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ABSTRACT. We conjecture the existence of special elements in odd degree
higher algebraic K-groups of number fields that are related in a precise way to
the values at strictly negative integers of the derivatives of Artin L-functions
of finite dimensional irreducible complex representations. We prove this con-
jecture for an important family of examples and also provide other evidence
(both theoretical and numerical) in its support.

INTRODUCTION

An important conjecture of Gross asserts, roughly speaking, that the leading
term at any strictly negative integer of the Artin L-function of a finite dimensional
complex representation should be equal, to within an undetermined algebraic fac-
tor, to a regulator constructed from elements of the appropriate odd degree higher
algebraic K-group. (Gross’s Conjecture was first formulated in the late 1970s as a
natural analogue of the seminal conjecture of Stark concerning the leading terms
at zero of Artin L-functions but was only recently published in [22] and can by
now be seen as a special case of the natural equivariant refinement of Beilinson’s
general conjectures on the leading terms of L-functions.) It is well known that
providing an explicit upper bound on the (absolute norm of the) denominator of
the undetermined algebraic factor in Gross’s Conjecture would make it much easier
to obtain numerical evidence for the conjecture - see, for example, the discussion
of Dummit in [18, §14] regarding problems that arise when conducting numerical
investigations of Stark’s Conjecture. Perhaps more importantly, it is also likely that
such a bound could be used to give some much needed insight into arithmetic prop-
erties of any possible non-Abelian analogues of the cyclotomic and elliptic elements
in higher algebraic K-theory that have been constructed by Beilinson, Deligne and
Soulé. However, apart from an important, but rather inexplicit, modification of the
related Lichtenbaum-Gross Conjecture that was formulated by Chinburg, Kolster,
Pappas and Snaith in [14], and a similarly inexplicit refinement of the Lichtenbaum-
Gross Conjecture that we recently learnt has been formulated by Nickel in [28], the
present authors are not aware of any other predictions, let alone results, concerning
this problem.

In the current article we make a first step in this direction by investigating the
possible existence of elements in odd degree higher algebraic K-groups of number
fields that are related in a very explicit way to the values at strictly negative integers
of the first derivatives of Artin L-functions. By developing a suggestion of the first
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author in [8, Rem. 5.1.5], which was itself partly motivated by the results of Stark,
Tate and Chinburg that are discussed by Tate in [35, Chap. III], we formulate a
precise conjecture in this regard (see Conjecture 1.2 and Propositions 2.2(i) and 2.6).
For the L-functions of representations that factor through Abelian extensions of Q
the theory of cyclotomic elements in higher algebraic K-theory gives an explicit
construction of the elements that are predicted to exist by our conjecture (see
Theorem 3.1). More generally, it is straightforward to see that our conjecture refines
Gross’s Conjecture and in Theorem 3.3 we prove in addition that, in certain cases,
it is implied by the modified Lichtenbaum-Gross Conjecture of [14, Conj. 6.12]
and also that the elements it predicts should encode explicit information about
the structure of even degree higher algebraic K-groups in a way that is strikingly
parallel to the way in which cyclotomic units are known to encode information
about the structure of ideal class groups (see Remark 3.5). For some cases of our
conjecture that are not related to the Lichtenbaum-Gross Conjecture we provide (in
§5) supporting numerical evidence for various types of representations, including
certain dihedral and tetrahedral representations, the standard representation of Ss,
and also those studied by Tate and Buhler [7] and Chinburg [13]. As a preliminary
step to describing this evidence, which we believe may itself be of some independent
interest, in Theorem 4.1 we make precise the relation between a version of the
(second) Bloch group and K3 of a field, and, if the field is a number field, the
Beilinson regulator map.

The first author would like to thank Dick Gross for important encouragement
at an early stage of this project. It is also a pleasure to thank Andrew Booker and
Xavier-Francgois Roblot for their help with aspects of the numerical computations
that are described in §5. Finally, we would like to thank the referee for several
helpful remarks.

1. STATEMENT OF THE CONJECTURE

1.1. Throughout this article we use the following general notation.

We fix an algebraic closure Q° of Q and for any Galois extension of fields F/E we
set Gp/p := Gal(F/E). For each non-zero integer a and number field ' we write
tta(F) for the finite module H°(Gge/p, Q/Z(a)) where Q/Z(a) denotes the group
Q/Z regarded as a Gge/g-module by setting g(x) := Xcyc(g)®x for all g € Gge /g
and « € Q/Z where Xcy. is the cyclotomic character. We also set w, (F') := |pq(F)|
and R(a) := (27i)*R.

For any Abelian group A we write A, for its torsion subgroup. Unadorned
tensor products are to be regarded as taken in the category of Abelian groups.

1.2. To state our conjecture we fix a finite Galois extension of number fields F/k
and a finite set of places S of k containing the set S, of all archimedean places.
We also fix an irreducible finite dimensional complex character x of G := G/, and
a subfield E of C that is both Galois and of finite degree over Q and over which
X can be realised. We write  for the contragredient of x and e, for the primitive
central idempotent x(1)|G|~" 3 . X(9)g of E[G]. We set T := Gg/q and write O
for the ring of integers in E. For any G-module M we write the natural semi-linear
action of ' on E® M as (y,z) — 27 (so ¥ =v(e)@m if x = e®@m with e € E
and m € M).
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We fix a strictly negative integer r and for any field L we write the higher
algebraic K-group Kj_o,(L) additively. We consider the composite homomorphism
(1.1) reg, , : Ki_2,.(C) = Hp(Spec(C),R(1 — 7)) = C/R(1 —r) = R(—r)
where the first arrow is the Beilinson regulator map and the second is the iso-
morphism induced by the decomposition C = R(1 — r) @ R(—r). We let 7 be the
non-trivial element in G¢/r and use the same symbol to denote the induced invo-
lution on Kj_2,(C). We recall that reg;_,. o7 = (—1)"reg;_,. We note that the
index 1 — r corresponds to the only Adams weight in algebraic K-theory on which
reg,_, is non-trivial. In particular reg;_, is trivial on the image in K;j_5,.(C) of
the Milnor K-group K, (C) since this has weight 1 — 2r.

We regard the set Y of embeddings F' — C as a left G x G¢ r-module by
setting (g X w)(0) =woocog™! foreach g € G,w € Gcr and o0 € ¥p. For each
o € X we write reg;_,. , : O ® K1_2.(F) — C for the O-linear map sending each
e®x with e € O and z € Ky_9,(F) to e-reg,_,.(c(z)), where o also denotes the
induced homomorphism Kj_s.(F) — K;_9,.(C). We write 7, for the generator of
the decomposition subgroup D, in G of the place of F' that corresponds to o.

For each v in T we write Ls(r, x7) for the value at s = r of the first derivative
of the S-truncated Artin L-function Lg(s, x?) of x7. In the case S = S, we often
abbreviate Lg(s,x”) and L'y(r,x") to L(s,x”) and L'(r, x7) respectively. Finally
we set wy.(x) 1= w1 (F** 0N () for any v € T, and we note that this number
is indeed independent of the choice of ~.

We can now state the central conjecture of this article.

Conjecture 1.2. Assume that L(r,x) = 0. For each o in Yp there exists an
element €,(x, S) of O ® Ki_o,(F) with the following property: for all o' € ¥p and
all v € T one has

(1.3) (27i)"reg) . o1 (€5 (X5 S)7) = w,r () V(cys o) Ls(r, X7)
with
x(9) + (=1)"x(975) ifo(k) CR and o’ = g(o) for some g € G,
v )x(9) if o(k) € R and o’ = g(o) for some g € G,
Cotia = (=1)"x(g) if o(k) £ R and o' =70 g(o) for some g € G,
0 otherwise.

1.3. We make several straightforward remarks about Conjecture 1.2.

Remark 1.4.

(i) If Conjecture 1.2 holds for ¢ and Yy, then it holds for ¢ and x° for any 6 in T
with e,(x%,9) = €5 (x, S)°.

(ii) If Conjecture 1.2 holds for o and x, then it holds for 7 o o and x with
€ros (X, 9) = (—1)"€x (X, 5).

(iii) If Conjecture 1.2 holds for o and x, and & is in G, then it holds for h(o) and
X With €55 (X, S) = h(es (X, S)). This is true because both reg; _,. .. (h(€ (X, 5))) =
reg_, 1. (€s (X, 5)) and cﬁ,l(g,)’g = c§,7h(o) (since Tp(py) = hoh~if o(k) C R
and x is a class function on G).

(iv) Any element €,(x,S) that satisfies (1.3) for all ¢/ and any fixed 7 is nec-
essarily unique modulo O ® Kj_o,(F)tor (see the proof of Proposition 2.1(iv)(a)
below).
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Remark 1.5. If L'(r, x) = 0, then L'(r,x”) = 0 for all v € T and so Conjecture 1.2
is interesting only if L(r,x) = 0 # L'(r, x). By computing orders of vanishing via
an explicit analysis of the Gamma factors and functional equation of L(s,x) (as
in [27, Chap. VII, §12]), one finds that this is the case in precisely the following
situations:

T

(i) k has exactly one complex place, x(1) =1 and x(1) + (=1)"x (7o) = 0 for
all o/ € ¥ with o/(k) C R;
(ii) k is totally real, x(1) + (=1)"x(75) = 2 for some ¢ € ¥ and x(1) +

(=1)"x(1or) =0forall o’ € Zp\ {g(0) : g € G}.

In both of these situations y is also realisable over its character field Q(x). Indeed,
this is obvious in case (i) and in case (ii) can be shown as follows. For any o in
Sp and any x, we let €., in Q(x)[G] denote the idempotent (14 (—1)"7,)e, if
o(k) C R and the central idempotent e, otherwise. In case (ii) above we consider
€5y for the given o. Then the character of the Q(x)[G]-module V' := Q(x)[Gles,y
is equal to my for some natural number m and we must show m = 1. But in
ClGles,x = M, 1)(C) the idempotent e, identifies with a matrix of rank one (since
X1+ (1) x(70) = 2) and 50 x(1) = dime(C[Glen ) = dime (€O V) = mx(1),
as required.

Remark 1.6. With H the image of G/, under a representation underlying x, H
is Abelian in case (i) of Remark 1.5. In case (ii) with r odd, the image of 7, has
determinant —1, hence |H : [H, H]| is even and H cannot be perfect (consequently,
H cannot be both simple and non-Abelian). But in case (ii) with r even, we
can have H simple and non-Abelian. For example, for the splitting field F' of
f(x) = 2% + 22% — 422 — 22 + 4 over Q one has Grjg ~ As, T, corresponds to a
2 — 2-cycle in A5 as f(x) has exactly one real root, hence x(1) + x(7,) = 2 for x
the character of either 3-dimensional irreducible representation of As.

There are a small number of cases in which the elements predicted by Conjecture
1.2 can be explained theoretically.

If k¥ = Q then Remark 1.5(ii) implies that L(r,x) = 0 # L/(r,x) if and only
if x(75) = (=1)"(2 — x(1)) for all ¢ € Xp, which certainly holds if x(1) = 1
and x(7,) = (=1)" for all 0. In this case Proposition 2.1(ii) below also allows us
to assume that F' is an Abelian extension of Q and so one can explicitly construct
elements €, (x, S) as in Conjecture 1.2 by using the cyclotomic elements in algebraic
K-theory of Deligne et al. (see the proof of Proposition 3.1 below).

If k£ is imaginary quadratic, then Remark 1.5(i) implies that L(r,x) = 0 #
L'(r,x) if and only if x(1) = 1 and in any such case Deninger has proved Gross’s
Conjecture (in [17, Th. 3.1]). It seems likely that Deninger’s methods can be used
to directly construct the corresponding elements in Conjecture 1.2 both for any
such y and, when F is Galois over Q, also for the character IndgF /%(x) if this is
irreducible. For example, interesting work in this direction (which does not however
bound the denominators of the elements that arise) is described by Levin in [26].

In general, however, we are not aware of any theoretical constructions that can
account for the existence of the elements €, (x, S) in Conjecture 1.2 for other classes
of characters x. In §3 we will also see that, for certain sets S, these mysterious
elements should encode information about the explicit module structure of even
degree algebraic K-groups in a manner that is strikingly parallel to the way in
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which cyclotomic units encode structural information about ideal class groups (see
Remark 3.5).

2. REDUCTIONS AND REFORMULATIONS

2.1. Conjecture 1.2 admits several useful reformulations that we shall describe
below. We begin by recording some of its properties. Here we write €, (x, S) for
the image in £ ® Kj_o,.(F) of the conjectural element €, (x,.S).

Proposition 2.1.

(i) It is enough to verify Conjecture 1.2 with S = S
(ii) It is enough to verify Conjecture 1.2 after replacing F by F¥*(X),
(iii) It is enough to verify Conjecture 1.2 when L'(r,x) # 0 and with E = Q(x).
(iv) Assume that Conjecture 1.2 is valid for o in Y.
(a) € (x,S) is uniquely specified by the formulas in Conjecture 1.2.
(b) € (x,S) = exés(x,S5); if (k) C R, then 7,(€-(x, S)) = (—1)"& (x, S)-

Proof. If Conjecture 1.2 is valid as stated, then for any v ¢ S it is validated with
S replaced by S” = SU{v} by setting €,(x,5") := detc(1 — ouNv™" | Vf*)eq(x, S)
where w is any place of F' above v, G, and [,, are the decomposition and inertia
subgroups of w in G, o,, the Frobenius automorphism in G,,/I,, and V, a C[G]-
module of character x. (Here we use the fact that, since r < 0, the element
detc(1 — 0, No™" | V[*) belongs to O.) This proves claim (i).

Claim (ii) is easily checked and the first assertion of (iii) is obvious since if
L'(r,x) =0, then L'(r,x?) = 0 for all v € T and so Conjecture 1.2 is validated by
setting €,(x, S) := 0. Finally, it is clear that if Conjecture 1.2 is valid for a given
field E, then it is valid for any larger such field and so the second claim of (iii) is
true because L'(r, x) # 0 implies that x can be realised over Q(x) by Remark 1.5.

To prove claim (iv) we set & = &(x,5). We extend reg; , ,, to a homo-
morphism of E-modules F ® K;_5.(F) — C in the natural way, write reg,, for
(2mi)"reg; _,. ,» and recall that (1, cy,, ker(reég,,) vanishes (by Borel [5]). Tt is thus
clear that €, is uniquely specified by (1.3) for all ¢’ and with ~ equal to the trivial
element, proving (iv)(a). For the same reason, to prove (iv)(b) it suffices to show
that reg,.(ey€,) = reg,. (€,) and, if o(k) C R, that reg,. (7, (€,)) = ( 1)'reg,. (€4),
for all o’. But rég,. (e,ér) = x(1)|G|™! ZheG X(h)regy,-1(,(€5) = 168,/ (€;) Where
the last equality follows by combining the conjectural equality (1.3) (with + triv-
ial) with the fact that x(1)|G|~! ZhEG x(h)x(h~tg) = x(g) for all g € G, so that

x(D)|G)~! ZheG x(h)ey Yoo = Cys 5+ Moreover, if o(k) C R then one easily
checks that ¢* oo = = (=1)"c) 4 and combining this with (1.3) (with v trivial)
we find that reg, (75(€5)) = 1eg, -1, (€s) = (=1)"reg, (€5). O

In the next result we reformulate Conjecture 1.2 in a style reminiscent of the
refinement of (a special case of) Stark’s conjecture that is stated by Chinburg
n [13]. Here we write Dg for the different of E/Q.

Proposition 2.2. Let o be in Xp.
(i) If Conjgecture 1.2 holds for o, then for each d in Dfl the element

Trd €o Xa 27 €o X;
~el’
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belongs to Ky_o.(F) and for all o' € Xp satisfies

(2.3 (@mi)xes_r o0 (Traleo O ))) = wr(0) S (@ ) s, X7
yell
(ii) If for each d in D' there exists an element g (X, S) of Ki_o.(F) such
that (2.3) holds with aq.(x,S) in place of Trq(es(x,S)), then Conjec-
ture 1.2 holds for o.

Proof. To prove (i) we note Conjecture 1.2 implies that for every 7 in I' one
has v(d)e,(x,S)? € D' @ Kq_o.(F) and also (27i)"regy . o (V(d)ex (X, S)Y) =
wr(X)Y(d)y(c) ) Ls(r,X7). It is thus clear that Trq(e,(x,S)) satisfies (2.3). In
addition one has Trg/o(P5') C Z and so

Tra(es(x, ) = Y _(dex(x,9))" € Trp/o(Dg') © Ki_0(F) C K1 _2,(F),
yell
as required. For claim (ii), let {d;}; be a Z-basis of D3, {e;}; the dual Z-basis of
O with respect to the trace pairing, and set €, (x, S) := Zj ej ®@aq; (X, 5). If vis
in I', then

(27T7;)7‘I'€g177‘)0 (60(X7 Z’y e] ( ;(',g)LfS'(ra Xﬁy )

= wr(x)v( Uf,g)Ls(nx )

because if I' = {v;};, then (v;(d;))(7:(e;)) is the identity matrix, and the same
holds for (vi(e;))(v;(ds))- 0

2.2. In this subsection we give (in Proposition 2.6(ii)) a more concise reformulation
of Conjecture 1.2 that requires some preliminaries. This reformulation will be
particularly useful in Section 5 when we numerically verify Conjecture 1.2 in the
case that S = S, and L(r, x) # 0.

Claim (iii) of Proposition 2.1 implies that one only needs to consider the case that
Lg(r,x) =0 # L(r, x). Remark 1.5 specifies when this happens, and we let X%
denote the subset of ¥ comprising the 2|G| elements o with o(k) € R in case (i)
of that remark, and comprising the |G| elements o with x(1) + (=1)"x(75) = 2
in case (ii). (Equivalently, one has o ¢ X73X if and only if both (k) C R and
7, acts as multiplication by (—1)"*! in the representation underlying y.) Note
that 75X = X7 for 4 in T. We recall that the idempotent e, was defined in
Remark 1.5 for any o in Xp.

Lemma 2.4. Assume L'(r,x) =0 and L'(r,x) # 0.
(i) If either o or o’ is not in L3X, then ¢¥, = 0.

(ii) For o in Xp, one has e, =0 if and only if o ¢ ZT
(ili) If g is in G and o in X, then ¥ eqyg oy = g(g) er.,x.

Proof. For claim (i) we note that ¢,  # 0 implies that both o and ¢’ are in ¥3* or
neither are. If o ¢ X72¢ then o (k) C R, and ¢}, , = 0 because of the definitions. For
claim (ii) we note that e, , = 0 from the definitions if ¢ ¢ ¥3:*, and that e, , # 0 if
o € XX when o(k) Z R this is obvious, and if o(k) C R then it follows by choosing
an isomorphism Q(x)[Gley ~ M, 1)(Q(x)) such that 1 + (—1)"7, corresponds to
the diagonal matrix with entries 2,0, ..., 0 on the diagonal. Claim (iii) for ¢ in XX
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follows from similar considerations using that ¢y , is equal to either 1 or 2, and for
other o is obvious from (ii). O

Remark 2.5. Lemma 2.4(i) refines Proposition 2.1 as it implies that Conjecture 1.2
holds (with €,(x,S) = 0) when L(r,x) # 0 and o ¢ X72*. Considering also the
first three parts of Remark 1.4, we see that verifying Conjecture 1.2 for a given
x and any given embedding o in XX does so for all characters in the T'-orbit
{x7 : v €T} and for all embeddings ¢ in Y.

In the next result let K_o,(F)¢s denote the image of Ky _o-(F) in Q® K1 o, (F).
Then reg; _,. , factorizes through the map O ® K 2.(F) — O ® K1 _o,(F)f and
we use the same notation for the resulting map.

Proposition 2.6. Let o be in Xp. Then the following statements are equivalent.

(i) Congecture 1.2 holds for o.
(ii) There exists By(x,S) in O @ Ki_op(F)it € F ® Ki_o.(F) that satisfies
o Bo(X;S) = Bo(x,S) and, for all v inT', also

(2mi)"reg) . 5 (Bs (X, 5)7) = wr()V(X o) Ls(r, X7) -

Proof. That (i) implies (ii) can be seen from Proposition 2.1(iv)(b): we may simply
set Bo(x,S) = €(x,S). For the converse, we note that Conjecture 1.2 always
holds if Ly(r,x) = 0, or if L'x(r,x) # 0 and o ¢ XX, so we assume that both
L's(r,x) # 0 and o € X%, Then ¢, is equal to either 1 or 2 and so it will suffice
to show that

(27) V(Cg,a)reglfr,a’ (BU(X7 S)’y) = V(CZ’,a)reglfr,a(BU (X7 S)’Y)

for all o/ € ¥ and all v € T', because then (1.3) holds for any lift ¢, (x,S) of
BU(X, S) to O (9 Kl_QT(F).

If o' ¢ XX, then ¢}, , = 0 by Lemma 2.4(i). On the other hand, for v € T' we
have 5,(x,S)Y = ex+Bs(x,S)Y because 8, (x,S) = e, Bs(x,S), and

regy_, o (Bo(x, S)7) = regy_, . (T2 B (1, S) ) = regy . o (€or o Bo (X, S)7)

which is trivial by Lemma 2.4(ii) because X7 = ngw, thus establishing (2.7) for
such o’.

If now o/ € XX, then we distinguish three cases: (a) o(k) € R and o/ =
g(o) for some g in G; (b) o(k) € R and o' = 70 g(o) for some g in G; (c)
o(k) C R and ¢’ = g(o) for some g in G. In case (a) e, is equal to the cen-
tral idempotent ey, ¢X, = x(1) = 1, and for v € T' we have g~'f,(x,5)” =
ex g9 tey B (X, S)7 = 7(05(0)70),30()(,5')7 by Lemma 2.4(iii). Now (2.7) follows
because reg;_,. () (Bs(x,9)7) = regi_, (97 8s(x,5)7). Case (b) is dealt with

T X

similarly using the equalities reg;_, ,» = (—1)"reg;_, 4, and ¢}, , = (—1) ()0

In case (c) one has c¥ , = 2 and the left hand side of (2.7) is equal to

2egy .o (97 B (X, 8)7) = regy o (1 + (=1)"70)g ™" Bo (X, 5)) -

Using that 718, (x, S)" = g7 eo 7 Bo (X, )7 = exvg e Bs (X, S)? for the cen-
tral idempotent e,~ we see from Lemma 2.4(iii) that (2.7) again holds. O
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2.3. We conclude this section with some more results of independent interest, which
will also be used in the sequel.

Lemma 2.8. If the irreducible character x is realisable over E, then the multiplic-
ity of the corresponding representation in E @ Ki_o.(F) is equal to the order of
vanishing of L(s,X) at s =r.

Proof. For each integer m we define a (G x G¢/r)-module By, := Py, . (27i)""Z,
where G acts on ¥ in the way specified just before Conjecture 1.2 and G¢ /g acts
diagonally (on both ¥ and (27i)~™Z). Then, according to Borel’s theorem [5],
the G-invariant pairing

(2.9) Q® B " x Q@ K1_s(F) > R

that is induced by mapping each element ((27i)"0, ) to (27i)"reg;_,.(c(c)) is non-
degenerate.

If we now extend coefficients to E, then the non-degeneracy of (2.9) implies that
for any idempotent 7 in F[G] one has dimg (1(EQ K1_2,(F))) = dimg(7#(E® B;)),
where 7 is the image of 7 under the E-linear anti-involution of E[G] that inverts
elements of G. Finally we note that if @ = ey, so © = ey, then the description of
the Gamma factors and functional equation of L(s, x) (as in [27, Chap. VII, §12])
implies that x(1)~!dimg(#(F ® B,)) is equal to the vanishing order of L(s,¥) at
s=r. |

Remark 2.10. There are several ways in which the observations made above are
useful when making numerical investigations of Conjecture 1.2.

(i) If Lg(r,x) = 0 # Ls(r,X), then by Proposition 2.1(iv)(b), €,(x, S) belongs
to the O-sublattice €y, (O @ Ki_9,(F)is) of E® Ki_o.(F). If o is in ¥7* then
this O-lattice has rank one by Lemma 2.8 and the proof of Lemma 2.4(ii), and this
provides a very strong restriction on where one searches to find €,(x,.S). This also
applies to B, (x,S) in Proposition 2.6, and implies that 8, (x,.S) is unique in this
case.

(ii) If r is even, then Proposition 2.1(ii) and (the second part of) (iv)(b) combine
to imply that the element e|K;_o.(F*0))  |e,(x, S, d) belongs to the image of
Ky _op(F¥*(X)P) in Ky _5,.(F), where e € {1,2} is the exponent of the Tate co-
homology group H°(ker(x)Dq/ ker(x), Ki_a,(F¥rX))). This observation is useful
because it can be computationally much easier to search for elements in K;_o,.(F")
for proper subfields F” of F' rather than in Kj_o,.(F) itself.

(iii) The first observation made in the proof of Lemma 2.8 implies that if F' has
signature [r1,72], then the rank of Kj_o,.(F) is equal to 7y 4 ro if r is even and to
ro if 7 is odd. This explicit (and well-known) formula will be useful in the sequel.

Remark 2.11. It is clear that any commutator in Gge,q acts trivially on p, (F') =
H%(Gge,r, Q/Z(a)). Hence one has ji4(F) = p1a(FNQ*™), where Q*" is the maximal
Abelian extension of Q. If a is even, then one sees similarly that Q* may be
replaced by its maximal totally real subfield.

3. THEORETICAL EVIDENCE

In this section we prove Conjecture 1.2 for an important family of examples. We
also describe the connection between Conjecture 1.2 and the modified Lichtenbaum-
Gross Conjecture formulated by Chinburg et al. in [14] and show that the elements
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predicted by Conjecture 1.2 should encode information about the structure (as
Galois modules) of certain even degree higher algebraic K-groups.

3.1. In the proof of the following result we use cyclotomic elements in higher alge-
braic K-theory to give an explicit construction of the elements that are predicted
to exist by (the relevant special case of) Conjecture 1.2.

Theorem 3.1. If k= Q and x(1) =1, then Conjecture 1.2 is valid.

Proof. By Proposition 2.1 it suffices to prove Conjecture 1.2 for S = S, and
we may also replace F' by F¥*()_ Moreover, by Proposition 2.6 it suffices to
construct, for each o in g, an element 3, (), Soo) in O ® Kj_o,(F)is satisfying

both €585 (X; Soo) = Bo(X: Seo) and

(2mi)"regy o (B (X: So0)™) = wr(x)(c¥ o) L' (r, X7)
for all v in I". By the proof of that proposition, Conjecture 1.2 is then satisfied by
any lift €, (x, Soo) Of 8o (X, So0) t0 O ® K1 _o,(F).

We may view x as a primitive Dirichlet character with conductor N, so that
F C Q(pw). Since the Dirichlet and Artin L-functions coincide for such Dirichlet
characters, we have L(1—r,x7) = > -, x?(n)n"~! for every v in T, where x?(n) =
0if ged(n, N) # 1. For any integer n and any primitive Dirichlet character ¢¥» modulo
N we set (¢, n) := Z;.V;Ol Y(5)e?™™I/N - and we abbreviate (1, 1) to 7(¢)). With
a = 0,1 such that x(—1) = (—1)* we obtain from Theorem 2.8 in Chapter VII (or
from p. 541) in [27] that

L1l —s,¢") = % (g) cos(n(s — a) /2)T(s)L(s, ) .

Therefore Conjecture 1.2 applies exactly when a = r modulo 2, so x(—1) = (=1)"
(cf. Remark 1.5), and

20 = ()3 N ey L - )

If M > 2 then by [23, Cor. 9.8], for every primitive Mth root of unity w there is
an element @, ar(w) in Kq_o7(Q(par))se with

(=r)IM~—"

168y (9r1 () = =~ (Lit—p(0(@)) + (<1 Lir— (™))

for every o in Xg(,,,), where Li;_.(2) = > -, nf—i for z in C with |z| < 1. Tt
follows that ¢, p(g(w)) = gr,m(w) for g in Gé(uw)/@ because they have the same
value under reg; _,. , for all o in X, ) (cf. the proof of Proposition 2.1).

We assume first that y is not trivial. Then N > 3 and we extend ¢ in X to an
element in ¥q,,), also denoted by o. Fixing a primitive Nth root of unity w and
an integer £ with o(w) = 2™V (and hence ged(¢, N) = 1), we set

Bo (X, Sec) := —w;(x) Z X(j¢) ® @T,N(wj)

j=0,...,N—1
ged(j,N)=1

in ORK7 2, (Q(un))te. Now if o is any element of K1 _2,(Q(un))st then, by the for-
malism of pushforward and pullback, the sum 3 .. () 9() lies in Ko, (F)ee ©
K19, (Q(un))tr because F' = Q(MN)ker(X). In particular, therefore, the element
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Bo (X, Seo) belongs to O @ Ko (F)ir € O ® K12, (Q(un))ts- It clearly also sat-
isfies e 1 B85 (X, Soo) = Bo (X, S0 ), and we have

(zﬂi)rreglfr,a(BU (X7 SOO)'Y)

N-1 in “1D"o(w —Jn
= w, () @miy (N Y (e Y0 2 EL o)
§=0 n>1
= wy (X)(2mi)" (=) N7 ) &) +2(;11_) T )
n>1
=, (0)2i) (- V() 30
n>1
= (-1) 3 wyr(x)i*2m)" (=) N7 (T(lizévl/(l —-rxY)

= wy (x)7(cx o)L (r,X")
because by [27, Chap. VII, Prop. 2.6], one has 7(x?,m) = x(m)7(x"), 7(x?) =

X (=D7(x7), T(x")7(x?) = N, x(=1) = (=1)", and ¢ , = 2.
We assume now that y is trivial. Then r is even and we can take F' = Q. For
every N > 2 we see as above that the element

e 3 (5) T et

j=0,...,.N—1
1<d|N ged (NI =N/ d

belongs to K1 _2,(Q)ts € K1-2,(Q(pun))te. For any o in ¥g(,,) we also find that

N-1 in “1o(w —jn
ey, (By) = (N 30 S 2@ CDOT g vy

2n1—7'
j=1n>1

because Z;V:—Ol w™ is equal to N if N divides n and to 0 otherwise. Restricting o
to Q, we therefore have

(2m0)"reg; .0 (B (Xs So0)) = (=1) Fw, () (271)" (1)1 (1 = 7) = X yw, (X)¢' (1)

for a suitable Z-linear combination 5, (x, S« ) of the elements Sx because 1 — N~"
is coprime to N. O

Remark 3.2. The special argument given for the trivial character in the proof of
Theorem 3.1 is necessary because the element ¢, n(w) is not defined for w = 1.
However, for each integer r < —1 and each Nth root of unity w an element [w]i_,
of Q® Ki1_2,(Q(un)) is constructed in [16] (see Theorem 3.15 or the beginning of
§ 5 of loc. cit.). If w is a primitive Nth root of unity with N > 2 then comparing the
formula for reg; _, ,([w]i—) in [16, Prop. 4.1] with that for reg;_, , (¢, n(w)), We
see that N™"[w]1—, and ¢, y(w) coincide in K;_2,(Q(un))tr C Q® K1_2,(Q(un))
up to a universal choice of sign depending only on r. (The formula in loc. cit. is
normalized, and due to a typographical error the factor (n — 1) should be (n—1)!.)
Therefore N™"[w]1—, is in Kj_9,.(Q(un))ss for any Nth root of unity w # 1. It
follows from Proposition 6.1 of loc. cit. and the action of G, )/q (cf. Remark 3.17

of loc. cit.), that (1 — N~")[1i—, = N7 Y2 w1y = 24y is in Ki_op (Q)ss-
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The same then holds for [1];_,. If r is even then reg; ,. ,([1]1—,) = £(—7)!{(1 1),
and we can take B, (x, Seo) = £w,(X)[1]1 -+

3.2. In comparison with Theorem 3.1 the following result makes no assumptions
on either k or x(1) but deals only with sufficiently large sets of places S. This result
will be proved in §3.6.

We write O g for the subring of F' comprising elements that are integral at all
places that do not lie above a place in S.

Theorem 3.3. We assume that the modified Lichtenbaum-Gross Conjecture (see
Congecture 3.10 below) is valid for x.

(i) Then Conjecture 1.2 is valid for any (finite) set S that contains S and
all places that ramify in F/k.

(ii) Further, for any set S as in (i) the element Tr1(€;(x, S)) = >_, cr €0(X, S)”
belongs to Ki_o,(F) and for all ¢ in Homg(K1—_2,(F),Z[G]) one has
GJ?

mﬂTﬁ(ea(X, 5))) € AHHZ[G](EB Hgt(speC(OF,S[%])vzp(l —7)))-

Corollary 3.4. If k =Q and x(1) = 1, then Theorem 3.3 is valid unconditionally.

Proof. In this case, and for any set S containing S.., the validity of Conjecture
1.2 is proved in Theorem 3.1, and the explicit description of e, (x,S) given in the
proof of the latter result even shows that Try (e, (X, S)) belongs to w,(x) - Ki—2(F).
Moreover, in view of Theorem 3.3, Proposition 2.1(ii) and Remark 3.13(ii) below,
to prove the second assertion of Theorem 3.3(ii) it is enough to recall that if F' is
an Abelian extension of @, then the equivariant Tamagawa number conjecture of
[11, Conj. 4(iv)] is valid for the pair (h°(Spec(F))(r),Z[G]). Indeed, this case of
the latter conjecture is proved by Flach and the first author in [12, Cor. 1.2] (with
corrections to the 2-primary part of the argument of loc. cit. recently provided by
Flach in [20]). O

Remark 3.5. It is conjectured by Quillen and Lichtenbaum that for all odd primes
p the natural Chern class homomorphism

Zy ® K_5(Ops) = H&(Spec(oF,s[%]), Z,(1 1))

is bijective. In the case r = —1 this conjecture has been proved by Tate in [34]. (It is
also known, by work of Suslin, that the Quillen-Lichtenbaum Conjecture is a conse-
quence of a conjecture of Bloch and Kato relating Milnor K-theory to étale cohomol-
ogy and it is widely believed that recent fundamental work of Voevodsky and Rost
has led to a proof of this conjecture of Bloch and Kato.) Whenever the conjecture of
Quillen and Lichtenbaum is valid the module €p,_, Hgt(Spec(Op’S[%])7 Zp(1—1))
can be replaced by Z[3] ® K_5,(OF,s) in the statement of Theorem 3.3(ii). In the
setting of Corollary 3.1 we thereby obtain a rather striking analogue of the result
of Rubin in [31, Th. (2.2) and the following Remark] concerning the annihilation
of ideal class groups in absolutely Abelian fields.

Remark 3.6. We recently learnt Nickel has shown that for each strictly negative
integer r the equivariant Tamagawa number conjecture for (h°(Spec(F))(r), Z[G])
implies (via the reinterpretation given in [8, Prop. 4.2.6]) that certain elements
constructed from the leading term at s = r of truncated Artin L-functions should
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belong to Z[G] and annihilate @),,_, Hz (Spec(Or,s[3]), Zy(1 — 7)) (cf. [28, Th.
4.1]). His prediction is however much less explicit than that given in Theorem
3.3(ii) above and it would be interesting to know if there is any direct link between
them.

3.3. In this subsection we discuss some algebraic preliminaries that will be used in
the proof of Theorem 3.3.

We fix G and x as in §1.2 and, following Proposition 2.1(iii), we set E := Q(x).
We write Zgixu) fi for a decomposition of e, as a sum of mutually orthogonal
indecomposable idempotents in E[G]. We write O for the ring of algebraic integers
in E' and for each j we choose a maximal O-order 9 in E[G] that contains f].
For any character ¢ = x?, with v € T, we set ey, := 1 (1)|G| ! > _geG U(g)g = (ey)?
and fi := (f)" and define an O-torsion-free right O[G]-module Ti = fé)(ﬂﬁj)"y =
(fJ9M7)7. The associated right E[G]-module Vj =FE®o Ti has character ¢. For
any (left) G-module M we define a module M7 [¢)] := Ti ® M upon which each ¢

in G acts on the left by t ® m + tg~! ® g(m) for each ¢ in Tli and m in M. Then
there is a natural isomorphism of (left) O[G]-modules

(3.7) M[] = Homo (%", 0 @ M)

where G acts in the usual (diagonal) manner on the Hom-set and the module
Ti’* = Homp (TJ;, 0) is endowed with the natural left G-action and hence spans a
left E[G]-module of character .

For any subgroup J of G we write M, resp. M, for the maximal submodule,
resp. quotient, of M upon which J acts trivially. In particular we obtain a left,
resp. right, exact functor M +— M7 resp. M — Mj, from the category of
left G-modules to the category of O-modules by setting M7¥ := MI[)]¢ and
Mi} = MI[y)g = Ti ®z(q) M. By replacing Ti by Z, ® Ti we extend the notation
M7¥ and be to Zp|G]-modules M in the obvious way. We will often use the
fact that the action of 37 g on M J[¢] induces a homomorphism of O-modules

tH(M, ) : Mi — M7¥ that has finite kernel and finite cokernel.

The module E[G] ® M has two commuting left actions of G: the first via left
multiplication on E[G] and the second such that each g in G sends x ® m to
g~ ® g(m) for z in E[G] and m in M. We write (E[G] ® M)%? for the subset
of E[G] ® M comprising elements that are invariant under the second action of G
and use the first action of G on E[G] ® M to regard (E[G] ® M)%? as an E[G]-
module. If M is finitely generated and torsion-free, then we always regard M7 as
an O-submodule of O ® M by means of the identification described in the following
result.

Lemma 3.8.

(i) The E-linear map E|G] ® M — E ® M that sends g @ m to g(m) for
each g in G and m in M restricts to give an isomorphism of E[G]-modules
1 (E[Gl@ M)S2~2Eg M.

(ii) Assume now that M is finitely generated and torsion-free and for each char-
acter ¢ = x7, with v € T', set pr,, := deg U(g9)g € O[G]. Then one has

pr, (0 ® M) C (1)L 1= y(Miv) C O @ M.

7j=1
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Proof. Since E[G]® M is uniquely divisible it is cohomologically trivial with respect
to any action of G. The submodule (E[G] ® M)%? is thus equal to the E-linear
span of elements of the form (3, 9)(z®@m) =>_ 4 rg ' ®g(m) with z in E[G]
and m in M. Using this fact it is straightforward to check that the map ¢ is an
isomorphism of E[G]-modules, as required to prove claim (i).

We next set n := ¢(1) and note that pr, = n~'|G|ey. Then the first inclusion
in claim (ii) is true because for each m in M one has

j=n
n-pry(1®@m) = |Gley(1®m) = |G| Zfi(l ®m)

=SS fle @ gm)) € S (M),
— j=1

To prove the second claimed inclusion it suffices to show ((M7%) C n(O ® M)
for each index j. To do this we set N := O ® M and N* := Hompg(N, O[G]).
Then, as N is finitely generated and torsion-free, one has N = {x € F ®o N :
O(x) € O[G] for all § € N*}. Thus it suffices to show that §(M7¥) C nO|G] for
all € N*. But (M%) C Z[G)*¥ and, since Z|G] is cohomologically trivial and
Z[Gm = T7, one has Z[GJ"* = im(t/ (Z|G],¥)) = |G|T$. Thus it suffices to note
that |G|TY, = |G|f}M C |GleyM C nO[G], where the latter inclusion follows
from Jacobinski’s description in [24] of the central conductor of M in O[G] (see
also [15, Th. (27.13)]). O

For any G-module, resp. O-module, M we write M;s for the image of M in
Q® M, resp. E®on M. We often identify M;s with the quotient M/Mtor in the
natural way. If M is a G-module, then for each m in M we write ffp(m) for the

image of f@]b Rz m € Mi) in Mi,tf'

3.4. In this subsection we recall the modified Lichtenbaum-Gross Conjecture of
Chinburg, Kolster, Pappas and Snaith. Since we regard F/k as fixed we set C,. :=
Ky 5, (F) and also recall the G x G¢/r-modules B, that are defined in the proof
of Lemma 2.8. We note, in particular, that the non-degeneracy of the pairing (2.9)
combines with the natural isomorphism of G' x G¢/gr-modules Homz(B_,,Z) = B,
to imply that the map P, .y, reg;_, , induces a canonical isomorphism of R[G]-
modules
Reg, :R®C, <5 R® BL/?,

The bijectivity of Reg, then combines with Deuring’s Theorem (cf. [15, §6, Exer.
6]) to imply the existence of an (in general non-canonical) isomorphism of Q[G]-

~

modules ¢ : Q® BY/* = Q® C,.. For any such ¢, any index j and any character
¥ =x7, with v € T', we set

RY (1) = detc((C @z Reg,) o (C®q ¢) | (C@p V) @zc) By 7] € C.

(This element doesn’t depend on j because each E[G]-module V1Z has the same
character 1).)

We now fix a finite set S of places of k that contains S., and all places that
ramify in F/k. Then the ‘modified Lichtenbaum-Gross Conjecture’ predicts an
explicit Euler characteristic formula for the O-module generated by L% (r, 1)/ R2 (1))
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where L%(r, 1) is the leading non-zero coefficient in the Taylor expansion at s = r
of the function Ls(S,’L[J). Before stating this conjecture we must recall a useful
auxiliary result. In this result we set Z’ := Z[3] and for each odd prime ¢ we write
chzl_r : Zy @ K1-9,(Op,s) — H} (Spec(Op s[3]), Ze(1 — 1)) for the Chern class
homomorphism constructed by Soulé [32] and Dwyer and Friedlander [19]. We also
set Treyp := 1+ 7 € Z[Gc/r]-

Lemma 3.9. There exist finitely generated G-modules X, and Y, which possess all
of the following properties.

(i) Xpot € Crir and Yy i¢ = Tre/r(B,r) C BSC/R and both Z! @ X, 4¢ = 7/ @ Cy ¢
and Z' @ Yy 4p = 7' @ BY /"

(ii) For each prime £ there is an isomorphism of Zy[G]-modules of the form
Zy@ Xy = H} (Spec(Op,s(4]), Ze(1—7)). If € is odd the induced isomorphism
ZoR@X,4r = Le®K1_2,(Op )it — Hélt(Spec((’)F’s[%}),Zg(l—r))tf coincides
with that induced by chil_T.

(ili)) Xytor = pi—r(F) and YVyior = @D, Hézt(Spec((’)Rs[%]),Zg(l —r)) where ¢
runs over all primes.

(iv) If the Quillen-Lichtenbaum Conjecture is valid for F and r, then one has
X, =7 QC, andZ' @ Yyipor 27 @ K_2,.(OF3).

Proof. All claims in Lemma 3.9 except for the equality Y, = Trc/r(B,) fol-
low directly from the constructions of [8, §11.1] (where X, and Y, correspond
to the modules N;,o and N;J respectively). Since for every odd prime p one has
Ly @Yyt = Ly @ (2 ®Ypt) = L@ (T @By %) = L,@ By = 2, Tre/w(By)
it therefore suffices to prove that Zo®Y, s = Zo®@Tr¢ /R(Br). To show this we recall
the construction of ¥, uses an isomorphism of Zs[G]-modules Zy ® Y, = H*(Cs )
with C3 . := RHomg, (RT.e(Op,s(3], Z2(r)), Z2[—2]) where the subscript ‘c’ de-
notes cohomology with compact support, whilst from the long exact cohomology
sequences associated to the commutative diagram of exact triangles given in [10,
(114)] (with p = 2 and r replaced by 1 — r) one obtains an exact commutative
diagram of Zs[G]-modules of the form

0 = HYCS, )it = Dujoe Ha(Fu,Zo(=1)) — Hg(Opslzl,Za(1 1)) — 0

g !

®w|oo Hgt(Fw’ZQ(l - T)) — @w\oo Hgt(FUHZQ(l - ’I"))

l

0.
Here w runs over all archimedean places of F' and each term HY, (F,, Z2(—7)) arises
from the explicit description of the complex RI'a(F,,,Z2(r))*[—3] that is given in
(10, p. 1391]. Now HJ (Fy, Z2(1 — 7)) is isomorphic to Zs/2Zs if w is real and r is
even and vanishes in all other cases. Thus, since the homomorphism 6 in the above
diagram is known to respect the direct sum decompositions of its source and target
(see the proof of [10, Lem. 18]), the diagram induces an isomorphism

HY(C3,)u = @ 2HE (Fur, Za(—r)) & @ HE(Fu, Za(—1))

w|oo

IR
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where w’, resp. w, runs over all real, resp. complex, places of F. Finally we note
that each choice of a topological generator of Zs(—r) gives a natural isomorphism
of the last displayed direct sum module with Zy ® Trc/r(B;). O

The isomorphism Reg, combines with the two equalities Y;. ¢+ = Tre/r(B,) and
Q® X, =Q® C, coming from Lemma 3.9(i) to imply the existence of homomor-
phisms of G-modules

A Y. = X,
that have both finite kernel and finite cokernel. In particular, for each such A, the
induced map Q@ X : Q@ BS* = Q@ Y, » Q® X, = Q® C, is bijective and
so for each character ¢ = X7, with v € T', we may set R (¢) := RY® (). For
each integer j with 1 < j < x(1) we then consider the composite homomorphism
of O-modules ‘

J i

Bt Yy =, X]y 2, X,

We write Fitp (M) for the Fitting ideal of a finitely generated O-module M (so
in particular Fitp(M) C O) and if f : M — M’ is a homomorphism of finitely
generated O-modules that has both finite kernel and finite cokernel we define a
fractional O-ideal by setting ¢(f) := Fito(cok(f))Fite (ker(f)) 1.

Conjecture 3.10. (The ‘modified Lichtenbaum-Gross Conjecture’) Let S be any
finite set of places of k that contains Soo and all places that ramify in F/k. Then
for every homomorphism X and index j as above one has

Lg(r,x) _ Lg(r,x)"

(8.11) B RO

for all & € Aut(C) and also

L (T, X’Y) j —
(3.12) %O = q(t) )™
for ally €T.

Remark 3.13.

(i) After taking account of the isomorphism (3.7), the equality (3.11) coincides
with the central conjecture of Gross in [22] (which is often referred to as the ‘Gross-
Stark Conjecture’). The equality (3.12) was first explicitly formulated by Chinburg,
Kolster, Pappas and Snaith in [14, Conj. 6.12] (where it is referred to as a ‘modified
Lichtenbaum-Gross Conjecture’). The notation of loc. cit. is however different from
that used here and the necessary translation is described in [8, §11.3].

(ii) The ‘equivariant Tamagawa number’ TQ(h°(Spec(F))(r), Z|G]) that is de-
fined (unconditionally) by Flach and the first author in [11, Conj. 4(iii)] is an ele-
ment of the relative algebraic K-group Ko(Z[G], R[G]) and the relevant case of the
equivariant Tamagawa number conjecture predicts that TQ(h°(Spec(F))(r), Z[G])
vanishes. In [8, §11.1] it is shown that Conjecture 3.10 is valid if and only if
TQ(h°(Spec(F))(r), Z[G]) belongs to the kernel of a natural homomorphism p¥ :
Ko(Z|G),R[G]) — Ko(O,C). When combined with the good functorial properties
of TQ(h°(Spec(F))(r), Z[G]) under change of extension F/k (that are proved in
[11, Prop. 4.1b)]), this observation implies that the validity of Conjecture 3.10 is
unchanged if one replaces F' by any subfield F’ of F that is Galois over k and such
that x factors through the projection G — Gpr g.-
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3.5. We now reinterpret the conjectural equality (3.12). To do this we set ¢ := x7
for some fixed v € I" and n := ¢ (1) = x(1). We choose an integer j with 1 < j <n
and set p, := dimE(Vlz ®z(q] BTGC/“*) = dimE(Vj ®ziq) Yr) = dimg(E ®o Yrjw)
Then p, is independent of both j and v and the argument of Lemma 2.8 shows
that the function Lg(s,) vanishes to order p, at s = r. Now (3.11) implies that

the quotient Lgp ")(r, ¥)/R)(¢) belongs to E and, after unwinding the definition of
R (1), this implies that there is an equality of E-spaces

L () - N (V)] @z16) Yr) = Reg(”) (A5 (V)] @161 C)).

where Reg(¥) : Cop ALy (Vj, ®zi61Cr) = CRENY (qu ®z/c) Yr) is the isomorphism
of C-spaces induced in the obvious way by Reg,. In the next result we show that
(3.12) implies a natural integral refinement of this equality.

Proposition 3.14. Assume that (8.12) is valid for x. Set K := F*'00) and
= x" withy eTl.

(i) Then in C@p Ay (V] ®zi6) Yr) = C®0 AGY,, one has
(Gl L (r, §)Fito (- (B2 )G (Y] )er=Fito((V Jror) Regt™ (A (X7 )ur).
(ii) For each integer a with 1 < a < p, fix 0, in g and define 5, =
Tre/r((27m0) " 04) € Yrgr. Also set X' := {0, : 1 <a < p.} € Xp. Then
for every d’" in Fito(p_.(K)7¥) there exists a unique element uy, o, (d') of
Fito (Y, )ior) A (07 (CE¥)st) for which one has
Reg!™) (uy () = d'(n |G L (r, D)NZ £ (5).

Proof. We set p := p,.. To derive the equality of claim (i) from the equality (3.12)
in Conjecture 3.10 we note that

LE (r,0) - N (Y e = R)a(8, ) T NGV e
= q(t] ;) ' (Reg" <3/\p((C ®0 X)) (NG (Y i)

g(\) Fito (Y7, )ror)

q(t,,) Fito (X7 )i 5

Reg") (A6 (X7 )er)

, Fi 4
= q(tj (X'ru 1/)))_1 MReg£¢) (/\Z) (Xi,w)tf)
i o)t
_ - Fito(( ”P)t"r) ea (W) (AP (X I
=16 Fito (X7 d))tor) r (Mo ()

The first equality here follows immediately from (3.12), the second from the defini-
tion of R;}(¢) and the fourth from the equality ¢(} ,,) = q(t/ (X " ¥))q(\},) which is

a consequence of the kernel-cokernel sequence of the composite ¢} Ny = =t (XT7 ) O)\j
In addition, the third and fifth displayed equalities follow by applying Lemma 3. 15
below with f equal to )\J YJ — Xi and t7(X,, 1) : X Yy XJ¥ respectively.
To deduce the equahty of clalm (i) from the above displayed formula it only re-
mains to show that (X7¥)ir = p1_(K)?%. But (X7¥)ior := (T] ® X,)8, =

tor

(Ti ® Xrtor)© = (TJ ® XGF/K) =: (XGF/K)j’¢ where the second and third

r,tor r,tor
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equalities follow from the fact that Ti is torsion-free and, in the latter case, that
Gk = ker(1) acts trivially on Ti. The required equality is therefore true because
Lemma 3.9(iii) implies peva. i (F)CF/ = HY(Gge p, Q/Z(1 — r))Cr/x =

r,tor
HO(Ges1,Q/Z(1 - 1)) = 1o (K). | |
To prove claim (i) we note that the element AZ7 f;(G4) belongs to AL (Y, ).
The existence of an element u;,’w(d’) of Fito((}/r{¢)tor) AL (n™H (X7 )¢e) which
satisfies the displayed equality in claim (ii) therefore follows directly from claim (i).
It thus suffices to note that Lemma 3.9(i) implies (X7¥)y C (C7¥)i¢ and that the

uniqueness of u§,7¢(d’ ) follows from the injectivity of Reg,(fl’). O

Lemma 3.15. If f : M — N is any homomorphism of finitely generated O-modules
that has both finite kernel and finite cokernel, then there is an equality of O-lattices

Fitp (Mtor)

AN,
Fito(Nyor) O 4

N(E @0 f)(NGMes) = q(f)

with d := dimg(F ®o M).

Proof. We consider the following exact commutative diagram

ker(fror) =———= ker(f) 0

l l l

0 —— My —— M — My —— 0

fml fl ftfl

0 —— Ny ——— N —— Ny —— 0

| ! |

0 — cok(fior) — cok(f) —— cok(fyy) — 0.

Here fio, and fi denote the homomorphisms that are induced by the given map
f; the equality ker(fior) = ker(f) and the injectivity of fi both follow from the
assumption that ker(f) is finite and the exactness of the bottom row then follows
from the Snake lemma. Now M, and hence also Ny since cok(fif) is finite, is a
projective O-module of rank d and so the definition of Fitp(cok(fir)) implies that
NL(E @0 )AL M) = Fito(cok(fir)) - AL Ngs. On the other hand, the exactness
of the bottom row and left hand column of the above diagram combines with the
multiplicativity of Fitting ideals on exact sequences of finite O-modules and the
definition of ¢(f) to imply that Fite(cok(fir)) = Fito(cok(f))Fito(cok(fior)) ™t =
q(f)Fito (ker(f))Fito(cok(fior)) ™' = q(f)Fito(Mior)Fito(Nyor) ™!, The claimed
equality is thus clear. O

3.6. We now prove Theorem 3.3. To do this we set n := x(1), ¢ := x? with
v € T and pry = n"!|Gley, = deciﬁ(g)g € O[G] and note that ?ZL fib is
a decomposition of e, as a sum of indecomposable idempotents in E[G]. We set
K := Fxr(X) = Fker(®) and d' := w;_,.(K)™. For the given embedding ¢ we also
set & := Tre/r((279)""0) (so & € Y, it by Lemma 3.9(i)) and then for each index j
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as above we define

o NG L(r ) b
(3.16) € (1, j) = W)‘w(fzb(‘f)) € C®o CY.

We may assume that p, = 1 since if p, > 1, then Liy(r, %) = 0 for all § € T" and
so Conjecture 1.2 is obviously valid. Then, since p, = 1 one has L¥(r, ) = Ly (r, 1/3)

and so, as ffﬁ (6) is a non-zero element of the dimension one E-space E Q¢ YT{ )
the definition of R}(¢)) implies that

Rog"(eq (1)) = d'n™"|G|Ls(r.0) - £}(5).
Now the finite group p1—(K) is cyclic and so the (finite) O-module ul_T(K)j’f” C
T, @p1—(K) is both annihilated by w1 -, (K) and generated by (at most) rko (T7,) =
n elements. It follows in particular that d’ belongs to Fite (u1-(K)7%) and so the
last displayed formula implies that €, (1, ) is equal to the element uf{a}_ w(d’ ) of

n’lFit@((Yr{w)tor)(Cﬂ’w)tf that occurs in Proposition 3.14(ii). Lemma 3.8(ii) thus
implies that

(3.17) € (1) € Fito (Y7 )tor) ® Crss € O @ Chryg.

The element €, (1, .S) := ;ZL €5 (1, j) therefore belongs to O ® C,. 4 and satisfies
the equality

(2mi)" Reg,. (€5 (1, 5))

— @ri)yr S d'n G| Ls(r ) - £(5)
(3.18) =t
— i) d' Ls(r, ) - pry(5)

=d' Y Ls(r,0)d(g)g(o) +d' Y Ls(r,d)(=1)"d(g)g(r 0 0).

geG geG

Now the assumed validity of (3.11) combines with (3.16) to imply that for all
a € Aut(C) and all j one has

_ |G| L(r. )

(3.19) & (x*.):= == Tprry Mee (e (4)
B d/|G|LIS(T;>VC)j (G a:.E e
— (HEEEO N (6)) = etid)

(where in the last two terms we use the natural semi-linear action of Aut(C) on the
space C ®p CJ¥ C fi)(C[G] ® Cy) and hence also €, (1, S) = €,(x, S)?. Given this
equality, it is now straightforward to check, by unwinding the definition of Reg,,
that (3.18) implies that for all o’ in ¥ the image of €, (x, S)” under (27i)"reg; _,. ./
is equal to the right hand side of (1.3). To verify Conjecture 1.2, and hence complete
the proof of Theorem 3.3(i), it thus suffices to define €,(x,.S) to be any pre-image
of €;(x,S) under the natural map O ® C, = O ® C, 4.

The containment Tri(e,(x,S)) € Ki_2-(F) in Theorem 3.3(ii) follows directly
from claim (i) and the result of Proposition 2.2(i) with d = 1. To prove the rest
of claim (ii) we set €(x) = &(x,S). We also note that for each prime ideal p
of O the isomorphism class of the Op-module O, ®o Y7 . is independent of the

X7



SPECIAL ELEMENTS AND LICHTENBAUM-GROSS 19

choice of index j and hence that Fito((Y;,+)tor) = Fito((¥;',+ )tor) for all j. From
the containment (3.17) and equalities (3.19) we therefore know that both €(x)”
belongs to Fito (Y, +)tor) ® Crtr and that €(x7) = €(x) ey~ and so for every ¢

XY

in Homg (Cy, Z[G]) € Hompg(E ® Chit, E[G]) the element ¢(€(x)”) belongs to

Fito (Y~ )tor) - O[Glex~. Now Lemma 3.9(i) implies that Z' ® Y, = Z/ ® BEe®

is a projective Z/[G]-module so that Z’' ® (V,! ,)or identifies with Z' @ (Y7 or) 1~
and hence that ¢(e(x)?) € Z' @ Fito((Yr tor)y~) - O[Gley~. By applying [9, Lem.
11.1.2(i)] we can therefore deduce that the element x(1)~!|G|?¢(€(x)”) belongs to
7! ® Anngg)(Yr tor). The displayed containment in Theorem 3.3(ii) thus follows
directly from the equality ¢(Tr1(€s(x,5))) = >_. cr ¢(€(x)”) and the description of

Y, tor given in Lemma 3.9(iii). This completes our proof of Theorem 3.3.

4. ON K3 AND THE REGULATOR

In preparation for describing some numerical evidence for Conjecture 1.2 we now
make precise the relation between a version of the (second) Bloch group and K3
of a field, and, if the field is a number field, the Beilinson regulator map. This
result may itself be of some independent interest and so, in order to keep open the
possibility of extending it to higher Bloch groups, we have used the approach of [16]
rather than the potentially more precise result of [33, Th. 5.2].

Let I be a field, and let K3(F)™9 be the quotient of K3(F) by the image of the
Milnor K-group K34(F). We recall that if F' is a number field of signature [ry, 9]
then KM (F) = (Z/2Z)™ by [1, Th. 2.1(3)] so K3(F)i#d = K3(F) naturally, and
this is a free Abelian group of rank ro by Remark 2.10(iii). Finally, we set

AP = FX @ F*){(~z) @z 2z € FX),
(this does not coincide with the usual exterior power A2F* because of the negative
sign in the denominator) and then write d  for the homomorphism from the free
Abelian group Z[F*] on F* to A2FX that is given by mapping a generator {z}
with z in F* to (1 —z)Az if 2 # 1 and to 0 if z = 1.

In the next proposition we refine various results in [16, §2-§5]. Here we write
D(z) for the Bloch-Wigner dilogarithm C\ {0} — R(1) that is defined in [3] by
integrating the function log |w|diarg(1l — w) — log |1 — w|diarg(w) along any path
from a point zp € R\ {0,1} to z (for z =1 one uses a limit).

Theorem 4.1.

(i) With notation as above, there is a homomorphism
[0of ker(ég)p) — Kg(F);rfld,

which is natural up to sign.

(ii) If F is a number field, then vr has finite cokernel.

(iii) Moreover, there is a universal choice of sign, such that if F is any number
field, and o any embedding F — C, then the composition

ker(d2,7) 25 K3(F)3Y = K3(F)y 5 K3(C)er — R(1)
is induced by mapping {x} to D(o(x)).

Proof. At the outset we note that our set-up is essentially that of [3] with the
various modifications and improvements contained in [4] and [16] (but which are
sometimes carried out only after tensoring with Q). In particular, the reader may
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observe that the construction of the element [z]5 and the map to K3(F)#d described
below become those in [16, §3] after tensoring with Q and decomposing according
to the Adams eigenspaces.

For any Noetherian regular ring R we let Xz = P} \ {t = 1}, where ¢ is the
standard affine coordinate on P%. Then there is a long exact sequence of relative
K-groups (terminating with Ky(O)),

= K (XpyO) = Kp(Xg) = Kp(O) = Ko (Xp;0) — - -
where O consists of the subset of Xr where ¢t = 0,00, i.e., two copies of Spec(R).
Since the pullback K, (R) — K, (Xpr) along the natural map is an isomorphism (by
Quillen [29, p.122]) and therefore the composition K, (R) — K, (Xg) — K,(O) =
K,(R) ® K, (R) is the diagonal map, we find an isomorphism
(4.2) K, (Xp;0O) =2 Kpta1(R)

for n > 0, with a map that is natural up to a universal sign.

We can combine localization with relativity under suitable assumptions (see [16,
§2.2]). In particular, if we take R = Z[S, S~!], then we have the exact sequence
(terminating with a map Ko(Xg;O) — 0)

s Ko (XpO) = Ky(Xp \ {t =5}0) - K1 (R) —» Ki(Xg;O) — - -
with R' = Z[S,S7!,(1 — S)7!]. Then K;(R') = (-1,5,1 — S), and using [16,
Lem. 3.14] one sees that the map K;(R') — K1 (Xg;0) = K3(R) maps (1 —5)
to £{1 — 5,5} = 0, so there exists an element [S]5" in Ko(Xg \ {t = S};0) with
image (1 — S)~% in K;(Z[S,S71, (1 — S)71]). Because Ko(Xg;0) = K3(R) =
K3(Z) @ K2(Z) is torsion of exponent 48 (by Lee and Szczarba [25]) the element
[S]5” is unique up to such torsion. We fix a choice of [S]5" in what follows.

For the field F, write F* = F\{0,1} as well as X rjoc = Xp\{t = u with u in F"}.
By comparing the exact localization sequence

(4.3) = K (X 0) = K (Xppoes0) = [ 2= Ko(Xps0) — -
u€ FP

with the same one without relativity one sees as on [16, p.222] that
(L+ 1) = Ky (Xpoes ) = { £(0) = [T1y (52%) " with £(0) = f(o0) =1}
where n > 0, all n; are in Z, and all a; are in F. Tensoring the short exact sequence

0= 1+D*— H Z—F*—0,
ueF®

which is part of (4.3), with F'* over Z, we obtain the top row of the diagram

0 — Torf(F*,F*) —» (1+D*®@F* = [luem F* » FX*@F* = 0

! ! H !

0 = mrtamy = Ke(Xric0) = e X = Ki(Xp0) = 0.

The bottom row is also obtained from (4.3), using [16, Lem. 3.14] and the fact
that Ko(F') is generated by symbols {a,b} = a Ub. The second and last vertical
maps are induced by the cup product, thus giving rise to the first vertical map
which makes the diagram commutes.



SPECIAL ELEMENTS AND LICHTENBAUM-GROSS 21

Using [16, Lem. 3.14] yet again one sees that the image of [[,p» Ko(F) —
K5 (X p;0) under the isomorphism Ko (Xp; ) = K3(F) in (4.2) equals the image of
KM (F) under the natural map to K3(F). So with K3(F)* = K3(F)/im(K (F))
and A the image of Tor%(F X F*) we obtain an exact sequence

Ks(Xpoc;0)
m((L+ D) @ FX)

which gives an isomorphism ker(d) = K3(F)®d/A.

For z in F*, let [z]3° be the image of 2*([S]5) € K2(Xr \ {t = z};0) under
the localization Ko(Xp \ {t = z};0) — K2(XrFioc;0). Note that the boundary
of [z]3 under d™ is (1 — x)ﬁix if £ # 1 and is trivial if z = 1. Write [z]2 for the
image of [z]5 in Ko(Xpoc;d)/im((1 4+ I1)* ® F*), let Bo(F') be the subgroup of
Ko3(Xrioc; 0)/im((1 4+ I)* ® F'*) generated by the [z]; with z in F'*, and let dy
be the restriction of d to Ba(F'). We then have an inclusion

(4.4) ker(dy) — K3(F)"4/A.

Now let A be the subgroup of Ba(F') generated by the classes of [z]2 + [1/x]2
with 2 in F*. Then we have a commutative diagram

0 — K3(F)™/A — b X @ F* = Ky(F) >0,

d2|N

N ———dN)

L,

By (F) B px ® F*.

Next we note that do(N) = (—z)Q@z:x € F*) C F*QF* so F* Q@ F* /dy(N) =
ANF ¥ and hence by taking quotients we get a short exact sequence

(4.5) 0 — ker(dojnr) — ker(dz) — ker(ds) — 0
where, setting B4 (F) := By(F) /N, we write
dy : By(F) — A*F*
for the induced map. Writing [z]; for the image of [x] in B{(F) we have that d}
maps [z} to (1 — ) 'Az if z # 1 and to 0 if z = 1.

We know from [16, Lem. 3.7] that ker(dyxr) is torsion, so combining (4.5) with
the map (4.4) and using that A is torsion, we obtain a map

ker(dy) — K(F)i¢

with torsion kernel. We note that this map is independent of the choice of [S]5,
which was unique up to torsion. The map g in Theorem 4.1(i) is now induced by
mapping {z} in ker(de, r) C Z[F*] to [z]4 in ker(d)) C B4(F).

If F' C C then [16, Prop. 4.1] describes the composition of the maps in ker(d)) —
K3(F)ind — K3(C)ind with those in (1.1) for 7 = —1, namely

K3(C)i! — Hp(Spec(C),R(2)) = R(1).

That proposition states that the total map is induced by a map Bj(F) — R(1)
mapping [z]5, to £D(z), with the (universal) sign depending on the choice of the
sign in the isomorphism (4.2). (Note that in loc. cit. this was expressed using the
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function Pa(z) = D(z)/i.) Claim (iii) of the proposition then follows because the
construction of B5(F') and the map ¢ is natural, so that

ker(dg, ) —— By(F) — K3(F)id

L

ker(da,c) — By(C) —— K3(C)ip¢

commutes, where the vertical maps are induced by the embedding o : F — C.
Finally, claim (ii) of the proposition follows from the facts that, as F' is a number
field, after tensoring with Q, ¢ induces an isomorphism (by [16, Th. 5.3]) and
K3(F)y is finitely generated (by Quillen [30]). O

5. NUMERICAL EVIDENCE

In this section we provide corroborating numerical evidence for Conjecture 1.2
in the case that r = —1, k = Q and S = S, (so that Theorem 3.3 does not apply),
taking into account the restrictions on the choice of such examples as mentioned
in Remark 1.6. For other interesting numerical work that is related to Conjecture
1.2 but uses elements in the K-group tensored with the rationals see the articles of
Besser, Buckingham, Roblot and the second author [2, §7] and of Zagier and the
third author [37, §5].

In the sequel we will use the symbol ‘ =’ to indicate a numerical identity that
we have checked to hold to many (and in all cases at least one hundred) decimal
places.

We shall give examples of Galois extensions F'/Q with an embedding o : F' — C,
and an irreducible complex character x of Gr/g with x(1) — x(7,) = 2, so that
L(s, x) vanishes to order one at s = —1 by Remark 1.5, ¢X , = 2 and Yo =S
Let Q(x) C C be the character field of y with ring of integers O. In each case, we
found elements £ in ker(d2 r) and used the resulting ¢ () in K3(F )¢ to construct
an element 3 of O® K3(F)is that satisfies e, 8 = 3, as well as, for all v in G/,

(2mi)~'regy 4 (B7) = y(e) L' (=1, X7)

for some e in E*. Using Remark 2.11 it is easy to check that wy(F¥*X)) = 24 in all
of our examples. In each case we can write ef = cX ,w_1(x) = 2- 24X(1) for some f
in O, so that B,(x, Se) = [ satisfies the requirements of Proposition 2.6(ii), thus
verifying Conjecture 1.2 for x and o. In fact, in view of Lemma 2.4, this verifies
Conjecture 1.2 for all characters in {x” : v € I'} and for all ¢ in Xp.

We used Theorem 4.1(iii) and GP-PARI [36] in order to compute reg, ,(37),
and the latest version of MAGMA [6] for the computation of L'(—1,x") (but for
our original experiments some of these values were provided by A. Booker and
X.-F. Roblot).

The elements in ker(d2 p) were found, using GP-PARI, roughly as follows. Let T'
be a finite set of places of Q including the archimedean place. Then, in a first step,
we produce exceptional T-units z; € (’);T (recall that z; is said to be ‘exceptional’
if also 1 —z; € Of 1), and we decompose both x; and 1 — x; with respect to a
chosen set B of fundamental T-units (as provided by GP-PARI). The second step is
then to look for linear relations among the elements (1—xz;)A z; of A(B), the latter
constituting a finite rank submodule of /2F*. (For more details on the underlying
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algorithm and implementation, we refer to work in preparation [21] and to the
third author’s personal web page.) A theorem of Bloch and Suslin, combined with
the explicit formula for the rank of K-groups given in Remark 2.10(iii), guarantees
that, for sufficiently large T', there are Z-linear combinations ¢ of elements {z;} as
above with § € ker(d2 r) such that the ¢p(€) generate a subgroup of finite index
in K3(F)ts (cf. Theorem 4.1).

Depending on T, the calculation of the resulting elements in ker(ds r), based
on the LLIL-algorithm, can be unfeasibly large, or the resulting image under ¢p
does not have the required rank. For our most complicated examples, it could take
several days of experimenting before a T" was found for which this calculation took
at most a few minutes and resulted in an image under ¢g of the right rank. The
numerical verification of our identities up to high precision then took also at most
a few minutes.

For each natural number m we now set (,,, := exp(2mi/m) and 0, := (m + (1

5.1. Dihedral representations. Let I’ be a Galois extension of Q with Gr/q
isomorphic to the dihedral group D, for an odd integer n. If F is not totally
real, then the element 7, in Conjecture 1.2 has order 2 and so for any irreducible
2-dimensional character x of G one has x(1) — x(7,) = 2.

5.1.1. Let F = Q(a) denote the totally complex field of discriminant —47° that is
the splitting field over Q of the irreducible polynomial 2 — 52 + 1228 — 1827 +
2028 — 182 + 102* — 2% — 222 + 2 + 1 in Q[z], of which a is a root. This field is
such that G := Gp/g = Ds is generated by an element s of order 5 with s(a) =
1(3a® — 12a® + 25a” — 34a® 4 38a® — 33a* + 16a® — Ta® + 2a + 3) and an element
t of order 2 with #(a) = 1 — a. The irreducible 2-dimensional characters of G /g
take values in Q(ns) = Q(v/5), and form an orbit {x1,x2} under the action of

I':= G50 Where X;j(s) = Cg + (;j for j € {1,2}. MAGMA gives
L'(=1,%1) = —1.2094...,  L'(~1,%2) = —0.91109... .

The elements u := 1 (—a® + 3a” — 5a® 4 6a® — 9a* + 7a® — 24 + 4a + 3) and v’ =
—(1 — u)?/u are exceptional units in O and we found that ¢ := 2({u}+{u'}) lies in
ker(d2, 7). We fix o with o(a) = 1.367...40.197... ¢, and let § = 10e,,pr(§) =
> e X1(9)(1 = 75)gpr(§) in O ® K3(F)s, so that eqy, 8 = 8. We then find, for
both v in T', that

(5.1) (2mi)~regy 4 (87) = y(e)L (=1, X7)
1) =

for e = v/5 in E*, so that e does not divide cX yw-1(x 2-242 in O. We find a
different j3 as follows. If g in G has x1(g) # 0, then (Xl( )—2)/(n5—2) isin O, so we
can write ey, = (5 —2)z+22" with z and 2’ = ZZ_é s'in O[G]. If B is in K3(F ),
then (1+1¢)z8" isin O ® K3(F)y and (15 — 2)(1 +t)z8" = bey, (1 + t)8’ because
(1+1)2'B" lies in K3(F)G = {0}. Hence 8 = (1 —7,)(1 +t)zpp(£) in O ® K3(F)y

also satisfies e, , 5 = 8. For this choice of § we find (5.1) is satisfied for both ~
with e = —2 — /5, so we may take B, (X1, Ss0) = fB with f = (4 — 21/5)242 in O.

5.1.2. Now let F' = Q(a) denote the totally complex field of discriminant —717
that is the splitting field over Q of the irreducible polynomial z'4 — 4212 — z!! +
5210 +62° 4162842527 + 1625+ 62° +52* — 2% — 422 +1 in Q[z], of which a is a root.
This field is such that G := Gr/g = Dy is generated by an element s of order 7
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with s(a) = 1155 (1685a'® — 343a'? — 6831a'! — 12a'° + 8661a° + 7815a® + 25608a" +
36171a% + 17365a° + 6516a* + 6531a® — 42194 — 5336a + 1683) and an element ¢
of order 2 with ¢(a) = a~'. The irreducible 2-dimensional characters of G/ take
values in Q(n7), where 03 +n2 — 217, — 1 = 0, and form an orbit {x1, X2, x3} under
the action of I' := Gg(y,)/q, Where x;(s) = ¢+ ¢ for j e {1,2,3}. MAGMA
gives

L(—1,%1) = —2.6049..., L'(—1,%2) = —2.1887..., L'(—1,%3) = —1.5689... .

Just as in §5.1.1 we found an element § = >, ;n;{z;} in ker(ds, ) (with |J| = 14,
all z; exceptional units in O, one coefficient n; equal to —4 and all thirteen others
equal to £2). We fix o with o(a) = 0.450...40.163.. .-i and let § = 1de, ,, pr(§) =
> gec X1(9)(1 = 75)gpr(§) in O ® K3(F )i, so that ey, 8 = 3. We then find, for
all three v in I', that

(5:2) (2mi) "' regy o (B7) = y(e)L'(=1,X])

for e = 22 — 7 + 1 in EX, which has norm 49, so that again e does not divide
X w_1(x1) = 2-24% in O. To find a more suitable element we write 7e,, =
(N7 — 2)z + 22 with z and 2/ = Y'—0s' in O[G], and one sees as before that
B=0-7)14+1t)zpr(§) in O® K3(F) is fixed by ey ,. For this 8 we find
that (5.2) is satisfied for all three v with e = —3n2 — 3n; — 1, which has norm —13.
We may then take

B = (=37 — 3n7)ldeony, + (2= 307)(1 = 75) (1 +1)2) ¢r(6),
which also satisfies e, ,, 8 = 3, and for which (5.2) holds for all three v with e =1,
and B, (x1,Sa) = 2 2428,

5.2. A tetrahedral representation. Let F' denote the Galois closure of the field
F’' = Q(6) with §* = 1—6. Then F has discriminant 283'? and G g is isomorphic
to the symmetric group Sy. In fact, since the polynomial 2* + x — 1 has precisely
two complex roots, under the natural identification of G'r g with Sy the element 7,
corresponds to a transposition. For the (rational valued, 3-dimensional) tetrahedral
character x3 of Gr/g one therefore has x3(1) — x3(7,) = 2. In this case MAGMA
gives L'(—1,x3) = 0.62475.... Note that the tetrahedral representation occurs
with multiplicity one inside Q ® K3(F) by Lemma 2.8 and that it has a unique
one-dimensional G g, p/-invariant subspace V. Because K3(F')¢ has rank 1 and
is of finite index in Kg(F)iF/F/, both groups lie in V' and e,, acts on them as
the identity. This applies, in particular, to ¢r({0}) = ¢ ({0}). If 0 is in g
then we let 8 = (1 — 7,)pr({0}) in K3(F)st, so that e, ,,3 = 8 and reg, ,(3) =
2reg, ,(¢r({0})). For any o with o(f) =0.248... 4+ 1.033... -4 we find

(2mi) regy o (B) = 2 L/(~1,Xa).

2
so we can take [, (X, Soo) = 4 - 2433.

Remark 5.3. In this case there is another rational valued, 3-dimensional character
X3 of Gp/q that is obtained by multiplying x3 by the alternating character. How-

ever, the function L(s, %) vanishes to order 2 at s = —1 and so Conjecture 1.2 is
trivially satisfied. In the spirit of Proposition 3.14, we investigated the value of the
second derivative of L(s, x5) at s = —1. One has L”(—1,x5) = — 10541.7335.. ..

Further, with F” denoting the fixed field of F' under some element of G /g of order
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4, we found two elements &1, &2 of ker(d2,pr) (each being a linear combination of
about one hundred terms), together with two embeddings o1, o2 in X, such that

1
(2mi)~*det ((reg, ., (@F(fb))lSa,bSQ) = ZL"(—Lxg).

5.3. An example for the standard representation of S;. Let F' denote the
Galois closure of the field F' = Q(6) with 6 a root of the irreducible polynomial
25 —23—222+1 in Q[x]. Since this polynomial has precisely two complex roots, Gro
is isomorphic to the symmetric group S5 and the element 7, for any o corresponds
to a transposition. In particular, the maximal Abelian extension of Q in F is
imaginary quadratic, so wa(F) = w(Q) = 24 by Remark 2.11. The (rational
valued, 4-dimensional) character x4 of G q of the standard representation of Ss,
acting on {(z1,...,2s) in C° with 21+ --+x5 = 0} by permuting the coordinates,
satisfies x4(1) — x4(75) = 2. In this case MAGMA gives L'(—1,x4) = —1.9653... .
Note that the corresponding representation occurs with multiplicity one inside Q ®
K3(F) by Lemma 2.8 and that it has a unique one-dimensional G, -invariant
subspace V, i.e., its intersection with K3(F')y is an Abelian group of rank 1.

Because K3(F)ys has rank 1 and is of finite index in Kg(F)thF/F/, both groups
lie in V' and e,, acts on them as the identity. This applies, in particular, to
or(&) = or (€) with € = {6%}+2{63} —2{0— 0"} in ker(Ja, /). If 0 is in ¥ then we
let 8 = (1-75)pr(§) in K3(F)if, so that e, y, 3 = f and reg, ,(8) = 2reg, , (9r(§))-
For any o with () = —0.656...+0.982... - we find

(2mi) regy (B) = — I/(~1, %),

4
so we can take (3, (X, Soo) = 8 - 2445.

5.4. The Tate-Buhler-Chinburg representations. As a final example we con-
sidered one of the fields F of degree 48 over Q studied by Tate and Buhler [7]
and Chinburg [13, §IIL.A.]. This field has discriminant 724193 and G := Gp/q
is isomorphic to the amalgamated product (SLs2(F3) x Z/4Z)/{((23),2)), denoted
SLo(F3) « Z/4Z. This group has precisely six irreducible two-dimensional charac-
ters: x1,Xx1 (corresponding to the representations denoted o and & in [13], which
each have character field Q(7)) and x2, X2, X5, X4 (corresponding to the representa-
tions p, p, p’ and p’, which each have character field Q({12)). Since for any ¢ in Xp
the element 7, is a non-central element of order 2, hence belongs to the conjugacy
class AgAs in the character table [13, Table I], we see that x(1) — x(7,) = 2 for
every such character y.

We now describe F' and our identification of G with SLo(F3) x Z/4Z. Note that
PGLy(F3) ~ Sy by means of its action on ]P’[%37 which also gives PSLy(F3) ~ Ay. As
SLy(F3) has a unique element of order 2 one sees easily that it is generated by any
two non-commuting elements A; and Ay of order 3. The disjoint conjugacy classes
of (1I) and its inverse contain all eight elements of order 3, so we can take the \;
in the same conjugacy class. Then SLs(F3) * Z/47Z is generated by (A1,0), (A2,0),
and either element of order 4 in its centre, and has at most 48 automorphisms. In
fact all 48 automorphisms can be obtained by letting PG L2 (FF3) act on SLo(F3) by
conjugation and {£1} act on Z/4Z by multiplication. We may therefore identify G
with SLy(F3) * Z/4Z by specifying two distinct conjugate elements g1, g2 of order 3
as well as a central element h of order 4, and letting them correspond to ((31),0),
((35),0) and ((39),T) respectively.
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We note F is the splitting field of the irreducible polynomial f(z) = x'6 — 25 +
4zt + 213 42212 4221 — 92104 32941928 + 2327 + 1325 4+ 25 + 224 + 323 + 322 + 32+ 1
in Q[z], so F = Q(a)(b) where f(a) =0 and b is a root of the factor

_ .3 _ (21430423 15 | . 27880963\,2 | ..., (10585549 15 , . 43460997
g(x) = (G670018 + o+ Taz000 )7+ + (sz0050 + -+ Soro9is )

of f(z) in Q(a)[z]. Let o be the embedding of F' with o(a) = 1.254...40.583... ¢
and o(b) = 0.849... — 1.939... - i, one of the roots of g7 (z) = 23 — (0.222... —
2544 .. i) — (1.658...—1.108... i)z — (0.827---+0.252 .. .-i). We take distinct
conjugate elements g1, g2 of order three with g1(a) = a, o(g1(b)) = —0.612... +
0.058...-4, 0(g2(a)) = —0.612...—-0.058...-4, 0(g2(b)) = 1.254...—0.583. . .-, and
h the element of order four in the centre given by o(h(a)) = 0.586...—0.409...-¢
and o(h(b)) = —0.612...—0.058...-i. The field F' is computationally difficult but
fortunately we were able to find elements in K3(F)y by searching in ker(ds pr) C
ker(da,r) for F' = Q(c) where o(c) = 1.472...40.900... - i. (This field F” is one
of six conjugate subfields of degree 24 over Q, the only other subfield of this degree
being the fixed field of the normal subgroup {1,h?}.)

The characters x; and X1 form an orbit under the action of Gg(;),o- MAGMA
gives L'(—1,x1) = — 64.577... 4+ 631.991... - i, and its complex conjugate for
L'(—1, x1). We found that, for both v in Gy /g,

(27mi) " 'reg, (87) = 12L'(—1,X7)
with 8 =3 X1(9)(1 — 75)gpr () for some & in ker(da,rv), so that gy, 8 = 5.
We may therefore take 5,(x1,5) = f8 with f =96 in O = Z][i].
The remaining characters xa, X2, x5 and x5 form an orbit under the action of
Go(¢12)/0- The corresponding L-values are L'(—1,X2) = —2.5823...44.4538... i

and L'(—1,x5) = —3.1252... + 4.8866... - i, as well as their complex conjugates
L'(—=1,x2) and L'(—1, x3). In this case we found that, for all v in Gg(c,,)/0,

(2mi)~reg, (B7) = 12L'(-1,%3)

with 8= 3" 5 X2(9)(1—75)g¢r(§) for the same £ in ker(dz,5), so that e, ., 8 = B.
We may therefore take 5, (x2,Se) = f8 with f =96 in O = Z[(12].

REFERENCES

[1] H. Bass, J. Tate, The Milnor ring of a global field, In Algebraic K-theory, II: ‘Classical’
algebraic K-theory and connections with arithmetic (Proc. Conf., Seattle, Wash., Battelle
Memorial Inst., 1972), pages 349-446. Lecture Notes in Math. 342 Springer, Berlin, 1973.

[2] A. Besser, P. Buckingham, R. de Jeu, X.-F. Roblot, On the p-adic Beilinson conjecture for
number fields, Pure App. Math Q. 5 (2009) 375-434.

[3] S. Bloch, Higher regulators, algebraic K-theory, and zeta functions of elliptic curves, Man-
uscript from 1978 (‘Irvine notes’), published as volume 11 of CRM Monographs Series by
American Math. Soc.

[4] S. Bloch, Letter to C. Deninger, November 1990.

[5] A. Borel, Stable real cohomology of arithmetic groups, Ann. Sci. ENS, 4 (1974) 235-272.

[6] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system. I. The user language, J.
Symbolic Comp. 24 (1997) 235-265.

[7] J. P. Buhler, Icosahedral Galois Representations, Lecture Notes in Math. 654, Springer, 1978.

[8] D. Burns, Leading terms and values of equivariant motivic L-functions, Pure App. Math. Q.
6 (2010), no. 1, 83-172.

[9] D. Burns, On derivatives of Artin L-series, Inventiones math. 186 (2011) 291-371.

[10] D. Burns, M. Flach, On Galois structure invariants associated to Tate motives, Amer. J.
Math. 120 (1998) 1343-1397.



(11]
(12]
(13]
14]
[15]
[16]
(17]
(18]
(19]
20]
21]
(22]
23]

24]
[25]

[26]

27]
28]
29]
(30]

(31]
(32]

(33]
[34]
(35]

(36]
(37)

SPECIAL ELEMENTS AND LICHTENBAUM-GROSS 27

D. Burns, M. Flach, Tamagawa numbers for motives with (non-commutative) coefficients,
Doc. Math. 6 (2001) 501-570.

D. Burns, M. Flach, On the equivariant Tamagawa number conjecture for Tate motives, Part
IT, Doc. Math., Extra volume (2006) 133-163.

T. Chinburg, Stark’s Conjecture for L-Functions with First-Order Zeroes at s = 0, Adv.
Math. 48 (1983) 82-113.

T. Chinburg, M. Kolster, G. Pappas, V. P. Snaith, Galois structure of K-groups of rings of
integers, K-theory 14 (1998), 319-369.

C. W. Curtis, I. Reiner, Methods of Representation Theory, Vol. I, John Wiley and Sons,
New York, 1987.

R. de Jeu, Zagier’s conjecture and wedge complexes in algebraic K-theory, Compositio Math.
96 (1995) 197-247.

C. Deninger, Higher regulators and Hecke L-series of imaginary quadratic fields. II. Ann. of
Math. 132 (1990) 131-158.

D. S. Dummit, Computations related to Stark’s conjecture, Contemp. Math. 358, 37-54,
Amer. Math. Soc., 2004.

W. G. Dwyer, E. M. Friedlander, Algebraic and étale K-theory, Trans. Amer. Math. Soc.
292 (1985), 247-280.

M. Flach, On the cyclotomic main conjecture at the prime 2, J. Reine Angew. Math. 661
1-36, 2011.

H. Gangl, A K-culator and (-lyzer: computing non-trivial elements in higher algebraic K-
groups, in preparation.

B. H. Gross, Higher regulators and values of Artin L-functions, Pure App. Math. Q. 1 (2005),
no. 1, 1-13.

A. Huber and J. Wildeshaus. Classical motivic polylogarithm according to Beilinson and
Deligne. Doc. Math., 3:27-133 (electronic), 1998. Erratum same volume, pages 297-299.

H. Jacobinski, On extensions of lattices, Michigan Math. J. 13 (1966) 471-475.

R. Lee, R. H. Szczarba, The group K3(Z) is cyclic of order forty-eight, Ann. of Math. 104
(1976) 31-60.

A. Levin, Kronecker double series and the dilogarithm, In: Number Theory and Algebraic
Geometry, London Math. Soc. Lecture Note Series 303, 177-202, Cambridge Univ. Press,
2010.

J. Neukirch, Algebraic Number Theory, Grund. Math. Wissen. 322, Springer Verlag, Berlin,
1999.

A. Nickel, Leading terms of Artin L-series at negative integers and annihilation of higher
K-groups, Math. Proc. Cambridge Philos. Soc. 151 (2011), no. 1, 1-22.

D. Quillen, Higher algebraic K-theory I, In: Algebraic K-theory 1, Lecture Notes in Math.
341, 85-147. Springer Verlag, Berlin, 1973.

D. Quillen, Finite generation of the groups K; of rings of algebraic integers, In: Algebraic
K-theory 1, Lecture Notes in Math. 341, 179-198, Springer Verlag, Berlin, 1973.

K. Rubin, Global units and ideal class groups, Inventiones math. 89 (1987) 511-526.

C. Soulé, K-théorie des anneaux d’entiers de corps de nombres et cohomologie étale, Inven-
tiones math. 55 (1979) 251-295.

A. A. Suslin, K3 of a field, and the Bloch group. Trudy Mat. Inst. Steklov. 183 (1990)
180-199. Translated in Proc. Steklov Inst. Math. 1991, no. 4, 217-239, Galois theory, rings,
algebraic groups and their applications (Russian).

J. Tate, Relations between K2 and Galois Cohomology, Inventiones math. 36 (1976) 257-274.
J. Tate, Les Conjectures de Stark sur les Fonctions L d’Artin en s = 0 (notes par D. Bernardi
et N. Schappacher), Progress in Math., 47, Birkhauser, Boston, 1984.

The PARI-Group, PARI/GP, versions 2.1-2.4, Bordeaux http://pari.math.u-bordeaux.fr/
H. Gangl, D. Zagier, Classical and elliptic polylogarithms and special values of L-series, In:
The arithmetic and geometry of algebraic cycles, Banff 1998, NATO Science Series C, Math.
and Phys. Sciences 548 561-615; Kluwer Academic Publishers, Dordrecht, 2000.



28 DAVID BURNS, ROB DE JEU, AND HERBERT GANGL

KinGg’s COLLEGE LONDON, DEPT. OF MATHEMATICS, LONDON WC2R 2LS, UNITED KINGDOM

FACULTEIT DER EXACTE WETENSCHAPPEN, AFDELING WISKUNDE, VU UNIVERSITY AMSTER-
DAM, DE BOELELAAN 1081A, 1081 HV AMSTERDAM, THE NETHERLANDS

DEPT. OF MATH. SCIENCES, UNIVERSITY OF DURHAM, DURHAM DH1 3LE, UNITED KINGDOM



