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Abstract:

Generalized differential forms of different types are defined and their al-
gebra and calculus are discussed. Complex generalized p-forms, a particular
class of type two generalized forms, are considered in detail. It is shown that
Einstein’s vacuum field equations for Lorentzian four-metrics are satisfied if
and only if a complex generalized 1-form on the bundle of two component
spinors is closed. A similar result for half-flat and anti self-dual holomorphic
four-metrics is also presented.



I. INTRODUCTION

Recently the algebra and calculus of generalized differential forms have
been developed and examples of their physical application have been presented®?2.
This paper contains a self-contained extension of this work and an applica-
tion of it to Einstein’s vacuum field equations. Earlier work concentrated on
the presentation of generalized forms corresponding to ordered pairs of of or-
dinary p- and p+1- forms. In this paper, a broader framework is introduced
which includes those forms as a particular case. This new framework is
constructed by introducing the concept of generalized p-forms of type N (N
a non-negative integer) on an n-dimensional manifold M. Ordinary p-forms
become generalized forms of type N = 0, and the generalized forms corre-
sponding to ordered pairs become generalized forms of type N = 1. Forms
of type N can be represented by 2¥—tuples of ordinary differential forms,
where —N < p < n, and satisfy an exterior algebra and calculus which is
a direct generalization of that satisfied by type N = 0 and N = 1 forms.
As in the case of type 1 forms, forms of negative degree are admitted when
N is positive®*. The new framework naturally extends the one presented for
type N = 1 forms in Refs. 1 and 2. It encompasses the extension briefly
mentioned in Ref. 1.

In Sec. II the algebra and calculus of generalized differential forms of
type N are defined. The definitions are presented in a recursive fashion
so that they are similar, in general form, to the definitions previously given
for type N = 1 generalized forms. Three different representations of general-
ized forms and their algebra and calculus are presented, including a matrix
representation. While each of these representations has its uses, the main
representation of type N forms used throughout the paper will be in terms
of 2NV —tuples. Local definitions of generalized connections are presented,
and on manifolds with metrics the Hodge (star) operator and duality, the
co-differential and Laplacian for type N forms are defined. These defini-
tions are the standard ones for N = 0 (that is ordinary) forms®, and agree
with the ones given in previous papers for N = 1 forms'2. Forms of type
N can always be regarded as special cases of forms of type N where N <N
but this may not always be the most efficient point of view. In Sec. III the
basic algebra and calculus for the particular case of type N = 2 generalized
forms are presented in more detail and in terms of ordered quadruples of
ordinary forms. The formulae here include results needed in the next sec-
tion. They also illustrate in detail the difference between results for N = 2



forms and results for N = 1 forms obtained previously. The fourth sec-
tion is devoted to a discussion of Lorentzian four-metrics and the condition
of Ricci flatness. First the representation of the metric geometry via the
Cartan structure equations for ordinary forms, including a two component
spinor version, is reviewed. Then, by using that formalism, the condition
for a four-metric to be Ricci flat is formulated as the requirement that a
generalized one-form, defined on the bundle of two component spinors over
a four dimensional manifold, be closed. Although the focus is on Lorentzian
four-metrics it is clear that a similar result hold for four-metrics of all signa-
tures. Half-flat four-metrics are also considered. The condition for a metric
to be half-flat is re-formulated as the requirement that a generalized 1-form
to be closed. The holomorphic anti-self dual case is considered explicitly but
Riemannian and ultra-hyperbolic four-metrics can be dealt with in a similar
way. These results can be viewed as giving a geometrical interpretation of
Ricci flatness for four-metrics. They also provide an illustration of the rela-
tionship between half-flat metrics and Ricci flat, but not necessarily half-flat,
metrics.

Most of the considerations in this paper are local in nature. Emphasis
is placed on the algebra, calculus and local geometry rather than the global
geometry. The letters over the forms indicate the degrees of the forms and
whenever these degrees are obvious they will be omitted. By standard
convention, ordinary p-forms (that is of type N = 0) with p negative are
zero.  Where it is helpful a subscript will be used to denote the type of
the form. Usually bold Latin letters will be used for generalized forms and
normal Greek letters for ordinary forms.

II. GENERALIZED FORMS OF DIFFERENT TYPES

In this section generalized forms of different types will be defined and
their exterior algebra and calculus will be discussed. The properties of
generalized p-forms can be defined recursively (on N), using definitions which
are formally similar to those for the special case, where N = 1, discussed in
Refs. 1 and 2. Here, using the terminology of Ref. 1, the left exterior
product and left generalized derivative will always be used. While a few
examples are given in this section a more extensive collection is presented in
Sec. III.

The module of generalized p-forms of type N = 0 is defined to be the
module of ordinary p-forms on M, A}, with the usual exterior product and
exterior derivative. Then the module of generalized p-forms of type N, A%,



is defined as follows. For N > 1, a generalized p-form of type N, Ay € AR, is
defined to be ordered pairs of generalized p- and p+1-forms of type N — 1

p p p+1
ay = (aN—la a N—1)> (1)

where N is any integer greater than or equal to one.
Hence forms of type N = 1 are ordered pairs of ordinary p- and p-+1-

forms forms, for example a; = (&,pal) € A xAF™ as in Refs. 1 and
2. Forms of type N = 2 are ordered quadruples of ordinary p-, p+1-
1 1
,p+1-and p+2-forms. For example, let Ay = (ghp; 1) where A, = (&,p:)rz )
1 ptl pio

"A 1= /év,pa ), then ay € AL is given by

p p p+1 PO pyo » P+l p+1 2.

a = (o, a, i, a) € A x AJT X AT x A (2)

More generally, a p-form of type N will correspond to an ordered set of 2V
ordinary g-forms, with —N < p < ¢ < p+ N. Non-zero entries occur in the
2N _tuple only when 0 < ¢ < n since, as mentioned above, any ordinary form,
gz,with q negative is zero. Forms of type N; are naturally included in forms
of type Ny when Ny < Nj.

The exterior product is extended from ordinary forms to forms of type

p pt1 qa+1
N > 1 as follows. Let ay = (ay_1, a y_1) and bN = (bN 1 b N_ 1) be a

p-form and a g-form of type N > 1. Then the exterior product of ayand
q
byis the p+q-form of type N defined (recursively) by

q+1 p+1 q
aN/\bN—(aN 1/\bN 1,aN 1/\ bN 1+( 1>an 1/\bN_1). (3)

q
The exterior product satisfies all the usual rules, in particular gN Aby =

(—1)pqu;N Aay. Furthermore, it follows that when p+q < —N, the exterior
product is zero.

The exterior derivative, d : A% — A% is defined in the usual way for
N = 0 forms, and when N > 1 by

p+1 p+1

dgN = (dgN_l + (—1)p+1]{?N a N— 1,d a N— 1) (4)

where ky is constant.



When dayis expressed in terms of ordinary forms it contains the con-
stants ki, ko, ...kxy. These will all be assumed to be non-zero unless it is
stated otherwise. This exterior derivative also satisfies all the usual rules,

in particular d®> = 0, and d(SN A lq)N) = day A lq)N + (—1)1”5]\; A dlz)N.

The above representation of the algebra and calculus of generalized forms
will be the main one used in this paper. However it is appropriate to note
here two alternative representations which can be useful. In the first of
these type N forms of degree minus one, (i,....(y, which are required to
satisfy all the usual rules of exterior algebra and calculus, together with the
two conditions

A ACy #0, d¢p=ky, IT=1..N, (5)
are introduced.! Then a generalized form of type N, ay = (SN_l,pglN_l),
can be identified with

1
A No1 A Cw,s (6)

ay =ay_; +
and it follows that the exterior product and derivative agree with Eqgs. (3)
and (4). For example, it follows from Eq. (5) that

+1 +1
pa N—1+ dpa N_1 NN (7)

day = day_1 + (—1)" ky
The recursive use of this identification can be illustrated by using the example

. : w1 Pl peo :
of an N = 2 form given above. In this case 52 = (54, o e ,pa ) is identified

p ptl 2
with Ay = ala ACi+ A Al +"a AG AG. Tt should be noted that while

the identification continues to be unambiguous when N > 3 the relationship
between the ordering of the forms in the two types of representations is not
as simple as it is in the N < 2 cases.

The second of the alternative representation is in terms of matrix valued

forms and is again defined recursively. Here the generalized form Ay =

+1 . ) ) ) . )
(SN_l,pa ~N—1) is identified with a 2x2 matrix, [SN], with entries that are

forms of type N — 1,

[SN] _ [ aN—-1 a N-1 ] ' (8)



q
Exterior multiplication of generalized forms gNand by,as in Eq. (3), corre-

q
sponds to matrix multiplication of [ay] and [by]. The matrix representation
of the exterior derivative, given by Eq. (4), can be identified by using the

2% 2 matrices
1 0 0 O
s=[o A ][ 0]

and the bracket, {A, B}, of 2x2 matrices defined by
{A, B}, = AB + (—1)"BA.
Then the matrix corresponding to dgNis given by

[day] = Sd[ay] + { K, [an]}ps1. 9)

Using the definitions recursively it follows that a generalized form of type
N is identified with a 2V x 2% matrix with entries which are ordinary forms.

o P p p+l PHL pyo .
For example if ay = (o, a, A&, « ), as above, then the 4x4 matrix repre-

sentation of &y is given by

o e
p+1
Boj= |0 (a0 (=1 A | (10)
0 0  (=1Ph (-1
0 0 0 a

The Poincaré lemma for generalized forms of type N2 1 can be obtained

by straightforward calculation.
P p+1

Theorem 1: Let SN = (ay_1, a y—1),with N2 1, be non-zero and closed,
so that dgN = 0. Then

(a) day = 0 if and only if by = 0 for all 1,1 < I < N, and ay =
(0, ...... ,0, ¢) where c is a non-zero constant;

(b) if p> —N +1, daljv = 0 if and only if either a?v is exact or k; = 0 for
all 1,1 <1 < N, and all the ordinary forms in the 2¥-tuple are closed.

(¢) When ky is non-zero, dal;v = 0 if and only if gNis exact.
1 p—1 p—1
Furthermore, "a No1 = (—1)pk]§,ld:gN_1and :gN =d b ywhere by =

(0, (—1)”]{:;,1231\7_1)—1— 1(7:_1\}, for any closed form Ié_]\}

6



Hence the de Rham cohomology determined by generalized forms is trivial
unless all the constant k’s are zero in which case the standard de Rham
cohomology applies. These ideas can be straightforwardly extended to other
differential operators. For example, suppose M is a complex manifold and 0
and 0 are the usual Dolbeault differential operators on ordinary differential
forms. These operators can be extended to operators acting on generalized
forms by, for example, defining

¢ =1y, O =my (11)
l[ +my = k?[, I = 1N,

where [; and m; are constants, and replacing d and ky in Eq.(5) by 0 and
Ix (respectively 0 and my) in the obvious way. The nature of the Dolbeault
cohomology determined by generalized forms, and the cohomology associ-
ated with the real operator d¢ = i(0 — d) will clearly be determined by the
vanishing or non-vanishing of the constants m; and m; — ;.

Let V' be a vector field tangent to M. Then the inner product of V' with

. +1 . .
a generalized p-form gN = (gN_l,pa ~N—1) is defined in the usual way for

N =0 forms. For N > 0 it is defined to be zero if p= —N and if p> —N it
is defined to be the generalized (p-1)- form

A ). (12)

The Lie derivative of ayis defined to be the p-form

Viay = (V]ay_1, V]|

Lyay = V|day + d(V]ay). (13)

It follows from this definition that
A ). (14)
Let G be a Lie group and let G the Lie algebra of G. Generalized G-
valued connection 1-forms and curvature 2-forms of type N are defined in
a similar manner to ordinary connection 1-forms and curvature 2-forms.!6
However the ordinary forms are replaced by generalized type N forms. Here
only the local definition of curvature is given. The appropriate geometrical
setting for a global formulation needs further investigation. Let Ay be a
generalized connection 1-form, of type N, with values in G. The curvature
2-form of this connection is defined by the usual type of formula to be

LVSN = (LVgN—bLV

1
Fy=dAy+3[Ay, Ayl (15)

7



Hence if the commutation relations of the Lie algebra G are given by
[Xj7 Xk] = C]Zk:XZ
andif Ay = A% X;, where A}, are generalized 1-forms, then if F y= F'y X,
i i Lo aj

A generalized connection, Ay, determines a generalized covariant exterior

p
derivative,D. Let by be any G-valued generalized p-form of type N, then

p p p
Dby = dby + [Ay,by]. (17)

As an example of a generalized connection, consider affine generalized
connections with structure group G= IGL(n) and Lie algebra G. The gener-
ators, X°, of G satisfy the commutation relations

[(Xa, Xo] = 0, [ Xy, X = 62X, [X5, Xg] = (63 X5 — 0;X7).

The generalized connection 1-form A y and curvature 2-form F y are given
by
Ay = ey X, + T3, X0 Fy = T3 X, + Fi, XL, (18)

where e}, is a moving co-frame of generalized 1-forms on M, and I'§;, and
the pair T4, F%, are respectively generalized 1-forms and 2-forms on M.
The lower case Latin indices range and sum over 1 to n. Computing the
generalized curvature, as above, gives the Cartan structure equations. The
first and second generalized Cartan structure equations are

T4 = defy — ey AT iy, = dDy, + T AT, (19)

where T is the generalized torsion and F%;, is the generalized curvature of
the generalized affine connection I'%;,.
Next consider an oriented manifold M with a metric g of signature (r,n-r)

so that a Hodge star operator, duality, co-differential and Laplacian etc for

generalized forms, ay = (SN_l,pgl ~N-1), of type N can be defined. The sign

conventions of Ref. 2 are again used so the definitions and results below agree
with the ones in that reference when N =0 and N = 1. The definitions are
again recursive in nature.



The (Hodge) star operator,x : AY, — A,” N and dual for generalized

forms are defined as follows. For N = 0, *a]fo = *5, where * denotes the usual
Hodge star operator on ordinary forms, and for N > 1,

ay o xay = ([—1]7HN *aﬁ\;r_ll,*a]\f_l). (20)

This definition gives, as the dual to a type N generalized p-form, a generalized
(n-p-N)-form. It follows that if § = (—1)""™T7=" then

ook ay = 5(—1)NPay = Ay, (21)

where Ay depends on N and, as usual, n, p and the signature of the met-
ric. The possible eigenvalues of x are +\y, where in fact A\y = 1 or i.
This agrees with the standard result for ordinary forms and the previously
obtained expression for N=1 forms. With the above sign conventions, a
generalized p-form is said to be self-dual if *SN = A NgN, and anti self-dual

if *a]?\; = -\ NSN. It is straightforward to see that necessary conditions for
a generalized p-form to be either self-dual or anti self-dual are that when N
is zero or an even integer, the dimension of M, n, must be be even, when N
J’_
is odd n must be odd, and that p = ”;.N. In fact *SN = —)\NgN if and only
n—N n—N
if aZ;V = (a]\?_l, Ay * aNQ_l).
Now

q q+1 q g+1
P P p p+1
ay A ‘kbN = ([—1]”+Q+NaN_1 AN *bN—b ay_1 N *bN_l +any_1 A *bN—l)-

The simplest definition of a symmetric inner product of two generalized p-

p
p . . . .
forms ay and by is given by the usual expression for ordinary forms when

P
N=0, <gz, ﬂ> , and recursively, when N> 1, by

D D 1 p+1
<5N7 bN> = <5N—1>bN—1> + <p; N—1>bN—1> . (22)

This inner product is positive definite for a Riemannian manifold and can be
used in the construction of Lagrangians. (As was noted in Ref. 2, alternative
definitions may also be useful.)



A co-differential operator & : A%, — AE!, by ay — day is defined recur-
sively as follows. If & = (—1)"~"1 then

day = (—1)NPDE x d x ay. (23)
This definition agrees with the definition for ordinary forms, and the previ-
ously presented definition for N = 1 forms, and implies that

Shy = (6an_1, 08t + (—1)Pkyan_1). (24)

.- . —N .
From these definitions it follows that 6 = 0,and day = 0. If aZ;V is co-closed,
that is 5al;v = 0, then in a result analogous to the Poincaré lemma above, it
is co-exact, that is it is the co-differential of a generalized (p+1)-form.

1
Theorem 2: 1f SN = (gN_l,pg ~—1) and 5a€v =0, then if —N < p <

: p 1.1 5PHL p p+l
n — 1, and ky is non-zero, ay_; = (—1)’*'ky 6 a y_jand ay = dby,where

p+l 1 1 1
by = ((—1)1”“/{:]}121%_1, 0)+1(7:J]rv, for any %JJFV which is co-closed. Furthermore,

day = 0 if and only if ay = 0. Any type N form, with p=-N, is both co-
closed and co-exact.

When M is compact without boundary, the condition, (day,by) = (ay, dby) ,
for this co-differential operator on generalized forms to be the adjoint of d,
holds.

A Laplacian for generalized forms, A : A%, — A%, is defined to be A =
dé + od.

Computation, with the choice of signs made in this paper, gives the simple
expression, in agreement with the previously presented N=0 and N=1 cases,

Aalzv = (Aa]\lf)—l + ]{5]2\73]\];_1, Aal;;r_ll + ]{5]2\781;\—;__11) (25)

It follows from this that &y is a harmonic generalized form, that is Ady = 0,
if and only if Aay_; + k:]z\,a]\?_l =0, and Aal;;r_ll + k:]z\,al;;r_ll = (0. That is, a
generalized form is harmonic only when its constituent ordinary forms satisfy
a Klein-Gordon type of equation with a “mass squared” term given by k%.
The choices of signs in the above definitions have been made in order to
make generalized forms eigenforms of the operator x*, to give a definition
of & which was simply related to the definition for ordinary forms and to
ensure that the Laplacian on generalized forms was computable in terms of

10



the Laplacian, not some other second order differential operator, acting on
ordinary forms.

IIT. GENERALIZED FORMS OF TYPE N=2

In this section aspects of the algebra and calculus of generalized forms of
type 2 will be considered in more detail and further applications of the results
in Sec. II will be presented. Henceforth the generalized forms considered
will be mainly of type N = 2, so the subscript N = 2 will be omitted in the
remainder of the paper. As will be seen there is a loose analogy between
going from real numbers to complex numbers to quaternions and going from
ordinary forms to forms of type 1 and forms of type 2.

A. Basic algebra and calculus

As was noted in Sec. II, a generalized p-form of type 2, a, (-2< p < n),
is an ordered quadruple of ordinary p-, p+1-, p+1- and p+2- forms; that is

. p . . p p p+l p+1 Pl pio
since a is an ordered pair of the type 1 forms a; = (o, a )and 'a; = (&, o)

p __ p p+l PEL pio
a= (o, a, o, a).

. : -2 0 0 .
A minus two-form is an ordered quadruple a = (0,0,0,«), where « is a
. . . -1 0o O
function on M, and a minus one-form is an ordered quadruple a = (0, o, &

,éz), where & is an ordinary 1-form on M and ooz, ,?)z are functions on M. A
generalized p-form of type 2, given by a quadruple ((];Dv, 0,0,0), will be iden-
tified with the ordinary p-form & Consequently a function on M, ooz, will
be identified with the generalized O-form (84,0,0,0) while the quadruples
(0, ooz, 0,0), (0,0, ooz, 0) and (0, 0,0, ooz) respectively define two linearly indepen-
dent generalized minus one-forms and a minus two-form. Just as an ordi-
nary p-form & is naturally included in the generalized p-forms of type 2 as
(gz, 0,0,0), a generalized p-form of type 1, (gz, p51)7 can be naturally included

. : p ptl
in the generalized p-forms of type 2 as (o, a ,0,0).
p pt1 Pt pio q g+l g+1 ¢42

q
If 4 = (,’a, fr,ya) and b = (8, 6, B, B ), then the generalized
exterior product and the generalized exterior derivative, d, defined in section
two, are given in terms of ordinary forms by :

11



q p+q+1
D p+qa _ p+g pt+g+l ptq+2
AN b="c = ( Y, 0 ﬂ y )7

q
=& B, (26)
q+1 q
PEAN AN B + (1) AR,
A | p+l g
Ao=an B +(=1)1 & NS
q+2 q+1 p+1  g+1 q
PP BN B + (—)TTAA B (1) A AB + (—)TE AB,
and
p+2
dh="¢= (3 H T,
prl 1P+ P pr1y P
v —d@+( Pk ac + (=1)P ke A,
PP S ()P (27)
p+2 p+1 9
Ao=d ph+H(-1k"a
p+3 B dp+2
@]

The ordinary forms (and manifold) may be real or complex and a bar over
ordinary forms denotes the usual complex conjugate.

p
The conjugate of 5, denoted a , is defined to be

Pl pp1 py2
(@ A, a,—a) (28)

p+1
The generalized form is sald to be self—conjugate a= a when & is real, A is
+2
the complex conjugate of & and a is a purely imaginary ordinary 1-form.

(Hence1fa-a+ & A CH+ /x /\C’—i—er ACAC, with dC =k, dC = k the

conjugate is just the obvious complex conjugate.)
The Poincare lemma of Sec. II can be written in the following way for
type 2 forms.
1Pt pio
Proposition 1: If A= (p pa . ya! ,p+ ) is closed, so that dA = 0, then

(a) (—1)rda klpal+k2 /)47

12



p—1
(b) ais exact, and & = d b —d'c , where b = (—=1)Pk; (0,0, & p(J;rvl) and

-1 p+1
c = (_1)pk1— (O7a707_ /d)
The second equality in (b) illustrates a consequence of the freedom to

p—1 -1
add the exterior derivative of a complex generalized (p-2)-form to b or 'c.
-1

If & is self-conjugate then b is the conjugate of ” c.
B. Matrix Lie groups
Next consider Lie groups and Lie algebras, for simplicity matrix Lie
groups. In the present context, and following Ref. 1, it is natural to asso-
ciate with a Lie group G the semi-direct product of G and Lie algebra-valued
forms (viewed as the direct product of additive abelian groups). Define the
(associated) Lie group G by
11 2
G={ala=qal,A, A A}, (29)

1

11 2 1 2 12
all,A, A A) = (,0,0,0) A (1, A, A A) = (o, A, a0 A, aA),

where a is a complex generalized 0-form, a belongs to the Lie group G, with
11 2
identity 1, and A, A, A are ordinary forms with values in the (matrix) Lie

algebra of G ( or more generally H, where G is a sub-group of H).
1

112 1
The product of two elements of G, a = a(1, A, A,A)) and b= 3(1, B, B
2
, B) is given by the above rules for exterior multiplication, andisc =aAb =

11 2
af(1,C, C, C), where

1 1
C= B+3AB,
£ = B3 A8
C—B+3 AR+, (30)

where
2 1 1 1 1
L=p3"ABANB—(ABN B.
Here, in order to ensure that the ordinary forms take values in the Lie algebra
1 11 1
of G, it is henceforth assumed that A= cA, B= cB, where ¢ equals one if
2

necessary. Hence in the following, L = 0.

13



1 1 2

The inverse of a is a™! = a (1, —aAa™!, —cada™!, —aAa™!) and the

identity is (1,0,0,0). Left fundamental 1-forms, denoted 1, are formally
defined by

> w

12 2
1= a_l/\da:(A,A, AN,

1 1
A= Oé_ldOé — (k‘l + Ck‘g)A,
2 1 11 2 11
AN=dA — (ky + ck))ANA —kyA+a tda N A+ AN a tda, (31)
2 1 11 2 1 1 1
A= c(dA — (k1 + cko) AN A) + k1A + c(a”'da N A+ ANa™'da) + de A A,
3 2 2 11 2 2 2 11
AN=dA+ (k) +ck)(ANA—ANA) +a ldaNA—ANa lda+de N AN A,
and 1 satisfies the Maurer-Cartan equation
dl+1A1=0. (32)
In the special case where o = 1, k1 4+ cky = —1, and c is constant,
1 2 2 2
l=a'Ada= (A F — kA, c[F+c 'k A],DA), (33)
where here,
111
F=dA+ ANA,
2 2 1 2 2 1
DA=dA+ANA—-ANA. (34)

C. Connections

The following is an outline of the basic formulae for type 2 connections
and curvature. As in Sec.Il, a discussion of connections in terms of bundles
will be avoided here by working locally with type N = 2 forms on M. Let

the generalized connection and curvature forms on M be given by A?! =
12

2 3 2 3 3 4
(o, o, A, at), F = (FYFY, £ F"). Then it follows from Eqgs. (18) and

14



(19) that

F'=da’ + 5050 NoF kol + ks A

3 2 3

F'= Da' + ke,

Fi=D A —ko, (35)
4 3 2 2

Fi= Dai—i—C;-kaj/\ o

Here D denotes the (formal) covariant exterior derivative of a G-valued or-
1

dinary differential form with respect to the ordinary G-valued 1-form o;

1 p

DB' = dp' + Ciya? A B~

Generalized gauge transformations, following Ref.1, are determined by
generalized 0-forms on M with values in the Lie group G, as above. The
gauge transformations determined by, a, an element of G, as in Eq. (29),
are given by the standard formulae

A — (aVda+ (a')Aa,
F — (a~!)Fa. (36)

It should be noted, for example, that although it appears in the above expres-

sions as if & in the above equations can be regarded as a connection 1-form,
it does not necessarily transform, under generalized gauge transformations
in the same way as an ordinary connection transforms under ordinary gauge
transformations. Consequently the appropriate non-local geometrical for-
mulation and application requires further investigation, possibly along lines
similar to those referred to and discussed in, for example, Ref. 7.

Any ordinary connection & can determine flat (zero curvature) generalized
connections. In this flat case it follows from Eq. (35) that the curvature
2 2

of the connection a is given by f' = —(kia' + ky A'). Further reference
2 2
to Eq. (35), in the flat case, shows that the 2-forms o' (respectively A‘=
2

3
— ky'(f* — k1)) determine the 3-forms o which automatically satisfies

15



the fourth equation. Eq. (33) gives an alternative representation of a flat
generalized connection.
D. Metric geometries, the co-differential and Laplacian

When M has a metric the dual of & is the n-p-2 form given by

p+l p

p p+1
xa=(xa,(=1)""Px A, (=1)""PH x"a xa) (37)
If the dimension of M is even type 2 forms may be self-dual, or anti-self
dual, when p = $(n — 2). Such forms are given by

For example, N = 2 self/anti self-dual forms on four manifolds are deter-
mined by a pair of 1-forms and 2-forms (or any 1-form of type N = 1).
The co-differential is given by

+1 +1
58 = (68, 678 + (= 1)Pkib, 6 v +(=1Phole, S0 (=11 hy fr +(—1)Pks"8).
(38)

In the case of generalized forms of type 2, Theorem 2 implies the following.

Proposition 2:  When ko is non-zero and the generalized form a is co-
closed it must have the form

p+2 p+1 p+1 2

—+1
A= ()" U0 A~ T ke A AT (39)

P p+1 p+1
and a =490 ¢ where ¢ may be chosen to be

+1
PE (1P s e (—1)PH R A 0,0). (40)

From Eq. (22), the inner product is given by

(£8) =83+ (53 (AT (27)

The Laplacian of a is given by

pr1 pt1 PR PRl pie o pi

Agz(AgﬁLc&Aa +ca,A A +c A, A0 +ca), (41)
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where ¢ = k¥ + k2 . Hence, unlike the case for N = 1 forms in Ref. 2, the
“mass” term c¢ can be zero even if both (complex) k; and kg are non-zero.

IV.LORENTZIAN METRICS AND EINSTEIN’S EQUATIONS

The aim of this section is to consider Einstein’s vacuum field equations on
a four-manifold M. In order to fix notation, a standard formulation, which in-
cludes the use of 2-component spinors, of the Cartan moving frame approach
to four-metrics will be reviewed. Next a complex generalized one form |,
E, will be constructed on S, the total space of the bundle of two-component
spinors over a four- manifold M with four-metric g. It will be shown that
E is closed if and only if g is Ricci flat. Primary attention will be paid to
Lorentzian four-metrics although similar results apply straightforwardly to
other signatures and holomorphic four-metrics. Once again everything is
local.
First, the Cartan approach to metrics can be summarized as follows. Let
6 be a basis of ordinary 1-forms, a Cartan co-frame for g, so that the line
element for g is given by
ds?® = ng* @ 6° (42)

where, for 4-metrics

0 €EAB 0 1
Tab = |:_€AB 0 ]7 and e4p = {_1 O}’

so that

ds* =0' @0 +0' 20" -0 20° - 0° 2 6° (43)

In this section lower case Latin indices sum and range over 1-4. Upper
case Latin indices sum and range over 0-1 and, as will be shown below, will
be able to be interpreted as two-component spinor indices. Conventions
include the standard two component spinor conventions®~1°.

The orientation is such that, in the case of Lorentzian four-metrics, where
0% and 0* are real and 62 is the complex conjugate of 63, the volume element
is given by, V = i0* A 0% A 3 A 0%, and the structure group is S0(1,3) which
is isomorphic to SL(2,C)/Zo.

The Cartan structure equations are given by

DO = dh* — 6° Awl =0,
Wap + Whg = 0, (44)

1
dusf + W Nwf = Qf = =S Ri.0° N 0",
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where wj denotes the Levi-Civita connection 1-form, and R}, are the com-
ponents of its curvature 2-form €2¢. Here, for any ordinary form the covariant
exterior derivative is given by

Da® = da” + Wi, o, (45)
and the second covariant exterior derivative satisfies
D*a® =’ A QY

The connection and curvature forms, which take values in the Lie algebra
of the structure group, can be written as the sum of their self-dual and anti-
self-dual parts on the algebra indices, Twg,~ wi,* Qf,~ QF respectively. Here,

QL =t * Q8 = —i~ Q¢ In 4 x 4 matrix form
— 0/ —0r A
+ oo | gl @l —a_|wg O
wb_{wé,’l —wg,q}’ ”b_[ 0 wg}’ (46)

where 1 denotes the unit 2 x 2 matrix, @3, 0%, ©} denote the independent

components of Twf, the trace of the 2 x 2 matrix (wé) is zero and its entries
are the complex conjugates of w4,. Other self-dual and anti self-dual objects
can be written similarly, for instance,
04 0
— a . B
o= |0 o)
Qp = dwp +wi AW, (47)

In the case of Lorentzian four-metrics the self-dual connection and cur-
vature are the complex conjugates of the anti-self dual connection and cur-
vature and take (complex conjugate) values in the Lie algebras sl(2,C) g and
Sl(2,C) L-

The two-component spinor approach to the Cartan equations for 4-metrics
can be summarized, using notation which is compatible with the above, as
follows. The line element, given by Eqgs. (42) and (43), can be written

d$2 == EABEA/B/HAAI &® QBBI, (48)

where the co-frame is represented by a 2x2 matrix 644,

, 900’ 901’ 01 93
o = [910' oLV } - {82 94 } . (49>
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For Lorentzian four-metrics this is a Hermitian matrix valued 1-form. By
using the correspondences

QAA’ PN 0“7
Sama —T o 08Qa —t QO
Saws =~ Wl oaQa — Q) (50)

the Cartan structure equations, Eqs. (44), can be seen to take the spinorial
form

DO = dpAY — 9AB A i — 08 N i = 0,
Qp = dwp +wi AW, (51)
QA = dos + 0f NG,
The anti self-dual and self-dual components of the Lorentzian Levi-Civita
spin connection are given, respectively, by w4 and (Déi, in agreement with
Eq. (46). Unprimed upper case Latin indices and primed upper case Latin

indices represent, respectively, transformation properties under SL(2,C)
and SL(2,C)g. The components of the curvature 2-forms are given by

Qg = UpepS P + 2055 + 07, 27
Qp = U 9P 42485, + @B,CDECD, (52)
where 34 = 1/204, A 04 and 24, = 1/204 A 04, The anti self-dual and

self-dual components of the Weyl spinor are given, respectively, by the totally

symmetric, complex conjugate spinors W 4zcp and U 4 grerpr; and 2<I>AC "

and 24A correspond respectively to the trace free part of the Ricci tensor
and the Ricci scalar.
Einstein’s field equations, with cosmological constant A, are given by

Gab = _87TTab - )\gaba (53)

and the spinor form of the Einstein tensor G4, = —6(1/30%, +A5§52:),
is given by the 3-form equation

(1/3B24, 1 ASAGA)OPC A O A foer = Qi A OPY = —Q A 045 (54)
Hence the metric is Ricci-flat if and only if

QA N OBY = QA N OAP =0, (55)
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Consider now the two-component spinor bundle over M with fibre coor-
dinates m4 and define on the total space, S, the self conjugate generalized
1-form E given by the quadruple

E =(mam a0, =k n s DT g N Kk D g AT 02 (k) D ANDT 4 ANOAY),
(56)

where 044" is a Hermitian matrix valued 1-form on M, and wa and @é:

are complex conjugate sl(2,C) valued connection 1-forms on M. Here, for

example, D denotes a covariant exterior derivative, for example,

Dry = dny — mpwh, (57)

and the choice k; = k, ky = k has been made.
By using the results above and the identities for the second derivative,
such as
D27TA == —7TBQ§, (58)

it is a straightforward matter to show that

dE= (22 4
g = WAﬁA/DQAA,,
& = kY rar QY AOAB + 14 D7 4 A DO, (59)
fé = k7 mama QA A OPY + Dy A 70 DO,
¢ = (kk)"![Dr A Ditar A DO — 14D7g A QA AOPY + Dy A 7aQh A OAP).

This leads immediately to the following theorem.
Theorem 3: The self-conjugate generalized 1-form, E, on S, is closed if
and only if

DoAY =, (60)

QAN OBAY = QA N OAP = 0.
Consequently, when the four real 1-forms defined by #44" are linearly
independent, and hence define a Lorentzian four-metric on M (as in Eq.

(48)), the connection wy'is the torsion free Levi-Civita connection, and the
metric is Ricci flat, if and only if the complex generalized 1-form E is closed.
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The one form E, which is closed and hence exact when Einstein’s vacuum
field equations are satisfied, is not unique. For example F A E, where F is
a zero form which is either closed or satisfies the condition E = dF, is also
closed when Einstein’s equations are satisfied. The generalized 1-form E
incorporates both the Witten-Nester 2-form and the Sparling 3-form which
play an important role in the discussion of quantities such as energy in gen-
eral relativity. For a review of the latter and references to higher dimensions
see, for example, Ref. 9. The generalized 1-form E presented here effec-
tively encodes the conditions that the 1-forms 44" must satisfy in order to
determine a Ricci flat, Lorentzian, four-metric. By using Theorem 1, the
following corollaries may be obtained. The first is a gauge non-invariant
form, on M, of the gauge invariant result in the theorem.

Corollary 1: Einstein’s vacuum field equations are satisfied if and only
if

EAY = (02 k7104 Ao, —kT0PY Awg, (KE) PP Awp Awd), (61)

is closed. In non-spinorial notation

E® = (0%, —k'0° AT W, —k 0P AT Wy, (KK)THOC AT wi AT W),

“= k0" AT Qf — DO° AT wi, (62)
€ = (kk) M Twi AT QEAG" = WE AT QA 4+ W AT Wi A D).
Corollary 2: (a) E is closed if and only if

E = dF = dF, where
F = —(k)"'(0,0, mA7 a0 —k'maDar A O, (63)
F = —(k) 10, a0, 0,k "ra Dra A O,

(b) If E is closed then F — F is closed.
(c) Since

F-F= (kE)_l(O, ]E??TAfTA/eAAI, —k?7TA77'A/9AA/, D(?TAﬁA/) A QAAI), (64)

21



F — F is closed if and only if D844 = 0, that is the connection is torsion
free.

In (a) use is made of the equation for the exterior derivative of the complex
generalized zero-form F,

dF = E — (kk)71(0,0, kmama DO wam 0 Q8 A 0AY + waD7sr A DO

(An unprimed connection 1-form w# does not appear in F, but E =dF implies
that the connection 1-form wi appearing in the last equation is the anti-self
dual part of the Levi-Civita connection defined by #44".)

It is a straightforward matter to construct, in a similar way, 1-forms which
are closed if and only if a 4- metric is half-flat. It suffices to demonstrate
this here in the case of anti-self dual half-flat holomorphic four-metrics.?—*!

Theorem 4: Let g be a holomorphic four-metric on a four-manifold M
given by ds? = eapep0 @ PP and let pbe any 2-component spinor
field with constant components. Consider the generalized 1-form on the spin
bundle over M given by

E :(WA/LAIQAAI, 0, —]%_IDWA A ,UA’QAA/a 0)7 (65>

where w4 are fibre coordinates on the bundle. Then E is closed if and
only if 944" — 984" A w4 = 0; that is E is closed if and only if the self-dual
part of the curvature of g is zero.

The formulation of this corollary emphasizes certain similarities and dif-
ferences between the requirement that a metric be half-flat on the one hand
and Ricci flat, but not necessarily half flat, on the other. However it can
clearly be more economically expressed in terms of the closure of a general-
ized 1-form of type N = 1 given by (mapa 0, k7' Dma A ppa044).
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