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Abstract: Hamiltonian formulations of general relativity employing null
hypersurfaces as constant time hypersurfaces are discussed. New variables
approaches to the canonical formalism for general relativity are reviewed.



John Stachel has contributed significantly to the study of many technical,
conceptual and historical problems in general relativity.  His hospitality
in Boston enabled me to start investigating this approach to Hamiltonian
general relativity. It is a pleasure to dedicate this paper to him.

Over the last fifty years the Hamiltonian formulation of general relativity
has been the subject of many investigations. These have been intimately
related to the study of initial value problems, cosmological models, asymptot-
ically flat systems, gravitational waves and more recently black holes. How-
ever, the principal preoccupation of much of the research in this area has been
the attempt to formulate a quantum theory of gravity. Attempts to con-
struct a comprehensive quantum theory which would naturally incorporate
gravity, such as M-theory [1] and its precursor supersymmetric string theory,
are currently being vigorously and profitably pursued. However, in the last
decade, there have also been significant advances in a new approach to the
canonical quantisation of general relativity. Research initiated by Ashtekar
in the 1980’s, and his introduction of new canonical variables, focussed at-
tention on connection rather than metric dynamics [2- 5].  Ashtekar’s re-
formulation of Hamiltonian general relativity encouraged the application to
gravity of techniques which had become well established in gauge theory.
Development of these ideas has led to the establishment of loop quantum
gravity and advances in a rigorous approach to a non-perturbative theory of
quantum gravity (for recent reviews see [6], [7]). This programme has gen-
erated a significant amount of new and interesting activity in the canonical
quantisation approach to quantum general relativity. Currently it provides
the weightiest complement to the ambitious M-theory programme.

The new variables canonical formalism, introduced by Ashtekar, can be
obtained by a complex canonical transformation from a geometrodynam-
ical approach to Hamiltonian general relativity.  Alternatively it can be
constructed, via a Legendre transformation, by starting with a complex, chi-
ral, first order Lagrangian [2-5, 31]. The new canonical variables are the
components of a triple of weight one vector densities and an so(3)-valued
connection on a three manifold. The Hamiltonian is a polynomial of low
degree but complex-valued. It is completely constrained. The seven first
class constraint terms appearing in it generate canonical transformations
corresponding to space-time diffeomorphisms and internal rotations. Their
Poisson bracket algebra is not a Lie algebra. In order to recover the real
phase space, and real general relativity, reality conditions have to be imposed.
However both the constraint equations and the reality conditions are low de-



gree polynomial equations. When the reality conditions are satisfied and the
real vector densities are linearly independent, the three manifold can be em-
bedded as a space-like hypersurface in a real Lorentzian four manifold. The
connection can then be interpreted as the self-dual part of the Levi-Civita
(spin) connection of the metric. The polynomial nature of the formalism,
together with the emphasis on connection rather than metric dynamics, have
suggested new developments in both classical and quantum theory. In re-
cent years, real Lorentzian and Euclidean connection based versions of the
formalism have been employed in the quantum gravity programme. However
only the (initially) complex formalism, which is geometrically natural in the
Lorentzian context, will be discussed in this paper.

A central aim of this paper is to review a version, based on null rather
than space-like hypersurfaces, of Ashtekar’s approach to classical canonical
general relativity [8-11]. Salient reasons for constructing the null hypersur-
face new variables formalism include the successful use of null hypersurfaces
in canonical formulations of field theories on Minkowski space-time [12], [13].
Of course, in general relativity space-time geometry is dynamical, not merely
flat and kinematical as it is Minkowski space-time. Hence it does not play
merely a background role. This gives rise to technical difficulties as well
as conceptual problems, such as the identification of observables and the
problem of time [14]. Nevertheless the use of null hypersurfaces has also
proven extremely useful in general relativity. Noteworthy and relevant here
are studies of gravitational radiation and asymptotically flat systems. Use-
ful comments on work using null hypersurfaces can be found in the recent
paper by Bartnik [15]. A key reason for the successful use of null hypersur-
faces in the study of field theories is that constraints arising in the relevant
characteristic initial value problems can be integrated more easily than those
arising in corresponding Cauchy problems. The true degrees of freedom can
be exposed more explicitly when null hypersurfaces, rather than space-like
hypersurfaces, are used.

Amongst the geometrical features which distinguish null hypersurface
based formulations from space-like hypersurface based approaches to Hamil-
tonian gravity, are the following. First, the geometry of null hypersurfaces,
unlike that of space-like hypersurfaces, is not metric. The singular metric
induced on a null hypersurface from the space-time has maximal rank two,
and the null geodesic generators of the null hypersurface are characteristic
vector fields of the singular metric. Connections are also induced onto null
hypersurfaces from connections on space-time, but they are not Levi-Civita



connections of a three metric. In the initial value or Hamiltonian formalism
the relevant structure group becomes the (4 real parameter) null rotation
sub-group of the Lorentz group, rather than the three parameter special or-
thogonal group. Partially as a consequence, the formalism can appear less
manifestly covariant than it is in the space-like case. The focussing effect of
gravity causes the null geodesic generators of null hypersurfaces to cross over
and to form caustics. At such points null hypersurfaces fail to be (immersed)
smooth submanifolds of space-time, [16, 17]. Generically, topologically sim-
ple null hypersurfaces, such as the null planes and null cones of Minkowski
space-time, are not available. Problems related to the differential and met-
ric structure arise also in the space-like hypersurface formalisms, but they
tend to be more overt in the null hypersurface case.

This paper will deal mainly with local aspects of canonical formalisms.
Thus hypersurfaces will be treated as sub-manifolds with a fixed differential
structure. Although the emphasis will be on local theory, it should be noted
that it is usually assumed (at least implicitly) in null hypersurface Hamil-
tonian general relativity, that the global context is one in which the null
hypersurface leaves of the space-time foliation are non-compact. It is also
implicitly assumed here that the condition of asymptotic flatness (or asymp-
totically cosmological boundary conditions) can be imposed, and that future
null infinity can be defined [18]. Normally here, fields are considered to be
defined on outgoing null hypersurfaces.

In the next section a brief review of research related to null hypersurface
canonical formulations of general relativity will be presented. This aims
only to provide a context within which the results of later sections can be
placed. It does not pretend to be comprehensive. The third section will
contain an outline of Ashtekar’s new variables Hamiltonian formulation of
general relativity. This will be presented in such a way that the similarities
to, and differences from, the null hypersurface based new variables formalism
are highlighted. It will suffice in this paper to consider details of the two
formalisms when there are no matter fields coupled to gravity. The null
hypersurface new variables canonical formalism will be discussed in the final
section. In particular a Hamiltonian system which is completely equivalent
to Einstein’s vacuum equations will be presented. The structure of the con-
straints and reality conditions will also be reviewed. Finally the space-time
interpretation will be outlined. The body of results on the null hypersurface
based new variables canonical formalism is neither as large, nor as developed,
as that obtained within the conventional framework where the level sets of



the time function are space-like. However the null hypersurface new vari-
ables Hamiltonian formulation is more complete than other null hypersurface
based canonical formulations of general relativity.

The notation and conventions of Ref [9] will be followed without major
exception. Lower case Latin indices i,j,k sum and range over 1,2,3 and indi-
cate components with respect to coordinate bases. Upper case Latin indices
A B sum and run over 1,2,3 and label components of so(3) Lie -algebra val-
ued valued geometrical objects. Lorentzian manifolds will have four metrics
with signature (1,-1,-1,-1).

1 Null hypersurface canonical formalisms

Dirac pointed out in 1949, [19], that it is physically natural to use a time
parameter with level sets which are null hypersurfaces. A particularly rel-
evant example of the use of this method of describing time evolution in
Minkowski space-time is provided by one approach to the canonical formal-
ism for source free Maxwell and Yang-Mills theory. This uses a first order
complex Lagrangian, with the potential (connection) and self-dual part of the
field (self-dual curvature) as field variables. A Hamiltonian is constructed
via a 3+1 decomposition of Minkowski space-time using outgoing null cones
or null hyperplanes. It incorporates many of the features which are encoun-
tered in the general relativistic null hypersurface new variables formalism,
some of which will be discussed in the fourth section. It is also sufficiently
simple that it can be carried out completely which, to date, is not the case
for general relativity. Consequently it is instructive to outline the results
in the case of the Yang-Mills field, with internal symmetry group a real n-
parameter semi-simple Lie group, [20]. A 341 decomposition of the first
order Lagrangian, using a null hyperplane foliation, leads by inspection to a
complex Hamiltonian defined on a null hyperplane. There are 2n first class
constraints and 4n second class constraints. The Yang-Mills field equa-
tions are equivalent to the constraint and evolution (Hamilton’s) equations.
The canonical transformations which correspond to the infinitesimal internal
gauge transformations are generated by the first class constraints. The first
class constraint algebra represents the internal symmetry Lie algebra. Sec-
ond class constraints arise because null hypersurfaces are being used. The
second class constraint equations relate physically redundant variables. So-
lution of these leads to the elimination of an equal number of canonically



conjugate pairs of phase space variables. On the resulting partially reduced
phase space there remain only the first class constraints, reflecting the gauge
invariance of the theory. An alternative and equivalent way of handling sec-
ond class constraints is to introduce Dirac brackets, either directly or via the
starred variables procedure of Bergmann and Komar, see e.g. [12 ]. This
can be simpler than solving the second class constraint equations directly
and is the procedure followed in [20]. There the complete reduced phase
space is realized as a Poisson space by gauge fixing so that all constraints
become second class. The Poisson structure on the completely reduced 2n
dimensional phase space is defined by the Dirac bracket and the constraints
can be set equal to zero in the Hamiltonian. The dynamics are determined
by the Dirac brackets of the 2n independent degrees of freedom with the
reduced Hamiltonian. The imposition of reality conditions enables the real
theory to be recovered and a reduced phase space quantization to be effected,
(for details in the similar but simpler case of the Maxwell field see [21-23]).
Early investigations of null hypersurface based canonical formulations of
general relativity were carried out mainly within geometrodynamical frame-
works and dealt with the vacuum equations; for example see [24-30] . Since
a null hypersurface time parametrization was used there were second class
constraints as well as the first class constraints associated with gauge free-
dom. They were non-polynomial in nature. These non-polynomial canon-
ical formalisms, their constraint structures and their dynamics, were not as
straightforward to analyse as had been hoped. The complete formulation of
the dynamics on the completely reduced phase space was not satisfactorily
achieved. Furthermore this work used as a coordinate t, a time function
with level sets which were assumed to be null hypersurfaces. Consequently
the inverse metric components g% were assumed to be zero. Hence the Ein-
stein equations, Gy = 0 could not be naturally derived, either in the 341
decomposed Lagrangian or in the Legendre transformation related Hamilto-
nian formalism. This research did however provide some useful technical and
conceptual insights. It suffices to mention here two significant differences
which were revealed between the constraint structure of spacelike hypersur-
face based and null hypersurface based canonical formalisms. Torre, using a
242 formalism in an investigation of a null hypersurface-based geometrody-
namical formulation, gave a particularly clear and comprehensive discussion
of these, [29]. In the space-like case the Hamiltonian is a linear combination
of first class constraints. In the null-hypersurface based case it was found
that, while the Hamiltonian is again a linear combination of constraints, not



all of them are first class. Furthermore in the space-like case the scalar con-
straint which generates time translations out of the hypersurface is first class.
However there are no compact deformations which map a null hypersurface
to a neighbouring null hypersurface. The choice of a null time parameter is
effectively a choice of gauge. As a consequence it was found that the scalar
constraint was second class.

The comparative tractability of constraints on null hypersurfaces, the
low degree polynomial nature of the new variables formalism first introduced
by Ashtekar, and the focus on connection rather than metric dynamics, sug-
gested that a new variables formalism based on null hypersurfaces might be
more successful than previous null hypersurface Hamiltonian constructions.
Unlike the Hamiltonian systems mentioned earlier, all the Einstein equations
arise naturally in the new formulation, [8-11]. This is achieved by adding
Lagrange multiplier terms to a Lagrangian density derived from the self-dual
first order Lagrangian mentioned above, [2-5, 31]. The corresponding Euler
Lagrange equations then include all the Einstein (and matter) field equations
plus equations which identify level sets of constant time as null hypersurfaces.
The Hamiltonian, obtained by a Legendre transformation, consequently also
contains all this information. It is completely constrained but not all the
constraints are first class. There are a large number of second class con-
straints as there always are in null hypersurface based formalisms. Analysis
of the constraint structure reveals it to be rather different from that of the
space-like hypersurface based Hamiltonian formalism. The first class con-
straints form a Lie algebra and the scalar constraint is second class. This is
a distinctive feature of this formalism; the Lie algebra can be interpreted as a
representation of the semi-direct product of the null rotation sub-group of the
Lorentz group and the diffeomorphisms within the null hypersurface. Both
constraints and reality conditions are polynomial of low degree. In addition
to the work on the vacuum case, coupled Einstein-matter systems have been
analysed by Soteriou, [20]. He extended the vacuum formalism to gravita-
tional systems which included scalar fields, Yang-Mills fields and Grassmann
valued Dirac fields. In the latter a two-component spinor formalism was used.
Such extensions are essentially unproblematic, as had previously been shown
in the space-like case, [5,32]. Boundary conditions have been examined,
[10], and some progress has been made towards the elimination of the second
class constraints, [11]. The construction of the completely reduced phase
space, [11], has yet to be completed as successfully as it has been in, for ex-
ample, the Yang-Mills canonical formalism discussed above. Consequently,
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the linearisation of the theory about a Minkowski space-time was investi-
gated, using both Minkowski null hyperplanes and outgoing Minkowski null
cones, [20], ( for a geometrodynamical formulation see [33]). In this case, as
might be expected, the programme could be completed along lines similar to
those outlined above for Yang-Mills fields in Minkowski space-time. Despite
the fact that not all problems have been resolved in practice, this canonical
formalism has been developed more fully than any other null hypersurface
based Hamiltonian formulation of general relativity; in part this is because
of its polynomial nature. In the first approaches to the null hypersurface,
new variables canonical formalism, [8, 9, 20], the full Dirac-Bergmann algo-
rithm, [12, 13|, was applied. A large phase space resulted. The framework
used was broad enough to ensure that the complete structure of the new
formulation could be properly analysed. Once this was clearly understood a
streamlined version, which employs only connection and vector density triad
components as canonically conjugate variables, could be used, [10, 11]. It is
that formalism which will be discussed in more detail in section 4.

In recent years there have been a number of other approaches to new
variables formulations of general relativity on a null hypersurface. These
include the application of multisymplectic techniques, as used in jet bundle
formulations of classical field theories, to the new variables null hypersurface
formalism. In this work the properties of multi-momentum maps and their
relation to the constraint analysis are discussed, [34, 35]. The Hamiltonian
formulation of general relativity on a null hypersurface has also been con-
sidered within the context of teleparallel geometry, [36]. Finally it should
be noted that a 2+2 (Lagrangian) formulation using new variables has been
considered by d’'Inverno and Vickers, [37]. This work focuses on the impor-
tant case of a double null foliation of space-time and their discussion mirrors,
to an extent, the null hypersurface new variables formalism. It includes a
discussion of the relationship between different formalisms.

2 New variables and spacelike hypersurfaces

Let M be a real three dimensional manifold with local coordinates z¢. Let
¥4, 0; be three weight one vector densities tangent to M, and let AZdz’ be a
s0(3) -valued connection 1- form on M with curvature 2-form R4. The new



variables Hamiltonian for vacuum general relativity can be written as
1 .
H= 9 / Pr(GNH + N, + BG,). (3.1)

Here N, N and B4 are Lagrange multipliers, with N a weight minus
one density. The canonically conjugate dynamical variables are taken to
be the pair (A, ¥%,) and the only non-zero Poisson brackets between these
variables are

{Af (@), D)} = 05676(z, y) (3.2)

The Hamiltonian density, Lagrange multipliers and dynamical variables can
be regarded as being complex valued so that the phase space is complex.
The scalar, vector and Gauss constraint equations are

H =i RIYLSL =0,

H; = —RAY, =0, Gy=—iD;¥, =0. 3.3
J—A

Here

1

R =
2

Rf;d:vi A ded — (@A}“ + ggcAfAjC)da:i A da?, (3.4)

D; is the covariant derivative of the connection A2 and € ,pc = €[aBc) with
€123 = 1. In the basis used the SO(3)- invariant metric is given by

nap = diag(—1,~1,~1). (3.5)

All these constraints are first class although the constraint algebra is not a
Lie algebra. Appropriately combined they generate canonical transforma-
tions corresponding to space-time diffeomorphisms and (small internal) gauge
rotations. They are transparently low degree polynomials in the canonical
variables. Dynamical evolution is determined by Hamilton’s equations

O 24 = {Eib H}>
0AN = (AN H}. (36)



When the vector densities ¥ are linearly independent they determine a
Riemannian 3-metric on M, with inverse metric

g7 = —v P S, (3.7)

where

V2 = —ig DY Yh, ((3.8))

In this case, on the four manifold MxR with local coordinates (¢, z*), the
tetrad of 4-vector fields

eo=v ‘N9, — N'9;) and ey = —iv '¥0; (3.9)

forms an orthonormal basis for a 4-metric with inverse eq ® ey +n*Pes ®@ e,
SO

0%/0s* = v P N20,® 0, — v 2N 2N (0, ® 0; + 0; ® 0;)
+ %(V‘2N‘2NiNj — v P S0, ® 0, + 0, ® ;). (3.9)
The volume 4-form is v2Ndt A dzt A da?® A dx3. The 1-form,
' = Adx' + BAdt, (3.11)

corresponds to the self-dual part of the Levi-Civita (spin) connection of this
metric. The constraint and evolution equations given above then corre-
spond to Einstein’s vacuum equations for the metric. The pull back of
the curvature of this connection, to a leaf of the foliation by level sets of
t, can then be identified with the 2-form R“. Real Lorentzian general rel-
ativity can be recovered when polynomial reality conditions, given by re-
quiring that ¥4%%5n4% and {24%%5nA8 H} be real, are imposed on the
phase space variables. Agreement with the standard ADM geometrodynam-
ical version of Hamiltonian relativity follows when the constraint, evolution
and reality equations are satisfied. The standard geometrodynamical field
variables can then be identified with the three metric g;; (with Levi-Civita
s0(3)-valued connection v{'dz?), and the symmetric extrinsic curvature ten-
sor K;j = —v* gikZﬁ(A]A +'yf1), on a space-like hypersurface given by a level
set of ¢,[2-5].
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3 New variables canonical formalism for gen-
eral relativity on a null hypersurface

In the new variables, null hypersurface Hamiltonian formalism, presented in
Ref [10], the canonically conjugate phase space variables are again defined
by the components of a triple of weight one vector densities ¥4 and the
components of an so(3) valued connection one form A4 on a three manifold
M. The Poisson bracket relations are given as in Eq (3.2 ). The complex
Hamiltonian is, however, now given by

H = /d%(NH + N"H; — BG4 — 1:C* — pa?), (4.1)

The functions N (a scalar density of weight one), N, B4, vt u; and p are
treated as Lagrange multipliers and

H = V(RS + R = vy,
H; = —RiY,, Ga=Dy(S)),
C'=3, +av'. (4.2)

The evolution equations are given by Hamilton’s equations, as in Eq (3.6).
The Hamiltonian density is a linear sum of the product of Lagrange mul-
tipliers with terms which all vanish when constraint equations and multiplier
equations are satisfied. The constraints, C° = 0, a® = 0, and the mul-
tiplier equation u;v¢ = 0, arise from Lagrange multiplier terms originating
in the Legendre transformation related Lagrangian formalism. Added to
a chiral Lagrangian for Einstein’s vacuum equations they ensure that this
is a correctly set null hypersurface based formalism, and that the canonical
formalism contains all the Einstein gravitational (and, when present matter)
field equations. Here « is not treated as an independent dynamical variable;
to do so would merely result in further trivial second class constraints which
would lead to its ultimate elimination from a reduced phase space. It is
set equal to zero after Poisson brackets have been computed. Its vanishing
mirrors the fact that this is a null hypersurface based formalism and im-
plies, together with the constraints, C* = 0, the vector density degeneracy
condition, ¥4 = 0. The latter condition mirrors the degeneracy of a basis
of self-dual 2-forms pulled back to a null hypersurface in space-time. The
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second multiplier equation above, u;v¢ = 0, is required in order to obtain all
the Einstein equations from the formalism. It arises naturally from the La-
grangian formalism. The vanishing of ¢;, the coefficients of the multipliers
Nv¢, results in three constraint equations. The scalar, vector and Gauss con-
straint equations are given by H =0, H;=0 and G4 = 0, as in section 3. It
can be seen from the above that H =v'¢; and X} ¢; = Z4H,. Hence there are
eleven independent constraints above. Propagation of the constraints lead
to secondary conditions on Lagrange multipliers. An important example of
the latter, exemplifying differences from the results of section 3, follows from
the propagation of C* = 0, that is evolution of the vector density degeneracy
condition. This leads to three secondary conditions on the multipliers v*
and B3, given by

X' = 2068 D{NoIS (9404 + 6360} — 243NIS] - Byl =0, (4.3)

The eleven constraints comprise six second class constraints and five
first class constraints. The independent first class class constraints can be
identified with

Gi=0; Go=0; H,=H, — APD;(¥%) = 0. (4.4)

There are 18 phase space variables, 6 second class constraints and 5 first
class constraints. Consequently, at each point of M, there are 2 independent
degrees of phase space freedom. The canonical transformations generated
by the constraints functions G; and G, correspond to self dual null rotations,
reflecting the fact that the formalism is chiral (self-dual), complex and null
hypersurface based. The constraints H; generate diffeomorphisms in M. The
scalar constraint is second class. A null hypersurface time gauge is effectively
set within the formalism and the problem of time does not appear in the way
it does in the space-like formalism. The algebra of first class constraints is a
genuine Lie algebra, in contrast to the spacelike based formalism in section
3. The formalism is again polynomial.

As was the case in the previous section, when a non-degeneracy condition
is satisfied, the constraint, evolution and multiplier equations are equivalent
to the Einstein vacuum equations. More explicitly, when the weight one
vector density fields tangent to M, v'd;, 3¢ 0;, ¥.10;, are linearly independent
so that

1/2 = ZﬁvjE'?fgijk (45)
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is non-zero, a (non-degenerate) four metric can be constructed on MxR. Its
inverse is given by

0*/0s* =eg@e 4+ e1 ® ey —ea @ ez — ez @ ey, and (4.6)
1/262/882 = —2aN‘20t ® 8,5 + (QO{N_2Ni — NZ’l)(at X 81 + 81 X at)
+ (aN2N'N7 — 'S, — NN (0, ® 0, + 0, ®9;).  (4.7)

Here the natural basis of vector fields is a null tetrad given by

eo =v N9 — N'9), e = —av 'N'9 + (av 'N'N' — 7155,
ey = v IV'0;, e3 = —v 1840, (4.8)

and the volume 4-form is —iNv2dt A do' A da? A dz3. When a = 0, the
level sets of ¢ are null hypersurfaces and the null tetrad (and its null co-
frame) is adapted to the null hypersurface foliation with e; tangent to the
null geodesic generators of the null hypersurfaces. The connection 1-form,
given as in Eq (3.11), is the self-dual part of the Levi-Civita (spin) connection
of the metric. When the remaining multiplier equations, the constraint and
the evolution equations are satisfied, the metric satisfies Einstein’s vacuum
equations. Real relativity can be extracted from the complex phase space
description by imposing appropriate polynomial reality conditions, [9, 20]. It
suffices to record here that vi can then be chosen to be the complex conjugate
of 3%: ¥ v and N can be chosen to be pure imaginary; finally N’ can be
chosen be chosen to be real. The null tetrad then satisfies the standard
reality conditions: ey and e; real, e; and e3 complex conjugates.

Starting from the Hamiltonian formalism the properties of the constructed
space-times emerge from those of the phase-space geometry. The form of the
Hamiltonian determines whether M should be embedded in a space-time as
a space-like or null hypersurface. Space-time properties such as asymptotic
flatness, and hypersurface related properties such as crossovers and caustics,
arise from solutions of the differential equations of the canonical formalism
subject to boundary conditions. The latter have not been discussed in this
paper but extension of this work to include fields on future null infinity and
hence a complete global formulation is, in principle, straightforward, (c.f.
calculations by Goldberg in a geometrodynamical framework in Ref [28] and
discussions of boundary conditions in Ref [10]). The formalisms discussed in
sections 3 and 4 encompass theories which may be real or complex and which
allow the possibility of degenerate inverse metric densities. The latter arise
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when v? = 0 and can be identified with the expressions for v?9%/9s? in Eq
(3.9) and Eq (4.7). This possiblity has been discussed in the spacelike case,
e.g. in [38], and merits investigation in the null hypersurface formalism.

In order to obtain a complete and satisfactory canonical formalism the
constraints must be solved and Dirac brackets calculated in one of the ways
indicated in section 2. The progress that has been made in this area ([10],
[11]) indicates that the canonically conjugate reduced complex phase space
variables are AZ and X%, with B = 3 and D = 3. In the linearised theory the
imposition of the reality conditions, and the complete fixing of coordinate and
gauge freedom, leads to the breaking of the chiral nature of the formalism.
The completely reduced phase space and final Hamiltonian are real and the
Poisson structure is provided by the Dirac bracket. These calculations,
by Soteriou, [20], support the conclusion that, after removal of the gauge
and coordinate freedom, the two real degrees of freedom on the completely
reduced phase space can be identified with the real and imaginary parts of
the connection component A3. The latter has a spacetime interpretation as
the shear of the null hypersurface geodesic ray generators. Work in progress,
on the geometry of null hypersurfaces and connections with values in the Lie
algebra of the group of null rotations, may help clarify these matters.

The approach to the new variables, null hypersurface canonical formalism
presented above incorporates the components of a self-dual connection as
dynamical variables. The Lagrange multiplier techniques used in [9-10]
could also be employed to develop a complete, real, null hypersurface based,
geometrodynamical canonical formalism. It would expected that this would
be related to the above by a complex canonical transformation.

I would like to thank Lee McCulloch, Chrys Soteriou and Josh Goldberg

for useful comments.
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