A potential-theoretical review of some exit
problems of spectrally negative Lévy processes

Martijn R. Pistorius

King’s College London,
Department of Mathematics,
Strand,

London WC2R 2LS, UK

e-mail: pistoriu@mth.kcl.ac.uk

Summary. In this note we consider first exit problems of completely asymmetric
(reflected) Lévy processes and present an alternative derivation of their Laplace
transforms essentially based on potential theory of Markov processes.

Key words: Potential theory, first passage, Wiener-Hopf factorisation, Lévy pro-
cesses

1 Introduction and main results

Let X be a spectrally negative Lévy process, i.e. a stochastic process with
cadlag paths without positive jumps that has stationary independent incre-
ments defined on some probability space ({2, F,P) that satisfies the usual
conditions. By (P, z € R) we denote the family of measures under which the
Lévy process X is translated over a constant, that is P, denotes the measure
P conditioned on {Xo = z}. We exclude the case that X has monotone paths.
By the absence of positive jumps, the moment generating function of X; exists
for all # > 0 and is given by

E[e"*] = exp(t ¥(0)), >0,

for some function t(#) which is well defined at least on the positive half axis,
where it is convex with the property limg_, o ¥(6) = +00. Let $(0) denote its
largest root. On [$(0), 00) the function ¢ is strictly increasing and we denote
its right-inverse function by @ : [0,00) — [$(0),00). Denote by I and S the
past infimum and supremum of X respectively, that is,

It = infOSsSt(Xt N 0), St = supOSSSt(Xt \% 0)

and write Y = X — I for X reflected at its past infimum I. By T, T, we
denote
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T, =inf{t > 0: X; < a}, Tr =inf{t >0: X; > a},

the first passage times of X into the sets (—oo,a) and (a, 00), respectively.
Similarly, we write
T =inf{t>0:Y; >a}

for the first passage time of Y into the set (a, 00). The following theorem gives
the form of the Laplace transforms of these passage times:

Theorem 1 (i) For ¢ > 0, the q-potential measure of X
U1(dz) = / eI P(X, € dz)dt (1)
0

is absolutely continuous with respect to the Lebesgue measure and a version of
its density on [0,00) is given by

ul(z) = &' (q) exp(—9(q)z). (2)

(i) For q > 0, there ewists a continuous increasing function W .
[0,00) = [0, 00) with Laplace transform

/0 T e WO @)de = () —g), A > 8(g)

and, denoting by u? a version of U%(dz)/dz, it holds that for ¢ > 0
WD (z) = &' (¢) exp(B(q)z) — u?(—z) for a.e. z > 0. (3)
(i#3) (Ezit from a half-line) For ¢ > 0, x < a and y > 0 we have
- + r—a
E, [e e I(Tj'<oo)j| = ed5(q)( ); (4)
By [e71 Iy )] = 20 () - 40(0) ' WO ), (5)

where .
Z9(z) =1+ q/ W (y)dy
0

and for ¢ =0, ¢®(q)™" is understood in the limiting sense, limgyo q®(q)~".
(iv) (Ezit from a finite interval) For x € [0,a] and ¢ > 0 we have

(9)
—qTF W ()
E, [e ta I(T;*<TO_)] T W (a)’ (6)
qTT WD (z)
Ex [e qTO I(T;—>TO_)] = Z(q) (.’L') - Z(q) (a) W(q) (a)7 (7)
(9)
Ew[e_‘”«j] = 2 (x) ®)

Z(Q) (a) ’
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Remark. The function W9 is called the g-scale function of X in the
literature. In particular, one calls W = W(® the scale function of the Lévy
process, in analogy with the theory of diffusions.

Remark. (Probabilistic derivation of formula (3)). Noting that, for
g >0, {exp(®(q) X — qt),t > 0} is a martingale, we define the tilted measure
P2 by

P29 (A) = Elexp($(q) X¢ — qt)I 4], A€ F;.

Under the measure P®(9) the process X is still a Lévy process and its char-
acteristic exponent t)g(4) can be checked to be given by

Ya(q)(A) = ©(8(q) + A) — ¢(2(q)) = ¢¥(S(9) + A) — ¢

We write Wg(,) for the scale function of X under P?@), Comparing Laplace
transforms yields the identity

W (z) = * D" Wy (2).

Since qui(x)dr = P(X,) € dz), where 7(q) denotes an independent expo-
nential time, the strong Markov property yields for x < 0

q_lP(Xn(q) € dx)
= /E[e_qT’_aXT; € dyJu’(z —y) = /E[e_qT’_aXT; € dy]®'(q)e® @)
— ¢l(q)e—sﬁ(q)zE[e—qT;+¢(Q)XTE—] — @I(q)e—dﬁ(q)zpé(q) (Tw_ < OO)

= (e (1 _ w) = & (g)e=P@De _ o) (_

# (g7 (1= D) < (e 07 = w0 (),
where in the first line we used the explicit form (2) and in the second line
a change of measure. The third line follows by letting a — oo and taking
q = 0 in (6) and noting next that Wg(g)(00) = limg 0o Wa(q) () is equal to
1/4'(®(q)) = ?'(q) by a Tauberian theorem applied to the Laplace-Stieltjes
transform /\/’(ﬁ@(@ (/\) of W(p(q).

The explicit form of the potential density given in Theorem 1 allows one
to determine whether X is transient of recurrent. Let U° denote the potential
measure of X, given by (1) with ¢ = 0.

Definition. The process X is called transient if U°(K) < oo for every
compact set K C R and it is called recurrent if U°(B) = oo for every open
interval of the form B = (—r,r), r > 0.

Corollary 1 The process X is recurrent if

&'(0") := lim #(e) — 20 = 0.
q0 q
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Otherwise, &' (07) < oo and X is transient, and the potential measure U°(dx)
of X is given by

U°(dz) = (9'(0") exp(—®(0)z) — W (—2)I(;<0)) dz. 9)

Another consequence from Theorem 1 is the following result on the down-
ward ‘creeping’ of X. The process X is said to creep across the level z < 0
if X first enters (—o0o,) continuously, that is if X;- = x. Recall that we
excluded the case where X is a negative deterministic drift and denote by
02 = 2limy_,00 A"29()\) the Gaussian coefficient of X.

Corollary 2 The process X creeps across © < 0 if and only if X has a
nonzero Gaussian coefficient 0> and then

P(Xp =2) = 5W'(-2) - O)W(=a), =<0  (10)

In the literature there exist already several proofs for the statements in
Theorem 1 and Corollaries 1 and 2. The one-sided exit identities (4) — (5) were
first studied by Zolotarev [17], although formulated in a different form. The
existence and properties of the scale function were proved by Bingham [4] and
Emery [8]. The well established identities (4) — (5) and (6) — (7) are related
to the two-sided exit problem to which among others Takécs [16], Rogers [14],
Emery [8] and Bertoin [2] made significant contributions. In its current form
it was first formulated by Bertoin [2, 3]. The given proofs rely on (complex-)
analytic and combinatorial methods or invoke Ito-excursion theory applied
to the excursions of X away from its supremum S. The identity (8) was first
proved in [13] using a martingale argument. Recently, these identities received
more attention in the literature and several short proofs were given. Kyprianou
and Palmovski [12] gave proofs for the identities invoking the Kella-Whitt
martingale [11] and Doney [7] used excursion theory to prove the identity (8).

Here we follow yet another approach which exploits the connection between
potential analysis and Markov processes: We show that, essentially, potential
theory allows us to give simple proofs of the above results. For a deeper
analysis of the relationship between Markov processes on the one hand and
potential analysis on the other hand, we refer the reader to the classical works
by Blumenthal and Getoor [5] and Dellacherie and Meyer [6].

The rest of this note is organised as follows. In the next section, we state
and prove a first hitting time identity for a certain class of continuous time
Markov processes in terms of their potential density. In the third section, we
then derive explicit expressions for the potential densities of X killed upon
entering a negative half-line and of X reflected at its infimum and give the
proofs of Theorem 1 and Corollaries 1 and 2.

2 Potential theory and first hitting

Denote by (S,B(S)) a measurable space consisting of some interval S of the
real line and its Borel sigma-algebra B(S) and fix a € S. Let Z be a continuous
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time strong Markov process with state space (S, B(S)) defined on a probability
space ({2, F, P) that satisfies the usual conditions. In the sequel we restrict
ourselves to processes Z which are quasi-left continuous, that is, if (T,,,n € N)
is an increasing sequence of stopping times with 7' = lim,, _,, T}, almost surely,
then Zr = lim, 0 Z7, almost surely on the event {T' < oo}. For z € S we
denote by U?(z,-) the potential measure of Z

Ul(z, A) = / e P,(Z, € A)dt, A€ B(S),
0

where P, denotes the measure P conditioned on {Z; = z}. Assume that for
any ¢ € S, U%(x,-) restricted to some open interval containing a is absolutely
continuous with respect to the Lebesgue measure with density u?(z,-), say.
Denote the first passage time of Z into the set A by

T\ =inf{t>0:2, € A}, A€ B(S). (11)

Below the Laplace transform of T{’a} is expressed in terms of known quantities.
To formulate the result we define for any € > 0 the open sets B,(¢) = (a —
e,a+e€)? and D,(e) = {(z,y) ER?2 :x <y,a—e<y<a+e}.

Proposition 1 Let x € S and g > 0.
(i) If, for some eqg > 0, u? restricted to B,(€q) is continuous, we have

ul(z,a)
ui(a,a)

Ez I:e_QT{a}I(Téa}<Oo)j| = , (12)
provided ui(a,a) > 0.

(i1) If Z has no positive jumps, for some g > 0 u? restricted to Do(€o) is
continuous and u?(a~,a) =lim o ul(a —€,a) > 0, the identity (12) holds for
z < a with ul(a,a) replaced by ui(a™,a).

Proof. Write T as shorthand for T(’afe’a +¢)- The strong Markov property of

Z yields that for € > 0 1U%(z, (a — €,a + €)) is equal to

1 ate , 1 a+te
—/ u?(z,y)dy :/Ez [e“’Te;ZT; € dZ] —/ ul(z,y)dy.  (13)
€ a—e € a—e

If € tends to zero, T! increases to a stopping time, T say, with T < T{a}. By
quasi-left continuity of Z we find that Zr: tends to Zr = a on {T < oo}
almost surely and thus T = T{a} on {T < oo}. If we let € tend to zero the
measures E,[e T; Zq, € dz] vaguely converge to E,[e”7"4a}]do, where dg
denotes the unit mass in zero. Combined with the continuity of 4? in an open
neighbourhood of (a,a) we end up with (12) if we let € | 0 in (13). In the
second case, by the fact that Z has no positive jumps, (13) reduces to

1 a+e .1 a+e
—/ uq(w,y)dyzEz[e"’TE]—/ u?(a — €,y)dy.

€ —€ € —€
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Letting again € tend to zero, the assumed continuity of u? leads to the required
identity. |

Consider now the set {a,b} for some a,b € S. A related question that
arises then is: what is the probability that Z hits {a} before {b}? To be more
precise, can we find an expression for

q — —qT¢a, e
ta’b(m) - EE [e {a }I(T{a}<T{b},T{a’b}<OO) ’ TE [a7b]7

in terms of known quantities? The answer in terms of the potential density
u? is given in the following result.

Corollary 3 Let, for some eg > 0, u? restricted to B,(€o) UByp(eo) be contin-
wous. Then we have for ¢ > 0
tq (117) _ u? (SL', a)uq (ba b) - uq(a:, b)uq (b: (I)
b - uq(aa a)uq (ba b) - u’l(a, b)uq (b7 a) ’

z € [a,b], (14)

provided u(a,a)u?(b,b) > 0. If ¢ = 0, the identity (14) remains valid, where
the right-hand side of (14) is to be understood in the limiting sense of q | 0 if
u(a,a)u®(b,b) = u’(a, b)u’(b,a).

Proof. If u?(a,a) > 0, the strong Markov property combined with Proposition
1 yields that for ¢ > 0

w!(z,a)/u’(a,a) = t]  (z) +t; ,(2)u’(b,a)/u(a,a), z € [a,b].

By interchanging the role of a and b, we can derive a similar second identity.
For g > 0, this system of two equations is non-singular. Indeed, since T} > 0
Py-as., FEyle™1Tt=3] < 1 and it follows from (12) that u?(b,a) < ui(a,a).
Interchanging a and b, we find that u?(a, b)ul(b, a) < ul(a,a)ul(b,b). Solving
this system finishes the proof for ¢ > 0. Note that tg’b(w) increases to tg’b(w)
if ¢ | 0. Hence t?l,b(x) is equal to the limit of ¢ | 0 of the right-hand side of
(14). If u°(a,a)u’(b,b) # u°(a,b)u’(b,a) then this limit is given by (14) for
g = 0 as the previously derived system is non-singular. O

Example. For a Brownian motion Z the potential density u? is given by
ul(z,a) = (2¢)~/2e~V21z=al By Corollary 3 and de "'Hbpital’s rule we find
back the well known identity

PE(T{LL} <T{b}) = (b—a:)/(b—a), z € [a7b]'

3 Proofs of Theorem 1 and Corollaries 1 and 2

Let n(q) denote an independent exponential random variable with parameter
q > 0. We start recalling the following results which we will frequently use in
the proof of Theorem 1:
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Lemma 1 Let X be a Lévy process.
(i) For each fized t > 0 (Sy — X4, S¢) has the same low as (—Iy, X; — I).
(ii) The processes X — I and S — X are strong Markov process.
(i) For q¢ > 0, Spq) — Xy(q) 15 independent of Sy(q)-

Proof. (i) This result follows as consequence of the duality lemma (see e.g.
Lemma I1.2 and Proposition V1.3 in [2]).

(ii) This follows straightforwardly from the independence and stationarity
of the increments of X. See e.g. [2, Prop. VI.1] for a proof.

(iii) The independence can for example be proved using Ité-excursion the-
ory applied to the excursions of the Markov process S — X away from zero,
see Greenwood and Pitman [10]. O

Proof of Theorem 1(i) — (iii) We divide the proof in several steps.
1. (Absolute continuity of the potential measure U?) By the strong
Markov property of X and the spatial homogeneity we note that

P(Syq) >t +35) = P(Syq) > 8)P(Syq) > 1) for all t,s > 0,9 > 0.

Hence we deduce that S,,) is exponentially distributed with parameter A(q),
say. Using then Lemma 1(iii), we get that

P(Xy(q) €dz) = /0:0 P(Sy(q) € d(z — 2))P((S — X)p(q) € d2)
< Ag)dz.

2. (Existence of the scale function W@ for ¢ > 0) Next we show,
following Bingham [4], that, for § > &(g), the function 6/(¢(6) — ¢) can be
represented as a Laplace-Stieltjes transform. To be more precise, we prove
that there exists a measure dIW (@ on [0, o) such that

/ ~ et W (@) (3)dz = / T et W) (dg) = 0/ ((8) — q), 0> B(g). (15)
0 0

By the Lévy-Khintchine formula and by partial integration we have the fol-
lowing representation for 1) and 6 € [0, 0o)

b(0) = ab + AP /Oo(e“’”” — 1+ 02l(<1))A(d2)
2 0 (16)
2 o
—o(a+ Zo [T T condz),

where a, o are constants and o' = a — A((1, 00)) with A a measure satisfying
fooo(l Ax?)A(dz) < oo. The measure A is related to the Lévy measure v of X
by v(dz) = A(—dz). From the previous display, we see that

d @) —q _a? q

[T et 4
% 8 =5 —+—/0 xe A((m,oo))d$+02.
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Hence (1(0) — q) /6 has derivatives that oscillate in sign and has thus a com-
pletely monotone derivative. Since also 1/6 is completely monotone it follows
(e.g. Feller [9, XIII.4, Criterion 2]) that /(¢ (6) — q) itself is completely mono-
tone. By Feller [9, XII.4, Thm. 1a] a function on [0, 00) is completely monotone
if and only if it can be represented as Laplace-Stieltjes transform of a measure.
Partial integration yields then also the first identity of (15) and the claim is
proved.

3. (Form of the potential density u?) Denote by u? a version of the
density of U? with respect to the Lebesgue measure. For ¢ > 0 the Fourier-
transform of u?, Ful, is given by

fw@r=/é*MWMx=44Ewaww=m—¢uar¥

Note that £ — (i) is an analytic function in $(€) < 0. By the independence
from Lemma 1(iii) and the fact from part 1 above that S,4) has an exponential
distribution with mean \(¢q) !, we see that for £ € R

q(q— ’(ﬁ(if))*l — E[eiﬁXn(q)] = E[eigs’l@)]E[eﬂf(s*x)n(q)]
= \q)(\(q) — i) L E[e~#(5=Xn(@)],

Since ¢ + E[e~%(5=X)n@] can be analytically extended to J(£) < 0, this
identity remains valid for £ in $(€) < 0. In particular, we see that (g—1(i£)) ™!
is meromorphic in $(£) < 0 with one pole in £ = —i\(q). Since ¥()\) = ¢ has
only one positive real root in A = &(q), we deduce that A(q) = ®(q). The
inversion formula for characteristic functions yields now that for a > 0

T 1 _ ,—ita 1 1— —®&(q)a
1/ 1—e e (17)

U1? O,Ll = lim — T . d£: J
=M i =069 " ™ 2@we@)

where the second equality can be seen as follows. Let Cr be the (clockwise)
contour in the complex plane that consists of the interval [-T,T] on the real
axis joined to the semi-circle Ry of radius T in the lower half of the complex

plane and set f(§) = 1’2‘;:“ (g — (i£))~!. Then by Cauchy’s theorem,

1 — e ®(@a

. F(t)dt = 21 - Resy—_iap(q) f () = =270 (W) (—¢'(8(g)) ).

On the other hand, since we also have that

T
f®)dt = / f()dt + f(t)dt,
CT =T Rr

where, by Jordan’s lemma, [ Ro f(t)dt converges to zero as T tends to infinity,
the result (17) follows.

Noting that 9'($(q)) = #'(¢)~! and differentiating (17) with respect to a
we find that u?(a) = &'(q) exp(—®(q)a) for a > 0.



Exit problems of Lévy processes 9

4. (An identity between Laplace transforms) Note that for ¢, A > 0
with ¢ > ¥(A) (or equivalently ®(gq) > ) one has that

_ 71:71 AXo(q — Oo/\zq Oof/\z q(_
(g —v(N) q Ee*n@] /0 e u(a:)da:-i—/o e Yul(—x)dz

= #(@)/@(0) - N+ [ ePut(-a)da. (18)
0
By analytic continuation in A, the identity (18) remains valid for ®(A) > 0
except for A\ = &(q) and then by continuity for all A with (A) > 0. Inverting
the Laplace transforms in A leads then to equation (3).

5. (Wiener-Hopf factorisation) Since a Lévy process is quasi left con-
tinuous (e.g. [2, Proposition 1.7]) and satisfies the strong Markov property
(e.g. [2, Proposition 1.6]), we deduce from Proposition 1(ii) that

P(Sy(q) > #) = Ele™ ™ Iys )] = ul(2) /u?(0F) = e~7%@, (19)

<o0)
Lemma 1(i),(iii) imply then that
E[exp()\In(q))] = E[e)‘Xﬂ(Q)]E[eASn(q)]_l

__a %) -A
q=9(\) ?(q)

Using (15) to invert this transform we find that

P~ € dz) = %W(") (dz) — gW D (z)dz, 2>0.  (20)

6. (The function g » W9 (z) is analytic for z > 0) Following Bertoin
[3], we invert the Laplace transform (term wise)

@) -9~ =D ey
k>0

to find the series expansion

W (z) = Wt (@) 420, (21)
k>0

where W** denotes the kth convolution power of W, W*¥ = W - --xWW. This
series converges since

W*k(z) < W (x)*zF /k!, k>1,2>0

as W is increasing (recalling that dW = dW(? is a nonnegative measure).

7. (Continuity of the function z — W9 (z)) The next step is to prove
that P(—1I,4) € dz) has no atoms. Applying the strong Markov property we
get that for z,q¢ > 0
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V| Pl =0 (22)

=—z, T <oo

Pl-lygy =2]=E eI _
If 0 is regular for (—o00,0), the second factor of the right-hand side of (22) is
zero, whereas if 0 is irregular for (—oc, 0), the paths of the infimum form step
functions almost surely and the first factor of the right-hand side of (22) is
zero. Combining with (20) we see that the measure dI¥ (9 has no atoms and
thus z +— W (9 (z) is continuous for ¢ > 0. Since W = W©) is increasing, a
discontinuity of W at a > 0 would imply lim, |, W(z) > limg4, W(z). In view
of the continuity of z — W (9 () for ¢ > 0 on the one hand and the expansion
(21) on the other hand, this would yield a contradiction. O
To prove the identities in Theorem 1(iv), we express the resolvents of
the strong Markov processes X! (X killed upon entering the negative half
line (—00,0)) and ¥ = X — I (Lemma 1(ii)) in terms of the scale functions
W) Z(9) and then invoke Proposition 1(ii).

Lemma 2 For x,y > 0, we have

Po(Xy(q) € dy,nla) <Tg)/dy
= qe” MWD (2) = o5 gW D (@ —y). (23)
Py(Yy(q) € dy)/dy = &(q)e * D 2D (2) = 1pupgW (@ —y).  (24)

Proof. A proof of the first identity can be found e.g. in Bertoin [3] or Suprun
[15] and of the second identity in [13]. In order to be self-contained we provide
the proofs here.

(i) Invoking the identities (19) and (20) and the independence and duality
(Lemma 1(iii,i)) and noting that n(q) < T_, iff I(q) > —2z we find that
q ' Pp(Xyyq) € dy,n(q) < Ty ) is equal to

! /0 P(~Iyg) € d2)P((X = D)y € dly — & + 2))

_ / T e e (g / (e~ V=IO @ (1)
(z—y)VvO (z—y)VO

The identity (23) follows now by performing a partial integration on the first
integral in the second line of above display.

(ii) The strong Markov property of Y at the stopping time 79 = inf{t >
0:Y; = 0} implies that

Po(Yy(q) € dy) = Po(Yy(g) € dy,m(q) < 7o) + Ey[e 7] Po(Yyy(q) € dy) (25)
= Pp(Xy(q) € dy,m(q) <Tg )+ Ez[eiqTo_]PO(Yn(q) € dy),

where in the second line we used that (Y3, ¢ < 79) has the same law as (X;,t <
Ty )- By integrating (20) we find the Laplace transform of T;;” to be equal to

P(Ig) < —2) = Eple "0 ] = ZW(2) — q®(q) 'W W (z),  z>0. (26)
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Substituting (26) and (23) into (25) and recalling that Y7,(,) has an exponential
distribution with mean &(q)~!, we end up with the required identity (24). O
Now we can finish the proof of Theorem 1.

Proof of Theorem 1(iv). Since a Lévy process is a quasi left continuous strong
Markov process and W9 is continuous (proved above in part 6), it follows
by combining with Lemma 2 that the conditions of Proposition 1 are met
for the Markov processes X! and Y (Lemma 1(ii)). Taking for u9 in (12)
the resolvents (23), (24) we find (6) and (8) respectively. Finally, the strong
Markov property yields that

Ele 0] = E, [ewTO_ (T0‘<Ta+)] + Bz [eiQT;I(TJ>TJ) Efe "] (27)

Inserting (26) and (6) in (27) completes the proof. O

Proof of Corollary 1. Since v is differentiable, convex and increasing on (0, ),
it follows that the right-derivative of ¢ in ¢(0) is finite and non-negative and
equal to (@' (07)) L. Thus lim,o(®(q) — (0))/q is positive and finite or equal
to +oo. Suppose first that the latter is the case. By the identity (2) it then
follows, taking ¢ | 0, that U°((—r,r)) is infinite for r > 0.

In the case #'(0%) < oo, we show that the identity (9) holds true. The
fact that () is C! on (0,00) in conjunction with the implicit function the-
orem applied to ¥(A) = ¢ implies that ¢ and &' are continuous. Combin-
ing with the continuity of ¢ — W(? we find that, for any compact set K,
U°(K) = limgyg [, u?(x)dz by dominated convergence. On the other hand,
monotone convergence implies that U%(K) = limgjo UY(K). Using then the
explicit formulas (2) and (3), equation (9) follows and the proof is finished.
]

Proof of Corollary 2. Let ¢ > 0 and let T7,, be as in (11). If X creeps across
xz < 0, this implies that Ty, is smaller than T,  for all b < x by right-
continuity of its sample paths. On the other hand, if X;- < z, X enters
(—o00,z) by a jump and it follows that there exists an ey > 0 such that
T{,, > T, forall b € (z — €, ). Thus {T},, < T, } increases to {X;- = z}
as b1z and we have

E e_qwa}I(X _ )] =limFE [e_qTim}I( (28)
5 ="

btz T{ay <Ty )

Invoking Proposition 1 applied to the Markov process Xt (X killed upon
entering (—oo,b)) in conjunction with Lemma 2 we see that the right-hand
side of (28) is equal to

WD (=b) — e~ 2@E-DW (D) (—pg)
lim
btz WD) (z — b)

= 2 (W' (~z) — B(q) WD (-2)),
(29)
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where W.?" is the right-derivative of W(? (see e.g. Lemma 1 in [13] for a
proof of the right-differentiability of W@ (-)) and we used that z/W(? ()
converges to 02/2 for z | 0 (e.g. Lemma 4 in [13]). Letting now ¢ | 0 in (29)
and using the differentiability of W@ if ¢ > 0 (e.g. Lemma 1 in [13]) and
continuity of the maps g — W@ (w),WJ(FQ)'(:E), we end up with (10) and the
proof is complete. U
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