3 iii) now implies that for allp 2 Spec we have Fittz c(( )p)Ls(0) =
Fitt z,,c(H%). The following two facts imply that Fitt c(( L) )Ls(0) =Fitt g(H?'):-

For any G-moduleM one has Fitt (M )Z,)G = Fitt z ,c(Mp) ([35, Ch. 3,
Th. 3)]);

T
Forany G lattice M one hasM = M.
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It is clear that e Xs. =0 and so the tautological exact sequence ofG-modules

O—/P|C(Os) IH 10; /b(s; —/b

implies that Hlo; e =Pic(Os)e . This implies that

Fitt c(( o) )Ls(0) =Fitt ge (Pic(Os)e )
and the same argument as in the proof of Corollary 6.1.5 allsvwus to replace PicQs)
by Pic(O), which proves claim i).

As in the proof of claim i) the fact that ZGe s relatively Gorenstein implies that
Fitt 26( L)Ls(0) = Fitt zg(H®): (6.2)

M
Now, under the additional assumption in claim ii) we see thaX s = Z[G=<j>]

w2S1
and thus

LM i M LM
S | 7ZG 7ZG 1 ZG — s —Jb
w2S; w2S; w2S;

is a projective resolution ofXs. The following claims are then a direct consequence

of the existence of this resolution:-

Tor;.(ZGe ;Xs)=0;

0—/ZGe Pic(Os) —/2ZGe H! —/ZGe Xs—bisanex-

act sequence oZGe -modules;

0—NzGe )is1i 2N (zGe )11 —IZGe ¢ Xs

guence ofZGe -modules;

/b is an exact se-

Fitt ZG(ZGe G Xs) = 2jS1 j.

These claims show thaZGe ¢ X satis es the hypothesis of [18, Lemma 3] and
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furthermore that Fitt zc. (ZGe g H')=2S1IFitt,c. (ZGe ¢ Pic(Os)). This,
together with (6.2) and Lemma 3.3.2, implies that

Fitt ZG( L)LS(O) = 2jSl ] Fitt ZGe (ZGe G PlC(Os)) (63)

As in the proof of 6.1.5 we can replace Pi€s) by Pic(O) in (6.3). To complete the
proof of the corollary we now show that s(0) = L(0).

Let 2Irrc(G)suchthat (j) = 1andV be aC-vector space realizing . Let v
be the prime ofK which ramies in L, I, the inertia group of v and frob, a choice
of lifting to G of the Frobenius element of5=l,. The componentsLs(0) and L (0)
di er by the Euler factor (1 (frob,)jV'v). By assumptionj is in I, and sincej
acts as 1 onV , this Euler factor is clearly 1. ThusLs(0) = L(0) as required.

Remark 6.1.7. Recall the de nition of T ( M; A) in Conjecture 5.6.1. We have a
functorial map Ko(ZG; RG) ! K(Z[1=2]Ge ;RGe ). If the image of T ( h°(SpecL;
ZG) under this map is zero, then Corollary 6.1.6 i) recovers théviain Theorem' of
Greither in [24].

6.2 hO(SpecL)(r) with r< 0

We continue with the notation of x6.1. Furthermore, we x an algebraic closureK ©
of K containing L and write G, resp. G, for Gal(K °=K), resp. GalK °=L). Set
= Z[1=2]. We recall that if p is odd, then there are canonical Chern class maps for
i=1;2
Kz i 2(0)  Zy——/H'(SpecO[1=fk:; Zp(1 1))

which are known to be surjective and to have nite kernel. The&uillen-Lichtenbaum
conjecture asserts that these maps are in fact bijective §2Conj. 2.5]) and we will
assume this to be valid for the remainder of this section. Weemark that this conjec-
ture is known to be true by work of Tate ifr = 1 andi = 2 [43] and of Levine [27]
and Merkuriev and Suslin [30] i = 1 andi =1. We write % for the r' tensor
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power of the roots of unity ofK €. Finally, one haskK; 2 (0)wr = HY%(G,; K% .

Proposition 6.2.1. There exists an a.t.e., =( ,; ;L ) satisfying the following
conditions:-

M
Hor; = K1 2r(o) .(Hl,; )tor =K 2r(OS) and(le; ):( (Zi) r) +;
C

L,!

. = Beil,;
L, = Ls(r);

( ,) =0 if and only if ETNC(h°(SpecL)(r); G) is valid.

Proof See [7, Prop. 4.6].
We sete = e,.

Corollary 6.2.2. If ETNC (h°(SpecL)(r); G) is valid, then each of the following
claims is valid.

i) Ls(r) 2 QG.

ii) If pis any odd prime for whichH%(G.; %), is a cohomologically trivialG-module,
then Fitt 2,c(H%(GL; «%)p) and Fitt z,c(K 2 (Os)) are both de ned and

Fitt 2,6(H(GL; %)p)Ls(r) =Fitt z,6(K 2(Os); &):

iii) If G is abelian andp is any odd prime for which eitheH%(G_; %), is a coho-
mologically trivial G-module orZ, Ge; is relatively Gorenstein, then

Proof We rst note that a similar argument to that givenlviln the proof of Corollary

6.1.3 shows thatlLs(r) = Lg(r)e.. Now, the G-module (2i) " is easily seen
L! C
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to be free and so we denote it by . Since 2 is invertible in this implies that F* is
a projective G-module. We have a tautological exact sequence oG-modules

0—K »(0s) —H. —JF+ b (6.4)

SinceF * is projective, applying the functor Ge, ¢ to (6.4) gives an exact sequence
of Ge-modules

0— G oK «(0s) —/ Ge oM —/Ge oF' —b

By de nition of e we see that Ge, ¢ F* is nite. Since F* is projective this
implies that Ge, ¢ F* is a nite projective Ge -module and hence zero. We
thus have an isomorphism of Ge.-modules Ge K (0s) = Ge Gle; .

Applying Theorem 4.3.1 to Proposition 6.2.1 now gives the atement of the Corollary
after we note thatH%(G; %) = H%(GL; %), sinceH%(G.; %) is cyclic,

Remark 6.2.3. Corollary 6.2.2 i) provides a natural non-commutative geeralization
of the Coates-Sinnott Conjecture (see [17, Conj. 1]).

6.3 hi(E). (1)

For this section we letS = S; [ S;am and shall assume for simplicity thatKk = Q. Let
E be an elliptic curve de ned overQ and E=E° be the group of connected components
in the Neron model of E over Spe&. For each primep let E, denote the group scheme
of p-torsion on E, [, the reduction of E at p and F, the eld of cardinality p.

We x a prime number p and a Galois extensionL,=Q which satisfy the following
conditions:-

Y
p-2CondE)iE=E%E(Qwr] JE-(F)i;

2Sram (Q)
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If * is any prime at whichE has bad reduction, then
H°(Gal(Q*=Q"); H {(Gal(Q*=Q'"); To(E))) tor =0

whereT,(E) is the p-adic Tate module ofE and Q' is the maximal unrami ed
extension ofQ-;

L=Q is of p-power degree and is unrami ed ap and at all primes of bad reduc-
tion for E.

Remark 6.3.1. In[7, Rem. 4.8] it is shown that given an elliptic curveE, there are
in nitely many primes p, and for each suchp in nitely many extensions L=Q, which
satisfy all of the above conditions.

We write Sel(E-_) for the “integral Selmer group' de ned by Mazur and Tate in 29,
p. 720]. For each 2lrrc(G) we write () for the ‘'modi ed global Galois-Gauss
sum' associated to as dened in [7,x4.2]. We set (E):=j .!jwhere " isa
generator of the submodule oH,(E(C);Z) that is xed by the action of complex
conjugation and! is a Neron di erential.

We de ne (L (E=K: = 1)

LE;S(l) (SE) (1)’ | 21rr( G) ? (CG)
and o

Les(l) = (Ls(E=Ki T 1) 2 (CG):

( E) @) 21rr( G)
As Lg(h}(E)L(1);1) 2 (RG) it follows that Le.s(1) 2 (RG) and Lgs(1) 2
(RG).

Proposition 6.3.2. Let E and L be as above. If the Tate-Shafarevich group Bf
overL is nite, then there exists an a.te. e =( _; ;L _) satisfying the following
conditions:-

(H OE)p = E(L)p and (H ), = Sel(E-L)y;
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¢ Is induced by the Neron-Tate height pairing;

L E = LE,S(l)l

() =0 if and only if ETNC(h'(E), (1); ZG) is valid.

Proof See [7, Prop. 4.9].
We sete: == e ..

Corollary 6.3.3. If ETNC (h'(E)_(1); ZG) is valid, then each of the following claims
is valid.

i) Le(1) 2 QG.
ii) Fitt z,6(SelE-L)) is de ned and Lg (1)es = Fitt 7,6(SelE-L)).

iii) If G is abelian, thenLg (1)Z(,)G = Fitt 7 c(Sel(E-L)):

Proof This follows from Theorem 4.3.1 and Proposition 6.3.2.

Remark 6.3.4. Corollary 6.3.3 iii) is a "Strong Main Conjecture' of the kinl that
Mazur and Tate ask for in [29, Rem. after Conj. 3].
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Tate Sequences

Throughout this chapter L=K is a xed Galois extension of number elds with Galois
group G. We begin by using etale cohomology to construct expliciyl the extension

, of Proposition 6.1.1. We then recall details of the constrtion of a Tate sequence
by Ritter and Weiss in [38] and show that this has the same extsion class as ,.

For simplicity, in x7.2 we will impose the hypothesis that our base el& is totally
complex. This hypothesis allows us to avoid using the expiiArtin-Verdier duality
theorem.

7.1 Further Preliminaries

We rst set up some notation for this chapter and recall sometandard de nitions
and results.

7.1.1 Number Fields

Let F be a number eld. We write M ¢ for the set of all places oF. Givenv 2 M ¢
we write F, for the completion ofF at v and U, for the multiplicative group of integral
units of F,.

We write S; for the set of archimedean places df and S;;,, for the places ofL
which ramify in L=K . Throughout this chapter S and S° will be reserved to denote
nite G-stable sets of places df which contain S; . We write S; for the set of non-
archimedean places its and S(K) for the places ofK below those inS. We will also
use the following variants of this notation;SqK ), SP, S(K ), S(E) and S (E), where
in the latter two casesE is a subextension ot=K .
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Given such a setS we write O, .5 for the ring of S integers ofL. If S=S; , then we
simply write O, for O..s. Givenv 2 M ¢ we write w(v) for a xed place of L above
v. Givenw 2 M | we write G,, for the decomposition group ofv in G.

We write J (L) for the iceles of L and identify L with its image in J(L) under the nat-

ural diagonal embedding. We writeJs(L) := = ,,sLy 25 Uw fOr the S-ickles of L,

C(L) := J(L)=L for the ickle class group ofL and setCs(L) := J(L)=L szs Uy

We recall the de nition of both Y_.s and X .s from x5.3 Example i) and the exact
sequence (5.1).

7.1.2 Class Field Theory

Given any eld F we write Br(F) for the Brauer group of F. We recall that if F is
a non-archimedean local eld then there is a canonical lolcavariant isomorphism'’
Br(F) = Q=Z ([15, Cor.to Th. 2]). If v2M ¢ andw 2 M _ such that w divides v,
then we write ¢, -¢, for the Local Fundamental Class This is de ned to be the in-
verse image of 3G,,j under the canonical isomorphisni2(G,,; L, ) —/A5GwjZ=Z

induced by the local invariant isomorphism ([15, Ch. VI]). 8nilarly, there is a canon-
ical isomorphism R2(G; c(L)) —/15GjZ=Z ([loc. cit., Ch. VII]). We write ¢

for the Global Fundamental Classwvhich is de ned to be the inverse image of 4Gj
under this isomorphism.

Let S be a nite set of places ofL containing S; [ Sam. We Wr{}e s for the
Semi-local Fundamental Class This is an element of Ex¢s(Y.s; L,) which we

w2S
will de ne in x7.6.
7.1.3 Dimension Shifting
Let R be a ring and
0 I /b I\ © /H (7.1)
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a short exact sequence &-modules in whichP projective. Given anR-moduleN, the
projectivity of P shows that the connecting homomorphism in the long exact seence
corresponding to (7.1) and the functors Ex¢( ;N) gives a canonical isomorphism
Extl,(M;N) —/Ext**(M®N) for all i > 0. Throughout this chapter we will
refer to such isomorphisms adimension shifts In terms of Yoneda extension classes
this isomorphism is obtained by “splicing' (7.1) onto the ehof any exact sequence
representing an element of EX¢(M; N ) (see [26, Ch. V x9] for a full discussion).

7.1.4 Extension Classes

Let R be a ring andr and s be integers withr > s. Let A be a complex ofR-
modules which is acyclic outside of degreesand s. Then A de nes an element of
Ext S™ (H"(A); HS(A)) by “truncating' in the usual way.

Lemma 7.1.1. Letr ands be as above ané and B complexes oR-modules which
are acyclic outside of degrees ands. If f : Al B is a morphism in D(R), then
there exists a commutative diagram dR-modules with exact rows

0—JHS(A) —Jhys Itz it hr —IHT(A) —Ib
He(f) HT(f)

0—HsB) —tlzs — I ti—Jpr —IH"(B) —b

such that the top row represents the class &f in Exty S (H"(A);H3(A)) and the
bottom row represents the class & in Ext}, ** (H"(B); HS(B)).

Proof Without loss of generality we can assume that = 0 and that A and B are both
concentrated in degrees 0 to. By de nition of morphisms in the derived category,
f is represented by a ‘left roof' of the forma 29> x —" /g : where q is a quasi-
isomorphism (cf. [22, 111.2, Lemma 8]). This roof induces acenmutative diagram of
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R-modules with exact rows

0o—H 0858 /40(0)0 I Dl /N)O IH r@a —" g
H°(q)‘= ‘ H'(a) |=
O—/HO(X)QXC’:idel—”-:: :::_/kerdg( IHT(X) —b
Ho(h) Hr(h)
0——H°(B) I 0 I/ o IBr H(B) —b:
(7.2)
If we set 8
3 X°=imdxl ifi=0
Y= 5 kerd, ifi=r
©oX ifo<i<r

and Z' := B! for all i, then the statement of the Lemma follows easily from (7.2).

Lemma 7.1.2. Let J be a nite group andH® andH?! nitely generated J-modules.
Let

0 /H 0 /5( 0 /6( 1 /H 1 b

be an exact sequence dfmodules which is (Yoneda) equivalent to an exact sequence

of J-modules

0 I o Iy o Iy 1 1 /H (7.3)

in which Y° and Y! cohomologically trivial. Then there existl-modulesC® and C*

which are both nitely generated and cohomologically trigi and an exact commutative

diagram of J-modules

0 /o /o It Iyt b (7.4)

0 /4_” 0 Ik 0 I 1 /4_” 1

Proof By a standard argument using Yoneda extension classes (&6] Ch. 1V, x9])
we can construct a commutative diagram of -modules of the form (7.4) in whichC?!
is both nitely generated and free andC? is nitely generated. We will show that
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this is su cient to imply that C° is cohomologically trivial. Let| be a subgroup of
J. Applying the long exact sequence of Tate cohomology to (7.8ives a canonical
isomorphism

R HY —MR2(;H 9

for eachi. Since the top row of (7.4) is Yoneda equivalent to (7.3) an@? is free,
this isomorphism implies thatll?i(I;CO) = 0 for all i and for all I. HenceC? is
cohomologically trivial as required.

7.1.5 Miscellany

Let H be a nite group. There is an exact sequence of trividH -modules

0o—%7 Q Q=7 4] (7.5)

where Q is uniquely divisible and hence cohomologically trivial. fere is an exact
sequence oH-modules

0—y liZH Iz /6 (7.6)

whereZ has the trivial H -action, the third map is the map which sends every element
of H to 1 and I is de ned to be the kernel of this map. We will refer tol; as the
augmentation ideal ofH .

Let J be a subgroup ofH. We write Ind}( ), resp. Re§( ), for the induction
functor, resp. restriction functor, with respect toH and J. It is well known that “Ind
is left adjoint to Res', i.e. that there is a canonical isomghism Extl,, (Ind} N;M ) =
Extl,(N; Res' M) for eachi 0.

For presentational purposes we will sometimes use the follmg notation. Let S be
a nite G-stable set of places of. Given a family of G,,,)-modulesf M,g,,sx) we
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set
yd Y
M, = Indg
S(K) v2S(K)

My:

w(v)

7.2

In this section S is any nite G-stable set of places of containingS; [ Siam -

Let R be aring. By anetale sheaf on SpeR we shall always mean a sheaf on the small
etale site (SpecR);. We write R ( R; ) for the derived functor of the global section
functor ( R; ) := (Spec R; ) on (SpecR);. We write G, for the multiplicative
sheaf on (Spef); .

Lemma 7.2.1. i) There are canonical isomorphisms of5-modules

8
% OLs i=0
. Pic(O. i=1
H'(R ( Ous;Gm)) = (Ous) |
E ter Br(L) ! was Br(Ly) =2
: wes, H'(Lw; Gm) i 3

i) R ( OLs;Gm) can be represented by a complex of cohomologically triveaimodules
with R ( Ops;Gn)' =0 forall i< O.

iii) Let J be a normal subgroup o andE := L7. We have a canonical isomorphism

RHomz(Z[G=J];R ( Or;s;Gm)) = R( Og;s(e); Gm).

Proof Claim i) follows directly from [31, Ch. II, Prop. 2.1, Rem. 22]. Claims ii) and
iii) follow from a standard computation of etale cohomolog (see, for example, [14,
Prop. 2.1]).

Unless stated otherwise we henceforth assume that the foliog hypothesis holds.

Hypothesis 7.2.2. K is totally complex.

Thus for eachw 2 S; one hasH'(L,;Gny) =0 for all i 6 0. Using the well known
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exact sequence oB-modules

M
0—/Br(L) —/ Br(Lw) IQ=z 4] (7.7)

w2M |

(cf. [15, Ch. VII, x11]) and the invariant isomorphismBr (L,,) = Q=Z for eachw 2 &,
we have a canonical identi cation

H?(R( Ous;Gm)) = Q=Z Xis,:
Furthermore, asX.s, is torsion free (7.5) induces an exact sequence@ modules

O—/b( L;S¢ —/Q XL;Sf -2 /Q:Z XL;Sf —/bi (7.8)

Proposition 7.2.3.  There exists a unique morphis® Xi.s,[ 2]! R ( OrLs;Gm)
in D(ZG) inducing the map _.s on cohomology in degree two. Furthermore, this
morphism ts into an exact triangle

Q XL;Sf[ 2] —R ( OLs;Gm) /CL;S I (7.9)

whereC, .5 is a complex of cohomologically trivialG-modules satisfying the following
properties:-

i) Cl.s =0 foralli< O

i) H(CLs)=0 fori60;1,

iii)y There exists a canonical isomorphism ofG-modulesH°(C.5) = Ors

iv) There exists a canonical exact sequence Gfmodules

OgPiC(OL;S) 44" 1(CL;S) —IK L:Sy —/O :

v) Let J be a subgroup o6 and setE := L7. Applying Re§( ) to triangle (7.9) gives
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a triangle which is canonically isomorphic to the correspdimg triangle in D(ZJ) for
L=E and S.

vi) Let J be a normal subgroup o and setE := L. Applying R Homy(Z[G=J]; )
to triangle (7.9) gives a triangle which is canonically isomorphic to the casponding
triangle in D(Z[G=J]) for E=K and S(E).

Proof Using [8, Lemma 7b)] and Lemma 7.2.1 we have an exact sequeotgroups

0—/Extis(Q Xus,;Pic(Ous)) —/Homp (26)(Q  Xis,[ 2R ( OLs;Gm))

—Homze(Q  Xus,;Q=Z Xus,) —/b: (7.10)

Since PicO.s) is nite and Q X.s, is uniquely divisible the rst Ext-group in
(7.10) is zero. Thus the map s lifts to a unique morphism inD(ZG).

SinceQ X._s, is uniquely divisible it is a cohomologically trivial G-module. By
Lemma 2.3.1 we can chose a complex of projecti®modules P ;=[P —/pP?],
with the rst term placed in degree one, which is quasi-isomphic to Q X s, [ 2].
Using Lemma 7.2.1 we can x a choice of representative Bf ( O..s; Gp) in D(ZG)
such that R ( O_.s;Gp,)' is a cohomologically trivial G-module for alli and further-
more is zero fori < 0. Using the projectivity of the P' one can construct a morphism
of complexesP ——/R ( O_.s; Gn) such that the map induced on the cohomology
in degree two is |.s. We setC,.s = Cone(e_.s) and thus have a tautological exact
triangle

P—J/R(O.s;Gnm) Ic, s I (7.11)

Combining this with the fact P is isomorphic toQ X.s,[ 2] in D(ZG) gives (7.9).

Claim i) follows from the de nition of the mapping cone and (711). Claims ii), iii)
and iv) are immediate from the long exact sequence of cohomgy associated to (7.9).
Claim v) is obvious. Finally claim vi) follows from Lemma 7.21 and the fact that
there is a canonical isomorphism@ X..s,)? = Q X, (g)-

De nition 7.2.4. We write .5 for the class in Ext%G(Hl(CL;S);OL;S) de ned by
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the complexC,.s of Proposition 7.2.3. If S is clear from context we simply write .

Remark 7.2.5. Under the assumption of Hypothesis 7.2.2 the extension c&as, is
indeed the same extension class as that in Proposition 6.1\/e shall not prove this
here but we will give an indication to the reader as to how thisan be checked. The
existence of , in Proposition 6.1.1 is given by [8, Prop. 3.1] under the hyploesis
that Pic(O..s) is trivial. The arguments used in the proof of [8, Prop. 3.1¢tan be
used to construct , in the case PicQ..s) is non-trivial. To show that the extension
class just constructed is the same as that given by (a modi edersion of) [8, Prop.
3.1], one must compare the compleR ( O_s; Gy,) to the complex € of loc. cit.. The
key to making this comparison is noting that, under hypothds 7.2.2, the complexes
R c«(OLs;Z) and R (Ors;Z) of loc. cit. are canonically isomorphic.

Corollary 7.2.6. There exists an exact sequence GFmodules

0—— IO, —JEL —JELs — MY (CLs) —b (7.12)

representing s, with E.g and EE;S both nitely generated and cohomologically triv-
ial as G-modules. Furthermore, the sequence has the following ftor@l properties:-

i) Let J be a subgroup o6 andE := L’. Applying Re§’( ) to (7.12) gives an exact
sequence ofl-modules with the corresponding properties fdi=E and S.

ii) Let J be a normal subgroup o6 and E := L’. Applying H°(J; ) to the com-
plex[E2s | Elg] gives an exact sequence &=J-modules with the corresponding
properties for E=K and S(E).

Proof We write d* for déus . We can truncate the complexC,.s of Proposition 7.2.3
to get the complex C..s ! kerd!], which gives a tautological exact sequence of
G-modules

0 —/OL;S /CI?;S lerdt H 1(Cl_;s ) — o (7.13)

We now show that kerd! is a cohomologically trivial G-module.
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SinceC_ s is acyclic outside degrees zero and one, we have a resolutiérkerd by
cohomologically trivial G-modules

0—tkergt —/CLy —IC2s —L20: (7.14)

For every subgroupJ of G the cohomology groupd (J; kerd!) can be computed by
applying ()’ to (7.14) (cf. [34, Ch. I,x3, Prop. (1.3.9)]). Proposition 7.2.3 vi) shows

that
Og(ker d*)’ 4(C&;S)J 4(CE;S)J — L

is exact and so ked! is a cohomologically trivial G-module. Since theG-modules
O andH }(CLs) are nitely generated Lemma 7.1.2 shows that the existencef
(7.13) implies the existence of (7.12).

Claims i) and ii) follow from Proposition 7.2.3 claims v) andvi) respectively.

We now consider functoriality inS. Let S°be any nite G-stable set of places contain-
ing S andj : Sped),.so! Sped)..s the open immersion induced by the canonical
inclusion of rings. LetZ := Spec =, ,s0,5(OL=Pw) , Where p, is the prime ideal
of O, corresponding tow, and write i : Z | SpedD,.s for the closed immersion
induced by the canonical surjection of rings.

If G, is the multiplicative sheaf on (Spe©, s ), then the restriction j Gy, is equal
to the multiplicative sheaf on (Spe®,.so): . We thus have an induced morphism of
complexesR ( OLs;Gn) ! R ( OLso;Gy). If we set

R 2(OLs;Gn) :=Cone(R(OLs;Gm)! R(OLsouGun)) 1
then we have a tautological exact triangle
R 2z(Oys;Gm) —IR( OL;s;Gm) —IR ( Ovrso; Gm) — (7.15)

We write H}, (O.s ; Giy) for the cohomology groups 06, with support in Z (see [32,
Ch. 1ll, x1, p91]) and by de nition we haveH'(R z(OLs;Gmn)) = H>(OLs;Gn).
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Furthermore, it can be shown that
. Y _
HZ(OLs;Gm) = H;,(OLs;Gm);
w2Shs

where z,, := SpecO, =p,,. By [31, Prop. 1.5] we have canonical isomorphisms

8
5 Z i=1
H;W(OL;S;Gm) = 3 Q=Z =3
0 otherwise:

We thus have canonical isomorphisms

8 Y
Z i=1
% WZYSOnS
Hz(Ops;Gm) = Q=Z i=3
E w2ShS
0 otherwise:

Lemma 7.2.7. (Functoriality in S) There exists a commutative diagram oG-modules
with exact rows

0—0, ¢ IFLs IFls IHY(CLs) —b (7.16)

0—/t)L;SO /EI(_);SO /EI};SO /H l(CL;S 0) —/0

where the rst vertical map is the natural inclusion and thedp row, resp. bottom
row, represents ,.s, resp. ,.so. Moreover, the right hand column ts into an exact
sequence ofs-modules

0 K s:so IHY(CLs) —IHY(CLso) —Nisms —b;

whereK s.so := ker(Pic(Ors) ! Pic(Orso)) and Y.sas is the free abelian group on
S%n'S with the obvious action ofG.
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Proof We can construct a commutative diagram irD(ZG)

Q >(L;Sf [ 2] 4/R ( OL;S , Gm) /CL;S I (7-17)

Q XL;SfO[ 2] /R ( OL;SO; Gm) gth_;sogl

Q Yuswms[ 2]——R 7(Ous;Gm)I1]

in the following way. The top horizontal triangle, resp. midile horizontal triangle, is
(7.9) for S, resp. S°. The rst vertical triangle is the exact triangle corresporling to
the canonical exact sequence

0—/RQ Xys, —R Xiuso —IQ  Yisons —0:

The middle vertical triangle is (7.15). The top left square ammutes for the following
reason. The two composite morphisms fro@ X .s,[ 2]toR ( Orso; Gy,) obtained
by going either direction around the square both induce theatural map Q X, !
Q=Z Xy;so on cohomology. A similar argument to that used in the rst pat of the
proof of Proposition 7.2.3 shows that such a morphism must lwaique inD(ZG). The
rest of the diagram is then obtained by completing the top twaows to a morphism
of triangles and the rst two columns to a morphism of trianges.

Lemmata 7.1.1 and 7.1.2 combine with the morphisi®@_.s ! Ci.so to give (7.16).
The rest of Lemma 7.2.7 follows by examining the cohomology @.17).

7.3 The Ritter-Weiss Construction

In this section S is any nite G-stable set of places oE which containsS; . As in
[38] we x a nite G-stable set of places$®of L containing S such that Pic(O.s0) =0
and ,,s0Gw = G (such a set is referred to as "large’ in loc. cit.).
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Let
‘rld ‘Fd
WSO = I GW(V) Zew(v).
S(K) SYK )nS(K )

In loc. cit. the main result relies upon the construction of a exact commutative
diagram of G-modules

0

[s(L) Nso N g0 /0 (7.18)

0 1

0—/C(L) 'B s 6

where the left-hand vertical map is the natural one, © is surjective (thus so is 1)
and both Vso and B are cohomologically trivial ([38, Th. 1]). Moreover, the etension
class of the bottom row of (7.18) corresponds tq-x under the isomorphism

R2(G; C(L)) = Ext24(Z;C(L)) = Extic(ls; C(L));

where the rst isomorphism follows by de nition of the Tate awhomology groups
and the second is the dimension shift induced by (7.6). In7.6 we will show that
if S contains S;;,,, then there is a similar dimension shift Ex%G(YL;S;JS(L)) =

Ext>s(Wso; Js(L)) under which the extension class of the top row of (7.18) c@-
sponds to the class of%, s -

Remarks 7.3.1. i) In [38] the authors have a more general de nition ofVso. Since
we are assuming thatS,,, S, [loc. cit., Lemma 5] shows their de nition coincides
with ours.

ii) Diagram (7.18) is clearly dependent on both the choice of and of the placesv(v)

(indeed this is an issue which the authors of [38] consider detail). For our pur-

poses it will be su cient to x these variables in order to identify the Tate Sequence
constructed in loc. cit.. For details on how di erent choics a ect the construction of
[38] see [loc. cit.,, Th. 2, Th. 4 and Th. 6].

IfwZS; [ Sam; then we write , for the Frobenius element ofv in G. We will need
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the explicit description of the map *in (7.18). Itis given on each factor of the product
Wso using the "adjointness of Res and Ind' as follows. Fer2 S(K) the map is the

G-homomorphism that is left adjoint to the natural inclusionIGW(v) [ Reﬁwm | g of

Gw(v)-modules. Forv 2 S{K) n S(K) the map is the G-homomorphism that is left
adjoint to the G,(,)-homomorphismzZG,) ! Reﬁwm lc given by x 7! ( wy 1)X

(this follows from [38, x4]).

Let Ko := ker( ©) and K, := ker( 1). In order to construct the Tate Sequence of
[38] the authors apply the Snake Lemma to (7.18). They obtaian exact sequence of
G-modules

0 IO .« K o K 4 IPic(OLs) —b (7.19)

and furthermore show thatK  and K ; are cohomologically trivial. They then proceed
in the following manner.

For eachv 2 S(K) we can use sequence (7.6) for boté and G, along with
the "adjointness of Res and Ind' to construct two exact comntative diagrams of

G-modules
0—Indg, , le,., —/ING,  ZGww) —Indg, , Z—b (7.20)
\ \
0 LJe lzG i 0
0—Indg, , ZGww ==1Indg,  ZGuw) —O0—b (7.21)
.
0 g de lp —Jb:

The vertical maps in (7.20) are theG-homomorphisms left adjoint to the obvious in-
clusions ofG,,(,)-modules. The rst vertical map in (7.21) is theG-homomorphism left
adjoint to the G,(yj)-homomorphismzZG, ! Regw(v) lc given by x 7! ( wy D)X

The middle vertical map in (7.21) is the unique map making theliagram commute.
Each of the G-modules Incgw(v) ZGy), ZG, Indgw(v) Q and Q is cohomologically
trivial and so we can use (7.20) and (7.21) to dimension shiixt-groups.
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Taking the product of (7.20) for eachv 2 S(K), with the product of (7.21) for each
v 2 S{K) nS(K) gives an exact commutative diagram o6-modules

‘1(|d
0—MWso— ZGuy —IMNs —b (7.22)
SAK)
1
1
0 Ng l7G Iz 1H
‘pd
where we have xed an identi cation of Y,.s with Z using our choice of place
S(K)

w(v), for eachv 2 S(K). Let R, = ker( bl). Since ! is surjective and the right
hand vertical map in (7.22) is surjective, then so id Applying the Snake Lemma
to (7.22) gives an exact sequence G-modules

00—k, — o, —IK . —b; (7.23)

Let R be the kernel of the mapK; ! Pic(O.s) in (7.19). Using the Snake Lemma
we now have an exact commutative diagram dab-modules

0 0 (7.24)
R R

where the mapR ! ©, is the unique map making the top square commute. It
is straightforward to check that I}@1=R is the pushout of the mapsK; ! Ibl and

87



Ky ! Pic(OLs). By de nition, ©,=R is the moduler of [38]. The de nition of R
combines with (7.19) to give a tautological exact sequence

0 /OL;S /kl /R /b:

Splicing this sequence with the middle column of (7.24) gisean exact sequence

0— IO g — IKo— Mo, — It —Iby (7.25)

which is the Tate Sequence of [38]. We de n&® to be the complex Ko ! 4]
extracted from (7.25) with the rst term placed in degree zew. This complex will be

used in the next section.

7.4 A Reinterpretation of the Ritter-Weiss Construction

In this section the setsS and S° remain as they were inx7.3. We now interpret the
construction of Ritter and Weiss in terms of morphisms of coplexes. We will show
in Lemma 7.4.1 that the comple>d}€J (which de nes the Tate Sequence of [38]) is equal
to the kernel of a morphismb in Kom(ZG). This will give a concise construction of
the Tate Sequence of loc. cit.. Now the Tate Sequence constructed inx7.2 is an
extension ofO ¢ by H }(CLs), and this latter module ts into an exact sequence of
G-modules of the form

0—/Pic(Oy;s) —H(CLs) —Kus, —b:

However, the Tate Sequence de ned bjb is an extension ofO . by r , and this
latter module ts into an exact sequence of the form

O—/PiC(OL;S) /{’ /b(L;S /0 .

We address this discrepancy in Lemma 7.4.2. Finally, we perin a dimension shift
to obtain a complex ker ; from K, which we will compare toR ( O.s;Gm) in the
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next section.

The morphism b

Using (7.18) we de ne the complexed, resp. B, to be [Vso! Wso], resp. B! 1],
with the rst terms placed in degree zero. The maps® and ! of (7.18) induce a
surjective morphism of complexe® ! B in Kom(ZG), which we denote by .

Lemma 7.4.1. There exists an exact commutative diagram in KofdG)

0 0 0 (7.26)

0——IA —*— g — 5[ 1]—b
0 /B B //@ /Z[ ]_] 40
0 0 Q

Proof Splicing diagram (7.22) with diagram (7.18) gives an exactoommutative dia-
gram of G-modules

‘Yld
OQUS(L) 4&/50 — ZGw(v) gyL;S —/b (7.27)
SUK)
0 1
0—/C(L) B I7G iz 6
‘Fd
We let R, resp. B, denote the complexYso ! ZGuw) resp. B! ZG], extracted
SUK)

from (7.27), with the rst term placed in degree zero. We wrié b-R1 B for the
surjective morphism of complexes in KonZG) induced by ° and bt We denote by
A Al Rand 5 :B! B the obvious morphisms of complexes. It is easily checked
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that in Kom(ZG) both of these morphisms are injective, cokerf) = Y.s[ 1] and
coker(g) = Z[ 1]. This gives the bottom two rows of (7.26). It is straightfoward
to show that © = ker P and so the rest of (7.26) follows immediately from the Snake
Lemma.

The discrepancy betweem and H(C_s)

Lemma 7.4.1 shows that the extension class de ned by the colap kerbis the class of
the Tate Sequence constructed in [38]. We would like to comgathis complex toC, s
from Proposition 7.2.3 but unfortunately the cohomology grups of these complexes
are not the same. The di erence is thatH {(ker b)) = X s whilst HI(C_s) = X_s, .
The dierence between these two modules is summarized by trenonical exact
sequence ofs-modules

0—Kis, —IKs —INs, —0

where, under Hypothesis 7.2.2Y, .5, is free. To deal with this discrepancy we amend
the above construction as follows.

We rst note that under Hypothesis 7.2.2 the module Ing is zero for each

v2 S; (K). The top row of (7.18) is thus

w(v) I Gw(v)

Yyd Ynd
0 /(Js(L) /VSO I IGW(\,) ZGyyv) —b; (7.28)
S (K) SYK )nS(K )

and for eachv 2 S; (K) the top row of (7.20) is

0—Jo—Indg,  Z=—=Indg, A Z—b:

Now recall that we constructed the top row of (7.27) from (7.8) by splicing the exact
sequence (7.28) with the top row of (7.22). Hypothesis 7.2tbw shows (after the
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preceding discussion) that the second map in the top row of.@2) can be written as

i ¥ i i b
Wso = IGw(V) ZGy(v) — ZGy(v) ZGw(v) Z,
St (K) SO(K )nS(K ) S (K) SYK)nS(K) S1 (K)

0 1

0
where € is of the form% 0 id §
00

‘i{ld
We de ne A’f to be the complex Vso ! ZGy ), with the rst term placed in
SPK) |

. L 0 .
degree zero, and whose di erential is 0 i . Recall that R is the complex
|

Yld

[Vso ! ZGy ). We thus have a morphism of complexe@ I A, which is the
SYK)

identity in degree zero and the natural projection in degreene, and a commutative

diagram in Kom(ZG)

f

R—R
@

— B
0 1
d
If we set}bl;f = ker @ ZGy ) ! ZGA | then kerbf is the complex K, ! Ibl;f],
SP(K)
with the rst term placed in degree zero.

As in the proof of Lemma 7.4.1 we can now construct the follomg exact commutative
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diagram in Kom(ZG)

0 0 0 (7.29)
0—ker lkerl —/Kys [ 11—b
0 I /R, s [ 11—
0 ] ”@f ] 1] '0

0 0 Q

Lemma 7.4.2. The complexkerbf de nes an element ofExt3(r t;0Ls), Where
re .= Hl(kerbf). Moreover, there is an isomorphism oG-modulesr =r ; Y.s,
and a commutative diagram of short exact sequences@imnodules

0— IO, — Ik, — Moy — It —Ip (7.30)

O—/OL;S /kl /{bl /" /0:

The extension class of the top row of (7.30) is equal to the igeof the extension class
of the bottom row under the induced isomorphisBxt5¢(r 1;0,.g) = ExtZg(r ;O.g):

Proof We sketch the proof and leave the details for the reader. By eparing the
middle column of (7.26) with the middle column of (7.29) we caconstruct an exact
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commutative diagram in Kom(ZG)

0 0 0 (7.31)
0—ker lkerb —— K s, [ 11—
0 lker /{(er b IKis[ 11—b

OQWL;S:L[ 1]—YL;51[ 1]40

0 0)

Since the top row of (7.30) is the extension de ned by két and the bottom row of
(7.30) is the extension de ned by keP, the lemma follows from the existence of the
middle column of (7.31).

A further dimension shift

After Lemma 7.4.2 it is su cient to focus our attention on the complex kerd . Using
the "adjointness of Res and Ind', for eaclkr 2 S; (K) diagram (7.5) gives an exact

commutative diagram ofG-modules

o—/4ndgw(v) Z 44ndgw(v) Q —/4ndgwm Q=z—p (7.32)

0 Iz Q Q=2 /b:

Proceeding in the same way as in the proof of Lemma 7.4.1 we aibt an exact
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commutative diagram in Kom(ZG)
0 0 0 (7.33)

0—Q Xus,[ 21—ker s —kerb —b

0—/Q Yus[ 2] I IR, /b
7f f
o———Q[ 2] ) ty 0
0 0 0
yd
where A;, resp. B, is the complex Vso ! ZGww) ! Q Yus,] resp. B!
SP(K)

ZG ! Q], with the rst term placed in degree zero. The long exact segnce of
cohomology corresponding to the middle column of (7.33) sk that ker ; has the
same cohomology a& ( O..s;Gn). In the next section we will show that these
complexes are in fact isomorphic i (ZG).

7.5 The Connection to

In this section S is any nite G-stable set of places oEL which containsS; [ Siam
and S%is as de ned at the start ofx7.3.

Lemma 7.5.1. Letw 2 M . There are canonical isomorphisms o6,,-modules

8
3 Ly ifi=0
Hi(LW;Gm):B 0 if i =1
Br(Ly) ifi=2:
If w is non-archimedean, thenH'(L,;Gn,) = 0 for i 3. Moreover the class of

R ( Lw;Gm) in Ext3s, (Q=Z;L,,) = H3(Gu;L,,) is the local fundamental class.
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Proof See [8, Prop. 3.5.(a)].

We consider the productQ w2s R ( Lw; Gn) as a complex inD(ZG). This is possible
as the complexeRR ( Ly; Gn) can be chosen “compatibly' as explained in [%6.2.1].
Lemma 7.5.1, together with the canonical isomorphisBr (L,,) = Q=Z for eachw 2

St, gives canonical isomorphisms dg-modulesH?( ™ ,,sR (Lw;Gm)) = 25 Lw
and H2(QWzs R(Lw;Gm)) = szsf Q=Z. We identify ~ .5 Q=Z with Q=Z Y,

in the obvious way.

There is a canonical "localization morphism' of complexes

M
R ( Ous;Gmn) — R (Ly;Gn);
w2S

([5, x6.2]) such that the induced maps on cohomology are the natumiagonal homo-
morphismO, s ! ~ ,5L, indegree zero and the natural inclusio@=2 Xs, !
Q=Z Y_s, in degree two. One de nes

M
R (OLs;Gm):=Cone R(OLs;Gp)! R(Lw;Gnm) [ 1]

w2S

and hence there exists a tautological exact triangle iD(ZG)

Y
R (Ous;Gn) —R(Ous;Gn) — R (Lw;Gn) —: (7.34)
w2S

Lemma 7.5.2. There are canonical isomorphisms oG-modules

8
3 Cs(l) ifi=1

Hi(IQ C(OL;S;Gm)) = 3 Q=Z ifi =3
0 otherwise

Moreover, the class de ned bR (O..s; Gm)[1]in Ext35(Q=Z;Cs(L)) = H%(G;Cs(L))
is the global fundamental class.
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Proof The description of the cohomology is an easy exercise usirtgetlong exact
sequence of cohomology of (7.34) along with the exact sequer(7.7), the natural
exact sequence

o

Y
OQOL;S — LW 4Cs(l_) 4PiC(C)L;S)
w2S

and the fact that all of the maps on cohomology are the canoricmaps. The second
claim is [8, Prop. 3.5(b)].

We can now state the main result of this chapter.
Theorem 7.5.3. There exists an isomorphisnker( ;) = R ( Os;Gp) in D(ZG)

which induces the identity map on cohomology.

Before we prove this result we prove the following corollaryhich demonstrates the
relation between , and the Tate sequence of [38]. Recall the compl€.s given by
Proposition 7.2.3.

Corollary 7.5.4. There exists an isomorphism of5-modules :r; = H}CLs)
which is the identity map on(r ¢ ) = Pic(OL.s) and induces the identity map on
rs = Xus,. Moreover, the extension class de ned byerbf is the same as the
extension class , de ned by C,.s under the isomorphism

ExtZs(HY(Cus);Opg) —Ext25(r 1;0,¢)
induced by .

Proof We have a commutative diagram inD(ZG)

Q Xus,[ 2]——ker(y) lker b I (7.35)

Q Xis[ 2]—/R( OLs;Gm) IC, .5 I
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where the top row is the exact triangle induced by the top rowfo(7.33), the bot-

tom row is (7.9) and the second vertical map is given by Theare 7.5.3. Since the
isomorphism of Theorem 7.5.3 is the identity map on cohomay, one sees that the
composite maps obtained by going either direction around éhleft hand square of
(7.35) both induce the map .5 of (7.8) on cohomology. A similar argument to that
given at the start of the proof of Proposition 7.2.3 shows thauch a morphism must
be unique inD(ZG), hence the left hand square of (7.35) commutes.

Completing (7.35) to a morphism of triangles gives an isomghism  : kerb ——/C s

in D(ZG) which induces the identity map on cohomology in degree zerdf we set
:= H1( ), then the claims that is the identity on (r ;) and induces the identity

onr ; follow directly from Theorem 7.5.3. Applying Lemma 7.1.1 tdhe morphism
gives the rest of the statement of the corollary.

Proof of Theorem 7.5.3

We need the following Lemma.

Lemma 7.5.5. Let R be aring and letf : A! B be an injective, resp. surjective,
morphism of complexes in KoifR). Then there exists a natural quasi-isomorphism
Conef)! coker(), resp. ker(f)! Conef)[ 1]

Proof This is an easy exercise using the explicit description ofédhmapping cone.

Lemma 7.5.5 shows that we have a canonical isomorphism ker= (Cone ¢)[ 1] in
D(ZG). We will now construct a commutative diagram inD (ZG)

A f g lcone s ——/1 (7.36)

Y
R (LwiGm) —R (OLs;Gm)[1]—R ( Ovs;Gm)[1] —

w2S

where the top row is the natural triangle and the bottom row i5(7.34). A diagram
chase using the long exact sequences of cohomology asseditd the two horizontal
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triangles will then show that the right hand vertical morphism is an isomorphism and
induces the identity map on cohomology. Since key is canonically isomorphic to
(Cone ;)[ 1], this will give Theorem 7.5.3.

Constructing the middle vertical morphism in (7.36)

The natural map C(L) ! Cs(L) induces a commutative diagram of groups

H2(G;C(L)) —Ext3,(Q=Z; C(L)) (7.37)

H2(G; Cs(L)) —/Ext34(Q=Z;Cs(L))

where the horizontal isomorphisms are the dimension shiftsduced by (7.5). The
kernel of the natural mapC(L) ! Cs(L) is QWQS U, and since S;am S this
is a cohomologically trivial G-module. The vertical maps in (7.37) are thus also
isomorphisms.

Recall that we de nedB to be the complexB! ZG! Q], with B placed in degree
zero, and furthermore that this complex was obtained by sgling the bottom row of

(7.18) with (7.6) followed by (7.5). The bottom row of (7.18)represents the global
fundamental class in Ex}.(ls; C(L)) and henceB represents the global fundamental
class in ExE;(Q=Z; C(L)).

By Lemma 7.5.2 the complexR .(O.s;Gn)[1] is quasi-isomorphic to a complex
C:=[CO! C'! C?, where the left hand object is placed in degree zerG, is a
cohomologically trivial G-module for eachi and the class of

O—/CS(L) /bo /bl /tz /Q=Z —Ip (7.38)

in Ext35(Q=Z;Cs(L)) is the global fundamental class.

Combining all of this shows that the righthand vertical isonerphism in (7.37) maps
the class de ned byB to the class de ned byC. The description of this map in terms
of Yoneda extension classes (cf. [26, Ch. I™9]) immediately gives a morphism of
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complexesB ! C which induces the natural mapC(L) ! Cs(L) on cohomology in
degree zero and the identity map in all other degrees. Thiswgis the middle vertical
morphism in (7.36).

Constructing the rst vertical morphism in (7.36)

The complexesA; and szs R ( Lw;Gm) de ne classes in Exf;(Q=Z Yis,;Jds(L))
and Ext35(Q=Z VYis,; w2s Lw) respectively. We have a tautological exact sequence
of G-modules

Y Y
0— I Uy —Jbg(L)— L, —Ib
w2S w2S
and sinceS,;,m, S this induces an isomorphism
Q
EXt%G(Q:Z Yis, ;Js(L)) —/EXt%G(Q:Z Yis: w2S Lw): (7.39)

In x7.6 we will show that the classes de ned bj; and QW25 R ( Lw; Gn) correspond
under this isomorphism. A similar argument to that used to costruct the middle
vertical morphism of (7.36) then gives the left hand vertidamorphism of (7.36).
Furthermore, the maps induced on cohomology are the naturgrojection Js(L) !

w2s Lw Indegree zero and the identity map in all other degrees. Wealee the details
to the reader.

Showing the left hand square of (7.36) commutes

We will need the following Lemma.

Lemma 7.5.6. Let R be aring and letA;B 2 D (R). There is a spectral sequence

Y
ES9= Exti(H'(A);H¥(B)=) HP %(RHom(A;B)):

i2Z

Proof See [44, Ch. lll, 4.6.10].

When dealing with spectral sequences we will refer to the agjts EP9, for xed r,
as lying on ther™ sheet Given n 2 Z we refer to the objects lying on the diagonal
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p+ g= n as lying in degreen.

Consider the spectral sequence of Lemma 7.5.6 for
A = A B=R (Ovs;Gn)1l

In degreep+ g = 0 the sequence converges to Hasfrc)(A; B). Using Lemma 7.5.1,
Lemma 7.5.2 and the de nition of A; we see that in degree zero the groug® is

trivial unless (p; g = (0;0) or (p;9 = (2; 2). Thus in degree zero the only two
contributions on the second sheet of the spectral sequenae a

- Q
EJ®=Homzs Js(L);Cs(L)  Homze ~,,cBr(Lw);Q=Z
and EJ *=Ext2%; Q=Z VY.s,;Cs(L) :

We rst show that EZ % =0.

Using the "adjointness of Ind and Res' we have

| Y
E %= Exts,, Q%Z:Reg,, Cs(L) :
v2S (K)

Using the exact sequence (7.5) we can dimension shift to oista

Extze, . Z:Res, Cs(L)

Extls,, Q=Z;Reg,  Cs(L)

where the second isomorphism follows from the de nition ofhe Tate cohomology
groups. Using the exact sequence (7.38) and the exact sequee(i7.5), we can dimen-
sion shift to obtain

MY GuwiReg, Cs(L) =M X(Guw):Q=Z) = M HGuw):2):

This latter group is then easily seen to be zero and 85 > = 0.

We must now be careful as the spectral sequence does not cogeeon the second
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sheet in degree zero. On the second sheet all the morphisme aero and so the
objects on the third sheet are the same as those on the secor@h the third sheet
in degree zero we have the morphisaf® : EJ°1 EJ 2. In the same way we proved
E5 % =0 it can be shown that EJ' 2 is isomorphic to ~ g () Z3Gw(v)iZ, which
is non-trivial. By de nition of the spectral sequence, ifr 6 3 and (p;q 6 (3; 2),
then d®4 =0 for all r 3 and for all (p; g such that p+ q= 0. Hence the spectral
sequence converges in degree zero on the third sheet, i.e.

Y
Homp zc)(A; B) = E9° = ker(dy®) Homyg Br(Ly); Q=Z :
w2S

Since kerdg;o) is a subset of Homg Js(L);Cs(L) , we have shown that two mor-
phisms fromA to B are equal if and only if the maps induced on cohomology are
equal. By construction the left hand square of (7.36) commas on cohomology and
thus must commute inD(ZG).

7.6 The Semi-local Fundamental Class

In this section S is any nite G-stable set of places containing; [ Siam. We rst
recall the de nition of %, .5 and then show that, under suitable isom\?rphisms of Ext-

groups, the extension classes de ned by both the toprow of.@)and R (L,,;Gn)
w2S
correspond toc% s -
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The de nition of % ¢

We have the following sequence of isomorphisms and incluso

Y
Ext2s(Yus;Js(L)) = Ext2c(Yus; L)
Y w2S
= ExtZs(Indg,  Z; Indgw(vo) L o)
v;xst(K)
ExtgG(lndgw(v) Z: |ndgwm L)
vag(K)
— 2 . G
= ExtZ, ., (Z:Reg, , Indg, ., L)
v2§(K)
2 . .
Ext2s, ., (ZiLuew):
v2S(K)

The rst line follows from the fact that if v®is unrami ed, then Uy(vo is a cohomo-
logically trivial G-module. The second and third lines are obvious. The fourtlines
follows from the "adjointness of Res and Ind'. The fth line dllows becausé isa
direct factor of Reg,  Indg, L

pre-image of the elementd, =, )v2sk) Of ~ o5y EXtZg, ., (Z;L ) under this

w(v)

w(v) @S aGy(yy-module. One de nesxt% .5 to be the

composite map. Using Shapiro's Lemma one can show thé{fK;S is independent of
the choice of thew(v).

In terms of Yoneda extensions one can construcf’, . in the following way. Let

0— L ICL Ity I

0
w(v) w(v)

be an exact sequence db,)-modules representingc. An extension class

W(V)=KV'
representingc'L"fK;S is given by rst applying the functor Indgw(v)( ) to each such

sequence and than taking the direct sum over all placesin S(K).

Determining the extension class of the top row of (7.18)

We recall that the top row of (7.18) is the exact sequence &-modules

E:=[0 [s(L) Mo N so /0] (7.40)
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and that we de ned A to be the complexVso ! Wso]. In[38, x1] the authors construct
E in the following way. They construct a family of exact sequares

E, =[0 44-W(V) Ny i Gw(v) —10] if v2 S(K)
Ey = [0 — Uy —Uwvy  ZGww) —ZGyv) 0] ifv2 SYK)nS(K)
Ey := [0 — Uy vy == Unvy —b——10] if v2SqK)
(7.41)
and thende neE := szM . Indgw(v) E, (where the notation should be self-explanatory).

Since E, has the trivial extension class for eactv 2 S(K) it is clear that the
extension class oE in Exti.(Wso; Js(L)) is determined by the extension class of

G - 1 G :
vesk) INdg,, ., Ev in Exto (" o5y INdG, , Teww i was bw)-

For eachv 2 S(K) we let T, be the exact sequence @, -modules

—I7G

O /4 Gw(v) w(v) —/Z —/b

The exact sequence dB-moduIestzs(K) Indgw(v) T, induces a dimension shift

. Yyd Y , Y
v2S(K) w2S w2S

Let E°denote the exact sequence obtained by splicir%sz(K) Indgw(v) Ev with

v2s IndGW(V Ty. In terms of Yoneda extensions the isomorphism (7.42) sentle

)
class of * ;5 Indgw(v) E, to the class ofE% One can also construct this class in

another way. For eachv 2 S(K) we de ne an exact sequence

E 0 = [0 /L w(v) /VW(V) /Z GW(V)

\"

Iy —10]

by splicing E, with T,. We leave it to the reader to check thatQ v25(K) Indg E?

w(v) vV

has the same extension class &

The second construction oE° along with our discussion on the construction af’,.q
above, shows that the class oE° in Ext%G(YL;S;szsLW) is q%.s - Hence the
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extension class oE is alsodffK;S (in the appropriate Ext-group).

We now leave it to the reader to check that both the compleerf and A; represent
CILO=CK;S in the appropriate Ext-groups (this is a consequence of thadt that A and
A; were both obtained fromA by dimension shifts of the kind just discussed).

Determining the class on w2s R ( Ly Gm)

By Lemma 7.5.1 the complexR ( L,,; Gn) representsc_,-x,, Wherev is the place
of K beloww. Since the complexeR ( L,,; Gn) were chosen compatibly (see the
discussion immediately following the proof of 7.5.1) a sitar argument to that above
shows thatQW2$ R ( Ly;Gm) representsq%.s in Ext3(Q=Z Yis szs L,). We
leave it to the reader to check the detalils.
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