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1. INTRODUCTION
The main result of the present article is the following
Theorem 1.1. The central conjecture of [6] is valid for all global function fields.

(For a more explicit statement of this result see Theorem 3.1.)

Theorem 1.1 is a natural equivariant refinement of the leading term formula proved by
Lichtenbaum in [27] and also implies an extensive new family of integral congruence
relations between the leading terms of L-functions associated to abelian characters
of global functions fields (see Remark 3.2). In addition, Theorem 1.1 verifies the
conjecture [5, §2.2, Conj. C(F/k)] for all abelian extensions F'/k and is also a natural
function field analogue of an important special case of the ‘equivariant Tamagawa
number conjecture’ formulated by Flach and the present author in [8] (for more details
of this connection see [5, Rem. 2, Rem. 3]). Theorem 1.1 therefore constitutes a strong
refinement of all previous results in this area: for example, until now [5, Conj. C(F'/k)]
was not known to be valid for any extension F'/k of degree divisible by char(k). We
are also able to deduce from Theorem 1.1 all of the following results.

Corollary 1.2.
(i) The Q(3)-Congecture’ of Chinburg [13, §4.2] is valid for all finite abelian ex-
tensions of global function fields.
(ii) The Q(1)-Conjecture’ of Chinburg [13, §4.2] is walid for all finite abelian
tamely ramified extensions of global function fields.
(iii) The family of explicit congruence relations between derivatives of abelian L-
functions that is described in [6, (9)] is valid for all global function fields.
(iv) Natural ‘higher order’ generalisations of all of the following refinements of
Stark’s conjecture are valid for all global function fields.
The ‘guess’ formulated by Gross in [19, top of p. 195].
The ‘refined class number formula’ of Gross [19, Conj. 4.1].
The ‘refined class number formula’ of Tate [40] (see also [41, (%)]).
The ‘refined class number formula’ of Aoki et al [1, Conj. 1.1].
The ‘refined p-adic abelian Stark Conjecture’ of Gross [19, Conj. 7.6].

Remarks 1.3.

(i) The ‘Q-Conjectures’ of [13, §4.2] are natural function field analogues of the central
conjectures of Galois module theory formulated by Chinburg in [14, 15] and, hitherto,
have been only very partially verified: for example, the only extensions F'/k of degree
divisible by char(k) for which the €(3)-Conjecture was previously known to be valid
were extensions of degree equal to char(k) (the latter result was first proved by Bae in
[3] and later reproved by Popescu in [31]) and we are not aware of any previous results
relating to the validity of the ©(1)-Conjecture in this setting.

(ii) The congruence relations of [6, (9)] constitute a strong refinement of the central
conjecture formulated by Rubin in [35] and hence, a fortiori, of the conjecture studied
by Popescu in [30].

(iii) The phrase ‘higher order’ in Corollary 1.2(iv) refers to the fact that our result
allows L-functions to vanish to higher order at s = 0 than is envisaged in the stated
conjectures (see §5.2). In the setting of the original conjectures of Gross, Tate et al



CONGRUENCES BETWEEN DERIVATIVES 3

Theorem 1.1 also combines with the final assertion of [6, Cor. 4.3] to give a new proof
of the main result of Hayes in [20] (whose original proof relies on the theory of rank
one Drinfeld modules) and with the result of [6, Cor. 4.1] to give a more conceptual
proof of the main results of, inter alia, Lee [26], Popescu [30, 32], Reid [34] and Tan
36, 37, 38.

In addition to the consequences of Theorem 1.1 that are described in Corollary 1.2 we
shall also derive from it a variety of explicit restrictions on the Galois module structures
of unit groups and divisor class groups and explicit descriptions of the Fitting ideals
of certain natural Weil-étale cohomology groups.

The main contents of this article is as follows. In §2 we recall some necessary back-
ground material and fix notation and then in §3 we give a precise statement (Theorem
3.1) of Theorem 1.1 and establish an important reduction step in its proof. In §4 we
describe the basic properties of certain natural complexes in geometric Iwasawa theory
and then complete the proof of Theorem 3.1 by combining the main result of Crew
in [17] with the descent techniques developed by Venjakob and the present author in
[12]. (With a view to subsequent applications in non-commutative Iwasawa theory,
we do not always assume in §4 that field extensions are abelian.) In §5 we derive a
variety of explicit consequences of Theorem 3.1 including Corollary 1.2. Finally, in an
appendix coauthored with Lai and Tan, we combine the techniques developed in §4
with a strengthening of the main result of Kueh, Lai and Tan in [25] and Deligne’s
proof of the Brumer-Stark conjecture to prove the following remarkable fact: all of
the main conjectures of geometric Iwasawa theory that are proved by Crew in [17],
and hence also both Theorem 1.1 and Corollary 1.2 above, can be deduced from Weil’s
description of the Zeta functions of curves over a finite field of characteristic p in terms
of ¢-adic homology for any prime ¢ # p, thereby avoiding recourse to the methods of
either crystalline cohomology (as used originally by Crew in [17] and also by Bae in
[3]) or Drinfeld modules (as used by Hayes in [20]).

The author is very grateful to Cornelius Greither for correcting an error in an earlier
version of this article. It is also a great pleasure to thank Dick Gross and John Tate
for much encouragement regarding this project and Jan Nekovai and Ki-Seng Tan for
some very helpful discussions.

2. PRELIMINARIES

2.1. Categories. In this article modules are to be understood, unless explicitly stated
otherwise, as left modules. For any left noetherian ring R we write D(R) for the
derived category of R-modules and DP(R) for the full triangulated subcategory of
D(R) comprising complexes that are isomorphic to an object of the category CP(R) of
bounded complexes of finitely generated projective R-modules. We also write D~ (R),
resp. DT (R), for the full triangulated subcategory of D(R) comprising complexes C
with the property that there exists an integer m(C') such that H*(C') vanishes for all
i > m(C), resp. ¢ < m(C).

2.2. Determinants. In this subsection R is a commutative unital noetherian ring.
We write P(R) for the Picard category of graded line bundles on Spec(R), 1 for
the unit object (R,0) of P(R) and dg for the determinant functor of Grothendieck-
Knudsen-Mumford from [24]. We recall that all morphisms in P(R) are isomorphisms
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and that dg is well-defined on objects of DP(R) and takes values in P(R). If x is any
unit of the total quotient ring Q(R) of R, then we write x - 15 for the element (xR, 0)
of P(R). For each object C* of DP(R) we shall make frequent use of the following
standard (and essentially well-known) facts.

(i) Any homomorphism 7 : R — S of commutative unital noetherian rings induces
a natural functor m, : P(R) — P(S). If one regards S as a right R-module via T,
then S ®% C* belongs to DP(S) and there is a canonical morphism . (dr(C*)) —
ds(S ®% C*) in P(S). In fact we often regard 7 as clear from context and simply
write m.(—) as S Qg —.

(ii) If Q(R) ®% C* is acyclic the morphism Q(R) ®r dr(C*) — dgr)(Q(R) &% C*)
from (i) combines with the canonical morphism dgg)(Q(R) ®% C*) — 1g(r) to give
a morphism Jean : Q(R) ®r dr(C®) — 1g(r). In particular, if R is semilocal, C*
is acyclic outside degree i and H*(C®) is a (finitely generated) torsion R-module of
projective dimension at most one, then Q(R) ®% C* is acyclic and it can be shown
that the (initial) Fitting ideal Fitgr(H®(C*®)) of the R-module H'(C*®) is an invertible
ideal of R which satisfies can (dr(C*®)) = (FitR(H’:(C"))(_l)LH,O).

(iii) If R is a regular ring and C* is acyclic outside consecutive degrees a and a+1 (for
any integer a), then any isomorphism of R-modules A : H*(C*®) & H%*1(C*®) naturally
induces a morphism in P(R) of the form ¥y : dg(C*®) — 1g. If R is semisimple (as is
the case, for example, if R is a direct factor of the group ring of a finite group over a
field of characteristic 0), then an explicit description of 9, is given in [6, §6.1].

(iv) Assume now that R is isomorphic to a finite product of power series rings in
finitely many variables over finite extensions of Z, (as is the case if R is the p-adic
Iwasawa algebra of a group H x I' with H finite abelian of order prime to p and I’
topologically isomorphic to Z; for some natural number e). Then both R and Q(R)
are semilocal and regular and if M is a finitely generated torsion R-module that has
projective dimension at most one its characteristic ideal chg(M) is equal to Fitg(M)
(this is easily proved using the structure theory of torsion R-modules and the fact that
R= ﬂp R, where p runs over all prime ideals of R of height one by [4, chap. VII, §1,
no. 6, Th. 4]). In particular, if C'* is acyclic outside degree i and such that H*(C®) is
a torsion R-module of projective dimension at most one, then the observations in (ii)
imply that ¥ean(dg(C®)) = (chr(H'(C*))D™" 0).

2.3. Further notation. For each field F we fix a choice of separable closure E¢ and
for any Galois extension of fields E'/E we set G/ /g := Gal(E'/E).

For any global function field F we write C'r for the unique geometrically irreducible
smooth projective curve with function field F. For any extension of such fields F'/k
and each finite non-empty set X of places of k£ that contains all places which ramify in
F/k we write X(F') for the set of places of F' lying above those in ¥ and Op x, for the
subring of F' comprising elements that are integral at all places outside 3(F). We also
write O;’E for the unit group of Opx, set Yry := @, Z where w runs over X(F) and
write YFO,E for the kernel of the homomorphism Yp s — Z sending (ny)w t0 D, M-
If F/k is Galois, then each of Op 3, (9;2, Yr s and YIQ’E has a natural action of G gy
Finally we note that unadorned tensor products are always to be regarded as taken in
the category of abelian groups.
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3. THE LEADING TERM FORMULA

3.1. Statement of the formula. We fix a finite Galois extension of global function
fields F'/k and set G := Gpy;. For each finite non-empty set ¥ of places of k that
contains all places which ramify in F'/k we define an object of D(Z[G]) by setting

Dt s = RHomz(RT'we(Cr, jr21Z), Z]-2])

where the subscript “Wét’ refers to the ‘Weil-étale topology’ introduced by Lichten-
baum in [27], jrx is the natural open immersion Spec(Ofx) — Cr and Diy is
endowed with the natural contragredient action of G. Then it is known that Dy
belongs to DP(Z[G]), is acyclic outside degrees 0 and 1 and is such that the spaces
Q® H°(D5) = H°(Q[G] @) Diy) and Q ® H'(Di,5) = H'(Q[G] @) Di:52)
identify with Q ® Oy, and Q ® Y25, respectively (cf. [5, Lem. 1]).

For each place w of F we write val,, for associated valuation on F' and deg,(w) for
the degree of the residue field of w over the field of constants of k. We let Apx :
Ops — 1972 denote the homomorphism which sends each element u of Ofy, to
(val, (u)degy (w))wes(ry- Then the Riemann-Roch Theorem implies that Q ® Apx is
bijective and we write

Irs : QIG] @zi¢) dzj)(Dix) = dgie)(QIG] ®F¢) D) — lgia)
for the morphism Yggx, 5, discussed in §2.2(iii).
We write Q¢ for the algebraic closure of Q in C and set G* := Hom(G, Q%) =
Hom(G,C*). For each x € G" we write x for the contragredient of x, e, for the
idempotent I—é‘ >gec X(9)g of Q°[G] and Lyx(x,s) for the X-truncated Dirichlet L-

function of x. We also write gy, for the cardinality of the constant field of & and define
a C[G]-valued meromorphic function of the complex variable ¢ := ¢, * by setting

(1) Zemst) = > Zs(x.t)ex,

x€GN

where for each x the function Zx(x,t) is defined by setting Zx(x,t) := Lx(x, s). We
then define a leading term element by setting

(2) Zips(D) = > lim(1— 1) Zs (x, e
XEGN

where 7, is the algebraic order of Zx(x,t) at ¢ = 1. It is known that Z7, , (1) belongs
to Q[G]* (see, for example, [5, Lem. 2]).
We can now state a precise version of Theorem 1.1.

Theorem 3.1. In P(Z[G]) one has Vpx(dzic)(Dyx)) = Z ) (1) - 1zc)-

Remark 3.2. In the ‘non-equivariant’ case F' = k this equality can be shown to be
equivalent to the leading term formula proved by Lichtenbaum in [27, Th. 8.2]. The
general case was first conjectured by the present author in [5, §2.2, Conj. C(F/k)]
and can be interpreted in terms of congruences in the following way. Let A be any
subring of @ such that the module A® OF ; is torsion-free. Then the proof of [7, Lem.
3.2.1(ii) with d, = 1] shows that there exists an endomorphism d of a finitely generated
projective A[G]-module P and an isomorphism # in DP(A[G]) from A[G] @7 Di s
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to the complex P 4, P, where the first term is placed in degree 0. We write ¢ for the
composite isomorphism of Q[G]-modules

Qo P (Qaxker(d) ® (Q®aim(d) = (Q @4 cok(d)) ® (Q @4 im(d)) X Q@4 P

where the first, resp. third, map is induced by a choice of Q[G]-equivariant section to
the tautological map Q ®, P — Q ®4 im(d), resp. Q @p P — Q ®, cok(d), and the
second map is Q ®, (H'(k) o (A ® Apyx) o H(k)™!) @id. For each y € G" we then
define a normalised leading term by setting

A(x) 1= I (1 — )77 Zn(%, 1) /det(Q° ©g ¢ | e(Q° @1 P).

It can be shown that, independently of Theorem 3.1, each A(x) belongs to the field
E generated over Q by the set {1)(g) : g € G,¢ € G} and also satisfies w(A(x)) =
A(wo x) for all w € Gg/g. The result of [7, Lem. 3.2.1(ii) with d, = 1] shows that
Theorem 3.1 implies in addition that each A(x) belongs to the integral closure O of A
in E, and hence that the sum 1 A(X)ey belongs to the integral closure 2 of A in
Q[G], and moreover that, for differing x, the elements A(x) satisfy a family of mutual
congruence relations which are together equivalent to the condition that an element
of <M should belong to the subset A[G]. For example, if |G| is equal to a prime ¢ and
£ ¢ A*, then the required condition is that for every x € G” one has A(x) = A(xo)
(mod £) where X is the trivial element of G and £ the unique prime ideal of O
above ¢. However, explicating the necessary congruences in any very general setting
seems to be a difficult algebraic problem.

3.2. A useful reduction step. For each prime ¢ we define an object of DP(Z,[G])
by setting

D3 5o := RHomg, (RU¢(Cr, jrs1Zs), Ze[—2]),
regarded as endowed with the natural contragredient action of G.

Lemma 3.3. Di.y, , is naturally isomorphic to Z[G] ®HZ‘[G] Dt 5, in DP(Zy[GY).

Proof. Since the functor Zy[G] ®z;g) — identifies with the exact functor Z, ® —
it clearly suffices to prove that Zy ® RT'we¢(Cr,jrs1Z) is naturally isomorphic to
C;“/k,z,z := Rl (Crp,jrxZ) in DP(Z4[G]). To do this we fix an object P*® of
CP(Z|G]) that is isomorphic in DP(Z[G]) to RT'we(Cr,jrsiZ) and an object Q°
of CP(Z[G]) isomorphic in DP(Z,[G]) to C}.; 5, ,- For each natural number n we set
A, :=Z/¢"|G]. Then the exact sequence 0 — P* X pe P* /™ — 0 combines
with the natural exact triangle

Rl'we(Cr, jrsiZ) 2, RTwet(Cr, jrs1Z) — Rl'we(Cr, jrsi(Z/07)) —

to give an isomorphism P®/¢" = RT'we(Cr,jrs1(Z/¢")) in DP(A,). In a simi-
lar way there is an isomorphism Q°®/¢" = RI'¢(Cr,jrxi(Z/0")) in DP(A,). Since
the complexes RTl'wet(Cr, jrs1(Z/0")) and RT¢(Cr, jrxi(Z/0™)) are canonically iso-
morphic in DP(A,) (cf. [27, Prop. 2.3(g)]) there is therefore an isomorphism
an 2 QY0 = P*/¢™ in DP(A,). As n varies, the isomorphisms «,, are such that



CONGRUENCES BETWEEN DERIVATIVES 7

the diagram

C— QU & QU et —— ..

a"l Oén—ll

. — P ”_5> p-/gn—l .
commutes in DP(A,), where 7¢ and 2 denote the natural quotient maps. Since
however Q°®/¢™ consists of projective A,-modules and P®/¢" of A,-modules we can
realize each «,, as an actual map of complexes. Moreover, o, 1 0777? will be homotopic
to 71'5 o Quy, i.e.

1 owg—wfoan =doh+hod
for some map h : Q*/¢" — P*/{"~'[-1]. But, for each i, the projection P!/{" —
Pt/e"=1 s surjective and Q°/4™ is a projective A,-module and so we can lift h to
a map h' : Q*/¢" — P*/{"[—1]. If we then replace ay, by a, +doh’ + h' od, the
above diagram will actually be a commutative diagram of maps of complexes. So
by induction we may assume that, taken together, the maps «, constitute a map of
inverse systems of complexes. The inverse limit of such a compatible system then gives
an isomorphism in DP(Z,[G]) of the form
Ch/es,e = Q° = limQ® /0" = lim P* /0" = 7, @ P* = Zy ® RU'wet(Cr, jrmZ),
n n

as required. 0

In the following result we write

Dr 3.0 do,ia)(QlG) €711 Dis.0) = loyc)
for the morphism in P(Q[G]) that is constructed in the same way as the morphism
Yrx in Theorem 3.1 but with the role of Q ® Ar 5 played by the composite of Q; ®g
(Q® Apyx) and the isomorphisms H(Qy[G] ®%[G} Dysy) = Qg (Q@ HY (D x))
induced by Lemma 3.3.
In the sequel we set p := char(k).

Proposition 3.4. Theorem 3.1 is valid if and only if in P(Z,|G]) one has
(3) Vrsp(dz,c(Drsp) = Zig (1) - 1z7,(6)-

Proof. The natural diagonal functor P(Z[G]) — [[, P(Z¢[G]), where ¢ runs over all
primes, is faithful and so the equality of Theorem 3.1 is valid if at each prime ¢ it is
valid after applying Z,[G] ®zq) — But from Lemma 3.3 and the definition of ¥ x
one has Z|G] ®zjc) Vrx(dzic)(Dyx)) = Vrs(dz,c)(Dyx ) and so it is enough
to prove that Vrx ¢(dz,c) (D s o) = Z*/k,z(l) - 17,1 for every prime £. To prove
the claim it therefore suffices to show that if £ # p, then the latter equality follows
from results proved in [5]. To do this we note first that, because of the different
normalisations used here and in [5], Z} ; (1) is equal to the element Z;‘/kj(l)#
which occurs in the (conjectural) equality of [5, (3)]. We also note that [5, Lem.
1(i)] induces a canonical isomorphism in DP(Z[G]) between D35, and the Weil-étale
cohomology complex RT'Ww (Ur,x,Gyy,) which occurs in [5, (3)]. After taking this into
account, and using [5, Rem. Al] to translate the image under the natural localisation
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map Ko(Z|G],Q) — Ko(Z¢[G], Qp) of the equality [5, (3)] from the language of relative
algebraic K-theory to that of graded invertible Z,[G]-modules, one obtains the required
equality Upx.¢(dz,(c) (D)) = Zi 1, 5(1) - 1z,(c)- 1t is therefore clear that if £ # p,
then the validity of this equality follows directly by combining the results of [5, Th.
3.1(i) and Lem. 2]. O

4. TWASAWA THEORY

In this section we complete the proof of Theorem 3.1 by using the descent formalism
developed by Venjakob and the present author in [12] to deduce the required equality
(3) from Crew’s proof in [17] of the relevant main conjecture in geometric Iwasawa
theory. (Later, in Appendix A, we shall also present an alternative, and conceptually
simpler, proof of all of the main conjectures that are proved by Crew in [17].)

For any profinite group G we write A(G) for the Iwasawa algebra lim  Z,[G /U], where
U runs over all open normal subgroups of G. We recall that if G is a compact p-adic Lie
group, then A(G) is left noetherian and its total quotient ring Q(A(G)) is left regular.
For any Galois extension of fields F'//E we often abbreviate A(Gr/g) to A(F/E).

4.1. The complexes. In this subsection we fix a compact p-adic Lie extension K/k
(of global function fields of characteristic p) and, with a view to subsequent applications
in non-commutative Iwasawa theory, we do not assume that K/k is abelian. We set
G := G, and for any closed normal subgroup V of G we write A(G/V)# for A(G/V),
regarded as a (left) A(G/V)-module via multiplication on the left and also endowed
with the following commuting (left) action of G /: each o in Gy, acts on A(G/V)#
as right multiplication by o;,* where o is the image of o in G/V. We regard A(G/V)#
as an étale sheaf of A(G/V)-modules on Uy x5, := Spec(Op ) in the natural way and,
following the approach of Nekovaf [29], we then obtain an object of D~ (A(G/V)) by
setting

Crev s = BUe(Cr, ji s (MG/V)F)),
where ji 5 : Ug,ss — Cj is the natural open immersion.
We write © +— 2~ for the Z,-linear anti-involution of A(G/V) that inverts ele-
ments of G/V. For each A(G/V)-module M we regard Hompg,v)(M,A(G/V))
as a A(G/V)-module by setting z(f)(m) := 6(m)z™~ for all z in A(G/V), 6 in
Homy g/vy(M,A(G/V)) and m in M. We note in particular that if M is a finitely
generated projective A(G/V)-module, then so is Homp g vy(M,A(G/V)). This
therefore induces an exact functor RHomy g vy(—, A(G/V)[-2]) from D~ (A(G/V))
to DT(A(G/V)) which restricts to give an exact functor from DP(A(G/V)) to
DP(A(G/V)). We set

Diev jisy = RHomag vy (Chv 2 AG/V)[-2])

and in the next result record the basic properties of such complexes.

We recall that a A(G)-module M is said to be ‘torsion’ if the scalar extension
Q(A(G)) ®a(g) M vanishes. For each place v in ¥ we write G, for the decomposi-
tion subgroup in G of a choice of place of K lying above v. We also write k> for the
constant Z,-extension of k.

Proposition 4.1.
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(i) For each closed normal subgroup V of G there is a natural isomorphism in
DP(A(G/V)) of the form A(G/V) @5 ) Di/pe = Diev s

(ii) If for eachv in X the decomposition subgroup G, is both non-trivial and normal,
then Dy s, is acyclic outside degree 1 and the A(G)-module H! (D /15) is
both torsion and of projective dimension one.

(ili) If K contains k>, then D3 v is acyclic outside degree 1 and Hl(D;(/k 5) s
finitely generated over A(K/k) and both torsion and of projective dimension
one over A(G).

Proof. Regarding X as fixed, for any closed normal subgroup V' of G we set C}., e
C;("/k,E and D;(V/k, = D;(V/k,E' Then it is well known that CI.(V/k’ and hence
also its dual Dy ., belongs to DP(A(G/V)) (see, for example, (18, Prop. 1.6.5(2)]).
The rest of claim (i) is true because the standard ‘projection formula’ isomorphism
A(G/V) ®%(g) Ckr = Clv . (cf. [18, Prop. 1.6.5(3)]) induces an isomorphism in

DP(A(G/V)) of the form

A(G/V) @5y Dicjre = MG/V) ®(g) RHoma ) (Cre/i, MG)[-2)
= RHomA(g/V) (A(Q/V) ®]I[\(g) C}.(/ka A(Q/V)[*Q])
& RHOmA(g/V)(C;(V/kaA(g/v)[_Z]) = ;(V/k'

To compute the groups H(D$, /) we write O(G) for the set of open normal sub-
groups of G and for U in O(G) set Dy := RHomZp(C’;(U/k,Zp[—Q]), regarded as
an element of DP(Z,[G/U]) via the natural contragredient action of G/U. For each
finitely generated projective A(G)-module P there is a natural isomorphism of (left)

A(G)-modules Homy gy (P, A(G)) = liLnUeO(g) Homgz, (Py,Z,) where Py denotes the

module of U-coinvariants of P and Homg, (Py,Z,) is endowed with the natural con-
tragredient action of A(G). This fact combines with the argument of [18, Prop. 1.6.5]

to imply that Hi(D;{/k) identifies with @er(g) Hi(Dg{;) where the limit is taken

with respect to the natural transition morphisms. Now from Lemma 3.3 and [5, Lem.
1] one knows that H*(Dg;) = 0 if i ¢ {0, 1}, that H°(D};) is canonically isomorphic to
Zp ® Oy v and that there is a canonical exact sequence of Z,[G/U]-modules of the
form 7
0— Z, ® Cl(Okv x) = H' (D)) — Z, ® Yev 5 — Z;, — 0.

If U C U" with U' € O(G) then, with respect to the above identifications, the tran-
sition morphisms H(Dg;) — HO(Df;,) and HY(DJ)tor — H' (D} )tor are induced
by the field theoretic norm Ny gy : K U o K U/, whilst the transition morphism
HY(Dg)is — HY(Dg) )it is induced by the direct sum over each place v in ¥ of the maps
Ny Zp @ Y vy = Zp @ Ygur 1,y defined by setting Ny 1, (€)(v) = 32, €(w)
for all € : (KY) — Z, (for details of the calculation of such transition morphisms
see, for example, [9, Prop. 5.1]). Passing to the limit over U in O(G) of the above
displayed exact sequences preserves exactness since all involved modules are compact
and therefore gives rise to an exact sequence of the form

(@) 0 lim Z,®ClOkv.x) — H'(Dy) — @ AG) @@y Zp — Ty — 0.
NU,U’ vEX
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For each U there is also a natural exact sequence of Z,[G/U]-modules
0—Zp @O0k 5 — Zp @ YRu 5 — Ly ® Clgw — Z, @ ClOkv ) = Ly /p™) =0

where we write C1% for the degree 0 divisor class group of a function field F, m(U) is a
non-negative integer and G/U-acts trivially on Z,/p™U). This sequence is compatible
with the maps induced by the norms Ny as U < U’ run over O(G) and if v € X
then the limit hrn Z ® Ykuv ,, vanishes if v has infinite residue degree in K /k and

is otherwise Canomcally isomorphic to A(G) ®a(g,) Zp. Hence, upon passing to the
limit over U in O(G), the last displayed sequence induces an exact sequence

(5) 0— H(Dics) — D MO ®On,) Zp — X — lim Z, ® CUOgu 3) — 0

veEDK

fin Ny.vr
where Z{fn denotes the subset of ¥ comprising those places which have finite residue

degree in K/k and we set X /i, := hm Z ®CIKU If now the subgroup G, is both
non-trivial and normal, then A(G) ® A(g ) Z is annihilated by (left) multiplication by
gy — 1 € A(G) for any g, € G, and so is a torsmn A(G)-module. From (4) and (5) it
thus follows that, under the assumptions of claim (ii), the A(G)-modules HO(Dk/k)
and H' (D3, /%) are both torsion. To complete the proof of claim (i) it is thus enough
to show Dy, is represented by a complex in CP(A(G)) of the form P° — P! (since
then H°(D$ %/ ,.) is isomorphic to a torsion submodule of the projective module P° and
hence vanishes, and so P° — P! is a projective resolution of H 1(D;{ 5)- To do this it

suffices to fix a complex Q*® in CP(A(G)) of the form --- — Q™! 4 QO = Q1 that is
isomorphic in D(A(G)) to Di. ;. and prove cok(d’l) isa prOJectlve A(G)-module (since
then we will obtain a complex of the required form by setting PY := cok(d~') and
P! := Q' and using the map induced by d" as the differential). But for each U in O(G)

0

the complex 7>¢Q7; given by the truncation cok(d,}l) o, Qp to degrees 0 and 1 of
QY = Zp|G /U] @n(g) Q® is isomorphic in DP(Z,[G/U]) to Z,[G /U] ®%(g) D), = Dy
and so the Z,[G/U]-module cok(dy') is both Z,-free (because ker(dy;) = H°(D};) =
Ly ® (9;{[]7Z and Qf; are Z,-free) and of finite projective dimension (because Qf; is
projective and 7>0Qy = Dy, belongs to DP(Z,[G/U])). From [2, Th. 8] we deduce
that cok(dy;') is a projective Z,[G/U]-module. Upon passing to the limit over U
(and noting that all involved modules are compact) we then deduce that cok(d—!) =
lim cok(d=Y)y = lim cok(dp;') is a projective A(G)-module, as required. This proves
claim (ii).

If now k*° C K, then each place has infinite residue degree in K/k so XK is empty
and (5) implies that the group H®(D$, /k) vanishes. Since D3, is acyclic outside
degree 1 the same argument as in (ii) then shows that the finitely generated A(G)-
module H'(D3, /k) has projective dimension one. We next observe that any A(G)-
module that is finitely generated over A(K/k*) is automatically a torsion module.
Hence, to complete the proof of claim (iii) we choose an open subgroup J of G/
that is pro-p and normal in G and note that, by Nakayama’s Lemma, H' (D3, /k)

is finitely generated over A(K/k*) if the module of J-coinvariants H'(D$, /k) J is
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finitely generated over Z,. Now, since both D3} %k and DY, /i are acyclic in degrees
greater than 1, the isomorphism in claim (i) with V' = J induces an isomorphism
HI(D;(/k)J = 1(D;(‘,/k) and so in the rest of the argument we assume K/k* is
finite. In particular, we may choose a finite extension &’ of k with K = (k’)>°. We
write k' for the constant field of & and C for the complete smooth curve over &’ for
which &' = &/(C). We let A be the Jacobian variety of C' over ' and fix a power N
of p with Afp] € A(Fn) if p is odd and A[4] C A(Fy) is p = 2, where Fy is the field
with N elements. We set k := k'F ~ and K=K Fy and write & for the constant field

of k. Then K = k>, A[p] C A(&) and the isomorphism H'(DY ), )6, = H' (DY)
(induced by claim (i)) means that it is enough to prove that HI(D;(/k) is a finitely

generated Z,-module. To do this we set G :=Gj Rk and for each place v of k write

G, for the decomposition subgroup of v in G. Now, since no place splits completely
in k> /k, each group G, is open in G and so the module A(G) ®n(G,) Lp is finitely

generated over Z,. In view of (4) and (5) (with K and G replaced by K and G) it is
therefore enough for us to prove that the Z,-module Xz /K 18 finitely generated. Our

proof of claim (iii) is thus completed by Lemma 4.2 below. O
Lemma 4.2. The Zy-module X ;. is generated by dimg, (A[p]) elements.

Proof. (This proof was shown to us by K-S. Tan.) For each natural number n let kn
and 7, be the unique subfield of K of degree p" over k and the unique extension of
K of degree p" respectively. Then Z, ® Cl~ identifies with the subgroup A(%,)[p™]
of p-power torsion points in A(kK,). The assumptlon Alp] C A(R) thus implies that
z, ® Cl%n)[p] = Alp] for all n. To prove that Xz, = lim (Z, ® Cl%n) can be
generated by dimg, (A[p]) elements it is therefore enough to show that each norm map
Not1n 0 A(Fn+1)[p>] — A(Ry)[p™] is surjective. To do this we fix P in A(R,)[p™],
a p-division point @ of P and a generator o of Gie/z,. Then R := o(Q) — Q belongs
to Alp] € A(%). This implies 0(R) = R and hence ¢(Q) = @ + iR for each non-
negative integer ¢. This in turn implies that o fixes @, so @ belongs to A(%,+1), and
also that Ny, y1,(Q) = 220710/ (Q) = pQ + 122" iR. If p # 2, then this sum
is equal to p@Q + (prl)pR =pQ = P and so P = NnH,n(Q), as required. If p = 2,
then the sum is equal to pQ + R = P+ R. But R € A[2] and, since A[4] C A(k),
there exists an element R’ of A(K) with R = 2R’ = N, 41,(R’). Hence one has
P=(P+R)—R=N,;1,(Q —R), as required. O

Remark 4.3. Assume that G := Gy, is abelian. If the quotient G/V" has rank at least
one and no place in ¥ splits completely in K /k, then the results of Proposition 4.1(i)
and (ii) combine with the functorial properties of d(g) described in §2.2(i) to imply
that Jean(da(g/v) (D;(V/k,E)) = v« (Vcan(da(g) (D i ) where my is the projection
homomorphism A(G) — A(G/V) and in both cases the morphism ,, is as described
in §2.2(ii). If G is isomorphic to H x ZZ for some finite abelian group H of order
prime to p and natural number d and no place in ¥ splits completely in K /k, then
Proposition 4.1(ii) also combines with the final assertion of §2.2(iv) and the fact that
characteristic ideals are multiplicative in the exact sequences of torsion modules (4)
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and (5) to imply that

Dean(da(g) (D k) = (chag)(Xryw) 'ehay(Zp) [ chag)(A(G/Gn)",0).
veS\ZK

fin

4.2. The main conjecture. For any finite abelian extension F'/k that is unramified
outside a finite non-empty set of places ¥ the value 0p/; 5 of Zp/, 5(t) at t = 1 is
both well-defined and belongs to Zy[G /] (cf. [39, Chap. V, Th. 1.2] and note
Or/k,x is equal to Ox(1) in the notation of loc. cit. and that, since p = char(k), the
integer e which occurs in [39, Chap. V, Th. 1.2] is coprime to p). Further, if F is an
intermediate field of F/k and F/k is unramified outside a non-empty subset 3 of X,
then

(6) e Orms) =055 [[ (1—Fra(v)™)
vET\S

where 7 7 is the natural projection Zy[Gr/r] — Zy|Gg ;] and for any abelian ex-
tension L/k and any place v that does not ramify in L/k we write Fry(v) for the
(arithmetic) Frobenius of v in G'1/;. In particular, for any abelian p-adic Lie exten-
sion K /k that is unramified outside ¥ we may set

Or/k,y = 1imOp/ » € A(K/k)
F

where F' runs over all finite extensions of k inside K and the limit is taken with respect
to the maps 7, 7. We shall deduce the equality in the next result from the validity of
a natural main conjecture in geometric Iwasawa theory.

Proposition 4.4. Let K/k be an abelian p-adic Lie extension of finite rank that is
unramified outside a finite non-empty set of places X and set G := G y,. If no place
of X splits completely in K/k, then one has ﬁcan(dA(g)(D;{/k)E))_l =O0r/ks - 1)

Proof. We first choose a Galois extension K'/k that is ramified precisely at the places
in ¥ and such that both K C K’ and G’ := G/, is (topologically) isomorphic to
a group of the form H x I" with H a finite abelian group of order prime to p and
I' isomorphic to Zg for some natural number d (the existence of such an extension
K'/k is guaranteed by the results of Kisilevsky in [23]). Then the functorial behaviour
described in Remark 4.3 and (6) imply that it is enough to prove the claimed equality
after replacing K/k by K’/k and so we shall assume henceforth that K/k is ramified
at every place in ¥ and that G = H x I’ with H and I" as above.

We set C® := Ck/k,z and D*® := D;(/k,Z' Then, since A(G) is semi-local, Proposition
4.1(ii) implies that D*® is isomorphic in DP(A(G)) to a complex of the form

D. A(g)m i A(g)m

where the first term is placed in degree 0 and the differential § is injective. Now
if one endows Homyg)(A(G)™, A(G)) with the A(G)-action described just prior to
Proposition 4.1, then the map ¢ — ¢(1)~ induces an isomorphism of A(G)-modules
Hom (g)(A(G)™, A(G)) = A(G)™. Thus, since there are natural isomorphisms C'* =
RHomA(g) (D.a A(g)[_2]) = HOmA(g)(D.,A(g)[—Q]), one has ﬁcan(d/\(g) (D.))_l =
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detA(g)(é) “1a(g) and ﬁcan(dA(G)(C'))_l = detA(g) (6)~ - 1pc)- This implies, in par-
ticular, that Jean(da(g)(D*)) = Te(Vean(da(e)(C*®))) where 7 is the endomorphism of
A(G) sending each element x to ™. Now, since C*® = HomA(g)(ﬁ', A(G)[-2]) is acyclic
outside degree 2 and H?(C®) is a torsion A(G)-module of projective dimension one, the
final assertion of §2.2(iv) implies that Jean(da(gy(C*))™" = (chp(g)(H?(C*)),0) and
hence that Jean(da(e)(D®)) ™" = 7o (Vean(da()(C®)) ™) = ((cha(g)(H*(C*))),0) =
(cha(g)(H?(C*)™),0) where for each A(G)-module M we set M~ := A(G) ®a(g),» M.
The claimed equality is therefore equivalent to the following equality of A(G)-ideals

(7) cha(g)(H?(C*)™) = Ok, - A(G).

To prove this equality we note that Z,[H] decomposes as a product [[,.; O; of un-
ramified extensions of Z, and so A(G) is the corresponding product of power series
rings in d-variables A; := O;[[I']]. For any finitely generated torsion A(G)-module
M there is an induced decomposition M = @iel M; with M; = O; ®z,g) M and
so it is enough to prove for each index i that chy,(H?(C*);") = Ok/kx - Ai. To de-
duce this equality from the results of Crew in [17] one fixes the p-adic characters pg
and x in [17, p. 396] in the following way. After identifying the fundamental group
71 (Uk,2) with Gy (k) Where Mx(K) is the maximal unramified outside ¥ exten-
sion of K inside k¢, one fixes pg and x to be the natural restriction homomorphisms
GME(K)/k —» GKH/k =T C AZ>< and GMg(K)/k —» GKF/k = H — Az>< where the last
arrow is induced by the given projection Z,[H] — O; C A;. For these characters one
has isomorphisms H?(C®)> = H2(Ug », F) = M(p) where we write F for the sheaf G
defined in [17, §3], the first isomorphism is because F is isomorphic to A(G); rather
than A(g)?&7 p = po X X, the module M(p) is as defined in [17, §3] and the second
isomorphism is the ‘curious isomorphism’ derived in [17, Rem. (3.2)] (the latter iso-
morphism is valid in this case because, by assumption, all places in ¥ ramify in K/k).
The required equality is thus equivalent to the equality cha, (M (p)) = Ok /i,5 - A; that
is proved in [17, (3.1.1) and the discussion on p. 396]. O

Remark 4.5. Assume G is isomorphic to H X Zg with H finite abelian of order prime
to p and d > 0. Then, since ChA(g)(HQ(CI'{/kL)N) = ’T(ChA(g)(Hz(C;(/k’E)) and
Ok ks - MG) = 7(0% 1, 5 - A(G)), the equality (7) shows that in this case the equality
of Proposition 4.4 is also equivalent to chA(g)(HQ(C;(/kZ)) = 0%k 5 - A(G).

4.3. The descent theory. In this subsection we shall prove the required equality (3)
by combining Proposition 4.4 for the extension Fk*°/k with the descent techniques
developed by Venjakob and the present author in [11, 12]. To do this we set K := Fk*
and (regarding K, F' and ¥ as fixed) also D* := D3,  and D§ := D5, ,. We write
7 for the topological generator of I' := G 5, given by z +— x%. For any finite group
A we set A* := Hom(A, Q5> ). For each p in G* we write Zy[p] for the ring generated
over Zj, by the values of p and ﬁg for the image under Q) ®z,(,) — of the Bockstein
homomorphism in degree 0 of the triple (D, Z,, ), as defined in [11, §3.1, §3.3].

We first record how the general descent formalism of [12] applies in our setting.
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Lemma 4.6. If the complex D*® is ‘semisimple at each p in G*’ in the sense of [11,
Def. 3.11], then in P(Z,[G]) one has

V5(dz,c)(Dg)) = ( Z Ok /k5(P)ep) 17,6
peEG*
where (3 : H°(Q,[G] ®HZP[G] Dg) — HY(Q,[G] ®%p[G] Dg) is the (unique) isomorphism
of Qp|G-modules with e,(Q5[G] ®q, (¢ ) = —1 x 89 for each p in G* and 0% s1.,5(p)
is the ‘leading term of O 5 at p’ in the sense of [12, §2].

Proof. We note first that Proposition 4.4 applies to the extension K/k since no place
splits completely in k°°/k. From Proposition 4.1(i) and (iii) we also know that
Zy|G] ®H[§(g) D* is canonically isomorphic in DP(Zy[G]) to D§ and that D® belongs
to the subcategory DY(A(K/k)) of DP(A(K/k)) that is defined in [12, §1.4]. Hence,
if D*® is semisimple at each p in G*, then the equality of Proposition 4.4 implies
that the formula of [12, Th. 2.2] (translated from the language of relative algebraic
K-theory to that of graded invertible modules in the natural way) can be applied
with respect to the data G = G,G = G, £ = Ok /x> and C = D*[1]. Now for this
data the complex E® := ¢,Q5[G] ®Y , C is isomorphic to e,Q;5[G] ®Hip[§] Dg[1] and
so is acyclic outside degrees —1 and 0 and hence, by the assumption of semisim-
plicity, the homomorphism 52 : H-1(E®*) — H°(E*) is bijective and the morphism
t(Cp) : dgg (E®) — 1gg which occurs in the formula of [12, Th. 2.2] is equal to 9.
From [12, Lem. 5.5(iv)] one also knows that the integer r¢(C)(p) in [12, Th. 2.2]
is equal to —ding(H_l(E’)) and hence that (—1)7¢(©))¢(C,) is equal to the mor-
phism J_1x50 = Ve, (03 (G100, ()8 = ep(Qp[G] ®q, ) Up). Given these facts, one finds
that (EPEG* 9;(/k,2(p)eﬂ) . 1ZP[G] and ﬂﬁ(dZP[G](Ds)) = ﬂﬁ(dzp[g](DB[l]))_l corre-
spond to the left and right hand sides of the equality of [12, Th. 2.2], and hence that
the claimed equality is indeed valid. O

Given Lemma 4.6, it is clear that the validity of (3), and hence of Theorem 3.1, follows
directly from the next two results.

Proposition 4.7.

(i) The complex D* is semisimple at each p in G*.

(ii) The morphism g in Lemma 4.6 coincides with the morphism gy, in (3).
Proof. We first introduce some notation. For any complex A® in D~ (A(G)) we define
an object of D™ (Q ®z, A(")) by setting AP, := A(T) ®HA(g) (e,Qp[G] ®z, A®) where
we regard e,Qp[G] ®z, A® as a complex of A(G)-modules by letting each element o of

G act on the tensor product as 051 ®z, 0 with oG the image of o in GG. Then, in terms
of the notation used in [11, §3.3], one has A? ) = Qf ®z,(,) A7. We also note that for
each such complex A® there is a natural isomorphism in D(Qj) of the form

(8) Zp @X(ry ALy = Zp ® (g) (6,Q5[G ©z, A*) 2 €,Q5[G] €7 161 (Z,[G] gy A°)-

In particular, this isomorphism (with A* = D*) implies Z, ®Hj\(r) D('p) is isomorphic in
D(Qy) to e,QyG] ®Hz“p () D& and so is acyclic outside degrees 0 and 1. It is thus clear
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(directly from the definition of semisimplicity) that D® is semisimple at p precisely
when the map (3] is bijective.

In fact we will show that for each p in G* the homomorphism —1 x ,6’2 is induced by
the composite

HO(QP[G] ®Hip[G] Dg§) =Q, Oz, HO(D(.)) =Qp® OIX«“,Z
Qp®dr, s ~ ° .
— = Q,®Ypy ¥ Q, @z, H'(D§) = H(Q,[G] ®7,¢) D).

Note that if this description of —1 x 62 is valid, then claim (ii) follows immediately
from a direct comparison of the definitions of 5 and ¥ 5 , whilst claim (i) is also valid
because the required bijectivity of 62 follows from the bijectivity of Q, ® dpx.

It therefore suffices to prove the above description of —1 x 62. To do this we fix a place
v in ¥ and write ¢, : Ypy — @w‘ » Z for the homomorphism sending each element of
Yr s to its respective coefficient at each place w of F' above v. Then it is enough to
prove that for each p in G* the composite homomorphism

0
S DR, = (), S (Vrs), 22 (@D 2),

wlv

(9)  (OFx), =H(DS),

is induced by Q, ® dpx. Here, and in the sequel, for any finitely generated Z[G]-
module, resp. finitely generated Z,[G]-module, N we set N, := ¢,Qp[G] ®z(q N, resp.
N, = GPQE[G] ®7,[G) N.

To prove that (9) is induced by Q,®dr 5, we write j for the open immersion Uy, 5, — Cj,
let Zs; denote the complement of Uy »; in Cj and write ¢ : Zs; — C}, for the natural
closed immersion. If y is a place of any subfield of K, then we write x(y) for the residue
field of y and set Z, := Spec(x(y)). If y belongs to ¥ we also write i, : Z, — C}, for
the natural closed immersion. Then for any quotient Q of G there is a natural exact
sequence of A(Q)-sheaves 0 — j1(A(Q)#) — A(Q)* — i,i*(A(Q)¥) — 0 on O} and
hence a composite morphism in DP(A(Q)) of the form

Aot RUet(Cr, i(A(Q)#))V[-2] — RT¢(Zs,i*(A(Q)%))Y[-1]
= P Rra(Zy, 5 (AMQ)*))V[~1] — Rl (Zu, i3 (A(Q)%))V[-1],

yeD
where for each complex C'in D~ (A(Q)) we set CV := RHomy g)(C, A(Q)) (endowed
with the natural contragredient Q-action) and the last arrow is the ‘projection to
the summand at v’ morphism. Now, if £ is the subfield of K with @ = G/, then
the complexes RT¢(Z,,i%(A(Q)#))V[—1] and £(Q)? := Rl¢(Z,,i%(A(Q)#)) are both
canonically isomorphic to the direct sum over the set S, (FE) of places w of E above v
of the complexes

A(Qu/Q0)* 7 A(Qu/ Q)
where the first term occurs in degree 0, Q,, and Q% are the decomposition and inertia
groups of w in @ and o, is the frobenius automorphism in Q,,/Q% = Gro(w)/r(v)-
Since RT¢:(Ck, i(A(Q)#))V[-2] is equal to D*, resp. is naturally isomorphic to D¢,
if @ = G, resp. Q@ = G, the morphisms Ag and Ag therefore combine to induce a
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morphism of exact triangles in D(Qg) of the form

° -1 3 c ° o
Dy, —— D}, —— eQGles D5 —— Dyl

(10) Agl ,\gl Agl )\g[l]Jr

EQ)s ) — EG)5,) —— QG185 4 G —— E(9)3,[1.

~

The upper triangle in this diagram is induced by the isomorphism Z, ®HA(F) D('p) =
e,Q5[G] ®Hip[c] Dy already used above and lower triangle by (8) with A®* = £(G)s and
the natural descent isomorphism Z,[G| ®]k(g) E(G) =2 E(G)e.

To compute the cohomology of £(G)? we use the quasi-isomorphism

Ay @ S(G); - @ RFét(Zva A(GM/G?U))

weS, (F)

that is induced by the morphisms (of complexes of A(G,, /G2 )-modules)
MG /GO =2 A(Gu/GE)*

o | -
MGuw/GY) == MGu/GY).

We also identify the groups HY(Z,,A(Gy/GY)) and H}(Z,, A(Gy/GS,)) with
HY (Zw,Zp) = Zy, and H}(Zy, Zp) = Homeont (Gr(w)e /r(w)> Lp) = Zyp in the natural
way, where the last map evaluates each homomorphism at the topological generator
ydegr(w) of Gr(w)e /r(w)- We write ﬁg for the image under Q ®z,(,] — of the Bockstein
homomorphism in degree 0 of the triple (£(G)3 ,, Zp,7v). Then the homomorphisms ﬂg
and /ég are defined by using the maps that are induced on cohomology by the upper
and lower exact triangle in diagram (10) and so, by passing to cohomology in this
diagram, we obtain a commutative diagram
0
©Oiw)p = By, Z HON, S (),

(12) JH‘](AG)’ lHO(Aw lHl(m lm)p

(B Z)y (Do 2),

in which H%(\g)’ is induced by the map Ops — Do Z given by (valy) -

We now write x for the constant field of k. Then the argument of Rapaport and
Zink in [33, 1.2] (see also [5, Rem. 7]) implies that the map BS in (12) is induced
by taking cup product with the pull back ¢ to Hj (Zy,Z,) = Z, of the element of
H}, (Spec(k), Z,) = Homeon (T, Z,) which sends v to 1. Since ¢(y38+(®)) = deg, (w)
the composite homomorphism in the lower row of (12) is thus equal to multiplication by
—deg,, (w) (the negative sign occurs here because (11) induces the identity map, resp.
multiplication by —1, on cohomology in degree 0, resp. 1). From the commutativity of
(12) we therefore obtain the required description of (9) and hence complete the proof
of Proposition 4.7. O

@), 2 mEG)),

v v
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In the next result we fix an embedding Q¢ — @} and use this to identify the groups
G" and G*.

Lemma 4.8. The element ZpGG* 9;(/1@,2(/’)% in Lemma 4.6 is equal to the element
Zpn(1) i (3).

Proof. Recalling the definition (2) of Z7, /k,Z(l) it is enough to prove that for each p
in G* one has 9}/,@’2@) =limy 1 (1 —t)" " Zx(p,t), where rj is the algebraic order of
Zs,(p,t) at t = 1. To do this we identify A(k>/k) with the power series ring Z,[[T]
via the correspondence v = 1+ T. Then for each p in G* the element 9}/,672(;)) is
defined to be the leading term ®,(0k /1 x)*(0) at T = 0 of the image of Ok /5 » under
the homomorphism @, : Q(A(K/k))* — Q(O[[T]])* that is defined in [12, (5)].
We write k, for the subfield of F' fixed by ker(p), set K, := k,k* and regard p as
an element of Hom(G K,/ ks QZC,X) in the obvious way. We write ¥, for the subset of ¥
comprising those places which ramify in k,/k (or equivalently, in K,/k). To deal with
the possibility that ¥, is empty we also fix a place v of £ that does not belong to X
and is inert in the (cyclic) extension k,/k and set ¥ := ¥ U{vo} and ¥/, := ¥, U{vo}.
Then from (6) one has
(13)  ®y(Ox/ns) = Pp((1 —Fre, (vo) )" [[ (1=Fre, (0)™)®,(0k, /k.5,)-
veEX\X,
But, recalling the explicit definition of ®,, one computes for each v € X\ X,U{v} that
B,(1—Fri,(v)™") = 1 p(Fry, (v))(1+T) %) and so ®,(1—Fry, (v)71)*(0) = ¢y,
with
o {1 = (Frg, (0),iF p(Fr, (1)) # 1,
” degy, (v), otherwise.
We next recall that the algebraic order of Zsy (p,t) at t =1 is dimgg (e,(Q; ® YIQ,Z;))
(cf. [39, p. 111]) and claim that e,(Q5 ® Y25, ) vanishes. Indeed e,(Q5 ® Y2y, ) is
a subspace of e,(Q ® YF7ZIP) = @er; ep(@;[é/Gl.} and for each x in ¥, the sf)ace
epQy[G/G,] vanishes since = has non-trivial decomposition group in k,/k and so p
is not trivial on GG,. The value of the series ép(QKp/kyg;) at T = 0 is thus equal
to p(Ok,/k,51) = p(Zi, k5, (1)) = Zs,(p,1) ¢ {0,00} (where we have extended p in
the obvious way to a homomorphism Qp[Gy,/i] — Q) and so @, (0k, /x5, )*(0) =
Zsy (p,1). From (13) one therefore has

e () = (1= p(Fr, (00) ' T] o)y (5, 1) = lim(1 = 0) 7 2 (7, ),
veEX\X,

where the last equality follows from an explicit analysis of Euler factors. O

This completes our proof of Theorem 3.1.

5. EXPLICIT CONSEQUENCES

In this section we derive several explicit consequences of Theorem 3.1 including Corol-
lary 1.2. As in §3.1 we fix a finite abelian Galois extension F' of k. We set G := G ;.



18 DAviD BURNS

5.1. Chinburg’s conjectures. In [5, Th. 4.1] it is shown that [loc. cit., Con].
C(F/k)] implies the validity of Chinburg’s ©(3)-Conjecture for F'/k. Corollary 1.2(i)
is therefore a direct consequence of Theorem 3.1. To prove Corollary 1.2(ii) we now
assume that F'/k is tamely ramified. In this case Chinburg has proved the validity
of his ‘Q(2)-Conjecture’ (this follows upon combining [13, §4.2, Th. 4] with [16, Cor.
4.10]). In view of Corollary 1.2(i) we therefore need only recall that Chinburg has also
proved that if the 2(2)-Conjecture and Q(3)-Conjecture are both valid for an extension
F/k, then the Q(1)-Conjecture is automatically valid for F//k (this is a consequence
of [13, §4.1, Th. 2 and the remarks which follow it]).

5.2. Refined Stark conjectures. The fact that Theorem 3.1 is equivalent to the
function field case of [6, Conj. C(F/k)] follows directly from [5, Lem. 1(i), Lem.
2].  Corollary 1.2(iii) therefore follows immediately upon combining Theorem 3.1
with the main result (Th. 3.1) of [6]. We assume henceforth that F/k is unram-
ified outside a finite non-empty set of places ¥ of k. Then all of the assertions
listed in Corollary 1.2(iv) relate to explicit congruences for the ‘Stickelberger ele-
ment’ 9%}%‘2 =2 g Lx(x;0)X(g9)g where x runs over G” and g over G, and all of
these congruences are easily verified whenever Lx(x,0) = 0 for all xy. However, the
results of [6, Cor. 4.1 and Cor. 4.3] show that [6, Conj. C(F/k)] implies the explicit
congruences of [6, (14) and (18)] which specialise to recover all of the above congru-
ences for 0;?}‘;3‘2 but in general amount to a family of non-trivial congruence relations
between the values at s = 0 of higher order derivatives of the functions Lx(y,s).
Theorem 3.1 therefore implies that all of these congruences are valid unconditionally.
This completes the proof of Corollary 1.2.

5.3. Module structures and Fitting ideals. The main result (Theorem 3.1) of
Hayward and the present author in [10] is that, under suitable conditions, the validity
of [6, Conj. C(F/k)] implies a family of explicit restrictions on the structures of Oy y,
and Cl(Opyx) as G-modules. Theorem 3.1 therefore implies that all of these results
are valid unconditionally.

In another direction, Macias Castillo [28] has shown that for many cases in which the
element H}t}‘}ckz discussed in §5.2 vanishes the validity of [6, Conj. C(F/k)] implies
a natural generalisation of Stickelberger’s theorem in which the values at s = 0 of
higher order derivatives of the functions Lx(x,s) are used to construct elements of
Z|G) which annihilate the divisor class group C1%. Theorem 3.1 therefore now implies
that all of these annihilation results are valid unconditionally.

The next result shows that Theorem 3.1 also gives explicit information about the
Fitting ideals of certain natural Weil-étale cohomology groups. In this result we write
k for the constant field of k and recall that gx := |k|.

Proposition 5.1. Let Z' be any finitely generated subring of Q for which the G-module
Z' ® k* is cohomologically-trivial (this is automatically the case if, for example, the
highest common factor of qr — 1 and |G| is invertible in Z'). Then one has

ZF/k,Z(l) . ADDZ/[G} (Z/ ® K}X) = FitZ/[G] (ZI & H\lzve’t(OF,E; Gm>)
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Proof. For each character x in G” the algebraic order at t = 1 of Zx(x,t) is
equal to dimge(eq(Q° ® Ofy)) (cf. [39, p. 111]). Since Q° ® Ofy; is isomor-
phic as a Q°[G]-module to Q¢ ® H O(D},z) this formula implies in particular that
Zrks(1) = Zp ) 5 (Leo with eg := -, ey where x runs over all elements of G"
for which the module e,(Q° ® H%(D},y)) vanishes. Thus, if in terms of the nota-
tion of [7, Th. 8.2.1], one takes A = Z', L} = Z}, (1),9* = Z'[G] @y Dix
and A; = Jpx, then the validity of the (in general conjectural) equality of [7, Th.
8.2.1(i)] follows from the image under Z'[G] ®zjg) — of the equality of Theorem 3.1,
and the element £, which occurs in [7, Th. 8.2.1(ii)] is equal to Zp/ (1). Since
#* identifies with H?(D$, y;)tor our assumption that Z' @ * is cohomologically-trivial
therefore implies that [7, Th. 8.2.1(iii)] applies in this setting to give an equality
Zpkx(1)-Fitg g (Z' @ x*) = Fitg g (Z' ®H1(D;ﬂ’2)). The claimed equality now fol-
lows because the module £* is cyclic, and hence Fitz ¢)(Z' ®£*) = Anng¢)(Z' @),
and because the duality theorem in Weil-étale cohomology gives a natural isomorphism
Hl(D;ﬂ’Z) ~ H . (O s, Gy,) (cf. [27, proof of Th. 6.5] and [5, Lem. 1(i)]). |

APPENDIX A. ON GEOMETRIC MAIN CONJECTURES

David Burns, King Fai Lai and Ki-Seng Tan'

Throughout this appendix we refer to the main body of this article (the notation of
which we often assume) as the reference [B].

The main results of Crew in [17] are proved using certain deep results of Katz and
Messing [22] and Bloch and Illusie [21] concerning crystalline cohomology. In this
appendix we combine [B, Prop. 4.1] with a strengthening of the main result of Kueh,
Lai and Tan in [25] to show that all of the ‘main conjectures of geometric Iwasawa
theory’ discussed in [17], and hence all of the results in [B], can also be deduced from
Weil’s description of the Zeta function of a finite abelian extension of global function
fields of characteristic p in terms of /-adic homology for any prime ¢ # p, thereby
avoiding any use of crystalline cohomology (or Drinfeld modules).

We thus fix an abelian extension K/k of global function fields of characteristic p that
is unramified outside a finite non-empty set of places ¥ of k£ and write k£°° for the
constant Z,-extension of k. Just as in the proof of [B, Prop 4.4] we shall assume that
Gkr = H x J for a finite (abelian) group H of order % prime to p and J a non-zero
free Z,-module of finite rank. We therefore obtain a finite abelian extension of k by
setting k' := K.

A.1. Class groups. We first present a proof of [B, Prop 4.4] using ¢-adic cohomology
for primes ¢ # p. To do this we note that if G is any group of the form H x T,
then there is a natural ring isomorphism A(G) = Z,[H] ®z, A(T'). We may therefore
write each element of A(G) uniquely in the form x =, _; hay, with z in A(T") for
each h in H. For each finite extension O of Z, we set Ap(I") := O ®z, A(I") and for

each homomorphism w : H — O* we then define the ‘w-projection of =’ by setting

IThe author was supported in part by the National Science Council of Taiwan, NSC95-2115-M-
002-017-MY2
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Ty = Y pegw(h)zn € Ao(T). The association x +— x,, induces a homomorphism
@ : A(G) — Ap(T") and hence a functor P(w) := @, from P(A(G)) to P(Ap(T")) and for
each G-module N we write N, for the corresponding ‘w-eigenspace’ Ao (I") @5(q),s V-
We recall that if I' is topologically isomorphic to Zg for some integer e > 0, then
Ao (T) is isomorphic to a power series ring in e-variables over @ and so is a unique
factorization domain (cf. [4, Chap. 7, §3.9, Prop. §]).

We note at the outset that, since p t £, it is enough to prove the validity for each
homomorphism w : H — O* of the image under P(w) of the equality of [B, Prop. 4.4]
for the pair (K/k,X). In this regard the following result is a key step (it is a natural
generalisation of the main result of [25] and will be proved in §A.3).

Theorem A.l. Let n be a natural number. Then there exists a finite set of places
Y and an abelian extension L/k with all of the following properties: ¥ C ¥/ and
|¥'| > n; L contains Kk>; the set of places which ramify in L/k is equal to ¥'; Gy,
is isomorphic to H x I' where H is as above and I' is topologically isomorphic to Zs,
for some e > 1; for each homomorphism w : H — O* the element (0,1 5 ). is an
irreducible element of the unique factorization domain Ao (T).

We fix n, X' and L as in Theorem A.1 and set 0, := (0145 ). and R := Ap(T"). We
recall that the Brumer-Stark conjecture, as proved by Deligne in [39, Chap. V, Th.
1.2], implies that 6, annihilates X7,/ . (In this regard we recall the remarks made at
the beginning of §4.2 regarding differences in notation. We also remark in passing that
all of the results in [39, Chap. V] rely solely on the interpretation of Zeta functions in
terms of f-adic homology for any prime ¢ # p.) Thus, since 0, is irreducible, one has
chr(Xr/pw) = R- 6.,=" for some non-negative integer nsy . Now each place v in 3’
ramifies in L/k and no place splits completely in k°°/k and so the modules A(G/G,)
which occur in the formula of [B, Rem. 4.3] (with K and ¥ replaced by L and ¥’) are
pseudo-null. Since this is also true of the module Z, (as e > 1) this formula implies
that

(Al) ﬁcan(dR(Dz/kiy,w))il = (ChR(XL/k7w),O) = QZE,*“’ . 1R-

With K’ := Kk* and G’ := Gk /i, we write I for the quotient of I with G’ = H xI"
and set R’ := Ap(I"”) and S := Ap(J). Then I' is a free Z,-module of finite rank and,
as J is a quotient of I, there are projection homomorphisms 7 : R — S, 71 : R — R/
and 73 : ' — S with 7 = 73 o m1. Now each place v in ¥/ \ ¥ is unramified in K'/k
so chy e (A(G'/G),)) = (1 — Frgo(v)~1). Hence, since all places have infinite residue
degree in K'/k, [B, Rem. 4.3] implies that

T % (ﬂcan(dR(Dz/k7Z’7w))_l) = 772,*(771,*(19can(dR(Dz,/k;)Z’,w))_l))
(ﬁcan dR’ (D;('/kj’,w))_l)

(ﬂcan dR’(D;(’/k,Z,w))il H (1—FI‘K/(U)71>“,)
vES\D

=Vean(ds(Dgj2.0)) H (1= Frg(v) -
vES\E

= T2 %
=T2, %

(
(
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In addition, [B,(6)] implies 7.(6, - 1r) = (ax/k,z)w Hvezf\z(l — Frg(v) ™), - 1s.
Projecting (A.1) under . thus gives an equality

Jean(ds(D )™ ] (1 Fre(v) o
vES\D

= (HK/kE)ZE/"“ H (1 — FI'K(Q))_I)ZE/’“’ . 15-
vET\D

If now ny, = 1, then the image under P(w) of the equality of [B, Prop. 4.4] for the
pair (K/k,Y) is simply obtained by cancelling each term (1 —Frx (v)~!),, from the last
displayed equality (which is permissible since each such element is a non zero-divisor
in S).

It is thus enough to prove that nyy , = 1 for some ¥’ as in Theorem A.1. To do this
we argue by contradiction and so assume that ny, # 1 for every such ¥'. We also
choose a further set X" as in Theorem A.1 with ¥/ C X (this is always possible by
varying the parameters n and ¥) and set I'y := G0 /5. Then upon projecting (A.1),
and the analogous equality with X" replacing ¥, under P(R) — P(Ao(T'x)) we obtain
equalities

(A.2) Dean (Ao ) (Do ji e ) 7 = (052)™ - Lag(ry)

with 05. := Oy 5+ for both ¥* = ¥’ and ¥* = ¥”. We now identify Ap(I'x)
with the power series ring O[[T]] as in the proof of [B, Lem. 4.8]. Then one has
(05)0 = (05)w [Tyesm s (1= ¢ (14 T) 798 () with ¢, := w(Fry (v)) € O whilst,
since each place in ¥\ ¥’ is unramified and of infinite residue degree in k' /k, the
formula of [B, Rem. 4.3] implies
~1

ﬁcan (dAo (Tx) (Dl:’oo/k,zu,“-’))

= lgcan(d/\o(rk)(DI;’OO/k,E/,w))il H (1- C;l(l + T)ideg’“(v)).
’UGZ//\Z/

Thus (A.2) implies

(9/2/)32/1“,*712/1,“, —u H (1 - C;l(]- + T)fdegk(v))nzuwal
UEE//\E/

for some unit u of O[[T]]. Since nxr ., # 1 and (0%,), € O[[T]] this equality implies
(nyr o > 1 and nys, # Ny, and hence) that the set of zeroes of 0%, in Qy, is equal
to Uyez,,\z,{c —1:¢%e() = ¢, }. By fixing ¥’ and varying ¥” this gives an obvious
contradiction.

A.2. The general case. We now assume to be given a continuous homomorphism
p: m(Uks) — GLe&(Zp) with abelian image. We fix an abelian extension K/k with
K C Mx(k) and G := G, of the form H x Zg with H finite of order prime to p
and such that p factors through the surjection 71 (Ux,x) = Garyy (k) — G. We write
p both for the ring homomorphism A(G) — A(G) ®z, M.(Z,) = M.(A(G)) which
sends each g in G to g ® p(g) and also for the induced homomorphism A(G)[[T]] —
M (A(G))[[T]] = Me(A(G)[[T]]) which sends > < cnT™ to 32, 50 plem)T™.
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We set T), := Zy,, regarded as a module over G, and hence over Gy, (x)/k, via p. We
endow A(G)#(p) := A(G)# @z, T, with the (left) action of G' x Gy, (x)/x obtained by
letting G act via multiplication on the left hand factor and G, (k)i act diagonally.
We regard A(G)#(p) as an étale sheaf of free A(G)-modules on Uy s, in the natural
way and set Cg. ;= RU¢(Cr, ji,s1(A(G)#(p))). We recall that x — z~ denotes the
Zy-linear involution of A(G) which inverts elements of G.

Proposition A.2. The A(G)-module H? (Ck1.,p) s both finitely generated and torsion
and one has (chA(G)(HQ(C’;(/hp)),O) = det(p(0% /1. x)) - 1a(c)-

Proof. For any A(G)-module M we regard M(p) := M ®z, T, as a (left) A(G)-module
by means of the diagonal G-action. Then the exact functor M — M({p) induces a
functor DP(A(G)) — DP(A(G)) which we write as C* — C*{p).

The association g®t — g® g(t) induces an isomorphism of A(G)-modules A(G)# (p) =
A(G)#(p) under which the diagonal action of Gz (x)/k on A(G)#(p) corresponds to
an action solely on the first factor of A(G)# (p). This in turn induces an isomorphism
in DP(A(G)) of the form C% ;= Cf . (p), where C}, . o is the complex defined in
[B,§4.1], and hence an isomorphism of A(G)-modules H?( % kp) = H?( % k5 (P)-
This shows that H?(C$, Jk,p) is a finitely generated torsion A(G)-module and also makes
clear that the required equality follows from [B, Prop. 4.4] (as proved in §A.1) and the
following general fact: if f is a characteristic element of a finitely generated torsion
A(G)-module M (such as, by [B, Rem. 4.5], f = 0%, 5, and M = H?( % /k,5)); then
det(p(f)) is a characteristic element of M (p).

To prove the latter assertion the structure theory of finitely generated torsion A(G)-
modules allows us to assume that M = A(G)/(f) for a non zero-divisor f of A(G) and
in this case there is an exact sequence A(G)(p) Ld)led, A(G){(p) — M(p) — 0. Now the
standard Zy-basis {t; : 1 <i < e} of T), = Zj, gives a A(G)-basis {1®z,t; : 1 <i < e} of
A(G){p) and, with respect to this basis, the matrix of (x f){p) is p(f). The above exact
sequence therefore implies that det(p(f)) - A(G) = Fitaq)(M(p)) and hence, by the
observation made in §2.2(iv), that det(p(f)) is a characteristic element of M{p). O

We write | - |, for the absolute value on Q- Then, since p is continuous, if a series f
in A(G)[[T]] is continuous on the closed unit disc |T'|, < 1 so is the series p(f) and
one has 5(f)(1) = p(f(1)). In particular, if we set
Le(T) = [[ (1= Fric(v) - 795:0) "1 € A@)[[T]),
vgS
then Lemma A.3 below implies that the series
Lys(p.T) = det(3(Ls(T))) = [] det(1 = p(Frxc(v)) - T4 "1 € AG)[[T]]
vgs

is continuous on [T, < 1 and satisfies Lx(p,1) = det(p(0% ), ;). This last equality
implies that Proposition A.2 recovers the main conjectures considered by Crew in [17].

Lemma A.3. The series Lx(T) is continuous on the closed unit disc |T|, < 1 and
satisfies Lx(1) = 0% -
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Proof. Fix a place v of k with v ¢ ¥ and set §,(T) := (1 —Frg (v)- (g T)%°8=™)). Then
0y(T) is continuous and non-vanishing on |T'|, < 1 and J,(1) € A(G)* and so it is
enough to prove LL(T') := 6,(T") Ls(T) is continuous on |T'|, < 1 and satisfies LY (1) =
6u(1)0% 1. 5;- The topology of A(G) implies L3;(T) is continuous on [T'|, < 1 if for each
open subgroup U of G all but finitely many of the coefficients of L% (T) are in the kernel
of the projection 7y : A(G) — Z,[G/U]. This property is satisfied because [39, Chap.
V, Prop. 2.15] implies that 7wy (L% (7)) belongs to the polynomial ring Z,[G/U][T]
(indeed, in the notation of loc. cit., where G plays the role of our G/U, one has
7wy (L%(T)) = @{EU}(T)N where z — 2™ acts coefficient-wise on Z,[G/U][T]). One also
has 7 (LY (1)) = 7 (LS (T)(1) = (1 = Frgo (v) - g1 )05 5 = 706, (1075
for each such U and hence that L3, (1) = 6,(1)0% , 5, as required. O

A.3. The proof of Theorem A.1l. Recalling that G/, = H x J and k' := K7 we
identify G /;, with H in the natural way. We write O for the extension of Z,, generated
by the set of fi-th roots of unity in Q5 and define H* := Hom(H, Q;*) = Hom(H, 0*).
For a Z,-module M we set OM := O ®z, M.

A.3.1. Norm residue pairings. For the moment we assume given a finite non-empty
set X' of places of k and a profinite Galois extension E of k with k' C E, Gg/p
abelian and E/k unramified outside ¥'. We write I/, for the augmentation ideal of
AE/K), set Y = Z, @ Homg(Y}) 5/, Z) and U' := Z, ® Oy; 5, and note that both
Y’ and U’ are torsion-free (the latter since p = char(k)). We note also that the local
norm residue maps induce a pairing ( , )g/p : U xY' — Gg/y = IE/k//IJQE/k, and
hence an O-linear homomorphism

(A.3) Qpp oU' ®p OY' — OGE /= O(IE/k’/I?;/k')'

It is easily seen that if OU’ @0 OY’ is endowed with the diagonal action of H and
IE/k//I%/k, with the natural conjugation action of H, then ®g /. is a homomorphism
of O[H]-modules. Thus, if E/k is abelian, then H acts trivially on IE/k//I?E/k, and so
the eigenspaces U/, and Y/_, are orthogonal with respect to (, g/ if W’ # w.

Since p { h there are decompositions OU’ = @y U, and OY" = P . Y. For
each w we write 7, for the (common) O-rank of U/, and Y/ _,. We choose O-bases {c{’};
and {d;‘?fl}j of U/, and Y/_, and define the discriminant detg/y ,, of the restriction
of (, )g/k to U, x Y/ _, by setting discg/p,, := det((Pg/p(cy @ d;fl))lgi,jgrw). We
regard discgy,,, as an element of O(Ig“’/k,/lgu/z,l
is unique to within multiplication by elements of O*.

If now G/ is a non-zero free Z,-module of rank d, we fix a Z,-basis {o; : 1 <
i < d} of Ggpr, set t; = 05 — 1 and identify Ao(G g ) with the power series ring
Ry := O[[t1, ..., t4]]- Then for each non-negative integer m the augmentation quotient
O(Ig“/k, / Ig‘/",j) identifies with the space of all degree m homogeneous polynomials in
R; and, with respect to this identification, we let fg /i ., be the degree r,, homogenous
polynomial that represents discg -

We can now state the main result of this subsection.

) in the natural way and note that it
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Proposition A.4. There exists a finite (non-empty) set of places X' of k and an
abelian extension L of k with all of the following properties.

(i) X' contains ¥ and at least two places which split completely over k', and the
order of Cl(Oys ) is prime to p.

(ii) L contains Kk>, L/k is ramified precisely at the places in X', G,/ is iso-
morphic to Zg for some natural number d and Gy, is naturally isomorphic
to the product H X G, jpr.

(iii) The discriminant polynomials {fr k. @ w € H*} defined above are alge-
braically independent and irreducible over Q.

Proof. We choose two k-places v1, va which split completely over &. We replace X
by ¥ U {v1,v2} and then simply use [25, Cor. 2.1] to find a set ¥’ that satisfies the
conditions in claim (i).

We next choose an abelian extension F' of k£ which is ramified precisely at the places
in ¥’ and is a finite degree extension of Kk*. Then, following [36, Lem. 3.3], there
exists a Galois extension M /k with the following properties: F' C M, M/k is ramified
precisely at the places in ¥, Gy /p is a free Zy-module of finite rank and the homo-
morphism @,/ defined as in (A.3) is both injective and has image a direct summand
of OG /. We write L for the maximal abelian extension of k inside M. Then L
contains F' (and hence Kk®°), is ramified precisely at the places in ¥’ and Lemma A.5
below implies that G/ is a (non-zero) free Z,-module of finite rank. Since G'p,/j, is
abelian and the order of H = G}, is prime to p the isomorphism Gy, = H X G, 5/
is also clear. This proves claim (ii).

Lemma A.5 also induces an identification &/, = @f/[/k and implies that ®r/; is
injective and its image is a direct summand of OGy /.. Hence if for each w we fix
O-bases {¢¥'}; and {d;f’fl}j as above, then J . {®p/p(cy ® d‘]’-fl) |1<4,5<rm,}
can be extended to an O-basis 71,72, ...,7q of OG /. Set s; =7 — 1 for 1 <4 < d.
Then Rq = O[[s1,...,84]] and for each w there is a subset {s¢; | 1 <i,j < r,}
of {s1,...,sa} with fr /. = det(s{;)1<ij<r, and s;’,/’j/ # s¢; unless W' = w, i’ =i
and j' = j. The polynomials fr . for w € H* are thus irreducible over Q5 (by [42,
Vol. 1, p. 94]) and, since they are in different variables for different w, they are also
algebraically independent over Q. |

Lemma A.5. The restriction map Gprjpr — G pe induces an isomorphism Gﬁ/k, ~
Gk, where we regard Gypyyr as a Zy[H]-module in the natural way.

Proof. We set II := Gy and write Iy for the augmentation ideal of Z,[H]. Since
p t hi there is a direct sum decomposition I = I @ I (I1). We set I’ := Gk
Then Iy (IT) C [I',II'] and so, without loss of generality, we may assume that I (IT)
vanishes. Then II is central in II" and, as II'/II & H is abelian, also [II',II'] C II. Now
if g1,90 € IT', then g1gag7 ' = xgo with & = g1g2g7 Y95 * € [IT',IT'] C II. Since g} € II
we have gl = (2g2)" = gighg;' = gF and so 2" = id. But every element of the
abelian group [IT',II'] is a product of elements of the form z so [II',II'] is a torsion
subgroup of II and hence trivial. (|

A.3.2. Stickelberger elements. We fix notation as in Proposition A.4, set I' := G, /p/
and identify G, with H x I'. For each w € H* we set f, := fr /i . and also use the
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notation introduced just prior to Theorem A.1 to set 0., := (0155 )w € Ao(I'). Then
the image of the equality of [38, Prop. 7.1] under the natural projection Ap(G'r /) —
Ao(T) gives an equality 07,/ v = [, c g+ 0w Hence, if for each w we write £, for the
homogeneous polynomial in R4 with 6, = &, + higher degree terms in Rg4, then

(A.4) O ks = H &, + higher degree terms in Ry.
weH™

Further, the first step of the argument in [38, §7.2] shows that for each w in H* there
exists an «’ in H* and a non-zero element c,, of the field of fractions of © with

(A5) gw = waw’ € Ry.

We write 7 for the Z-rank of Oy 5,. Then the discriminant of the pairing ( , )/
can be regarded as an element of I7 / IF/“;, and as such is equal to v ][] - fo for

some v in O* (since the eigenspaces U/, and Y/_, are mutually orthogonal whenever
w’ # w). Thus, after taking account of [38, Lem. 6.2] and the fact that p { | C1(Ok »/)|,
the refined class number formula of Gross (as proved in this case, using elementary
methods, by Tan in [36]) implies 07, 5 = u]],cy~ fo + higher degree terms in
Ry for some u in O*. Comparing this equation to (A.4) and (A.5) one finds that
[locw- cofor = ull,cpy- fo- Since the polynomials {f, : w € H*} are algebraically
independent, this implies {f,» : w € H*} = {f, : w € H*} and hence that [[ . 5. co =
u € O*. But, since each polynomial f,- is irreducible, the equality (A.5) also implies
that each ¢, belongs to O and hence to O* (because [] . cwo € OF). From (A.5)
it thus follows that the polynomial &, is irreducible in Olsy, ..., $4].

We now suppose that 6, = 6105 in R; where 6; begins with the homogeneous polyno-
mial &; for i = 1,2. Then &, = £ & and so, since £, is irreducible in O[sy, ..., s4], we
must have, say, &, € O*. But then the series 6, begins with an element of O* and so
is a unit of Ry. This proves 8, is irreducible. (In fact, by a similar argument, one can
also show that the elements {6, : w € H*} are pairwise coprime in Ap(T)).
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