LEADING TERMS OF ARTIN L-FUNCTIONS AT s=0 AND s=1

MANUEL BREUNING AND DAVID BURNS

ABSTRACT. We study the leading non-zero coefficients in the Taylor expan-
sions at s = 0 and s = 1 of the equivariant Artin L-function that is associated
to a Galois extension of number fields.

1. INTRODUCTION

In this manuscript we continue the study of the leading non-zero coefficients in
the Taylor expansions at integer points of equivariant Artin L-functions that was
initiated in [12].

To be more specific we fix a Galois extension of number fields L/K and a suffi-
ciently large finite set S of places of K which in particular includes all archimedean
places and all places which ramify in L/K. We set G := Gal(L/K) and for each ra-
tional integer m we write L7 /¢ s(m) for the invertible element of the centre ((R[G])
of the group ring R[G] that is equal to the leading non-zero coefficient in the Taylor
expansion at s = m of the S-truncated equivariant Artin L-function of L/K.

We shall formulate an explicit conjectural formula for the image of L7 s(1)
under the canonical homomorphism 9 from the unit group of ((R[G]) to the relative
algebraic K-group Ko(Z[G],R). Our formula involves the Euler characteristic (in
the sense of [8]) of a natural perfect complex of Z[G]-modules that is constructed by
using methods that are both explicit and comparatively elementary. The explicit
nature of this formula allows us to prove rather easily that it simultaneously refines
both the ‘main conjecture’ of Stark at s = 1 (as described by Tate in [45]) and the
‘Q2;-conjecture’ formulated by Chinburg in [24]. More strikingly, after reinterpreting
the conjectural formula in terms of étale cohomology, a delicate analysis of the
passage to pro-p-completion (at each prime p) allows us to prove that our formula
is also, under certain conditions, equivalent to the ‘equivariant Tamagawa number
conjecture’ of [17], as applied to the pair (h°(Spec L)(1), Z[G]).

The latter comparison result is interesting for several reasons: it allows us to
deduce the validity of our conjectural formula for 9(L} /K, 5(1)) in the case that L
is an abelian extension of @, it answers a question raised by Flach and the second
named author in [15], and it also establishes the link between our explicit conjecture
and the very general (and rather abstract) ‘main conjecture of non-commutative
Iwasawa theory’ that was recently formulated by Fukaya and Kato in [31]. Indeed,
this comparison result combines with the philosophy described by Huber and Kings
in [35, §3.3] (and by Fukaya and Kato in [31, §2.3.5]) to suggest that the validity
of our conjectural formula for 9(L} / x.s(1)) for all Galois extensions L/K could
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itself provide a pivotal step in proving the conjecture of Fukaya and Kato in full
generality.

We shall also use the functional equation of the equivariant L-function to inves-
tigate the compatibility of our conjecture with the explicit conjectural formula for
9(L1,/k,5(0)) that is studied in [12]. In particular, we prove that the mutual com-
patibility of these conjectures is equivalent to the validity of the ‘epsilon constant
conjecture’ formulated in [2]. This result allows us to interpret results in [2], [4] and
[5] as evidence for our conjecture. For example, by these means we deduce that the
conjectural formulas for 9(L7 . 5(0)) and 9(L7 ,x 5(1)) are mutually compatible
whenever L/ K is tamely ramified or L is either an abelian extension of Q with odd
conductor or a non-abelian extension of Q of degree 6.

In this regard, we also prove that the validity of the epsilon constant conjecture
of [2] would imply that epsilon constants of symplectic characters are uniquely
characterized by a natural algebraic invariant of L/K. This result shows that
the epsilon constant conjecture implies an affirmative answer to a question that
has been open ever since Cassou-Nogues and Taylor proved in [21] and [22] that
symplectic epsilon constants of tamely ramified Galois extensions of number fields
are characterized by algebraic invariants.

When taken together with the results of [12], [2] and [14] the present manuscript
demonstrates that the use of equivariant L-functions and of the Euler character-
istic formalism of [8] provides a universal framework of leading term conjectures
which incorporates as consequences a wide variety of seemingly unrelated theorems
and explicit conjectures ranging from Hilbert’s Theorem 132 to the ‘Q2-conjectures’
of Chinburg, the explicit Galois structure results on units and ideal class groups
proved by Froéhlich in [29] and [30], the refinement of Stark’s conjecture formu-
lated by Rubin and the ‘refined class number formulas’ conjectured by both Gross
and Tate. In turn, such a universal approach gives new insight into various long-
standing questions and conjectures. For example, in the setting of the present
manuscript, the results we prove in §3 and §5 show that Chinburg’s ‘Q;-conjecture’
and ‘Q23-conjecture’ are consequences of leading term conjectures at s = 1 and s =0
respectively, whereas his ‘Q2s-conjecture’ is most naturally interpreted as a conse-
quence of the compatibility of these leading term conjectures with respect to the
relevant functional equation. From a philosophical perspective, this qualitative dis-
tinction neatly accounts for the fact that the Q22-conjecture is much easier to study
than either of the ;-conjecture or Q23-conjecture and also provides a satisfactory
answer to a problem emphasized by Frohlich in both [29] and [20, §3]. Indeed,
in [29, Introduction] Fréhlich writes of the ‘amazing analogy’ between the Galois
structure theories of, on the one hand, unit groups and ideal class groups and, on
the other hand, rings of algebraic integers and he stresses that providing a natural
explanation of this analogy is ‘an outstanding problem — possibly connected with
a new interpretation of the functional equation’. The results we prove in §3 and §5
now provide just such an explanation of this analogy (see Remark 5.5 for further
details in this regard).

In a little more detail, the basic contents of this manuscript is as follows. In §2
we review some basic algebraic K-theory and give a new (and more conceptual)
description of the ‘extended boundary homomorphism’ 9 that was introduced in
[17]. We also review relevant facts concerning homological algebra and the Euler
characteristic construction of [8] and recall the definition and basic properties of
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equivariant Artin L-functions. In §3 we formulate our conjectural description of
9(L7k,5(1)), prove some of its basis properties and describe its relation to the
conjectures of Stark and Chinburg. In §4 we review the conjectural description of
9(L1,,k,5(0)) that is formulated in [12]. In §5 we use the functional equation of
the equivariant L-function and the ‘additivity criterion’ proved in [8] to investigate
the compatibility of the conjectures of §3 and §4 with the conjecture of [2]. We
also prove that, if the central conjecture of [2] is valid, then epsilon constants of
symplectic characters are uniquely characterized by natural algebraic invariants.
In §6 we review relevant facts concerning étale cohomology and then establish the
relation of the conjecture formulated in §3 with the relevant special case of the
equivariant Tamagawa number conjecture of [17].

The present article incorporates updated versions of the unpublished manuscripts
[11] and [7].

2. PRELIMINARIES

In this section we summarise the necessary background from algebraic K-theory
and homological algebra. Furthermore we recall the definition of equivariant Artin
L-functions.

2.1. Algebraic K-theory. We recall the definition of the relative Ky-group and
describe the extended boundary homomorphism which takes values in such a group.

2.1.1. Relative Kq-groups. For any integral domain R of characteristic 0, any exten-
sion E of the field of fractions of R and any finite group G let Ko(R[G], E) denote
the relative algebraic K-group associated to the ring homomorphism R[G] — E[G];
a description of Ko(R[G], E) in terms of generators and relations is given in [42,
p. 215]. Writing Ko(R[G]) for the Grothendieck group of the category of finitely
generated projective R[G]-modules and K (R[G]) for the Whitehead group there is
a long exact sequence of relative K-theory

(1) Ki(RG) — Ki(E[G) 22 Ko(RIG), B) 28 Ko(RIG]) 22 Ko(E[G)

(cf. [42, Chap. 15] or [13] for more details). The exact sequence (1) is functorial in
the pair (R, E). In those cases where it is not clear from the context we will write
8%[G17E for the map 0. The projective class group C1(R[G]) of R[G] is defined to
be the kernel of g and is in fact independent of E.

Let ((E[G])* denote the multiplicative group of the centre of E[G]. The re-
duced norm map induces a homomorphism nr : K;(E[G]) = ((E[G])* and we
denote its image by ((E[G])**. In this paper E will always be either R or an
algebraically closed field or a finite extension of Q or Q, for some prime number
p. In all these cases the homomorphism nr : K1 (E[G]) — ((E[G])* is injective (cf.
[26, Th. (45.3)]) and we will always identify K;(E[G]) and ((E[G])*T via nr. In
particular we will consider d; = O p as a map ((E[G])*" — Ko(R[G], E). If
E is algebraically closed or a finite extension of Q, then ((E[G])*t = ((E[G])*.

We recall that in the case R = Z and E = Q the canonical maps Ko(Z[G],Q) —
Ko(Z,|G],Q,) induce an isomorphism

2) Ko(Z[G],Q) = P Ko(Z,[G], Q)

where the sum is over all prime numbers p.
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Our main interest will be the case R = Z and E = R. For every prime number
p and every embedding j : R — C, we obtain an induced map j. : Ko(Z[G],R) —
KO(Z;D[G]: (Cp)'

Lemma 2.1. The map

Ko(Z[G], R) — H Ko(ZG],Cy)

is injective. Here the product runs over all prime numbers p and all embeddings
j:R—=GC,.

Proof. We consider the exact sequence (1) for the pairs (R, E) = (Z,Q), (Z,R),
(Zp,Qp) and (Z,,C,) and the maps between these sequences which are induced by
the obvious inclusions and by an embedding j : R — C,. An easy diagram chase
shows that there is a commutative diagram of short exact sequences

0 —— Ko(2[G],Q Ko(Z[G], R) Ky (R[G])/ K1 (QIGT)

| l |

0 —— Ko(Zp[G], @) —— Ko(Z,[G], G;) — K1(G[G])/ K1 (G [G]) — 0.

0

Therefore it suffices to show that the maps

(3) Ko(Z]G),Q = [] Ko(Z,]G), @)
and
(4) Ky(RIG) /K (UGD) = [ ] (G G/ K1 (@ [G])

are injective. The injectivity of (3) follows immediately from (2).

Let € K1(R[G]) be such that j.(z) € K1(Q,[G]) C K1(C,[G]) for all p and
j. Using the isomorphism nr : K;(R[G]) = ((R[G])*+ we have z = >, €99 €
C(R[G])** such that

() Jel) = leg)g € C(QIGN)".

We claim that }°  cyg € Q[G]. Let g € G and consider the coefficient ¢,. If ¢; was
transcendental over @ then there would be an embedding j : R — C, such that
Jj(eg) & Qp contradicting (5). Therefore ¢, is algebraic over Q. Now j(c,) € Q, for
all p and embeddings j implies that all primes are completely split in the number
field Q(c,) and therefore Q(c,) = Q. Hence z € ((R[G])*T NQ[G] = ((QG])*+ =
K1(Q[G]). This shows the injectivity of (4). O

2.1.2. The extended boundary homomorphism. We give a conceptual description of
the ‘extended boundary homomorphism’ introduced in [17, Lem. 9].
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Lemma 2.2. There is a unique homomorphism 8%, : ((R[G])* — Ko(Z[G], R) such
that for every embedding R — C, the diagram

05

(RG]~ Ko(Z]G), R)

3TP[G]‘EP

(G [G])* ———— Ko(Z,[G], C,)

commutes. The restriction of 8} to C(RIG))*™ is the map 9 -

Proof. To define 85 (x) for = € ¢((R[G])* we choose A € ¢(Q[G])* such that Az €
C(R[G])** and set

04 () = 2ic)p(ME) — Zaép[c]@p@)-
p

Here the sum is over all prime numbers p and a%p[G] e (M) means the following:

consider A as an element of ((Q,[G])* via the inclusion ((Q[G])* C ((Q,[G])* then
apply 8%17[@’@}) and consider the result as an element of Ky(Z[G], R) by the inclusion

Ko(Z)|G],Q,) C Ko(Z[G],Q C Ko(Z|G],R). One easily checks that ('% is well
defined and a homomorphism. Obviously d (z) = 7ic)(®) for @ € ((RIG])* .
The diagram commutes for every embedding j : R — C, because for all prime
numbers ¢ # p one has j*(a%q[(;],@q()‘)) = 0 in Ko(Zp[G],Cp). The uniqueness
assertion is a consequence of Lemma 2.1. O

Remark 2.3. The construction of the map (’A)é in the proof of Lemma 2.2 shows
that this map is the same as the homomorphism 6% [G],R introduced in [17, Lem. 9].

2.1.3. Change of group. Let R, E and G be as in §2.1.1 and let H be a subgroup of
G. Since R[G] is free as R[H]-module, restriction of scalars is a functor from pro-
jective R[G]-modules to projective R[H]-modules and similarly from E[G]-modules
to E[H]-modules. Therefore one obtains canonical restriction maps res$ for all
K-groups in the exact sequence (1). Using the identification via the reduced norm
we also obtain a restriction map res% : ((E[G])*+ — ((E[H])**.

The functor M +— R[G] ® gy M from projective R[H]-modules to projective
R[G]-modules and the corresponding functor from E[H]-modules to E[G]-modules
induce induction maps ind$ for all K-groups in the exact sequence (1). Again one
also obtains an induction map ind$ : C(E[H])*+ — C(E[G])*.

If H is a normal subgroup of G then the functor M ~ M from projective
R[G]-modules to projective R[G/H]-modules and the corresponding functor from
E[G]-modules to E[G/H]-modules induce quotient maps qg/H for all K-groups in

the exact sequence (1). Again one also obtains a quotient map qg/H (C(E[G) T —
C(EIG/H).

The extended boundary homomorphism is compatible with the restriction, in-
duction and quotient maps. More precisely, the map res%; : ((C[G])* — ((C[H])*
restricts to a homomorphism res$; : ((R[G])* — ((R[H])*, and one has 0} o
res§; = res§ 0dl as maps ((R[G])* — Ko(Z[H],R). Similarly % o ind§ =
ind$ od : C(RH])* — Ko(Z[GL,R) and 8 0 0%, 5 = Sy 0 0 : C(RIG) —
Ko(Z|G/H],R) if H is normal in G.
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2.1.4. Involutions. We recall the definition of the involution ¥7 of Ko(Z[G],R)
which is defined in [12, p. 217]. If P is a projective Z[G]-module then Homz(P,Z)
is a projective Z[G]-module when endowed with the contragredient G-action. Every
element in K(Z[G], R) is represented by a triple [Py, ¢, Po] where Py, P» are finitely
generated projective Z[G]-modules and ¢ : P; ®7 R — P> ®z R is an isomorphism
of R[G]-modules. The involution ¥y, is defined by

V&([Pr, @, Ps]) := [Homz(Py,Z), Homg (¢, R) ™!, Homgz (P, Z)].

One can show that %7 is compatible with the change of group homomorphisms
defined in §2.1.3, i.e. for a subgroup H of G one has res% o, = Yy o res$y,
indfl oYy =L o indfl and qg/H ol = wg/H o qg/H if H is normal in G.

Let ((C[G]) denote the centre of C[G] and note that there is a canonical isomor-
phism ((C[G]) = [], err(e) C where we write Irr(G) for the set of irreducible C-
valued characters of G. On ((C[G]) there exists a natural involution z + z# which
is induced by the C-linear anti-involution of C[G] which sends each element of G to
its inverse. If & = (2y)yemr(q) under the isomorphism ((C[G]) = [T, cjpr(q) C then
a# = (zx)yetm(c)- This involution of {(C[G]) restricts to an involution of ¢(R[G])*
which is compatible with the change of group homomorphisms from §2.1.3.

Up to sign the involutions on Ky(Z[G],R) and ((R[G])* are compatible with
the extended boundary homomorphism. More precisely, if z € ((R[G])* then
V5 (04 (2)) = =0 (a*) in Ko(Z[G], R).

2.2. Homological algebra. We fix the sign conventions used for the homological
algebra constructions in this paper. Furthermore we prove an important lemma
concerning extension classes and recall the notion of an Euler characteristic with
values in a relative algebraic K-group.

2.2.1. Complezes. Let R be a ring. By a complex we mean a cocomplex of left
R-modules. For any complex A we write A[1] for the shifted complex that is
A1) = A with differential daji)(a) = —da(a). The mapping cone cone(w) of a
map of complexes w : U — V is the complex defined by cone(w)! = Vi@ U't! with
differential deone(w) (v, u) = (dv (v) + w(u), —=dy(u)). Let D(R) denote the derived
category of the abelian category of R-modules. A triangle

A% BE oA
in D(R) is called distinguished if it is isomorphic to a triangle of the form
UV % cone(w) = UJl]

where w is a map of complexes, ¢ : V' — cone(w) is the canonical inclusion «¢(v) =
(v,0), and 7 : cone(w) — U[1] is the negative of the canonical projection that is
m(v,u) = —u. For typographic reasons we often write a distinguished triangle as
45 BS 00,

For every short exact sequence of complexes 0 — A = B By ¢ =5 0 there exists
a canonical map v : C — A[1] in the derived category such that A = B LENFoJuN
A[1] is a distinguished triangle. Our choice of triangulation guarantees that the
cohomology sequences of the short exact sequence and of the distinguished triangle
are the same, that is that the map on cohomology induced by ~y coincides with the
connecting homomorphism of the short exact sequence.
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2.2.2. Yoneda extensions. We always use injective resolutions of the second variable
to identify Yoneda Ext-groups (as defined in [34, TV.§9]) with derived functor Ext-
groups. For a natural interpretation of the connecting homomorphism for derived
functor Ext-groups in terms of Yoneda extensions see [16, Lem. 3].

We will frequently interpret certain complexes in the derived category in terms
of Yoneda extension classes as in [16, p. 1353]. To a complex E which is acyclic
outside degrees 0 and n > 1 one associates the class e(E) € Ext"™ (H™(E), H°(E))
which is given by the truncated complex E' := 7<"720F with the induced maps
HYE) = H°E') - (E')° and (E")" — H"(E') = H"(E) considered as a
Yoneda extension.

Lemma 2.4. Let E and F be complexes which are acyclic outside degrees 0 and
n>1. Let a: H*(E) - H°(F) and B : H"(E) — H"(F) be homomorphisms of
R-modules inducing maps o : Extl™ (H™(E), H(E)) — Ext%™ (H"(E), H°(F))
and B* : ExtitH (H™(F), HO(F)) — Ext;" (H"(E), H*(F)). There exists a mor-
phism ¢ : E — F in D(R) which induces o on H® and B on H™ if and only if
a.(e(E)) = B*(e(F)). If in addition Ext},(H"(E), H°(F)) = 0, then the morphism
@ with this property is unique.

Proof. Without loss of generality we can assume that E' = 0 and F? = 0 unless
0 < i < n. By interpreting the maps a, and £* in terms of Yoneda extensions
and by the definition of equivalence of Yoneda extensions it is easy to see that
a.(e(E)) = B*(e(F)) implies the existence of a morphism E — F in the derived
category with the required property. Conversely, if ¢ : E — F'is such a morphism
in D(R) then there exists a complex G with G = 0 unless 0 < i < n, a quasi-
isomorphism A : G — E and a map of complexes u : G — F such that ¢ = o A7L,
This easily implies a.(e(E)) = 8*(e(F)).

To show the uniqueness it suffices to prove that if ¢ : E — F induces the
zero map on H® and H" then ¢ = 0 in D(R). We first observe that there is a
distinguished triangle

(6) H"(F)[-n—1] — H°(F)[0] — F — H"(F)[-n]

which on cohomology induces the canonical maps. Indeed, if F denotes the complex
F° - F! — ... 5 F" — H"(F) with F° in degree 0 then (6) arises from the short
exact sequence of complexes

0— H*(F)[-n—1]—F — F — 0

and the quasi-isomorphism H°(F)[0] — F. From (6) we obtain an exact sequence
of abelian groups

Homp ) (E, H°(F)[0]) — Homp g (B, F) — Hompg)(E, H" (F)[-n]).

The image of ¢ in Hompg)(E, H"(F)[-n]) = Homg(H"(E), H"(F)) is trivial
thus ¢ is the image of a map ¢ € Hompg)(E, H*(F)[0]). There is a distinguished
triangle for E similar to (6) which gives an exact sequence
Homp ) (H" (E)[~n], H" (F)[0]) — Homp (g (E, H*(F)[0]
— Hompg)(H"(E)[0], H"(F)[0]).
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The image of ¢ in Homp gy (H°(E)[0], H°(F)[0]) = Homg(H°(E), H(F)) is trivial
and by assumption Hompg)(H"(E)[—n], H*(F)[0]) = Extk(H"(E), H*(F)) = 0.
Thus ¢ = 0 and hence also ¢ = 0. O

2.2.3. Euler characteristics. Let R, E and G be as in §2.1.1. For any object C
of D(R[G]) we write H®(C) and H°4(C) for the direct sums @;evenH*(C) and
@i0da H(C) where i runs over all even and all odd integers respectively.

We write DP*(R[G]) for the full triangulated subcategory of D(R[G]) consist-
ing of those complexes that are perfect (i.e. isomorphic in D(R[G]) to a bounded
complex of finitely generated projective R[G]-modules). Let C' be an object in
Drerf(R[G]) and t a trivialisation of R (over E), that is an isomorphism of E[G]-

modules t : H*V(C) ®r E =N H°Y(C) @r E. We write xgjq),p(C,t) for the Euler
characteristic in Ko(R[G], E) that is defined in [8, Def. 5.5] (where it is denoted by
Xra],e[c)(C, 1))

To compute certain Euler characteristics and to compare our constructions to
related results in the literature we will occasionally use the explicit approach de-
scribed in [13] and [8, §6]. By this approach we obtain an element X(;zlflG},E(a tH e
Ko (R[G], E) for a complex C and trivialisation ¢ as above. For the precise relation
of xrje),r(C,t) and X?%]FG},E(C’ t~1) see [8, Th. 6.2].

If R and E are clear from the context we also use the notation xa(C,t) and
x&(Ct).

2.3. The equivariant Artin L-function. We fix some basic notations for num-
ber fields which is used in the rest of this paper and recall the definition of the
equivariant Artin L-function.

2.3.1. Notation for number fields. Let L be a number field. We write Op, for the
ring of integers of L and S(L) for the set of all places of L. For any place w € S(L)
we denote the completion of L at w by L,,. For a non-archimedean place w we write
O,, for the ring of integers of L,,, m,, for the maximal ideal of O,,, A(w) := Oy /m,,
for the residue field and Nw := |A(w)| for the cardinality of the residue field.

If L is an extension of K and v € S(K) then S,(L) is the set of all places of L
above v. This applies in particular to K = QQ where either v = p is a prime number
or v = oo is the archimedean place. We also use the notation Sy(L) for the set of
all non-archimedean places, Sg(L) for the set of real archimedean places and Sc (L)
for the set of complex archimedean places.

From now on let L/K be a Galois extension of number fields with Galois group
G. For w € S(L) we write Gy, for the decomposition group of w. For a non-
archimedean place w we denote the inertia group by I,, and we let o, € G, be any
lift of the (arithmetic) Frobenius in G,,/I,,. For any place v € S(K) we set L, :=
HMGSU(L) Ly and (if v € S§(L)) Op = HMGSU(L) Oy and my, , == HMGSU(L) My,.
Note that L,, O, and mr, are G-modules in an obvious way.

Let S be a finite subset of S(K). The G-stable set of places of L which lie
above a place in S will be denoted by the same letter S. This should not cause any
confusion because places of K will be called v and places of L will be called w. For
a finite subset S of S(XK) which contains all archimedean places we let Or, s be the
ring of S-integers in L. Note that Oy, s is again a G-module and that in the case
S = So(K) one has Or, = Oy, 5.
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2.3.2. The L-function. Let G be a finite group and denote the set of all irreducible
C-valued characters of G by Irr(G). We write ((C[G]) for the centre of C[G] and
remark that there exists a canonical isomorphism ((C[G]) = ]I, ep(q) C- Recall
that a meromorphic ((C[G])-valued function is a function of a complex variable s of
the form s = g(s) = (9(x, 5))xerrr(@) € [yerm(q) C = C(C[G]) where each function
s+ g(x, s) is meromorphic.

From now on let L/ K be a Galois extension of number fields with Galois group G.
The equivariant Artin L-function of L/K is a meromorphic {(C[G])-valued function
which is first defined on a right half plane as a product of equivariant local L-factors
and then extended to the whole complex plane by meromorphic continuation.

Let v € S(K). Choose a place w € S, (L) and denote the decomposition group
of w by G.. The local L-factor Ly, /k,(s) is the meromorphic ((C[G])-valued
function given by

LLw/Kv(S) = (LLw/Kv (¥, S))welrr(ew)-

Here for each ¢ € Irr(Gy) (and more generally for each not necessarily irreducible
character ¢) the meromorphic function Ly, /k, (1, ) is defined as follows. First we
choose a C[G, ]-module V;;, with character 1. In the case v € S;(K) we then define

LLw/Ku (1/): 3) = det@(l — UM(N'U)_S|V,¢{”)_1

where (as in §2.3.1) I, denotes the inertia group of w, o, € G, is a lift of the
arithmetic Frobenius in G,, /I, and Nv is the cardinality of the residue field of v. In
the case v € Soo(K) we set ny = dime(Vy), ny := dimc(Vf”) and n; = ny—ny,
and define
[2(27) 5T (s)]™" if v € Sc(K)

nt n,
[773/2T(s/2)] " [x~CHI2T((s + 1)/2)] ™ if v € Sp(K).

We note that Ly, /x, (¢ +9',8) = Ly, Kk, (¥,8) - L, /k, (@', s) for two characters
t,1)', thus one can in fact define L,k (1), s) for any virtual character ¢ of G.

Let indS. : ((C[Gyw]) — ¢(C[G]) be the map

LLw/KU (’(/)a S) = {

(indg | ¥,x)
(a‘l/))d)EIrr(Gw) = ( H ad) ¢ G)
YEIrr(Goy)

x€Irr(G)

The restriction of this map to ((C[G,])* is the induction map indgw C(CG ) —
¢(C[G])* defined in §2.1.3 so that using the same name for these maps is justified.
The meromorphic ((C[G])-valued function s indgw (L, /K, (s)) depends only on
the place v and not on the choice of w € S, (L).

For a finite subset S of S(K), the S-truncated equivariant Artin L-function
L1,k s(s) is the meromorphic ((C[G])-valued function which for Re(s) > 1 is de-
fined by the product

(7) Lyks(s):= [[ ndg,(Lr, k. (s)

vES(K)\S
For S = () the empty set we also write Ay /x(s) := Li/k,g(s). It is not difficult
to see that indgw (Lr,/k,(8)) = €u(s) where €,(s) is defined in [2, §3.1] and that

therefore our definition of the equivariant L-function agrees with the definitions in
[2] and [12].
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2.3.3. The functional equation. One has Ap k(s) = (Ar/k(X,5))yemnr(q) Where
Ap/k(x,s) is the completed Artin L-function of the character x as defined in [28,
Chap. I, §5]. This implies that the function Az, (s) and more generally the func-
tions Ly k s(s) for any finite set S have meromorphic continuations to the whole
complex plane.

We recall that Ay, k(x, s) satisfies the functional equation

Ap)k(X>s) = epx (X, )ALk (x, 1 —5)

where e/ k (x,5) = W(X)- (|dK/Q|deg(X)Nf(X))l/2_s with W () denoting the Artin
root number, dg /o the discriminant of the extension K/Q, deg(x) the degree of
the character x and f(x) the conductor of x, cf. [28, Chap. I, p. 38]. We define
a ((C[G])-valued epsilon function by er,/x(s) := (er/x(X;5))yenr(a)- From the
functional equations for Az, /x(x,s) one obtains the equivariant functional equation

(8) Anyk()* =ep/k(s)Ar/k(1—5)

where # denotes the involution from §2.1.4.

2.3.4. The leading terms. For a meromorphic G-valued function g(s) of a complex
variable s which has algebraic order d at a point sq we set g*(sg) := lims_,, (s —
s0)"%g(s) € C*. For a meromorphic {(C[G])-valued function g(s) = (g(x, 5))yerr(c)

we set g*(s0) = (9" (X $0))xerrr(a) € C(C[G])*.
Lemma 2.5. Let L/K be a Galois extension of number fields with Galois group
G. Let sg € R.
(i) For each v € S(K) and w € S,(L) one has L} /5 (s0) € C(R[G]) <.
ii) Let S be a finite subset of S(K). Then L3 s0) € C(R[G])* and more-
(i) L/K,S
over L} /i 5(s0) € ((R[G])** if s > 1.

Proof. Recall that an element z = (2y)yenr(a) € [ enr @) € = C(C[G])* belongs
to ((R[G])™, respectively ((R[G])**, if and only if Ty = xy for all x, respectively
z € ((R[G])* and z, is a strictly positive real number whenever y is symplectic.
To prove claim (i) we first note that Ly, /, (¢,s) = L, /x, (1, 5) which implies
sz/Kv(so) € ((R[Gy])™ for sg € R In the case v € Soo(K) the group G4, has no
irreducible symplectic characters. In the case v € Sy(K) we observe that

9)  Lp,/k,(,8)=(1- (Nv)=%) "™ - dete (1 — w(Nv) =2 [V, V)~

where nz,; = dimc(Vf‘”) (compare the proof of [12, Lem. 2.0.1]). For a symplectic
character ¢ € Irr(G,,) the inequality L*Lw/Kv (¢, s0) > 0 follows because n; is even
and the eigenvalues of ¢,, on VJ‘” / Vf * are either —1 or occur in complex conjugate
airs.
g The statement L7  o(so) € ((R[G])* for so € R in claim (ii) follows from
L1k s(x;8) = Lr/k,s(X,3) as above. Now let x € Irr(G) be a symplectic charac-
ter. For sg > 1 one has indgw (Lr,/k,(50)) = indgw (sz/Kv(so)) € ((R[G])* T by
part (i), and since the product (7) converges for so > 1 this implies L} /K, s(x,80) =
Li/k s(x;80) > 0. It is well known that Ly, k s(X,s) has no zero or pole at
s =1, hence LZ/KS(X, 1) =lims 1,651 L Kk,5(x, 8) > 0. This shows the result for
S0 = 1. O
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3. THE LEADING TERM AT s =1

Let L/K be a Galois extension of number fields with Galois group G. Let S
be a finite subset of S(K) which contains all archimedean places and all places
which ramify in L/K and is such that Pic(Or, s) = 0. In this section we formulate
an explicit conjectural description of (’%(L*L /K, 5(1)), and then describe some of its
basic properties.

3.1. Statement of the conjecture. Recall that for a place v € S(K) we write
L, = HwGSU(L) L,, and for v non-archimedean Oy, , := Hwesv(L) Oy and my, , :=
[Loes,(p) mw- For each v € Seo(K) we let exp : L, = L denote the product of
the (real or complex) exponential maps L,, — L) for w € S,(L). If v € Syp(K),
then for sufficiently large i the exponential map exp : mim — L) is the product of
the p-adic exponential maps mi, — L for w € S,(L).

To state our conjecture we need to choose certain lattices. For each v € Sy :=
S N S(K), with residue characteristic p, we choose a full projective Z[G]-lattice
L, C Op,, which is contained in a sufficiently large power of my_, to ensure that
the exponential map is defined on £,. Let £ be the full projective Z[G]-sublattice
of Or, which has p-adic completions

(10) L®zLy= < H)\SOL,U) X < 11 ﬁscv).

vESL(K vES,(K)

We set Ls := [[,cq Lv and Ls := [],cg Lo (where L, := L, for each v € S (K))
and we let expg denote the map L£g — L that is induced by the product of the
respective exponential maps. We also write Ag for the natural diagonal embedding
from L* to Lg.

Following the notation of [40, Chap. VIII] we write I, for the group of ideéles of L
and regard L* as embedded diagonally in I;,. The idele class group is Cy, := I, /L*
and the S-idele class group is Cs(L) := I, /(L*Uy,s), where Uy, s := [],cs{1} ¥
Hw¢5 0. We remark that since Pic(Op,s) = 0, the natural map L — Cs(L) is
surjective with kernel Ag(OF ).

There exists a canonical invariant isomorphism

1

invy ks HA(G,Cs(L)) = @Z/Z.

~

Indeed, the quotient map C;, — Cs(L) induces an isomorphism H?*(G,Cr) —
H?(G,Cs(L)) and from class field theory one has a canonical invariant, isomorphism
invy, r : H*(G,CL) =N %77 (as defined, for example, in [40, p. 379]). We let

1G]
ei]?}]{ g (or egSIOb when L/K is clear from context) denote the global canonical class,

i.f. the element of Ext%[G](Z,CS(L)) = H?*(G,Cs(L)) that is sent by invy kg to

i

Let Es be a complex in D(Z[G]) which corresponds (via §2.2.2) to e%lOb. By
Lemma 2.4 there exists a unique morphism ag : L5[0] & £[-1] — Es in D(Z[G])
for which H(ag) is the composite L5 —25 L% — Cs(L) and H'(as) is the
restriction of the trace map tr: L — Q to £. Let Es(L) be any complex which lies
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in a distinguished triangle in D(Z[G]) of the form

(11) Ls[0] @ £[-1] 2% Bg 25 Es(L) 25 .

To describe the cohomology of Eg(L) we use the following notation. Let Lo :=
Hwesm(L) Ly, and define tro. : Loo = R by (lu)wes.(r) = EweSM(L) trr, /r(lw).
We set LY := ker(try,) and L° := ker(tr : L — Q), and observe that one has a
commutative diagram of short exact sequences of R[G]-modules

r®gR
0— >I09uR—S >LegR2" g 0
g o
0 Lo < Lo —2= R 0,

where i, denotes the canonical isomorphism and gy, its restriction to L @gR. We
also use the notation exp., : Lo — L, for the product of the exponential maps
and Ay : L™ — L% for the diagonal embedding. Finally we set log. (Of) := {z €
Lo : €Xpy (7) € Ao (OF)} and remark that log, (OF) is a full lattice in L.

Our conjectural formula for (’%(L*L /K, 5(1)) uses the Euler characteristic defined
in part (iii) of the following lemma. In the sequel we shall abbreviate ‘cohomologically-
trivial’ to ‘c-t’.

Lemma 3.1. The complex Es(L) defined by the distinguished triangle (11) has the
following properties.

(i) Es(L) is a perfect complex of Z[G]-modules.

(il) Es(L) ® Q is acyclic outside degrees —1 and 0, and there exist canonical
identifications of Q[G]-modules H1(Es(L)) ® Q = {z € Ls : expg(z) €
As(07)} ®Q =log, (0F) ® Q and H*(Es(L)) ® Q = L°.

(iii) The identifications from (ii) and the canonical isomorphism log. (O] ) ®
R = LY allow us to consider ur, as a trivialisation of Es(L). The Euler
characteristic xa(Es(L), pr) in Ko(Z[G],R) depends only upon L/K and
S.

Proof. Since €4°" is a generator of H2(G,Cs(L)), cup-product with e%°” induces

isomorphisms between the (Tate) cohomology groups of Z and Cs(L) (with a dimen-
sion shift of 2) and hence in D(Z[G]) the complex Eg is isomorphic to a bounded
complex of G-modules each of which is c-t. Since this is also obviously true for
Ls[0] @ L][—1], the triangle (11) implies that Eg(L) is isomorphic to a bounded
complex of G-modules each of which is c-t. Claim (i) will therefore follow if we can
show the cohomology of Eg(L) to be finitely generated. But the exact cohomology
sequence associated to (11) implies that Es(L£) is acyclic outside degrees —1,0 and
1 and that there is an exact sequence

0— H Y (Es(L)) = Ls = Cs(L) —» H(Es(L)) = £ 5 Z — H'(Es(L)) — 0.
This immediately shows that H'(Eg(L)) is finite and H!(Es(£)) ® Q = 0. The
map Lg — Cs(L) in the exact sequence is the composite Lg ——5y Ly — Cs(L)
whose cokernel is easily seen to be finite, hence H°(Es (L)) is finitely generated and
there is an identification H°(Es(£)) ® Q = L°. Finally H Y(Es(L)) = {z € Ls :
expg(z) € Ag(OF)} and the projection map L£s — Lo, induces an isomorphism
between this set and log. (U) = {& € Ly : expo () € Ax(U)} where U is



LEADING TERMS OF ARTIN L-FUNCTIONS AT s =0 AND s=1 13

a subgroup of finite index in OF. Since log. (U) is a full lattice in L% we see
that H='(Eg(L)) is finitely generated which completes the proof of (i). Moreover
log..(U) ® Q = log.. (O ) ® Q which completes the proof of (ii).

The element xg(Es(L), ) does not depend on the choice of Eg or of the
distinguished triangle (11) because up to isomorphism in D(Z[G]) the complex
Es(L) is independent of these choices. It remains to prove that xa(Es(L),ur)
is independent of the choice of £. For each v € Sy we let £, C O, be lattices
giving rise to a lattice £’ C O as above. We assume (as we may) that £ C £,
for all v € Sy so L' C L. We set L := [[,c5 £, and consider the following
commutative diagram of distinguished triangles in D(Z[G]) (the existence of such
a diagram follows for example from [1, Prop. 1.1.11]).

sl0] & £'[-1] Es Es(L')
T
Ls[0] ® L£][-1] Eg Es(L) ———

Ls/LG0]® L)L [-1] ——= 00— Ls/LG[1] @ L/L']0] ==

In this diagram the first two rows are distinguished triangles as in (11) and the first
column is induced by the obvious short exact sequence. Now the G-modules Ls/L
and L£/L' are c-t, finite and isomorphic. Hence the zero map is a trivialisation
of Ls/L5[1] & £/L'[0] and the associated Euler characteristic is xq(Ls/L%s[1] &
L/L'0],0) = 0 € Ko(Z[G],R). Upon applying [8, Th. 5.7] to the third column
of the above diagram we thus deduce that x¢(Es(L'),ur) = xa(Es(L), L), as
required. O

Remark 3.2. It is occasionally convenient to give an explicit representative of

Es(L) in the following way. Fix an extension 0 — Cg(L) S5445B57 0,
which represents e%lOb € Ext%[G](Z, Cs(L)) and in which the G-modules A and B

are c-t. Then FEg can be taken to be the complex A 4 Bin degrees 0 and 1,
and the morphism £g[0] & £[—1] — Eg in D(Z[G]) is represented by the map a of
complexes which in degree 0 is Lg —%y Lf — Cs(L) C A and in degree 1 is any

lift £ Wy B of L5 7 through the given surjection B — Z.
The complex Eg(L£) can be taken to be the mapping cone of this map a of
complexes, that is

Lo 4er B

where Lg is placed in degree —1, d=' : Lg — A is as above and d° = (d,tr’).
Note that for these complexes the distinguished triangle (11) which gives rise to
the identification of the cohomology of Es(£) ® Q in Lemma 3.1(ii) is

Lsl0]@ £[-1] % Bs 2 Bs(£) 2 £s[1] @ £]0]

where a is as described above, S is the identity on A and B, and - is minus the
identity on Lg and L.
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We now formulate our conjectural description of 3};(L2 /K s(1)).

Conjecture 3.3. In Ky(Z[G], R) one has 55(L2/K7S(1)) = —xa(Es(L), pr).

3.2. Basic properties. To describe some basic properties of Conjecture 3.3 it is
convenient to set

TQ(L/K,1) := 05(L}, jxc,5(1) + xa(Es (L), pr) € Ko(Z[G), R).
Proposition 3.4. The element TQU(L/K,1) depends only upon L/K.

Proof. Since xq(Fs(L),pr) depends only upon L/K and S (by Lemma 3.1(iii))
it suffices to prove that TQ(L/K,1) is unchanged if one replaces S by S’ =
S U{v'} where v’ is any element of S(K)\ S. But Lj . (1) = L7 x o(1) -
indgw (sz/K ,(1)) where as in §2.3.2 we fix w € S,/ (L) and let G, be the decom-
position group of w. Hence we must show that

(12) xa(Esi (L), pr) = xa(Bs (L), ) = 05(ind§, (L7, k., (1)))-

To simplify the notation we set O’ := Op, ,», U’ := (’)Z’v, and, for each integer
i>1,U'0 = [Tuwes, 1)1+ mi). Let 7 be a uniformising parameter for O,/. We
choose a lattice £' C £ for S’ such that £ = £, for v € S and L], = 7™ O’ where
m is a sufficiently large integer. Note that 7O’ is a projective Z,[G]-lattice since
v' is unramified in L/K and that exp(£!,) = exp(7™ Q') = U'(™).

There is a canonical short exact sequence 0 — U’ — Cg(L) — Cg(L) — 0,
and since the G-module U’ is ¢-t one obtains an isomorphism H?(G,Cs/(L)) =N
H?(G,Cs(L)). This isomorphism maps €&°" to €%°” and hence Lemma 2.4 implies
the existence of a morphism & : Egs — Eg in D(Z[G]) which induces the identity on
H! and the map Cg (L) — Cs(L) on H°. We consider the following commutative
diagram of distinguished triangles in D(Z[G]).

£,[0] @ (£/L)[-2] —— £1,[0] & L'[-1] — L5[0] © £[~-1] —

U'[0] Eg = Es
Bgr Bs
U urtmo] e (£/£)[-1] —— Es (L) Es(L)

In this diagram the upper row is induced by the obvious short exact sequences
0L, > Ly - Ls —>0and 0 - L' — L - L£/L — 0; the first column
is the distinguished triangle induced by the exact sequence 0 — L/, RALI L
U’ JU'™) — 0; the second and third columns are the distinguished triangles defined
as in (11). The existence of the diagram follows by applying [1, Prop. 1.1.11] to
the upper right square, then rotating the resulting diagram and observing that
the arrow £!,[0] & (£/L")[-2] — U'[0] is indeed as stated. Now the complex
(U' U™ 0] @ (L£/L")[-1] has finite cohomology groups and so by applying [8,
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Th. 5.7] to the third row of the diagram we find that
(13)  xc(Es (L), n1) = xa(Bs (L), ur) = xa((U'/U"™)[0] @ (£/L£1)[-1],0).

To compute further we recall that any finite c-t G-module M gives rise to a
canonical element (M) of Ko(Z[G],Q) C K¢(Z[G],R) and that if we consider M|[—i]
as an object of DP(Z[G]), then xg(M[—i],0) = (—1)T!(M). Hence one has

Xa(U'fU"™)[0] & (£/L£1)[-1),0) = =(U'/U"™) + (£/ L)

= —(U")U'Dy — (@'Y U™y (O [xO") + (rO' Jz™O").

From the isomorphisms U'®) /U'(H1) = 7@ /710" for all i > 1 one deduces

(U'D UMy = (7O Jz™O"). In addition, writing A(w) for the residue field of O,,,
one has 0’ /10" = Z[G]®zc,) Mw) and U’ /U'Y) = Z[G]®zc,) A(w)*, and so the
last displayed formula implies that

(14)  xc((U'U'™)[0] @ (£/£)[~1].0) = indg, (—=(A(w)*) + (Aw)))

where (A(w)*) and (M(w)) are considered as elements of Ko(Z[G,], R). Now the
exact sequence 0 — Z[G,)] RSN Z[Gy] = Aw)* — 0 implies (Mw)*) =
0%, ((dete(Nv' — 0w | Vi) petrr(Ga)) where Nv', oy, and Vy are as in §2.3.2. Also,

if v’ has residue characteristic £ and residue degree f (i.e. Nv' = ¢/) then \(w) is
a free (Z/0)[G]-module of rank f and so

(A(w) = [Z[Gu), £ Z[Gu]]
= [Z]Gu),-Nv', Z[Gu]] = O, ((detc(NV' | Vi))perm(cn)) -
It follows that
—(AW)*) + \(w)) = ¢, ((dete(l = auw(No') ™ [ Vy) ™ perncn)
=06, (LY, k., (1))-
Equations (13), (14) and (15) imply (12) which completes the proof. O

(15)

We next describe the behaviour of TQ(L/K,1) under the maps discussed in
§2.1.3.

Proposition 3.5. Let M be an intermediate field of L/K and H = Gal(L/M).
Then

(i) res$(TQ(L/K,1)) = TQ(L/M,1).

(ii) If H is normal in G, then qg/H(TQ(L/K, 1) =TQM/K,1).

Proof. Let S = Sk be a finite set of places of K satisfying all conditions nec-
essary to formulate Conjecture 3.3 for L/K. Then the set S); consisting of all
places of M lying above a place in S satisfies the corresponding conditions with
respect to L/M. Further, if v € Sy has residue characteristic p, then one can
choose a full projective Zy[H]-lattice £, C Op,, for every u € S,(M) such that
Ly = lues, o Lu € [lues,(ar) O = OLyw is a full projective Zy[G]-lattice.
We thus obtain the same lattice £ C Oy, for the extensions L/K and L/M, and
also Lg, = Lg,,. Now eil?]l\)/‘,’sM is the image of eil??(’SK under the restriction map
H?*(G,C5(L)) - H?*(H,Cs(L)) and so the complex Ej,/,s,, can be taken to be
equal to Bk, s, with the group action restricted from G to H. It follows that the
trivialised complex (Ef /. s,, (L), pr) for the extension L /M can be taken to equal
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(BL/Kk.sx (L), pur) for the extension L/K (again with the group action restricted
from G to H) and so

resfy (xa(Er/k,sx (L), 1)) = xa(Ep a5, (L), 1) € Ko(Z[H], R).

Claim (i) now follows from the equality res§ (9% (L7 /k,5.(1)) = 5}I(L2/M’SM (1) €
Ko(Z[H],R) (which is itself a consequence of the fact that resg(L*L/K’SK(l)) =
L3 ar.s (1) € CORIE).

To prove claim (ii) we fix a finite set .S of places of K containing all archimedean
places and all places which ramify in L /K (and hence all which ramify in M/K) and
which is sufficiently large to ensure that both Pic(Or.s) = 0 and Pic(On,s) = 0.
Set @ := G/H. One has qg(L*L/K’S(l)) = Lk s(1) € ((R[Q])* and hence
a8 OG(L7 ) r s(1)) = 05(Lys i s(1) € Ko(Z[Q]. R). In addition, if we have cho-
sen lattices £, C Op, and £ C Oy, as in (10) with respect to (L/K, S), then £ C
(’)gv = Op,p and L2 C Oy satisfy (10) with respect to (M/K, S), and so we need
only show that qf (xa(Er/k,s(£); nr)) = x@(Eumyr,s(L7), par) € Ko(Z]Q), R).

We first make the following general observation which follows easily from the
description of Euler characteristics given in [8, §6]. If C € DP*'{(Z[G]) is a complex
of c-t G-modules and ¢ : H*(C ® R) — H°Y(C ® R) a trivialisation of C' then
a§(xa(C, 1)) = xo(CH, ") in Ko(Z]Q], R) where C* € DPe(Z[Q)]) is the complex
of H-invariants and ¢ is the trivialisation H®(C? @ R) = (H®(C ® R))" 4
(H°Y(C @ R)H = H°4(CH @ R).

To apply this we represent e%l?}]( s by an extension of Z[G]-modules 0 — Cs(L) 5,

A% B 5 7 5 0with Aand B c-t, and take Fp, /g g to be the complex A 4B (in

degrees 0 and 1). Since |H| -eng;ﬂ;( ¢ is the image of eﬁ?}}( ¢ under the inflation map

H?*(Q,Cs(M)) — H?*(G,Cs(L)), the extension of Z[Q]-modules 0 — Cs(M) 5,

g d H K . [ glob
A" — BY — 7 — 0 with &' = ik represents €M/ K,S"

E/k,s to be the complex AH 4 BH_ When combined with the fact that try, /Q =
‘%‘trL/Q (on M) and the explicit construction of By, (L) and Ey k. s(L7) in
Remark 3.2 we see that Epy/x s(£) = (B k,s(£))" and py = (pr)¥. This
gives the required equality qg(xg(EL/K’S(E), 1)) = xQ((Er/k,s(L), (u)¥) =
XQ(EM/K,S(ﬁH)aNM)- U

Thus we can take

3.3. The conjectures of Stark and Chinburg. We show that Conjecture 3.3
refines both Stark’s Conjecture at s = 1 (as discussed by Tate in [45, Chap. I, Conj.
8.2]) and also Chinburg’s ‘Q;-Conjecture’ (as formulated in [24, Question 3.2] and
[20, §4.2, Conj. 3]).

Proposition 3.6. Let TQ(L/K,1) be the element of Ko(Z[G],R) defined in §3.2
(so Conjecture 3.3 is equivalent to an equality TQ(L/K,1) = 0). Then both of the
following assertions are valid.
(i) TQUL/K,1) € Ko(Z[G],Q) if and only if Stark’s conjecture at s = 1 is valid
for L/K.

0
(ii)) TQUL/K,1) € ker(Ko(Z|G], R) N Ko(Z|G))) if and only if Chinburg’s
Qy -Conjecture’ is valid for L/ K.
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Proof. Since the R[G]-modules L° ®g R and log. (OF) ® R are isomorphic we

may choose an isomorphism & : L° —» log..(0f) ® Q of QG]-modules. Then
Xa(Es(L),k®qR) € Ko(Z[G],Q) and so TQ(L/K,1) € Ko(Z[G], Q) if and only if
Xa(Es(L),k®gR) —TQL/K,1) € Ko(Z[|G],Q). But [8, Prop. 5.6.2] implies that
Xa(Es(L),k @q R) — xa(Es(L), ur) = 05 (IL° ®g R, A])
with A := p; o (k®gR). Since ((Q[G])* is the full pre-image of Ko(Z[G], Q) under
the map 9} : ((R[G))* — Ko(Z[G],R) and 0% ([L° ®qR, A]) = 8% (nr(N)), it follows
that TQ(L/K,1) € Ko(Z[G],Q) if and only if L*L/K,S(l)_l -nr(A) € ¢(Q[G])*.
Now ((Q[G])* is equal to the subgroup of elements (2y)yerr(a) of C(C[G])* =
[Terr(e € with the property that w(zy) = zwoy for all w € Aut(C) and all 4 €
Irr(G). Since for each ¢ € Irr(G) one has L} e o(1)y = L7 ¢ 5(¢,1) and nr(A)y =
det(X | Homgyg) (Vy, L° ®q C)) where we write A for the C-linear automorphism of
Homgg) (Vy, L° ®g C) which is induced by A @z C, we deduce that TQ(L/K,1) €
Ko (Z|G],Q) if and only if for each ¢ € Irr(G) and each w € Aut(C) one has

det(A | HquG] (V¢, o ®q C)) det(A | HOIII@[G] (Vwo¢, Lo ®q C))
w =
L*L/K,S(w’l) LZ/K,s(WO"/):l)

To show that this condition is equivalent to the validity of [45, Chap. I, Conj. 8.2]
for each ¥ € Irr(G) one need only mimic the proof of [45, Chap. I, Prop. 6.1].
Indeed, the last displayed equality is the variant of [45, Chap. I, Conj. 8.2] that is
alluded to in [45, top of p. 35]. This proves claim (i).

Chinburg’s ‘Q;-Conjecture’ asserts the vanishing of the element Q(L/K,1) of
CI(Z[G]) C Ko(Z|@)) that is defined in [24, Def. 3.1]. Since Lemma 2.5(ii) im-
plies that 8%(35(112/[{’5(1))) = 0, claim (ii) will follow if 0% (xa(Es(L),pr)) =
Q(L/K,1). After enlarging S if necessary, we may assume that £ is a free Z[G]-
module (indeed one can take £ to be a suitable integer multiple of any free O [G]-

submodule of Op, and then define £, by (10)). We choose an extension 0 —

Cs(L) S5 445 B 57250 representing egSIOb as in Remark 3.2 but with

the additional condition that B is a finitely generated free Z[G]-module. We set
Ly :=1]l,es, Lo, we write exp(Ly) for the image of L; C Lg under the composite

eXpg

Ls — L§ — Cs(L) and set Az := A/exp(Ly). Then one has a short exact
sequence of complexes (with vertical differentials) of the form

e ]

0—>eXp(,Cf)—>AGB,C—>ALEB£—>0

eXpsT (dl,o)T (dﬁo)T

0 Ly —— L Loo 0

where the central column is the representative of Eg(L) described in Remark
3.2. Since the left complex is acyclic this sequence implies that xg(Es(L), pur) =
Xa(Es(L), pr) where Es(L)" denotes the complex given by the right column of the
diagram. From [8, Prop. 5.6.1] we may therefore deduce that 82 (xa(Es(L), ur)) =

xz[&)(Loo LN Ar) mod F(Z[G]) where we write xz[q) for the Euler characteristic



18 MANUEL BREUNING AND DAVID BURNS

with values in K¢(Z[G]) and F(Z[G]) for the subgroup of Ko(Z[G]) which is gen-
erated by the class [Z[G]].

For each v € So(K) we now fix a place w of L above v and a finitely gener-
ated Z[G)-submodule W, of L which satisfies the conditions of [24, Lem. 2.1(i),
(ii)]. We let Woo denote the Z[G]-submodule [T, ¢ _ (k) Indgw (W,) of LY. Both
As(Of ¢) and expg(Ly) lie in the subgroup Wee x [Tues,
Ci,s = (Woe X [[es, L)/ (As(OF s) - expg(Ly)). Then we may construct a
commutative diagram of the form

L} of L, and we set

0 0
0 c! s Al B z 0
(16) 0 ——Cs(L)/exp(Ly) —— A}, B Z 0
L[ Weo === L} [Ww
0 0.

In this diagram the exactness of the left hand column is clear and hence, since (by
definition of W) the G-module LY /W is c-t, this column induces an isomor-
phism ¢ : Ext%[G}(Z, Cﬂs) x~ Ext%[G](Z, Cs(L)/ exp(Ly)). The upper row is chosen
to be a representative of the pre-image under ¢ of the element corresponding to the
exact sequence

(17) 0 Cs(L)/exp(Ls) = A % B — 7 -0,

and the second row of (16) is then constructed via the push-out of the given maps
Ci,s — A" and Ci,s — Cg(L)/exp(Ly). The second column of (16) is thus
exact and hence, since Az and LY /Wy, are both c-t, the G-module A', resp. A, is

finitely generated and c-t, resp. c-t. Now the complexes L, d—l> Ar and Lo d—”> Al
(where d” is the composite of Loy —=s L — Cs(L)/ exp(L) and the map e from
(16)) are isomorphic in DP*™(Z[G]) since (17) and the second row of (16) represent

the same element of EXt%[G](Z,CS(L)/eXp(Ef)), and hence xz[¢)(Leo LR Ap) =
xz[¢)(Loo 2, A’). In addition, by its very definition, Q(L/K,1) = xz;g)(A" =
B) = xz;6)(A'[0]) mod F(Z[G]). From the exact sequence of perfect complexes
(with vertical differentials)

0 A Al LY Wee —0

R




LEADING TERMS OF ARTIN L-FUNCTIONS AT s =0 AND s=1 19

(where the upper row comes from (16)) we may therefore deduce that
& (xa(Es(L), ur)) = xz16)(Loo LN Ar)
= xzia1(Loo Ay
= xz1c(A'[0]) + Xz(@)(Loo —2> L/ W)

= Q(L/Ka 1) + Z Indgw (XZ[GM} (Lw H L;/Wv))
VESe (K)

where, for each v € Sy (K), Indgw is the natural induction map Ko(Z[G.)) —
Ko(Z[G]). But xzj6.,)(Lw 2Py LX/W,) = 0mod F(Z[G,)) for every v € Soo(K)
because CI(Z[G,,)) = 0 (since |G| < 2). So the last displayed formula implies that
0% (xa(Es(L),pr)) = Q(L/K,1) mod F(Z[G]), and since both sides lie in CI(Z[G])
this shows 0% (xa(Es(L), pur)) = Q(L/K, 1) as required. O

4. THE LEADING TERM AT s =0

As in §3 we consider a Galois extension L/K of number fields with Galois group
G and a finite set S of places of K containing all archimedean places, all places
ramified in L/K, and for which Pic(Or,s) = 0. In this section we formulate a
conjectural description of (’%(L*L /K, 5(0)) in terms of a natural Euler characteristic.
An equivalent form of this conjecture has already been studied in [12], see Remark
4.3 below.

We will use the following standard notation. If T is any finite set of places of K
then Yr denotes the G-module Y7 := [] wer Z where the product is over all places
w of L lying above a place in T'. There is a natural augmentation map aug : Yr — Z
and we define X7 to be its kernel.

Let Ps be a complex in D(Z[G]) which corresponds to the canonical extension
class in Ext%[G](X s5,0F ) that is defined in [43] (see also [24] and [45, Chap. IT] for
a discussion of this class). Then Ps is a perfect complex which is acyclic outside
degrees 0 and 1, and there are isomorphisms H°(Ps) = Of ¢ and H'(Ps) = X5.
Let Regg : Of 5 — Xs ®z R be the regulator map Regg(u) := (loglu|w)wes;
where the absolute values |-|,, are normalised as in [45, Chap. 0, §0]. It induces an
isomorphism O] ¢ ®z R = Xg ®z R of R[G]-modules which we again denote by
Regs. We take the negative of this regulator as trivialisation of the complex Ps.
Recall that in §2.1.4 we defined an involution ¢, of Ko(Z[G], R).

Conjecture 4.1. One has (‘%(LZ/K’S(O)) = —9Y%(xa(Ps, —Regg)) in Ko(Z[G], R).
To study Conjecture 4.1 it is convenient to set
TQ(L/K,0) := 45 (94 (L} /1. 5(0%) — xc(Ps, ~Regs)) € Ko(Z[G], R).
Since 1505 (L}, k. 5(0)%)) = —04(L} i (0)) (see §2.1.4), Conjecture 4.1 is equiv-
alent to the equality TQ(L/K,0) = 0. The element TQ(L/K,0) and therefore also
Conjecture 4.1 depend only on the extension L/K, as can be seen by an argument

similar to the proof of Proposition 3.4. Alternatively this follows from [12, Th.
2.1.2] and Remark 4.3 below.

Remark 4.2. The invariant TQ(L/K,0) is functorial in the field extension, i.e. if
M is an intermediate field of L/K and H = Gal(L/M) then
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(i) res%(TQ(L/K,0)) = TQ(L/M,0), and

(ii) qg/H(TQ(L/K, 0)) =TQ(M/K,0) if H is normal in G.
To show this one can apply an argument similar to the proof of Proposition 3.5, or
alternatively use [12, Prop. 2.1.4] and the following remark.

Remark 4.3. In [12, Th. 2.1.2] an invariant TQ(L/K,0) € K¢(Z[G],R) is defined
by (in our notation) TQ(L/K,0) := g (8%(L2/K’S(O)#) + x24(Ts, (—Regg)™h)).
The complex ¥g used here is defined in [16, Prop. 3.1] (see also [12, Prop. 2.1.1]).
The extension class of ¥Ug in Ext%[G](XS, (’)Z’S) with respect to an injective resolu-
tion of Of g is the negative of Tate’s canonical class used to define Ps (this is not
clear in [12] and [16] because various sign conventions are not specified there; how-
ever one can check that TQ(L/K,0) in [12] would not be independent of S if the ex-
tension class of ¥g was Tate’s canonical class itself and not its negative). Therefore
x&(¥s, (~Regs)™") = —xa(¥s, —Regg) + 95[Xs @ R, —id] = —xc(Ps, —Regg)
which shows that our definition of TQ(L/K,0) agrees with the definition in [12].
Thus from [12, §2.2, §2.3] we can deduce the following results.

Proposition 4.4. Let L/K be any Galois extension of number fields of group G.
(i) TQ(L/K,0) belongs to Ko(Z[|G],Q) if and only if the main conjecture of
Stark at s =0 (as interpreted by Tate in [45, Chap. I, Conj. (5.1)]) is valid
for L/K.

(ii) TQ(L/K,0) belongs to the torsion subgroup of Ko(Z[G],Q) if and only if
the Strong-Stark conjecture (as formulated by Chinburg in [23, Conj. 2.2])
is valid for L/ K.

(iii) 92 (Y5 (TQL/K,0))) = Wk — UL/K,3) where Wy is the ‘Cassou-
Nogués-Frohlich root number class’ and QU(L/K,3) is the element defined
by Chinburg in [24] (and denoted by QY™ (L/K) in [23]). In particular, the
vanishing of 0%(TQ(L/K,0)) is equivalent to the ‘Qs-conjecture’ that is
formulated in [24].

(iv) TQ(L/K,0) = 0 if and only if the ‘Lifted Root Number Conjecture’ of
Gruenberg, Ritter and Weiss [32] is valid for LK.

5. FUNCTIONAL EQUATION COMPATIBILITY

In the previous two sections we formulated conjectures for the leading terms of
the equivariant Artin L-function at s = 0 and s = 1. In this section we show that
the compatibility of these conjectures with respect to the functional equation of the
equivariant Artin L-function gives rise to a natural conjecture for the e-constant.

5.1. Statement of the main result. Let L/K be a Galois extension of number
fields, G its Galois group and S a finite set of places of K as in §3 and §4. Before
we can formulate the main result we must introduce an invariant encoding certain
semilocal information about the extension L/K.

5.1.1. Definition of the semilocal terms. The definition of the following invariants is
motivated by similar constructions in [2]; see Remark 5.4 for a detailed comparison.
Let v be a place in Sy and denote its residue characteristic by p. We choose

w € Sy(L) and let M,, be a complex in D(Z[G,,]) which corresponds to the local

canonical class in Ext%[Gw] (Z,LY) = H*(Gy, LY), i.e. the pre-image of |Gl—w‘ under

) lnva/KU

the local invariant isomorphism H?(G,,, L |Gl—w‘Z /Z. Furthermore we
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choose a full projective Z y[G,,]-sublattice £,, of O, which is contained in a suffi-
ciently large power of m,,. The exponential map exp : £,, — L = H°(M,,) induces
a morphism exp : £,,[0] = My, in D(Z[G,]) and we define a complex M,,(L,,) by
the distinguished triangle

L,[0] 225 My — My (L) — .

From the corresponding cohomology sequence we see that M, (L,,) is acyclic outside
degrees 0 and 1, and that there are identifications H?(M, (L)) = LY/ exp(Ly)
and H'(My(L,)) = 7Z. Moreover one easily sees that the complex M, (L)
is perfect. The (normalised) valuation L), — Z induces a trivialisation v, :

HO(My(Ly) ® R) = H'(My(Ly) ® R) and we can consider the Euler charac-
teristic xa,, (Mw(Ly), Vw) € Ko(Z[Gy], R). We also define

aw- Ly, k0%

L*

(18) My 1= Lw/Kv(l)

€ (RG]

where aw = (aw,x)xetr(G.) € [lyen(c,) € = C(C[Gw])™ is the element with
Qy,y = log(Nw) if x is the trivial character and a,, = 1 otherwise.

From the local lattices £,, C O,, we obtain a global lattice £ C Oy, as follows.
For each v € Sy, with residue characteristic p, we first define a Z,[G]-lattice £,
by Ly := Z|G] ®z,(G,] Lw € Or,n. We then define the Z[G]-lattice £ C O, by
specifying its completions as in (10).

Let (L) denote the set of all embeddings L — C. Then Hj, := Han(L) Zis a
G x Gal(C/R)-module and we write pr, : L®gC — Hp ®zC for the G x Gal(C/R)-
equivariant isomorphism | ® z + (0(l)2)sex(r) (note that Gal(C/R) acts only on
the second factor of L ®g C but on both factors of Hy, ®z C). For any Gal(C/R)-
module X we write X+ and X~ for the submodules on which complex conjugation
acts by +1 and —1 respectively. We define 7y, to be the composite isomorphism of
R[G]-modules

L®gR= (L®@(C)+
LN (Hp @z C)*
= (H} @z R) @ (H; ®z(iR))

M) (HF 7z R) @ (Hf ®7R)

= Hy ®z R
The map 77, depends on the choice of ¢ = v/—1 € C, but one can check that the

element [£, 71, Hr] € Ko(Z[G],R) is independent of this choice.

We now set

RQIOC(L/Ka 1) = [‘C: TL, HL] + Z indgw (XGw (Mw(‘cw)a Vw) + aéw (mw))

vESy
and .
T (L/K, 1) = 0 (er 5 (0)) — RO(L/K, 1)

in Ko(Z[G],R). One can show that RQ°¢(L/K,1) and TQ°¢(L/K,1) depend only
on the extension L/K.

Remark 5.1. The invariant 7Q'°¢(L/K, 1) is functorial in the field extension, i.e.
if M is an intermediate field of L/K and H = Gal(L/M) then
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(i) resG (TQY¢(L/K,1)) = TQ(L/M,1), and
(i) af, 5 (TOYS(L/K, 1)) = TQ°(M/K,1) if H is normal in G.

5.1.2. The comparison result. We can now state the main result which describes
the relation of the invariants TQ(L/K,0) and TQ(L/K,1), and therefore of the
conjectures for the leading terms at s = 0 and s = 1.

Theorem 5.2. One has
YE(TQUL/K,0)) —TQ(L/K,1) = TQIOC(L/K, 1)
in Ko(Z|G], R).

We will use the functional equation of the equivariant Artin L-function to prove
Theorem 5.2 in §5.2. By this theorem the leading term Conjectures 3.3 and 4.1
force the following conjecture for the epsilon constant.

Conjecture 5.3. One has TQ"°¢(L/K,1) = 0 in K¢(Z[G],R). Equivalently, one
has 0% (e (0)) = RA(L/K,1) in Ko(Z[G], R).

Remark 5.4. Conjecture 5.3 is equivalent to the conjecture formulated by Bley
and the second named author in [2, Conj. 4.1]. To see this we first recall that,
in the notation of that paper, [2, Conj. 4.1] is the conjectural equality £r/x =
or/k (L) + Yyes, la(v, £) in Ko(Z[G],R) for S and £ as in §5.1.1. We claim
that TQ"°(L/K,1) = E1/x — 61 /x (L) — Zvesf Ig(v, £) which then immediately
implies the equivalence of the conjectures. It is straightforward to verify that
(’A)é(sL/K(O)) =&k, L, 70, Hy] = 61,k (L) and that m,, as defined in (18) agrees
with m,, defined in [2, p. 561]. Since by definition I (v, £) = indgw (88, (my) —
xS (K3 (exp(Lw)), vy')) with K¢ (exp(Ly)) as in [2, (18)], it remains to show that
XGow (Muw(Lw), ) = xS (K3 (exp(Luw)), v "). This holds because the extension
class of K2 (exp(Ly)) in Ext%[Gw] (Z,L}]exp(Ly)) is the negative of the class of
My (Ly).

Remark 5.5. By combining Remark 5.4 with [2, Rem. 4.2(iv)] we may deduce that
YT (L/K,1)) = Wy g — QUL/K,2) where Q(L/K,2) is the element defined
by Chinburg in [24] and so Conjecture 5.3 is a refinement of the ‘Q2s-conjecture’
that is formulated in [24, Question 3.1].

Now if L/ K is tamely ramified, then Oy, is a projective Z[G]-module and one has
OL/K,2) =[0L]-[K : Q-[Z]G]] € Ko(Z|G)]) [24, Th. 3.2]. The study of Q(L/K,2)
can therefore be regarded as a natural generalisation of the Galois structure theory
of rings of algebraic integers that is described by Frohlich in [28] (indeed, a similarly
explicit interpretation of Q(L/K,2) is also valid for wildly ramified extensions [33,
Th. 4.1]). On the other hand, the study of Q(L/K,3) is a natural generalisation
of the explicit study of the Galois structures of unit groups and ideal class groups
that was undertaken by Frohlich in [29] and [30] (in this regard see, for example,
the formulas for Q(L/K,3) that are obtained in [10, Th. 1.2, Th. 1.7]).

From this viewpoint, Proposition 4.4(iii) shows that the ‘multiplicative’ Galois
structure results obtained by Frohlich in [29] and [30] are explicit consequences (for
special families of extensions) of the natural leading term conjecture for equivariant
Artin L-functions at s = 0, whilst Theorem 5.2 shows that the ‘additive’ Galois
structure results that Frohlich discusses in [28] and [29] reflect the compatibility
of the leading term conjectures at s = 0 and s = 1 with respect to the functional
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equation of the equivariant Artin L-function. We thereby resolve the problem posed
by Frohlich in [29, Introduction] of using the functional equation to give a natural
explanation of the ‘amazing analogy’ between the Galois structure theories of unit
groups and ideal class groups and of rings of algebraic integers that he stresses in
both [29] and [20, §3].

Remark 5.6. Conjecture 5.3 is essentially of a local nature. More precisely, in
[5] a conjecture for the equivariant local epsilon constant of a Galois extension of
p-adic fields is formulated. It is then shown that the validity of this local conjecture
for all completions L,, /K, of L/K implies the validity of Conjecture 5.3. Such a
local approach lies (implicitly or explicitly) behind the proof of the known cases
mentioned in the following proposition.

Proposition 5.7. For every Galois extension L/K, the invariant TQY(L/K,1)
lies in Ko(Z[G], Qtors , the torsion subgroup of Ko(Z[G], Q) C Ko(Z[G],R). More-
over TQ°(L/K, 1) is known to vanish in the following cases:

(i) all tamely ramified extensions L/K,
(ii) L is an abelian extension of Q with odd conductor,
(iii) L is a non-abelian extension of Q of degree siz.

Proof. The first statement is [2, Cor. 6.3(i)]. Case (i) is [2, Cor. 7.7]. Cases (ii)
and (iii) follow by combining Remark 5.1 with [2, Cor. 5.4(ii)] and [4, Th. 1.1]
respectively. O

Recall that if x is a symplectic character of G then the Artin root number W ()
is either 1 or —1. In the case where L/K is tamely ramified, this sign has been
determined by Cassou-Nogues and Taylor in terms of a natural algebraic invariant
(see [21], [22]). Assuming the validity of Conjecture 5.3, one has the following
generalisation of this result to wildly ramified extensions.

Theorem 5.8. If Conjecture 5.3 is valid, i.e. if the leading term conjectures at
s = 0 and s = 1 are compatible, then for every symplectic character x of G the
Artin root number W (x) is determined by the algebraic invariant RQ'Y°(L/K, 1) in
Ko(Z[G], R).

Theorem 5.8 was first shown in [6, §7] but for easier reference we have included
the proof in §5.3.

5.2. Proof of the main result. By the functorial properties of the invariants
(see Proposition 3.5 and Remarks 4.2 and 5.1) it suffices to show Theorem 5.2 for
K totally real and L totally complex. We will assume this for the rest of this
section. We fix a finite set S of places of K containing S (K), all places ramified
in L/K and for which Pic(Or, g) = 0. Furthermore for each v € Sy we fix a place
w € Sy(L), a complex M, and a lattice £, C O,, as in §5.1.1. These lattices give
rise to £, := Z[G] ®z(q,] Lv and L as above. In §5.2.1 we will use the functional
equation of the equivariant L-function to compute the quotient of the leading terms
at s = 0 and s = 1. Then in §5.2.2 — §5.2.5 we will apply the additivity of Euler
characteristics in distinguished triangles and some explicit computations to express
the sum xg(Ps, —Regg) + xa(Es(L), ur) in terms of certain semilocal invariants.
After these preliminary steps the proof of Theorem 5.2 will be given in §5.2.6.
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5.2.1. Functional equation of the equivariant L-function. We now consider the be-
haviour of the leading terms of the S-truncated L-function with respect to the
functional equation. To simplify the notation we use the following convention. If
W is a finitely generated Z[G]-module (resp. R[G]-module) and o € R* then [, a]
denotes the element in K5 (R[G]) which is represented by the R[G]-module W ®z R
(resp. W) with automorphism given by multiplication with .

Lemma 5.9. One has
. [L* (0)# . . L* (1)
Oy | ) = ey (0) + Y mdG, B, |
G ( Lz/[{’s(l) G( L/K( )) v;f Gy Gy sz/KU(O)#
+8é‘(_[HL_’W]_[H2_72]+[]R5_1])
in Ko(Z|G], R).

Proof. Taking the leading term at so = 0 of both sides of the functional equation
(8) we obtain the equality

107 =ep/r(0) - a- A7 k(1)

in ((R[G])* where a = (ay)yenr(c) € Ilyenna) C° = C(C[G])* is the element
with @, = —1if x is the trivial character and o, =1 otherwise.
The relation to the leading term of the S-truncated L-function is given by

A7 k(50) = L i s(s0) - [[ ind@, (L7, /x, (50))-
veS

Since the induction indgw and the involution z — z# commute we find

L} k.s(0)% Ly, (D)
(19) S e k(0)-a- [ nd§ (R
Ly s@ H Ly x, (O)F

The product of the leading terms of the local archimedean factors can be written
in the following more explicit form. Let v € S (K), ¥ € Irr(G,,) and nzg, n, as
in §2.3.2. The well-known properties of the I'-function imply L*Lw/Kv (¥,0) = 9ny

and L} (1,1) = 7 ™. From this one easily deduces

Ly, ()
II imdc, (ﬁ) = —[Hy, 7] - [H] 2]

’UGSOO (K) Lw/Kv
in ((R[G])** = K;(R[G]). Therefore the lemma follows by applying 5(1; to (19). O

5.2.2. The exzact sequence. As in the case of a non-archimedean place in §5.1.1, for
each v € Sy (K) we fix w € S,(L) and let M,, be a complex in D(Z[G,,]) which
represents the canonical class in Extq 1(7%, L)) = H*(Gy, L)) = $7/7. Then
for every v € S the complex Z[G] ®z(a,] Mw in D(Z[G]) is acyclic outside degrees
0 and 1, and there are isomorphisms H°(Z[G] ®zc,] Mw) = Z[G] ®zq,) Ly =
[wes,(r) Lo and HY(Z[G] ©zj,) Mw) = Z[G] €716, L = [lyes, (1) L. We set
Ms, := @,es, LG ®z16,) Mw and Ms_, = D,cs_ ZIG]©z16,] M.
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The local and global invariant maps are compatible, that is for every w € S(L)
the following diagram commutes

lnva /Ky

H?(Gy,LY)

1
WZ/Z

v, 1Guw. s

H?(Gy, Cs(L)) —————— g7%/Z-

Here the left vertical arrow is induced by the map L) — Cg(L) which is the
composite of the inclusion L) — I, and the canonical map I, — Cs(L). Therefore
by Lemma 2.4 there exists a morphism M,, — Es in D(Z[G,,]) which induces the
map L) — Cs(L) on H° and the identity Z — Z on H'. From this we obtain
a morphism Z[G]| ®z(q,] Mw — Es in D(Z[G]) and adding over all v € S gives a
map Ms, ® Ms_, — Es in D(Z[G]). From the definition of the canonical class in
Ext%[G](XS, Of,s) one sees that the complex Pgs lies in the distinguished triangle

(20) Ps—)MSfEBMSOC—>E5—).
Note that the cohomology sequence of (20) identifies with the canonical sequence

0—>(’)Z’S—>L§—>C’S(L)1>XS—>YS—>Z—>0.

5.2.3. Replacing the trace map by the zero map. From now on we simply write
exp : L5[0] = Es for the map in D(Z[G]) which induces L —2% L% — Cg(L) &
H°(Es) on H°. Similarly we write tr : £[—1] — Eg for the map which induces
£ Y 7Z = HY(Es) on H'. Recall that the complex Eg(L) is defined by the
distinguished triangle
(21) Ls[o] @ £]-1] 2225 By — Eg(L) —
whose cohomology sequence induces the identifications

' Lo ifi =-1

H'(Es(L)®R) =< L°@R ifi=0,
0 otherwise,

)

and that we consider the canonical isomorphism pz, : L°®@R — L2 as trivialisation
of the complex Eg(L).

Instead of the trace map tr : £L — Z = H'(Es) we now consider the zero map
0: L — H*(Es). We define a complex Fg(£) by the distinguished triangle

(22) Ls[0] ® £[-1] <% By — Fs(L£) —s

whose cohomology sequence induces identifications
LY ifi =—1,

i LoR ifi=0,
H(Fs(L)@R) = 9§ g ifi=1
0 otherwise.

We define a trivialisation ¢z : LR — L ®R of Fs(L) by LOR 2Ly Lo =~ L0 &R,
where the last isomorphism is induced by the canonical splitting of the surjection
Loo 5 R ie. by R— Lo, #— (2/[L : Q)wes.. -



26 MANUEL BREUNING AND DAVID BURNS

Lemma 5.10. One has
xa(Es(L), pr) = xa(Fs(£),tr)
in Ko(Z[G], R).
Proof. We will show below that there exists a distinguished triangle in D(Z[G])
(23) Fs(L) — Es(L) — L[1] & L[0] —
whose cohomology sequence after tensoring with R identifies with (starting with
H=Y(Fs(£) ®R))
0 410 S 1eRGLeRSOREL LR S R
On the complex L[1] @ L[0] we take the trivialisation —id : L& R - L ® R. One

then easily verifies that the distinguished triangle (23) with the trivialisations tp,
pr and —id satisfies the additivity criterion of [8, Cor. 6.6]. Thus

X (Es(L), pr) = xa(Fs(£),tr) + xa(L[1] & L£[0], —id)

and obviously x¢(£[1] & £[0], —id) = 0 in K((Z[G], R).

It remains to show the existence of the distinguished triangle (23) with the
claimed cohomology sequence. One can construct the following commutative dia-
gram of distinguished triangles

FS([,) Es(ﬁ) /:[1] (&) [,[0] _—

Ls[1] @ £]0] 2% £s[1] @ £[0] 2% 1] @ £]0] —~
(24) exp B0 exp Dtr l
Eg[1] === Es[1] 0

|

where a : L[1] & L[0] — Ls[2] @ L[1] is the map (k,I) — (0, k), and the first two
columns are the distinguished triangles obtained from (22) and (21) by rotation
(without changing the signs of the maps; these still are distinguished triangles
because we rotated twice). In fact we can construct (24) in such a way that it is
isomorphic to a commutative diagram of short exact sequences. (To see this first
replace the square

Ls[1] @ £[0] 22% £s[1] @ £[o]

lexp @0 lexp Dtr

Es[l] =——= F5s[l]

by an isomorphic square of complexes and maps of complexes with injective hor-
izontal arrow and surjective vertical arrows. Then complete it to a commutative
diagram of short exact sequences.) The first row of (24) is the distinguished trian-
gle we want. Its cohomology sequence has the required form as can be checked by
an easy diagram chase (using that (24) is isomorphic to a diagram of short exact
sequences and therefore all computations can be done with cocycles). O
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5.2.4. The semilocal complezes. We now construct two complexes M firite and prarch
in D(Z[G)) with trivialisations ¢ pseinite and ¢pzaren respectively, and show that their
Euler characteristics are closely related to the terms defined in §5.1.1.

Recall that M, is the complex ®vesf Z[G)®zc, M. Onehas H(Ms,) = Lgf

and we define Mfi"ite by the distinguished triangle
Ls,[0] =% Mg, — Mt —s

From its cohomology sequence we see that for the non-zero cohomology groups

there are identifications H°(Mfinite) = [Tues, % and H'(Mfnite) =Yy . On

the complex MTrite we consider the trivialisation tgsinite : Hwesf % QR —
Ys, ® R, (Tw)wes; H (Vu(Tw) -log Nw)wes, where v, is the normalised valuation
of L) and Nw is the cardinality of the residue field of w.

Lemma 5.11. One has

X (MO o) = D indg (Xaw (Mw(Lw), vw) + 05, [R,log Nuw))
UGSf

in Ko(Z[|G], R).
Proof. This follows easily from [8, Prop. 5.6.2]. O

Before defining M2™" we must introduce some notation. For every w € So we
denote by R(L,) and I(L,,) the real and imaginary axis in L,, respectively, i.e. the
R-line generated by 1 in L,, and the R-line generated by a square root of —1 in L,,.
Furthermore we set R(Le) := [[,e5. R(Lw) and I(Loo) := [],ecs. I(Lw). Then
R(Ls) and I(Leo) are R{G]-submodules of Lo, and one has Lo = I(Loo) BR(Loo).
Note that I(Ls,) lies in the kernel of the trace map tr: Lo, — R. We let R%(Ly)
be the kernel of the restriction of tr to R(Ls), thus there is a short exact sequence
0= R%(Loo) = R(Loo) 5 R — 0. Using the canonical splitting R — R(Loo ), 7 >
(x/[L : Q])wes., we obtain the direct sum decomposition R(Ls) = R(Ls) @ R.

Let R(Loo) =N Ys_, ®zR be the isomorphism of R[G]-modules given by (%) wes..
(224 )wes.. - Note that there is a commutative diagram

tr

0——=RO(Loo) — R(Loo) R 0
| ]
0— > Xs. ®R— >Y5_®R R 0

and that the above splitting of R(Lo) —» R corresponds to the canonical splitting
of Vs, @ R 2% R.

Recall that M, is the complex @, g Z[G]®z(a,] Mw. One has H(Ms,,) =
L% and we define M#h by the distinguished triangle

Loo[0] @ £[-1] 2% ppg  — Mok
From its cohomology sequence we see that for the non-zero cohomology groups
there are identifications H~!(M*) = ] o 2nv/=1Z C Lo, HO(M*®) = L
and H'(M®*) = Vs . Note that [],cq_ 27v/—1%Z is a full lattice in I(Ls) and
therefore (J[,cs. 27V —1Z) ® R = I(Lo,). We define the trivialisation #pjares by
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ide(—id)@id
_

LOR Y Lo = I(Le) ® R%La) @ R I(Loc) ® R%(Loo) ® R =

I(Loo) PR(Loo) 2 I(Loy) ® Y5 QR
Lemma 5.12. One has

XG(MarChatMa“h) = [‘Cvﬂ-LvHL] + 8&( - [Hga _ﬂ-] - [H;’ 2] + [R’ _1])
in Ko(Z|G], R).
Proof. First we choose a special representative of the complex M*! in D(Z[G]).
We note that for each v € S, the complex M, (L,) in D(Z[G,]) defined by
the distinguished triangle L,[0] 22 M, — M,(L,) — has non-zero coho-
mology H Y(M,(Ly)) = 2rv/—1Z C L,, and H*(M,(L,)) = Z, and that its
extension class in Ext%[Gw] (Z,2ry/=1Z) = L1Z/Z is non-trivial. On the other
hand let Hy = [],ex(r,)Z Where X(Ly) is the set of continuous isomorphisms
L,, — C, and consider the complex of G,-modules N,, : H,, 47, H, N H,
with non-zero terms in degrees —1, 0 and 1, where 7 € Gal(C/R) denotes com-
plex conjugation. Then N, is acyclic outside degrees —1 and 1, and one has
HY(N,)=H,, H(N,) = H,/H, . Moreover N,, has non-trivial extension class
in Ext%[Gw] (Hyw/Hy,Hy) = 17/Z. Thus by fixing isomorphisms 27v/—17Z = H
and Z = H,,/H,, we obtain an induced isomorphism M,,(Ly) = N, in D(Z[G)).
Applying Z[G]®zq,,) and summing over all v € S, we see that M?a°h is isomorphic
to N @ L[0] in D(Z[G]) where N is the complex

1 1—
H, Y% v, 20 H,

The trivialisation tpsaren corresponds to the following trivialisation ¢t on N & L[0]
LOR 2™ (L)@ Ys. @R
II @@ ez, @rv-1z))eRe ][] (Z[Gl®ze., Z) @R
V€S VESoo
H (Z|G]®zi6.,) Hy) ® R & H (Z|G]®z(6,) Hu/H,) ® R

V€S V€S
=H; @RS HL/H, ®R.

L

N

We compute the Euler characteristic xg (M, tyaea) = xa(N @ L[0],t) by
using splittings, i.e. we use the refined Euler characteristic X‘éld discussed in [8, §6].
The relation of yg and x4 is given in [8, Th. 6.2]. With the canonical splittings
(given by the direct sum decomposition H, ® R = H; ® R ® H} ® R) we find
XoGld(N@ﬁ[O],t_l) =[H,®Hr,g9, HL® L] where g: (HL®H)QR —» (HL®L)®R
is the isomorphism

H,oR®H,®oR=(H; ®Re Hf ®R) & (H; ® R® Hf @ R)

SIS, Hy o R@ (Hf @ Re Hy ®R) @ Hf ©R

~H, @Re H®R& (H,/H;)®R
idot !
—— HoROL®R

where the isomorphism Hf ® R = (H;,/H;) ® R is induced by the embedding
H} — Hp/Hj and for the arrow marked id @ ¢~ we have first used the obvious
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permutation and then the identity on Hy, ® R and the isomorphism ¢~!. Let h :
LR — H; R®Hr /H; ® R = Hr, QR be defined as ¢ except that we omit —id
on R%(Ls,). One then has

[Hy @ Hy,9,Hy ® L] = —[L, h, H1] + 06 ([Xs.., —1] = [H , 2] + [H}, —2]).

Finally we claim that
(25) [,C,h,HL] :[,C,ﬂ'L,HL]—aé[HZ,Qﬂ'].

1 \—1

Indeed, the map Lo W) LeRCL®C H; ® C gives an identification
of Lo with (Hy ® C)*. Under this identification one has R(Ls) = Hj ® R and
I(Ly) =2 H; ®iR. In the case K = Q it easily follows that for the correct choice of
i = +/—1 € C in the definition of 7, the map h: LX R — H ® R agrees with £L ®

R ™ Hf oRoH; ®R Ide1/@m), H} @ R® H; @R which implies (25). In the case

of a general totally real field K the two maps still agree if one chooses the correct i in

the definition of 7 for each v-component of Hy =[], cs_ (k) (Han(L)mK:v Z)

separately; one easily checks that [£, 7, Hy] is independent of all such choices.
Summarising we find

X(;(MarCh,tMamh) = xa(N @ L[0],t)
= —x&' (N & L[0],t7") + 95[H, , —1]
=[L,h,H) + 04 ( — [Xs., -1+ [Hp,2] - [Hf . —2] + [H, . —1])
=L, 7w, HL) + 04 ( — [Hf ., —7] — [H{,2] + [R,—1]).

This completes the proof of Lemma 5.12. O

5.2.5. Relation of Euler characteristics.
Lemma 5.13. One has

X6 (MO by panine) + X6 (MO, tpparen) = X6 (Ps, —Regs) + xa(Fs (L), tr)
in Ko(Z[|G], R).

For the proof of Lemma 5.13 we need the following result.

Lemma 5.14. There exists a distinguished triangle
Pg —» Mﬁnite e March — FS(L:) s

in D(Z|G)) whose cohomology sequence after tensoring with R identifies with (start-
ing with Hfl((Mﬁnite @ March) ® R))

in —ex L
(L) 25 1% 2B 05 soR S ([ —2-)oR&LoRHLoRS
’ exp(Ly)
wESy
incl

Xs®R—YsR—> R

Here the map —exp : LY — OF ¢ ® R is the composite L, = log,(Of) ® R =i,
log.,(OF) @R 25 0X @ R BLIEN O s @R, the map a is induced by the canonical

maps (’)275 — LY, and the map b is the identity on L ® R and zero on the first
summand.
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Proof. We can construct the following commutative diagram of distinguished tri-
angles

0— Ls,[0] @ L5, [0] ® L[-1] == Ls]0] & L[-1] —
l exp &} exp GO exp B0
Pg — MSf ¢ Ms__ Eg

Py —— )/ finite @ Marcch — o Fs(c) - 9

l

where the second row is (20). By an argument similar as in the proof of Lemma
5.10 we can assume that this diagram is isomorphic to a commutative diagram of
short exact sequences. The third row is the distinguished triangle we want and
a careful analysis shows that the associated cohomology sequence is of the form
stated. O

Proof of Lemma 5.13. Consider the R[G]-modules and isomorphisms in the follow-
ing (in general non-commutative) diagram

y o
(wlgsfexp( )®R@L®R)@(OL®R) (0fs®R) & (L R)

lthinite@tMarch@id (—Regg)®tr

(I(Leo) ® Ysr) ® (Of @ R) i (Xsr)® (LY @ R).

Here we write Ysr := Y5 ® R etc., and for the left vertical map we have composed
tpptinite © tpgaren With the canonical isomorphism Ys, p @ I(Loo) © Vs r = I(Loo) @
Ysr. The maps s and s°d are given by splittings of the exact sequences

LX
05 0F@R- 05 oRS I mem@L@RAL@R—m
wESy

and
exp

0 Xsp = I(Log) ®Ysp = LY R —= OF @ R — 0

respectively. Lemma 5.13 follows from the additivity criterion [8, Cor. 6.6] ap-
plied to the distinguished triangle in Lemma 5.14 once we have shown that the
automorphism

(26) (t;wlﬁm @ 17 b ®id) 0 (s°1) ! o ((—Regg) @ tr) o s°
of (Hwesf exp( S OROL® R) @ (OF ® R) has reduced norm 1.

To compute the reduced norm of (26) we use the following isomorphisms to
replace various of the modules: —Regg_ : (’)z< ®R = Xs_ g, —Regg : Of s®R =N

XS7R7 Hwesf(vw(-)-logNw) : HwESf exp([l )®]R —) st R, YSR = YSf @YSM,R =

Yo, r® X5, ROR, LY =I(Loo) ®RY(Loo) 2 I(Loo) & X5, p and LOR 5 Ly, =
I(Loo) B R (Loo) ®R = I(Loo) ® X5 . ® R
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The above diagram then becomes

(Yo, R ®I(Leo) @ X5, R @ R) @ (X5, r) — (Xsr) & I(Lso) ® X5z ®R)

) -

(I(LOO) & st REXs rR® ]R) S5 (XSOO,R) —— (XS,R) &® (I(Loo) X5 r® R)

with ¢(a, 8,7, 9,¢) = (8, a,—7, 0, €), the upper horizontal arrow is induced by split-
tings of

0— XSOO,R — XS,R — YSf,R &) I(Loo) D XSOO,R R — I(Loo) ) XSOO,R &R — 0,

consisting of the canonical short exact sequence Xg_pr — Xsr — Y5 ;. and the
identity I(Loo) ® Xs. @R = I(Loo) @ X5 r @R, and the lower horizontal arrow
is induced by splittings of

0— XS,R — I(LOO) &) st’R &) XSOO,R dR — I(Loo) ) XSOO,R dOR — XSOO,R — 0,

consisting of the canonical short exact sequences Xgpr — Ys;r® X5, r®R =R
(recall that Ysp = Ys, p ® X5, r ®R) and I(Leo) = I(Loo) ® X5 p = Xs r. It
is easy to write down splittings of these sequences and to verify that the resulting
automorphism has reduced norm 1. O

5.2.6. Completion of the proof. We now collect all the previous results to complete
the proof of Theorem 5.2.

Proof of Theorem 5.2. By the definitions of TQ(L/K,0) and TQ(L/K, 1), and by
Lemmas 5.10 and 5.13 we have

ve(TQL/K,0)) - TQ(L/K, 1)
= 5%:@2/1(75(0)#) — xc(Ps, —Regg) — 5%;@2/1(75(1)) —xc(Fs(L),tr)
— <L7:/K,s(0)#

G L*

(1) ) - Xg(Mﬁnite, thinite) - Xg(Mamh, tMarch).
L/K,S

Lemmas 5.9, 5.11 and 5.12 show that this is equal to

éé‘(EL/K(O)) —[£, 7, Hy]

. o0 LoD
- Y indg, (—aé;w (L/ﬁ) + X (Mo (L) ) + 0, [R, log Nw])

vESy Ly /Ky
+0u(— [Hy ,n] = [Hf 21+ [R, —1] + [Hp , —7] + [H} , 2] - [R, ~1])

which is TQ'°¢(L/K, 1) since 05[H; ,—1] = 0. O

5.3. Proof of Theorem 5.8. The following proof of Theorem 5.8 is taken from
[6, §7]. As a preliminary step of independent interest we show that the invariant
RO°¢(L/K,1) in K¢(Z[G],R) allows one to determine the absolute norm of the
Artin conductor of every character of G.
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5.3.1. Determining conductors. In the following result |-| denotes the usual absolute
value on the complex numbers C.

Lemma 5.15. Let a = (ay)yenr(@) € [l emm(e € and assume that |w(ay)| =

|ay| for all x € Irr(G) and all automorphisms w of C. Then for every x € Irr(G)
the absolute value |a,| is determined by 8%[61]7@(04) € Ko(Z[G], 0.

Proof. The hypothesis implies that all a,, are algebraic over Q. Therefore there
exists a finite extension E of Q in C such that 8%[6,}’@(04) € Ko(Z[G], E) and which
is big enough to ensure that every irreducible representation of G is realisable over
E. This implies that o € ((E[G])* =[], crr(a) B

Using the hypothesis and the product formula for the field E we obtain

|ax|[E:Q}: H lax |y = H |ax|;1

vESo (E) vESs(E)

where the valuations ||, are normalised as usual. It therefore suffices to show that
971, p(a) determines |ay |, for every non-archimedean place v of .

Let v be a non-archimedean place of E and let p be the residue characteristic of
v. Choose an embedding j : E — Q, corresponding to the place v. Then j induces
maps of the centre of the group rings and of the relative algebraic K-groups making
the diagram

<
-
<.

1

N ZplG1,0p N

(@ [a])™ Ko(Zp[G], Qp)
commutative. But it is well known that 8% JC10 (](a)) determines j(a) oy = j(ay)
up to a unit in Q, for every x € Irr(G), hence 1t determines |ay |y . O

Corollary 5.16. For each character x of G the absolute norm of the Artin con-
ductor of x is determined by RO'"¢(L/K,1) € Ko(Z[G],R).

Proof. Let n be the order of the finite group Ko(Z[G], Qtors- Since the invari-
ant TQY¢(L/K,1) = (’A)é(sL/K(O)) — ROPS(L/K,1) lies in Ko(Z[G], Qors (cf.
Proposition 5.7) and e, (0)?" € ((R[G])*" one has 2n - RQ'¢(L/K,1) = 2n -
95 ek (0)) = 8% (e /x(0)*™). Furthermore

er/r(0)*" = (W(Y)Qan(X)n|dK/Q|deg( )xel (@) H Cc*
xE€Irr(G)

by definition, and since N f(x) and |dk | are both rational integers and W (¥X)
is an algebraic number with absolute value equal to 1 for every archimedean place
(this follows for example from [44, Lem. on p. 98]), one sees that ey, 5 (0)>" satisfies
the hypothesis of Lemma 5.15. Thus Lemma 5.15 shows that 2n RO°¢(L/K,1)
determines |W (X)*" N f(x)"|dx ol | = N f(x)"|dx/q|8X" for every x €
Irr(G). This allows us to find |dg | because the conductor of the trivial character
is equal to 1. We then get N f(x) for every x € Irr(G) and finally N f(x) for
arbitrary characters xy because the Artin conductor is multiplicative. O
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5.3.2. Determining symplectic epsilon constants. We denote the group of all com-
plex valued (virtual) characters of G by R¢ and the subgroup of symplectic char-
acters by Rf. Let a = (ay)yem(e) € Ilyen(e)C* = ¢(CIG])*. The map
Irr(G) — C* given by x — a, has a unique extension to a homomorphism of
abelian groups Rg — C* and thus defines a, for every x € Rg.

Lemma 5.17. Let o € ((R[G])* be such that o, € {£1} for all x € RE,. If
05(a) =0 € Ko(Z[G),R) then o, =1 for all x € RE,.

Proof. We reduce to [21, Prop. (6.1)] and use the same notation as there. In
particular, J denotes the idele group of the algebraic closure Q of Q in C. We
write +1, for the idele with component 1 at all places and —1,, for the idele with
component —1 at all non-archimedean places and component 1 at all archimedean
places. Let f € Hom(R{,, +1.,) be the homomorphism given by

oo if ay = +1
XH{ 1o ifay =—1

for x € Rg. To apply [21, Prop. (6.1)] we must show that f € Det®(Z[G]*)
where Z[G] = R[G] x [1, Z,[G] with p running through all rational prime numbers
and Det® denoting the restriction of the determinantal homomorphisms to R§, as
discussed in [21, §3]. The archimedean component of f is obviously contained in
Det® (R[G]*).

Let p be a prime number. Let j : Q — @, be any embedding and extend it to
an embedding j : C — @,. Then j induces maps j : ((R[G])* — ¢((Q,[G])* and
Ko(Z[G],R) — Ko(Z,[G],Q,) such that

A1

CRIG]) ——2 > Ko(Z[G], )

b

(@IG)* — - Ko(2,(GL, @)
commutes. From the hypothesis it follows that
(27) jla) € im(K1(Z[G]) = (@ [G]))-

In particular j(a) € ((Qp[G])* which implies aj-1040j0, = @y for all x € RE
and w € Gal(Q,/Q,). Since this is true for all p and embeddings j we find that
Quoy = ay for all x € R, and w € Gal(Q/Q).

The p-component of f is the map f, : x = a, € (Q®q Q,)* for x € R. By
the argument above f, lies in HomGal(@/Q) (R, (Q ®g ©,)*). Denote the group
of symplectic @,—valued characters by Rg, . An embedding j : Q — @, induces a
homomorphism

. s (7 s A~ X
Jx HomGal(@/Q) (Rg, (Q®e @) ") — HomGal(@/Qp)(RG,p7@p )

and to show that f, lies in Det®(Z,[G]*) it suffices to show that j.(fp) lies in
Det®(Zp|G]*) (compare the diagram in [21, p. 254]). But j.(f,) is the homomor-
phism which corresponds to j(a) € ((@Q,[G])* and therefore lies in Det®(Z,[G]*)
by (27).
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We have shown that f € Hom(RE,+1s) N Det®(Z[G]*). By [21, Prop. (6.1)]
this intersection consists only of the trivial homomorphism, hence a, = 1 for all
X € RE,. O

Proof of Theorem 5.8. By the proof of Corollary 5.16 the element 5(1; (e/K(0)) de-
termines N f(x)|dk q|4¢™) for every x € Irr(G). We set 0, := \/Nf(x)|dK/Q|de€(X)

(positive square root), § := (dy)yemr(a) and a := EL/K(O)é’l. Then § and « lie in
C(R[G])X and a = (W(X))Xelrr(G)-

Since W(x) € {£1} for every x € R, we can apply Lemma 5.17 to a and
conclude that the root numbers W(x) for x € R{, are determined by (’A)é(a) =
95 (1, i (0))— 5 () and therefore also by % (er/x (0)). Thus assuming the validity
of Conjecture 5.3, the symplectic root numbers are determined by RQ°¢(L/K,1).

O

6. THE EQUIVARIANT TAMAGAWA NUMBER CONJECTURE

We fix L/K and S as in §3. In this section we shall prove that Conjecture 3.3 is
equivalent under certain hypotheses to [17, Conj. 4(iv)] for the pair (h°(Spec L)(1), Z[G]).
We recall that [17, Conj. 4(iv)] is itself a natural equivariant refinement of the ‘Tam-
agawa number conjecture’ originally formulated by Bloch and Kato in [3] and then
extended by Fontaine and Perrin-Riou in [27] and by Kato in [36].

6.1. Statement of the main results. In order to state the main result of this
section we recall that an element TQ(h%(Spec L)(1), Z[G)) of Ko(Z[G], R) is defined
(unconditionally) in [17, Conj. 4(iii)] and that [loc. cit., Conj. 4(iv)] asserts the
vanishing of TQ(h°(Spec L)(1), Z[G)).

Theorem 6.1. Assume that both of the following hypotheses are satisfied.
(i) K=Q and L is a CM field.
(ii) The natural localisation map X, : Of ® Z, — [Twes, 1) Uﬁj is injective.

Then TQUL/K,1) and TQUA°(Spec L)(1), Z[G]) have the same image under the map
Ky(Z[G],R) — Ko(Z,|G],Cp) that is induced by any choice of embedding R — C,.
In particular, if A, is injective for all primes p, then

TO(L/K,1) = TQ(h°(Spec L) (1), Z[G])

and the validity of Conjecture 3.3 is equivalent to the validity of [17, Conj. 4(iv)]
for the pair (h°(Spec L)(1), Z[G]).

Remark 6.2. The functorial properties of Conjecture 3.3 that are described in
Proposition 3.5 mean that it is enough to prove the conjecture in the case that
K = Q and L is a totally imaginary Galois extension of Q. But the assumption
that L is a CM field is in general restrictive and the injectivity of A, is equivalent
to the validity of Leopoldt’s Conjecture for the field L and prime p. However, the
latter hypotheses are introduced solely to simplify certain aspects of the proof and
we expect the equality TQ(L/K, 1) = TQ(h°(Spec L)(1), Z[G]) to be valid without
assuming either of them.

Remark 6.3. When combined with (the argument used to prove) Proposition
3.6(ii), the equality TQ(L/K,1) = TQ(h°(Spec L)(1), Z[G]) of Theorem 6.1 implies
that 0% (TQ(h°(Spec L)(1), Z[G])) is equal to the element Q(L/K,1) of Ko(Z[G])
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that is defined by Chinburg in [24]. This answers the second half of the question
raised by Flach and the second named author in [15, Question 1.54].

Remark 6.4. Theorem 6.1 establishes connections between Conjecture 3.3 and
other interesting conjectures. For example, [17, Conj. 4(iv)] is a consequence of the
‘main conjecture of non-commutative Iwasawa theory’ that is formulated by Fukaya
and Kato in [31, Conj. 2.3.2]. One may therefore regard the study of Conjecture
3.3 as an attempt to provide supporting evidence for the conjecture of Fukaya and
Kato. In another more concrete direction, it can be shown that the validity of
[17, Conj. 4(iv)] for the pair (h°(Spec L)(1),Z[G]) implies a refined version of an
explicit conjecture concerning the values of certain ‘twisted Zeta functions’ that is
formulated (for abelian G) by Solomon in [41] — see forthcoming work of Andrew
Jones in this regard.

Corollary 6.5. Let L/K be a Galois extension of number fields and assume that
L is abelian over Q.

(i) Congjecture 3.3 for the extension L/K is valid.
(i) If the conductor of L/Q is odd then Conjecture 4.1 for the extension L/K
is valid.

Proof. Following Remark 6.2 we may assume that K = QQ and L is a totally imag-
inary abelian extension of Q and hence automatically a CM field. In addition, in
this case Brumer has proved that the hypothesis of Theorem 6.1(ii) is valid for all
primes p [9] and the validity of [17, Conj. 4(iv)] for the pair (h°(Spec L)(1),Z[G]) is
a consequence of the main result of Flach and the second named author in [19]. The
validity of Conjecture 3.3 therefore follows immediately from the second assertion
of Theorem 6.1. Given this, claim (ii) follows directly from Proposition 5.7(ii) and
Theorem 5.2. O

6.2. Preliminaries concerning étale cohomology. To relate Conjecture 3.3 to
[17, Conj. 4(iv)] we shall make use of certain constructions in étale cohomology
that are made in [16]. However, unfortunately the relevant parts of [16] contain
some errors (cf. for example the proof of Lemma 6.9) and so we shall first present
a corrected version of these constructions.

We fix L/K and S as in §3 and we continue to use the notation of §2.3.1. For
each w € S(L) we denote the algebraic closure of L in L, by L. Note that if
w € Sy(L), then L” is the field of fractions of the henselisation of (the localisation
of) Op at w (compare [38, Chap. I, Exam. 4.10(a)]). For w € S¢(L) we denote
the ring of integers in L by OF we write m" for the maximal ideal of O" and
set A(w) = OF /jmh = O, /m,,. For any place v € S(K), resp. v € Sy(K), we
define G-modules by setting Ly := [],cq, (1) Ll resp. OF , := [1,es, () Ot and

oo h
my = [lpes, (b) Mu-

We will need to consider the following canonical morphisms of schemes: the
inclusion of the generic point g : Spec L — Spec O, g, for any w € S(L) the maps
gh : Spec L' — Spec Oy, s, fu : Spec L, — Spec L and g,, = g% o f,, : Spec L, —
SpecOr,s, and for w ¢ S the inclusion of the closed point i, : SpecA(w) —
Spec O, s.

6.2.1. General conventions. Let X be any scheme and F an étale sheaf on X i.e.
a sheaf on the étale site Xei. By RI'(X,F) we denote the complex in the derived
category D(Z) which is obtained by applying the right derived functor of the global
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section functor I'(X, —) to the sheaf F; thus RT'(X,F) is defined up to canonical
isomorphism in D(Z). If X = SpecR for some commutative ring R, then we
will write RT(R,F) for RT(Spec R, F) and H!(R,F) for the cohomology groups
H(RT(R, F)).

Now let v € S(K), w € S,(L) and let F be an étale sheaf on Spec K. The G-
action on Spec L induces a G-action on the sections I'(Spec L" | F) and hence
the complex RT(L! | F) naturally lies in D(Z[G,,]). Similarly, if F is an étale sheaf
on Spec Ok, s, then RI'(Of,s,F) belongs to D(Z[G]). Finally for v € S(K) and
F an étale sheaf on Spec Ok,s we want to consider B,,cg, (1, RT (LR, (g")*F) as
a complex in D(Z[G]). To do this we must choose the complexes RT(L" (g)*F)
compatibly. This is possible because

D AL, (90)F)=RT( ] SpecLy,(s")F),
wESy (L) wES, (L)
where g" : [T, cs.
is an étale cover of Spec K with group G. Alternatively we could fix w' € S,(L)
and use the decomposition Z[G] ®z_,) RT(LL,, (g2,)*F) = @Dues,(r) Cw where
C,, is naturally isomorphic to RT(L% (g% )*F) in D(Z[G.)). Of course the same is
true with L? and g” replaced by L,, and g,, respectively.

(L) Spec L — Spec O s is the natural map, and HweSU(L) Spec L%

6.2.2. Local cohomology. Let w be a place of L and recall that f, : Spec L, —
Spec L" corresponds to the inclusion L? — L,,. For any étale sheaf F on Spec L"
the canonical map RT(L",F) — R (L., f;F) is an isomorphism in D(Z[G)).
Indeed, if L,, is an algebraic closure of L,, and L” is the algebraic closure of L" in
L., then the restriction map gives an isomorphism Gal(L,,/L.,) =N Gal(Lh /L").
Thus, upon identifying étale cohomology and Galois cohomology the claimed iso-
morphism follows.

If F = G, on (Spec Lﬁ))et, then f;G,, is not isomorphic to the sheaf G,, on
(Spec Ly,)et- However the complexes RT'(L" . G,,,) = RT(L,,, f}Gp) and RT(L,,, Gy,)
are related as follows.

Lemma 6.6. There is a distinguished triangle in D(Z[G))
RT(Ly, Gm) — BT (Luw, Gm) — (Lyy/(Lyy)*)[0] —,

whose cohomology sequence in degree 0 identifies with the canonical short ezxact
sequence

0 — (LhY* — LY — LX/(Lh)* — 0.
The Gy-module L /(L")* is uniquely divisible and hence c-t.
Proof. There is a canonical injection fG,, — Gy, of sheaves on (Spec Ly,)et such
that the sequence

0— 1Gn — G, — G, /f1G, — 0

corresponds to the exact sequence 0 — EX — Ly — Ly /%X — 0 of
Gal(L,,/Ly,)-modules. Novv_m>< /EX is uniquely divisible. Also, the isomor-
phism Gal(L,,/L,) = Gal(Lk /L") combines with Hilbert’s Theorem 90 to imply
HY(Gal(Ty/Ly), Ty /IR ) = LY /(Lh)*. Tt follows that LX /(L) is uniquely
divisible and hence c-t (as a G-module). In addition, by applying RT'(L,, —) to
the displayed exact sequence we obtain the claimed distinguished triangle. O
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Lemma 6.7. There are canonical isomorphisms of G,,-modules
. Lx if i =0,
H'(L,,G,)=< 0 ifi=1,
Br(Ly,) ifi=2.
If w is mon-archimedean then H'(L,,G,,) = 0 for i > 3 and the local invariant
isomorphism gives a canonical identification Br( w) = Q/Z. With respect to this

identification the class of RT(Ly,Gy,) in Extl, (Q/Z,L)) = H*(Gy,LY) is the
local canonical class.

Proof. This is [16, Prop. 3.5.(a)]. O

6.2.3. Cohomology with compact support. Recall that g : Spec L" — Spec Or.s
is the canonical map. For any étale sheaf F on Spec Ok, s we define the complex
RT'.(Or.s,F) in D(Z|G)]) by

(28) RT.(Op.5,F) := cone <RF OLs.F) = @) RI(L )) [-1],

weS
thus this complex lies in a distinguished triangle
(29)  RL(OLs,F) — R0(OLs,F) — (P RU(Ly,. (91,)"F) — -
weS
In [16, (3)] a complex RT.(Or, s, F) is defined just as in (28) but with L" and g"
replaced by L,, and the map g,, : Spec L,, = Spec Or, s respectively. However, the

observation made at the beginning of §6.2.2 ensures that this definition coincides
with that given above.

6.2.4. The cohomology of RT.(Opr s,Gy,). We define a G-module C%(L) in the
same way as Cs(L) is defined in §3.1 but with L,, replaced by L for each w € S(L)
and O, replaced by O! for each w € S;(L). Then, since we assume Pic(Oy, 5) = 0,
the natural map [, co(Lh)* = C&(L) is surjective with kernel Of g.

Lemma 6.8. There are canonical isomorphisms of G-modules

Ch(L) ifi=1,
HYRT.(Or5,Gn)) =<4 Q/Z  ifi=23,

0 otherwise.

Proof. We first note that there are canonical isomorphisms of G-modules

Z,S ifi =0,

. 0 ifi=1

1 o ’
H'(Or,s,Gp) = ker (Br(L) = @45 Br(Ly)) ifi=2,
@weS()H( ,Gyy) if i > 3,

(cf. [39, Chap. II, Prop. 2.1, Rem. 2.2] and recall that we assume Pic(Op s) = 0).
Now, for every w € S one has (g")*G,, = G,,, on (Spec L );. The cohomology se-
quence of the distinguished triangle (29) with F = G,,, thus combines with Lemmas
6.6 and 6.7 and the above displayed isomorphisms to give exact sequences

0— H(RT(OL,5,Gm)) = OF g %@ X 5 HY(RT.(OL.5,Gp)) = 0
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and
0 = H*(RT.(OL,s,Gp)) — ker (Br(L) — @M¢S Br(L,)) —
D, . BrLw) = H(BL(Or.5,Gm)) = 0

and an equality H'(RT.(Of,s,Gy,)) = 0 for each i > 4. All maps here are the
canonical ones, thus for i = 0 and i = 1 the claimed description follows immediately
and for ¢ = 2 and i = 3 it follows by using the canonical exact sequence 0 —
Br(L) = @,es(r) Br(Lw) = Q/Z — 0. O

6.2.5. The complex ﬁ“c(OLS,Gm). For every w € S there is a canonical map
gw : Spec L,, = SpecOp s of schemes and an inclusion ¢;G,, — G, of étale
sheaves on Spec L,,. Thus we can consider the composite morphism

RT(OL.s5,Gpn) — @ RT(Lw, 95,Gmn) — @) RT(Lw,Gnm)

weS weS

in D(Z[G]). We then define the complex ]/%\FC((’)L’S, Gp,) by setting

RT.(Oy.5,Gy,) = cone (Rr(oL,s,Gm) — P RF(Lw,Gm)> [—1].
weS

Lemma 6.9. There are canonical isomorphisms of G-modules

o Cs(L) ifi=1,
H'(RT.(O1.5,Gy)) =< Q/Z if i =3,
0 otherwise.

The class of RT.(OL.s,Gm)[1] in Ext®,(Q/Z, Cs(L)) = H*(G,Cs(L)) is the global
canonical class.

Proof. The computation of the cohomology is similar to the proof of Lemma 6.8,
except that the role of (29) is now played by the distinguished triangle

R (Or,5,Gp) — BL(Or,5,Gm) — @D RU(Lu, Gn) —
weS

that is induced by the definition of ﬁ“c(OLS,Gm). In degree 1 we also use the
fact that, since Pic(Or.s) = 0, Cs(L) is canonically isomorphic to the cokernel of
the diagonal embedding OE’S =11 LY. For the extension class see [16, Prop.

weS Hw*
3.5(b)] (but note that the result and proof in [16] apply to RI.(Or,s, Gy,) rather
than to RT'.(Or.s, Gy, ) as incorrectly stated in loc. cit.). O

Lemma 6.10. There is a distinguished triangle in D(Z[G])

RT(Op,5,Gm) — RTe(OL.5,Gm) — ED(LE/(LE))[-1] —
weS
which induces the canonical ezact sequence 0 — C2(L) — Cs(L) —= [ es L/ (LE)* —

0 on cohomology in degree 1 and the identity map Q/Z — Q/Z on cohomology in
degree 3.
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Proof. By using the distinguished triangle in Lemma 6.6 for each w € S we can
construct a commutative diagram of distinguished triangles in D(Z[G])

RFC(OL,Sa Gm) —— RF(OL,Sa Gm) I @wes RP(Lwag;Gm) I

RT(Op.5,Gp) —— RT(O1.5,Gn) — @ yes BT (Lu, Gr) ——

|

Bues(La/(Ly,))[=1] 1) Dues(La/(Ly) 0] —

The first column of this diagram is the claimed triangle and the induced cohomology
sequence is easily computed by means of the diagram. O

6.3. The proof of Theorem 6.1. The validity of the second assertion of Theorem
6.1 follows directly upon combining the first assertion of the theorem with Lemma
2.1. To prove Theorem 6.1 it therefore suffices to fix a prime p and an embedding
j: R — C, and to prove that, writing j,. : Ko(Z[G],R) — Ko(Z,[G],C,) for the
map induced by j, one has

(30) J(TUL/K, 1)) = j(TQ(R" (Spec L) (1), Z[G])).

The proof of this equality will occupy the remainder of the manuscript.

6.3.1. Pro-p-completion. Taking advantage of Proposition 3.4 we assume hence-
forth that p € S. As in §3.1 we choose lattices £, for v € Sy and define £ by (10).
We fix an algebraic closure K of K and for each natural number n we write i, for
the group of p"-th roots of unity in K (regarded as an étale sheaf on Spec(Ok s)
in the natural way). We write Kg for the maximal extension of K inside K which
is unramified outside S and let Z,(1) denote the continuous Gal(Kg/K)-module
l'mn tp» Where the limit is taken with respect to p-th power maps. In this section
we shall relate Eg(L) ® Z,, to the complex RI'.(Or s, Zp(1)) that is defined in [17,
p. 522].

For] any abelian group A and natural number m we write Ap,, for the kernel of
the endomorphism given by multiplication by m. For each natural number n we
let L(1),., denote the Z /p"[G]-module HweSm(L) (L)pr) C LY. We then define a
Zp|G]-module by setting L(1), := lim L(1),,, where the transition morphisms are
induced by raising to the power p. We also set L, := [] K) Lw and recall that
L, is a full projective Z,[G]-sublattice of L.

wESH(

Proposition 6.11. There ezists a distinguished triangle in D (Z,[G]) of the
form

(31) Ly[0]® Lp[—1] = RT(Or,5,Z,(1))[2] = Es(L) ® Z, — .
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If L is totally imaginary and X\, is injective, then there are canonical isomorphisms

(@n CS(L)[p"]) ®z, Qp = L(1), ®z, Qp, ifi=1
(lm Cs(L)/p") ®z, Qy = cok(Ny) €z, Qp, ifi=2
Qs ifi=3
0, otherwise.

Il

H'(RT.(OL.s,Z,(1))®2,Qp

With respect to these isomorphisms and the description of the cohomology groups
HY{(Es(L))®Q given in Lemma 3.1(ii), the image under —®z,Qp of the cohomology
sequence of (31) is equal to

(32) 0— L(1), ®z, Q 2 HY(Es(£) ® Q, L5 L, =22 cok(N,) ®z, @, >
HY(Es(£)®Q, S L, 27 Q, = 0

where 03 is induced by the projection Ls — L, and 61 sends (ry,-{exp(27v/—=1/p") }n>0)wes. (L)
to the element (ry - 2mv/—1)yes. (1) of ker(exp,) ® Q, C H H(Es(L)) ® Q.

The proof of Proposition 6.11 will occupy the rest of this section (but is itself of
no further use in the sequel). As the first step in this proof we introduce a useful
auxiliary complex.

Lemma 6.12. There ezists a complex () in D(Z[G]) which corresponds (via §2.2.2)

to the extension class e%bb and also possesses all of the following properties.

(i) Q is a complex of Z-torsion-free G-modules of the form Q=' — Q° — Q!
(where the first term is placed in degree —1).
(ii) The morphism ags used in the distinguished triangle (11) is represented by
a morphism of complezes of G-modules a : Ls[0] ® L][-1] = Q.
(iii) For each natural number n the complex Q) /p™ consists of finite projective
Z [ p™G]-modules.

Proof. At the outset we fix a representative of e%l(’b of the form A % B as in

Remark 3.2 with B a finitely generated projective Z[G]-module. We write d~!
for the composite of expg : Lg — Cg(L) and the inclusion Cs(L) C A. Since
cok(expg) is finite we may choose a finitely generated free Z[G]-module F' and a
homomorphism 7 : F — A such that the morphism (d t,7) : Ls ® F — A is

-1

surjective. We take Q to be the complex ker((d=',7)) = Ls & F o7 M, g
where the first term is placed in degree —1. Then (d~!,7) restricts to give a
surjection ker(d o (d~1,7)) — Cg(L) which in turn induces an identification of
H%(Q) with Cs(L). Via this identification, the morphism from @ to A — B that
is equal to (d=!,7) in degree 0 and to the identity map in degree 1 induces the
identity map on cohomology in each degree and so () represents e%lOb. Further, we
obtain a morphism « as in claim (ii) by defining a® to be the inclusion £s C Ls @ F
and o' to be the map tr’ described in Remark 3.2.

Regarding claim (iii) we note (Ls @ F')/p" and B/p™ are both finite and pro-
jective as Z /p"[G]-modules and that ker((d—!,7))/p™ is finite, and so it suffices
to prove ker((d=!,m))/p" is a projective Z/p"[G]-module. The exact sequence
0 — ker((d=!',n)) = Ls ® F — A — 0 implies that the G-module ker((d=!,7)) is
c-t. Since ker((d~!, 7)) is also Z-torsion-free this implies that there exists an exact
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sequence of finite Z /p"[G]-modules
0— Py — Py — ker((d',7)/p" = 0

in which P_; and P, are both projective. But any finite Z /p"[G]-module that
is projective is also injective (because the functor Homg s, (—,7Z/p") is exact on
the category of finite Z /p"[G]-modules and if P is any finite projective Z/p"[G]-
module, then Homgy (P, Z/p") (endowed with contragredient G-action) is also
projective). The displayed exact sequence therefore splits and so ker((d—*,7))/p™
is indeed projective. O

We now fix a morphism « as in Lemma 6.12(ii). Then, for each natural number
n one has a commutative diagram of morphisms of complexes of G-modules

0 0 0
Ls[0] ® L[-1] = Q o cone(q) ———
p" p" p"
(33) Ls[0] @ £[~1] a Q0—"2 - cone(a) — 1~
Ls/p"0) & £/p"[-1] —2 s @ fpr —2 s cone(afpm) L

0 0 0.

In this diagram the maps 8 and 7 come from the definition of cone(a) and the
conventions we fix in §2.2.1 and so the first (and second) row is an explicit rep-
resentative of the triangle (11). Also, the columns are the short exact sequences
which result from the fact that £g, £ and each term of @ (and hence also of
cone(a)) is Z-torsion-free. Now £, is canonically isomorphic to both Im Ls /p"
and lim | L/p™ and, as cone(a) is perfect, there are natural isomorphisms cone(a) ®

~

Zp = Jim cone(a/p") = cone(lim a/p") in Drert(Z,]G]) (where in all cases the
limits are taken with respect to the natural transition morphisms). Hence, upon
passing to the inverse limit of the lower row of (33) and setting Qi := l&nn Q/p"™

(with respect to the natural transition morphisms), we obtain a distinguished tri-
angle in DP(7Z,[G]) of the form

lm o/p" im B/p" lim ~/p"

34)  L,0]@ Lol-1] T Qum 2 conel(a) @ Z, s

We must now relate Qi to the complex RI'.(Or,s,Z,(1))[2]. To do this we let Q
denote the complex

Q' =Q"=Q' -»Q

where Q! is placed in degree —1, the first two arrows are the differentials of @ and
the third is the natural map Q' — H*(Q) = Z C Q. Then the second assertion of
Lemma 6.9 combines with the fact that @ corresponds to e%bb (and our convention
that Yoneda and derived functor Ext-groups are identified by means of an injective
resolution of the second variable) to imply the existence of an isomorphism & : ) =
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Iﬁ‘c(OL’S,Gm)[l] in D(Z|G]) which induces the identity map on each degree of
cohomology.
We now consider the following diagram in D(Z[G])

Q - Q Q/p"

(35) l& l&
RT.(O.5, G)[1] —— RTo(O1.5, Gy )[1] —> RTe(OL,s, iy )[2] —>

where the upper row is the distinguished triangle associated to the natural short

exact sequence 0 — @ z, @ — @/p"™ — 0 and the lower row is the triangle that is
obtained in the following way. By rotating the distinguished triangle

(36) RT(Op.s,1p) & BT(O1.5,Gm) 2 RU(O1.5,Gm) =

that is induced by the exact sequence 0 = ppn — Gy 25 G, — 0 of sheaves one
finds that there is a distinguished triangle of the form

i K[1 0[2
RTo(O1,5,Gn)[1] £ RT(Op5, G )[1] <25 RT(Op,s, pn)[2] 225 .
Upon combining the latter triangle with that of Lemma 6.10 and the fact that each
module L /(L")* is uniquely divisible (by Lemma 6.6) one obtains the lower row
of (35). Since the left hand square of (35) commutes there exists an isomorphism

&n : Q/p" = RT(Op.s, pp»)[2]

in D(Z[G]) which makes the diagram into an isomorphism of distinguished triangles.
The isomorphisms &, can be chosen to be compatible with the inverse systems (over

Before stating the next result we note that, since = is a continuous Gal(Kg/K)-
module, we can identify RT'.(Or, s, ppn ) with a concrete complex of Z /p"[G]-modules
that is constructed by using continuous cochains as in [17, p. 522].

Lemma 6.13. For each natural number n there exists a morphism of complezes
of Z/p"[G]-modules &, : Q/p" — RI(Opr.s,up)[2] which satisfies both of the
following conditions.

(i) One has a commutative diagram of morphisms of complezes of G-modules

Q/p" Q/p" !

B e

RFC(OL,Sa ,up")[Q] - RFC(OL,Sa Np"*l)[Q]v

where the upper arrow is the canonical projection and the lower arrow is the
map induced by composing cochains with the p-th power map pipn — fiym-1.

(ii) For each integer i one has Jim Hi(,) = Jim H(&,), where the first limit
is taken with respect to the maps induced on cohomology by the morphisms
described in claim (i).

Proof. The argument we use here is modelled closely on that of [6, Lem. 4.21]. We
set RT(ppn) := RT(Or.s, pn) and D, := D(Z,[G]).
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Then, since both )/p™ and RT.(j,»)[2] are cohomologically bounded complexes
of Z /p"[G]-modules, the natural restriction of scalars homomorphism

(37) Homyp, (Q/p"; R c(ppn)[2]) = Homp(z(a)(Q/p", BT (1 )[2])
is bijective (cf. [16, Lem. 17]). There exists a natural distinguished triangle in D,

(38) Qlim 2= Qiim = Q/p"™ = Quiml[1]

and we use (37) to regard the composite &, o7, as an element of Homp, (Q1im, BT ¢ (p1pn )[2]).
Now Lemma 6.12(iii) combines with [25, Prop. (6.17)] (with A = Z,[G],R := Z,

and N = p" - Z,|G] for varying n) to imply that each term of Qun is a projective
Zp|G]-module. Hence in D, the morphism &, o 7, can be represented by an actual

map of complexes Qiim — RIT'¢(pn )[2] which is itself unique up to homotopy. Since

RT .(p1pn )[2] consists of p™-torsion modules, this map factors through 7, and so we
obtain a map of complexes &, : Q/p" — RT.(ppn)[2] such that &, omy, = &y omy in

D,.

Further, it is straightforward to check that the diagram in claim (i) commutes up
to homotopy. Hence, since each term of Q/p" is a projective Z /p"[G]-module, the
same argument as in [16, p. 1367] shows that one can always modify the maps an by
homotopies (if necessary) in order to ensure that the given diagram is commutative.

To prove claim (ii) we note that (38) induces an exact sequence of Hom-groups

Homp, (Qum[1], RTc(pp»)[2]) = Homp, (Q/p", RTc(pp)[2]) —
HomDp (Qtim, RFC(NP" )[2])-

We set f, := & — & € Homop, (Q/p", RTc(jtp»)[2]). Then, since f, o7, = 0, the
displayed sequence implies that f,, factors through the morphism Q/p™ — Qum[1]-
It follows that, for each integer i, the morphism H(f,) factors through the map
HY(Q/p™) = H™(Qiim)[p»]- But each module H"™(Qum) is finitely generated
over Zy and hence its Z-torsion subgroup is finite. Thus one has lim H H(fn) =0,
as is required to complete the proof of claim (ii). O

Now the complex RT'.(Or. s, Z,(1)) defined in [17, p. 522] is equal to lim RT'.(OL,s, pipn ),
where the transition morphisms are as described in Lemma 6.13(i). Since each &,
is an isomorphism in D(Z[G]), from Lemma 6.13(ii) we may therefore deduce that
I'&Hn &, is a quasi-isomorphism of complexes of Zp[G]-modules of the form

(39) Qlim — RFC(OL,S; Z;D(]'))[2]

This isomorphism combines with (34) to give a triangle of the form (31).

To compute the cohomology sequence of (31) we assume henceforth that L is
totally imaginary and ), is injective.

To compute the modules H(RT.(Oy s,Z,(1))) explicitly one can combine the
cohomology sequence of (36) with the identifications of Lemma 6.8 and then pass to
the inverse limit over n (or, equivalently, combine the cohomology sequence of the
lower row of (35) with the descriptions of Lemma 6.9 and then pass to the inverse
limit over n). In particular, by these means one obtains the explicit descriptions of
the spaces H'(RT(Op,s,Z(1))) ®z, Q, given in Proposition 6.11. In this regard
we note only that in the cases ¢ = 1 and i = 2, the second displayed isomorphisms
in the descriptions of H(RI[':(Or,s,Zy(1))) ®z, Q, in Proposition 6.11 rely on
the assumption that L is totally imaginary and the fact that the diagonal map
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Ors®Q — Hwesf (1&111 L% J(LX)P") ®z, Q, is injective (as follows from the
assumed injectivity of A,) and has cokernel naturally isomorphic to cok(\,) ®z, Q.

On the other hand, the cohomology of Q;;m can be computed explicitly by com-
bining the cohomology sequence of the second column of (33) with the description
of the cohomology of @) that is implied by the fact that @) corresponds to the exten-
sion class e%lOb and then passing to the inverse limit over n. In this way one finds
that there is a natural identification H*(Qpim) = H*?(RT.(OL.5,7Z,(1))) for each
integer ¢ and indeed that, with respect to these identifications, the isomorphism
(39) induces the identity map in each degree of cohomology.

By combining the observations made in the previous two paragraphs with an
explicit computation of all of the morphisms on cohomology that occur in (34) one
finds that the image under — ®z, Q, of the cohomology sequence of (31) is equal
to the sequence (32). This therefore completes the proof of Proposition 6.11.

6.3.2. The element j.(TUL/K,1)). In the sequel we shall always assume that the
hypotheses (i) and (ii) of Theorem 6.1 are satisfied.

We write L™ for the maximal real subfield of L and we observe that the exten-
sion L /Q is Galois. For each place wg € S (L) we write oy, for the complex
embedding L = L®gQ C L& R = [[,cs. (1)Lw = Luw, = C (where the
arrow denotes the natural projection map). For any complex number z and com-
plex embedding o : L — C we let Z and @ denote the complex conjugate of z
and the composite of ¢ and complex conjugation respectively. We shall also use
the following abbreviations: for any subring A of C, which contains Z, we set
RU.(A(1)) := RTc(Op,s,Zp(1)) ®z, A and H!(A(1)) := H'(RT(A(1))) for each
integer 1.

To state the next result we must define isomorphisms of C,[G]-modules 77 :
HV(C, (1)) =2 HX(Cy(1)) and & ¢ L, ®g, Cp = L, ®g, Cp. To this end we write
Irr, (G) for the set of irreducible C,-valued characters of G. We let 15 denote the
trivial character of G and we refer to an element of Irr,(G) as ‘even’, resp. ‘odd’,
if it is inflated from an element of Irr,(Gal(L*/Q)), resp. otherwise. For each
X € Irrp (@) we fix a C,[G]-module V, which realises x. Given a C,[G]-module
M, resp. a homomorphism of C,[G]-modules ¢ : M — N, and any x € Irr,(G)
we set M, := Homc, [q)(Vy, M) and write ¢, : M, — N, for the induced map of
Cp-modules. For any finitely generated Q,[G]-module P, resp. homomorphism of
finitely generated Q,[G]-modules ¢ : P — @, we also set Py := (P ®q, C,), and
Yy == (¥ ®q, idc, )y for each x € Irr, (G).

Since any homomorphism of C,[G]-modules ¢ is uniquely specified by its ‘x-
components’ ¢, for each x € Irr,(G) we may define 77/ and &/ as follows.

|G|-log,,

H2(Q,(1))y = Z) @7, C ——25 C, = HA(Q,(1))y, if x = 1a

J .= long‘X . .
S H?(Qp(l))x — Ly = L)y = HCI(QP(I))Xa if x is odd
ido, otherwise
idg, ., if x =1g or x is odd

ég( = (logp, oAp.x) 'a
L,y — > (0 ®Q,)y — Ly, otherwise.
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Here we have used the following notation: idy is the identity map on each space

W; logy,, is the homomorphism J[,cq (1) Uﬁg = [lwes, ) Lw = Lp induced by

the p-adic logarithm maps U élw) — Ly; 11 is the inverse of the y-component of the
composite

L(l)p ®z, (C.D - (L ®Q R) OR.j (Cp = Lp ®q, (Cp

where the arrow is induced by the map

L)y = {(z0) € EP 2mi-Z:25 =2} 01,
o:L—C
which sends (n, - {exp(2mv/=1/p")}n>0)wes. (L) 10 X yes. (1) (2TV =1 nw)o, —
(2mv/—1 - ny )7) together with the canonical isomorphism

(40) LogR={(z,) € @ C:zz=7}
o:L—C
15 is induced by combining the equality Of @ R = (’)Z+ ® R with the isomorphism
Regs_(L+) ®r,; Cp and the identification (Xp+ s 1+) ®Cp)y = ([1s_z+) Co)x =
(L+ R0 (Cp)x = Lpy-
We can now state the main result of this section.

Lemma 6.14. In K¢(Z,|G],C,) one has

e (TUL/K, 1)) = 8 1616, (LT r.5(1)) + Xz,[c1.¢, (RTe(Zp(1)),77)
— XZ,[G],C, (‘Cp[o] D 'Cp[_l]v fj)

Proof. We abbreviate ‘xz|q)r’ and ‘xzq),c,’ to ‘X’ and ‘x,’ respectively.

Then it is clear that j.(x(Es(L),ur)) = Xp(Es(L) & Zp, ur, ®r,; Cp) and that
Lemma 2.2 implies j, (LZ/KS(I)) = a%p[GLCP (j(Lz/Ks(l))). It is therefore enough
to prove that in Ko(Z,[G],C,) one has

Xp(Es(L) @ Zp, p1, ®r,; Cp) = Xp(RFC(Zp(l)):Tj) — Xp(Lp[0] & ﬁp[—l],fj).

To do this we apply [8, Cor. 6.6] to the triangle (31) in Proposition 6.11. Thus,
in terms of the notation of [8, Cor. 6.6], we now set A := Z,[G], X := C,[G], P :=
Ly[0]6 Lp[-1],Q := RT:(Or,s,Z,(1))[2] and R := Eg(L) ® Z,, and we let a denote
the morphism from P to @ that occurs in (31). We must verify that for each
X € Irrp(G) the determinant of the automorphism &, of (H*VQx @ ker(H®ax) &
ker(H%lay)), that is defined in [8, Cor. 6.6] is equal to 1.

If x = 1¢, then (Es(£) ® Zp)y is acyclic and the x-component of the exact
sequence (32) gives

05050-C =57V w, C -0 C, 19 ¢, > o.

It follows that (H®¥ Qs & ker(H® ax,) & ker(H%ay)), = (Zg) ®z,C,) 0@ 0 and,
given the definitions of 'rf(' and fi, an explicit computation shows that &, is the
identity map on this space.

If x is even and x # 1¢, then the y-component of (32) gives

02,5

0—0— (H YEs(£)®Qy)y —= Ly, = 0= (H°(Es(L£)®Q,)y — Ly, — 0 — 0.
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Hence (H® Qs ®ker(H® ax) ®ker(H*%ayx)), = 06 L, &L, , and the commutative
diagram

(HY(Es(L) ® @)y —— Lpx

l(uL@)c‘jQ)x Tﬁi
02,)(
(H~'(Es(L)) ® @)y Lpx

implies that x, has the form
< '0—1 _é& > ’
(&) 0

and so det(k,) = 1. (The commutativity of the given diagram relies on the explicit
definition of ¢/ and the fact that, with respect to the description of H~'(Es(L))
@y used in Proposition 6.11, 8, is induced by the projection Ls — L, whilst
uses the projection Ls — Lu.)

Finally, if x is odd, then the y-component of (32) gives

01,x €XPy, x

0= L(1)py =2 (H (Es(L)) @ Qp)y = Ly —2
H2(Q, (1) = (H(Es(£)) @ Qp)y = Lyy =00

and hence (H® Qs ® ker(H® ax) @ ker(H%dayx)), = H2(Q, (1)), ®06& L, . By an
explicit computation (using the definitions of fg; and T)J() one finds that &, is of the

form
0 —logy
expy, 0

and hence that det(k,) = 1, as required. O

6.3.3. Virtual objects. For comparison to the constructions of [17] it is convenient
to reinterpret the result of Lemma 6.14 in terms of the language of virtual objects
that is used in loc. cit.

To this end we consider the Picard categories V(C,), V(Z,[G]), V(C,[G]) and
V(Z,[G],Cp[G]) discussed in [8, §5.1]. If R denotes either C,, Z,[G] or C,[G],
then we fix a unit object 1) of V(R) and for each object X of V(R) we fix an
object X~ of V(R) and an isomorphism X ® X ! = 1y,g) in V(R). We also write
L moV(ZpG],C,|G]) =2 Ko(Zp[G],Cp) for the isomorphism of abelian groups that
is described in [8, Lem. 5.1].

Then the definition of the Euler characteristic x, in [8, Def. 5.3] ensures that
Xp(RT:(Z (1)), 77) = 1(([RT.(Z,(1))],77)) with 77 equal to the following isomor-
phism in V(C, [G])

[RT.(C,(1))] = [H. (C, (1)) @ [HZ(C, (1))] @ [HI(C, (1))}

= [H7(Cy(1)] ® [H(Cp (1) @ HI(Cp (1))
= [H,(C,(1)) ® H(C,(1)] ® [H; (C,p (1) @ HI(C,p (1))}
= ly(g,(a)

where the first map is the canonical isomorphism induced by [8, Prop. 3.1], the
second and fourth maps are clear and the third is induced by 77. One also has

_Xp( p[o]@ﬁp[ 1] fj) —L((IV(ZP[G (fj) ))

(41)
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where &/ denotes & considered as an element of Auty(c, (@) ([Lp®0,Cp)) = Auty (e, (a) (1v(c, [¢])-
The result of Lemma 6.14 is therefore equivalent to an equality

(42) J(TQUL/K, 1) = 0 jg1.c, (L7 k.5(1)) + L([BLe(Zy(1)], (€) 0 77)).

6.3.4. The element j.(TQ(h°(Spec L)(1),Z[G])). We let Hg denote the GxGal(C/R)-
submodule @, - 2mi - Z of @;_,C upon which G x {1} acts via L and {1} x
Gal(C/R) acts diagonally. We write Hj, for the G-module of Gal(C/R)-invariant
elements in Hp and we let H} denote the @, [G]-module im(\,) ®z, Qp.

For the motive h°(Spec L)(1), considered as defined over K and with coefficients
Q|G], the isomorphism of virtual objects Yo that is constructed in [17, §3.2, just
prior to Lem. 7] can be explicitly described by using the observations of [15, §1.1,
§1.3]. With this in mind, and with the role of graded determinants replaced by
virtual objects, the argument used in [18] to prove that [18, (11)] is a special case
of [17, Conj. 4.1(iv)] shows that
(43)

jo(TQR Spec L)(1), ZIGN) = 8} 1., (L .5 (1)) + U(IRTo(Zy(1)] 7))

with w/ equal to the morphism in V(C,[G]) defined by
[RT(Cp (1))] 2 [He (Cp (1)) @ [HZ(Cy ()] @ [HZ(Cp (1))
= [H,(C, (1)) @ ((Hj g, Cp] @ [HZ(C, (1))])
@ [H ©g, G] ™ @ [HI(C (1))

(44) = (Hz 0 Gl ' @[LegG))® ([0F Gl ®[C]™)
=[] Glel ] I
Seo (L) Seo(L)
= 1y, e

In this displayed formula we have used the following notation: the first map coin-
cides with the first map in (41); the second and fifth maps are clear; the third map
is induced by the exact sequence

0 L(1), ®7,C, = HY(C,(1) % H} 0o, G, & [[ UL @z, G,
weSp(L)

5 H2(Cy(1)) = 0 — 0 — H2(Cy(1)) = C, — 0,

where 7 is induced by the identification H2(Q,(1)) = cok(\,) ®z, @, used in
(32) (note that the displayed sequence is the cohomology sequence of the dis-
tinguished triangle of [18, (3)] with M = h°(Spec L)(1) and A = Q[G]), to-
gether with the isomorphism L(1), — Hj; ® Z, which sends each element (n,, -
{exp(2my/=T/p") huzohwes (1) 10 X (1) (27T - Mo — @1v/=T - 1)a)
and the isomorphism [T, (1) Uélw) ®z, Cy = L ®g Cp that is induced by log,
the fourth map is induced by (the images under — ®g_; C, of) the standard exact
sequence

€850 (L)

R
(45) 0= 0f2R II R=r—0,

Soc (L)
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the identification (40) and the exact sequence

(46) 0= HE @RS {(z)e @ Cize=%}1— [[ R—0
o:L—C Soo(L)

in which the third arrow sends each element (2,) to (25, + 25 ) wesw. (L)-

6.3.5. Completion of the proof. In view of (42) and (43), the required equality (30)

will follow if we can prove that w/ = (£/)7! o 74 (as morphisms in V(C,[G])),

or equivalently that, in the obvious notation, wf( = (égé)’l o %)JC' (as morphisms in

V(C,p)) for all x € Irr,(G). For each such x one can verify the required equality by

an explicit comparison of the definitions of wf, i and %){.

For example, if x = 1¢, then fi is the identity element of Auty(c,)(1y(c,)) and
the required equality wi = 'f{é follows directly upon comparing the y-components
of (44) and (41) and then using the following observation: the factor |G| in the
definition of 7J is accounted for by the equality |G| = 2|S(L)| and the fact that
the x-components of the images under — ®g ; C, of the exact sequences (45) and

(46) identify with 0 = 0 —» C, == ¢, 5 0and0 -0 = C, 3 C, = 0
respectively.

In a similar way, if x is odd, then {—Cg( is the identity element of Autyc,)(1y(c,))
and the equality w/ = 7/ can be verified by means of an explicit comparison of the
x-components of the isomorphisms (44) and (41). When making this comparison
it is useful to note that in this case the y-components of H2(C, (1)) and H} ®z,C
and of the image under — ®@g_; C, of all of the spaces which occur in (45) are zero.

Finally, if x is even and x # 1g, then [RT.(C,(1))y] = 1y(c,) and 7{ is the
identity element of Auty(c,)(1y(c,)), whilst an explicit check shows that (5&)_1
coincides with the element of Autyc,)(1y(c,)) that is induced by the y-component
of (44). In this regard we note that the occurrences of Regg_ (z+) in the definition of
& and of Regg_ (1) in (44) (via (45)) are compatible since Regg_ () = 2-Regs_(1+)
on OF, ®R whilst the x-component of the image under — ®g ;C, of (46) identifies

. 2
with 0= 0 = ([Ts_ ) Co)v = (IIs. ) Co)x — O
By these means one completes the proof of Theorem 6.1.
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