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ABSTRACT. We prove that for a wide class of motives the local and global
non-commutative Tamagawa number conjectures of Fukaya and Kato im-
ply explicit restrictions on the Galois structure of Selmer modules (in the
sense of Bloch and Kato). We thereby obtain a variety of new, concrete and
general conjectures concerning the structures of Selmer modules. In several
important cases we prove these conjectures.

INTRODUCTION

Let M be a motive defined over a number field k£ and for each finite abelian extension
F of k write Mp for the motive h°(Spec F) ®@po(spec k) M, regarded as defined over
k and with an action of the algebra Q[Gal(F/k)] via the first factor in the tensor
product. In this article we shall show that for a wide class of M the (very abstract
and comparatively inexplicit) local and global non-commutative Tamagawa number
conjectures for My that are formulated by Fukaya and Kato in [14] predict the exis-
tence for each odd prime p of non-trivial elements of Z,[Gal(F/k)| which annihilate
the p-adic (Bloch-Kato) Selmer module of My and are explicitly constructed by using
the values of complex L-functions. In an analogous fashion, our approach also shows
that the relevant generalised main conjecture of Iwasawa theory predicts the exis-
tence of non-trivial annihilators of the p-adic Selmer module of My that are explicitly
constructed by using the values of p-adic L-functions.

We further prove that, upon appropriate specialisation, this very general approach
gives rise to a wide variety of new and rather concrete results. Such results include
an explicit analogue for totally real fields of Brumer’s Conjecture, and hence also of
Stickelberger’s Theorem, and a refinement and generalisation of the main results of
Oriat in [24] concerning the structure of certain Galois groups (see Corollary 3.4 and
Remarks 3.6), an analogue involving leading terms of Dirichlet L-functions at strictly
positive (rather than negative) integers of the refined version of the Coates-Sinnott
conjecture studied by Burns and Greither in [8] (see Corollary 3.7) and, in the context
of Hasse-Weil L-functions of abelian varieties, a natural ‘strong main conjecture’ of
the kind that Mazur and Tate explicitly ask for in [20, Remark after Conj. 3] (see
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Remark 4.4). We also prove, modulo the assumed vanishing of certain y-invariants,
some special cases of the generalised main conjecture of Iwasawa theory and hence
deduce that in several significant cases the structural results mentioned above are
valid unconditionally (see, for example, Corollaries 3.5 and 3.8). In addition, as a key
feature of the proof of these results, which may well itself be of some independent
interest, we prove a natural generalisation of the main algebraic result of Snaith in
[28] (see §2.1).

The main contents of this article is as follows. In §1 we discuss some preliminaries
concerning homological algebra and determinant functors and then in §2 we prove the
purely algebraic result (Theorem 2.1) that is central to our approach. In §3 we prove,
modulo the assumed vanishing of certain p-invariants, some important special cases of
the generalised main conjecture of Iwasawa theory and also combine this result with an
application of Theorem 2.1 to the compactly supported étale cohomology of suitable
sheaves to deduce a variety of explicit results on the structures of Galois groups, ideal
class groups and wild kernels in higher algebraic K-theory. In §4 we apply Theorem
2.1 to Selmer complexes (in the sense of Nekovaf) of certain critical motives. We use
this result to show that the conjectures of Fukaya and Kato imply explicit restrictions
on the structures of the classical Selmer and Tate-Shafarevic groups of abelian varieties
and then, finally, we discuss in greater detail the special case of elliptic curves.

The second named author is very grateful to Kazuya Kato, Masato Kurihara, Jan
Nekovar, Otmar Venjakob and Chuck Weibel for illuminating discussions regarding
aspects of this project.

1. PRELIMINARIES

All modules are to be regarded, unless explicitly stated otherwise, as left modules. For
any noetherian ring A we write DP(A) for the derived category of perfect complexes
of A-modules.

1.1. Admissible complexes. We first introduce the category of complexes to which
our main algebraic result applies. To do this we fix a Dedekind domain R of charac-
teristic 0 with field of fractions F', a finite abelian group G and a direct factor 2 of the
group ring R[G] and we set A := F @z A. We write DP24(2() for the full subcategory

of DP(2) comprising complexes C' which satisfy the following four assumptions:
(ady) C is an object of DP(2);
(ad2) the Euler characteristic of A®g C in the Grothendieck group K(A) vanishes;
(ads) C is acyclic outside degrees 1,2 and 3;
(

ady) H'(C) is R-torsion-free.

We shall refer to objects of DP*4(2A) as ‘admissible complexes of A-modules’. For
important arithmetic examples of such complexes see Lemmas 3.1 and 4.1.

If C is an object of DP24(2(), then we define ey = eo(C) to be the sum over all
primitive idempotents of A that annihilate the module H?(A ®y C). We write Ag(C)
for the F-algebra Aeg and (C') for the R-order ey in Ag(C) and let Iy, () denote
the ideal in 2 given by AN ™Ao(C) = {a € A: a = aep}.

Remark 1.1. The F-algebra A is semisimple and so the assumptions (ady) and (ads)
combine to imply that the A-module A ®y H?(C) = H?(A ®y C) is isomorphic to



ANNIHILATING SELMER MODULES 3

A @y (HYC) ® H3(C)) =2 HY(A ®y C) ® H3(A @y C). This isomorphism then
combines with the assumption (ads) to imply that eq(C) is also equal to the sum over
all primitive idempotents of A that annihilate H%(A ®@g C') for all degrees a.

1.2. Determinants. For any commutative unital noetherian ring A we write Detp for
the determinant functor of Grothendieck-Knudsen-Mumford introduced in [17]. We
recall that Detya is well-defined on DP(A) and takes values in the category P(A) of
graded invertible A-modules. We further recall that if X belongs to DP(A) and A — A’
is a homomorphism of commutative unital noetherian rings, then A’ ®% X belongs to
DP(A’) and there is a natural isomorphism A’ @4 Dety (X) = Dety/ (A’ @% X) in P(A).
In particular, if A’®% X is acyclic, then Dety/ (A’ ®% X) identifies with the unit object
(A’,0) of P(A’) and so there is a natural composite morphism

LX,A DetA(X) — AN ®a DetA(X) = DetA/(A’ ®k X) = (A/,O).

In any such case we will usually identify Deta(X) with the invertible A-submodule
of A’ that is equal to the ungraded part of ¢x - (Deta(X)). For example, if M is a
finitely generated torsion A-module of projective dimension at most one and Q(A) is
the total quotient ring of A, then for any integer ¢ the complex M[i] is an object of
DP(A) such that Q(A) ®a M[i] is acyclic, the initial Fitting ideal Fita (M) of M is an
invertible A-ideal and, regarded as a submodule of Q(A) as above, the determinant
Dety (M][i]) is equal to Fity (M)-D"".

2. ANNIHILATION RESULTS

In this section we shall prove a general annihilation result for the cohomology modules
of a natural class of complexes over abelian group rings. We fix R, F,G and 2 as in
81.1.

2.1. Statement of the result. For any 2-module N we write Ny, for its R-torsion
submodule and set Ny := N/Ny,, which we regard as embedded in the associated
space F' ®pr N. We also set N* := Hompg(N,R) and NV := Hompg(N, F/R) and
regard each as endowed with the action of 2 given by (af)(n) = a(6(n)) for all a in A
and n in N. (This is a well-defined action since 2 is commutative but does not agree
with the more usual contragredient action of groups rings on duals). In the sequel we
shall often use, without further explicit comment, the fact that for this action one has
Anng(NY) = Anng(N). We shall say that an R-algebra A is ‘R-Gorenstein’ if (it is
R-torsion-free and) for all prime ideals p of R the R, ® g A-module R, ®p A* is free
of rank one. For example, since 2l is a direct factor of R[G], the natural isomorphism
R[G]* 2 R|G] implies that 2 is R-Gorenstein.

In the following result we use the notation 2o(C), Ag(C) and Iy (cy defined in §1.1.

Theorem 2.1. Let C be an admissible complex of A-modules and set Ay = Ap(C)
and Ag := Ao(C). Then Cp := Ay @5 C belongs to DP(g) and Ag @y, Co is acyclic
and so we may regard Dety, (Co) as an invertible Ag-submodule of Ay (cf. §1.2). With
this identification one has

(1) (Tap)? O Anng (H?(C)or)?'“) - Detay, (Co) ™ € Anng(H?(C)tor)

and

(2)  (Tay)*CTMED) Anng (H?(C)10r)?C7) - Detay, (Co) € Anng(H?(C)ior)
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where C* := RHompg(C, R[4]) and for any complex of A-modules D we write g(D)
for the minimal number of generators of the A-module H*>(D) and define n(D) := 1 if
HY(D) vanishes and n(D) := 2 otherwise. Further, if H'(C) vanishes and either 2
is R-Gorenstein or H?(C) is R-torsion-free, then one has

(3) Fite ((H?*(C)tor)) - Detg, (Co) = Fity (H?(C)).

Remark 2.2. If R = Z,, then 2y(C) is R-Gorenstein in, for example, both of the
following cases:
(i) eo(C) belongs to Q,[H] for any subgroup H of G whose Sylow p-subgroup is
cyclic (in particular, this condition is automatically satisfied if p { |G|);
(ii) eo(C) is a primitive idempotent of Q,[G].

Remark 2.3. If H'(C) = 0 and H%(C) is finite for both @ = 2 and a = 3, then
Theorem 2.1 can be applied with eo(C') = 1. In this case Ap(C) = A is R-Gorenstein
and the equality (3) refines the main algebraic result (Theorem 2.4) of Snaith in [28].

Remark 2.4. There is a natural generalisation of Theorem 2.1 dealing with the
subcategory of DP(2() comprising complexes which satisfy the assumptions (ad; ), (ads)
and (ads) but for which (ady4) is replaced by the weaker assumption that the 2(-module
H'(C)tor has finite projective dimension. For details see [3].

2.2. The proof. We assume the notation and hypotheses of Theorem 2.1 and, re-
garding the complex C as fixed, for each integer a we also set H® := H *(C) and
Hg = H(Cy).

At the outset we note that, since C' belongs to DP(2() by assumption (ady), it is clear
that Cy belongs to DP(2dp). Further in each degree a the Ag-module H*(Ag ®g(, Co)
is isomorphic to H*(Ag ®4 (A @9 C)) = eg(H*(A @y C)) and so Remark 1.1 implies
that Ay ®g, Co is acyclic.

Since all remaining assertions in Theorem 2.1 can be checked after completion at each
prime ideal of R, in the rest of this section we will assume that R is a complete discrete
valuation ring of characteristic 0.

The main ingredient in the proof of Theorem 2.1 is provided by the following result.

Proposition 2.5.
(i) One has Anng, (H3)9(©) - Detg, (Co)~" C Anng, (H3).
(ii) If either Ay is R-Gorenstein or HZ vanishes, then also

Fitg, (Hg)Detg, (Co) ™ = Fitg, (HZ)).

Proof. The key to our proof of claim (i) is to choose a representative of Cy as described
in the next result.

Lemma 2.6.

(i) Cy is isomorphic in DP () to a complex of finitely generated free Ao-modules
F3 of the form F} — F2 — F3 in which F§ occurs in degree 1 and the rank
of F is equal to g(C).

(ii) Cp is acyclic outside degrees 2 and 3 and the modules f{g are finite fora = 2, 3.

Proof. Since C is both perfect (by assumption (ad;)) and acyclic outside degrees 1,2
and 3 (by assumption (ads)) a standard argument shows that it is isomorphic in
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DP(2l) to a complex of the form F®: F! o2 L s where F'! occurs in degree 1,
F? and F? are finitely generated free 2-modules with rke (F3) equal to the minimal
number g(C) of generators of H3(C) as an A-module, and F! is a finitely generated
2A-module that has finite projective dimension (cf. [SGAZ%, Rapport, Lem. 4.7]). Now
ker(d') = H'(C) is R-free (by assumption (ad4)) and im(d") is a submodule of the free
R-module F? and so the tautological exact sequence 0 — ker(d') — F! — im(d') — 0
implies that F'! is R-free. It follows that ! is a projective 2-module since any finitely
generated 2A-module that is both R-free and of finite projective dimension is projective
(cf. [1, Th. 8]). In addition, since A @y F? and A ®g F? are both free A-modules
and the Euler characteristic of A ®g F* in Ky(A) vanishes (by assumption (ads))
the A-module A ®¢ F! is also free. Hence, since 2 is a product of local rings, this
implies that F! is a (finitely generated) free 2-module. Thus, since Cp = Ay @5 C is
isomorphic in DP(2ly) to the complex F{ := 2y ®g F'®, we have now proved claim (i).
Regarding claim (ii), the description of Cy given in claim (i) makes it clear that
Cy is acyclic outside degrees 1,2 and 3 and that f{g’ is canonically isomorphic to
cok (A De d?) = Ay Ry cok(d?) = Ay Ry H?3. To compute explicitly the groups I:I(} and
ﬁg we proceed in the following way. For any 2(p-submodule I of A and R[G]-module
M we endow the tensor product I ® g M with the action of 2y x R[G] under which
each ag in ™Ap acts as i @gm +— agi g m and each g in G as i @rm — ig~ ! Qg g(m).
In particular, since 2y is R-free, for any projective A-module @) the tensor product
Ao®rA is a cohomologically-trivial G-module and so the map a® pq — deG g(a®Rrq)
induces an isomorphism of g-modules 2y @g Q = Ho(G, 2 ®r Q) = H(G, Ao @r
Q). Such isomorphisms give rise to a convergent cohomological spectral sequence of
the form H®(G, Ao ®p H*) = HYT®. Since H® vanishes for a < 1 (by assumption
(ads)) this spectral sequence induces a canonical isomorphism of 2g-modules Ho =
HO(G, 2y ®r H') and also a canonical exact sequence (of low degree terms)

(4) HY (G, % @g H') — H — H°(G,% @r H?) — H*(G, % @r H").

Now in each degree a the space F ®p H°(G, %o ®r fla) >~ Fgr Ho(G,2 ®gr f[“) =
F @p (Ao @y H®) is isomorphic to Ag @4 (H*(A @y C)) = eg(H*(A @9 C)) and so
vanishes by Remark 1.1. The modules H°(G, %y ®r ﬁ“) and Ho(G, 2% ®r ﬁa) =
Ay @9 H® are therefore finite. This implies in particular that HE = HO(G, 2% ®r Efl)
and FIS’ >~ Ay ®y H® are finite and, since the first term in the exact sequence (4) is
obviously finite, also that Hg is finite. Finally we note that Hj = H°(G,y @ H')
is a submodule of Ay @z H' which is R-free (by assumption (ad,) and the fact that
2o is R-free), and hence that in fact the finite module H{ vanishes. O

Returning to the proof of Proposition 2.5(i), Lemma 2.6(i) allows us to replace Cy
by the complex F§. Having made this change, the proof of Proposition 2.5(i) then
proceeds exactly as with the proof of the main algebraic result (Theorem 2.4) of Snaith
in [28]. To explain this we write d} for the differential of F in degree 1 and B3 for
the group im(d}) of coboundaries of FJ in degree 2. Then, since the group ker(d}) =
HY(F}) =2 H'(Cy) vanishes (by Lemma 2.6(ii)), there exists a homomorphism of 2g-
modules 7, : B3 = F{ such that d} onp = id pz- Given the existence of 72, and modulo
the obvious translation between cohomology and homology complexes, the inclusion
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of Proposition 2.5(i) is proved by exactly mimicking the arguments of [28, §2.5, Lem.
2.6, Prop. 2.7] with F§ now playing the role of the complex which occurs in the second
line of [28, Th. 2.4].

Turning to claim (ii) of Proposition 2.5 we observe that, since Cy belongs to DP(2lg),
is acyclic outside degrees 2 and 3 and such that H%(Cy) is finite for both a = 2,3 (by
Lemma 2.6), one can choose an exact sequence of 2p-modules

(5) 0—>1f102—>Qi>Q'—>I~{5’—>0

which is such that both @ and Q' are finite and of projective dimension at most one
and there exists an isomorphism ¢ in DP(2ly) between Cjy and the complex @ 4, Q'
(where the modules are placed in degrees 2 and 3, and the cohomology is identified
with HZ and H3 by using the maps in (5)) for which H?(:) is the identity map in each
degree i. This implies that Fitg, (Q) and Fity, (Q’) are invertible ideals of 2y and that

(6) Detmo (CO)_l = Fit’i’lo (Q) FitQ(o (Ql)_l'

Thus, if 2y is R-Gorenstein, then Proposition 2.5(ii) follows from the equality
Fitg, (Q) Fitg, (Q')~! = Fity, ((HZ)Y)Fite, (H2)~! which results from applying [8,
Lem. 5] to the sequence (5). On the other hand, if HZ = 0, then (5) implies that the
projective dimension of the 2y-module ﬁ 3 is at most one and hence that one can take
Q =0 and Q' = H? in which case the equality of Proposition 2.5(ii) follows directly
from (6). This completes the proof of Proposition 2.5. O

We now return to the proof of Theorem 2.1. We first observe that the inclusion
(1) is obtained by simply substituting the inclusions of the next result into that of
Proposition 2.5(i).

Lemma 2.7.
( ) Imo Al’ll’lm( tor) g A (Hg)
(i) (Tay)™(@) - Anng (HZ) C Anng (H,

2 ) where n(C) is the integer defined in The-
orem 2.1.

Proof. From Remark 1.1 we know that the module H3 C H?(A @y C) is annihilated
by eg and hence that the module 2y ®g f{é”f is annihilated by left multiplication
by AN Ay = Iy,. Claim (i) is therefore an easy consequence of the isomorphism
HO >~ 9, @y H3 and exact sequence 2y @y HS, — Ao @ H3 — A Qg Htf — 0.

For any 2A-submodule I of A and 2-module M we regard the tensor product I @ g M
as a module over 2 x R[G] in the same way as in the proof of Lemma 2.6(ii). Then
we claim that in each degree a the Tate cohomology group H 4G, A0 @p M) is an 2A-
module that is annihilated by Iy,. To show this we write « for the projection A — 2
and note that, since g is R-free, there is a natural exact sequence of 2 x R[G]-modules
0— Ker(a) g M — AQ@r M — Ay ®g M — 0. Now A ®p M is a cohomologically-
trivial G-module since 2 is a direct factor of R[G] and so this sequence induces an
isomorphism of 2-modules H*(G, Ao @x M) = H*T (G, Ker(a) @g M) in each degree
a. Finally we note that the latter module is annihilated by Iy, as Iy, - Ker(a) = 0.
The fact that H?(G,2o®r H 1) is annihilated by Ig, combines with the exact sequence
(4) to imply that there is an inclusion Iy, - Anng(H3) € Anng(H(G, % @r H?)),
resp. an equality Anng (HZ) = Anng (H°(G, 2y @ H?)) if H' = 0. Now, as observed
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in the proof of Lemma 2.6(ii), the module H%(G, %y ® r H?) is finite and hence equal
to HO(G, (Ao ®r H?)ior) = H(G, Ao @r HZ,). Further, since A is a direct factor of
RI[G], there is a natural isomorphism of 2-modules H2, = H(G,2% ®r H2,). The
natural exact sequence

0 — H°(G,Ker(a) ®p H?

tor

) - HO(GvQ’[ ®R ]leor) - HO(Ga 2[0 R ]ZI‘?or)

therefore combines with the fact that Iy, annihilates H(G, Ker(a) @ H,

tor

) to imply
that Iy, - Anng (H°(G, %o @ H?)) C Anng (H°(G, A ®r H2,)) = Anng (HZ2,). After
putting everything together, and recalling the definition of the integer n(C'), we obtain
claim (ii). O

To prove the inclusion (2) of Theorem 2.1 we note first that C* = RHompg(C, R[—4])
belongs to DP24(2). Indeed, since A is R-Gorenstein, if P is a finitely generated
projective, resp. free, 2A-module, then P* is also projective, resp. free, and this
implies that C* satisfies the assumptions (ad;) and (ads). Further, by computing the
cohomology of C* via the natural spectral sequence Ext%(H®(C), R) = H*~*+4(C*)
one finds that C* also satisfies the assumptions (ad3) and (ady) (so C* is an admissible
complex of YA-modules) and indeed that there are natural isomorphisms of 2-modules
HY(C") = (H?)" H*(C*)ior = (Hy,)Y, HA(C*)ye = (H?)", H(C*)or = (Hi,)Y
and H3(C*) = (HY)*. In particular, since Anng(A @y M) = Anng(A @y M*) for
any 2A-module M, the sum eg(C*) of all primitive idempotents of A that annihilate
H?(A @9 C*) =2 A @y H?(C*)yy = A Qg (H?)* is equal to eg. Further, under the
identifications described in §1.2, the sublattice Detgy, (2o ®%l C*) of Ap is equal to
Detg, (Co) ™! and so the inclusion (2) follows directly from (1) upon replacing C' by
C* and using the equalities Anng (H?(C*)ior) = Anng((H2,)Y) = Anng(H2,) and
Annm(HQ(C*)tOF) = Annm((ﬁ‘?or)v) = Annm(ﬁgor)'
To complete the proof of Theorem 2.1 we now need only note that the equality (3) is
obtained by substituting the next result into the equality of Proposition 2.5(ii).

We fix an algebraic closure F¢ of F' and for each homomorphism p : G — F¢* we
write e, for the associated idempotent |—Cl” PR p(g~1)g of Fe[G].

Lemma 2.8. Assume H' vanishes.
(i) Then Fitg,(H3) = Fity (H?). i i
(ii) Further, if either Ay is R-Gorenstein or H? is R-free, then Fity, ((H2)Y) =
Fitm((thor)v)eO'

Proof. The isomorphism ﬁg’ >~ 9y @y H? discussed in the proof of Lemma 2.6(ii)
implies Fitg,(H3) = Fitg(H?)ep. Thus, as 1 = e + (1 — eg), to prove claim (i)
it suffices to prove that Fitg(H?)(1 — eg) vanishes, or equivalently that in F° ®p A
one has Fity(H%)e, = 0 for each p in Hom(G, F°*) with e,eg = 0. To do this we
follow an argument used in the proof of [6, Th. 8.2(ii)]. We thus fix such a p, set
A, := (R, ®r W)e, with R, the ring generated over R by the values of p, and choose
a resolution of the Y-module H3 of the form 2™ % 9" — H3 — 0. This sequence
induces an exact sequence

2] ~
m P n 3
AT 2 Ar — HP -0,
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where 8, = A, ®y 0 and flg =A, Qg H?3. and this sequence in turn implies that the
ideal Fitg (H?) -2, = Fitg, (f]g) is equal to the image Iy, of Ay 0, in Ay (A7) =Ap.
Now, since H' vanishes, Remark 1.1 implies that the A-modules A®g H? and A®gy H?
are isomorphic and hence that, since e,eqg = 0, the 2 ,-rank of H S’ is at least 1. The
last displayed sequence therefore implies that the 2 ,-rank of im(6,) is at most n — 1.
Since /\&pQLZ =2, is Ry-free, this in turn implies that Iy, = 0, as required.

To prove claim (ii) we first note that, as H' vanishes, the exact sequence (4) gives
an isomorphism of finite Ap-modules HZ = H(G, Ay @r H?) = HY(G, Ay @r HZ,)
and hence also (HZ)Y = Hy(G, (%o @ HZ,)"). Thus, if H? is R-free, then both HZ
and ffg vanish so the equality of claim (ii) is clear. To deal with the case that 2y
is R-Gorenstein we use an observation of Parker [25, Lem. 4.3.6]. Indeed, since 2y
is also R-free, in this case there are isomorphisms of 2y x R[G]-modules of the form
(Ao @p HZ,)Y = A @p (HZ,)Y = Ao @r (HZ,)V so that the Ap-module (HZ)V is
isomorphic to Hy(G, Ao @r (HZ,)Y) = Ao @ (HZ,)Y. Thus one has Fity, ((H3)Y) =
Fitg, (Ao @2 (H2,)Y) = Fite((H2,,)¥ )eo, as required. O

tor

3. COMPACT SUPPORT COHOMOLOGY

In this section we apply Theorem 2.1 in the context of the compactly supported étale
cohomology of certain sheaves. To do this we let k be a number field, p an odd prime
and X a finite set of places of k containing all archimedean places and all places
above p. We also fix a Z,-order 2 and an étale (pro-)sheaf of projective 2-modules
T on Spec(Oy »). Fixing an algebraic closure k¢ of k and writing Gy, s for the Galois
group over k of the maximal extension of k inside k¢ that is unramified outside X we
may regard T as a projective A-module that is endowed with a continuous action of
Gr,x that commutes with the given action of 2. We set T*(1) := Homg, (T, Z,(1)),
regarded as endowed with the following commuting actions of & and Gj x: for each
a €A o€ Gy, f€T*1) and t € T one has a(f)(t) = f(a(t)) and o(f)(t) =
o(f(o™1(t)). We also set V := Q, ®z, T, V*(1) = Q, ®z, T*(1), W := V/T and
W*(1) := V*(1)/T*(1) = Homg, (T, (Qp/Zy)(1)), each endowed with the actions of 2
and Gy » that are induced from the respective actions on 7" and 7*(1).

If R denotes either Oy 5,k or k, for some place v and F is an étale (pro-)sheaf on
Spec(R), then we abbreviate the complex RI'¢(Spec(R),F) and in each degree a
the group HE (Spec(R),F) to RT'(R,F) and H*(R,F) respectively. For any étale
(pro-)sheaf F on Spec(Ok, ) we also define the compact support cohomology complex
RT'.(Ok,s, F) by means of the exact triangle

(7) RFC(O]CE,]:) - RF(Okz,f) - @RF(kv,}") - RFC(Ok7E,f)[1]
vEX

where the second arrow is the direct sum of the natural localisation morphisms. For
each integer a we then set HZ (O 51, F) := H*(RT'.(Ok,x, F)). Note that this definition
of cohomology with compact support differs from that given in [21, Chap. II] since
Milne uses Tate cohomology at each archimedean place. Nevertheless in each degree
a > 2 the group H¢(Ok x,F) defined here agrees with that defined by Milne. In
particular, if T is as above, then by taking the inverse limit over n of the global
duality isomorphism of [21, Chap. II, Cor. 3.3] for the sheaf F' = T/p™, one obtains a
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canonical isomorphism of -modules

(8) H Ok, T) = H*™ (O 5, W*(1))"

for a € {2,3}.

For any abelian group A we write Acotor for the quotient of A by its maximal divisible

subgroup. We recall that if A is a torsion group, then (Acotor)" is naturally isomorphic
to (Av)tor.

3.1. The complexes. With F denoting either T,V or W as above, for each non-
archimedean place v of k we write H}c(kv, F) for the finite support cohomology group
that is defined by Bloch and Kato in [5]. We recall in particular that Hj(k,, V) is
a subspace of H!(k,,V) and that H}(kzv,T), resp. H}(kv, W), is defined to be the
pre-image, resp. image, of H}(kv, V), under the natural map H!(k,,T) — H'(k,, V),
resp. H'(k,,V) — H'(k,,W). If v is archimedean then, since p is odd, one has
H'(ky, F) = 0 and so we set H ;(k,, F) = 0. Then the global finite support cohomology
group H }(k’, F) of Bloch and Kato is defined by the natural exact sequence

H(ky,F)

(9) 0—>Hf(/€ f)—>H (O, F @Hl (ko 7)’

and hence there is an induced localisation map

Ar Hi(k, F) — €D H}(ky, F).
VEX
We also recall that Bloch and Kato [5] define the Selmer group Sel(T') and Tate-
Shafarevic group III(T') of T to be equal to H}(k7 W) and the cokernel of the natural
homomorphism Hj(k, V) — H}(k, W) = Sel(T) respectively.

Lemma 3.1. Set Cp := RT' (O x,T), Ao := Ao(Cr) and Ip := Iy,.
(i) Then Cr is an object of DP24(A).
(i) One has Anng(H3(CO7)tor) = Anng (HO(k, W*(1))cotor)-
(iii) If cok(Ar), resp. cok(Ap«(1y), is finite, then ILI(T) is annihilated by the ideal
Anng (H?(C7)sor), resp. Anng (H?(Crr-(1))tor)-
(iv) In all cases the module Sel(T*(1)), and hence also III(T), is annihilated by the
ideal It - Anng (H?(OT)tor)-

Proof. Tt is well known that Cr satisfies the assumptions (ad; ), (ads) and (ads) of §1.1
(see, for example, [14, 1.6.5 and 2.1.3]). Further, the long exact cohomology sequence
of the natural exact triangle

CT — RFC(Ok,E, V) — RFC(Ok)E, W) — CT[l]

identifies H'(Cr)tor with H2(Ok 5, W)cotor and the latter group vanishes because
(the long exact cohomology sequence of (7) implies that) H?(Oj. s, F) vanishes for all
sheaves F . It follows that C'r also satisfies the assumption (ad4) and hence belongs
to DP-24(A(). This proves claim (i).

The duality isomorphism (8) with a = 3 restricts to give an isomorphism H3(Cr)ior &
(H°(Oks, W*(1))tor = (H°(Ok. 5, W*(1))cotor)”. Claim (i) follows immediately
from the latter isomorphism and the equality H°(Og s, W*(1)) = HO(k, W*(1)).
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By comparing (9) to the long exact cohomology sequence of (7) with F = T one finds
that the localisation homomorphism A7 fits into a natural exact sequence

(10) Hk, T) 22 P H} k., T) AT, H2(Cp) — cok(Ar) — 0.

vEX
Now for each place v in ¥, the Pontryagin dual of the tautological exact sequence
H(k,, V)
Hi(ky, V)
combines with the local duality isomorphism H(k,,T)" = H(k,,W*(1)) and the
definition of H}c (ky, W*(1)) to imply that H} (ky,T)V is naturally isomorphic to the
quotient H'(k,, W*(1))/H j(k,, W*(1)). Hence, upon taking the Pontryagin dual of
(10), and using the global duality isomorphism (8) with a = 2, one obtains an exact
sequence

0 — H}(ky, T) = H'(ky, T) —

0 — cok(Ar)Y — HY(Op.x, W*(1 :\_¥> w
Oay” = 'O W) - @ T ey

in which Y. identifies with the sum of the natural localisation maps. Since the Selmer
group Sel(7T*(1)) is defined to be ker(\Y.) we thus obtain an isomorphism cok(Az) =
Sel(T*(1))" and so (10) induces an exact sequence

(11) 0 — cok(\p) — H?*(Cr) — Sel(T*(1))¥ — 0.

From the definition of ITI(7T*(1)) as the cokernel of the natural map H}(k, V(1)) —
H(k,W*(1)) = Sel(T*(1)) one obtains a natural short exact sequence

(12) 0 — Qp/Zy ®z, Hj(k,T*(1)) — Sel(T*(1)) — II(T*(1)) — 0.

Since II(7T*(1)) is finite (cf. [13, Chap. II, 5.3.5]) this sequence induces a natural
isomorphism II(7*(1)) = Sel(T*(1))cotor- This in turn implies that II(7T*(1))Y is
isomorphic to (Sel(T*(1))cotor)” = (Sel(T(1))Y)tor- One also knows, by the main
result of Flach in [12], that III(7*(1))Y is isomorphic to III(T). Hence, if cok(Ar) is
finite, then (11) induces a surjection H?(Cr)tor — (Sel(T*(1))Y )tor = LI(T*(1))V =
II(T"). Claim (iii) therefore follows from this surjection and the analogous surjection
that is obtained by repeating this argument with T replaced by T*(1).

Given the surjective map H?(Cr) — Sel(T*(1))" in (11), to prove claim (iv) it suffices
to show that I - Anng(H?(Cr)ior) annihilates H?(Cr). But the definition of ey =
eo(Cr) ensures that the ideal I7 = A N ™Aey annihilates H2(Cr)y C H?(A @9 Cr)
and so the tautological exact sequence 0 — H?(Cr)ior — H2(Cr) — H?(Cr)es — 0
makes it clear that I7 - Anng (H?(C7)or) annihilates H?(Cr). O

Remark 3.2. We consider the hypotheses of Lemma 3.1(iii) under the assumption
that H(k,, V) vanishes for all places v. Then H'(k,,V) also vanishes for all places
v { p, whilst the exponential map of Bloch and Kato induces an isomorphism between
D, |, Hj(ky, V) and the tangent space ¢,(V) of V. Thus, if ¢,(V) vanishes, then the
module @, 5, H} (ky,T), and hence also its quotient cok(Ar), is finite. Finally we note
that for any given representation V the spaces H°(k,,V(—r)) and t,(V(—r)) vanish
for all sufficiently large integers .
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3.2. Global Zeta isomorphisms. For any Galois extension of fields F/E we set
Gp/p = Gal(F/E). We set Gy := Gye;, and recall that Gy » denotes the Galois
group over k of the maximal extension of k inside k¢ that is unramified outside X.
Let M be a motive over k and F a finite abelian extension of k inside k¢. We fix
an odd prime p and a full Gg-stable sublattice T in the p-adic realisation V of M
and set A := Zy[G] with G := Gp/,. We also fix a finite set of places ¥ of k con-
taining all archimedean places, all which ramify in F/k, all at which M has bad
reduction and all above p. Then Tr := A ®z, T is an étale sheaf of free A-modules
on Spec(Oy x) and we set C(Tr) := R (O x,Tr) and Ay := Ao(C(Tr)). We regard
Mp = h°(Spec(F)) ®po(Spec(k)) M as a motive defined over k£ and with an action
of Q[G] via the first factor in the tensor product. Then, in terms of the notation
of Theorem 2.1, the ‘non-commutative Tamagawa number conjecture’ of [14, Conj.
2.3.2] for the motive Mp conjectures an explicit generator of the fractional y-ideal
Detg, (C(Tr)o) in terms of an element of Q,[G] obtained by multiplying the leading
term at s = 0 of the C[G]-valued complex L-function of Mp by suitable regulators
and periods. This means that when combined with Theorem 2.1 and the descriptions
of Lemma 3.1 the relevant case of [14, Conj. 2.3.2] predicts explicit annihilators of the
Z,[G)-modules IIT(Tx) and Sel(T*(1)r) in terms of the values of complex L-functions.
In a very similar fashion, one can use Theorem 2.1 and Lemma 3.1 to show that the
relevant (generalised) main conjecture of Iwasawa theory predicts the existence of ex-
plicit annihilators for the Z,[G]-modules IIT(TF) and Sel(T*(1) ) that are constructed
from the values of p-adic L-functions. By means of an explicit example, in the next
subsection we shall consider in detail the Iwasawa-theoretic approach in the context
of Tate motives.

3.3. Tate motives. For any CM-field E we write ET for its maximal (totally) real
subfield. In this subsection we fix a totally real field k and a finite abelian CM-
extension I of k inside k¢, set G := Gp/;, and write 7 for the unique non-trivial
element of G p+. We write u(F,p) for the Iwasawa-theoretic (p-adic) p-invariant of
F and recall that Iwasawa has conjectured in [15] that u(F,p) = 0. We fix a finite
set of places X of k containing all archimedean places, all which ramify in F/k and
all above p and for each integer r set Z,(r)r := Z,|G]| ®z, Zy(r). We regard Z,(r)r
as an étale sheaf of free Z,[G|-modules on Spec(Oy x) in the natural way and then,
following Lemma 3.1, we obtain an object of DP*4(Z,[G]) by setting

(13) CT(F/]C) = RFC(Ok,E, Zp(T)F).

We write ep/,, for the idempotent eo(C..(F'/k)) that is defined in §1.1. For each
homomorphism p : G — Qp* we write p for the induced homomorphism of rings
Ly [G] - QZ

The following result will be proved in §3.4.

Theorem 3.3. Assume that F' contains a primitive p-th root of unity and that u(F,p)
vanishes. Let v be any integer. If a homomorphism p: G — Qp* satisfies plepyp,) =
1, then p(1) = (=1)""1. Further, in Q,[G] one has

(14) Detz, (cle., (Cr(F/k)0) ™" = ZplG) - Lpj s,
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where Lpyp s, is the unique element of Qu[Glep/i,, with the following property:
for each homomorphism p : G — Q¢ with p(ep/k,) = 1 one has p(Lr/kxz,) =
Ly s(r,w'™" - p), where w is the Teichmiiller character G — QF and Ly x(r,w' ™" - p)
is the value at s = v of the L-truncated p-adic L-function of the character w'=" - p.
In the next two subsections we combine this result with Theorem 2.1 and Lemma
3.1 to derive some interesting consequences regarding the explicit structure of Galois
groups, ideal class groups and wild kernels in higher algebraic K-theory.

For any torsion abelian group A we write A, for its p-primary part.

3.3.1. We write H(F') for the Hilbert class field of F' and F, for the cyclotomic Z,-
extension of F. We also write Pic(Op)’ for the subgroup of Pic(OF) that corresponds
under the Artin isomorphism Pic(Or) = Gg(p),r to the group Gy (p)/m(r)nF.. - For
any extension F of F with E C F¢ we let Mx(F) denote the maximal abelian pro-p
extension of E inside F° for which Mx(FE)/E is unramified outside the set of places
lying above X.

Corollary 3.4. Assume that F contains a primitive p-th root of unity, that u(F,p)
vanishes and that F wvalidates Leopoldt’s conjecture at p. Then the Tate-Shafarevic
group II(Z,(1)r) is canonically isomorphic to Pic(Op),. Further, if we set ey :=
(1+7)/2 and e := (3_,c¢ 9)/|G| and let I denote the augmentation ideal of Zy,[G],
then ep/r0 = e4 — eq,

(15) Ig - Lr/ks © Anng (6(Gug(r)/F.)er C Zp @ Anngg) (Pic(Or)")

and

(16) 1% Lk C Zy @ Anng g (Pic(Op)).

If the Sylow p-subgroup of G is cyclic, then also

(17) Ic - Lpks = Fity, (6)(Gugry e )er € Zy @ Fityq) (Pic(OF)')
and

(18) I - Lrsi C Zy ® Fitgg (Pic(OF)).

Proof. The canonical isomorphism III(Z,(1)r) = Pic(OF), is proved (uncondition-
ally) by Flach in [12]. For the rest of the proof we set C' := C1(F/k)es and we use
the integers n(C) and ¢g(C') defined in Theorem 2.1.

Then the first assertion of Theorem 3.3 (with = 1) implies that ep/, 1 = eyepyi,1 and
hence also C1(F/k)g = Cy. Further, under the assumption that F' validates Leopoldt’s
conjecture at p, a standard computation (as, for example, in the proof of [8, Lem. 3])
shows that C is acyclic outside degrees 2 and 3 (so n(C) = 1) and that there are
natural isomorphisms H?(C) = e+ Gty (F)/Fs H?(C)gor = e+ Gy (r)/F., and also
H3(C) = Zy (so H*(C)ior = 0, g(C) =1 and ep/o = e+ — €g). Upon substituting
these facts and the equality (14) with » = 1 into (1), resp. (3), and noting that
Fitz 6)(Zp) = Anng (5)(Z,) = Ig, one obtains the first inclusion of (15) and the
equality in (17), but in the latter case with G, (py/p. replaced by (G ry/r.)”-
However, if the Sylow p-subgroup of G is cyclic, then for any finite Z,[G]-module M
one has Fitz, g (M V) = Fitz,(6)(M) and so this does indeed prove the equality in
(17).
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The remaining inclusions of (15) and (17) follow from the existence of a surjec-
tion e Gy (r)/r. — €4Pic(Or);, (obtained by restricting the natural surjection
G iy (r)/F — Pic(OF),). Indeed, this surjection implies that

Annz, i6)(G s (F)/ o Jet+ = Az, (Gle, (€4 Gty (7)/Foc)
C Anng, (g)e, (e+Pic(OF);,)
= Anng, )(Pic(OF)} e+
C Anng,_ (¢ (Pic(Or),,)
= Zp ® Anngc(Pic(OF)")

and so proves the second inclusion of (15). The inclusion in (17) follows in just the
same way since, if the Sylow p-subgroup of G is cyclic, then any surjection of finite
Zy[G]-modules M — N implies an inclusion Fitz [g)(M) C Fitz (g)(N).

We next note that, since the group I' := Gg(p)nr,./F is isomorphic (as a Z,[G]-
module) to a quotient of Z, = Gg_,p, one has Ig C Anng g(I") = Fitg, (D).
The tautological short exact sequence 0 — Pic(Or), — Pic(Or), — I' — 0
therefore combines with standard properties of Fitting ideals to imply that both
Ig - Anng ) (Pic(OF)') € Anng g)(Pic(OF),) = Z, ® Anngg)(Pic(OF)) and also
I - Fitzg)(Pic(OF)") C Fity, (q(Pic(OF),) = Zp ® Fitzig)(Pic(OF)). The inclusions
of (16) and (18) now follow by combining these inclusions with (15) and (17) respec-
tively. (|

Corollary 3.5. If F is abelian over Q and contains a primitive p-th root of unity,
then all of the inclusions (15), (16), (17) and (18) are valid unconditionally.

Proof. This follows immediately from Corollary 3.4 and the fact that if F' is abelian
over Q, then Ferrero and Washington [11] have proved that wp(F,p) vanishes and
Brumer has proved that F validates Leopoldt’s conjecture at p (cf. [31, Th. 5.25]). O

Remarks 3.6.

(i) If Fo/F is totally ramified (as is the case, for example, if either disc(F) is prime
to p or F is a subfield of Q), then H(F)N Fy, = F so Pic(Ofr)" = Pic(OF) and the
inclusions (15) and (17) are strictly stronger than (16) and (18) respectively.

(ii) The inclusions of Corollary 3.4 are a natural counterpart to Brumer’s Conjecture
and hence, if F' is abelian over Q (in which case Corollary 3.5 applies), to Stickelberger’s
Theorem. Indeed, whilst the latter uses values of Dirichlet L-functions at s = 0 to
produce annihilators of Pic(Op) inside Z,[G](1 — e ), Corollary 3.4 uses values of p-
adic L-functions at s = 1 to produce annihilators of Pic(Or) inside Z,[G]e. Further,
if the ‘p-adic Stark conjecture at s = 1’ of Serre (for a precise statement of which see
[9, Conj. 5.2, Rem. 5.3]) is valid for all characters of G, then the element Lp /x5 4
can be re-expressed explicitly in terms of the values of Dirichlet L-functions at s = 1.
(iii) The equality in (17) specialises to give a strengthening of the main results of
Oriat in [24]. To explain this we assume & = Q, G = Gp/q is cyclic (so Corollary
3.5 applies) and X is the set comprising oo, p and the primes which ramify in F/Q
and we fix an injective homomorphism p : G — Qp*. Now if £ belongs to ¥\ {p, oo},
then ¢ ramifies in F'/Q and so (since p is injective) the Euler factor of p at £ is trivial,
and hence p(Lrp/k51) = Lpx(1,p) = Ly(1,p). We next fix a generator g of G, set
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¢ = p(g) and O := Z,[¢] and regard p as a homomorphism Z,[G] — O. Then 1 —g¢
is a generator over Z,[G] of I¢ (since G is cyclic) and so the image under p of the
equality in (17) is L,(1, p)(1 — ¢)O = Fitto(O ®z,(q),5 €+ G ms(F)/F. )- This equality
implies the containments of [24, Th. A and Th. B] since the module Gy (F4)/(F+)
is (easily seen to be) a quotient of e, Gy, (ry/p,. and, if |G| is not a power of p, then
1 —( is a unit of O.

3.3.2. For each integer r > 1 we write K3 _,(Op) for the ‘wild kernel’ of higher
algebraic K-theory that is defined by Banaszak in [2]. For each integer a we also write
W (a) for the Gx-module Qp,/Zy,(a). Finally we recall that for any torsion abelian
group A we write A, for its p-primary part.

Corollary 3.7. Assume that F contains a primitive p-th root of unity and that p(F, p)

vanishes. Fix an integer v > 1 and for each integer a set Ig o = Zp|G] N Zp[Glep k. q-

(i) Then the (Bloch-Kato) Tate-Shafarevic group IIL(Z,(r)r) is canonically iso-
morphic to Ky._5(Or), and the ideal

Ié,rAnnZ,,[G] (HY(F,W(L=71))) Lrks,r +Anng g (H (F,W(r))) - Lr/ksi—r

is contained in Z, ® Anngziq (K3, _5(OF)).

(ii) If the group H*(Opx, W (1 — 1)) is finite, as is conjectured by Schneider (cf.
[27, p. 192]), then the term Ié,r can be omitted from the displayed expression in
claim (i) and the resulting ideal has finite index in Z, @ Anngq (K3, _o(OF)).

Proof. In this proof we shall use the following notation: for each non-negative integer
a and each integer b we write III*(G g x, Z, (b)) for the kernel of the natural localisation
homomorphism

(19) H(Ors,Zy(b) = @ H(Fu,Zy(b))
weB(F)

- this is the Tate-Shafarevic group in degree a of the G x-module Z,(b), as defined
by Neukirch, Schimdt and Wingberg in [23, (8.6.2)].
For each integer a we also set e,y = (1 — (=1)?7)/2 € Z,[G], Aa) := e)Zp[G],
T(a) := €(a)Zp(a)F and so (following Lemma 3.1(i)) we obtain an object of DP9 (2,))
by setting

O(a) = RPC(OI“E,T(G)) = €(a)0a(F/k).
Then the first assertion of Theorem 3.3 implies e ko = €(4)€F/k,o and hence also that
Ca(F/k)O = (C(a))O-
Next we note that if a # 0, then H O(kv,T(a)) vanishes for each non-archimedean
place v in ¥ and thus, since Tate cohomology groups at archimedean places vanish
in all degrees (as p is odd), the global duality theorem [21, Chap. II, Cor. 3.3]
induces a canonical isomorphism ' (Gryx,Z,(a)) = H*(Opx, W(1 — a))¥. Using
this isomorphism an explicit computation of the groups H*(C,(F/k)) via the long
exact cohomology sequence of (7) with F = Z,(a) p shows that the complex C,(F'/k) is
acyclic outside of degrees 1, 2 and 3 and that there is a canonical (duality) isomorphism
H3(Co(F/k)) = HY(F,W(1 —a))¥ and a canonical exact sequence

0— H(Ger, [[ (27i)°Z,) — HY (Ca(F/k)) = H*(Ops, W(1—a))¥ — 0
F—C
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where on the module [],_,-(27i)*Z, the group G¢/r acts diagonally and G acts via
F. Thus, since e(,) annihilates H°(G¢/r, [ p_c(270)*Z,) and acts as the identity on
HO(F,W(1 - a))¥ there are canonical isomorphisms

‘ e H?(Ops, W(l —0a))V, ifi=1,
(20) H'(C)) = (0) (Orz (v ) e
HO(F,W(1 —a))V, if i = 3.

By substituting the equality (14) with 7 = a into the inclusion (1) with % = 2,
and C' = C(, (and noting that in this case (20) implies H3(C) = H*(C)tor, 9(C) =1
and n(C) = 2), multiplying the resulting inclusion by Ig, = IQ[O(C(Q)) and applying
Lemma 3.1(iv) with 7" = T{,) and 2l = 2,y we therefore deduce that

(21) 14 ,Anng o) (HO(F,W (1 = a))) - Lr/ks,a C Anng,, (IL(T{,)))
= €(aq)Anngz, () (HL(Zy(a)r))
= e(a)Anng, (¢ (HL(Zy(1 — a)p)).

Here the last equality follows from the isomorphism II(Z,(1 — a)p) = HI(Z,(a)r)".
Now if the module H%(Op 5, W (1—a)) is finite, as is conjectured by Schneider in [27, p.
192], and proved by Banaszak [2, Lem. 1] for a < 0, then (20) implies that H*(C(,)) is
finite for both ¢ = 1 and i = 3. But C(,) belongs to DP*4(2,) and so is acyclic outside
degrees 1,2 and 3 and such that the Euler characteristic of Q,®z, C(4) in Ko(e(q)Qp[G])
vanishes. Thus, if Schneider’s conjecture is valid, then the groups H i(C(a)) are finite
in all degrees 7 and hence e/, o = €(q) 50 Ig,a = U(q) and the term Ié_’a = 2(,) can be
omitted from the left hand side of (21). We may therefore apply (21) with both a = r
and @ = 1 —r < 0 to deduce that the displayed expression in claim (i) is contained in
eryAnng (¢ (I(Zy(r)F)) ©e—pAnng (¢ (I(Zy(r)F)) = Anng (¢ (II(Z,(r)F)) and
so to complete the proof of claim (i) it suffices to show that H_I(Z (r)F) is canonically
isomorphic to K% _,(Of),. To show this we note first that, since » > 1, one has
Hj(ky, Zp(r)r) = H'(ky,Zy(r)r) for each place v in X (by [5, Exam. 3.9]) and
hence (9) implies H}(k,Z,(r)r) = H'(Ok 5, Zy(r)r). Taking this into account, the
exact sequence (11) combines with the long exact cohomology sequence of (7) with
F = Z,(r)p to imply that Sel(Z,(1—7)x)" is isomorphic to III*(Gg 5, Z,(r)). Further,
since H?(Opx, Zy(r)) is finite it follows that Sel(Z,(1—r)r)" is finite and hence equal
to I(Z,(1—7)r)Y 2 I(Z,(r)F). It is therefore enough to show that IIT*(Gr 5, Z,(r))
is canonically isomorphic to K3._5(OF)p.

To prove this we follow [2] in setting W(F,,) := HY (F,,W(a)) for each place w
in ¥(F) and integer a. Then for each such w there is a local duality isomorphism
HZ.(Fy,Zy(r)) & W'=T(F,)" and an obvious isomorphism W1~ (F, )V = W=(F,).
By combining these isomorphisms with the fact that the canonical chern class map
Kor—2(OFr %)y, — H*(OFx, Zy(r)) is bijective (see Remark 3.9(i) below) one finds that
the homomorphism (19) with a = 2 and b = r identifies with the composite

Fp : K2r72(OF,E) >‘_) KQr 2 _) @ Wr— 1 7r>:(F) @ Wr—l(Fw)
weS(F) weD(F)

where A}, is the localisation map in K-theory, A, the map in [2, Th. 2], S(F) the
set of all places of F' and for any subset S’ of S(F) we write mgs for the projection
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Doesr) WHFy) = @pes W (Fy). But from the exact localisation sequence
of K-theory one knows that )\; is injective and has image equal to ker(ﬂ'S(F)\Z(F) oAp)
(cf. [2, §ITL1]). This implies that im(\;,) Nker(msg) o Ap) = ker(),) and hence that
A;, induces an isomorphism (G5, Zy(r)) = ker(k,) = ker(\,) =: K& o(OF),, as
required to complete the proof of claim (i).

The first assertion of claim (ii) follows immediately from what we observed above
regarding Schneider’s conjecture. The second assertion of claim (ii) is then valid
because for each a € {r,1—r} the ideal Anny, ¢(H°(F,W(1—a)))-Lp/j, s, has finite
index in €(4)Z,[G] (since if ple(,)) # 0, then p(Lr/k5,0) = Lps(a,w' =% p) #0). O

Corollary 3.8. If F is abelian over Q and contains a primitive p-th root of unity,
then the inclusion of Corollary 3.7(i) is valid unconditionally.

Proof. This is clear since if F' is abelian over Q, then p(F,p) vanishes (by [11]). O

Remarks 3.9.

(i) For all odd primes p and all integers » > 1 the Quillen-Lichtenbaum Conjecture
from [19] predicts that the (G-equivariant) p-adic étale Chern class homomorphism
chor—2p t Kopo(Opx), — H*(OFx,Z,y(r)) is bijective. The bijectivity of the maps
chy , was proved by Tate in [29]. It is also known, by work of Suslin, that the Quillen-
Lichtenbaum Conjecture is in general a consequence of the conjecture of Bloch and
Kato relating Milnor K-theory to étale cohomology. Following fundamental work
of Voevodsky and Rost, Weibel has recently completed the proof of the Bloch-Kato
Conjecture and hence also shown that chg,_s ), is bijective for all odd primes p and all
integers r > 1 (cf. [32]).

(ii) Fix an integer 7 > 1. Then, since (;_,) is R-Gorenstein, we may also apply (3)
to the complex C' = C(;_,) that occurs in the proof of Corollary 3.7. This shows
that Anng, g (H°(F,W (1)) - Lp/ks,1-r is equal to the Fitting ideal of an explicit
étale cohomology module and hence is contained in Z, ® Fitziq(K2r—2(OFpyx)). In
particular, in this way one can recover the result of [8, Cor. 5.2].

3.4. The proof of Theorem 3.3. To prove the first assertion of Theorem
3.3 it is clearly enough to show that any idempotent of Q,[G] which annihi-
lates H2(Okx,Q,(r)r) must also annihilate the space Sy HO(ky, Qp(r)r) =
H(Geyr, [1p_c Qp(r)), where on the product term G g acts diagonally and G acts
via F.

If r = 0, then the required claim follows from the isomorphism of Q,[G]-modules
Homg, (HZ (0,5, Qp(0)r), Qp) = H'(Ok5,Q,(1)r) = Qp ®z, Op x5 coming from
global duality and Kummer theory and the fact that Q, ®z, Oy contains a Q,[G]-
submodule isomorphic to H°(Ge/w, [Tp_c@p) = [, Qp where w runs over all
archimedean places of F. If r # 0, then the cohomology sequence of the exact trian-
gle (7) with F = Z,(r)r combines with the fact that H°(Oj x, Q,(r)r) vanishes to
induce an injective homomorphism from P, HOky,Qp(r)r) to HX(Ok 5, Qp(r)F)
and this implies the required claim since, by Remark 1.1 and Lemma 3.1(i), any idem-
potent which annihilates H2(Oy s, Q,(r)r) must also annihilate H} (O s, Q,(r)r).
This completes the proof of the first assertion of Theorem 3.3.
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To continue we must introduce some additional notation. For any subfield F’ of F' we
write F_ for the cyclotomic Z,-extension of F’. For any quotient G of the (abelian)
group Gp_/, we write A(G) for the completed group ring lim  Zy[G/U] where U
runs over all open subgroups of G and we write Q(G) for the total quotient ring of
A(G). For each integer r we write A(G)# (r) for the set A(G) upon which A(G) acts via
multiplication and G, »; acts in the following way: each o in G, 5, acts as multiplication
by the element Xcyc(0)" ™! where xcyc is the cyclotomic character Gy, 5, — Z, and &
denotes the image of o in . We write 7 for the unique non-trivial element of G, _ FS
and for each integer r set ey := (1 — (=1)"7)/2 € A(Gp_/x). If E is the subfield of
Fy with G/, = G then, following Nekovar [22] and Fukaya and Kato [14, §2.1.1], we
obtain an object of DP(A(G)) by setting

(22) Cr/kr = RTc(Ok s, ey AG) (1))

We next fix a topological generator v of I'y := G__/, and a pre-image 4 of v under
the surjection Gp_/p — T'x. We write ' for the subfield of Fi,, that corresponds
by Galois theory to the subgroup of G/ that is generated (topologically) by 4.
By choosing 4 appropriately we may (and will henceforth) assume that F'° contains
a primitive p-th root of unity. Then one has F* N ks, = k and F*k, = F and
so we may identify G/, with the direct product G'ps i x I'y. This decomposition
allows us to identify A(Gg_ /i) with the power series ring Z, |G ps /5][[T]] by means of
the correspondence v < T + 1 and also implies that any continuous homomorphism
Y Gpoe — QpF can be written uniquely as a product ¢ = 15 X b, with ¢ a
homomorphism Grs/, — Q5 and ¢, a continuous homomorphism I'y, — Qp*. Each
such ¥ extends by linearity to give a ring homomorphism 7]1 :MGrpy k) — Q,, and if
we write p(¢) for the associated prime ideal ker(¢)) of A(Gp i), then 1 extends to a
well-defined homomorphism (also denoted by ) from the localisation A(G_ k) p (%)
to Qj. In particular, the constructions of Deligne and Ribet that are used by Wiles in
[33, p. 501f.] imply that there are elements G, and H of A(Gp_ i) such that for all
homomorphisms ¢ as above the quotient fs := Gx/H belongs to A(Gr_/x)p(y) and
is such that ¥(fs) = fs.4(0) where fs 4 := Gs./Hy with Gsy the Deligne-Ribet
power series of ¥ in Oy[[T]] and Hy(T) equal to 1, resp. to ¥, (v)(1 +7T) — 1, if 1),
is non-trivial, resp. trivial. We recall also that for each continuous homomorphism
k:Gp e — QyF for which x; is trivial one has

(23) ferp(0) = fop(k(y) —1).

(For more details about the construction of fx, Gy, and H see for example [8, §3].)
We regard each homomorphism G' — Qg as a (continuous) homomorphism Gr_ /1, —
Q@ in the obvious way. For each integer a we also write tw, for the endomorphism
of Q(Gr, k) that is induced by the map which sends each element g of G/, to
Xeye(9)9 € A(GFOO/k)~

The equality proved in the next result is the relevant (generalised) main conjecture of
Iwasawa theory.

Proposition 3.10. We set C(,y := Cg_ /i, and R, := ey MG /i) and write Q(R,.)
for the total quotient ring of R,.. Then the compler Q(R,) ®r, C(y) is acyclic and so
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we may regard Detg, (C(y) as an invertible R,.-submodule of Q(R,) (cf. §1.2). With
respect to this identification one has DetRT(C’(T))fl =R, - twi_.(fx).

Proof. Tt is well known (and straightforward to prove) that H*(C(,)) = 0 if a ¢ {2, 3}
and that H?(C(,y) and H?(C(,) are canonically isomorphic to Y (FY) ®z, Z,(r — 1)
and Z,(r — 1) respectively, where Ys,(FY) := Grg(riy ry (for more details of this
calculation see, for example, the proof of [8, Lem. 3]). Since both Yy (FY) and Z,
are finitely generated torsion A(I')-modules it is therefore clear that Q(R) ®g C(,y is
acyclic.

Next we note that, by Lemma 3.11 below, it is enough to prove the claimed equality
Detg, (Cir))~! = R, - twi_,(fx) in the case r = 1. To do this we set R := Ry and
C = C(y) and Z := Detr(C)™' C Q(R). Recalling the reduction techniques of [7,
Lem. 6.1], it is thus enough to prove that after localising at each height one prime
ideal p of R one has =, = R, - fx. We note that the residue characteristic of any such
prime ideal p is either 0 or p.

We assume first that the residue characteristic of p is p. Then the explicit descriptions
of H*(C) given above combine with [7, Lem. 6.3] and the (assumed) vanishing of
w(F,p) to imply that R, ®r C is acyclic and hence that =, = R,. The required
equality is therefore valid in this case because the vanishing of u(F,p) also implies
that both Gy and H, and hence also fs = Gx/H, are units of R, (indeed, in the
terminology of [8], this is equivalent to asserting that both Gx and H are ‘associated
to distinguished polynomials’ in A(Gp_ k) and hence is proved in [8, Th. 3.1iii)]).

If now the residue characteristic of p is 0, then R, is both a discrete valuation ring
and a Q,-algebra and decomposes as a product [[, Ry . where £ runs over all homo-
morphisms Gr_ i — Qf* which satisfy x(7) = 1, and each algebra Ry, ., := e, R, is
a principal ideal domain. This implies that in each degree i the Ry,-module H i(Cp) is
both torsion and of projective dimension at most one and so one has

Ep = Detp, (Cp) ™" = HDetRp (H'(Cy)[—i])~*
i€z
= [ Fitr, (H'(Cy)™Y" = Fitg, (Yo (FL)p)Fitr, (Zy),) ",
i€z
where the second equality follows from [17, Rem. b) after Th. 2], the third from the ob-
servation made at the end of §1.2 and the last from the explicit description of the mod-
ules H'(C)) given above. The required equality =, = Ry, - fx, is thus reduced to prov-
ing that for each  as above the Ry .-ideal Fitg,  (e.(Ys(Fi)p))Fitr, . (ex(Zy)p) ™!
is generated by the element e, (Gx)/es(H) = Gx,/Hs. But the explicit descrip-
tion of H, makes it clear that Fitgr, (ex(Zp)p) = Rp. - He whilst the equality
Fitg, . (ex(Ys(FX%)p)) = Ry - Gx . coincides precisely with the main conjecture of
Iwasawa theory that is proved by Wiles in [33] (see, for example, [8, (3)]). O

Lemma 3.11. Assume the notation and hypotheses of Proposition 3.10. If
Detg, (Cay) ™! = Ry - fx, then Detg, (Cy) ™' = Ry - twi—,(fx) for all integers r.

Proof. We set G := Gp_/i, A = A(G),Q = Q(A), R := Ry = e()A and for each
integer a also 2, := Detg, (C(q))"" € Q(A). For any A-module M and integer a we
write A ®, M for the tensor product A ® M which has M\ ®, m = X ®, twa(A\)m
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for all A, \ in A and m in M. We regard A ®, M as an A-module via multiplication
on the left. Then for any invertible R-ideal J in Q(R) and any integer a the map
A ®q J — Atw_,(j) induces an isomorphism of A-modules A ®, J = tw_,(J). Hence
there are natural isomorphisms

tw_q(Z1) 2 A ®q Detry,, (C1)) ™" = Detg,,, (A ®, C1y) ™"
=~ DetRaH(Zp(a) ®Zp C(l))il.

Here we regard Z,(a) ®z, C(1) as a complex of A-modules via the diagonal action
of G (which acts on Z,(a) since F' contains a primitive p-th root of unity) and the
last displayed isomorphism is induced in the following way: if we choose a topological
generator § of Zy(a), then the association A ®, ¢ — £ ®z, Ac induces an isomorphism
A ®q C1y = Zyp(a) ®z, C1y in DP(A). Setting D,y := RUc(Og 5, A*(m)) for each
integer m, we next recall that there is a standard isomorphism Zj,(a) ®z, D(1) = D(q41)
in DP(A), and note that this isomorphism restricts to give an isomorphism in DP(R,11)
of the form

Zp(a)®z,Cn) = LZp(a)@z,e1)Da) = eat1)(Zp(a)®z, D(1)) = €(at1)Dat1) = Clat)-
Upon combining the last two displayed isomorphisms we obtain an isomorphism
tw_q(Z1) = Detg, ., (Cat1))”" which in turn implies an equality tw_q(Z1) = Eq41.
In particular, if Z; = R; - fx, then for any integer r one has E, = tw;_.(E1) =
th—r(Rl . fz;) = th—r(Rl) . th_T(fg) = R_T 'twl_r(fz). This implies the claimed
result since clearly e_,) = e(,) and so R_, = R;. O

To conclude the proof of Theorem 3.3 we now set e, := ep/p,, A, = Z,[Gle, and
Cro = Cr(F/k)o where C,(F/k) is the complex defined in (13), and let R, be as
in Proposition 3.10. Then the first assertion of Theorem 3.3 (already proved at the
beginning of this subsection) implies e,e(,) = e, and hence that there is a natural
isomorphism in DP(,.) of the form

217" ®](£‘(T,)Zp [G] CF/k:,r = Q(r ®%p te] Cr (F/k) =: 07"707

where Cp/p , is the complex defined in (22). The canonical descent isomorphism
e(r)Lyp|G] ®H;%T Cr. /iy = Cryi,r therefore induces a natural isomorphism in P(2,y)
of the form

A @p, Detr, (Cpjpr) " =% Qe 2, (¢ Dete,,z,¢1(e) Zp[Gl @k, Crooyrr) ™"
= Ay Qe 2,61 Dete, 2,161 (Crnge) "
= DethT (Q[r ®£(T)ZP[G] OF/k,r)71
= Detmr (C»,"())_l.
This isomorphism combines with the equality of Proposition 3.10, the acyclicity of
Qp ®z, Cro and the descent formula of [7, Lem. 8.1] to imply that in Q,[G] one has
Det% (Cno)_l = Zp [G] . Er

where £, is the (unique) element of Q,[Gle, with p(L,) = p(twi_(fx)) for each
homomorphism p : G — Qg* with p(e,) = 1. To deduce the required equality (14)
from here it is thus enough to show that £, = Lp/, x, and this is true because for
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each homomorphism p : G — Q5* with p(e,) = 1 (and hence also (x&; p)(7) = 1)
one has

—_~—

FES) = (w1 (F)) = (D)) = fis aar(0)
= fE,wlf““p(XCyC(’y)lir - 1) = Lp,z(valirfﬂ = [)(‘CF/kZ,T)'

Here the second equality follows from the definition of twi_,., the third from the
definition of fs, the fourth from the general property (23) and the fact that w =
wWs = (Xeye)s and the fifth from the fundamental interpolation property of the function
Js,wi-r,(T). This completes the proof of Theorem 3.3.

4. SELMER COMPLEXES FOR CRITICAL MOTIVES

In this section we use the notation F,7T,Y and T introduced in §3.2. We recall
(from Bloch and Kato [5, Prop. 5.4]) that if T is the p-adic Tate module of an
elliptic curve F that is defined over k and has finite (classical) Tate-Shafarevic group
HI(E,r) over F, then the (Bloch-Kato) Tate-Shafarevic group II(Tx) that is defined
in §3.1 is canonically isomorphic to III(E,),. However, in this case the idempotent
eo(RT¢(Ok,5,Tr)) that occurs in Theorem 2.1 can be shown to be equal to 0 and so
the approach of §3.2 doesn’t give anything new. With this in mind, we now explain
how the Selmer complexes of Nekovar provide a more useful way to apply Theorem
2.1 in the setting of such critical motives.

For simplicity we will assume henceforth that £ = Q (but we reassure the reader that
there are analogous results for any number field k). We fix an algebraic closure Q5 of
Qp and set G, := Ggg/q,-

4.1. The complexes. We fix a critical motive M over Q and an odd prime p, write
V' for the p-adic realisation of M and assume that V has good ordinary reduction at p.
We recall that under these hypotheses there exists a unique Gg,-stable Q,-subspace
VY of V with the property that the natural map Dagr(Qp, V°) — Dar(Qp, V) — t,(V)
induces an identification Dqgr(Qp, V?) 22 ¢,(V) (cf. [26]). We fix a full Gg-stable Z,-
sublattice T' of V' and thereby obtain a full Gg,-stable Z,-sublattice of VO by setting
T :=TNV.

In the next result we assume to be given a finite abelian Galois extension F/Q and
set Tp = Zp|Grg] @z, T, resp. TP := Zy|Grsgl ®z, T°, which we regard as a
module over Z,[Gr/q| X Zy|Gql, resp. Zy|Gpq] X Zp[Gg,], in the following way:
Gr/q acts via multiplication on the left and each o € Gq, resp. o € Gg,, acts as
x®z,t — x5~ ®z, o(t) for each x € Zy[Gp/g| and ¢t € T, resp. t € T°, where &
denotes the image of o in Gp/gp. We fix a finite set of places X of Q that contains
both p and the archimedean place as well as all places which ramify in F/Q and
all at which M has bad reduction and set Us := Spec(Zs). Then Tg, resp. Tp,
can be regarded as an étale (pro-)sheaf of free Z,[G p/g]-modules on Us, resp. on
Spec(Q,), and so we may use the Selmer complex SC(Us, Tr,T2) of Nekovai that
is considered by Fukaya and Kato in [14, 4.1.2.]. We also set Vi := Q, ®z, TF,
Vi) i= Q, 8z, T5(1), Wi == Ve /T, Wp(1) = VA(1)/TE(1), V2 = Q, ©z, TS
and (VR2)*(1) := Q, ®z, (T%)*(1), each linear dual being endowed with the actions
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of Zy[Grg) X Zy|Go,xs], resp. Zy|Gr/ql X Zy|Go,], that are induced from the given
actions on Tr and T% in the manner described at the beginning of §3.

Proposition 4.1. We set C := SC(Us, Tr,T2)[—1] and assume that Vi satisfies the
following condition:
() the spaces HO(Q,, Vi /VE), HO(Q,, (V2)*(1)) and H°(Qq, V) for each prime
¢ ¢ Y% all vanish.
Then each of the following assertions are valid.
(i) If HY(Zs,W3(1)) vanishes, then H'(C) wvanishes and C is an object of
DP*4(Zy[Grq))-
(ii) There exists a (finitely generated) Z, [GF/Q]—submodule B of H3(C) and a sur-
jective homomorphism of Zy|G p/gl-modules of the form 3 : B — Sel(Tx(1))Y
where Sel(T5(1)) is the (Bloch-Kato) Selmer group that is defined in §3.1
and ker(B) is finite. In particular, there are inclusions Anng(H?3(C)ior) C
Anng (II(T3(1))) = Anng (I(TF)) and Anng (H?(C)) C Anng(Sel(T3(1))).
(111) Annm(HO(Zz, WF)) Q Annm(H2(C)tor),
(iv) The idempotent eo(C) in Theorem 2.1 (with C' as above and A = Zy|G /)
is equal to the sum of all primitive idempotents of Q,|Gr/q] which annihilate
the space H}(Q, VE).

Proof. We set 2 = Z,[G p/q] and A = Q,[G p/q].

Now, since p is odd, the 2A-module HO(GC/R,TF) is projective and the complex
RI'(Q,,T?) is an object of DP(2A). It is also well known that RI.(Uyx,Tr) is an
object of DP(2) and so, as C' is defined by means of an exact triangle

RU.(Ups,TF)[—1] — C — H°(Ger, Tr)[-1] ® RT(Qp, T)[-1] — RL(Ukx, TF)

(cf. [14, (4.1)]), it is clear that C belongs to DP(2). In addition, an easy analysis
of the long exact cohomology sequence of this exact triangle shows that C' is acyclic
outside degrees 2,3 and 4 and that there is a surjective homomorphism

(24) H(Zs, Wi (1)) = HY(Zs, Tr) — H*(O),

where the isomorphism is by (8). Hence if H(Zs, W} (1)) vanishes, then H*(C)
vanishes and so C is acyclic outside degrees 2 and 3. It is also known that the Euler
characteristic of A®y C in Ky(A) vanishes (see, for example, [14, (4.2)]). In particular,
we have by now shown that C satisfies all of the assumptions (ad;), (adz), (ads) and
(ad4) and proved claim (i).

To prove claim (i) we write C' for the complex SC(T, T) of A-modules that is defined
in [14, (4.3)]. Then the long exact cohomology sequence of the exact triangle [14, (4.5)]
gives a surjective homomorphism of 2-modules

(25) H3(C) — H*(C)

which has finite kernel. We also recall that in [14, 4.2.28] Fukaya and Kato define
Selmer modules Sel;)(Wg (1)) for i = 1,2 and that Sel(9)(W5(1)) coincides with the
group Sel(T5(1)) that occurs in §3.1. In addition, since (by our assumption (x)) both of
the spaces H(Q,, Vi/VR) and H°(Q,, (V2)*(1)) vanish, the result of [14, Lem. 4.2.32]
applies in our case. When combined with the definitions of the groups Sel(;)(Wz(1))
the latter result implies that there exists an injection Sel(T7(1)) = Selo) (W (1)) —
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Sel(1)(Wg(1)) with finite cokernel and hence also a surjective homomorphism with
finite kernel of the form

X — Sel(Tj(1))Y
where we set X' := Sel(y)(Wg(1))Y. Now, from the proof of [14, Prop. 4.2.35(2)],
one also knows that local and global duality combine to induce an isomorphism be-
tween X and the kernel of a natural homomorphism H?(C) — H?(Q,,T%) and in
particular therefore imply the existence of an injective homomorphism of 2A-modules
L: X < H?(C). We therefore obtain the first assertion of claim (ii) by simply taking
B to be the pre-image under (25) of im(:). The second assertion of claim (ii) then
follows from the obvious inclusions Anng (H?3(C)) C Anng(B) C Anng(Sel(T5(1)))
and Anng (H3(C)tor) € Anng (Bior) € Anng(II(T5(1))) = Anng(II(TF)) where the
last inclusion follows from the fact that, since § has finite kernel, it restricts to give a
surjection Byor — (Sel(T5(1))Y )tor =2 (Sel(Th(1))cotor)” = HI(TH(1))Y = I(TF).
We next set C' := SC(Us;, T(1), (T/T°)5(1))[—1]. Then the long exact cohomology
sequence of the exact triangle of [14, Prop. 4.4.1(1)] gives an exact sequence

P H°(Qi, Tr) — H*(C) — H*(RHomy, (C', Zy[-5))).

ogs
The assumption that H°(Qy, Vr) vanishes for each prime ¢ ¢ ¥ implies both that
the space H®(Zs,Vr) vanishes, and hence that the module H°(Zs, Wr) is Z,-
torsion, and also that the module @zez H°(Qq, Tr) vanishes. From the spectral
sequence Ext%p(Hb(C’),Zp) = H*""(RHomyg, (C’,Zy[-5])) we also know that
H?(RHomyg, (C', Zy[—5]))tor is naturally isomorphic to (H*(C”)ior)". The above exact
sequence thus induces an injective homomorphism of 2-modules

(26) H2(C)tor — (H4(C/)tor)v = H4(C/)v — HO(ZZv Wr)

where the equality and second injection both follow from the surjection (24)
with Tp replaced by Th(1) and T2 by (T/T°)%(1). It is therefore clear that
Anng (H°(Zs, Wr)) C Anng (H?(C)or), as required to prove claim (iii).

Finally we note that our assumption (%) combines with the argument used to prove
[14, Lem. 4.1.8] (which is valid in this case since V' is de Rham as a representation
of Gg,), to imply that the space Q, ®z, H*(C) = H'(Q, ®z, SC(Us,Tr,T})) is
isomorphic to H'(Cf(Q, Vr)) where C¢(Q, Vr) is the complex defined in [14, §2.4.2].
Claim (iv) therefore follows from the isomorphism H'(C#(Q, VF)) = H}(Q7 V) of [14,
(2.6)]. O

Remark 4.2. It can be shown that the result of Proposition 4.1 extends in a straight-
forward manner to the setting of those p-adic representations (over arbitrary number
fields) that are both de Rham and also satisfy the ‘condition of Dabrowski-Panchishkin’
discussed in [9, §6.2].

4.2. p-adic Zeta functions. We fix M, F,Tr and C as in §4.1 and also set 2 =
ZplGpigl, A = QplGr/g] and Ay = Ao(C)(= Aeo(C)). We recall that in [14, Th.
4.1.12] Fukaya and Kato have proved that the (local and global) non-commutative
Tamagawa number conjectures for the pair (Mp, ) combine to predict that the frac-
tional Ap-ideal Detg, (Co) C A is generated by an element (5(Us, Tp, T2) of A with
the following property: at each homomorphism p : G/, — Qp with p(eg(C)) = 1 the
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image of (3(Us, Tr,T2) under p is equal to the value at s = 0 of the ClGF/ql-valued
complex L-function of My multiplied by a suitable combination of natural regulators,
periods and Euler factors. When combined with Proposition 4.1 and the inclusion
(2) this observation predicts the existence of explicit conjectural annihilators for the
A-modules II(Tr) and Sel(Th(1)). By means of an explicit example, in the next
subsection we shall consider in greater detail the case of abelian varieties.

4.3. Abelian varieties. In this subsection we fix an abelian variety A that is defined
over Q and has good ordinary reduction at p and write A? for the dual abelian variety.
We write T for the p-adic Tate module of A’ and set V := Q, ®z, T and W :=
V/T. We also fix a finite abelian extension F' of @ and use the same notation X,
Tr, T2 Vp, VO, V2 and W as in §4.1 (in this case V° can in fact be identified with
the Q,-space spanned by the p-adic Tate module of the formal group of A’ [9, Exam.
6.3]). We regard the motive Mp := h'(A,r)(1) as defined over Q and with coefficients
Q[GF/ql-

We fix an isomorphism of fields C = C,, and henceforth use this to identify the groups
Hom(G /g, Q%) and GQ/Q := Hom(G'p/q, Qy). We fix an isomorphism f as in [14,
4.2.24] and then define Ly 3(A/p, 1) to be the unique element of C,[G r/g] such that
for every p in G /g one has

(27)  p(Lsp(A)p, 1) = m o

Here Lx (A, p,1) denotes the value at s = 1 of the Y-truncated Hasse-Weil L-function
of A twisted by the contragredient representation p, M(p) is the tensor product of
h'(A)(1) with the Artin motive associated to g, V is the representation V°®V; where
V; is a representation of character p and the archimedean and p-adic periods Q. (M (p))
and Q, 3(M(p)), non-zero rational number I'g (V) and Euler factors Pr,(—,s) are
all as defined by Fukaya and Kato in [14, 4.1.11, 3.3.6, Lem. 4.1.7]. (For a more
explicit description of the formula (27) in the case that A is an elliptic curve see §4.4.)
If B denotes either A or A’, then we write III(B,) and Sel,(B,p) for the (classical)
Tate-Shafarevic and pro-p Selmer groups of B over F' respectively.

-1, PL»P((VﬁO)*(l)v 1)

B(M(ﬁ)) : FQp(VI‘Q) PL (Vp 1)
PNV P

Proposition 4.3. Let A,p, F' and ¥ be as above. We set G = G g and write I,,(A,p)
for the ideal Z,|G] N, ker(p) where p runs over all elements of Hom(G,Qp*) for
which Lx,(A, p,1) vanishes. We assume that p does not divide |A(F)tor|, that IH(A?F)
1s finite and that the relevant special cases of all of the conjectures discussed by Fukaya
and Kato in [14, §2 and §3] are valid (see Remark 4.4 (i) for more details about these
conjectures).

(i) If g is the minimal number of generators of the Z,|G]|-module (A*(F)tor,p)",
then both

(28) I(Ayp) 2 Anng 16 (A (F)iorp)? - Lyp(Ar, 1) € Anng, ) (I(A/p),)
and

(29) IP(A/F)g+3Anan[G] (At(F)tor,p)g . Lzﬁ(A/F, 1) - ADHZP[G] (Selp(A/F))
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(i) If p does not divide |A*(F)tor|, then

ZP[G} . L27/3(A/F7 1) = Fitzp[g](HZ(SC(UZ,TF,Tg))) - AnnZP[G](Selp(A/F»-

Proof. At the outset we recall that if III(A,p) is finite, then [5, Prop. 5.4] implies
that Sel(7%(1)) and II(T%(1)) are canonically isomorphic to Sel,(A,r) and II(A,r),
respectively and that the space H}c (Q,Vp) = H} (F,V) identifies with Q, ® A*(F) =
Qp ®g H}(MF) We also recall that the assumption (x) of Proposition 4.1 is satisfied
in this case (cf. [9, Exam. 6.3]).

We set C' := SC(Us, T, TR)[—1] and C* := RHomy, (C, Zy[—4]) and also 2 := Z,[G],
eo := eg(C) and Ay := Ao (C). The key point in this argument is that if the conjectures
discussed in [14, §2 and §3] are valid in the relevant cases, then one has

(30) Det%(Co) :Qlo -Lzﬁ(A/F,l) :Q[~LZ,5(A/F,1)

where Ly 5(A/p, 1) is the element of C,[G] that is defined via the interpolation prop-
erty (27). The first equality in (30) is a direct consequence of [14, Th. 4.1.12] and
the explicit definition of Ly (A ,/p, 1) via (27). To verify the second equality of (30)
we note first that if the Deligne-Beilinson Conjecture (in the form of [14, 2.2.8(1)])
is valid with M = My and K = Q[G], then a homomorphism p € G" belongs to
Gy = {p € G" : Lx(A,p,1) # 0} if and only if e,(Qf ®q, H;(Q,VF)) = 0, or
equivalently (by Proposition 4.1(iv)) ege, = e,. One therefore has

Ly g(A/p, 1) = > p(Ls (A/p,1))e,
peEGN

> o(Lsp(Asp,1)e,

peGY

- Z p(Lss(A/r,1))eoe,

peGY
=eo > p(Lnp(Asp,1)e,
peGYH
=eoLzs(A/r,1)

and hence 2 - Ly g(A/p,1) = A -eoLx s(A/p, 1) = Ao - Ly g(A/p,1), as claimed in
(30). The fact that G{ is equal to {p € G : ege, = €,} also implies I,,(A,/r) is equal
to the ideal Iy, that occurs in Theorem 2.1.

Next we recall that the modules H®(Zx, W;(1)) and H°(Zsx, Wr) identify with
A(F)tor,p and A*(F)ior,p respectively. In particular, since p is assumed not to di-
vide |A(F)or|, the hypothesis of Proposition 4.1(i) is satisfied in this case. Also, since
C is concentrated in degrees 2 and 3, the discussion just prior to Lemma 2.8 implies
that H3(C*) is isomorphic to (H?(C)ior)Y. From the injection (26) we therefore ob-
tain a surjection (A*(F)torp)Y & HY(Zs, Wr)Y — (H?(C)tor)¥ = H3(C*) and hence
an inequality g > g(C™*) where g(C*) is the integer defined in Theorem 2.1. Applying
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both (2) and Proposition 4.1(ii) and (iii) in this context therefore gives inclusions
Ip(A;p)" "2 Anng, 16y (A"(F)torp)? - Detay, (Co)
C (I91,)9 ™ Anng(H?(C)tor)? - Detay, (Co)
C (1,)?' 9 Anng (H?(C)or)7“") - Detay, (Co)
C Anng (H*(C)sor)
C Anng(II(Tx(1)))
= Annm(IH(A/F)p).

This observation implies that (28) follows directly upon combining the last displayed
inclusion with the (conjectural) equality (30). In a similar way one obtains (29) by
multiplying the above displayed inclusions by I,,(A,r) = Ia,, using (30), noting that
Iy, annihilates H3(C)y C H3(Q, ®z, C) so Iy, - Anng (H?*(C)ior) € Anng (H?(C)),
and then recalling that Anng(H*(C)) € Anng(Sel(Tj(1))) = Anng(Sel,(A,r)) by
the final assertion of Proposition 4.1(ii). This proves claim (i).

If p does not divide |A*(F)o;|, then H°(Zs, Wr) vanishes and so the injective ho-
momorphism (26) implies that H?(C)¢, vanishes. Since C is acyclic outside de-
grees 2 and 3 (by Proposition 4.1(i)), the equality in claim (ii) is therefore obtained
by substituting (30) into (3) and noting that H*(C) = H3(SC(Us, Tr,T2)[-1]) =
H?(SC(Us,Tr,T2)). The remaining inclusion in claim (ii) is then valid because
Fitg (H*(C)) € Anng(H?*(C)) C Anng(Sel,(A/r)) where the last inclusion follows
from Proposition 4.1(ii). O

Remarks 4.4.

(i) The conjectures from [14, §2 and §3] that are being assumed in Proposition 4.3 are
as follows: [14, 2.2.8] (the Deligne-Beilinson conjecture) for the motive M and algebra
K = Q|[G]; [14, Conj. 2.3.2] (the non-commutative Tamagawa number conjecture), [14,
Conj. 3.4.3] (the local non-commutative Tamagawa number conjecture) and [14, Con].
3.5.5] (compatibility of the above conjectures with the relevant functional equation),
in each case for the ring A = Z,[G] and sheaf T' = Tp.

(ii) In certain special cases the inclusions of Proposition 4.3 become even more explicit.
For example, if A*(F) is finite, then [14, 2.2.8(1)] predicts that Ls (A, p,1) # 0 for all
pE G??/Q and hence that I,(A,p) = Z,[G]. For a more explicit version of Proposition
4.3(ii) see Proposition 4.5 below.

(iii) The equality of Proposition 4.3(ii) is a ‘strong main conjecture’ of the kind
that Mazur and Tate explicitly ask for in [20, Remark after Conj. 3]. Under cer-
tain additional hypotheses on A, F' and p it is also possible to precisely relate the
ideals Fity, jc(H*(SC(Us, Tr,Tp))) and Fitz (¢)(Sel,(A/r)Y) (for further details see
[6, §12.2]). In particular, it would be interesting to know the precise relation between
the equality of Proposition 4.3(ii) and the explicit conjectural formulas for the Fitting
ideals of Selmer groups that are formulated (in certain special cases) by Kurihara in
[18].

(iv) It can be shown that the observations made in Proposition 4.1(ii) imply that the
ideal Fity, ¢(H?(SC(Usg, Tr,Tp))) which occurs in Proposition 4.3(ii) is a subset of

Ig(’;A(Q)) where I p, is the augmentation ideal of Z,[G] and rk(A(Q)) is the rank of the
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Mordell-Weil group of A,g. Under the conditions of Proposition 4.3(ii) the element

Ls 3(A/p,1) therefore belongs to Igi;A(Q)). Further, under these hypotheses, the

techniques of [6, §9] allow one to formulate an explicit conjecture for the residue class
of Ly 3(A/p,1) modulo IST;A(Q))H. Such conjectural formulas constitute a natural
generalisation of the congruences for modular symbols that are conjectured by Mazur
and Tate in [20] and will be discussed elsewhere.

4.4. Elliptic curves. We now make the predictions of Proposition 4.3 more explicit
in the special case that A is equal to an elliptic curve E. To do this we let u in Z; be
the unit root of the polynomial 1 — a,X 4+ pX? where a, := p+ 1 — |E,(F,)| with E,
the reduction of £ modulo p. For each p € GQ/Q we set V), :=e,Qj [G], regarded as a
module over G via the natural projection Gg — G, and define a polynomial

Py(p, X) 1= detgg (1 — ¢p - X | HO(I, V) € Q5[ X]

where I, is the inertia subgroup of p in G and ¢,, the geometric frobenius of p in G/I,.
We write p/e for the p-part of the conductor of p and €p(p) for the local e-factor of
p at the prime p. Regarding Q¢ as a subfield of C we write 7 for the element of Gg
obtained by restricting complex conjugation and define integers d. (p) and d_(p) by
setting d(p) := dimgg ({v € V), : 7(v) = +v}). We also define the periods . (£) and

Q_(E) of E by setting
Qi(E) = / w
Nt

where w is the Néron differential and 4+ is a generating element for the (free rank one
Z-)submodule of H;(E(C),Z) upon which complex conjugation acts as multiplication
by +1. Then the same argument as used in the proof of [10, Prop. 7.8] shows that
the expression on the right hand side of (27) is equal to

Ly (E,p,1 P -1
28,5, EP(P)U_fpp(vp’iu,)-
Q (B)+PQ_(E)d-(r) P,(p,up~1)
It is important to note at this stage that the argument of [10, Prop. 7.8] uses the ex-

plicit computation of [14, Th. 4.2.26] and hence relies upon choosing the isomorphism
B (which arises in the definition of the p-adic period €, 5(M(p))) as in [14, 4.2.24].

(31)

Proposition 4.5. Assume the notation and hypotheses of Proposition 4.3 in the case
that A is equal to an elliptic curve E. Let Lx(E,p,1) denote the element of Q5[G]
for which p(Ls(E/p,1)) is equal to the expression in (31) for every p € G". Then
Ls(E/p,1) belongs to Zy|G] and annihilates each of the modules Sel,(E ), HI(E,p),
and Z, ® E(F).

Proof. Since Lx(E/p, 1) is equal to the element Ly 3(E,p, 1) defined via (27) Proposi-
tion 4.3(ii) implies that Lx(E,r, 1) belongs to Z,[G] and annihilates Sel,(E/r). Now
the module II(E, ), = HI(T5(1)) is a quotient of Sel(T%(1)) = Sel,(E, ), whilst the
Pontryagin dual of (12) (with T' = T%) implies that (Z, ® E(F))* = H} (Q,Tr(1))* =
(Qp/Zy @2, H}((@,Tj‘?(l)))v is isomorphic to a quotient of Sel,(E,r)". This implies
that both (£, r), and (Z, ® E(F))* are annihilated by Lx(E,r,1). Finally, since
ZpQE(F )40, is assumed to vanish, the module Z,® E(F') is isomorphic to (Z,QE(F))**
and so is also annihilated by Ls(E,p,1). O
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Numerical evidence in favour of the containment Lx(E,p,1) € Zy[G] predicted by
Proposition 4.5 (and also other related predictions) is described by Bley in [4].
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