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A set of elementary axioms for stochastic finance is presented wherein a prominent
role is played by the state-price density, which in turn determines the stochastic
dynamics of the interest-rate term structure. The fact that the state-price density
is a potential implies the existence of an asymptotic random variable X∞ with the
property that its conditional variance is the state-price density. The Wiener chaos
expansion technique can then be applied to X∞, thus enabling us to ‘parametrize’
the dynamics of the discount-bond system in terms of the deterministic coefficients
of the chaos expansion. Using this method, we find that there is a natural map from
the space of all admissible term-structure trajectories to the symmetric Fock space
F naturally associated with the space of square-integrable random variables on the
underlying probability space. An element of F is either coherent or incoherent, and a
stochastic bond-price system is necessarily represented by an incoherent element of
F. Making use of the linearity of F, we derive simple analytic formulae for the bond-
price system, the volatility structure, the short rate, and the risk premium associated
with an arbitrary admissible term-structure model. Extensions to foreign-exchange
markets and general asset systems are also developed.

Keywords: interest-rate models; Heath–Jarrow–Morton theory;
Flesaker–Hughston framework; Wiener chaos; coherent-state method

1. Introduction

Over the past three decades, steady progress has been made in understanding
the arbitrage-free dynamics for systems of asset prices. In particular, widespread
applications have been developed that are based on the ‘standard model’ of asset
price dynamics, according to which asset prices are modelled by continuous semi-
martingales on a fixed probability space equipped with a Brownian filtration (see,
for example, Karatzas 1997; Karatzas & Shreve 1998). In this respect it is widely
held that financial modelling has been one of the most significant applications that
has come out of the theory of stochastic differential equations (SDEs).

The dynamical theory of yield curve evolution plays a particularly important role
in asset pricing. This is because interest rates influence the price trajectories of all
assets. For that reason, it has for a long time been recognized that the discount-bond
system should be regarded as a ‘primitive’ element in the mathematical theory of
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finance. The challenging feature of the discount-bond system is that one is modelling
the dynamics of a one-parameter family of assets, rather than simply a finite set of
assets, and it was not until the development of the HJM framework (Heath et al .
1992) that a consistent general treatment of the pricing of interest-rate derivatives
became available within the context of the standard model.

The HJM approach is to model the system of instantaneous forward rates as a
parametric family of Itô processes defined over some fixed time horizon, and to
impose conditions on these rates sufficient to ensure no arbitrage. The instantaneous
forward rate volatilities and the market price of risk are then left as essentially freely
specifiable processes. Thus, within the HJM approach, for a specific model what is
required is an exogenous stipulation of these freely specifiable inputs, which, once
fed into the SDEs for the instantaneous forward rates, along with initial conditions,
completely determine the random dynamics of the interest-rate system. The so-
called ‘market model’ approach to interest-rate derivatives pricing, which has gained
considerable popularity in recent years, can be viewed as a further development of
the HJM methodology, with the imposition of some additional assumptions on the
nature of the volatility processes (see, for example, Rebonato (2002) and references
cited therein).

There is, however, another approach to interest-rate dynamics, still consistent
with the general tenets of the standard model, that in some respects is rather
more mathematically satisfying, and at the same time is somewhat more in tune
with modern economic thinking. This is what one might call the ‘pricing kernel’
approach, the elements of which are variously represented for example in the work of
Foldes (1979), Constantinides (1992), Flesaker & Hughston (1996, 1997a, b), Rogers
(1997), Rutkowski (1997), Musiela & Rutkowski (1997), Hunt & Kennedy (2000),
Jin & Glasserman (2001), Hughston & Rafailidis (2002), Cairns (2004) and others.
According to the pricing kernel idea, the primary ingredient in the specification of an
interest-rate model is the state-price density (or ‘deflator’ in the language of Duffie
(2001)). Under reasonable economic assumptions, one can show that the state-price
density is a positive supermartingale, and indeed, if the time horizon of the model is
extended to infinity, a potential.

Intuitively speaking, the attraction of the pricing kernel approach is that one is
in some sense working closer to the solution set of the stochastic system. This point
is made in more specific terms in Hughston & Rafailidis (2002), where it is shown
that the solution of the SDEs corresponding to the arbitrage-free dynamics of a
system of discount bonds, including the choice of initial conditions, can be achieved
in effect with the specification of an element of the Hilbert space L2(Ω, F , P) of
square-integrable functions on Wiener space.

Here we carry this line of work further by demonstrating the special significance of
the interest-rate models associated with ‘coherent’ vectors in L2(Ω, F , P), in terms
of which the general positive interest HJM model can be constructed in a remarkable
way by a process of superposition.

The article is organized as follows. An axiomatic formulation of the general
arbitrage-free stochastic dynamics of a system of financial assets is reviewed in §§ 2–3
in the context of the standard model. In § 4 we consider the SDE satisfied by the
state-price density. As an example, we study the class of interest-rate models for
which the bond price can be expressed in the rational form. We show, in particu-
lar, that, for rational lognormal models, the associated short rate obeys a simple
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diffusion equation with polynomial drift and volatility. In § 5 we introduce the idea
of an admissible term-structure model, based on the requirements of interest-rate
positivity and good asymptotic behaviour. In § 6 we show that there exists a natural
representation of the state-price density in terms of the conditional variance of an
asymptotic random variable. This idea is developed further in § 7, and the idea of the
use of the Wiener chaos expansion for the modelling of term structures is outlined.
Examples of finite chaos models are presented in § 8, where we consider the first
and second chaos models. The first chaos models, in particular, are deterministic:
the space of these models is in one-to-one correspondence with the space of admis-
sible yield curves. A methodology for term-structure analysis based on the notion
of coherent states is developed in § 9, and its generalization to the construction of
an arbitrary admissible term-structure model, by means of a simple analytical rep-
resentation, is established in § 10. Specifically, we derive closed form expressions for
the bond price, the risk premium, the short rate and the bond volatility. A natural
extension to the foreign-exchange market is considered in § 11, where we examine
the general relationship between interest-rate processes and exchange-rate volatili-
ties. We conclude in § 12 with a brief remark about the applicability of the chaos
expansion and coherent state methods to more general classes of assets.

2. Axiomatic formalism

Let us begin with a summary of the theoretical framework within which we shall
examine the dynamics of interest rates. The axiomatic scheme adopted here will be
sufficient to support the existence of an arbitrage-free system of discount bonds over
all time horizons, while at the same time admitting other categories of assets as well.

We model the economy by a fixed probability space Π = (Ω, F , P) equipped
with the standard filtration Φ = (Ft)0�t<∞ generated by a system of one or more
independent Wiener processes (Wα

t )0�t<∞ (α = 1, . . . , k). The probability measure
P is to be interpreted as the natural measure, and filtration-dependent concepts, such
as the martingale property, are defined relative to Φ. We assume that the random
trajectories followed by asset prices are continuous, and are described by Itô processes
on Π. The absence of arbitrage in the economy will be characterized by the existence
of an Itô process Vt, which we call the state-price density, satisfying Vt > 0 for all
t ∈ [0, ∞), with the property that the following three axioms hold.

(i) There exists a strictly increasing absolutely continuous asset, denoted Bt, that
represents the money-market account.

(ii) Given the price process St and the dividend rate Dt of any asset, the process
Mt defined by

Mt = VtSt +
∫ t

0
VsDs ds (2.1)

is a martingale.

(iii) There exists a floating-rate note that offers a continuous dividend rate sufficient
to keep the value of the note constant.

The bond market is then introduced with the following additional assumption.
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(iv) There exists a system of discount bonds PtT for all 0 � t � T < ∞ satisfying
limT→∞ PtT = 0.

The axiomatic scheme considered here is essentially that of Hughston & Rafailidis
(2002). We deduce from axiom (i) that there exists an adapted short-rate process
rt > 0 such that the money-market account satisfies

dBt = rtBt dt, (2.2)

and thus is given by

Bt = B0 exp
(∫ t

0
rs ds

)
. (2.3)

Because the money-market account pays no dividend, it follows from axiom (ii) that
the process Λt defined by

Λt = VtBt (2.4)

is a positive martingale, and hence satisfies a stochastic equation of the form

dΛt = −Λtλt dWt (2.5)

for some adapted vector-valued process λt. Note that in (2.5) and in what follows we
use a compact notation and there is an implied dot product over vectorial quantities
in the sense that

λt dWt =
k∑

α=1

λα
t dWα

t . (2.6)

Integrating the SDE (2.5), we obtain

Λt = Λ0 exp
(

−
∫ t

0
λs dWs − 1

2

∫ t

0
λ2

s ds

)
, (2.7)

provided that
∫ ∞
0 λ2

s ds < ∞ almost surely.
If a risky asset St has positive value and pays no dividend, then it follows from

axiom (ii) that the price process can be expressed in the form St = Mt/Vt, where
Mt is a positive martingale. Therefore, there exists an adapted vector-valued process
σt such that dMt = Mt(σt − λt) dWt. By combining this equation with the relations
(2.2) and (2.5), we deduce that the price process of a risky asset that pays no dividend
obeys

dSt = St(rt + λtσt) dt + Stσt dWt. (2.8)

This is the stochastic equation that governs the dynamics of a risky asset with limited
liability in a market absent of arbitrage opportunities. The vector process λt has the
interpretation of being the market price of risk per unit of volatility, and thus the
inner product λtσt is the extra rate of return offered by the asset above the risk free
rate rt.

When the dividend rate is non-zero, the dynamics can be obtained by making the
substitution rt → rt − δt in (2.8), where δt = Dt/St is the proportional dividend
rate, and thus in this case we have

dSt = St(rt − δt + λtσt) dt + Stσt dWt. (2.9)
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In the case when St can also assume negative values (for example, short positions
or swap contracts), a further generalization exists that eliminates the ‘proportional’
volatilities and dividends and involves only the corresponding absolute quantities
(see Hughston & Rafailidis 2002).

Let us now examine axiom (iii). Such an asset with constant value has the inter-
pretation of being a floating rate note. Equation (2.9) shows that if we set St = 1
for all t � 0, then the dividend rate offered by this instrument must be rt. It follows
from (2.1) that the process

Mt = Vt +
∫ t

0
rsVs ds (2.10)

is a martingale. In particular, because rt and Vt are both assumed to be positive
processes we deduce as a consequence of axiom (iii) that

E[Vt] < ∞ (2.11)

and that

E

[∫ t

0
rsVs ds

]
< ∞ (2.12)

for all t � 0. We remark, incidentally, that because ‘cash’ clearly has a constant value
in units of the given base currency, it follows that the convenience yield associated
with the possession of cash is identical to the short rate.

3. Price processes for discount bonds

We now introduce a system of discount bonds associated with the base currency in
terms of which other assets on Π are priced. We shall make it a condition that the
economy supports such a system of discount bonds over all time horizons. The T -
maturity discount-bond price processes will be denoted PtT , where 0 � t � T < ∞.

The zero-coupon bond for a given value of T is a contract that pays one unit
of the base currency at time T . Thus, by the definition of the contract we require
PTT = 1 for all T � 0. For the moment we make no other assumptions concern-
ing the discount-bond processes apart from those properties implicit in axioms (i)–
(iii), though later we shall bring into play the additional assumption, stipulated in
axiom (iv), concerning the asymptotic behaviour of the bond prices.

A discount bond pays no dividend. It therefore follows from axiom (ii) that VtPtT

is a martingale, and hence that there exists a family of positive martingales MtT

such that PtT = MtT Bt/Λt. Since MtT is a positive martingale for each maturity
date T , we infer the existence of a vector-valued process ΩtT such that MtT satisfies
the following stochastic equation

dMtT = MtT (ΩtT − λt) dWt. (3.1)

It then follows from equations (2.5) and (3.1) that the dynamics of the discount-bond
system are given by

dPtT = PtT (rt + λtΩtT ) dt + PtT ΩtT dWt. (3.2)
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By integrating (3.2) and making use of the relation PTT = 1, then, providing that∫ T

0
Ω2

sT ds < ∞

almost surely, we are able to deduce that the discount-bond price processes can be
represented in the form

PtT = P0T exp
(∫ t

0
λsΩsT ds +

∫ t

0
ΩsT dWs − 1

2

∫ t

0
Ω2

sT ds

)

×
[
P0t exp

(∫ t

0
λsΩst ds +

∫ t

0
Ωst dWs − 1

2

∫ t

0
Ω2

st ds

)]−1

, (3.3)

and that the money-market account process is given by a corresponding expression
of the form

Bt = B0

[
P0t exp

(∫ t

0
λsΩst ds +

∫ t

0
Ωst dWs − 1

2

∫ t

0
Ω2

st ds

)]−1

. (3.4)

Formulae (3.3) and (3.4) are well known and can be found, for example, in Hughston
(1996) and Flesaker & Hughston (1997a, b). It is evident by inspection that (3.3) sat-
isfies the boundary condition PTT = 1 for all T � 0, and also correctly incorporates
the initial discount function.

Note that in formulae (3.3) and (3.4) both the discount-bond system and the
money-market account are given directly in terms of the market risk premium pro-
cess λt and the bond volatility process ΩtT , together with the initial discount function
P0T , without direct reference to the short rate rt. It is therefore possible, at least in
principle, to regard λt and ΩtT as being exogenous variables. Historically, this obser-
vation is of significance because it forms the basis of the approach to interest-rate
derivatives pricing that has until recently been most frequently used by practitioners.
In such an approach one typically assumes market completeness, then transforms to
the risk-neutral measure to eliminate the market risk premium, and then models
the bond volatility process exogenously, calibrating it to a suitable given set of mar-
ket interest-rate option data. It is a problematic feature of the volatility modelling
approach that if λt and ΩtT are specified exogenously, then there is no guarantee that
axiom (i) is satisfied—that is to say, the resulting interest rates need not be positive.
The problem of finding an explicit expression for the bond volatility ΩtT necessary
and sufficient to ensure positive interest is addressed in Brody & Hughston (2002),
where the most general form of the volatility structure compatible with axiom (i) is
derived.

Because discount bonds pay no dividends, it follows as a consequence of axiom (ii)
that the martingale relations

VtPtT = Et[VuPuT ] (3.5)

hold for all 0 � t � u � T < ∞. Here Et[−] denotes conditional expectation with
respect to the σ-algebra Ft. Setting u = T in (3.5) we then obtain the bond-pricing
formula

PtT =
1
Vt

Et[VT ]. (3.6)
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Thus, once axioms (i)–(iii) have been specified, the associated discount-bond system
is also fully determined.

It is interesting to note, as was shown by Baxter (1997), that the inequality (2.12),
which follows from axiom (iii), is the additional assumption required to ensure the
differentiability of the bond-price system with respect to the maturity date. In other
words, as a consequence of (2.12) there exists a family of Itô processes ftu, adapted
to the filtration Φ, for all 0 � t � u < ∞, such that

PtT = exp
(

−
∫ T

t

ftu du

)
. (3.7)

It then follows that −∂T lnPtT = ftT , where ∂T denotes differentiation with respect to
T , and also that limt→T ftT = rT and limt→T ΩtT = 0. The existence of the instanta-
neous forward rates ftT , as thus defined, means that the class of interest-rate models
under consideration here is equivalent to the family of all positive interest HJM
models (Heath et al . 1992) defined over all time horizons.

4. Properties of the state-price density

Let us consider in more detail the properties of the state-price density that hold
under our axiomatic scheme. According to (2.4), Vt is given by the expression

Vt = Λt exp
(

−
∫ t

0
rs ds

)
. (4.1)

As a consequence of equations (2.5) and (4.1), we deduce that the stochastic equation
satisfied by the state-price density is

dVt = −rtVt dt − λtVt dWt. (4.2)

Thus, the specification of Vt is sufficient to determine both the short rate rt and
the risk-premium vector λt. The associated discount-bond system is then given by
equation (3.6).

Example 4.1 (rational models). A simple class of interest-rate models can be
obtained by choosing the state-price density to be of the form Vt = αt +βtmt, where
mt is a positive martingale with m0 = 1, and αt and βt are positive decreasing
functions such that αT + βT = P0T for some prescribed initial discount function. A
calculation then shows that the short rate in this model is given by

rt = − α̇t + β̇tmt

αt + βtmt
, (4.3)

where α̇t = ∂αt/∂t, β̇t = ∂βt/∂t, and that for the risk premium we have

λt = − βtmtνt

αt + βtmt
, (4.4)

where νt is given by dmt = mtνt dWt. It follows directly from equation (3.6) that
the associated discount-bond system can be expressed in the rational form

PtT =
αT + βT mt

αt + βtmt
. (4.5)
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Returning now to the discussion of the state-price density, we observe that if we
integrate the SDE (4.2) from t to T , we obtain

VT = Vt −
∫ T

t

rsVs ds −
∫ T

t

λsVs dWs. (4.6)

Taking the conditional expectation of each side of this formula then by use of (2.10)
gives us the relation

Et[VT ] = Vt − Et

[∫ T

t

rsVs ds

]
. (4.7)

Because the second term on the right-hand side of (4.7) is necessarily positive for
T > t, we deduce that

Et[VT ] < Vt, (4.8)

which shows that Vt is a supermartingale. In particular, it follows as a consequence
of the bond-pricing formula (3.6) together with equation (4.7) that PtT satisfies the
positive interest conditions

0 < PtT � 1 and
∂

∂T
PtT < 0. (4.9)

Example 4.2 (rational lognormal models). In the context of example 4.1
above, if νt is chosen to be deterministic, then mt has a lognormal distribution for
each value of t. The resulting rational lognormal model is Markovian, and the short-
rate process rt is the relevant state variable (Flesaker & Hughston 1996; see also
Rutkowski (1997) and Musiela & Rutkowski (1997)). It is interesting to note more
generally that if zt is any rational process

zt =
At + Btmt

Ct + Dtmt
, (4.10)

where At, Bt, Ct and Dt are deterministic, then we have

mt = − At − Ctzt

Bt − Dtzt
. (4.11)

If mt is lognormally distributed martingale, i.e. it satisfies dmt = mtνt dWt, where νt

is deterministic, then it is a straightforward calculation to establish a lemma to the
effect that zt is a diffusion process. In fact, zt satisfies the following diffusion-type
SDE:

dzt =
[
ȦtBt − AtḂt

BtCt − AtDt
+

(
ḂtCt − BtĊt + AtḊt − ȦtDt

BtCt − AtDt

)
zt +

(
ĊtDt − CtḊt

BtCt − AtDt

)
z2
t

+
Dtν

2
t

(BtCt − AtDt)2

(
DtC

2
t z3

t − (2AtCtDt + BtC
2
t )z2

t

+(A2
t Dt + 2AtBtCt)zt − A2

t Bt

)]
dt

+
[
CtDtz

2
t − (AtDt + BtCt)zt + AtBt

AtDt − BtCt

]
νt dWt. (4.12)

Proc. R. Soc. Lond. A (2004)



Chaos and coherence: a new framework 93

We note that the absolute drift of zt is a cubic polynomial in zt with deterministic
coefficients, and the absolute volatility is quadratic in zt. In particular, by exam-
ination of the roots of the quadratic polynomial, we infer that the volatility term
vanishes if zt = Bt/Dt or zt = At/Ct, corresponding to the two limiting values for
mt → ∞ and mt → 0, respectively. For rational lognormal interest-rate models, we
make the substitutions At → −α̇t, Bt → −β̇t, Ct → αt, Dt → βt, and zt → rt to
obtain the diffusion equation satisfied by the short-rate process. A similar substitu-
tion gives the differential equation satisfied by the bond prices. Rational diffusions
are of considerable interest in their own right and may have applications to areas
outside of finance, for example, to mathematical biology.

5. Admissible term structures

The quotient KtT = VT /Vt can be regarded as the pricing kernel for the given
financial market (cf. Constantinides 1992). For example, if Ht for t ∈ [0, T ] is the
price process of a European-style derivative that has the random pay-out HT at
maturity T , then it follows from axiom (ii) that Ht is given by

Ht = Et[KtT HT ]. (5.1)

In particular, if the pay-off of the derivative is one unit of base currency at time T ,
then we recover the bond-price formula (3.6).

Note, incidentally, that if we divide both sides of (4.7) by Vt, then we obtain an
interesting expression for the discount bond, which carries an economic interpreta-
tion. This is given by

PtT = 1 − Et

[∫ T

t

Ktsrs ds

]
. (5.2)

Thus, we see that the value of the discount bond at time t is equal to unity, less the
value, at that time, of the dividend flow between times t and T .

We now consider the limit T → ∞. It should be intuitively evident on economic
grounds that we wish to impose a condition of the form

lim
T→∞

PtT = 0 (5.3)

almost surely, on the discount-bond system, in accordance with axiom (iv), corre-
sponding to the idea that a unit of cash received at an infinite time has no value.
Equivalently, we see by virtue of (5.2) in the limit T → ∞ that the present value of
a floating-rate note on a unit principle always has value unity:

Et

[∫ ∞

t

Ktsrs ds

]
= 1. (5.4)

A term structure that satisfies the positive interest conditions (4.9) and the asymp-
totic condition (5.3) will be called an admissible term structure. It is a feature of
the axiomatic formalism we have adopted here that the resulting interest-rate term
structure is necessarily admissible.

The space of admissible term structures turns out to have a fascinating geometry
associated with it. This comes about as follows. Suppose we introduce the so-called
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ξ

ρ
A    + B1

ρ
2D(R+)

ρ

+

ρ
1

ρ
2

H

S

S

Figure 1. The system of admissible term structures. A positive interest term structure can be
regarded as a point in D(R1

+), the convex space of density functions on R
1
+. There is a ray

ξ, associated with each point ρ ∈ D(R1
+), in the positive orthant S+ of the unit sphere S in

the Hilbert space H = L2(R1
+). A dynamical trajectory on D(R1

+) can then be mapped to a
corresponding trajectory in S+.

Musiela parameter x = T − t for the tenor of a discount bond. The process ρt(x)
defined for each value of x � 0 by the relation

ρt(x) = − ∂

∂x
Pt,t+x (5.5)

then has the characteristics of a density function. In particular, one easily verifies on
account of (5.3) and (4.9) that

ρt(x) > 0 and
∫ ∞

x=0
ρt(x) dx = 1. (5.6)

The bond price PtT can then be interpreted as the tail distribution of ρt(x), in the
sense that ∫ T−t

x=0
ρt(x) = 1 − PtT . (5.7)

It follows from the defining equation (5.5) that the term structure density ρt(x) is
the product of the instantaneous forward rate and the discount function itself. Now,
clearly, if ρ1(x) and ρ2(x) are admissible term-structure densities, and if A and B
are non-negative constants satisfying A + B = 1, then Aρ1(x) + Bρ2(x) is also an
admissible term-structure density. Putting these ingredients together, we see that the
term structure of interest rates can be given the following general characterization:
the system of admissible term structures is isomorphic to the convex space D(R1

+) of
density functions on the positive real line. Furthermore, by considering the square-
root map ρt(x) → ξt(x) =

√
ρt(x), we see that the dynamical evolution of the term

structure can be cast as a stochastic process taking values on the unit sphere in
Hilbert space (see figure 1).

See Brody & Hughston (2001a, b, 2002) for further details of the ‘term-structure
density’ approach and the information-theoretic yield curve calibration methodology
that arises naturally in association with this idea. Related approaches to character-
izing the space of yield curves as a geometric entity have been pursued by Björk
and collaborators (Björk & Christensen 1999; Björk & Gombani 1999; Björk 2001),
Filipović (2000) and Filipović & Teichmann (2004).
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6. The conditional variance representation

As we have seen, for an admissible term structure we require that the value of a
discount bond must vanish in the limit that the maturity date approaches infin-
ity. As a consequence of relation (5.3), this implies that limT→∞ Et[VT ] = 0, almost
surely, and thus also that E[VT ] → 0 as T → ∞. A positive supermartingale with the
property that its expectation approaches zero asymptotically is known as a poten-
tial (see, for example, Meyer 1966). Thus, for every admissible term structure, the
corresponding state-price density is a potential (Rogers 1997).

Interestingly, one can take this scheme a step further by noting that the state-price
density can be expressed as a conditional variance of a square-integrable random
variable X∞, as is pointed out in Hughston & Rafailidis (2002). The Wiener chaos
expansion can then be used to model the random variable X∞ in order to formulate
a wide class of admissible interest-rate models. The idea can be sketched as follows.
If we rearrange (5.4) slightly we obtain the relation

Vt = Et

[∫ ∞

t

rsVs ds

]
. (6.1)

Therefore, if we let ηt be a vector-valued process satisfying η2
t = rtVt and write

X∞ =
∫ ∞

0
ηs dWs, (6.2)

then a short calculation shows that the state-price density is given by the conditional
variance of X∞, defined by

Vt = Et[(X∞ − Et[X∞])2]. (6.3)

Thus, given the random variable X∞, we can recover the state-price density and
hence the corresponding admissible discount-bond system. Conversely, for a given
state-price density Vt there is an equivalence class of random variables X∞ with the
given conditional variance Vt. We shall refer any element of such an equivalence class
as a generator for the corresponding term-structure model.

7. Chaos expansion for term structures

As we indicated above, a particularly useful way of modelling the random variable
X∞ is by means of the Wiener chaos expansion. The idea of the chaos expansion
technique (Wiener 1938; Itô 1951) can be informally sketched as follows. Let XT be
an FT -measurable random variable such that E[X2

T ] < ∞. Then from the martingale
representation theorem we know that there exists a square-integrable process θ1(s1),
0 � s1 � T , satisfying

E

[∫ T

0
θ2
1(s1) ds1

]
� E[X2

T ], (7.1)

such that XT can be expressed in the form

XT = E[XT ] +
∫ T

0
θ1(s1) dWs1 . (7.2)
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We now apply the representation theorem once again to the process θ1(s1), which
implies the existence of a square-integrable process θ2(s1, s2), 0 � s2 � s1, satisfying

E

[∫ T

0
θ2
2(s1, s2) ds2

]
� E[θ2

1(s1)], (7.3)

such that

θ1(s1) = E[θ1(s1)] +
∫ s1

0
θ2(s1, s2) dWs2 . (7.4)

Another application of the representation theorem then expresses θ2(s1, s2) in terms
of the process θ3(s1, s2, s3), and so on. By iteration we thus find that, if we write

φs1s2···sn
= E[θn(s1, s2, . . . , sn)], (7.5)

then the random variable XT can be expanded as a series in the form

XT = φ +
∫ T

0
φs1 dWs1 +

∫ T

0

(∫ s1

0
φs1s2 dWs2

)
dWs1 + · · · , (7.6)

where φ = E[XT ], and it can be shown that this series converges to XT .
The deterministic quantities φ, φs1 , φs1s2 , and so on, appearing in (7.6) are called

the Wiener chaos coefficients for the expansion of the given random variable XT . The
point is that the ‘information’ in XT is captured entirely by this series of deterministic
functions. For further discussion of the chaos expansion technique and its role in
stochastic analysis, see, for example, Ikeda & Watanabe (1989), Nualart (1995),
Janson (1997), Malliavin (1997) and Øksendal (1997).

In the context of interest-rate theory, the random variable X∞ is given by (6.2),
and for its conditional expectation Xt = Et[X∞] we have

Xt =
∫ t

0
ηs dWs. (7.7)

Note, in particular, that from (5.2) we obtain

1
V0

E[X2
T ] = 1 − P0T , (7.8)

from which it follows, by taking the limit T → ∞, that E[X2
∞] = V0. Thus, for any

representative choice of the process ηt satisfying η2
s = rsVs, there is an expansion of

the form

ηs1 = φs1 +
∫ s1

0
φs1s2 dWs2 +

∫ s1

0

(∫ s2

0
φs1s2s3 dWs3

)
dWs2 + · · · . (7.9)

Let us now define the martingale Mts for each fixed s > t by the conditional
expectation

Mts = Et[η2
s ]. (7.10)

From (6.3) the state-price density is given by the integral

Vt =
∫ ∞

t

Mts ds, (7.11)
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L2(   )ΩD(R+)

Figure 2. Every element of the ‘quantized’ Wiener space F = L2(Ω) corresponds to a random
variable X∞. The conditional variance of X∞ then determines the state-price density Vt. Each
state-price density thus obtained determines an admissible initial term structure, represented by
a term-structure density function in the convex space D(R+) of density functions on R

1
+. The

mapping L2(Ω) → D(R+) is many-to-one; that is to say, different points of L2(Ω) can give rise
to the same term structure in D(R+).

and we see, as a consequence, that the bond-price system admits a representation of
the Flesaker–Hughston form

PtT =
( ∫ ∞

T

Mts ds

)( ∫ ∞

t

Mts ds

)−1

. (7.12)

Therefore, once the deterministic functions φs1s2···sn that form the expansion co-
efficients are specified, they uniquely determine the martingales Mts, which in turn
determine the state-price density and the discount-bond system. For further details
of the representation (7.12), see, for example, Flesaker & Hughston (1996, 1998),
Rutkowski (1997), Musiela & Rutkowski (1997), Hunt & Kennedy (2000) or Jin &
Glasserman (2001).

8. First and second chaos models

A series of specific interest-rate models of varying degrees of complexity can be
constructed in the situation where there are only a finite number of non-vanishing
chaos coefficients. The first chaos models, in particular, are completely deterministic
in the sense that both the state-price density and the discount-bond system are
deterministic. The generating random variable arising in the case of a first chaos
model has a centred normal distribution. The second chaos models are no longer
deterministic; in this case the random variable admits a distribution given by a
linear combination of χ2-distributed variables.

Example 8.1 (first chaos models). If only the first chaos coefficient αs is non-
vanishing, so that the random variable is given by

X∞ =
∫ ∞

0
αs dWs, (8.1)

then it follows by virtue of the Itô isometry that the state-price density is determin-
istic and is given by

Vt =
∫ ∞

t

α2
s ds. (8.2)
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The corresponding bond-price system

PtT =
( ∫ ∞

T

α2
s ds

)( ∫ ∞

t

α2
s ds

)−1

(8.3)

is also deterministic. We observe in particular that there exists a many-to-one map
from the first Wiener chaos to the space of admissible yield curves (see figure 2). We
note that |αs|, when suitably normalized, has the interpretation of the square root
of the term-structure density. For instance, if we set

αs =
√

Re−Rs/2 (8.4)

in the case of a one-factor model, where R is a positive constant, then we find that
PtT = e−R(T−t). More generally, in the case of a one-factor model, if we take

αs =

√
1

Γ (κ)
Rκ/2s(κ−1)/2e−Rs/2, (8.5)

the square root of the gamma distribution, then a short calculation shows that

PtT =
Γ (κ, RT )
Γ (κ, Rt)

, (8.6)

where the symbol

Γ (a, z) =
∫ ∞

z

ta−1e−t dt (8.7)

denotes the standard incomplete gamma function.

Example 8.2 (factorizable second chaos models). The special second chaos
interest-rate models for which the random variable X∞ is of the factorizable form

X∞ =
∫ ∞

0
αs1 dWs1 +

∫ ∞

0
βs1

(∫ s1

0
γs2 dWs2

)
dWs1 , (8.8)

where αs, βs and γs are deterministic functions of one variable, are considered in
Hughston & Rafailidis (2002). In particular, we note that this model has the useful
property that analytic formulae for European-style bond options and swaptions can
be obtained explicitly. The state-price density in this case is given by an expression
of the form

Vt = ft + gtRt + ht(R2
t − Qt), (8.9)

and the corresponding expression for the discount-bond system is

PtT =
fT + gT Rt + hT (R2

t − Qt)
ft + gtRt + ht(R2

t − Qt)
. (8.10)

Here, the deterministic functions ft, gt and ht are defined respectively by the expres-
sions

ft =
∫ ∞

t

(α2
s + β2

sQs) ds, gt = 2
∫ ∞

t

αsβs ds, ht =
∫ ∞

t

β2
s ds.
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The Gaussian martingale

Rt =
∫ t

0
γs dWs

is the sole state variable, and the deterministic process

Qt =
∫ t

0
γ2

s ds

is its quadratic variation. The initial discount function in this model is given by
P0T = fT /f0.

9. Coherent interest-rate models

If each coefficient φs1s2···sn
in the chaos expansion factorizes into a product of n func-

tions of the variables s1, s2, . . . , sn, then the resulting term-structure dynamics sim-
plifies, and in some cases we can create models that are analytically tractable. The
factorizable second chaos model considered above provides a good example of this.
In this section we examine the simplest factorizable model that involves all terms in
the chaos expansion. For simplicity we consider the case when Ft is generated by a
single Brownian motion, and the resulting interest-rate models are thus one-factor
models.

When the Wiener chaos coefficients for the random variable X∞ take the special
form

φs1s2···sn = φs1φs2 · · ·φsn (9.1)

for each n, where φs is a deterministic square-integrable function of one variable,
we call the resulting interest-rate system a coherent term-structure model. The term
‘coherent’ is used here by analogy with a well-known construction in laser physics,
where similar mathematical ideas are used. In the case of a coherent term structure,
we can take advantage of a formula due to Itô (1951) stating that∫ s

0

∫ s1

0
· · ·

∫ sn−1

0
φs1φs2 · · ·φsn dWsn · · · dWs2 dWs1 = ‖φ‖n

s Hn

(
Φs

‖φ‖s

)
, (9.2)

where
Φs =

∫ s

0
φu dWu, ‖φ‖2

s =
∫ s

0
φ2

u du,

and Hn(x) denotes the nth Hermite polynomial, which we define by

Hn(x) =
1
n!

(−1)nex2/2 dn

dxn
e−x2/2. (9.3)

Using this identity and the orthogonality relation

E[Hn(X)Hm(Y )] =
1
n!

δnm(E[XY ])n (9.4)

satisfied by the Hermite polynomials for any pair of N(0, 1) Gaussian random vari-
ables X and Y , one can then proceed to derive a closed form expression for the
state-price density.
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Alternatively, we can take a shortcut with the following observation. Let the FT -
measurable random variable XT be given by

XT = exp
(∫ T

0
f(s) dWs

)
(9.5)

for some fixed choice of T , possibly infinite, where f(s) is a deterministic square-
integrable function. We would like to determine the chaos expansion of this random
variable. First we recall that the generating function for the Hermite polynomials is
given by

exp(tx − 1
2 t2) =

∞∑
n=0

tnHn(x), (9.6)

which implies that

exp
(∫ T

0
f(s) dWs − 1

2‖f‖2
T

)
=

∞∑
n=0

‖f‖n
T Hn

(
FT

‖f‖T

)
, (9.7)

where

FT =
∫ T

0
f(s) dWs and ‖f‖2

T =
∫ T

0
f2(s) ds.

As a consequence, by use of (9.2) we see that the nth coefficient in the chaos expansion
of XT in (9.5) is given by

φs1s2···sn = exp(1
2‖f‖2

T )f(s1)f(s2) · · · f(sn). (9.8)

This result leads to the observation that the generator of a coherent term-structure
model is given by an expression of the form

X∞ = exp
(∫ ∞

0
φs dWs − 1

2

∫ ∞

0
φ2

s ds

)
. (9.9)

It is then a straightforward exercise in stochastic calculus to calculate the conditional
variance of X∞, and thus to verify that the state-price density in the case of a
coherent term-structure model is given by

Vt =
(

exp
(∫ ∞

0
φ2

s ds

)
− exp

(∫ t

0
φ2

s ds

))
exp

(
2

∫ t

0
φs dWs − 2

∫ t

0
φ2

s ds

)
.

(9.10)

It should be evident that Vt factorizes into the product of two processes: an expo-
nential martingale and a deterministic decreasing process. Thus, the associated bond-
price system is deterministic:

PtT =
[
1 − exp

(
−

∫ ∞

T

φ2
s ds

)][
1 − exp

(
−

∫ ∞

t

φ2
s ds

)]−1

. (9.11)

Likewise, the short rate is also deterministic, and is given in this case by

rt = φ2
t

(
exp

(∫ ∞

t

φ2
s ds

)
− 1

)−1

. (9.12)
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Despite the fact that the interest-rate system is deterministic, the valuation of an
option still requires taking an expectation, because the state-price density Vt itself is
not deterministic in this model. For example, let us consider a European-style bond
option with pay-off Ht = (PtT − K)+ at time t. For 0 � s � t we then have the
valuation formula

Cs = V −1
s Es[Vt(PtT − K)+], (9.13)

from which we deduce in this case that Cs = Pst(PtT − K)+. This is the correct
expression for the pay-off to be received at time t, discounted back to time s, where
PtT is given in (9.11).

It is interesting to note, incidentally, the parallelism between the coherent term
structure studied above and the properties of coherent light in quantum optics. In
optics a coherent state is defined to be a state for which all the correlation functions
of the electric field factorize, and the associated field becomes deterministic (see, for
example, Glauber 1963). In the case of a coherent term structure, the chaos expansion
factorizes, and the associated discount-bond system becomes deterministic.

10. Chaos and coherence

We have observed here that the coherent term-structure models admit analyti-
cal tractability, and that the resulting interest-rate systems are deterministic. This
implies that the coherent term-structure models are themselves insufficient to charac-
terize the random dynamics of the interest-rate markets. Nevertheless, it is possible
to develop an analysis based on coherent term structures that is sufficiently general
to treat an essentially arbitrary arbitrage-free term-structure evolution.

To see this, let us return to the general Wiener–Itô expansion of square-integrable
random variables. We consider the space F spanned by square-integrable vectors
of the form (f, fs1 , fs1s2 , fs1s2s3 , . . . ), where the function fs1s2s3···sn

belongs to the
space of a tensor product of n copies of a Hilbert space of square-integrable functions
restricted to the subdiagonal domain for which s1 � s2 � s3 � · · · � sn. The linear
inner product space F is known as a Fock space, and the results of § 7 show that any
admissible term-structure model can be represented as an element of F. The coherent
elements of F, which are expressible in the exponentiated form

Cφ = (1, φs1 , φs1φs2 , φs1φs2φs3 , . . . ), (10.1)

play a particularly important role in this connection, because a general element of F

can be expressed as a linear combination of coherent vectors (see figure 3). In other
words, any term-structure model can be represented by a linear superposition of a
finite or infinite, possibly uncountable number of coherent term-structure models.
We note incidentally that the inner product of a pair of coherent vectors in F is
given by

(Cφ,Cψ) = 1 +
∫ ∞

0
φs1ψs1 ds1 +

∫ ∞

0

∫ s1

0
φs1φs2ψs1ψs2 ds1 ds2 + · · ·

= 1 +
∫ ∞

0
φs1ψs1 ds1 + 1

2

∫ ∞

0

∫ ∞

0
φs1φs2ψs1ψs2 ds1 ds2 + · · ·

= exp
(∫ ∞

0
φsψs ds

)
, (10.2)
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which shows that no pair of coherent vectors is ever orthogonal. Thus, the space C
of coherent vectors forms an over complete basis for F. In particular, there exists a
resolution of the identity operator on F that allows an arbitrary element of F to be
represented as a superposition of elements of C.

Let us consider the simplest non-trivial combination of coherent elements, given
by aCφ + bCψ. Note that a linear combination of coherent vectors cannot itself be
expressed in the coherent form (10.1). The result of § 9 thus implies that any realistic
term structure is necessarily represented by an incoherent element of F. The linearity
of the Fock space F implies that, when the chaos expansion is given by aCφ + bCψ,
the corresponding random variable takes the form

X∞ = a exp
(∫ ∞

0
φs dWs − 1

2

∫ ∞

0
φ2

s ds

)
+ b exp

(∫ ∞

0
ψs dWs − 1

2

∫ ∞

0
ψ2

s ds

)
.

(10.3)
Now for any square-integrable function fs let us define the associated exponential
martingale Mf

t according to the scheme

Mf
t = exp

(∫ t

0
fs dWs − 1

2

∫ t

0
f2

s ds

)
, (10.4)

and a corresponding positive deterministic, decreasing function ∆f
t by

∆f
t = exp

(∫ ∞

0
f2

s ds

)
− exp

(∫ t

0
f2

s ds

)
. (10.5)

It is then a straightforward exercise to calculate the conditional variance of the
expression for X∞ given in (10.3), and thus to verify that

Vt = a2∆φ
t M2φ

t + b2∆ψ
t M2ψ

t + 2ab∆
√

φψ
t Mφ+ψ

t . (10.6)

The corresponding expression for the bond price is

PtT =
a2∆φ

T M2φ
t + b2∆ψ

T M2ψ
t + 2ab∆

√
φψ

T Mφ+ψ
t

a2∆φ
t M2φ

t + b2∆ψ
t M2ψ

t + 2ab∆
√

φψ
t Mφ+ψ

t

. (10.7)

We note that PtT depends on the weighting factors a and b through the ratio a/b.
Unlike the case of a coherent term structure, stochasticity is inherent in an incoherent
term structure.

More generally, if the chaos expansion of a term-structure model is given by an
incoherent element of the form

X∞ =
∑

k

ckCφk
, (10.8)

then the state-price density admits a simple representation of the form

Vt =
∑
k,l

ckcl∆
√

φkφl
t Mφk+φl

t . (10.9)

From this expression, the corresponding bond prices

PtT =

∑
k,l ckcl∆

√
φkφl

T Mφk+φl
t∑

k,l ckcl∆
√

φkφl
t Mφk+φl

t

(10.10)
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aC  + bCφ ψ

ψ

φ

X00

L2(   )Ω

C

C

C

Figure 3. In the Fock space F = L2(Ω) there is a submanifold C of coherent vectors corresponding
to deterministic term-structure models. Given a pair Cφ, Cψ of coherent vectors their linear
span, expressible in the form aCφ + bCψ, is a line that joins Cφ and Cψ. This line meets C at
only these two points. An element of F obtained by a linear combination of coherent vectors
is necessarily incoherent, and thus generates a stochastic term-structure model. More generally,
by use of the resolution of the identity operator it is possible to express any element of F as a
superposition of elements of C.

and other related dynamical variables can be derived explicitly. For example, the
short-rate process is given by

rt =
[∑

k,l

ckclφktφlt exp
(∫ t

0
φksφls ds

)
Mφk+φl

t

][∑
k,l

ckcl∆
√

φkφl
t Mφk+φl

t

]−1

,

(10.11)

whereas the risk premium vector can be expressed in the form

λt = −
∑

k,l ckcl(φkt + φlt)∆
√

φkφl
t Mφk+φl

t∑
k,l ckcl∆

√
φkφl

t Mφk+φl
t

. (10.12)

The discount-bond volatility, on the other hand, is

ΩtT = λt +

∑
k,l ckcl(φkt + φlt)∆

√
φkφl

T Mφk+φl
t∑

k,l ckcl∆
√

φkφl

T Mφk+φl
t

. (10.13)

Taking this expression together with the expression (10.12), we see at once that the
maturity condition ΩTT = 0 is satisfied. The forward short rates are

ftT =
[∑

k,l

ckclφkT φlT exp
(∫ T

0
φksφls ds

)
Mφk+φl

t

][∑
k,l

ckcl∆
√

φkφl
t Mφk+φl

t

]−1

.

(10.14)

Analogously, we can obtain an expression for the simple forward rates Ltab, which
are determined by the relation

Ptb

Pta
=

1
1 + (b − a)Ltab

. (10.15)
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From (10.10) it follows at once that

Ltab =
1

b − a

(∑
k,l ckcl∆

√
φkφl

a Mφk+φl
t∑

k,l ckcl∆
√

φkφl

b Mφk+φl
t

− 1
)

. (10.16)

By taking the stochastic differential of this expression, we can check that the dynam-
ics of the simple forward rates Ltab obey the well-known market model equation
(Brace et al . 1997)

dLtab

Ltab
=

1 + (b − a)Ltab

(b − a)Ltab
(Ωta − Ωtb)(dWt − (Ωtb − λt) dt), (10.17)

by virtue of formula (10.13). The initial term structure determined by (10.10) is
given by

P0T =
[∑

k,l

ckcl∆
√

φkφl

T

][∑
k,l

ckcl

(
exp

(∫ ∞

0
φksφls ds

)
− 1

)]−1

, (10.18)

and the associated initial short rate is

r0 =
(∑

k

ckφk0

)2[∑
k,l

ckcl

(
exp

(∫ ∞

0
φksφls ds

)
− 1

)]−1

. (10.19)

The pricing of derivatives is also straightforward. For instance, the value at time
s � t of a bond option with pay-off Ht = (PtT − K)+ at time t is given by the
valuation formula (9.13), which in this example takes the form

Cs = V −1
s Es

[(∑
k,l

ckcl(∆
√

φkφl

T − K∆
√

φkφl
t )Mφk+φl

t

)+]
. (10.20)

This expression is similar to the valuation formula for a standard basket option, for
which well-established numerical methods have been developed (see, for example,
Turnbull & Wakeman 1991; Curran 1994).

Although linear combinations of coherent elements will exhaust all possible admis-
sible term-structure models, we are not confined to adopt the coherent-state decom-
position in order to generate interest-rate models. For instance, coherent elements
can be combined with finite chaos elements, as the next example shows.

Example 10.1 (mixture models). Consider a chaos expansion of X∞ in terms
of the combination of a coherent element Cφ and a first chaos vector of F of the form
(0, αs, 0, 0, . . . ) in the case of a single-factor economy. It follows from the linearity of
F that

X∞ =
∫ ∞

0
αs dWs + exp

(∫ ∞

0
φs dWs − 1

2

∫ ∞

0
φ2

s ds

)
. (10.21)

In order to obtain the state-price density Vt we must calculate the conditional vari-
ance of X∞. Now, the contributions arising from each term in the right-hand side of
(10.21) can be determined straightforwardly. The contribution from the cross term,
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on the other hand, can be obtained by changing the probability measure. Alterna-
tively, we can introduce an auxiliary variable χ and write

Et

[(∫ ∞

0
αs dWs

)
exp

{ ∫ ∞

0
φs dWs − 1

2

∫ ∞

0
φ2

s ds

}]

=
∂

∂χ
Et

[
exp

{ ∫ ∞

0
(φs + χαs) dWs − 1

2

∫ ∞

0
φ2

s ds

}]∣∣∣∣
χ=0

. (10.22)

Then we find at once that the bond price in this model is given by

PtT =
[ ∫ ∞

T

α2
s ds + ∆φ

T M2φ
t +

(∫ ∞

T

αsφs ds

)
Mφ

t

]

×
[ ∫ ∞

t

α2
s ds + ∆φ

t M2φ
t +

(∫ ∞

t

αsφs ds

)
Mφ

t

]−1

, (10.23)

where we make use of the definitions (10.4) and (10.5). In the special case for which
the supports of the functions αs and φs share no overlap, equation (10.23) takes the
form (4.5), and we recover a rational lognormal model. We note that the method
used in (10.22) is effective in general when we consider models that are generated by
combinations of finite and coherent elements.

11. Foreign-exchange systems

The interest-rate framework described here generalizes in a natural way to the sit-
uation where we also include a foreign-exchange system with a family of discount
bonds associated with each currency. In particular, a chaos representation exists for
the stochastic dynamics of the entirety of such an international system of interest
rates and foreign exchange.

We adopt here the conventions of Flesaker & Hughston (1997b), and write Sij
t for

the price of one unit of currency i in units of currency j, where i, j = 0, 1, . . . , N ,
and we may for convenience think of the label i = 0 as referring to the particular
base currency with respect to which the axioms (i)–(iv) are formulated. There is no
special significance to the choice of base currency, and the entire system is symmet-
rical in the ensemble of currencies. For each currency we assume that there exists a
strictly increasing absolutely continuous money-market asset Bi

t, with a correspond-
ing strictly positive short-rate process ri

t such that

Bi
t = Bi

0 exp
(∫ t

0
ri
s ds

)
. (11.1)

We also require the existence of a floating-rate note in each currency: that is to say,
for each value of i we assume the existence of an asset of constant value in units of
currency i, paying a dividend at the rate ri

t.
If we write Si0

t for the value of one unit of currency i in units of the base currency,
we see that the product Si0

t Bi
t represents the base-currency price of an asset that

pays no dividend. Therefore, by axiom (ii) we deduce for each value of i that VtS
i0
t Bi

t

is a martingale, from which it follows that VtS
i0
t is a supermartingale, since Bi

t is
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increasing. Thus, if we define V i
t = VtS

i0
t , then, from the cyclic property Sij

t Sj0
t = Si0

t

that holds in the case of a frictionless exchange-rate system, we deduce that

Sij
t =

V i
t

V j
t

. (11.2)

This gives us a general expression for the exchange-rate process as a ratio of super-
martingales (Rogers 1997; Flesaker & Hughston 1997b). As a consequence we find
that the dynamics of the exchange-rate matrix Sij

t are given (see, for example, Lipton
2001) by the following system of SDEs:

dSij
t

Sij
t

= [rj
t − ri

t + λj
t(λ

j
t − λi

t)] dt + (λj
t − λi

t) dWt. (11.3)

Here λi
t denotes the market price of risk process associated with assets that are

denominated in currency i. Thus, we see that the axiomatic scheme, when extended to
include a money-market account and a floating-rate note for each foreign currency, is
sufficient to generate the general foreign-exchange dynamics between the currencies.

Consider now the discount-bond system for foreign currency number i, and denote
by P i

tT the value at time t of a bond that pays one unit of currency i at time T . In this
case Si0

t P i
tT is the price in base currency of an asset that pays no dividend, and there-

fore VtS
i0
t P i

tT is a martingale by axiom (ii). It follows that VtS
i0
t P i

tT = Et[VT Si0
T P i

TT ].
Because VtS

i0
t = V i

t and P i
TT = 1, we thus conclude that each foreign bond system

admits a representation of the form

P i
tT =

Et[V i
T ]

V i
t

. (11.4)

To proceed further, we make the assumption that limT→∞ P i
0T = 0 for each cur-

rency. Then a conditional variance representation exists for the state-price density
associated with each currency. In other words, there exists a system of random vari-
ables Xi

∞ (i = 0, 1, . . . , N), belonging to L2(Ω, F , P), such that

V i
t = Et[(Xi

∞ − Et[Xi
∞])2], (11.5)

and each of these random variables admits a chaos representation. Thus, once the
random variables Xi

∞ have been specified for i = 0, 1, . . . , N , the international system
of interest rates and foreign exchange is determined by (11.2), (11.4) and (11.5).

Let us now, as an illustration, examine the special case when each of the state-
price densities V i

t is generated by a coherent element of F. In this situation, each
currency is characterized by a deterministic interest rate ri

t and a deterministic bond-
price system P i

tT . However, the exchange-rate evolution is not deterministic, and is
characterized rather by an extended geometric Brownian motion with a deterministic
local volatility and drift. More specifically, let Cφi generate the dynamics of the
currency associated with the state-price density V i

t . Then V i
t takes the form of (9.10)

for each i, and as a consequence we obtain

dV i
t = −

(
φi2

t

[
exp

(∫ ∞

t

φi2
s ds

)
− 1

]−1)
V i

t dt + 2φi
tV

i
t dWt (11.6)

for the SDE satisfied by the state-price density associated with currency number i.
Therefore, in the case of such an ‘internationally’ coherent exchange-rate system, we
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find that the exchange-rate volatility λj
t − λi

t for the currency pair (i, j) is given by
the simple expression

λj
t − λi

t = 2(φi
t − φj

t), (11.7)

while the short rate for currency i is given by

ri
t = φi2

t

[
exp

(∫ ∞

t

φi2
s ds

)
− 1

]−1

. (11.8)

Although equation (11.8) is not obviously invertible in closed form, it is nevertheless
evident that there is a simple relationship in this model between the short rate and
the exchange-rate volatility.

The single-factor coherent exchange model presented above is overly determined
in the sense that there are not enough exogenously specifiable independent degrees of
freedom. We can nevertheless improve the situation by considering the multi-factor
extension of the above model, as indicated in the following example.

Example 11.1 (two-factor coherent exchange models). Consider a foreign-
exchange system consisting of two currencies, say, sterling (GBP) represented by £
and the yen (JPY) represented by �, and assume that the term structure is given by
a two-factor coherent model. We observe first that, even in the multi-factor context,
the random variable X∞ for the coherent term structure and the corresponding
state-price density Vt admit representations (9.9) and (9.10), respectively, where the
function φt and the Wiener process Wt are now vectorial quantities. In the present
context, we take

φ£
t = (ft, gt) and φ�

t = (ht, 0), (11.9)

where ft, gt and ht are L2(R+)-functions, and consider the exchange rate S£�
t . We

have two factors for one of the currencies and one factor for the other, because we can
absorb one of the degrees of freedom into the others without loss of generality. Now,
in this market, there are four invariant scalar quantities, namely, the short rate for
each currency, the risk premium for the exchange rate S£�

t , and the squared length
of the volatility vector. It is a straightforward exercise to verify, for a two-factor
coherent term-structure model, that we have

r£
t = (f2

t + g2
t )

(
exp

(∫ ∞

t

(f2
s + g2

s) ds

)
− 1

)−1

(11.10)

and

r�
t = h2

t

(
exp

(∫ ∞

t

h2
s ds

)
− 1

)−1

(11.11)

for the short rates,

λ�
t (λ�

t − λ£
t ) = 4(ht − ft)ht (11.12)

for the risk premium, and

(λ�
t − λ£

t )2 = 4(f2
t + g2

t + h2
t − 2ftht) (11.13)

for the squared length of the exchange-rate volatility vector. Therefore, in this model
the exchange rate evolves stochastically, and we have three exogenously specifiable
inputs determining four scalar market quantities.
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The fact that there are relationships between the interest rates of the various
currencies and the corresponding exchange-rate volatilities is valid in a more general
context, although the correspondences are less transparent when the term structure
of each currency is characterized by an incoherent element of F. In the general case,
the exchange-rate matrix process can be expressed in the form

Sij
t =

∑
k,l ckcl∆

√
φkφl

t Mφk+φl
t∑

k,l dkdl∆
√

ψkψl
t Mψk+ψl

t

. (11.14)

It should be evident that the relevant short rates ri
t can be expressed in the form

of (10.11), and the risk premium processes λi
t in the form (10.12), from which an

indirect relationship between the short rates and the exchange volatilities can then
be established.

12. Discussion

We have demonstrated here how Wiener chaos expansion techniques can be applied
to the interest rate and foreign exchange markets, an idea originally proposed by
Hughston & Rafailidis (2002). We then introduced the succulent idea of the coherent-
state method to demonstrate that even a highly stochastic and complex market
structure will admit a simple analytical representation for the various associated
market observables. We conclude by noting that the foregoing formulation can be
further extended to characterize the price of any asset in terms of another, providing
that these prices are always positive and that we interpret the associated short-rate
systems as continuous dividend streams. As a consequence we infer that the ‘generic’
model for an asset price is a process of the form

St =
vart[Y∞]
vart[X∞]

. (12.1)

In other words, the price St is given by a ratio of conditional variances, where X∞
and Y∞ are elements of the Hilbert space L2(Ω, F , P).

The simplest one-factor models leading to a non-trivial asset price stochasticity
on this basis are those for which X∞ admits a first chaos expansion with coefficient
ψt, and Y∞ admits a coherent chaos expansion with coefficient φt. For example, if
we set φt = 1

2σt for a square-integrable function σt, then we find that the asset price
trajectory is given by an extended geometric Brownian motion of the form

St = S0 exp
(∫ t

0
σs dWs − 1

2

∫ t

0
σ2

s ds +
∫ t

0
(rs − δs) ds

)
, (12.2)

where

S0 =
[

exp
(

1
4

∫ ∞

0
σ2

s ds

)
− 1

][ ∫ ∞

0
ψ2

s ds

]−1

(12.3)

is the initial asset price, and the two deterministic rates rt and δt are given by

rt = ψ2
t

[ ∫ ∞

t

ψ2
s ds

]−1

and δt = 1
4σ2

t

[
exp

(
1
4

∫ ∞

t

σ2
s ds

)
− 1

]−1

, (12.4)
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respectively. Such an example is perhaps rather artificial; nevertheless it should be
evident that there are milliards of analytically tractable models that one can formu-
late in the present framework. It would be interesting in that connection to pursue
some econometric studies of these models.
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hospitality of the Institute for Advanced Study, Princeton. We are grateful to A. Rafailidis for
stimulating discussions. Thanks are due also to seminar participants at Imperial College London
and King’s College London, for helpful comments.

References

Baxter, M. W. 1997 In Mathematics of derivative securities (ed. M. A. H. Dempster & S. Pliska).
Cambridge University Press.

Björk, T. 2001 In Handbooks in mathematical finance (ed. E. Jouini, J. Cvitanic & M. Musiela).
Cambridge University Press.

Björk, T. & Christensen, B. J. 1999 Math. Finance 9, 323–348.
Björk, T. & Gombani, A. 1999 Finance Stochast. 3, 413–432.
Brace, A., Gatarek, D. & Musiela, M. 1997 Math. Finance 7, 125–155.
Brody, D. C. & Hughston, L. P. 2001a Proc. R. Soc. Lond. A457, 1343–1363.
Brody, D. C. & Hughston, L. P. 2001b In Disordered and complex systems (ed. P. Sollich,

A. C. C. Coolen, L. P. Hughston & R. F. Streater). New York: AIP.
Brody, D. C. & Hughston, L. P. 2002 Quantitat. Finance 2, 70–80.
Cairns, A. J. G. 2004 A family of term-structure models for long-term risk management and

derivative pricing. Math. Finance (In the press.)
Constantinides, G. M. 1992 Rev. Financ. Stud. 5, 531–552.
Curran, M. 1994 Mgmt Sci. 40, 1705–1711.
Duffie, D. 2001 Dynamic asset pricing theory, 3rd edn. Princeton University Press.
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